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Abstract

In this paper we study a special type of solution for the one dimensional
Vlasov-Maxwell equations. We assume that initially the particle density is
constant on its support in the phase space and we are looking for solutions
with particle density having the same property at any time t > 0. More
precisely, for each x the support of the density is assumed to be an interval
[p~,p"] with end-points varying in space and time. We analyze here the
case of weak and strong solutions for the effective equations verified by the

end-points and the electric field (water-bag model) in the relativistic setting.
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1 Introduction

The Vlasov-Maxwell system governs the evolution of an ensemble of charged particles
subject to electro-magnetic fields created by themselves and possibly external sources
in which collisions are typically neglected. Given f the density number of charged
particles at time ¢ € R, position # € R?® and momentum p € R?, the dynamics of

the particles is described by the Vlasov equation
O f +v(p) - Vaof+q(E(t,x)+v(p) AB(t,x))-V,f =0, (t,7,p) € Ry xR*xR? (1)

where the electro-magnetic field (E, B) is defined in a self-consistent way by the

Maxwell equations

0.8~ ewl,B =200 1) = g | ) ap) dp, () € R xRS (2
0 R3
OB +curl,E =0, (t,z) € R, x R? (3)
. o p<t7 l‘) _ : _ 3
div, E = p— plt,x)=q | f(t,z,p)dp, div,B=0, (t,x) e Ry xR’ (4)
0 R3

where ¢, m are the charge and the mass of the particles, &g is the electric permittivity

of the vacuum and v(p) is the relativistic velocity associated to the momentum p

1
p pl* \ ®
= — 1
v(p) m ( + mzcg) ’

where ¢ is the light speed in the vacuum. Suitable initial conditions for the particle

density and the electro-magnetic field have to be prescribed verifying certain com-
patibility conditions. The existence of global weak solution was obtained in [9] and
the existence of strong solutions has been investigated by different approaches in
[11, 5, 13]. Despite of these advances in the existence theory for the Vlasov-Maxwell
system, many questions concerning qualitative behavior, special solutions or regu-
larity issues, to name a few, are completely open. Recently global existence and
uniqueness results have been proved for reduced models for laser-plasma interaction

[7, 4] leading to particular global solutions of the Vlasov-Maxwell system.



Neglecting the magnetic field and the relativistic corrections in the Vlasov equa-

tion leads to the Vlasov-Poisson model

8tf+%vmf+qE(t7I)vpfzoa (t,$,p) €R+ XRg XR37

t
cth:o,&szfﬁﬂl(mmeR+xRi
€0

which is much better understood, see [1, 17, 14] for instance. The Vlasov-Poisson
model can be justified as the limit of the relativistic Vlasov-Maxwell model when
the characteristic speed of the particles remains small compared to the light speed
8, 3].

In this work, we elaborate on some particular type of solutions of the one-
dimensional version of the Vlasov-Maxwell(Poisson) system which has received the
attention in the plasma physics community [2]. Let us assume that the initial den-
sity is proportional to the characteristic function of some region of the phase space

between the graphs of two functions 100jE R—-R

folx,p) = @ 1) cpapi @y (@) € RZ. (5)

We assume that p; < pj. We are looking for a density function of the form

ft,z,p) =« Lip=(ta)<p<p*(t.2)} (6)

where p* : R, x R — R are unknown functions to be determined such that the
above density f satisfies the Vlasov equation. We have the following immediate

result:

