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This paper examines the linkage of crude oil market (WTI) and stock markets of the G-7 countries. We study
the mean and volatility spillovers of oil and stock market prices over various time horizons. We propose a new
approach incorporating both multivariate GARCH models and wavelet analysis: wavelet-based MGARCH
approach.We combine a bivariate GARCH-BEKKmodelwithwaveletmultiresolution analysis in order to capture
the multiscale features of mean and volatility spillovers between time series. For optimal portfolio allocation
decisions, we analyze themultiscale behavior of hedge ratio. Empirical results showstrong evidence of significant
volatility spillovers between oil and stock markets, as well as time-varying correlations for various market pairs.
However, results of wavelet coherence indicate that inmost, theWTI market was leading. In addition, it is stated
that the decomposed volatility spillovers permit investors to adapt their hedging strategies.
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1. Introduction

Multivariate generalized conditional heteroskedasticity (MGARCH)
models have been widely used in the empirical studies to estimate the
volatility spillover effects among different markets. In this study, we
used bivariate GARCH models to simultaneously estimate the mean
and conditional variance of oil and stock market prices. We employ a
BEKK representation of the multivariate GARCH model, which has
been widely used in order to study the international linkage of multiple
markets. Specifically, we adopt a bivariate GARCH(1,1)-BEKK model
which allows us to study the volatility transmission between global oil
market and stock markets of G-7 countries. It is important for energy
and financial researchers, market participants and policy makers to
understand the volatility spillover effects from one market to another.
33 4 91 82 93 56.
,
ubaker@gmail.com
While previous works have examined the mean and volatility
transmission between oil markets and stock markets using the return
time series and a full period framework, in this paper we develop a
new approach which examines the volatility spillover of oil and stock
market prices on level prices (without computing returns of the original
series) and the multiscale behavior, in order to study the spillover
effects from oil markets and the G-7 stockmarkets at different time ho-
rizons. We combine the multivariate GARCH models and wavelet
multiresolution analysis. In our work we study the spillover effects
using level prices.

The link betweenoilmarkets and stockmarkets has been investigated
by a large number of researchers. Recently, there has been an increasing
interest in modeling the equity volatility and analyzing the volatility
transmission mechanism that exists across major financial markets.
Nevertheless, studies focusing on relationship betweenmajor developed
financial markets and global crude oil market are limited. Some papers
have explicitly examined the transmission of mean and volatility across
oil and financial markets, for instance Malik and Hammoudeh (2007)
studied the volatility and shock transmission between US equity market,
global crude oil market, and equity markets of major rich Gulf countries
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1 For more details, see Mallat (1989) and Percival and Walden (2000).

541R. Khalfaoui et al. / Energy Economics 49 (2015) 540–549
(Saudi Arabia, Kuwait, and Bahrain). Arouri and Nguyen (2010) studied
the relationship between oil price changes and stock returns at the disag-
gregated sector level in Europe by investigating their short term linkages
over the last turbulent decade using different econometric techniques.
Singh et al. (2010) examined the temporal volatility spillovers between
developed and emerging stock markets using VAR–GARCH models.
Zhang and Wei (2010) tested the relation between the crude oil and
gold markets from January 2000 to March 2008. Arouri et al. (2011)
analyzed the return links and volatility transmission between oil and
stock markets in the Gulf Cooperation Council (GCC) countries. Filis
et al. (2011) studied the time-varying correlation between stock market
prices and oil prices for oil-importing and oil-exporting countries based
on a DCC–GARCH–GJR approach. Vo (2011) models the volatility of
stock and oil futures markets using the multivariate stochastic volatility
structure. Du et al. (2011) tested the factors that have a potential influ-
ence on the volatility of crude oil prices and the relationship between
this volatility and agricultural commodity markets. Kumar et al. (2012)
argued that the variation in the indices of clean energy stocks is explained
by pastmovements in oil prices, the stock prices of high technologyfirms
and interest rates. Sadorsky (2012) modeled the volatility dynamics
between oil and the stock prices of clean energy and technology compa-
nies using the dynamic conditional correlation MGARCH models
and Awartani and Maghyereh (2013) investigated return and volatility
spillover effects between oil and equities in the GCC countries during
the period from 2004 to 2012.

A number of previous studies dealing with wavelet filter are ap-
plied in financial literature. For instance, see Gencay et al. (2002,
2005) proposal of a new approach based on wavelet analysis to esti-
mate the systematic risk of some stock market indices, Fernandez
(2006) estimated the beta in capital asset pricing model (CAPM) at
different time-scales in order to study the impact of time scaling on
the computation of value-at-risk. Kim and In (2007) studied the rela-
tionship between changes in stock prices and bond yields in the G7
countries. Rua and Nunes (2009) analyzed the co-movement
among international stock market returns by developing a new ap-
proach based on wavelet analysis. He et al. (2009) analyzed the
crude oil prices using wavelet analysis and artificial neural network
technique. Masih et al. (2010) analyzed stocks in emerging Gulf Co-
operation Council (GCC) equity markets by wavelet analysis.
Gallegati (2010) tested the financial market contagion using a
wavelet-based approach. Boubaker and Boutahar (2011) focused
on modeling the conditional mean and conditional variance of ex-
change rates. They estimated the GARMA–FIGARCH model using
the wavelet-based maximum likelihood estimator. Sun and Meinl
(2012) proposed a new filtering algorithm based on MODWT to de-
compose pattern and noises and Fernández-Macho (2012) analyzed
the correlation and the cross-correlation of the Eurozone stock mar-
ket returns on a scale-by-scale basis.

