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Résume

Dans le cadre de I'approche probabi-
liste des théories quantiques des champs,
en dimension 2 et dans le cadre Eucli-
dien, on s’intéresse a des modeéles présen-
tant certaines propriétés d’'invariance par
transformations conformes.

Les théories conformes des champs
(CFT) de Toda sont des modeles dans
lesquels le champ sous-jacent est a va-
leurs vectorielles, et généralisent la théo-
rie de Liouville. Les modeles de Toda sont
censés présenter, en plus de I'invariance
conforme, un plus haut niveau de symé-
trie, encodée par les algebres W. Dans
cette thése nous nous intéressons au cas
ol le champ est défini sur une surface de
Riemann (compacte, connexe) a bord.

Un premier apport de cette thése est
la construction des modeéles de Toda
sur les surfaces hyperboliques avec ou
sans bords (généralisant la construction
de Cerclé-Rhodes-Vargas sur la sphere),
grace a des outils probabilistes. La pré-
sence d’'une frontiére entraine ici des phé-
nomenes nouveaux par rapport a la CFT
de Liouville : différentes conditions au
bord sont possibles pour le champ sous-
jacent, en lien avec la structure du groupe
d’automorphisme de I'algebre de Lie cible.
Nous explorons ces différentes construc-
tions et identifions dans différents cas I'al-
gebre de symétrie des modeles proposés,
au sens des algebres de vertex.

Dans une seconde partie, nous spécia-
lisons I'étude au cas le plus simple de
CFT de Toda apres Liouville, c’est-a-dire
quand le champ est a valeurs dans I'al-
gebre s(3C. Nous étudions ce modele sur
le demi-plan complexe. Dans ce cadre,
nous établissons la présence de symétries
augmentées sous la forme d’identités de
Ward au bord, ce qui était jusqu’alors in-
connu en Physique. Ce résultat passe par
la définition rigoureuse des descendants
associés a l’algebre W sur le bord, a I'aide
d’'une procédure de régularisation et d’ou-
tils probabilistes. Nous étudions ensuite
'existence de vecteurs singuliers dans le
modele, et découvrons la présence de vec-
teurs singuliers non nuls au bord jusqu’au
niveau 3, ce qui est également un phéno-
mene nouveau par rapport a la littérature
existante. Ces propriétés permettent d’éta-
blir de nouvelles équations différentielles
hypergéométriques de type BPZ, pour cer-
taines fonctions de corrélations de la théo-
rie, a savoir le corrélateur bulk/boundary
et la fonction a trois points au bord.

Ces travaux ouvrent la voie au calcul de
ces fonctions de corrélation, étape clé de
I'implémentation du bootstrap conforme
pour les théories de Toda. Ils mettent par
ailleurs en évidence des phénomenes nou-
veaux dans’étude des théories conformes
des champs en dimension deux en pré-
sence d'une frontiere.

Mots clés : théories conformes des champs, théories de Toda, surfaces de Riemann
a bord, champ libre Gaussien, chaos multiplicatif Gaussien, algébres W.



Abstract

In the framework of the probabilistic ap-
proach to quantum field theories, in di-
mension 2 and in the Euclidean setting,
we are interested in models exhibiting cer-
tain invariance properties under confor-
mal transformations.

Toda conformal field theories (CFTs) are
models in which the underlying field takes
values in a vector space and generalize Li-
ouville theory. Toda models are expected
to exhibit, in addition to conformal invari-
ance, a higher level of symmetry encoded
by W-algebras. In this thesis, we focus
on the case where the field is defined on
a (compact, connected) Riemann surface
with boundary.

A first contribution of this thesis is the
construction of Toda models on hyper-
bolic surfaces, with or without boundary
(generalizing the construction by Cerclé-
Rhodes-Vargas on the sphere), using prob-
abilistic tools. The presence of a boundary
gives rise to new phenomena compared to
Liouville CFT: different boundary condi-
tions are possible for the underlying field,
depending on the structure of the auto-
morphism group of the target Lie algebra.
We explore these different constructions
and identify, in various cases, the symme-
try algebra of the proposed models, in the
sense of vertex algebras.