Proposition 1.1 (Smooth Water-bag Solutions) Let E : [0,T[xR — R be a
given electric field which belongs to Li. ([0, T[xR), with 0 < T < 4o00. Assume that
p* [0, T[XR — R are smooth functions p* € WE([0, T[xR) verifying

loc
O™ +v(p™)0ep™ = qB(t, ), (t,z) €]0, T[xR,

and p~ < p*. Then the density f given by (6) is a weak solution (that is, a solution

in distribution sense) of the Vlasov equation associated to the electric field E.
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Observe that the charge and current densities of the distribution in (6) are given

by p(t,z) = qo (p*(t,x) —p~(t, @), j(t,2) = qa(E(p™(t,2)) — E(p~ (¢, x))), where

the kinetic energy function is given by

2 P 2
E(p) = mc; <1+mzcg> —1].

Notice that we have £'(p) = v(p). Thus for the initial condition in (5) the one

dimensional Vlasov-Maxwell equations reduce to the system

op~ + 0,E(p%) = qE(t,x), (t,z) €]0, T[xR, (7)
OE = —a%(e'(p*@, z)) — E(p~ (t,2))), (8)
8, F — ozgo(er(t, z) —p(t,z)), (t,x)€l0, T[xR, 9)

with the initial conditions

pE(0,2) = p5(z), E(0,7) = Ey(x), xR, (10)
satisfying
Eq(z) = Oégo(pg(iﬂ) — o (%), py(x) <pj(x), veR (11)

Let us remark that (9) is a consequence of (7), (8) and the equality in (11). The
problem (7), (8), (9), (10) is called the water-bag model and has been introduced in
[2]. The main goal of this paper is to establish existence and uniqueness results for
the water-bag model. In Section 2 we analyze the weak solutions: we study entropy
solutions of the scalar conservation laws (7) coupled to the equations (8), (9) for
the electric field. Smooth solutions are constructed as well for certain class of initial

conditions in Section 3.

2 Weak solutions

For simplicity we assume that all the physical constants ¢, m, eg, ¢, a are equal to

the unity. We remind the reader the standard existence and uniqueness results
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concerning the entropy solution for scalar conservation laws. We refer to [12, 10] for

details on this topic. We consider here conservation laws with right hand side terms
Ou+ 0, F(u) =G(t,x), (t,r) e Ry xR, (12)
u(0,z) = up(x), = €R. (13)

Theorem 2.1 (Entropy Solutions for Scalar Conservation Laws) Let us as-
sume that F : R — R is a smooth function and G belongs to Li (R,; L®(R)).
Then for any initial condition uy € L>®(R) there is a unique entropy solution

ue C(Ry; Li (R)) N LE (Ry; L2(R)) for (12), (13) satisfying

loc loc
t
[u(®)]|Loer) < lluollzer) +/0 |G (s)llz(r) ds, t € Ry (14)

Moreover if v is the entropy solution associated to the initial condition vy € L (R),
the source term H € Li (R, ; L°(R)) and the same smooth function F then we have

loc

the inequality
/ lu(t,x) —v(t,2)|1{z<ry dov < / [uo(2) — vo(2)|L{ja|<rreri()) dx (15)
R R

t
+ //!G(Saév)—H(S,fﬂ)ll{w|<R+<t—s>M<t>} dx ds,
0 R

where M (t) = max{M,(t), M,(t)},

M(t) = sup{|F'(€)] = [€] < luollzmce) + / 1G()ll ey ds)

and

M, (t) = sup{|F"(§)] : [¢] < ||Uo||Loo(R)+/0 1H ()| oo () dis}-

It is well known that for conservation laws without source term (G = 0) the solution
operator S(t)ug = wu(t,-) is order preserving on L'(R) N L*(R) that is, for any
ug, vg € L'(R) N L>(R) such that uy < vg a.e. we have S(t)ug < S(t)vg a.e., for any
t € R,. Thisis a direct consequence of the Crandall-Tartar lemma [12, page 81]. The
same result holds true for conservation laws with source terms G € L{ (R, ; L°(R))

loc

and for initial conditions uy € L*(R).



Lemma 2.1 (Comparison Principle with Sources) Assume that the source G €

Li (Ry; L®(R)) and denote by Sa(t) : L°(R) — L>*(R) the solution operator given

loc

by Sa(t)ug = u(t,-) for any up € L*(R), t € Ry where u is the entropy solution of
(12), (13). For any t € R, the operator S(t) is order preserving.