In this study we show strong evidence of GARCH(1,1)–BEKK model
to analyze the volatility spillover effects of oil market and the G-7 devel-
oped stock markets. The results show evidence of significant volatility
spillovers between oil and stockmarkets, as well as time-varying corre-
lations for various market pairs.

In addition, we extend our methodology to portfolio diversification
strategies, which is themost important objective of market participants
and market makers. We analyze the hedge ratio and hedging effective-
ness across different time horizons. We define the wavelet hedge ratio
and wavelet portfolio allocations. The results of wavelet hedging
showed that hedge ratios are different across scales and the investor
can easily understand the decision strategy by choosing the minimum
portfolio risk.

The rest of the paper is organized as follows: Section 2 presents the
wavelet methodology. Section 3 describes the wavelet-based MGARCH
approach to study the mean and volatility spillovers among oil and
stock markets. Discussion of the empirical results is given in Section 4.
Section 5 concludes and the last section reports the appendix.
2. Wavelet approach

2.1. Multiresolution analysis

Wavelet theory is a powerful mathematical tool for time series
analysis. It has attracted an increasing interest of economists in the
last years. It provides a time–frequency representation of a time series
Xt (in our study, Xt is the daily oil spot price and daily stock market
index), and it can be used to analyze non-stationary time series, which
are very common in finance and economics, given the continuous
presence of abrupt changes and volatility. Recently, this methodology
has received great interest in the financial literature including those of
Gencay et al. (2005), Kim and In (2007), Rua and Nunes (2009), He
et al. (2009), Genest et al. (2009), Masih et al. (2010), Rua (2010), He
et al. (2012) and Jammazi (2012).

The wavelet transform uses multiresolution analysis by which dif-
ferent frequencies are analyzed with different resolutions.1 For these
multiresolution analyses, few conditions must be satisfied: let L2(ℝ)
be the space of square-integrable functions. Now consider a sequence
of closed sub-spaces {Wk}k = j

∞ (relative to the detail spaces of the series)
and Vj (relative to the approximation of the series) of L2(ℝ), such that
Vj ⊂ Vj + 1 and ∩ jVj = 0, and ∪ jVj = L2(ℝ), which indicates that all
integrable functions should be included at the highest resolution.
Moreover, we say that Vj is a multiresolution if it satisfies the following
conditions:

i. dilation invariance: X(t) ∈ Vj ⇔ X(2t) ∈ Vj.
ii. translation invariance: X(t) ∈ V0 ⇔ X(t + 1) ∈ V0.
iii. there is a scaling functionϕ(t)∈ V0 (also called father wavelet) such

that ϕ(t − k) is an orthonormal basis of V0.

ϕ j;k tð Þ ¼ 2 j=2ϕ 2 j−k
� �

ð1Þ

where the level j controls the degree of stretching of the function (the
larger the j, the more stretched is the basis function); the smaller the
time scale, the higher the frequency of the decomposed series, and k is
the parameter that controls the translation of the basis function.

Assuming that the detail spaces, {Wj}, are orthogonal to each other,
we can define a sequence {ψj,k(t)}k of orthonormal basis functions that
spans L2(ℝ):

ψ j;k tð Þ ¼ 2 j=2ψ 2 jt−k
� �

ð2Þ

where wavelets are generated by shifts and stretches of the mother
wavelet, ψj,k(t). Let X(t) be the original time series, we represent the
multiresolution representation of X(t) by:

X tð Þ ¼
X

k
s j;kϕ j;k tð Þ þ

X
j

X
k
d j;kψ j;k tð Þ; j ¼ 1;…; J

¼ SJ tð Þ þ DJ tð Þ þ DJ−1 tð Þ þ…þ D1 tð Þ
ð3Þ

where

S J tð Þ¼∑k s j;kϕ j;k tð Þ ð4Þ

D j tð Þ¼∑k d j;kψ j;k tð Þ: ð5Þ

The series SJ(t) provides a smooth of original time series X(t) and
represents the approximation that captures the long term properties
(i.e. the low-frequency dynamics), and the series Dj(t) for j = 1, …, J
refers to wavelet details and captures local fluctuations (i.e. the
higher-frequency characteristics) over the whole period of X(t) at
each scale. The expression (3) represents the decomposition of X(t)
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into orthogonal components at different resolutions and constitutes the
so-called wavelet multiresolution analysis (MRA).

In practical applications, we invariably dealwith sequences of values
indexed by integers rather than functions defined over the entire real
axis. Instead of actual wavelets, we use short sequences of values
referred to as wavelet filters. The number of values in the sequence
is called the width of the wavelet filter. Thus, the wavelet analysis
considered from a filtering perspective is thenwell-suited to time series
analysis. For the discretewavelet transform, thewavelet coefficients can
be calculated from theMRA scheme. The recursiveMRA scheme,2which
is implemented by a two-channel filter bank (i.e. a high-pass wavelet
filter and its associated low-pass scaling filter) representation of the
wavelet transform, is divided into decomposition and reconstruction
schemes according to the forward and inverse wavelet transform.

2.2. Discrete wavelet transform

The discrete wavelet transform (DWT) is based on two types of
filters called a wavelet filter and scaling filter denoted by hl, l =
0, …, L − 1 and gl, l = 0, …, L − 1, respectively. The wavelet
filters {hl} l = 0

L − 1 and the scaling filters {gl} l = 0
L − 1 are used to construct the

DWT matrix.
The wavelet filter of support L ∈ ℕ (L is the length of the filter), is

defined so as to satisfy the following properties:

i. zero mean: ∑l = 1
L hl = 0,

ii. unit energy: ∑l = 0
L − 1 hl

2 = 1,
iii. orthogonal to its shifts: ∑l = 0

L − 1 hlhl + 2n = ∑l = − ∞
∞ hlhl + 2n =

0, ∀ n ∈ ℕ∗.