In a second part, we specialize the study
to the simplest Toda CFT after Liouville,
that is, when the field takes values in the
algebra sl3C. We study this model on the
complex half-plane. In this context, we es-
tablish the presence of enhanced symme-
tries in the form of boundary Ward iden-
tities, which was previously unknown in
Physics. This result relies on the rigorous
definition of descendants associated with
the W-algebra on the boundary, using a
regularization procedure and probabilis-
tic tools. We then study the existence of
singular vectors in the model and discover
the presence of nonzero singular vectors
on the boundary up to level 3, which is
also a new phenomenon compared to the
existing literature. These properties al-
low us to derive new hypergeometric dif-
ferential equations of BPZ type for cer-
tain correlation functions of the theory,
namely the bulk/boundary correlator and
the boundary three-point function.

These results pave the way for the com-
putation of these correlation functions,
a key step in the implementation of the
conformal bootstrap for Toda theories.
They also highlight new phenomena in
the study of two-dimensional conformal
field theories in the presence of a bound-

ary.

Keywords: conformal field theories, Toda theories, Riemann surfaces with boundary;,
Gaussian free field, Gaussian multiplicative chaos, W-algebras.
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1.1 Two-dimensional Conformal Field Theory

This thesis lies in the framework of the probabilistic formulation of two-dimensional
Conformal Quantum Field Theory (CFT hereafter), and is interested with the math-
ematical study of enhanced symmetries within this context. In the first part of this
introduction we will try to shed light on some aspects of these notions. We keep the
discussion at a very informal level and certainly do not try to provide the reader with a
comprehensive treatment of the Physics of CFT.

1.1.1 Conformal symmetry in two dimensions

The notion of symmetry in Physics has carried quite different meanings and experi-
mented different formulations through the ages. Nowadays, in our context, symmetry

12



1 Introduction - 1.1 Two-dimensional Conformal Field Theory

refers to a form of invariance of a physical system with local interactions under certain
transformations. These transformations are often encoded in an algebraic structure.
A famous example is gauge symmetry, that expresses invariance under a local group
action, and that among many other things underlies the classification of elementary
particles, the so-called standard model.

One other natural notion of symmetry is scale invariance, that is invariance of
a system under dilations g — kg where g is the metric and k a constant positive
coefficient. This phenomenon can happen for a physical system only at certain
particular configurations (possibly depending on external parameters), where the
relevant characteristic length scales at which the interactions occur are either 0 or
infinite. This is the case for example for models of Statistical Physics at criticality, when
a phase transition of order two or higher! is observed (e.g. the Ising or Potts models).
In addition to global scale invariance, it is natural to expect in these cases a form of
invariance under local dilations, i.e. when the scaling coefficient k is a function of the
position. If so, one has to ensure that the metric g scales accordingly, thus allowing
only local dilations that preserve angles. This is conformal invariance.

This notion of conformal invariance appears not only in critical Statistical Physics,
but also e.g. in the Quantum Physics of strong interactions (Quantum Chromo-
Dynamics), and in string theory, as in the latter it is tantamount to the invariance
under reparametrization of the string’s world-sheet.

Identifying the symmetries of a model amounts to finding constraints on the model,
with the hope that these constraints allow one to solve the model (at least partially),
which for us will mean basically to describe the correlation functions between observ-
ables?, evaluated at different points of the manifold on which the model is defined.
The conformal symmetry is encoded in an algebraic structure, called the confor-
mal group. In d = 3 dimensions, this group is finite-dimensional, of dimension
%(d +1)(d + 2). Due to this fact, in general the constraints brought about by the con-
formal symmetry are not enough to solve the models. In dimension two however, the
conformal group is enriched with what are called local conformal transformations,
that are nothing but locally analytic functions®, making of this group an infinite-
dimensional one. The conformal symmetry is then encoded in the so-called Witt
algebra, a infinite-dimensional Lie algebra, whose generators are the modes of the
infinitesimal conformal transformations. When considering a quantum conformal
theory, i.e. when promoting the observables to self-adjoint operators on some Hilbert
space, the symmetry algebra becomes the unique non-trivial central extension of the
Witt algebra: the Virasoro algebra. Before defining this object of central importance
let us explain briefly what we mean by the symmetry algebra of a model. A symmetry
algebra is, at first glance, any algebraic structure encoding some conservation laws.

1. “Order two or higher" means that at least the first derivative of the free energy is continuous
across the phase transition threshold.

2. By observable we mean a certain functional of the physical variables of the model. In a field
theory, these are functionals of the field.

3. These are holomorphic maps from (part of) the manifold —which is a Riemann surface— onto
itself, but that may not be defined everywhere.

