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Abstract

The subject matter of this paper concerns anisotropic diffusion equations: we consider heat equations
whose diffusion matrices have disparate eigenvalues. We determine first and second order approximations,
we study the well-posedness of them and establish convergence results. The analysis relies on averaging
techniques, which have been used previously for studying transport equations whose advection fields have
disparate components.
© 2013 Elsevier Inc. All rights reserved.
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1. Introduction

Many real life applications lead to highly anisotropic diffusion equations: flows in porous
media, quasi-neutral plasmas, microscopic transport in magnetized plasmas [7], plasma thrusters,
image processing [ 18,23], thermal properties of crystals [13,19]. In this paper we investigate the
behavior of the solutions for heat equations whose diffusion becomes very high along some
direction. We consider the problem

1
du® — divy (D(y)Vyu®) — S div, (b)) ®b(Y)Vyu®) =0, (t,y) eRy xR™, (1)
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u®(0,y) =u;,(y), yeR", (2)

where D(y) € M,,(R) and b(y) € R™ are smooth given matrix field and vector field on R™,
respectively. For any two vectors &, n, the notation § ® n stands for the matrix whose entry (i, j)
18 §;n;, and for any two matrices A, B the notation A : B stands for trace('AB) = A; jBij (using
Einstein summation convention). We assume that at any y € R™ the matrix D(y) is symmetric
and D(y) + b(y) ® b(y) is positive definite

'D(y) = D(y),
dd >0 suchthat D(y)&-& + (b(y) -5)2 >d|E]?, €eR™, yeR™ (3)

The vector field b(y), to which the anisotropy is aligned, is supposed divergence free i.e.,
divy b = 0. We intend to analyze the behavior of (1), (2) for small ¢, let us say 0 < & < 1, in

which cases D(y) + éb(y) ® b(y) remains positive definite

1
D) &+~ (b() £’ =D& &+ (b(y)-£)° >dIE’, E€R™ yeR". 4

If (uf)e remain in a bounded set of L?>(R™), then (u°), remain in a bounded set of
L% [Ry; L?>(R™)) since, for any ¢ € R4 we have, thanks to (4)

t

1
5f(ug(t,y))zdy—I—d//wyug(s,y)‘zdyds

Rm O Rm

t
1 1
< 3 f(ue(t’ y))Qdy + f / {D(y) + gb(y) ® b(y)} :Vyu(s,y) @ Vyu(s, y)dyds

Rm O Rm
1 e 2
= 2 (uin(y)) dy.
]Rm
In particular, when & N\ 0, (#®), converges, at least weakly » in L (R ; L?(R™)) towards some
limit u € L% (R; L>(R™)). Notice that the explicit methods are not well adapted for the nu-
merical approximation of (1), (2) when & N\ 0, since the CFL condition leads to severe time step
constraints like
d At 1
— g —
e lAyl> "2

where At is the time step and Ay is the grid spacing. In such cases implicit methods are de-
sirable [2,21]. For the numerical resolution of diffusion equations on distorted grids we refer
to [17,16,20]. Finite volume methods have been discussed in [14,1]. Recent results concerning
anisotropic elliptic problems and non-linear heat equations were obtained in [11,12,15].

In plasma physics, the collision operator gives rise to anisotropic diffusion in velocity space
due to the interaction between particles and waves [22]. The applications we have in mind con-
cern the magnetic confinement. This analysis is required when studying the energy (temperature)
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anisotropic diffusion inside a tokamak [9]. In that case the diffusion along the magnetic lines
dominates the diffusion along the other directions and the temperature satisfies a heat equation
like (1) where m € {2, 3}, b(y) stands for the magnetic field and D(y) is the diffusion matrix
along the perpendicular directions to b(y)

D(y):d(lm B b(y)@b(y))

b2

Rather than solving (1), (2) for small ¢ > 0, we concentrate on the limit model satisfied by
the limit solution u = lim\ o u®. We will see that the limit model is still a parabolic problem,
decreasing the L2(R™) norm and satisfying the maximum principle. At least formally, the limit
solution u is the dominant term of the expansion

u=u+eu' +*u+---. (5)
Plugging the Ansatz (5) into (1) leads to

divy(b ® bVyu) =0, (t,y) e Ry x R™, (6)
du — divy(DVyu) —divy (b @ bVyu') =0, (1,y) e Ry x R™, (7)

Under suitable hypotheses on b, the constraint (6) says that at any time t € Ry, b - Vyu =0 (see
Proposition 3.3), or equivalently u(z, -) remains constant along the flow of b, see (16)

u(t, Y (s; y)) =u(t,y), seR, yeR"

The closure for u comes by eliminating u! in (7), combined with the fact that (6) holds true at
any time 7 € R. The symmetry of the operator divy (b ® bVy) implies that d;u — divy,(DVyu)
belongs to (ker(b - Vy))L and therefore we obtain the weak formulation

d
T f u(t, y)o(y)dy + / DVyu(t,y) - Vyp(y)dy =0, ¢eH'(R")Nker(b-Vy).  (8)
R™ R™
The above formulation is not satisfactory, since the choice of test functions is constrained
by (6); (8) 1s useless for numerical simulation. A more convenient situation is to reduce (8)
to another problem, by removing the constraint (6). The method we employ here is related to the

averaging technique which has been used to handle transport equations with disparate advection
fields [3-0]

1
du’ +a(t,y)  Vyu® + gb(y) -Vyu® =0, (t,y) e Ry xR", (9)
u®0,y)=uj (y), yeR™ (10)

Using the same Ansatz (5) we obtain as before that b - Vyu(z,-) =0, t € Ry and the closure for
u writes
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Projker(b_vy){atu +a-Vyu}=0 (11)
or equivalently
d
3 | “@eGdy = [ult. y)a-Vypdy =0 (12)
Rm Rm

for any smooth function satisfying the constraint b - Vy¢ = 0. The method relies on averaging
since the projection on ker(b - Vy) coincides with the average along the flow of b, cf. Proposi-
tion 3.1. As u satisfies the constraint b - Vyu = 0, it is easily seen that Projye,q,.v, ) 04 = d;u.
A simple case to start with is when the transport operators a - Vy and b - V, commute i.e.,
[b-Vy,a-Vy]=0.In this case a - V, leaves invariant the subspace of the constraints, imply-
ing that Projye, v y{a - Vyu} = a - Vyu. Therefore (11) reduces to a transport equation and it
is easily seen that this equation propagates the constraint, which allows us to remove it. Things
happen similarly when the transport operators a - Vy, b - Vy do not commute, but the transport
operator of the limit model may change. In [4] we prove that there is a transport operator A - Vy,
commuting with b - Vy, such that for any u € ker(b - V) we have

Projker(b-vy){a -Vyuy=A-Vyu.

Once we have determined the field A, (11) can be replaced by d,u + A - Vyu = 0, which propa-
gates the constraint b - Vyu(r) =0 as well.

Coming back to the formulation (8), we are looking for a matrix field D( y) such that
divy (DVy) commutes with b - V, and

PrOjyer(p-v,) {divy (D (V) Vyu) } = divy (D(y)Vyu), u€ker(b- Vy).

We will see that, under suitable hypotheses, it is possible to find such a matrix field D, and
therefore (8) reduces to the parabolic model

du —divy (D(y)Vyu) =0, (t,y) e Ry x R™. (13)

The matrix field D will appear as the orthogonal projection of the matrix field D (with re-
spect to some scalar product to be determined) on the subspace of matrix fields A satisfying
[b-Vy,divy(AVy)] = 0. The field D inherits the properties of D, like symmetry, positivity, etc.

Our paper is organized as follows. The main results are presented in Section 2. Section 3 is
devoted to the interplay between the average operator and first and second order linear differential
operators. In particular we justify the existence of the averaged matrix field D associated to any
field D of symmetric, positive matrices. The first order approximation is justified in Section 4
and the second order approximation is discussed in Section 5. Some examples, in particular the
application to the magnetic confinement, are treated in Section 6. Several technical proofs are
gathered in Appendix A.
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2. Presentation of the models and main results

We assume that the vector field b : R” — R is smooth and divergence free

be W (R™), divyb=0 (14)
with linear growth
3C >0 suchthat |b(y)|<C(1+1yl), yeR™ (15)

We denote by Y (s; y) the characteristic flow associated to b

dY
% =b(Y(s:y)), Y(O;y)=y, seR, yeR™ (16)
\)

1 .
(R x R™) and is measure

Under the above hypotheses, this flow has the regularity ¥ € W,
preserving.
We concentrate on matrix fields A(y) € Ll (R™) such that [b(y) - Vy,divy(A(y)V,)] =0,

loc
let us say in D'(R™). We check that the commutator between b - V, and div,(AV,) writes cf.

Proposition 3.7
[6(y) - Vy,divy(A(y)Vy)] =divy([b, A]Vy) in D'(R™)
where the bracket between b and A is given by the matrix field
[b, Al :==(b-Vy)A —0,bA(y) — A(y)layb, y e R™,

with (b - Vy)A);j = (b-Vy)A;j, i, j €{l,...,m}. Several characterizations for the solutions of
[b, A] =0 in D'(R™) are indicated in the Propositions 3.8, 3.9, among which

A(Y(s; y)) =0,Y(s; y)A(y)tayY(s; y), seR, yeR™ (17)
We assume that there is a matrix field P(y) such that

‘p=r, P(y)E-£>0, £eR™ yeR", P71 PeLl (R"),
[b, P1=0 inD'(R"). (18)
Observe that any vector field c in involution with b i.e., (b- Vy)c —dy,bc = 0 let us say in D'(R™),

provides a symmetric matrix field P.(y) = c(y) ® ¢(y) satisfying [b, P.] =0 in D’'(R™). Indeed,
thanks to Proposition 3.4 we have

c(Y(s;y))zayY(s;y)c(y), seR, yeR",

and therefore (17) holds true
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Pe(Y(s;9) =c(Y(s:y) @c(Y(s;y))
= (8yY (s »)c(») ® (3yY (53 ¥)c(y))
=0,Y(s; ) (c(») ® c(»)) "0, Y (53 y)
=0,Y(s; y)Pc(y)tayY(s; y), seR, yeR™.
When a family {c;}1<;<m of vector fields in involution with b is available, and {c; (y)}1<i<m
form a basis of R™ at any point y € R, it is easily seen that the symmetric matrix field P(y) =

Y it ci(y) ® ci(y) is positive definite and satisfies [b, P] =0 in D' (R™).
We introduce the set

HQ={A=A<y): /Q(y)A(y):A(y)Q(y)dy<+oo}
Rm

where Q = P!, and the scalar product (see Section 3.3)

(A,B)Q:/QA:BQdy, A,B e Hp.
Rm

The equality (17) suggests to introduce the family of applications G(s) : Hgp — Hg, s € R,
G(s)A = (ayY)_l(s; )A(Y (s; -))’(ayY)_l(s; -) which is a Co-group of unitary operators on
Hy cf. Proposition 3.12. This allows us to introduce L, the infinitesimal generator of (G (s))seR.
The key points are that L becomes skew-adjoint on the weighted L? space H o and that its kernel
coincides with {A € Hp C Llloc(Rm): [b, A] = 0in D'(R™)} cf. Proposition 3.13. The averaged

matrix field denoted (D), associated to any D € Hp appears as the long time limit of the
solution of

#A—L(L(A)=0, teRy, (19)
A(0)=D. (20)

The condition D € Hgp comes since we intend to use the C O_group theory in L? spaces (weighted
by Q). In particular H¢ contains any matrix field D bounded, compactly supported in R™. The
notation (-) stands for the orthogonal projection (in L?(R™)) on ker(b - Vy).