Proof. Since the solutions of (12) with bounded initial conditions propagate
with finite speed (cf. (14), (1

(
5)), it is sufficient to prove the result for G €
Li (Ry; LYR)) N L (Ry; L°(R)) and initial conditions in L°>°(R) N L'(R). There-
"R

loc loc

fore consider ugy, vy € L*(R) N L'(R) such that ug < vg. We claim that

[ {8a(thuo = Se(tyn} do = [ {0~ w} da. € R, (16)
R R

Indeed, by (15) it is sufficient to prove it for compactly supported functions ug, vy and
this comes easily by interpreting S¢(t)ug, Sa(t)vo as the limit of smooth solutions
for approximating viscous problems, as the viscosity vanishes. We denote by (-).

the positive part function. Combining (15), (16) yields

Q/R(Sc(t)uo — Sa(t)vg)y dx :/R(Sg(t)uo — Sa(t)vy) dx —{—/R |Sc(t)ug — Sa(t)vo| dx

< /(uo—vo) dx—l—/ |ug — vo| dx
R R
= 2/(Uo—vo)+ drx =0,
R
implying that Sq(t)up < Sg(t)vg ae. z € R, Vit e Ry, O

Consider pi € L®(R), Ey € L*(R) satisfying o < pg and Ej = p§ —p,. We define
the application F on L. (R, ; L>(R)) given by FE = E where

E(t, ) / {E(pt(s,x)) —E(p (s,7))} ds,
and p* are the entropy solutions of
o™ + 0.£(p*) = E(t,x), (t,2) € Ry xR,
with the initial conditions pF. It is easily seen by (14) that
t
IE@l=rm < [Boll=m) +/0 {Ip" (llw) + P ()lLw)} ds (17)

< N Eollzew + tlpg llzew) + 10 [l r) +2t/ [ E(s)||z=(r) ds.
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For any ¢ € R, we denote by er : [0,7] — R the function given by

er(t) = (I1Eolle=) + Tl o + 196 [l R)) €7,

We check immediately that the set Dp = {E € L'(]0,T[; L*(R)) : [|E(t)||or) <
er(t), V t € [0,T]} is left invariant by the application Fr defined by FrE =
FE|prxr for any E € Li (Ry; L®(R)).

A straightforward computation based on the contraction inequality (15) shows
that Fr is continuous on C([0,T]; L{

oe(R)). We denote by Mr the constant given
by

T
My = sup{|€'(&)] : €] < max{[|pg [[L=®), 75 [l >}+/0 er(t) dt} <1.

Proposition 2.1 (Continuity of the Map) Assume that py, Ey € L¥(R). For

any T € Ry we have the inequality
t
/ |fTE1 — fTE2|(t, l‘)l{\x|<R} dx S 2T/ / |E1 — E2|(S, x)1{|x‘<R+(t,s)MT} dx dS,
R o JR
for any Ey,Ey € Dy, YVt €[0,T], R > 0.

Proof. Consider Ey, F, € Dy and let us denote by pi, p; the entropy solutions
corresponding to the fields F, Ey and the initial conditions pg. By the definitions
of FrEy, FrEs and (15) we deduce easily that

R
/Kﬁ&—ﬁ&W@@wz//{m—mw@+m—mwwws

-R
< 2///|E1 —E2|(T,$)1{|x‘<3+(S,T)MT} dxdrds
0J0 JR
t
< 2T/ /|E1—Ezl(s,x)l{ka(t_s)MT} dz ds.
0 JR
[