13



1 Introduction - 1.1 Two-dimensional Conformal Field Theory

The model, which is a given set of observables, realizes the symmetry algebra in the
sense that it carries a representation of the latter: the symmetry algebra acts on the
observables in a certain way. It is important to distinguish properties that are model-
dependent (e.g. higher equations of motion, see below), from those that derive directly
from the structure of the symmetry algebra (as the Ward identities). The Virasoro
algebra, that encodes the conformal symmetry in two dimensions, is defined by its
generators L, n € Z, its central element ¢ and the commutation relations

c
Ly, Lyl =(m—n)Lyp + E(m?’ —m)Omino and [Ly,c]=0 (1.1)

for all m,n € Z. The operators L_;, Ly, L; are the generators of global conformal
transformations. The image of c in a representation of the Virasoro algebra is a real
number called the central charge of the Conformal Field Theory under consideration.
The Virasoro operators L, can be seen as the modes of (the holomorphic part of) the
stress-energy tensor?, denoted T :

T(z)= Y Lpz ™2 (1.2)

meZ
The commutation relation (1.1) then takes the form of the Operator Product Expansion

cl2 N 2T(w) 0T (w)
(z—w)* (z—w)? (z—w)

T(2)T(w) = +reg. (1.3)
which is a priori a relation between formal power series, but that can be given a
mathematical sense, see Subsection 1.2.2.1.

Due to this rich algebraic structure, in two dimensions, physical systems enjoying
conformal symmetry are highly constrained, and this particular feature makes them all
the more interesting to study because they provide examples of fully solvable models.

1.1.2 The conformal bootstrap formalism

In 1984, Belavin, Polyakov and Zamolodchikov (BPZ in the sequel) published a sem-
inal paper [12] in which they described a novel method for solving two-dimensional
CFTs>, based on purely algebraic considerations. At the heart of this method is the
Operator Product Expansion hypothesis, that postulates that every product of local
quantum operators can be expressed as a linear combination of basic local operators.
The bootstrap assumption is the associativity of such products, thus allowing one to
compute all the correlation functions of quantum operators of a model with the only
knowledge of a few basic correlation functions named structure constants, together
with some extra data called the spectrum of the theory, and some universal® special

4. This terminology comes from the fact that when ¢ = 0, T(z) transforms as a (2,0)-tensor under
coordinate changes.

5. In fact, the conformal bootstrap method can be generalized to other dimensions.

6. Universal means here that the conformal blocks depend only on the algebra of symmetry.
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1 Introduction - 1.1 Two-dimensional Conformal Field Theory

functions named conformal blocks. In practice, one focuses on correlation functions
of a particular subset of these local operators, called primary fields. The latter are
characterized by the conditions

L,06=0 forall n>0 and LoyC=A0 (1.4)

where A € R is called the conformal weight of the primary field &. All correlation
functions can then be recovered by letting the negative Virasoro modes act on these
primary fields.

The form of the structure constants is fixed by conformal invariance. On the sphere,
the structure constants are the correlation functions of three primary fields, that we
can choose to take at particular points:

(01(0)02(1)03(00)). (1.5)

On the disk (or equivalently the complex upper half-plane), the structure constants
are the boundary three-point functions

(%1(0) B2(1) B3 (+00)) (1.6)
and the bulk-boundary correlators
(%B0)0(1)). 1.7

The bootstrap approach has proven to be particularly efficient when the number of
these primary fields is finite: these models are called minimal and were successfully
solved by BPZ using the bootstrap formalism (for example, in the critical Ising model,
the primary fields are the spin and the energy density). In these cases the knowledge
of the Virasoro algebra and its representation theory (together with a few general CFT
axioms) allow one to entirely solve the models. Other examples of solvable models
were successively found by generalizing the Virasoro minimal models in the following
years (see below), and since 1984 and BPZ'’s breakthrough, two-dimensional CFT have
been a particularly active field of research in Mathematical Physics. For an in-depth
treatment of the topic, we refer to the “Big Yellow Book" [44].

1.1.3 Liouville Conformal Field Theory

Liouville Conformal Field Theory, introduced by Polyakov [78], is the first example
of a non-compact (i.e. with a continuum of primary fields) CFT that have been solved
in Physics using the bootstrap formalism of BPZ (relying on the Virasoro algebra).
Liouville theory is central in the probabilistic approach to CFT. But before diving into
the definition of Liouville CFT, it is worth saying a few words about the Lagrangian
formulation of Quantum Field Theory, the so-called path integrals.