Theorem 2.1. Assume that (14), (15), (18) hold true. Then for any D € Hp N L°°(R™) the
solution of (19), (20) converges weakly in Hp as t — +o00 towards the orthogonal projection
of D onker L

lim A(t)= (D)o weaklyin Hg, (D)@ :=Projie, D.

t——+00
If D is symmetric and positive, then so is the limit (D)o = lim,_, o A(t), and satisfies

L((D)g) =0, Vyu - (D)oVyv = (Vyu- DVyv), u,ve H' (R™)Nker(h-Vy), (21)
(Vyu - (D)oVy(b-Vyy)) =0, ueH'(R™)Nker(b-Vy), ¥ € CZ(R™). (22)
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The first order approximation (for initial data not necessarily well prepared) is justified by

Theorem 2.2. Assume that (14), (15), (18), (49) hold true and that D is a field of symmetric
positive matrices, which belongs to Hgp. Consider a family of initial conditions (u3,)s C L2(R™)
such that ((u3,))e converges weakly in L?(R™), as ¢ \ 0, towards some function uj,. We denote
by u® the solution of (1), (2) and by u the solution of

du —divy({(D)oVyu) =0, teR,, yeR", (23)
u(0,y) =upn(y), yeR", (24)

where (D) ¢ is associated to D, cf. Theorem 2.1. Then we have the convergences
li\r%ug =u weakly * in L°(Ry; LZ(R’")),
&

1{1}) Vyu® =Vyu weakly in L? (Ry; L? (R™)).
&

The derivation of the second order approximation is more complicated and requires the com-
putation of some other matrix fields. For simplicity, we content ourselves to formal results. The
crucial point is to introduce the decomposition given by

Theorem 2.3. Assume that (14), (15), (18), (49) hold true and that L has closed range. Then,
for any field of symmetric matrices D € Hg, there is a unique field of symmetric matrices F €
dom(L?) N (ker L)+ such that

—divy (DVy) = —divy((D)oVy) + divy (L*(F)V,)
that is
/ DVyu -Vyvdy — /(D)vau -Vyvdy
Rm Rm™

:/L(F)Vyu-Vy(b-Vyv)dy—l—/L(F)Vy(b-Vyu)-Vyvdy
Rm R
:—/Fvy(b-vy(b.vyu))-vyvdy—zfFvy(b-vyu)-vy(b-vyu)dy
Rm Rm™
—fFVyu-Vy(b-Vy(b-Vyv))dy
Rm

forany u,v € C?(Rm).

After some computations we obtain, at least formally, the following model, replacing the
hypothesis (18) by the stronger one: there is a matrix field R(y) such that
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detR(y) #0, yeR", Q='RR and
P=0""eLl (R"), (b-Vy)R+Rdb=0 inD (R"). 25)

loc
The condition (b - Vy)R + Rdyb = 0 says that the columns of R~! form a family of m indepen-
dent vector fields in involution with respect to b (see Remark 5.2).

Theorem 2.4. Assume that (14), (15), (29), (49), (25) hold true and that D is a field of symmet-
ric positive matrices which belongs to Hg N L>(R™). Consider a family of initial conditions
(ui)e C L?>(R™) such that (Wi“)%ui“)wo converges weakly in L*>(R™), as ¢ \ 0, towards a
function vy, for some function ui, € ker(b - Vy). Then, a second order approximation for (1) is

provided by
du® —divy((D)oVyi®) + e[divy ((D) o Vy), divy (F V) ]a®
—eS(a®)=0, (t,y) eRy xR", (26)
(0, y) = uin(y) +&(vin(») + win(y)),  win =divy(FVyuin), y €R", 27

for some fourth order linear differential operator S, see Proposition 5.3, and the matrix field F
given by Theorem 2.3.

3. The average operator

We assume that the vector field b : R™ — R™ satisfies (14), (15). We consider the linear
operator u — b - Vyu = divy (ub) in L?(R™), whose domain is defined by

dom(b - V) = {u € L*(R™): div,(ub) € L*(R™)}.
It is well known that
ker(b- Vy) = {u e L*(R™): u(Y(s;)) =u(), s e R}.

The orthogonal projection on ker(b - V) (with respect to the scalar product of L2(R™)), denoted
by (-), reduces to average along the characteristic flow Y cf. [4, Propositions 2.2, 2.3]. The fact
that the average along the characteristic flow belongs to ker(b - Vy) is easily seen. For any point
y € R™, the average along the characteristic issued from y depends only on the invariants of this
characteristic and not on the particular point y of it. Therefore, the average depends only on the
invariants of the flow, and thus it belongs to ker(b - Vy).

Proposition 3.1. For any function u € L*>(R™) the family (u)7 := %fOT u(Y(s;-))ds, T >0,
converges strongly in L*>(R™), when T — +o0, towards the orthogonal projection of u on
ker(b - Vy)

TuT (uyr = (u), (u) €ker(b-V,) and /(u—(u))godyzO, Vo € ker(b - V).
Rm
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Since b - Vy, 18 antisymmetric, one gets easily
—————— 1 .
Range(b - Vy) = (ker(b - Vy)) ™ = ker(Projyer(p.v,)) = ker(:). (28)

Remark 3.1. If u € L?(R™) satisfies [, u(y)b- Vy¥rdy =0, V¢ € CL(R™) and [p, updy =0,
Vo € ker(b - Vy), then u = 0. Indeed, as u € L>(R™) c Ll _(R™), the first condition says that

loc
b-Vyu=0inD'(R™) and thus u € ker(b - V). Using now the second condition with ¢ = u one

gets [ u?dy =0 and thus u = 0.

In the particular case when Range(b - V) is closed, which is equivalent to the Poincaré in-
equality (cf. [8, pp. 29])

1/2 1/2
ACp > O: (f(u — <u>)2dy> < cp< /(b-Vyu)zdy) , uedom(b-Vy) (29
R R™
(28) implies the solvability condition
Ju e dom(b-Vy) suchthat b-Vyu=v iff (v)=0.
If || -|| stands for the LZ(R™) norm we have

Proposition 3.2. Under the hypothesis (29), b - Vy, restricted to ker(-) is one-to-one map onto
ker(-). Its inverse, denoted (b - Vy)_l, belongs to L(ker(-), ker(-)) and

-1
|(b-Vy) ”L(ker(-),ker(-)) <Cp.
Another operator which will play a crucial role is 7 = — div, (b ® bV,) whose domain is
dom(7) = {u € dom(b - Vy): b Vyu € dom(b - Vy)}.

The operator 7 is self-adjoint and under the previous hypotheses, has the same kernel and range
asb-V,.

Proposition 3.3. Under the hypotheses (14), (15), (29) the operator T satisfies
ker7 =ker(b - V,), Range 7 = Range(b - V) =ker(-)
and ||ju — (u)|| < C%,||Tu||, u € dom(7).
Proof. Obviously ker(b-V,) C ker 7. Conversely, for any u € ker7 we have me (b- Vyu)2 dy =
Jgm uTudy =0 and therefore u € ker(b - V).
Clearly Range7 C Range(b - V) = ker(-). Consider now w € ker(-) = Range(b - V,). By

Proposition 3.2 there is v € ker(-) N dom(b - Vy) such that b - Vyv = w. Applying one more
time Proposition 3.2, there is u € ker(-) N dom(b - V) such that b - Vyu = v. We deduce that
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u € dom7,w = 7 (—u). Finally, for any u € dom7 we apply twice the Poincaré inequality,
taking into account that (b - Vyu) =0

|u— @) | <Cpllb- Vyull <CRITul. O

Remark 3.2. The average along the flow of b can be defined in any Lebesgue space L?(R™),
q € [1, 4+0o0]. We refer to [4] for a complete presentation of these results.

3.1. Average and first order differential operators

We are looking for first order derivations commuting with the average operator. Recall that
the commutator [§ - Vy, n - V,] between two first order differential operators is still a first or-
der differential operator, whose vector field, denoted by [&, n], is given by the Poisson bracket
between & and 7

[§'Vy,77'Vy]1=§'Vy(ﬂ'Vy)—n'Vy@'Vy)=[5,77]~vy

where [§, 7] = (§ - V,)n — (- Vy)&. The two vector fields & and » are said in involution iff their
Poisson bracket vanishes.

Assume that c(y) is a smooth vector field, satisfying c(Y (s; y)) = 9,Y(s; y)c(y), s € R,
y € R™, where Y is the flow of b (not necessarily divergence free here). Taking the deriva-
tive with respect to s at s = 0 yields (b - Vy)c = 9,bc(y), saying that [b, c] = 0. Actually the
converse implication holds true and we obtain the following characterization for vector fields in
involution, which is valid in distributions as well (see Appendix A for proof details).

Proposition 3.4. Consider b € W]L’Coo (R™) (not necessarily divergence free), with linear growth
and c € L] (R™). Then (b - Vy)c — dybc =0 in D'(R™) iff
c(Y(s; ) =0,Y(s:y)c(y), seR, yeR™, (30)

We establish also weak formulations characterizing the involution between two fields, in dis-
tribution sense (see Appendix A for the proof). The notation w; stands for w o Y (s; -).

Proposition 3.5. Consider b € WIL’COO (R™), with linear growth and zero divergence and c €
LllOC (R™). Then the following statements are equivalent:

1.

[b,c]1=0 inD'(R").

/(C-Vyu)v_s dy = /(C-Vyus)vdy, Vu,v e C(R™). (31)
Rm Rm
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/c-Vyub-Vyvdy—l—/c-vy(b-vyu)vdy:(), Vu e CZ(R™), ve CH(R™). (32)
Rm Rm

Remark 3.3.If [b, c] = 0 in D' (R™), applying (31) with v = 1 on the support of u (and therefore
v_g = 1 on the support of ) yields

/C-Vyudy:/c~vyusdy, ueCi(Rm),
Rm Rm

saying that divy c is constant along the flow of b (in D'(R™)).

We claim that for vector fields ¢ in involution with b, the derivation ¢ - V, commutes with the
average operator. This comes easily by the commutation property between the flows of b and c.
Indeed, if Z(h; y) stands for the flow of the vector field ¢ (assumed smooth for the moment) we
have, thanks to the involution property between b and ¢

Z(h; )oY (s;)=Y(s;-)oZ(h;-), s,hel.

In order to establish (c - Vyu) = c - Vy(u) it is enough to prove that (u o Z(h; -)) =(u) o Z(h; -)
for any h € R. At least formally we can write

T
(qu(h;-)): lim %/qu(h; JoY(s;-)ds

T—+o0
0

T
1
= lim ?/qu(s;-)oZ(h;-)ds

T—+400
0

T
= ( lim l‘/uo Y (s; -)ds) oZ(h;-)
T—+4o00 T
0
= (u)o Z(h;-).

The rigorous statement and proof of this result follow below.