The scaling filter of support L is defined via the quadrature mirror
relationship gl = (−1)l + 1hL − 1 − l similarly satisfies the following
conditions:

i. ∑L−1
l¼0 gl ¼

ffiffiffi
2

p
,

ii. ∑l = 0
L − 1 gl

2 = 1,
iii. ∑l = 0

L − 1 glgl + 2n = ∑l = − ∞
∞ glgl + 2n = 0, ∀ n ∈ ℕ∗.

The wavelet and scaling coefficients of a time series X(t) at the jth
level are defined as:

wj;t ¼
XL−1

l¼0

hj;lX t−lð Þ ð6Þ

vj;t ¼
XL−1

l¼0

g j;lX t−lð Þ: ð7Þ

Daubechies (1992) defined a useful class of wavelet filters, namely
the Daubechies compactly supported wavelet filters of width L and
distinguishes between two choices — the extremal phase filters D(L)
and the least asymmetric filters LA(L). The Daubechies wavelet has
many desirable properties; its most useful property is possessing the
smallest support for a given number of vanishing moments.3

2.3. Maximum overlap discrete wavelet transform

The maximum overlap discrete wavelet transform (MODWT) is an
alternative wavelet transform for the DWT. This transform is developed
in order to cope with the DWT shortcomings. The MODWT is a non-
orthogonal transform and it has many advantages over the DWT such
as non-dyadic length sample size, invariant translation (i.e. shifting
2 A robust theoretical framework for critically sampled wavelet transformation is
Mallat's multiresolution analysis (for more details, see Mallat (1989)).

3 For Daubechies wavelets, the number of vanishing moments is half the filter length.
the time series by integer unit will shift the MODWT wavelet and
scaling coefficients of the same amount), which provides increased
resolution at coarser scales and produces more asymptotically efficient
wavelet variance estimator than DWT. The MODWT goes by several
names in the statistical and engineering literature, such as, the
“stationary DWT” (Nason and Silverman, 1995), “translation-invariant
DWT” (Coifman and Donoho, 1995) and “time-invariant DWT”
(Pesquet et al., 1996).

Instead of using the wavelet and scaling filters from Section 2.2, the

MODWT utilizes the rescaled filters ehj;l ¼ h j;l

2 j=2 and eg j;l ¼ g j;l

2 j=2 , j, 1, …, J,

where J is the total number of levels.
The MODWT filters satisfy the following properties:

i. ∑L−1
l¼0

ehl ¼ 0, ∑L−1
l¼0 egl ¼ 1,

ii. ∑L−1
l¼0

eh2l ¼ ∑L−1
l¼0 eg2l ¼ 1

2l
,

iii. ∑þ∞
−∞

ehlehlþ2n ¼ ∑þ∞
−∞ egleglþ2n:

Wavelet and scaling coefficients are obtained as follows:

ewj;t ¼
1

2 j=2

XL−1

l¼0

ehj;lXt−l ð8Þ

evj;t ¼
1

2 j=2

XL−1

l¼0

eg j;lXt−l: ð9Þ

2.4. Maximum overlap discrete Hilbert wavelet transform

The maximum overlap discrete Hilbert wavelet transform
(MODHWT) was advocated by Whitcher and Craigmile (2004) (see
also Whitcher et al. (2005)) to investigate multiscale coherence and
phase properties of time varying non-stationary processes. The
MODHWT is implemented using a pair of mother and father wavelet
filters based on Hilbert wavelet pairs (HWP)4 and uses the maximum
overlap version of the dual-tree complex wavelet transform.

Let eh1l
� �

and eg1ln o
a couple of father and mother wavelet filters

respectively of ϕ1(t) and ψ1(t). ψ1(t) is the Hilbert transform of ψ(t) if

Ψ1 Xð Þ ¼ −iΨ Xð Þ; XN0
iΨ Xð Þ; Xb0

�
ð10Þ

where Ψ(X) and Ψ1(X) are the Fourier transform of ψ(t) and ψ1(t)
respectively. This implies that the wavelets are π

2 out of phase with
each other.

The MODHWT utilizes a non-decimated pair of wavelet (and
scaling) filters. As a consequence, two sequences of coefficients are
obtained, which are the real and imaginary parts of the final wavelet
coefficients, such that:

eehj;l ¼ ehj;l þ ieh1j;l ð11Þ

eeg j;l ¼ eg j;l þ ieg1j;l ð12Þ

where ehj;l ¼ h j;lffiffi
2

p , eh1j;l ¼ h1j;lffiffi
2

p ,eg j;l ¼ g j;lffiffi
2

p andeg1j;l ¼ g1j;lffiffi
2

p . ehj;l, eh1j;l,eg1j;l andeg j;l are the

renormalized Hilbert wavelet and scaling filter pairs.
4 The HWP is a pair of wavelet filters that are designed to be approximate Hilbert trans-
form of one another.



6 BFGS (Broyden–Fletcher–Goldfarb–Shanno) is a quasi-Newton optimization method
that uses information about the gradient of the function at the current point to calculate
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The Hilbert wavelet and scaling coefficients are obtained as follows:

eewj tð Þ ¼
XL−1

l¼0

eehj;lX t− jð Þ ¼ ewj;t þ iew1
j;t ð13Þ

eevj tð Þ ¼
XL−1

l¼0

eeg j;lX t− jð Þ ¼ evj;t þ iev1j;t : ð14Þ

2.5. Wavelet coherence

The wavelet coherence was introduced by Whitcher and Craigmile

(2004). Let eewX

j;t ;
eewY

j;t

� �
; j ¼ 1;…; J; t∈ℤ denote the MODHWT coeffi-

cients of (X(t), Y(t)). The time varying cross spectrum of the bivariate
time series X(t) and Y(t) is as follows:

SXY λ j; t
� �

¼ E eewX
j;t

eewY
j;t

� ��h i
¼ CXY λ j; tð Þ−iQXY λ j; t

� �
ð15Þ

where CXY λ j; tð Þ ¼ ℜ SXY λ j; t
� �n o

and QXY λ j; t
� �

¼ −ℑ SXY λ j; t
� �n o

denote the time varying cospectrum and quadrature spectrum,
respectively.