In a classical Field Theory, the equations of motion are obtained by searching for
the minimizer of an action functional, that is itself the integral of a Lagrangian density
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1 Introduction - 1.1 Two-dimensional Conformal Field Theory

(or just Lagrangian). The Physics are then described by this minimizer. There is
an important distinction between the Lorentzian and Euclidean formulations. The
Lorentzian case corresponds to the physically relevant Minkowsky space-time setting,
and features hyperbolic equations of motion. The Euclidean case, although less
natural from a physical point of view, is often simpler to handle mathematically, which
is partly due to the fact that the Euclidean signature of space-time makes the models
feature elliptic equations of motion (the time being treated as a spatial variable). Both
formulations are related by the Wick rotation t — —ir.

In Quantum Field Theory, the Physics are described by a probability measure over
the space of all possible paths (hence the name path integral), which is given by the
exponential of a quantized action functional, the latter still being the integral of a
Lagrangian, constructed from the classical one by introducing a coupling constant
encoding the level of randomness. The field thus defined is random, and fluctuates
around the classical solution of the equations of motion. When the coupling constant
is taken to 0, one recovers the classical Physics (this is the (semi-)classical limit). The
same distinction exists between Lorentzian and Euclidean QFTs as in the classical
setting, although the relation between them is way less clear, as in addition to the
Wick rotation it requires analytic continuation of the correlation functions (see e.g.
[92, Chapter 3] and [73, 74]). In the Lorentzian setting the path integrals are oscillatory
and often ill-defined even from a physical perspective, while in the Euclidean case
they feature exponential decay with respect to the action, allowing one to make sense
of them as statistical quantities.

The classical Liouville theory is formulated in the Euclidean setting, and is con-
cerned with the problem of finding a metric with constant negative curvature in a
given conformal class of metrics. It is of importance as well in Mathematics, where it
is known as the uniformization problem, as in Physics where it appears in the realm of
two-dimensional gravity coupled with matter fields. On the sphere $?, the Liouville
equation reads

—2Ag®+ Rg +2Ae*® = 0. (1.8)

Here Ag is the Laplacian (Laplace-Beltrami operator) in the metric g, and Ry is the
Ricci scalar curvature, while A > 0 is a constant. Solving this equation amounts
to finding a metric g’ = ¢*®g conformally equivalent to the background metric g of
constant curvature —2A. The weak formulation of this problem is to find the minimizer
of the classical Liouville action:

1

! _ 2 2

S¢ “(¢,g)—EL2(|Vg¢|g+Rg¢+Ae ‘P)dvg. (1.9)
Note that on the sphere this action admits no minimizer because of the Gauss-Bonnet

theorem. A way to overcome this issue is to assume that ® has (conical) singularities.
The quantization of the action (1.9) leads to Liouville CFT. We introduce the coupling
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constant y > 0 and the background charge Q = = + %, and set

2

Y
1

SL(p, 8) = Efgz(|Vg(/)|z+QRg(,b+Aey¢)dvg. (1.10)

The Liouville field is then the random field whose law is given on a suitable space of
functionals & by the Euclidean path integral

(F@)p,g= é fg F(g)e 518D, (1.11)

where Z is a normalizing factor called partition function, and where the infinitesimal
element Dg¢ stands for a theoretical uniform measure on the space & (which mathe-
matically doesn't exist as such, of course). The Euclidean path integral formalism is
reminiscent of the Gibbs measures in Statistical Mechanics: the Lagrangian density
becoming the Hamiltonian of Statistical Physics, and the path integral being traduced
by the sum over all possible configurations of the field.

The Quantum Conformal Liouville theory is a central model in random geometry as
it describes a “typical” negatively curved random surface, but also in string theory as
the CFT of the world-sheet, in two-dimensional quantum gravity, and several other
topics. From the conformal bootstrap point of view, the situation is much more
complicated than in the case of minimal models. Indeed, Liouville CFT counts an
infinite number of primary fields, named Vertex Operators, indexed by a parameter
a’, formally defined by®

Vy(z) = e%®3 (1.12)

where z is a point of the surface on which the model is defined, called an insertion.
The goal is then to compute correlation functions of Vertex Operators:

(Va, (21)... Vay (2n)) L g (1.13)

where zy, ..., z)y are distinct insertions. It is important to stress that unlike the minimal
models, Liouville theory is not completely fixed by Virasoro symmetry, although the
latter is still of crucial importance in the model. One needs extra input, stemming
from the analysis of the path integral, to solve the theory.