Proposition 3.6. Consider a vector field c € LllOC (R™) with bounded divergence, in involution
with b, that is [b, c] = 0 in D'(R™). Then the operators u — c¢-Vyu, u — div, (uc) commute with
the average operator i.e., for any u € dom(c - Vy) = dom(divy(-c)) we have (u) € dom(c-Vy) =
dom(divy(-c)) and

(c-Vyu)=c- Vy(u), (divy (uc)) = divy ((u)c).
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Proof. Consider u € dom(c-V,),s € Rand ¢ € C Cl (R™). We have

/usc-Vygody:/u(c-qu))_sdy

Rm Rm

Z/M(C- Vy)e—s dy

Rm

—/divy(uc)ga_s dy

Rﬂl

:—/(divy(uc))sgo(y) dy (33)

Rm

saying that u; € dom(c - Vy) = dom(divy(-c)) and divy(ugc) = (divy(uc))s. We deduce
¢+ Vyug = (c- Vyu), cf. Remark 3.3. Integrating (33) with respect to s between 0 and T > 0 one

gets

Rm

T

T

1
/usdsc-Vy(pdyz?//usc-vy(pdyds
0 0 Rm

T
?// dlvy(uc)) ¢(y)dyds
0

~| =

—

T

1
fdlvy(uc) dsp(y)dy.
0

3

R

By Proposition 3.1 we know that %fOT ugds — (u) and L fo (divy(uc))s ds — (divy (uc))
strongly in L?(R™), when T — +o00, and thus we obtain

/ (e - Vypdy = — f (divy (o)) () dy
Rm R’n

saying that (u) € dom(c - Vy) and div, ((u)c) = (divy (uc)), ¢ - Vy(u) =(c - Vyu). O
3.2. Average and second order differential operators

We investigate the second order differential operators —divy(A(y)V,) commuting with the
average operator along the flow of b, where A(y) is a smooth field of symmetric matrices. Such
second order operators leave invariant ker(b - Vy). Indeed, for any u € dom(—div,(A(y)V,)) N

ker(b - Vy) we have

—divy (A(y)Vyu) = —divy (A(y)(u)) = (— divy (A(y) Vyu)) € ker(b - Vy).
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For this reason it is worth considering the operators —div,(A(y)Vy) commuting with b - V,.
A straightforward computation shows that

Proposition 3.7. Consider a divergence free vector field b € W>°(R™) and a matrix field
A € W2XR™). The commutator between b - Vy and —divy(A(y)Vy) is still a second order
differential operator

[b-Vy, —divy(AV,)] = —div, ([b, A]Vy)
whose matrix field, denoted by [b, A), is given by
[b, A]=(b-Vy)A — dybA(y) — A(y)'dyb, yeR".
Remark 3.4. We have the formula ’[b, A] = [b,? A]. In particular if A(y) is a field of symmet-
ric (resp. anti-symmetric) matrices, the field [b, A] has also symmetric (resp. anti-symmetric)

matrices.

As for vector fields in involution, we have the following characterization (see Appendix A for
proof details).

Proposition 3.8. Consider b € WIL’COO (R™) (not necessarily divergence free) with linear growth
and A(y) € L} (R™). Then [b, A] =0 in D'(R™) iff

loc
A(Y(s:y) =0,Y(s; A '0,Y(s;y), seR, yeR™ (34)

For fields of symmetric matrices we have the weak characterization (see Appendix A for the
proof).

Proposition 3.9. Consider b € WI})’COO (R™) with linear growth, zero divergence and A € Llloc (R™)
a field of symmetric matrices. Then the following statements are equivalent:

1.

[b,A]=0 inD'(R").

2.
/A(y)Vyus -Vyvgdy = / A(y)Vyu - Vyvdy
Rm Rm

5 foranys e R, u,v e CCI(R’”).

/ A(Y)Vy(b - Vyu) - Vyvdy + / A(Y)Vyu - Vy(b-Vyv)dy =0
R™ R™

foranyu,v € CS(R’”).
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We consider the (formal) adjoint of the linear operator A — [b, A], with respect to the scalar
product (U, V) = [pm U(y) : V(y)dy, given by

Q— —(b-Vy)0—"3,bQ(y) — Q(»)dyb

when divy, b = 0. The following characterization comes easily and the proof is left to the reader.

Proposition 3.10. Consider b € WIL’COO(R’“), with linear growth and Q € Llloc(Rm). Then
—(b-Vy)Q —"9,bQ(y) — Q(y)dyb =0 in D'(R™) iff

O(Y(s; ) ="8Y ' (s; O3, Y (s;y), seR, yeR™ (35)

Remark 3.5. If Q(y) satisfies (35) and is invertible for any y € R” with 0~ € L| (R™),

then Q71 (Y (s; ) =3, Y(s; y) Q71 (»)!8,Y(s; y), s € R, y € R™ and therefore [b, 0~!]=0in
D'(R™). If P(y) satisfies (34) and is invertible for any y € R™, then

P Y r(s;y)="a,Y 1s; )P (), Y T (s;y), seR, yeR™,
and therefore —(b - V)P~ —19,bP~1(y) — P71 (y)dyb =0 in D'(R™).

As for vector fields in involution, the matrix fields in involution with b generate second order
differential operators commuting with the average operator.

Proposition 3.11. Consider a matrix field A € L}OC(R’”) such that divy A € LIIOC(R’") and

[b, Al =0 in D'(R™). Therefore the operator u — —divy(AV,u) commutes with the average
operator i.e., for any u € dom(—divy(AV,)) we have (u) € dom(—div,(AVy)) and

—(divy (AVyu)) = — divy (AVy(u)).

Proof. Consider u € dom(—divy(AV))) = {w € L2(R™): —div,(AV,yw) € L>(R™)}. For any
seR,pe CCZ(R’") we have

—fus divy ("AV,p) dy:—fu(divy(fAvw))_s dy. (36)
R™ R™

By the implication 1. = 2. of Proposition 3.9 (which does not require the symmetry of A(y)) we
know that

/tAvaO -Vyysdy = / tAvyW—s - Vyyrdy
R™ R™
for any ¢ € Cg (R™). We deduce that

—/divy(lAVy(p)lﬁs dyz—fdivy(tAVygo_s)tpdy

Rm Rm



M. Bostan / J. Differential Equations 256 (2014) 1043—-1092 1057

and thus (divy (' AV,¢))_s =divy (" AVyp_;). Combining with (36) yields

— / ugdivy (’AVy(p) dy =— / udivy (’Aqu)_s) dy
Rm Rm

:—/divy(AVyu)(p_s dy
Rm

=— / (divy(AVyu)) @(y)dy (37)
Rm

saying that u; € dom(—divy(AV,)) and
—divy (AVyuy) = (—divy (AVyu))

5°

Integrating (37) with respect to s between 0 and 7" we obtain

T T
1 . 1 )
= | us dsdivy ("AVyp)dy = T (divy (AVyw)) dsp(y)dy.
R™ 0 R" 0
Letting T — +o0 yields
/ (u)divy("AVyp) dy = / (divy (AVyu))p(y)dy
R R™
and therefore (u) € dom(divy(AVy)), divy(AVy(u)) = (divy(AVyu)). O
3.3. The averaged diffusion matrix field
We are looking for the limit, when ¢ — 0, of (1), (2). We expect that the limit u = limg\ o u®
satisfies (6), (7). By (6) we deduce that at any time r € Ry, u(z, ) € ker(b - Vy). Observe also
that divy (b ® beul) =b-Vy(b- Vyul) € Range(b - Vy) C ker(-) and therefore the closure for
u comes by applying the average operator to (7) and by noticing that (0;u) = 0, (u) = o;u
du — (divy(DVyu))=0, teR;, yeR". (38)
At least when [b, D] = 0, we know by Proposition 3.11 that
(divy (DVyu)) = divy (DVy{u)) = divy (D Vyu)
and (38) reduces to the diffusion equation associated to the matrix field D(y). Nevertheless,
even if [b, D] # 0, (38) behaves like a diffusion equation. More exactly the LZ(R’") norm of

the solution decreases with a rate proportional to the L?(R™) norm of its gradient under the
hypothesis (3)
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1d ) '
2 dr (u(t,y)) dy = (dwy(DVyu))u(;,y)dy
Rm Rm™
:/divy(DVyu)udy
Rm
:_/Dvy”'vy”dy
Rm

:—/(D—I—b@b):vyu@vyudy
Rm

< —d]‘Vyu(t,y)‘zdy.
Rm

We expect that, under appropriate hypotheses, (38) coincides with a diffusion equation, corre-
sponding to some averaged matrix field D, that is

ID(y): [b,D]=0 and (—divy(DVyu))=—div,(DVyu), Vuecker(b-V,).  (39)
It is easily seen that in this case the limit model (38) reduces to
oru —divy(DVyu) =0, teRy, yeR™.

In this section we identify sufficient conditions which guarantee the existence of the matrix
field D. We will see that it appears as the long time limit of the solution of another parabolic type
problem, whose initial data is D, and thus as the orthogonal projection of the field D(y) (with re-
spect to some scalar product to be defined) on a subset of {A € Llloc (R™): [b, A] =0 in D'(R™)}.
We assume that (18) holds true. We introduce the set

HQ={A=A<y>: /Q(y)A(y):A(y)Q(y)dy<+oo}
Rm

where Q = P~! and the bilinear application

(w)o:HopxHg—>R, (A, B)g= / OMA(y) : B(y)Q(y)dy
Rm

which is symmetric and positive definite. Indeed, for any A € Hp we have

(A, A)g = / 02407 012402 dy >0
Rm

with equality iff 0'/2AQ1/2 = 0 and thus iff A = 0. The set H, o endowed with the scalar product

(-, -) o becomes a Hilbert space, whose norm is denoted by [A|g = (A, A) IQ/Z, A € Hp. Observe
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that Hp C {A(y): A€ L1 (R™)}. Indeed, if for any matrix M the notation |M| stands for the

loc
norm subordinated to the Euclidean norm of R”

M
M= sup My
germ\(0} 1§
we have for a.a. y € R™
A()§ -n
|A(Y)| = sup —2—
gn20 1§l
_ wp Q1/2AQ1/2P1/2%- . PI/ZT7 |Pl/2§'| |P1/277|
£,7£0 |P1/2g||P1/2y| €] nl

< \QI/ZAQ1/2||P1/2|2

1/2

< (0?2402 02402 7 |P). (40)

We deduce that for any R > 0

1/2
/\A@)}dy < f(QWAQ‘/2 1 0'240'%) 2Py < (A, A)IQ/Z(/|P(y)|2dy> .
Br

Bg Bpr

Remark 3.6. We know by Remark 3.5 that Qs = ’ayY_l(s; y)Q(y)ayY_l(s; y) which writes

'O(s; y)O(s; y) = I where O(s; y) = sl/zayY(s; y)Q~ 12, Therefore the matrix O(s; y) is

orthogonal and we have

VY (55072 = 06 ) =07 s = 07 o,y 02, (41)
0219, ¥ (s; VO =106 y) =01 (s: y) = 029,y o; 2. 42)

As said before, the set of matrix fields in involution with the vector field b will play a crucial
role. By Proposition 3.8 such matrix fields are characterized by

A(Y(s39) =Y (s; A Y (s;y), seR, yeR™,
which also writes
—1/.. . t —1/.. _ m
8yY (S,)’)A(Y(Ss)’)) 8yY (S,)’)—A()’), N ER’ )’ER .

It is natural to consider the family of linear applications A — 9, Y~ l(s: VAY (53 0)) 'd, Y1),
s € R, whose fixed points are exactly the matrix fields in involution with b.

Proposition 3.12. The family of applications A — G(s)A = ayY_l(s; DA tayY_l(s; ) is a
CO-group of unitary operators on Hg.
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Proof. For any A € Hp observe, thanks to (42), that
—1l. ta yv—=1re. 3|2
|9yY (53 ) A "3 Y (s

:/Ql/Zayy—lAstayY—l Q1/2 : Ql/ZayY—]Aslayy—lQl/Zdy
Rm

_ / 1OGs; 1) 024, 0120(s: v) - 105 ) 012 A4, 02O s: ) dy

Rm
1/2 1/2 1/2 1/2
:/Qs/ ASQs/ . s/ Ast/ dy
Rm

:/QI/ZAQI/Z:QIQAQI/Zdy
Rm

_ 2
= |Alp.
Clearly G(0)A = A, A € Hp, and for any s, € R we have

G(s)G()A=2d,Y ' (s;)(G(1)A) "9, Y (s )

=3,Y " (53 )@, )71 Y (53 9) (ADs @y V) T (15 Y (559)) 9y Y T (s3)
=3, Y Lt +5;)4'0, Yt +5;) =Gt +5)A, AeHy.