Let AXY λ j; t
	 
 ¼ SXY λ j; t

	 
�� �� ¼ C2
XY λ j; t
	 
þ Q2

XY λ j; t
	 
h i1=2

be the

cross amplitude spectrum. The time varying phase spectrum is

θXY λ j; t
� �

¼ arctan
−QXY λ j; t

� �
CXY

�
λ j; t

�
2
4

3
5: ð16Þ

Following Whitcher et al. (2005) the time varying magnitude
squared coherence is given by

KXY λ j; tð Þ ¼
A2
XY λ j; t
� �

SX λ j; t
� �

SY λ j; t
� � ð17Þ

where SX λ j; t
� �

¼ E eewX
j;t

��� ���2 and SY λ j; t
� �

¼ E eewY
j;t

��� ���2 . KXY λ j; tð Þ is a

normalized and squared version of the time varying cross spectrum.5

3. Wavelet-based GARCH–BEKK model

To model the time-varying dynamics and spillovers between stock
market indices and WTI crude oil prices, we employ a bivariate
GARCH–BEKK model of Baba et al. (1989) and (Engle and Kroner,
1995). The specification of the model is as follows: the conditional
mean equation is given by

Dt jð Þ ¼ Ds;t jð Þ
Do;t jð Þ

� 

¼ ϕs

0
ϕo
0

� 

þ ϕ11 ϕ12

ϕ21 ϕ22

� 

Ds;t−1 jð Þ
Do;t−1 jð Þ

� 

þ ϵt jð Þ ð18Þ

where Dt(j) is an 2 × 1 vector of wavelet details for stock s and oil o at

time t and for scale j, and ϵt jð ÞjΩt−1
¼ ϵs;t jð Þ; ϵo;t jð Þ

h i0∼N 0;Ht jð Þf g. The
conditional variance equation is given by:

Ht jð Þ ¼ C0C þ A0ϵt−1 jð Þϵ0t−1 jð ÞAþ B0Ht−1 jð ÞB ð19Þ

where Ht( j) is the conditional variance matrix at scale j and the
5 For further details of this approach see Whitcher and Craigmile (2004) andWhitcher
et al. (2005).
elements for A, B and C are given as follows:

A ¼ a11 a12
a21 a22

� 

; B ¼ b11 b12

b21 b22

� 

and C ¼ c11 0

c21 c22

� 

:

The coefficients a12, a21, b12 and b21 can reflect the volatility trans-
mission and spillover between oil and stock markets among wavelet
scales.

The conditional variance equation at each scale j and for eachmarket
can be expanded for the bivariate GARCH(1,1)–BEKKmodel as follows:

hs;t jð Þ ¼ c211 þ a211ϵ
2
s;t−1 jð Þ þ 2a11a12ϵs;t−1 jð Þϵo;t−1 jð Þ þ a221ϵ

2
o;t−1 jð Þ

þb211hs;t−1 jð Þ þ 2b11b12hso;t−1 jð Þ þ b221ho;t−1 jð Þ;
ð20Þ

ho;t jð Þ ¼ c212 þ c222 þ a212ϵ
2
s;t−1 jð Þ þ 2a12a22ϵs;t−1 jð Þϵo;t−1 jð Þ þ a222ϵ

2
o;t−1 jð Þ

þb212hs;t−1 jð Þ þ 2b12b22hso;t−1 jð Þ þ b222ho;t−1 jð Þ;
ð21Þ

hso;t jð Þ ¼ hos;t jð Þ ¼ c11c12 þ a11a21ϵ
2
s;t−1 jð Þ þ a22a21ϵ

2
o;t−1 jð Þ

þ a11a22 þ a21a12½ �ϵs;t−1 jð Þϵo;t−1 jð Þ þ b11b21hs;t−1 jð Þ
þ b21b12 þ b11b22½ �hso;t−1 jð Þ þ b22b12ho;t−1 jð Þ;

ð22Þ

where we denote

Ht jð Þ ¼ hs;t jð Þ hso;t jð Þ
hos;t jð Þ ho;t jð Þ

� 

:

Eqs. (20), (21) and (22) reveal how shocks and volatility are trans-
mitted across markets and over scales.

We assume that the random errors ϵt are normally distributed and
we maximize the following likelihood function:

L θð Þ ¼ −T ln 2πð Þ−1
2

XT
t¼1

ln Ht jð Þj j þ ϵ0tHt jð Þ−1ϵt
n o

ð23Þ

where θ is the vector of parameters to be estimated and T is the number
of observations. Numericalmaximization techniqueswere used in order
to maximize this non-linear log likelihood function. Engle and Kroner
(1995) proposed several iterationswhichwere performedwith simplex
algorithm to obtain the initial conditions. The BFGS algorithm6was then
employed to obtain thefinal estimate of the variance–covariancematrix
with corresponding standard errors.

The number of ARCH and GARCH parameters in GARCH(1,1)–BEKK
model is N(5N + 1)/2, where N is the number of indices (number of
used time series: in our case N = 2).