The first step in the conformal bootstrap procedure, that is the computation of
the structure constants of Liouville theory, the celebrated DOZZ formula, has been
conducted in the Physics literature in [33, 102]. Let us briefly sketch here the main
concepts related to this derivation, which will allow us to introduce some of the

7. The physically relevant domain of parameters is the spectrum of the theory, that is Q + iR,
although we will see that the probabilistically defined correlation functions a priori allow us for a real.
8. The dependence in the field @ is usually omitted in the literature.
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notions that we will be interested in later. Consider the Liouville three-point function?
(Va, (21) Vi, (22) Vi (23)) - (1.14)

As already mentioned the form of this correlation function is partly fixed by confor-

mal invariance, in that the dependency in the insertions z; can be factorized out by
applying a Mobius transformation, thus writing (1.14) as

2A;;

Clay,az, a3) [[|zi—z;|""

i<j

with Apz 1= Ag, — Ag, — Ag, (and likewise for Ag and Az, Ag, = 5(Q — F) being the
conformal weights), and where C(a, a», a3) is the DOZZ structure constant. In addi-
tion to global conformal invariance, a second constraint on the correlation functions
is provided by the Operator Product Expansions of the Virasoro modes with the Vertex
Operators, which form depends only on the symmetry algebra:

=0y Ve(w) (n—1)AqVy

L_p(2)Vy(w) = - + —2)" +reg. (1.15)

Once inserted in a correlation function, this OPE becomes a Ward identity, see Sub-
section 1.2.2 and Chapter 3. In order to compute the three-point structure constant
one first considers a particular four-point function

(Var (2) Vg, (21) Vi, (22) Va3 (z3)1 (1.16)

where a* is a particular weight, called degenerate, whose value is predicted by the
representation theory of the Virasoro algebra: —% or —2. At the level of the Virasoro
algebra, a degenerate weight gives rise to what is called a singular vector, which means
that it entails a non-trivial linear relation between some of the Virasoro operators. In
our case, this singular vector becomes a null vector, which means that at the level of

the representation of the Virasoro algebra, one has

(L_2+i2L_(1’1))V_1 =0 (1.17)
’)/ 2

where L_ 1) stands for the composite operator L_; L_;. We stress that a degenerate
weight (a singular vector) does not always give rise to a null vector —unless it is
the case for Liouville theory on the sphere— in the sense that the right-hand side
of (1.17) can be not 0: the latter relation is then called a higher equation of motion, see
Subsection 1.2.3 and Chapter 4. At the level of the correlation function (1.16), the null
vector equation (1.17), together with the OPE (1.15), result in the following: the four

9. The dependency in the metric is not relevant here, since no change of metric is considered. On
the sphere one usually chooses to work in the round metric.
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point function (1.16) can be written as

Z(Alz—A 2(A13+Aa

|2 = 23174 |21 - 23] )21 - 2| Dlzg - zgPPB gy (118
where 7 is the cross-ratio of the four points z;, and " is solution of the Fuschian BPZ

equation [94]

(_i02+( 1 l)a_ Ag, _Aal Agr— A1z
Y2 (z-12 22 z(z-1)

I (2)=0. (1.19)
z—-1 =z
Careful analysis of this equation, together with Operator Product Expansions, then
allow one to derive periodicity equations for the DOZZ constant C(a;, a2, a3), that in
turn determine this quantity.

The boundary case (on the disk) was later settled in [39, 80, 57]. These major
advances led to the full implementation of the BPZ method. For more details on
the physical formulation of the conformal bootstrap in Liouville theory we refer for
instance to [95] and to the review [70].

1.1.4 Higher-spin symmetry and Toda Conformal Field
Theories

The year after the article by BPZ [12], in 1985, Zamolodchikov [103] put forward
the question of what can be said if the symmetry algebra of a model strictly contains
the Virasoro algebra —the algebra of conformal symmetry— as a sub-algebra. For
example it was pointed out in [34] that the critical three-states Potts model of Statistical
Physics does enjoy a higher level of symmetry. The algebras of symmetry encoding this
higher-spin symmetry are called W-algebras, and depend on a complex Lie algebra
g. For example the Virasoro algebra is the W-algebra associated with g = s[,C. Some
W -minimal models —models with a finite number of primary fields with respect to
the W-algebra— were studied subsequently to their introduction by Zamolodchikow.