It remains to check the continuity of the group, i.e., lim;_, o0 G(s)A = A strongly in Hy for any
A € Hp. For any s € R we have

|G(s)A — A|2Q = |G(s)A|2Q + |A|2Q —2(G(9)A, A)Q = 2|A|2é —2(G(9)A, A)Q

and thus it is enough to prove that limg_,o G(s)A = A weakly in Hp. As |G(s)| =1 for any
s € R, we are done if we prove that lim;_,o(G(s)A, U)g = (A, U) g forany U € C?(Rm) C Hp.
But it is easily seen that limy_,o G(—s)U = U strongly in Hg, for U € C?(Rm) and thus

}%(G(S)A, U)y= 1i_r>r(1)(A, G(=9)U),=(A, U)o, UeCR"). O

N

We denote by L the infinitesimal generator of the group G

. G(s)A—-A
L:dom(L) C Hp - Hp, domlL = AGHQ:EIhn%)imHQ
§—> N

and L(A) = lim,_,o 4=4 for any A € dom(L). Notice that C}(R™) C dom(L) and L(A) =
b-VyA—03,bA—A"d,b, Ac CC1 (R™) (use the hypothesis Q € L%OC(R’”) and the dominated
convergence theorem). In other words L(A) coincides with the bracket between b and A for

any smooth matrix field A. As we will see in a moment (cf. statement 4 of Proposition 3.13),
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this equality holds in distribution sense for any matrix field A € dom(L) and justifies the con-
sideration of the C O—group {G(s)}ser, leading to the infinitesimal generator L. Observe also
that the group G commutes with transposition i.e. G(s)'A ='G(s)A, s € R, A € Hy, and for
any A € dom(L) we have A € dom(L), L(* A) ="L(A). The main properties of the operator L
are summarized below (when b is divergence free). In particular the operator L is skew-adjoint
on Hgp, which is a direct consequence of our choice of Q in the weighted L? scalar product

Proposition 3.13.

1. The domain of L is dense in Hp and L is closed.
2. The matrix field A € Hgp belongs to dom(L) iff there is a constant C > 0 such that

|G®A—Ab<CM,seR. (43)

»

The operator L is skew-adjoint.
4. For any A € dom(L) we have

—divy(L(A)Vy) =b - Vy(—divy(AVy)) + divy (AVy (b - Vy)) in D'(R™)
that is
/ L(A)Vyu-Vyvdy = — f AVyu-Vy(b-Vyv)dy — / AVy(b-Vyu) - Vyvdy
R™m R™ R™
forany u,v € Ccz(Rm).

Proof. 1. The operator L is the infinitesimal generator of a C°-group, and therefore dom(L) is
dense and L is closed.
2. Assume that A € dom(L). We know that %G(S)A =L(G(s)A) =G(s)L(A) and thus

t

/G(t)L(A) dr

0

<
0

|G®A—MQ:

/KHﬂLMﬂQm':mHUAﬂQ seR.
0

Conversely, assume that (43) holds true. Therefore we can extract a sequence (si); converging
to O such that

i G(sp)A— A
lim ———

=V weaklyin Hyp.
k—+00 Sk

For any U € dom(L) we obtain

(G(sk)A —A U) _ (A G(—sp)U — U)
Sk ’ Q ’ Sk Q

and thus, letting k — +o00 yields
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(V,U)o =—(A, L(U))Q. (44)

But since U € dom(L), all the trajectory {G(r)U: t € R} is contained in dom(L) and
G(—sp)U =U + [, * L(G(1)U) dr. We deduce

s
(GsA—-AU), = (A, f L(G(1)U) d‘L’)
0

—Sk

_ / (A4, L(G(DU)) ,dT

—Sk

- _ f (V,G(T)U)th

0

—st
=—(V,fG(t)Udr) .
o)

0

Taking into account that | [;** G(t)U dr|g < |s¢||U]o we obtain

'(G(Sk)A —A

U) ‘ <IViglUlg, U edom(L),
Sk Q

and thus, by the density of dom(L) in Hgp one gets

‘G(sk)A —A

‘ <IVlg, keN.
Sk Q

G(sp)A—A
=
G(s)A—A

s )

we deduce that limg_, 4

Since V is the weak limit in Hg of (%}:“—A)k,

strongly in Hgp. As the limit V' is uniquely determined by (44), all the family (
verges strongly, when s — 0, towards V in Hgp and thus A € dom(L).
3. Forany U, V € dom(L) we can write

con-

(GOU-U,V),+(U.V-G(=5)V),=0, seR.
Taking into account that

lim GWHU-U — L(U), lim V-GV —L(V)
s

s—0 S s—0

we obtain (L(U),V)g + (U,L(V))p = 0 saying that V € dom(L*) and L*(V) = —L(V).
Therefore L C (—L*). It remains to establish the converse inclusion. Let V € dom(L%), i.e.,
3C > 0 such that
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(L), V)Q} <C|U|lg, U edom(L).

Forany s € R, U € dom(L) we have

) —S

(GEV =V.U),=(V.G(=9)U ~U), = (V, / LG(t)U dt) = /(V, LG(D)U),dr

0 0 9

implying
[(G()V =V, U),|<ClsliUlg, seR.

Therefore |G(s)V — V]p < Cls|, s € R, and by the previous statement V € dom(L). Finally
dom(L) =dom(L*) and L*(V)=—L(V),V €dom(L) = dom(L").
4. As L is skew-adjoint, we obtain

— f L(A)Vyu - Vyvdy =—(L(A), 0"'V,u@ V,uQ™"),
Rm

-1 -1
=(A,L(Q” ' Vyo® VyuQ ))Q.
Recall that P = Q! satisfies L(P) =0, that is, G(s) P = P, s € R, and thus

L(Q_lvyv@)vyuQ_l)
. GE)PVyv®VyuP — PVyvQ@VyuP
m

s—>0 A
iy Y T3 )PV ) @ (Vo) P "9y Y 7 (s3 ) = PV,v @ VyuP
s—0 N
i PIOVY (5 )(Vy0)s @ (Vyu)s Y (53 )P = PV, ® VyuP
s—0 N
— lim PVyvs ® Vyug P — PVyv @ Vyu P
s—0 N

=PVy(b-Vyv) @ VyuP + PVyv ® Vy(b - Vyu)P.
Finally one gets
— / L(A)Vyu - Vyvdy = (A, PVy(b-Vyv) ® VyuP + PVyv ® Vy(b - Vyu)P)

Rm

:/Avyu-Vy(b-Vyv)dy—l—/AVy(b-Vyu)-Vyvdy. O
R™ R™
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We claim that dom(L) is left invariant by some special (weighted with respect to the matrix
field Q) positive/negative part functions. The notations AT stand for the usual positive/negative
parts of a symmetric matrix A

AT =sA*!S, A=SA'S

where A, A7 are the diagonal matrices containing the eigenvalues of A and the positive/negative
parts of these eigenvalues respectively, and S is the orthogonal matrix whose columns contain an
orthonormal basis of eigenvectors for A. Notice that

AT AT =0, AT — AT =A, AT AT+ A A" =A:A.

We introduce also the weighted positive/negative part functions which associate to any field of
symmetric matrices A(y) the fields of symmetric matrices A ¥ (y) given by

Observe that A2t — A2~ = A. We intend to study the trajectories of (19) and in particular, we
want to prove that for any initial positive matrix field, the corresponding trajectory remains pos-
itive. We need to analyze how the infinitesimal generator L behaves when the matrix field splits
into positive/negative parts. It happens that L separates the weighted positive/negative parts,
which justifies their definitions. The detailed proof of this result is technical and can be found in
Appendix A.

Proposition 3.14.

1. The applications A — ACE leave invariant the subset {A € dom(L): A = A}.
2. Forany A € dom(L),'A = A we have

(A9F,A97), =0,  (L(A9%),L(A97)), <O

Q

We want to solve the problem (19), (20) by using variational methods. We introduce the space
Vo =dom(L) C Hgp endowed with the scalar product

((A,B))o = (A, B)o + (L(A),L(B)),, A,BeVp.
Clearly (Vg, ((-, ) ¢) is a Hilbert space (use the fact that L is closed) and the inclusion Vo C Hgp
is continuous, with dense image. The notation || -|| o stands for the norm associated to the scalar
product ((-, ) o
2
||A”2Q = ((A, A)p = (A, A)g + (L(A), L(A))Q = |A|2Q + |L(A)|Q, AeVp.

We introduce the bilinear form o : Vg x Vg — R

o(A,B)=(L(A),L(B)),. A,BeVp.
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Notice that o is coercive on V with respect to Hg
o (A, A)+1Alg =Allp. A€V

By Theorems 1, 2 in p. 620 of [10] we deduce that for any D € Hg there is a unique variational
solution for (19), (20) that is A € Cp(R4; Hg) N L*(R4; Vo), & A € L2(Ry; Vo)

A(0) =D, d (A0, U),+0(A®),U)=0, inD'(R"), YU € Vp.

dr

The long time limit of the solution of (19), (20) provides the averaged matrix field in (39).
The key point is the skew-adjointness of the operator L. On the one hand it is easily seen
by the energy dissipation that L(A(:)) € LZ(R+; Hp) and therefore L(lim;_ 1 A(?)) =
lim;—, y 5o L(A(t)) = 0. On the other hand the orthogonality between the kernel and range of
L ensures that (lim;— 1~ A(t) — A(0)) L ker L, implying that lim;_, y oo A(?) = Proj., ; A(0).

Proof of Theorem 2.1. The identity

1d 2 2
Ea\A(r)|Q +|L(AD)[, =0, teRy,
gives the estimates

+00

1
|AD], <IDlg, 1€Ry, /\L(A(t))|2th<§|D|2Q.
0

Consider (#)x such that tp — 400 as k — 400 and (A(#;)), converges weakly towards some
matrix field X in Hgp. For any U € ker L we have

d
a(A(z), U),=0, teRy,

and therefore
(Projier, D, U)o = (D, U)o = (A(0),U) , = (A). U) , = (X, U)o, UekerL. (45

Since L(A) € LZ(R+; Hp) we deduce that limy_, oo L(A(#)) = O strongly in Hgp. For any
V € Vp we have

(X, L) g = lim (A(),L(V))p=— lim (L(A(0)),V)y=0.

We deduce that X € dom(L*) = dom(L) and L(X) = 0, which combined with (45) says that X =
Projye.. 1 D, or X = (D). By the uniqueness of the limit we obtain lim;_, { oo A(?) = Proji.,; D
weakly in Hp. Assume now that ' D = D. As L commutes with transposition, we have 9, ' A —
L(L("A)) =0,"A(0) = D. By the uniqueness we obtain ' A = A and thus
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t
t . . l .
D)o= (w- lim A®)=w- lim ‘A@)=w- lim A(")=(D)o.
(D)o = (w- lim _A®) =w- lim ‘A®)=w- lim A®)= (D)o

Suppose that D > 0 and let us check that (D)p > 0. By Proposition 3.14 we know that
A%E(t) e Vg, t € R, and

(A%F (), AQ_(I))Q =0, (L(AZT ), L(AQ_(I)))Q <0, reRy.