4. Empirical application

4.1. Data description

The data set used in this study consists of daily oil price and daily
stock market indices. The data for oil market are daily spot prices for
West Texas Intermediate (WTI), which are traded on the domestic
spotmarket at the Cashing, OklahomaCenter. These datawere obtained
from Energy Information Administration (EIA). The stock market indi-
ces are: S&P/TSX (Canada), CAC 40 (France), DAX (Germany), FTSE
MIB (Italy), NIKKEI 225 (Japan), FTSE 100 (United Kingdom) and S&P
500 (United States). The series for these indices were obtained from
the best direction to look in to find a better point. Using this information, the BFGS algo-
rithmcan iteratively calculate a better approximation to the inverseHessianmatrix, which
will lead to a better approximation of the minimum value.
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Fig. 1. Time series plots.
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Datastream.We have a sample of 2195 daily observations from June 02,
2003 to February 07, 2012, when assets are traded. Fig. 1 plots the oil
and stock market prices.

Supplementary Table 1 presents the statistical properties for oil and
stock market (G-7 countries) series at each wavelet scale. The results
reveal that oil is found to be the best performing asset on risk basis
(Std. dev.), it depicts the lowest standard deviation values in all wavelet
scales, followed by S&P 500, CAC 40, FTSE 100, DAX, S&P/TSX, Nikkei
225 and FTSE MIB. We also observe that unconditional volatility as
represented by standard deviation of wavelet series (D1, …, D5)
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increases across scales. This is mainly due to the extreme losses that
were reported in the aftermath of the crisis, and overall all G-7 countries
are severely affected by the currency crisis.

As shown in Supplementary Table 1 all wavelet components
(D1, …, D5) for oil prices and stock market prices are skewed and
leptokurtic. Jarque–Bera (J–B) test statistic, which tests the hypothesis
of normal distribution, is consistently rejected at a high significance
level. This suggests that wavelet series are not normally distributed.

Our study is based onwavelet series,7we decompose the daily oil spot
prices and daily stockmarket indices using theMODWTwith Daubechies
least asymmetric (LA) wavelet filter of length L = 8, (denoted
LA(8) wavelet filter).8 This wavelet filter has been widely used and
applied in the financial literature and it has been shown that LA(8)
gives the best performance for the wavelet time series decomposition.

OurMODWTdecomposition goes up to level J=8,which is givenby,
J≤ log2

T
L−1 þ 1
� �

, i.e. T is the length of the given time series and L is the
length of the filter (Gencay et al., 2002; Percival and Walden, 2000).
Because most information (energy) spreads in lower scales (high
frequency fluctuations), and the variances of the wavelet time series
at higher scales (lower frequency fluctuations) are too small to make
GARCH-type model significant, we use in our empirical study only the
first five details (Dt(1), …, Dt(5)), which depict more variability.

4.2. Empirical results

In this section we focused on the mean and volatility spillover
between the crude oilmarket (WTI) and sevendeveloped stockmarkets
(G-7 stock markets) based on wavelet series (details) in order to
analyze the volatility spillover in different time horizons, i.e., we study
the volatility sub-spillover between oil and stockmarkets. Our application
is based on a multivariate GARCH(1,1) model with BEKK parameteriza-
tions for each variance equation (Fig. 2).9 The estimated coefficients of
each time scale GARCH(1,1)–BEKKmodel are reported in Supplementary
Tables 2 to 8.

Estimation results based on the two finest wavelet components
Dt(1) and Dt(2), which represent short term horizon (high frequency
fluctuations), it represents the oil and stock market price variations
due to shocks occurring at time scales of 2 to 4 days and of 4 to 8 days
(fluctuations of one week), are given respectively by scale 1 and scale
2 (see scale 1 and scale 2 in Supplementary Tables 2–8). Moreover,
estimation results based on the third wavelet component Dt(3), which
represents the midterm horizon (fluctuations due to shocks occurring
from 8 to 16 days or fluctuations occurring in two weeks) are given by
scale 3 (see scale 3 at each Supplementary Table: Supplementary
Tables 2–8). Estimation results based on the fourth and fifth wavelet
components, which represent the long term horizon in our study
(fluctuations due to shocks occurring in the periods of 16 to 32 days)
(approximatively one month) and of 32 to 64 days (period of one to
two months), are given respectively by scale 4 and scale 5 (see scales
4 and 5 in Supplementary Tables 2–8).
7 The wavelet transform intelligently adapts itself to capture features across a wide
range of frequencies and thus has the ability to capture events that are local in time. This
makes the wavelet transform an ideal tool for studying non-stationary time series. To
measure the local regularity of a signal, it is not so important to use a wavelet with a nar-
row frequency support, but vanishingmoments are crucial. If thewavelet hasM vanishing
moments, thenwe show that thewavelet transformcan be interpreted as amultiscale dif-
ferential operator of orderM, i.e. The firstMmoments of thewavelet coefficients are zero:
∫− ∞
+ ∞t rψ(t)dt= 0, r= 1,…,M. This yields a first relation between the differentiability of

the time series and its wavelet transform decay at fine scales. Following Gencay et al.
(2002) the Daubechies wavelet filter guarantees that the resulting DWT coefficients be
stationary and thus protect ourselves from problems caused by a non-stationary time
series.

8 For more details about this wavelet filter see Daubechies (1992) and Gencay et al.
(2002).

9 We cannot fit a GARCH model to S5 series (see Fig. 2) because it is very smooth
(Var(S5) ≃ 0).
4.2.1. Mean equation
We first discuss our findings related to price linkages between WTI

crude oil market and each stock market in the G-7 countries. As
shown in Supplementary Tables 2–8 and for each wavelet scale,
the conditional oil price and the conditional stock prices of each stock
market under study are directly affected by its own lagged prices (see
significant estimated coefficients ϕ11 and ϕ22). Moreover, we remark
that the influence of past values (Xt − 1) depends on scales, at one
scale the one period lag of oil or stock market prices affects positively
the current period and at the other scale it affects negatively the current
period. For instance, the estimated coefficient ofWTI oil price in theWTI
equation (ϕ22) based on the modeled pair: CAC 40–WTI, is negative
and statistically significant at 1% level in scale 1 and it is positive and
statistically significant at 1% level in scales 2, 3, 4 and 5. This result is
important in distinguishing a positive or negative relationship between
current period WTI oil prices and last period WTI oil prices.