Although we will be interested in this thesis in W-algebras, it is worth noting that
there are still other ways to enlarge the Virasoro algebra. Celebrated examples are
the (affine) Kac-Moody algebras, that encode the symmetries of Wess-Zumino-Witten
models, or superconformal algebras that rule models of supersymmetric CFT and
string theory, and several other extensions. Once again we refer to [44] for an overview
together with an in-depth treatment of some of these topics.

Although they are not Lie algebras in general, W-algebras can in principle be de-
scribed thanks to their commutation relations as in Equation (1.1). Nonetheless, the
latter rapidly become intractable as the rank of the underlying Lie algebra increases.
As an example we can write these commutation relations in the simplest (beyond
Virasoro) g = sl3C case, corresponding to Zamolodchikov’s W3 algebra. In addition
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to (1.1), one has (see [16])
(L, Whl=C2Cm—n)Win; (1.20)
Wi, Wyl = (m — n)(lis(m +n+3)Y(m+n+2)-— é(m +2)(n+2))Lyen (1.21)

16 (M= Apsr + ——m(m2 = 1)(m? — 4)8 (1.22)
22 +5¢ mEn T 360 m+1,0 '

where 3
Am= Y LyLm-n+ Y Lm-nLy- E(m +3)(m+2)L,,.
n<-2 n>-2

In the same fashion as for the Virasoro algebra, the W,, operators can be seen as the
modes of conserved holomorphic currents, but the framework of Vertex Operator
Algebras is necessary to give them a general rigorous mathematical sense, contrary to
the stress-energy tensor of conformal symmetry (that has a geometrical interpretation,
see Subsection 1.2.2.1).

Toda Conformal Field Theories are natural generalizations of Liouville theory en-
joying the higher level of symmetry encoded in W-algebras. Let us describe now
how they are defined. Given a simple complex Lie algebra g, its Cartan sub-algebra
is the maximal sub-algebra h made of semi-simple elements'°. The Lie algebra g
can be written using its split real form gr as g = gr +igr, and this descends to the
Cartan sub-algebra § in the sense that there exists a real vector space a, unique up to
isomorphism, such that ) = a +ia. a is the split real form of the Cartan sub-algebra of
g. The Euclidean space obtained by equipping a with a particular scalar product, that
is proportional to the restriction of the Killing form to g, is the target space of the field
in Toda CFTs. Liouville theory can be recovered in this context by choosing g = s[>C,
thus having a = R (in general a is isomorphic to R” where r is the rank of g). The Toda
action functional is given, on a Riemann surface Z (without boundary), by

1 r |
S(¢p, 8 = —f (|vg<p|2 +Rg(Q, ) + ZA,-eWev"”)dug (1.23)
am Jx g i=1

where e; are a special basis of vectors called the simple roots of the Lie algebra g,
and (-, ) is the scalar product on a inherited from the Killing form. Q is the vectorial
background charge Q =yp + % p" with p the Weyl vector, and p" the co-Weyl vector.
For precise definitions we refer to Subsection 2.2.2. As in the Liouville case, the Toda
field ® is then described by a path integral on a space of functionals %:

(F(®@))g = é fg F(@)e S8 D, ¢ (1.24)

and the Vertex Operators, depending on vectorial weights, are of the form

Vy(z) = @) (1.25)

10. For h € b, ad(h) is diagonalizable.
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Toda CFTs are interesting in their own because they provide examples of concrete
models where the W-symmetry can be studied, and also because they share links with
many other theories, such as Wess-Zumino-Witten models, some Statistical Physics
models (Ising and Potts) and through the extended AGT correspondence. The latter,
discovered in [1], bridges the gap between Liouville theory and four-dimensional
gauge theories. This correspondence has been extended to certain Toda theories
in [100]. Moreover, the Toda path integral can also be seen as the quantization of
the classical Toda action, itself deriving from what is called the Toda equations. The
Toda equations are a special case of the celebrated Hitchin’s equation, that describes
harmonic maps from the universal cover of a surface into symmetric spaces. It is
expected that this picture is recovered from Toda CFTs when taking the semi-classical
limit y — 0 (see Chapter 5).