It is sufficient to consider the case of smooth solutions. Multiplying (19) by —A€~(r) one gets

1d
EEIAQ‘U)\QQ +|L(A270)[, = (34%F, 427 (1)) , + (L(A%T (1)), L(A2~ 1)),

|2
0
But for any 0< h <l we haVe

(A% @) = A%H (@ =), AT (1)) , = — (ATt =), A%7 (1)) , <O

and therefore (3, AT (), A2~ (¢)) o < 0. Observe that 0'/2A2-(0)Q'/? = (0'/?DQ'/*)~ =0,
since Ql/ ZDQI/ 2 s symmetric and positive. Thus A7 (0) =0, and from (46) we obtain

1 1
5|AQ—(r)|2Q < §|AQ_(O)\Z —0

implying that Ql/zA(t)Ql/2 >0and A(r) >0, € R;. Takenow any U € Hyp, '"U=U,U >0.
By weak convergence we have

((D)Q,U)Q: lim (A(t)’U)ta—lj?oofQI/ZA(I)QI/Z: 02002 dy >0

t—+400
Rm

and thus (D)o > 0. By construction (D)o = Projy..; D € ker L. It remains to justify the sec-
ond statement in (21), and (22). Take a bounded function ¢ € L°°(R™) which remains constant
along the flow of b, that is ¢, = ¢, s € R, and a smooth function u € C! (R™) such that uy; = u,
s € R, and

/(Vyu : Q_IVyu)zdy < +o0.
Rm
We introduce the matrix field U given by

U =eMO ' 0Vyu® VyuQ~(y), yeR™

On the one hand notice that U € Hy
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— 4
|U|2Q=/Q1/2UQ1/22Ql/zUQl/zdy=/<P2\Q V2V yuldy
Rm Rm™

_ 2
< el / (Vyu- Q7 'Vyu) dy.
Rm

On the other hand, we claim that U € ker L. Indeed, for any s € R we have
Vyu = Vyus ="9,Y (s; y)(Vyu)s
and thus
OsUs Q5 = ¢ (vyu)s ® (Vyu)s
=o("9,Y " 'Vyu) ® ("8, Y "' Vyu)
=00, Y 'Vyu ® Vyud, y~!
=3,y 'oUuQa, v
Taking into account that O = t8yY -1 Qo,Y ~! we obtain
v od YU e,y oo,y =18,y QU Qay Y
saying that Us(y) =3, Y (s; y)U (y) '3, Y (s; y). As (D) g = Projy.,; D one gets
0=(D—(D)o,U),= /(D — (D)) : QU Qdy
Rm

= f go(y)(D — (D)Q) :Vyu ® Vyudy
Rm

N f ¢({Vyu - DVyu —Vyu - (D)o Vyu}dy.
Rm

In particular, taking ¢ = 1 we deduce that Vyu - (D)o Vyu € L'(R™) and
/ Vyu-(D)oVyudy = / Vyu - DVyudy = (D, Q_lvyu ® VyuQ_l)Q < 400
Rm Rm

since D € Hg, Q7 'Vyu ® V,uQ~! € Hy. Since (D) € ker L, the function Vyu - (D)o Vyu
remains constant along the flow of b

(Vyu)s - ((D) o), (Vyu)s = (Vyu)s - 9,Y (55 y)(D) 0 '3y Y (53 ) (Vyu)s = Vyu - (D) o Vyu.

Therefore the function Vyu - (D)o Vyu verifies the variational formulation
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Vyu-(D)oVyu e L'(R™), (Vyu-(D)oVyu) =Vyu-(D)oVyu, seR, (47

and

/ Vyu - DVyupdy = / Vyu - (D)oVyupdy, Vo¢e LOO(]R’"), os=¢, seR. (48)
R R™

It is easily seen, thanks to the hypothesis D € L (R™), that (47), (48) also make sense for
functions u € H'(R™) such that u; = u, s € R. We obtain

Vyu - (D)oVyu=(Vyu-DVyu), ueH'(R™), u;=u, seR,

where the average operator in the right hand side should be understood in the L!(R™) setting

cf. Remark 3.2. Moreover, if u, v € H'(R™) Nker(b - Vy) then (D)IQ/ZVyu, (D)lQ/ZVyv belong

to L2(R™) implying that Vyu - (D)oVyv € L'(R™). As before we check that Vyu - (D)oVyv
remains constant along the flow of » and for any ¢ € L*°(R™), ¢, = ¢, s € R, we can write

Z/Vyu-DVyv(pdy:/Vy(u+v).DVy(u+v)¢dy
R™ R™

— / Vyu - DVyupdy — / Vyv - DVyvedy
]Rm Rm

_ f V@ +v) - (D) oVy(u + v)pdy
R’n

— f Vyu - (D)oVyupdy — / Vyv - (D)o Vyvedy
R™ R™

=2/ Vyu - (D)o Vyvedy.
Rm

Finally one gets
Vyu - (D)o Vyv = (Vyu - DVyv), u,ve H'(R™)Nker(h- Vy).

Consider now the functions u € H!'(R™) Nker(b - Vy)and ¥ € C Cz (R™). In order to prove that
(Vyu - (D)o Vy(b-Vy¥)) =0, where the average is understood in the LY(R™) setting, we need
to check that

/ @(Y)Vyu - (D)oVy(b-Vyy)dy =0
Rm

for any ¢ € L (R™), ¢; = ¢, s € R. Clearly B(y) := ¢(y)(D)o(y) € ker L and therefore it is
enough to prove that
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Rm

for any B € ker L, which comes by the third statement of Proposition 3.9. O

What is remarkable is that the averaged matrix field, which appears as the long time limit
of a partial differential equation, can be computed point by point, under certain hypotheses, as
explained below.

Remark 3.7. Assume that there is ug satisfying ug(Y (s; y)) = uo(y) + s, s € R, y € R". Notice
that 1 could be multi-valued function (think to angular coordinates) but its gradient satisfies for
aa.yeR"and s e R

Vyug = [ayY(S; y)(VyMO)s

exactly as any function # which remains constant along the flow of b. For this reason, the last
equality in (21) holds true for any u, v € H'®R™) Nker(b - Vy) U{up}. In the case when m — 1
independent prime integrals of b are known i.e., uy,...,uy—1 € H L®R™) Nker(b - Vy), the
average of the matrix field D comes by imposing

Vyu; - (D)oVyuj=(Vyu; - DVyu;), 1i,j€{0,...,m—1}.
4. First order approximation

We assume that the fields D(y), b(y) are bounded on R™
DeL™(R™),  beL™(R"). (49)

We solve (1), (2) by using variational methods. We consider the Hilbert spaces V := H IR™) ¢
H := L*(R™) (the injection V C H being continuous, with dense image) and the bilinear forms
a®:V x V — R given by

1
ag(u,v)zfD(y)Vyu-Vyvdy—l-E/(b-Vyu)(b-Vyv)dy, u,vev.
Rm Rm

Notice that forany 0 < e < 1 and v € V we have

at (v, v) +d|v|5 >fD(y)vyv-vyv+(b-vyv)(b-vyv)dy+d/(v(y))2dy
Rm Rm

2
>d/ |Vyv|2dy+df(v(y)) dy
Rm

m

2
=d|vly
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saying that a® is coercive on V with respect to H. By Theorems 1, 2 in p. 620 of [ 10] we deduce
that for any ufn € H, there is a unique variational solution for (1), (2), thatis u® € Cp,(R4; H) N

L>(Ry; V) and

u®(0) = uj,, g/uS(r,y)v(y)dy+a€(uf(t),v):o, in D'(R™), Yve V.

dr
Rm

By standard arguments one gets
Proposition 4.1. The solutions (u®). satisfy the estimates

|u |2
iy < Dl / [19,uPayar<

0 Rm

and

. 1/2
Lx Vy”8”L2(R+;H) S (2(1 )> |uinl g €€ 0. 1.

We are ready to prove the convergence of the family (#°)., when & N\ 0, towards the solution
of the heat equation associated to the averaged diffusion matrix field (D)o. Roughly speaking,
the first order approximation is given by

du — (divy(DVyu)) =0

which becomes a parabolic equation, since the properties of the averaged diffusion matrix ensure
that (divy, (DVyu)) = divy ((D) o Vyu) for any u € ker(b - Vy).

Proof of Theorem 2.2. Based on the uniform estimates in Proposition 4.1, there is a sequence
(¢k)k, converging to 0, such that

u®* —~u weakly x in L°(R; H), Vyu®* — Vyu  weakly in L*(Ry; H).

Using the weak formulation of (1) with test functions n(¢)¢(y),n € C cl Ry),peC cl (R™), yields

/fn(t)so(y)ue"(t y)dydt—n(O)/wu dy + / /W u'* .- DVypdydt

0 Rm 0 Rm

+o00
1
= / /n(r)(b-vyufk)(b.vygo)dydr. (50)

Multiplying by &; and letting k — 400, it is easily seen that
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+o00
/fn(b-vyu)(bew)dydr:o.
0 Rm

Therefore u(t,-) e ker7 =ker(b - V), t € Ry, cf. Proposition 3.3. Clearly (50) holds true for
any ¢ € V. In particular, for any ¢ € V Nker(b - Vy) one gets

+00 oo
- / /n/ug"wdydt—n(O)fufﬁwdy+ f /nvyugk - DVypdydt =0. (51)
0 Rm R 0 Rm

Thanks to the average properties we have

f”fﬁfﬂdy=/(uf§)¢dy—> /umqody

R™ R™ Rm™

and thus, letting kK — +o00 in (51), leads to

+00 o0
— / / n'ugdydt — n(0) / uinp dy + / f nVyu - DVypdyd: =0. (52)
0 Rm R™ 0 Rm
Since u(z, ), € V Nker(b - Vy) we have cf. Theorem 2.1

/ Vyu-DVypdy = / Vyu - (D)oVypdy

R R
and (52) becomes
too +o0
- f /n'uwdydt—n(O)/uinq)dy—F f /nVyu~(D)QVy¢dydt:0. (33)
0 Rm R™ 0 Rm

But (53) is still valid for test functions ¢ =b - Vy¢r, ¥ € Cg(Rm) since u(t,-) € ker(b - Vy),
Uin = W-limg\ o(u5,) € ker(b - Vy) and (D)o € ker L

/u(t,y)b-Vdey:O, fuinb-vywdy:(), /Vyu-(D)QVy(b-Vyw)dyzO
R™ R™ R™

cf. Theorem 2.1. Therefore, for any v € V one gets

d
afu(t,y)u(y)der/vyw<D>vavdy:0 in D' (R™)
Rm R™

with u(0) = uj,. By the uniqueness of the solution of (23), (24) we deduce that all the family
(u®), converges weakly tou. 0O
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Remark 4.1. Notice that (23) propagates the constraint b - V,u = 0, if satisfied initially. Indeed,
forany v e C Cl (R™) we have

d
” / u(t, y)v(y)dy + f Vyu-(D)pVyvdy=0 in D’(Rm). (54)
Rm Rm
Since (D) € ker L, we know by the second statement of Proposition 3.9 that
/ Vyus - (D)oVyvdy = / Vyu - (D)oVyv_sdy.
Rm Rm
Replacing v by v_; in (54) we obtain
d : / m
o ugvdy + | Vyus-(D)pVyvdy=0 inD (R )
Rm Rm
and therefore u solves
dus —divy((D)oVyus) =0, (1,y) e Ry x R™,

and u;(0,y) = uin(Y(s;¥)) = uin(y), y € R™. By the uniqueness of the solution of (23), (24)
one gets uy = u and thus, at any time r € Ry, b - Vyu(z,-) =0.

5. Second order approximation
For the moment we have determined the model satisfied by the dominant term in the expan-
sion (5). We focus now on second order approximation, that is, a model which takes into account

the first order correction term su'. Up to now we have used Egs. (6), (7). Finding a closure for
u + eu' will require one more equation

du' —divy (DVyu') —divy (b ® bVyu®) =0, (t,y) e Ry x R™. (55)
Let us see, at least formally, how to get a second order approximation for (u¢)., when & becomes

small. The first order approximation i.e., the closure for u, has been obtained by averaging (7)
and by taking into account that u € ker(b - V)

du = (divy(DVyu)) = divy ((D) o Vyu).
Thus u! satisfies
divy ((D) o Vyu) — divy (DVyu) — divy (b @ bVyu') =0 (56)

from which we expect to express u!, up to a function in ker(b - Vy), in terms of u. In order to do
that we need Theorem 2.3.
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Proof of Theorem 2.3. We claim that Range L? = Range L and thus Range L? is closed as
well. Clearly Range L?C Range L. Consider now Z = L(Y) for some Y € dom(L). But ¥ —
Proji;; Y € ker L+ = (ker L*)* = Range L = Range L and there is X € dom(L) such that ¥ —
Proje,; ¥ = L(X). Finally X € dom(L?) and

Z=L(Y)=L({ —Proji,; Y) = L(L(X)).
By construction we have D — (D)o € (ker L)+ = (ker L*)* = Range L = Range L = Range L?
and thus there is a unique F € dom(Lz) N (ker L)+ such that D = (D)o — L(L(F)). As
F e (ker L)*, there is C € dom(L) such that F = L(C) implying that ' F ='L(C) = L("C).
Therefore ! F € dom(L?) N (ker L)+ and satisfies the same equation as F

L(L("F))="L(L(F))=(D)o — D.