The estimation results showed that WTI oil price and stock market
prices of each market in the G-7 countries are affected not only by its
own lagged term but also by the lagged term of the stock market
price/WTI oil price. This leads us to discuss the mean spillovers.

The mean spillovers between WTI oil market and each stock market
in theG-7 countries are givenby the significance of estimated coefficients
ϕ12 and ϕ21, i.e. the off-diagonal elements of Φ1. From (Supplementary
Tables 2–8), we can see that the mean linkage between WTI oil market
and each stockmarket in the G-7 countries is unidirectional, bidirectional
or there is no linkage. In fact, the price transmission (mean spillovers)
varies across wavelet scales. For instance, based on the CAC 40–WTI
pairwise, we remark that at scale 4 and scale 5 the estimates reveal
bidirectional linkages between WTI oil market and France stock market
(see significant estimated coefficients ϕ12 and ϕ21). At scale 1, the
pairwise estimates reveal unidirectional linkage betweenWTI oil market
and France stock market (see only significant estimated coefficient ϕ21)
and the price transmission goes from WTI oil market to France stock
market. At scale 2, there exists a unidirectional linkage between WTI oil
market and France stock market (see only significant estimated coeffi-
cient ϕ12) and the price transmission goes from France stock market to
WTI oil market. At scale 3, no statistically significant linkages are found
between WTI oil market and France stock market. To see all the mean
spillover effects between WTI oil market and each stock market in the
G-7 countries over scales refer to Supplementary Table 9.

4.2.2. Variance equation
Our second aim is to capture any spillover effects occurring in the

volatilities of the WTI oil market and the G-7 stock markets. The diago-
nal elements in matrix A capture the own ARCH effects, while the diag-
onal elements of B capture the own GARCH effects. From
Supplementary Tables, 2, 3, 4, 5, 6, 7 and 8we see that the estimated di-
agonal parameters a11, a22 and b11, b22 are all statistically significant at
all wavelet scales, indicating that oil volatility and stock market volatil-
ity of all countries under study are directly affected by their own shocks,
except for oil volatility at scale 4 using the pairwise FTSE 100–WTI
which is not affected by its own shocks (see insignificant estimated co-
efficient of a22). Based on its own shocks, we remark that for all pairwise
markets higher levels of oil or stock market price volatility in the past
are associated with higher conditional volatility in the current period
(see positive and significant coefficients b11 and b22) at all wavelet
scales. Furthermore, as it can be shown in Supplementary Table 6 at
scale 4, theWTI oil and NIKKEI 225 price volatilities are negatively asso-
ciated with their own news (negative and significant coefficient a11 and
a22), indicating that a positive shock in the past is associatedwith a neg-
ative one in the current period. We also remark the same results in the
pair S&P/TSX–WTI at scale 5.

The off-diagonal elements of matrices A and B capture the cross-
market effects over different scales such as volatility spillovers among
thirty five pairs. From the estimated coefficients a12, a21 and b12, b21
we remark that the connection between each stock market of the G-7



FTSE MIB

2004 2005 2006 2007 2008 2009 2010 2011 2012

-3
0
0
0

-2
0
0
0

-1
0
0
0

0
1
0
0
0

2
0
0
0

3
0
0
0

4
0
0
0

FTSE MIB

(a) Scale 1: detail D1

FTSE MIB 

2004 2005 2006 2007 2008 2009 2010 2011 2012

-3
0
0
0

-2
0
0
0

-1
0
0
0

0
1
0
0
0

2
0
0
0

3
0
0
0

FTSE MIB 

(b) Scale 4: detail D4

FTSE MIB 

2004 2005 2006 2007 2008 2009 2010 2011 2012

-3
0
0
0

-2
0
0
0

-1
0
0
0

0
1
0
0
0

2
0
0
0

3
0
0
0

FTSE MIB 

(c) Scale 2: detail D2

FTSE MIB 

2004 2005 2006 2007 2008 2009 2010 2011 2012

-3
0
0
0

-2
0
0
0

-1
0
0
0

0
1
0
0
0

2
0
0
0

3
0
0
0

FTSE MIB 

(d) Scale 5: detail D5

FTSE MIB 

2004 2005 2006 2007 2008 2009 2010 2011 2012

-3
0
0
0

-2
0
0
0

-1
0
0
0

0
1
0
0
0

2
0
0
0

3
0
0
0

FTSE MIB 

(e) Scale 3: detail D3

2004 2005 2006 2007 2008 2009 2010 2011 2012

1
5

0
0

0
2

0
0

0
0

2
5

0
0

0
3

0
0

0
0

3
5

0
0

0
4

0
0

0
0

FTSE MIB 

(f) Smooth series: S5

Fig. 2.Wavelet decomposition of the FTSE MIB (Italy) stock market index (as an example). Each detail represents the contribution of fluctuations of a specific time scale to the FTSE MIB
price variations, while the smooth S5 represents its trend. The various decomposition levels we obtain correspond to time scales: D1 (2 to 4 days), D2 (4 to 8 days), D3 (8 to 16 days), D4
(16 to 32 days) and D5 (32 to 64 days).
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countries and WTI oil market varies across scales. Sometimes we see
unidirectional volatility linkages, other times bidirectional ones and
sometimes we see no volatility linkages between markets under
study. For instance, the volatility transmission from France stockmarket
toWTI oil market is bidirectional at scale 3 (medium term horizon) and
scale 5 (long term horizon) (see the significant estimated coefficients
b12 and b21), while this volatility transmission is unidirectional at scale
2 (short term horizon), from oil market to France stock market (see
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significance of only the estimated coefficient b21). Also, we remark no
volatility transmission from France stock market to WTI oil market or
the inverse at scale 1 (see insignificant estimated coefficients b12 and
b21). For more details about all volatility transmission between WTI oil
market and each stock market of the G-7 countries see the summary
in Supplementary Table 9.
4.2.3. Wavelet coherence and phase
Wavelet coherence measures how much two time series co-vary