Despite their importance and the great amount of efforts to understand their be-
havior and the properties of their symmetry algebras, Toda CFTs are very far to be
fully understood. The first step in the implementation of the bootstrap procedure,
namely the computation of the structure constants, have been carried out on the
sphere by Fateev-Litvinov [40] in the case where g = s[,,C, while in the boundary case a
formula for the bulk one-point function has been proposed by Fateev-Ribault [38] and
also studied in [45]. Beyond these progresses it is not clear in which form the boot-
strap procedure would hold for Toda theories. Thus, and despite the groundbreaking
achievements of the algebraic bootstrap method in Physics, some big open questions
remain. This is the reason why it is of great importance to develop new methods in
addressing these problems, and this is how has emerged the probabilistic approach to
two-dimensional CFT, almost two decades ago !!.

1.1.5 The probabilistic approach

The path integral formulation of Euclidean Quantum Field Theory —although a
priori ill-defined from a mathematical perspective— is particularly well-suited in
certain cases to be given a rigorous probabilistic meaning. Before describing the
probabilistic interpretation of Liouville and Toda CFTs, let us start with a well-known
toy example. On the space Cg ([0,1]) of continuous functions on the unit interval that
vanish at both ends, define the formal Wiener measure

1
W(dx) = §e_s(x)dx (1.26)

with the action functional S given by

1
S(x) = %f 0,x(w)’du. (1.27)
0

11. It is worth mentioning that the notion of conformal invariance in Probability Theory was first
formulated earlier by Schramm [88], and allowed a rigorous study of the links between Statistical
Physics at criticality and Probability Theory, as put forward (yet non-rigorously) by Cardy.
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Let B be sampled according to the measure W (dx). For s and ¢ in the unit interval,
the covariance between B(s) and B(f) is given by

1

— x()x(H)W(dx). (1.28)
Z Jcdo,1)

This is a Gaussian integral with covariance kernel given by the operator L defined
by L = -2 and the boundary conditions x(0) = x(1) = 0, and hence formally the
integral (1.28) is given by L~1(s, 1), that is the Green’s function associated with L in the
sense of integral kernels. This Green’s function is easy to compute, and one finds

L (s, 0)=sAt—st (1.29)

which is the covariance of the Brownian bridge between 0 and 1. Thus, we can give a
rigorous probabilistic interpretation of the measure W (dx) as a Gaussian measure on
the space Hé ([0,1]). As we will see (Subsection 1.2.1 and Chapter 3), one can follow
the same lines to provide a rigorous interpretation of the path integrals defining the
Liouville and Toda CFTs. Indeed, the kinematic part of the Liouville action gives rise
to the formal path integral measure

1 s
—e SrF@P p 1.30
> [0) ( )

where ) )
2
== — |V .
SFF((/)) ZLZ 27T| (P| dl)g

By following the above example of the Brownian bridge, the measure (1.30) is naturally
understood as describing a centered Gaussian field, with covariance kernel given by
the inverse (in the sense of integral kernels) of the operator —%A on the sphere, which
is given by a Green’s function. This Gaussian field is called the Gaussian Free Field
(GFF). The problem is then to incorporate the interaction terms of the action (1.10)
in this picture: the covariance of the GFF being way less regular than for the Brown-
ian bridge, it requires particular care to interpret these terms. However, due to the
exponential form of these interaction terms, this task is well achieved by another
probabilistic object, the Gaussian Multiplicative Chaos (GMC).

The probabilistic formulation of Liouville CFT is due to David-Guillarmou-Kupiainen-
Rhodes-Vargas [32, 31, 51], and has led to major progress in the mathematical un-
derstanding of two-dimensional Conformal Field Theory. Firstly, on the sphere, the
DOZZ formula for the structure constants has been rigorously derived in [65], and the
conformal boostrap procedure has been implemented in [53], while the Segal’s ax-
ioms [89] were proven to be true in [54] (see Chapter 5 for more about Segal’s axioms).
In the boundary case, i.e. on the disk or upper half-plane, the structure constants of
Liouville theory were obtained in a particular case in [82, 83] using the BPZ equations
mentioned previously (see Section 1.2.3 and Chapter 4 for a probabilistic exposition of
these kind of results). In the general case, the mating-of-trees machinery introduced in
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[36] has led to the derivation of BPZ equations and to the computation of all structure
constants in [5, 6]. The methods known under the name mating-of-trees rely on
probabilistic couplings between the Liouville field and Schramm-Loewner Evolutions
(SLE), and allow one to obtain functional equations involving probability distributions.
Recently, a way to avoid the use of the mating-of-trees machinery in deriving the BPZ
equations for the boundary Liouville theory has been proposed in [24]. This is the
approach that we will follow in the second part of this thesis, in great part because it is
closer in spirit to the methods of CFT, and also because it is unclear at this stage which
form would take the SLE couplings within Toda CFTs.