By the uniqueness we deduce that F is a field of symmetric matrices. By Proposition 3.13 we
know that

—divy (L(F)Vy) =[b- Vy, —divy(FVy)] inD'(R™)

ie.,

/ L(F)Vyu-Vyvdy =— f FVyu-Vy(b-Vyv)dy — / FVy(b-Vyu)-Vyvdy
Rm Rm Rm
for any u, v € CCZ(R’"). Similarly, E := L(F) satisfies
—divy (L*(F)Vy) = —divy (L(E)Vy) =[b - Vy, —div,(EVy)] in D'(R™)
and thus, for any u, v € Cg’ (R™) one gets
f(<D>Q — D)Vyu - Vyvdy
R

= / L*(F)Vyu - Vyvdy

Rm
:—/L(F)Vyu~Vy(b-Vyv)dy—fL(F)Vy(b-Vyu)-Vyvdy
Rm Rm
:/FVyu-Vy(b-Vy(b-Vyv))dy—i—/FVy(b-Vyu)-Vy(b-Vyv)dy
Rm Rm

+ f FVy(b-Vyu)-Vy(b-Vyv)dy + / FVy(b-Vy(b-Vyu))-Vyvdy. O
R R
The matrix fields F € dom(L?) and E = L(F) € dom(L) enter the second order approxima-

tion model, and therefore we need to compute them. For that notice that we have the following
properties.
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Proposition 5.1. For any u,v € CY(R™) which are constant along the flow of b we have in
D'(R™)

DVyu - Vyv — (D) oVyu - Vyv = —b - Vy(EVyu - Vyv) = —divy (b ® bVy(F Vyu - Vyv))
and
(EVyu - Vyv) =( FVyu - Vyv) =0.

In particular

/EVyu-Vyvdyz/(Evyu-vyv)dy=0,

RW[ RWL
fFVyu-Vyvdy:f(FVyu-Vyv)dy=0
R™ R™

saying that (divy,(EVyu)) =(divy,(FV,u)) =0 in D'(R™).

Proof. Consider ¢ € C cl R™), u,veC 1(R’") such that u;, = u, vy = v, s € R, and the matrix
field U = (pQ_IVyv ® Vyu 0 le Hgp. Actually U € dom(L) and, as in the proof of the last
statement in Proposition 3.13, one gets
L) =} Vyp) 0 'Vyo @ VyuQ ' +9L(Q07'Vyo @ Vyu0 ™)
=b-Vy9)0 'V ® VyuQ™!

since Q_IVyv ® Vyu 0~ ! e ker(L). Multiplying by U the equality D — (D)o =—L(E), E =
L(F), one gets

/(p(D —(D)g)Vyu - Vyvdy = —(L(E),U) , = (E. L(U)),,
Rm

= f(b -Vy@)(EVyu - Vyv)dy
Rm

implying that DVyu - Vyv = (D) oVyu-Vyv—b-Vy(EVyu-Vyv) in D'(R™). Multiplying by U
the equality £ = L(F') yields

/ 9EVyu-Vyvdy=(E,U)g = (L(F),U) ,=—(F, L)),
Rm

=— /(b -Vy@)FVyu - Vyvdy.
Rm

We obtain
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EVyu-Vyv=>b-Vy(FVyu-Vyv) inD'(R")
and thus
DVyu-Vyv — (D) oVyu - Vyv=—b-Vy(EVyu - Vyv) = —b - V(b - Vy(FVyu - Vyv))

in D'(R™). Consider now U = gaQ_lvyv ® VyuQ_1 with ¢ € ker(b - Vy). We know that
L(U) = 0 and since, by construction F € (ker L)+, we deduce

/goFVyu-Vyvdy:(F, U)p=0
Riﬂ

saying that (F'Vyu - Vyv) = 0. Similarly £ = L(F) € (ker L)* and (EVyu-Vyv)=0. O

The matrix fields £ and F, constructed in Theorem 2.3, can be computed easily, point by
point, under the same hypotheses which guarantee the explicit computation of the averaged ma-
trix field, see next remark.

Remark 5.1. Assume that there is uo (eventually multi-valued) satisfying uo(Y (s;y)) =
up(y) +s, s € R, y € R™. Its gradient changes along the flow of b exactly as the gradient of any
function which is constant along this flow cf. Remark 3.7. We deduce that 07!V, 0 @ V,u Q™! €
ker L for any u,v € ker(b - Vy) U {up} and therefore the arguments in the proof of Proposi-
tion 5.1 still apply when u, v € ker(b - Vy) U {ug}. In the case when m — 1 independent prime
integrals {u1,...,u;,;—1} of b are known, the matrix fields E, F come, by imposing for any
i,je{0,1,....,m—1}

—b-Vy(EVyu; - Vyu;) = DVyu; - Vyuj — (DVyu; - Vyu;), (EVyui - Vyuj) =0
and
b-Vy(FVyu;-Vyu;)=EVyu; - Vyu;, (FVyui - Vyuj) =0.

We indicate now sufficient conditions which guarantee that the range of L is closed. Basically
we will prove that, up to an isomorphism, the operator L on Hg reduces to the operator b - V,,
on L2(R™). In that case if the range of b - V, is closed, then so is the range of L.

Proposition 5.2. Assume that (14), (15), (29) hold true and that there is a matrix field R(y) such
that (25) holds true. Then the range of L is closed.

Proof. Observe that (25) implies (18). Indeed, it is easily seen that b - VyR + Rdyb =0 in
D' (R™) is equivalent to R = R; 0yY (s; ), s € R. We deduce that P = R~ R~ satisfies

GEP=23,Y ' (s; )P '8, Y ' (s;) =, Y 1(s; )RV 'R,y (s )=RTVRT =P
saying that [b, P] =0 in D’'(R™). Therefore we can define L as before, on H 0, which coincides

in this case with {A: RA'R € L2(R™)}. We claim that i o L = (b - Vy)oi wherei: Hp —
L?>(R™),i(A)=RA'R,Ac H 0, which comes immediately from the equalities
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(i0G(s))A=RG(s)A'R=Rd,Y ' (s; )A; '8, Y ' '"R = RyA,' Ry
=(i(A)),, seR,AeHy.
In particular we have
kerL ={A € Hp: i(A) €ker(b- Vy)}

and

(ker L)* = {A € Hy: /i(A) :Udy =0VU eker(b- vy)}
Rm

={A e Hp: i(A) € (ker(b- Vy)) " .

For any A € (ker L)1+ we can apply the Poincaré inequality (29) to i (A) € (ker(b - Vy))J- and we
obtain

Al = [i(A)] 12 < Crlb- ¥y (((4) |2 = Coli (LAY = Co|L(A) .
Therefore L satisfies a Poincaré inequality as well, and thus the range of L is closed. O

Remark 5.2. The hypothesis b - V, R + Rd,b = 0 in D'(R™) says that the columns of R~! form
a family of m independent vector fields in involution with respect to b, cf. Proposition 3.4

R7'()=0,Y(s:))R™'(y). seR, yeR".
Remark 5.3. For any U e ker L, thatis i (U) € ker(b - Vy), we have
/ R(D —(D)g)'R:i(U)dy =0.
Rm
As (D)o € ker L, we know that i({(D)g) = R(D)p'R € ker(b - V) and thus the matrix field

R(D)o 'R is the average (along the flow of b) of the matrix field RD'R, which allows us to
express (D)o in terms of R and D

R(D)o'R=(RD'R).

From now on we assume that (25) holds true. Applying the decomposition of Theorem 2.3
with the dominant term u € ker(b - V) in the expansion (5) and any v € Cg (R™) yields

/(D— <D>Q)vyu-vyvdy:—/Fvyu-vy(b-vy(b-vyv)) dy.
Rm Rm

From (56) one gets
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/(D—<D>Q)vyu.vyvdy—/ulb.vy(b-vyv)dyzo
Rm Rm

and thus
u' =divy(FVyu) +v', v' eker(b- Vy(b-Vy)) =ker(b - Vy). (57)

Notice that (u') = v!, since (divy (FVyu)) = 0, cf. Proposition 5.1. The time evolution for v! =
(u') comes by averaging (55)

v — (divy (DVyv')) — (divy (DV,y (divy (FVyu)))) = 0.
As v! eker(b - Vy) we have
—(divy(DVyv')) = —divy ((D) o Vyv')
and we can write, with the notation w'! = div, (FV,u)

O {u+eu'} —divy((D)oVylu +eu'})
=edw' —edivy((D)oVyw') + e(divy (DV,w')). (58)

But the time derivative of w! is given by
dw! = divy (FVydu) = divy (FVy(divy((D) o Vyu)))
which implies

dw' —divy((D) o Vyw') = divy (FVy(divy ((D) g Vyu))) — divy ((D) o Vy (divy (FVyu)))
= —[divy ((D) o Vy), divy (FVy)]u.

Up to a second order term, Eq. (58) writes

O {u+eu'l —divy((D)oVylu +eu'}) + e[divy ((D) o Vy), divy (FVy) [{u + eu'}
— &(divy (DVy(divy (FVyu)))) = O(e?). (59)

We claim that for any u € ker(b - V) we have
(divy (DVy (divy (FVyu)))) = (divy (EVy(divy (EVyu)))). (60)
By Proposition 5.1 we know that (divy (FVyu)) =0. As L((D) o) =0 we have

[b Vy, — diVy(<D>QVy)] = —divy (L(<D>Q)Vy) =0
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and thus divy({D)oV,) leaves invariant the subspace of functions which are constant along
the flow of b. By the symmetry of the operator divy({D)opVy), we deduce that the sub-
space of zero average functions is also left invariant by div,({D)oV,). Therefore we have
(divy ((D) o Vy(divy (FVyu)))) =0 and

(divy (DVy(divy (FVyu)))) = (divy ((D — (D) g) Vy(divy (F Vyu)))).
Thanks to Theorem 2.3 we have

divy ((D — (D)) Vy) =[b-Vy, [b- Vy, —divy(FV,)]]
=[b-V,, —divy(L(F)V,)]
=[b- Vy, —divy(EVy)]

which implies that

Finally notice that
—divy(EVyu) = —divy (L(F)Vyu) = [b- Vy, —=divy(FVyu)| = —b - Vy(divy(F Vyu))

and (60) follows. We need to average the differential operator divy(EVy (divy(£V,))) on func-
tions u € ker(b - Vy). This is not a trivial task, due to the high order of derivatives entering
this operator (nevertheless, any other differential operator can be treated in a similar way). For
simplicity we perform these computations at a formal level, assuming that all fields are smooth
enough. The idea is to express the above differential operator in terms of the derivations ? R~! Vy
which commute with the average operator (see Proposition 3.6), since the columns of R~! con-
tain vector fields in involution with b(y).

Lemma 5.1. Under the hypothesis (25), for any smooth function u(y) and matrix field E(y) we
have

divy(EVyu) =divy(R'E) - ('R™'Vyu) + RE'R: ('R™'V, ® 'R7'V, )u. (61)

Proof. Applying the formula divy(A§) =divy, ‘A - & +7A: 9,&, where A(y) is a matrix field
and &(y) is a vector field, one gets

divy(EVyu) = divy(E'R'R™'Vyu) = divy(R'E) - (R™'Vyu) + R'E : 3y('R™'V,u).