and capture both time and frequency-varying features.10 If the coher-
ence is close to one, the time series show a strong common behavior.
If it is close to zero the time series do not behave in a coherent way.

Since the wavelet coherence coefficient is squared, and we cannot
distinguish between negative and positive correlations, we use the
wavelet phase differences which indicate delays in the oscillation
between the two examined time series. The two time series move
together on a particular scale if values of wavelet phase deference
range to zero.

The series move in-phase if the wavelet phase θXY λ j; t
	 


∈ 0; π2
� �

and
the time series X is led by Y time series. Conversely, if the wavelet
phase θXY λ j; t

	 

∈ − π

2 ;0
� �

then X is leading. We have an anti-phase
relation (negative correlation between the two time series) if we have
a wavelet phase of π (or − π).

Looking at the wavelet coherence (see Supplementary Table 10: the
output from the Hilbert wavelet pairs for stock market vs oil market in
terms of mean squared coherence), we notice that the co-movement
between stock and oil markets increases over scales. However, we
observe that for fluctuations with a duration of less than two weeks
(scale 3: 8–16 days), which represents the short and mid-terms, the
co-movement is weaker: the wavelet coherence values do not exceed
57%. For instance, the wavelet coherence between CAC 40 and WTI
prices at scale 2 is 32%. We can also conclude that oil market presents,
in general, a strong co-movement at long term (scale 4 and scale 5)
with other stock markets: The wavelet coherence values are more
than 70%.

The information on the delay between the oscillations of two time
series i.e. lead–lag relationship is provided by phase difference. We
calculate the mean phase for each scale (see Fig. 3). As it can be
shown in Fig. 3, for the phase difference between S&P/TSX stock and
WTI stock phases vary from [0, π/2] for all scales. This means that the
WTI market leads the S&P/TSX market and the WTI prices are in
phase. For the phase difference between FTSE 100–WTI market pairs
and DAX–WTI market pairs (from scale 2 to scale 5), it has been found
that WTI prices are in-phase or leading FTSE 100 and DAX prices at
low frequencies (mid and long term), whereas for higher frequencies
(short term: scale 1), it has been found that FTSE 100–WTI market
pairs and DAX–WTI market pairs are out of phase. For the Nikkei 225–
WTI market pairs, we found that WTI market leads in all scales except
in scale 3 the Nikkei 225market leading theWTI one. We also conclude
that at scale 1 (short term) the FTSE MIB, DAX and FTSE 100 stock
markets lead the WTI one.

In summary, we find evidence of mean spillovers between WTI oil
market and each stock market in the G-7 countries. These linkages
appear to be less important than linkages in the volatility spillovers. How-
ever, our empirical results suggest that wavelet-based multiresolution
analysis joined with multivariate GARCH models has demonstrated its
capability to understand the multiscale nature of oil and stock market
data. According towavelet-basedGARCH–BEKKapproach,wedecompose
the spillover effect into five sub-spillovers on the five time scales used in
10 We use wavelet coherence to measure the extent to which two time series move to-
gether over time and across frequencies.
the study. We conclude that mean and volatility spillovers depend on
wavelet scales.

4.3. Hedging performance

In this section, we first consider a portfolio composed of oil and
stock market index for which we attempt to minimize the risk without
lowering expected returns. We define the optimal weight of holdings of
the two assets (oil and stock market index) at each wavelet scale by
applying the methods of Kroner and Ng (1998) and Hammoudeh et al.
(2010), which is given by:

wos;t jð Þ ¼ hs;t jð Þ−hos;t jð Þ
ho;t jð Þ−2hos;t jð Þ þ hs;t jð Þ ð24Þ

and

wos;t jð Þ ¼
0; if wos;t jð Þb0
wos;t jð Þ; if 0≤wos;t jð Þ≤1
1; if wos;t jð ÞN1

8<
: ð25Þ

where wos,t( j) is the weight of oil in one-dollar two-assets portfolio at
time t and at wavelet scale j, hos,t( j) is the conditional covariance
between oil and stock market prices at time t and at wavelet scale j
and ho,t( j) and hs,t( j) are the conditional variances at time t andwavelet
scale j for oil and stockmarket prices respectively. The optimalweight of
the stock market index is equal to 1 − wos,t( j).

The average values of the optimal portfolioweightswos,t(j) for theG-7
countries and computed from theGARCH(1,1)–BEKKmodel are reported
in column 2 in Supplementary Table 11. As shown in optimal portfolio
weight values,we remark that at all scales (scale 1 to scale 5), the average
portfolio weights are high and vary from 91% to 99%. For instance, the
average value of wso,t(5) of a portfolio composed of S&P 500 stock
index and WTI computed from the GARCH(1,1)–BEKK is 92% implying
that investors (long term traders in this case because this value corre-
sponds to scale 5) should have more oil (WTI) than S&P 500 stock
index in their portfolio in order to minimize the risk without lowering
expected returns. Overall, our results of higher optimal portfolio weights
suggest that investors (short term, midterm and long term traders)
should have more oil (WTI) than stock index (stock indices of the G-7
countries) in their portfolios tominimize risk without lowering expected
returns.