Theorem 2.2 (Global Entropy Solutions for the Water-bag model) Assume
that pg, Ey € L=(R) satisfying E{ = py — py. Then there is a global unique weak
solution (p*,p~, E) € L>(]0, T[xR)?*x W1>°(]0, T[xR), VT € R, for the water-bag
model (7), (8), (9), (10). Moreover if p; < pg then p~ < p™.
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Proof. It is sufficient to prove the existence of a unique solution (p*,p~, F) on
[0,7] x R for any T" € R,. We define the sequence (E"),>o given by E°(t,z) =
Eo(z),V (t,x) € [0,T] x R and E"™!' = FrE", ¥V n € N. Observe that (E"), C
Dy. For any R > 0 we consider the sequence of functions 2j(t) = [5 |E™*! —
E™(t, 2)1{ja|<r+@—t)Mmypy dz, t € [0,T], n € N. By Proposition 2.1 it is easily seen
that

¢
zp(t) < 2T/ /R|E” — E"7Y (s, 2) i< (r—s)pig} d ds
0
¢
= 2T/ 24 (s) ds, t€[0,T), n>1,
0

implying that
(2T't)"
n!

We deduce that (E™), is a Cauchy sequence in C([0,T]; L

loc

zp(t) <

HZ%HL“’(]O,T[), Vn € N.

(R)) since
/ |En+p — En|(t, I)l{‘$|<R} dr < Zn(t) + ZnJrl(t) + ...+ Zner*l(t).
R

It follows that (E"), converges in C([0,T]; Li..(R)) towards a fixed point E of Fr.
Moreover we check easily that £ € Dp. Take now p*,p~ the unique entropy solu-
tions of (7) corresponding to the limit field E and the initial conditions pg,p, . By
construction (p™,p~, E) is a solution for the water-bag model (7), (8), (10). The
equation (9) is a consequence of (7), (8) and the constraint E; = p — p,. The
bounds for the derivatives of E comes from the bounds of p* (see (14)) and (8), (9).

For the inequality p~ < p™ use Lemma 2.1. The uniqueness of the weak solution is

obtained by a straightforward computation involving the Gronwall lemma. O

Remark 2.1 (Vlasov-Maxwell Solutions with Defect Measures) A natural
question related to the previous existence result is the following: given (p*,p~, E) a
weak solution for the water-bag model, is it true that f(t,z,p) = 1 2)<p<pt(ta)}

solves the Viasov equation

hf +0(p), f + E(t,2)d,f =0, (t,2,p) R, x R xR 7
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Generally the answer to this question is negative, but we can prove that f solves
a Viasov equation with a entropy defect measure. Of course we appeal here to the

kinetic formulation of conservation laws [15, 16]. Indeed, observe that the function

[ represents as f(t,x,p) = x(p,pT(t,x)) — x(p,p~ (¢, )) where the function x is
given by
+1, 0 <& <u,

xX(u)=q -1, u<{<0,
0, otherwise.

Since p* are entropy solutions we know that there are the non negative kinetic en-

tropy defect measures m* such that

Ox(p,p™) +v(p)dux(p,p™) — E(t,x)00(p — p*) = dym™, (t,z,p) € Ry x R?,
x(p, p=(0,2)) = x(p,pi (), (z,p) € R?,

where the notation dg stands for the Dirac mass concentrated at the origin. Therefore

we obtain

(0 +v(p)0){x (P, p") —x(p,p7)} = E(t,2){d(p—p") = do(p—p7)} = Op{m" —m~},

and by taking into account that O,{x(p,p") —x(p.p")} = —{do(p—p") —do(p—p7)}

finally we can write

Of +v(p)onf + E(t,x)0,f = 9,{m" —m~}, (t,r,p) € Ry x R?

f<07 :C7p) = X(p7p6r(x)) - X(pvpa<x>> = 1{p6(:p)<p<p3'(x)}7 (xvp) € RQ'
Another interesting question concerns the behavior of the total energy. For example
if p~(t,x) <0 < pt(t,z), (t,x) € [0,T] x R and the initial energy is finite we can
prove that the total energy is not increasing on [0, T]. Multiplying the above Viasov
equation by E(p) one gets after integration