The last term in the above formula writes
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R'E:8,('R™'Vyu)=R'E'R'R™":3,("R™'V,u)
=R'E'R:3,("R™'"Vyu)R™!
tp—1 -1
=RE'R:'"R™""0,("R™"'Vyu)
=RE'R:("R7'V,®'R7'V,)u
and (61) follows. O

Next we claim that the term (divy (E'V, (divy,(EVy,u)))) reduces to a differential operator, if
u € ker(b - Vy) (see Appendix A for proof details).

Proposition 5.3. Under the hypothesis (25), for any smooth matrix field E there is a linear
differential operator S(u) of order four, such that, for any smooth u € ker(b - Vy)

(divy (EVy(divy(EVyu)))) = Su). (62)
Combining (59), (60), (62) we obtain

O {u +eu'} —divy((D)oVy{u +eu'}) + e[div, ((D) o Vy), divy (FVy) {u + eu'}
— ES(M + sul) = 0(82)

which justifies the equation introduced in (26). The initial condition comes formally by averaging
the Ansatz (5)

(u®)=u+ ev! + (9(82).
One gets

uf ) — u;
v1(0, ) = w-lim {Uip) ~ Uin = Vi
e\ £

implying that ul(O, -) = Vin +divy (FVyuiy), cf. (57), which justifies (27).
6. Examples

Let us consider the vector field b(y) =y := (y2, —y1), for any y = (y1, y2) € R? and the
matrix field

(A 0 2

where A1, A, are given functions, satisfying minyeRz{)q (v), A2(y)} = d > 0. We intend to deter-
mine the first order approximation, when ¢ N\ 0, for the heat equation

1
O — divy (DO)Vyut) = —divy (b)) ® b()Vyu*) =0, (1,y) €Ry R%,  (63)
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with the initial condition

uf(0,y) =upn(y), yeR>

The flow of b is given by Y (s; y) = R(—s)y,s €R, y € R2, where R («) stands for the rotation
of angle o € R. The functions in ker(b - Vy) are those depending only on |y|. Notice that the

matrix field
ly| \Y1  »2

satisfies b- VyR 4+ Rdyb =0 and Q =’ RR = I,. The averaged matrix field (D)o comes, thanks
to Remark 5.3, by the formula R(D)p 'R = (RD'R) and thus

<k1y%+?~2y12 )y (A1=2A2)y1) )
ly[? lyI?
(i1—22)yiy2 AMyi+hays
{ lyI? ) |lyI? )

(D)o ="R(RD'R)R, (RD'R)=

In the case when A1, A, are left invariant by the flow of b, that is A1, A» depend only on |y|, it is

easily seen that
% i\ 1 Y1y2
—2 = —2 = -, —2 = O
|yl |yl 2 |yl

AL+ A AL+ A
1 212R: 1 2

and thus

(D)o ="R .

The first order approximation of (63) is given by

2
M(O, )’):Min()’), yERZ.

) A
du — diVy(MVyu) =0, (t.y)eR, xR?,

We consider the multi-valued function ug(y) = —6(y), where y = |y|(cos6(y), sinf(y)), which
satisfies b - Vyug =1, or ug(¥Y (s; y)) = uop(y) + s. Notice that the averaged matrix field (D)o
satisfies (with u1(y) = |y|?/2 € ker(b - Vy))

Vyu,- . (D)vauj = (Vyu,- . DVyuj), i,j S {0, 1},

as predicted by Remark 3.7. In order to write the second order approximation, we need to com-
pute the matrix fields E and F. By Remark 5.1 we have for any i, j € {0, 1}

—b - Vy(EVyu; - Vyuj) = DVyui - Vyuj — (DVyu; - Vyu,), (EVyui - Vyu;) =0,
b-Vy(FVyu; - Vyu;) = EVyu; - Vyuj, (FVyu; - Vyu;) =0
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leading to

M=22 (0 1 M=l (1 0
E(y)lez<1 o)’ FO =" 2(0 —1)'

For simplicity, for now on we assume that A1, A, are constant, saying that divy,({D)oVy) and
divy (F'Vy) are differential operators with constant coefficients. Therefore their commutator van-
ishes

[divy ((D)oVy), divy (FVy)] =0.

It remains to compute the average of div,{EV,[div,(EV,)]} on functions u € ker(b - Vy).
A direct computation shows that for any function u € ker(b - Vy) (that is, for any function
u(y) =U(|y|*/2)) we have

A — A)?
(div, { EV,[div,(EV,u)]}) = (13722)%(%”).

In this case, by Theorem 2.4, we obtain the second order model

A+ A2

(A1 — A2)?
8—
32

dit® — Ayi® — Ay(Ayi®) =0.

We consider now the problem related to the anisotropic diffusion of the temperature inside a
tokamak. In the two dimensional case, a divergence free magnetic field writes b(y) = LVyul,
y € R?, for some function u; (the previous case corresponds to the particular function u(y) =
|y|?/2, y € R?). In the general case we detail only the first order approximation. We suppose that
there is a (multi-valued) function uo(y) such that b - Vyug = 1 (indeed, u( can not be smooth
everywhere on R?, otherwise 1 = (b - Vyugp) = 0). Since the parallel diffusion along the magnetic
lines is much larger than the perpendicular diffusion, we are led to the equation

1
du’ — divy (D(y)Vyu®) — = divy (b(y) ® b(y)Vyu) =0, (t,y) e Ry x R?,
I
with

_ b DY) _ tb(y) ® “b(y)
b(y)I? b(y)I?

We need to compute (D). For that, we introduce the vector field

D(y)=1I

Vyui

bi = —b® Vyug) ———=
VU 12

that is, the vector field satisfying by - Vyug =0, by - Vyu; = 1. Notice that, with the notation
bo := b, we have
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saying that at any point y € R2, {bo(y), b1 ()} is the dual basis of {Vyuo(y), Vyur(y)}. It is
easily seen that for any matrix field M (y) we have the decomposition

M(y) = Z (M(y) Vyu; ® Vyuj)bi ®Db;.
0<i,j<1

In particular, thanks to Remark 3.7

(D)o= Y ({D)o:Vyui ® Vyu;)bi ®bj= > (D:Vyu; ® Vyu;)b; @b,
0<i,j<1 0<i,j<1

and thus we need to compute the coefficients (D : Vyu; @ Vyuj), i, j € {0, 1}. We obtain
(Vyug - Vyul)z

| Vyur|?
(D :Vyuo® Vyui) =(D: Vyu;  Vyug) = (Vyug - Vyuy)

<D:vy140®vyu0>:< >a <D:Vyul®vyu1>:<|vyul|2>,
implying that

(Vyuo - Vyup)?
|Vyui|?

(D)o :< >bo ® bo + (Vyito - Vyu1)(bo ® by + by ® bo) + (| Vi1 )1 ® by

and the first order approximation becomes d,u — divy ({D)oVyu) = 0.
Appendix A. Proofs of Propositions 3.4, 3.5, 3.8, 3.9, 3.14, 5.3

Proof of Proposition 3.4. For simplicity we assume that b is divergence free. The general case
follows similarly. Let c(y) be a vector field satisfying (30). For any vector field ¢ € C 61 (R™) we
have, with the notation u; = u(Y (t; -))

fc-«b_h —¢>dy=f(ch —c)-¢>dy=f(ayY<h;y>—I)c-¢dy.

Rl’ﬂ Rm Rm

Multiplying by #~! and passing to the limit when & — 0 imply

—/C(b-Vy¢)dy:/8ybc-¢dy
R}n Rm
and therefore (b - Vy)c — 9,bc =0 in D'(R™).
Conversely, assume that [b,c] = 0 in D'(R™). We introduce e(s,y) = c¢(Y(s;y)) —
0y Y (s; y)c(y). Notice that e(s, ) € LIIOC(R’”), s € R, and e(0,-) = 0. For any vector field
¢ € Cc1 (R™) we have

Ey(s) :=/e(s,y)-¢(y)dy=/6(y)-¢—sdy—/3yY(S;y)C(y)-¢(y)dy

N Rm Rm
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and thus
d
S By = / ) ((b-Vy)g)_ dy— / 3, (b(Y (53 )))e () - ¢ () dy
Rm Rm

__ / ¢ (b-Vy)p_ydy — f ayb(Y (53 )Y (53 ¥)c(y) - § (y) dy

Rm Rm

_ / 8,bc(y) - by dy — / 0,b(Y (53 7)), Y (53 ¥)c(y) - (y) dy

]Rm Rm

= / 3yb(Y (53 ) (c(Y (53 ¥) = 8, Y (53 »)e(y)) - p(y) dy

R}ﬂ

= / e(s,y) - tayb(Y(S§ y))¢(y) dy.

Rl‘ﬂ

In the previous computation we have used the fact that the derivation and translation along b
commute

((b ) V)})(]5)_S =(b- Vy)‘p—s-

After integration with respect to s one gets

Eso) = [ [ etwn) b @m)smidyar

0 R

Clearly, the above equality still holds true for any ¢ € C.(R™). Consider R > 0,7 > 0 and let
K= ||t8yb o Y| Lo (—7,T1x Bg)- Therefore, for any s € [T, T'] we obtain

lets, | oo s,y = SUP Ep(9)]: ¢ € Ce(BR), 191l 1 my < 1

<K

[ 1@ ey
0

By the Gronwall lemma we deduce that [le(s, -)||LoBg) = 0 for =T < s < T saying that
c(Y(s;¥) — 0y Y(s;y)e(y)=0,seR, yeR". O

Proof of Proposition 3.5. 1. = 2. By Proposition 3.4 we deduce that c(Y (s; y)) =9, Y (s; y)c(y)
and therefore

[ (e paomcdy = [ elr i) (T (¥ 0)o0) dy
Rm Rm

=fC(y)-’8yY(S;y)(Vyu)(Y(S;y))v(y)dy=/(6(y)-Vyus)v(y)dy-

Rm R™
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2. = 3. Taking the derivative with respect to s of (31) at s =0, we obtain (32). 3. = 1. Apply-
ing (32) with v € Cc1 (R™)y and u; = yip(y), ¢ € CCZ(]R’"), ¢ = 1 on the support of v, yields

/cib-Vyvdy+/c~Vybiv(y)dy:0
]Rn’l Rm

saying that b - V,¢; = (d,bc); in D'(R™), i € {1,...,m}, and thus [b, c] =b - Vyc — dybc =0 in
D'R™. O

Proof of Proposition 3.8. The arguments are very similar to those in the proof of Proposi-

tion 3.4. Let us give the main lines. We assume that b is divergence free, for simplicity. Let A(y)
be a matrix field satisfying (34). For any matrix field U € C Cl (R™) we have

/A(y) (U(Y(=h;y)) —U(y))dy

Rm
_ / (A(Y(h: ) — A() : U dy
Rm
_ / (3,¥ (h: Y)AG) 0, ¥ (h: y) — A(Y) : U(y) dy
Rrﬂ
_ /{(amh; W) = DA 9, (s y): U+ AG) (3,Y (s y) — 1) : U] dy.
Rm

Multiplying by % and passing 7 — 0 we obtain
— f A():(b-VyU)dy = f(aybA(y) + A(y)'dyb) : U(y)dy
R™ R™

saying that [b, A] =0 in D' (R™).
For the converse implication define, as before

[, y) =AY (s:y) —hY(s; VA '9,Y(s;y), seR, yeR"™,

Forany U € C Cl (R™) we have

Fu(s) = f F(s.y): UGy)dy
]Rm

= /A(y):U(Y(—s;y))dy—fayY(s;y)A(y)’ByY(s;y):U(y)dy
Rm™ Rm

and thus
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d t
aFU(S)I—/A(y):((b'Vy)U)_de—/3y(b(Y(S;y)))A(y) dyY(s:y):U(y)dy

Rrﬂ Rm
- / 8, (s: Y)AG) 0, (b(Y (53 1)) : U(y) dy
Rm

__ / A : (b- V) Uy dy f 0,b(Y (53 )3y ¥ (3 ) A 3, (55 y) : U dy
Rm Rm

- / 8, (s: Y)AG) 0, ¥ (51 y) ' 0,b(¥ (s: ) : Uy) dy
Rn‘l

= f{ayb(Y(S; W) f(s, )+ f(s, ) '0,b(Y(s; y))} - U(y)dy

Rm

= / FGy) {0,b(Y(s: 0))U )+ U)dyb(Y(s: y))}dy.