Second, we focus on computing the risk minimizing hedge ratios
using the GARCH(1,1)–BEKK model and based on the Kroner and
Sultan'smethods. Kroner and Sultan (1993) show that the risk of a port-
folio of two assets (oil and stockmarket index in our study) isminimal if
a long position of one dollar in the oil market can be hedged by a short
position of βos,t⁎( j) dollars in the stock market index, that is:

β�
os;t jð Þ ¼ hos;t jð Þ

hs;t jð Þ ð26Þ

whereβos,t⁎( j) is the riskminimizing hedge ratio for oil and stockmarket
prices, hos,t( j) is the conditional covariance between oil and stock
market prices at time t and atwavelet scale j and hs,t(j) is the conditional
variance of stock market index.

The average values of the hedge ratios computed from the results of
the GARCH(1,1)–BEKKmodel are reported in column 3 and column 5 of
Supplementary Table 11. As shown in Supplementary Table 11 and
Fig. 4, the wavelet hedge ratios are low in general for all portfolios
indicating that hedging effectiveness involving oil and stock markets
in the G-7 countries is quite good. Based on the GARCH(1,1)–BEKK
model, we also remark that at scale 1 the lowest average wavelet
hedge ratio value is of the S&P 500–WTI portfolio, followed by NIKKEI
225–WTI portfolio, FTSE MIB–WTI portfolio, FTSE 100–WTI portfolio,
DAX–WTI portfolio, CAC 40–WTI portfolio and S&P/TSX–WTI portfolio.
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Fig. 3.Wavelet phase difference between the oil market and stock markets.
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At scale 2 (corresponds to short term traders), we remark that the
NIKKEI 225–WTI portfolio has the lowest average wavelet hedge ratio
value, followed by FTSE MIB–WTI portfolio, FTSE 100–WTI portfolio,
DAX–WTI portfolio, CAC 40–WTI portfolio, S&P/TSX–WTI portfolio and
S&P/TSX–WTI portfolio which has the highest hedge ratio average
value. According to these findings, we suggest that short term traders
(risk lover traders) can invest in the portfolio which depicts minimum
hedge ratio value, that is the S&P 500–WTI portfolio (the hedge ratio
is equal to −0.27%) for 2–4 days period and they can invest in NIKKEI
225–WTI portfolio (the hedge ratio is equal to 0.049%) for 4–8 days
period. At scale 5 (corresponds to long term horizon), the results
show that the lowest wavelet hedge ratio value is of S&P 500–WTI
portfolio, followed by CAC 40–WTI portfolio, NIKKEI 225–WTI portfolio,
FTSE 100–WTI portfolio, FTSE MIB–WTI portfolio, DAX–WTI portfolio
and finally the S&P/TSX–WTI portfolio. Moreover, the results show
that at scale 4 (corresponds to long term horizon) the DAX–WTI portfo-
lio depicts the lowest average wavelet hedge ratio value and the S&P
500–WTI portfolio the highest one. As a consequence, we can say that
long term traders or fundamentals (risk aversion traders) can invest in
S&P 500–WTI portfolio at 32–64 days period, approximately one up to
two months and also one trader can invest in DAX–WTI portfolio at a
16–32 days period, approximately two weeks up to one month.
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Fig. 4. Optimal hedge ratios βos,t
⁎(j) over scales based on GARCH–BEKK model.
Overall, our results based on wavelet hedge ratio provide important
and useful information for risk management and for optimal portfolio
allocation decisions, which is the important objective of financial
market participants, that is to understand the risk over time and across
scales in order to make their strategy decisions.
5. Conclusion

This paper investigates the spillover effects of volatility and shocks
between oil prices and the G-7 stock markets using multivariate
GARCH models and wavelet analysis. The data set consists of daily oil
and stock (G-7 stock market indices) prices, i.e. wavelet details of oil
and stock prices. The main objective of this work was to examine the
mean and volatility spillover effects at different time horizons. Hence,
we combine a GARCH(1,1)–BEKK model and wavelet multiresolution
analysis to study this phenomenon. A bivariate GARCH(1,1)–BEKK
model was joined withMODWT filter to capture a broad range of possi-
ble spillover effects inmean and variances of level prices at various time
horizons, i.e. wavelet-based GARCH–BEKK approach.

Generally, empirical results provide strong evidence of time-varying
volatility in all markets under study. However, our proposed approach
show that oil price and stock market prices are directly affected by
their own news and volatilities and indirectly affected by the volatilities
of other prices and wavelet scale. The results show also, that mean and
volatility spillover effects were decomposed into many sub-spillovers
on different time scales according to heterogeneous investors and
market participants.

Moreover, in order to take optimal portfolio allocation decisions
according to the behaviors of different groups of investors and market
traders we compute the hedging ratios at different time horizons.
Results show that hedging ratios and optimalweights vary across scales.
According to optimal weights we remark that investors and financial
market participants should hold less stocks than crude oil. This may be
due to the fact that stock prices of the G-7 markets are more volatile
than WTI oil prices.

We summarize our results as follows: the oil and stock market
volatilities are affected by their own volatilities (risks) at each wavelet
scale and the spillover effect was decomposed into many sub-spillovers.
Furthermore, hedging ratios vary across scales.

The proposed wavelet-based multivariate GARCH models allows us
to analyze the volatility spillover effects at different scales using level
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time series and to capture the multiscale behavior of WTI oil and stock
market (G-7 stock market indices) prices and the hedging ratios.
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