G [Ews dup— [BLEG 0) e Ny de = [ gy (tap) dody

- / v(p)m™(t, 2, p) dzdp.
R2



Using (8) we deduce also that

1d

st J, Ebe) dx+/E(tax>{g(p+(t7$))—E(p_(t,x))}dxzo,

R

implying that

%{/RQE(p)f da:dp—l—%/RE(t,a:)? dx} _ /RQv(p)m_(t,x,p) dzdp
_ /R g (1, p) ddp

Therefore we are done if we check that m* = 0 on [0,T] x R x R¥. Take py < 0
and let us multiply the kinetic formulation of x(p,p™) by the derivative of the convex
function Sy, (p) = (p—po)—. After standard computations involving the usual formula
Jo x(&u)S'(§) d§ = S(u) — S(0), V S(-), Y u € R we obtain

& [ sty o == [ tom) do.
dt Jr -

Therefore one gets for any t € [0,T]

/RSpO (p™(T,z)) dz + AZm*(t, x,po) drdt = /RSPO (pd(x)) dx =0,

saying that m™ =0 on [0,T] x R x R™. In a similar way we check that m~ =0 on

[0, 7] x R x RT.

Remark 2.2 (Non-relativistic setting) This case is a little bit more difficult

since the non relativistic energy function E(p) = %2 1s only locally Lipschitz. This

time the analogous of the estimate (17) becomes quadratic
% 1 SN — 112
IE@®) |z < [ Eollz= + 5 i max{|[p”(s)|| Lo, [Ip™(s)[[ 2o } ds
t s
< Wl + [ {mact Il g ) + 5 [ 1B ar |
0 0
t
<\ Eo||z + t max{||pg |7 P |2} +t2/ IE(s) |7 ds.
0

In this case for T > 0 small enough we denote by er(-) the unique solution of

d
EeT = T2(6T(t))2, 0<t<T,
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with the initial condition er(0) = || Follze + T max{||pd |3, [|po |3 }- It is easily
seen that the set Dr = {E € L'(J0,T[;L*(R)) : |E®)|r~ < er(t), V t €
[0, T} is left invariant by the application Fr and following the same arquments
as in the relativistic setting we construct a local unique weak solution (p™,p~, E) €
L>=(]0, T[xR)2x W (]0, T[xR) for the non relativistic water-bag model. For results

on the multi-water-bag model in this setting see [6].

3 Strong solutions

This section is devoted to the analysis of smooth solutions for the relativistic water-
bag model. We show that smooth non decreasing initial conditions launch global

smooth solutions.

Proposition 3.1 (Non-decreasing initial data for Scalar CL’s) Assume that
F e W?*(R), G € L (R, ; WH(R)) such that F” > 0, 9,G > 0. Then for any
non decreasing initial condition ug € WH°(R) the problem (12), (13) has a unique
strong solution u € Wh>(]0, T[xR), VT € R, which is non decreasing with respect

to x.

Proof. We define the sequence of functions (u"),>o where u°(t,x) = ug(z) V (t,z) €

R, x R and for any n € N, u"™! solves the problem
o™ + F'(u™(t,2))0,u™™ = G(t,z), (t,z) € Ry xR, (18)

w0, 2) = ug(z), = €R. (19)

Actually we will prove that (u"), are smooth and therefore the above problem is
understood in the classical sense. Assume that u" belongs to L (R ; WH>®(R)),

O,u™ > 0 which is true for n = 0, and let us show that the same holds for ©"*'. We

denote by X™(s;t,x) the characteristics associated to F''(u")

d
d—X"(s;t,x) =F'(u"(s, X"(s;t,2))), X"(t;t,x) =z.
s
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Therefore we have
t
u" T (t, ) = ug(X™(0;t, 7)) +/ G(s, X"(s;t,x)) ds, (t,x) € Ry x R. (20)
0

We check easily that u"™' € L (R, ; WWH*(R)) and since z — X™(s;t,z), up and

loc

G(s, ) are non decreasing we deduce that 9,u™ > 0. Moreover we can find bounds
for the time and space derivatives uniformly with respect to n. For any A > 0 we

have

O b+ h) — " ()} 4 LF (0 R)) — ()} 0y (4 )
b ()0 [ () — ()
= G(t,z+h)—G(t,x).