Rm

The previous equality still holds true for U € C.(R™), and our conclusion follows as in the proof
of Proposition 3.4, by the Gronwall lemma. O

Proof of Proposition 3.9. 1. = 2. By Proposition 3.8 we deduce that A(Y(s;y)) =
dyY (s; y)A(y)'d,Y (s; y). Using the change of variable y — Y (s; y) one gets

/A(y)Vyu-Vyvdy=/A(Y(S;y))(Vyu)(Y(S;y))-(Vyv)(Y(S;y))dy

Rm Rm

_ / AG) 3, ¥ (53 (Vo) (Y (53 9)) -9, Y (55 1) (Vy0) (Y (s: 1)) dy
Rm

:/A(y)Vyus-Vyvsdy.
Rm

2. = 3. Taking the derivative with respect to s at s = 0 of the constant function s —
me A(y)Vyus - Vyvgdy yields

/ A(Y)Vy(b-Vyu)-Vyvdy + / A Vyu - Vy(b-Vyv)dy =0.

R™ R™
3.= 2. Forany u,v € c§ (R™) we can write, thanks to 3. applied with the functions uy, vy

d
£/A(y)vyus-Vyvsdyz/A(y)Vy((b-Vyu)s)-Vyvs dy
R™M R™
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+ / A(y)Vyus - Vy((b : Vyv)s) dy
Rm

= / A(y)vy(b - Vyug) - Vyvg dy
Rl’ﬂ

+ / A(Y)Vyus - Vy(b - Vyvg)dy =0.

Rm

Therefore the function s — me A(y)Vyus - Vyvgdy is constant on R and thus

/A(y)Vyus-Vyvsdy:/A(y)Vyu-Vyvdy, s € R.
R™ R™

Up to now, the symmetry of the matrix A(y) did not play any role. We only need it for the
implication 2. = 1.
2. = 1. We have

/A(y)Vyu-Vyvdy:fA(y)Vyus-Vyvsdy
R™ R™

:/A(y)tayY(S;y)(vyu)s'tayY(S;}))(va)s dy
Rm

= / 3yY (53 V) A 3yY (53 ) (Vyur)s - (Vyv)s dy
Rm

:/(ayYAtayY)_sVyu-Vyvdy

Rm

where (9, YA'8,Y)_; =3, Y (s; Y(—s; ¥)A(Y (—s;¥)) '8, Y (s; Y (—s; y)). We deduce that

/(A(y) — (3,YA"3,Y)_ )Vyu-Vyvdy=0, u,veC}(R").
]Rm
Since A(y) — (E)yYAtay Y)_ 1s symmetric, it is easily seen, cf. Lemma A.l below, that A(y) —

(0yYA'3,Y)_s =0. Therefore we have A(Y (s; y)) = 9,Y (s; ) A(y)'9,Y(s; y),s €R, y e R",
and by Proposition 3.8 we deduce that [b, A] =0in D'(R™). O

Proof of Proposition 3.14. 1. Consider A € dom(L),’A = A. Itis easily seen that ' A9+ = A9+
and

404 14, = [ (02401 (02401 ay
R’Tl
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Rm

:le/ZAQUZ;Q1/2AQ1/2dy:|A|2Q<+oo
Rm

and therefore A9 € Hy. The positive/negative parts A9* are orthogonal in Hyp
+ -\ _ 124012\ . (012 4 01/2Y™ 4y —
(A9, A9 )Q_/(Q 2AQVA)T (0?40 dy=0.
RWL

We claim that A 2% satisfies (43). Indeed, thanks to (42) we can write, using the notation X 2 =
X: X

‘G(s)AQi — AQi|2Q = /{Ql/Z(ayY—l(AQi)stayY—l _ AQ:I:)Ql/z}:Zdy

Rm
= [ 11060101 (49%), 001 ) ~ 02405012} dy
Rm
= [ 106 (0 A0 0w ) - (0240 Pay. o4
Rm
Similarly we obtain
Gs)A— Al = f{’0<s; 10:2 4,001 ) — 0240} dy. (65)
Rm

We are done if we prove that for any symmetric matrices U, V and any orthogonal matrix R we
have the inequality

(‘RU*R—V*): ('RU*R - V*) <('RUR-V):('RUR - V). (66)

For the sake of the presentation, we consider the case of positive parts U™, V. The other one
comes in a similar way. The above inequality reduces to

2'RUR:V —2'RUTR: VT <'RUR:'RUR+V :V~
or equivalently, replacing U by UT — U~ and V by V' — V™, to
—2'RUTR:V™ —=2'RUR: V' 4+2'RUR: V- <'RU R:'"RUR+V :V™.

It is easily seen that the previous inequality holds true, since ' RUTR: V™ >0,’RU"R: VT >0
and
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2'RU™R:V~<2('RU"R:'RU"R)*(v=:v")*<'RU"R:'"RU"R+V~:V".
Combining (64), (65) and (66) with
U — Q1/2A QI/Z’ V:Q1/2AQ1/2, R=0O
yields

G(s)A2* — A9+ G(s)A— A
Sup| (s) |g<sup| (s) lo
570 N 570 N

<|L),

saying that A2+ e dom(L).
2. For any A € dom(L),"A = A we can write

(AQ-i-’ AQ—)Q — / Q1/2AQ+Q1/2 . QI/ZAQ—QI/Zdy

]Rm
_ f(Ql/ZAQ1/2)+ (02402 dy =o0.
Rﬂ’l
Since A9* € dom(L) we have
L(A2%) = Tim G(s/2)A%T — G(—s/2)A2*
_s—>0 S

and therefore, thanks to (42), we obtain

(£(A%7). L(A%7)),

(G(%)AQ+ —G(-A2T G(A9 — G(—%)AQ‘>
m
0

9

s—0 s A

. OV2(G($HA2T — G(—$H)A9T) Q2 QVAH(G(5 A — G(—5)A27) Q12
zhm/ : dy
s—0 S S
Rm
0G40/ 0 y) 1 O(=5: (@A 0V TO(=5: )
= lim 5
Rm
fO(z y)(Q”2 QW) O y) —'O(=5; y)(Q”2 QW) O(=5;y)
R) dy
fO(z,y)(Q‘/z Q”2>+O<S y): fO(——,ny”2 Q‘/Z) O(=3:y)

Rm
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1/2 12 1/2

1037014 01D 03110410} 4; 070 y)
— lim 2 2 . 2 2 dy
s—0 s
Rm
<0
since
'O(&£s/2; .)(QI/ZAQI/Z)iS/zo(iS/z; >0,
+

'O(Fs/2:)(Q'2AQ'?) 7, ,O(Fs/2:)20. O

Proof of Proposition 5.3. For any smooth functions u, ¢ € ker(b - V)) we have, cf. Lemma 5.1

f (divy (EVy(divy (EVyu))))edy
Rm

= / divy (EVy (divy(EVyu)))edy
Rm

= / div, (EVyu)divy (EV,g)dy
Rm

= /{divy(R’E) ("R'Vyu) + RE'R: ("R7'V, ® 'R7'V,)u}
Rm
x {divy(R'E)- ("R™'Vy¢) + RE'R: ('R™'V, ® 'R™'V,)p} dy
= f[divy(RfE) ®divy(R'E)]:['R™'Vyu @ 'RV, 0] dy
Rm
+ /[RE’R ®divy(R'E)]: [(R™'Vy ® ' R™'Vy)u ® 'R™'Vyp]dy
Rm
+ /[divy(R’E) ®RE'R|:[((R™'Vyu)® ((R™'V, ®'R7'V,)p]dy
Rm
+ f[RE’R ®RE'R]:[(R7'V,®'R7'V))u® ('R™'V, ®'R7'V,)p]dy.

Rm

Recall that ' R™! V, leaves invariant ker(b - Vy) and therefore

'‘RT'Vyu ® 'R™'Vyp e ker(b - Vy)

implying that
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/[divy(R’E) ®divy(R'E)]: ['R'Vyu ® 'R™'V,p]dy
Rm
= /(divy(RfE) ®divy(R'E)): [[R™'Vyu ® 'R 'V,0]dy.
Rm

Similar transformations apply to the other three integrals above, and finally one gets

f (divy (EVy(divy (EVyu))))pdy = / X:[VRu®VRp]dy
Rm Rm
+fY:[(VR®VR)u®VR¢]dy
Rm
+/Z:[VRM®(VR®VR)¢]dy
Rm
+/T{@ﬂ®vﬂu®wR®vﬂﬂ@7
Rﬂ’l
=N, )+ L, @)+ I3u, ) + Ia(u, 9)

where VR .= 7R~1 Vyand X, Y, Z, T are tensors of order two, three, three and four respectively
Xij =(divy(R'E), divy(R'E) ), i, je{l,....m},

Yijk =((RE'R),;divy(R'E),),  Zijx=(divy(R'E),(RE'R) ;). i jke(l,....m},
Tiju=((RE'R),;(RE'R),), i j.k1e{l,....m}.

Integrating by parts one gets
L(u,p)= f XVRy. VR(pdy = / R 'xvRy. Vypdy = f S1(u)edy
Rm Rm Rm

where S1 (1) = —divy (R_IX VRu). Notice that the differential operator
£ — divy(R7'€) =divy("R™") - £ + 'R : 8¢

maps (ker(b - Vy))" to ker(b - Vy), since the columns of R~! contain fields in involution with b,
and therefore Sy leaves invariant ker(b - Vy), that is, for any u € ker(b - kV,), § = X VRy e
(ker(b - Vy))™ and Sj(u) = —divy(R™'XVRu) = —div,(R71€) € ker(b - V,). Similarly we
obtain

bww=/&www, hww=/&mww, uwm=/&www
R’n ]Rm Rm
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where $>, 83, S4 are differential operators of order three, three and four respectively, which leave
invariant ker(b - Vy). We deduce that

/ (divy (EVy(divy(EVyu))))edy = / S(u)pdy
R™ R™

for any u, ¢ € ker(b - Vy), with § = §; + 57 + §3 + S4, saying that

(divy (EVy(divy (EVyu)))) — S(u) L ker(b - Vy).

But we also know that

(divy (EVy(divy (EVyu)))) — S(u) € ker(b - Vy)
and thus (62) holds true. O

Lemma A.1. Consider a field A(y) € L\ _(R™) of symmetric matrices satisfying

loc
/A(y)Vyu-Vyvdyzo, u,veCHR™). (67)
]Rm
Therefore A(y) =0 a.a. y e R™.

Proof. Applying (67) with v; = y;v, v € Cg (R™), u; = yiep(y) where ¢ € Cg (R™) and ¢ =1
on the support of v, yields

[ 400,90+ vepay =o. (68)
R)’n
Applying (67) with v and u;; = y;yj@(y) one gets
/A()’)()’jei + yiej) - Vyvdy =0. (69)
Rm
Combining (68), (69) we obtain for any i, j € {1, ..., m}
2/(A(y)ei cej)u(y)dy = /(A(y)ei cej+ A(y)ej - ej)v(y)dy =0
R R™

saying that A(y) =0,a.a. ye R". 0O
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