Since O, u™ > 0, O,u"™ >0, F"” > 0 we have

{F'(u"(t,x + h)) — F'(u"(t,2))}0,u" " (t,z + h) >0,

and therefore

O Dpu™ + F'(u"(t, )0, Dput < DLG(t, x),

where the notation Dj,z(x) stands for z(x +h) — z(x) for any function z. Integrating

along the characteristics one gets
t
Dypu T (t, 1) < (Dyug)(X™(0;t, 2)) +/ DyG(s, X"(s;t, 7)) ds,
0

implying that

Dyputi(t, )

t
D iy + / 10,G(5) 1 (r) ds.
0

Since we know that d,u™™! > 0 finally we obtain

t
LT () || 2o ®) < Nugllzem) e L=(R) ds,
[0:u™ (0)] < Jlugl + [ 110:G(s)]] ds
0

and

t
10" Dll ey < NGO ey + 1l coeiry (nuanmm + [ 106 ds) .
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We claim that the sequence (u"),, converges in C'([0,7] x R), VT € R,. Indeed,
since (0,u"), is bounded in L*(]0,T[xR), there is a constant Cp depending on
bl z=rys Jiy 118G (8)]|p=(ryds and ||F"|| = such that

¢
]X”H(s;t,:v) — X"(s;t,x)| < C’T/ Hu"H(T) —u"(7)]| > dT, (21)
for any (s,t,z) € [0,7]* x R. Combining (20), (21) yields
¢
[ 20) = Olleim) < Cr [ 10746) = 0 (6) ey ds, mE N,
0

implying that the sequence (u"),, converges in C([0, 7] xR) towards some function w.
Since (Ou™),,, (Ozu™),, are bounded we deduce that u € W1*(]0, T[xR). It remains
to prove that u solves (18), (19). There is a subsequence (ng)x, limy_, oo N = +00

such that

klim (O™, Opu™) = (Dyu, Opu), weakly % in L°(]0, T[xR)>.
— 400

Obviously we have also the convergence limy_, o u™ ! = in C([0,T] x R). Mul-

tiplying (18) by a test function ¢ € CY([0,7] x R) one gets

T T T
//&u"’%p dxdt + //F "(u™ N, 1)) Opu™ @ dadt = //G(t, x)p(t, ) dxdt.
0Jr 0Jr 0JR

We can pass easily to the limit for £ — +oo and we obtain

T
//&gu @ drdt + // u(t, z))0,u ¢ dedt = //G(t,x)cp(t,x) dxdt,
0JR

saying that u is a strong solution of (18). Moreover u verifies the initial condition
(19) since
uw(0,z) = lim u"(0,2) = up(z), = €R.

n—-+00
Since any strong solution coincides with the entropy solution, we have also the

uniqueness of the strong solution. O

Theorem 3.1 (Global Smooth Solutions) Assume that pt, By € WH*(R) sat-
isfying % I po >0, LBy =pd —py > 0. Then there is a global unique strong solution
(pt,p~, E) € Wh>(J0, T[X]R)QXWZOO(}O, T[xR),V T € R, for the water-bag model.

13



Proof. By Theorem 2.2 we know that there is a global weak solution (p*,p~, F) €
L>(]0, T[xR)* x Wt=(]0,T[xR), V T € R, for the water-bag model satisfying
p~ < p". By (9) we have 0, FE > 0 and thus applying Proposition 3.1 implies that
the entropy solutions p* belong to W1*°(]0, T[xR) and are strong solutions for (7).
The bounds for the second order derivatives of the electric fields follow immediately
from the bounds of the first order derivatives for p* and (8), (9). The uniqueness
of the strong solution (p*, p~, E) for the water-bag model is a direct consequence of

the uniqueness of the weak solution. O
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