Indeed, the probabilistic construction unveiled in [32] admits a generalization to
Toda theories on the sphere as defined in [30]. In the case of the Lie algebra sl3C, the
symmetries of the probabilistic model thus defined have been studied in [25] where
Ward identities (see Section 1.2.2 and Chapter 3) were proven to hold, leading to a
rigorous proof of the formula of Fateev-Litvinov [40] for the three-point structure
constants in [21, 20], although in a particular case (when one of the insertions is semi-
degenerate, see 1.2.3), the general case seeming out of reach for the time being with
the only available constraints brought about by our understanding of W-symmetry.

1.1.6 A word about Vertex Operator Algebras

As it was already mentioned above, the symmetry algebras of Toda Conformal Field
Theories —the W-algebras— can be defined in several ways, the naive one being to
use the commutation relations, that rapidly become intractable when the rank of
the underlying Lie algebra increases. The mathematical framework in which these
algebraic structures are rigorously considered is the one of Vertex Operator Algebras,
and has been introduced by Borcherds [15] and Frenkel-Lepowsky-Meurman [47].
Although the use of these concepts does not seem essential when dealing with the
Virasoro algebra —that is a Lie algebra, with simple explicit commutation relations
and a geometrical definition for its generators— it becomes crucial when considering
W -algebras. The study of the notion of W-algebra within this framework was initiated
by Feigin-Frenkel [43, 42] and subsequently by Kac-Roan-Wakimoto [63], and is nowa-
days a very active field of research. The representation theory of W-algebras has in
particular being studied in [46, 7], see [8] for an introduction.

Although the work developed in this thesis stays mainly on the probabilistic side,
and avoids (most of the time) the definition and use of the concepts of Vertex Oper-
ator Algebras, the latter is an important input to many results that we obtain, and
reciprocally it is possible to derive several direct implications of our results within this
framework.

1.2 Content of the thesis

This work initiates and furthers the mathematical study of Toda CFTs on Riemann
surfaces with boundary. As already mentioned, less is known about these theories,
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although they make apparent some key notions in the study of CFT in the presence of
a boundary. More precisely, and contrary to the Virasoro algebra, the W-symmetry
is less understood and do not allow yet to construct Toda CFTs using algebraic con-
straints. The probabilistic approach at least achieves this construction as it has already
been shown on the sphere [30], and as we shall see in this document for other surfaces,
especially with boundary. On the sphere, the probabilistic approach has proven to be
powerful in that it had led to a rigorous proof of the Fateev-Litvinov formula [40] for
the three-point function [25, 21, 20]. Unfortunately we are not able yet to implement
the full bootstrap procedure for Toda CFTs in the probabilistic setting. In the boundary
case however, a first step towards this direction can be carried out: the derivation of
the BPZ equations. As pictured before, the latter are of fundamental importance in
that they supposedly allow one to compute the structure constants of the theory. This
scheme is way less clear in Toda CFTs than in their Liouville counterpart, but there is
good hope that these BPZ equations, together with extra input from the analysis of the
probabilistic path integral, can lead to exact computations. In this thesis we preform
this first step by: 1) generalizing the construction [30] to general Riemann surfaces
with or without boundaries, this stage makes evident some key features of boundary
CFT in general, that are interesting in their own; 2) showing the validity of the Ward
identities on the boundary in the special case where the Lie algebra under consider-
ation is s(3C; 3) analyzing the representation of the Wjs algebra thus constructed to
identify singular vectors, that in turn give rise to higher equations of motion, the latter
resulting in the BPZ equations, under additional conditions.

In Chapter 2, we generalize the construction [30] to all compact hyperbolic Riemann
surfaces, with or without boundary. The hyperbolicity assumption here is just con-
venient but the same techniques apply to other surfaces, and especially the disk (or
half-plane). To this end, we introduce a framework based on vectorial Gaussian Free
Fields with different kinds of boundary conditions. In the presence of a boundary, and
unlike in Liouville CFT, different boundary conditions are possible for the field of the
theory, in relation with the structure of the outer automorphism group of the target Lie
algebra. We propose a path integral (probabilistic) formulation in the different cases.
Moreover, we show that the models thus defined enjoy the basic fundamental proper-
ties of a CFT, that are the Weyl covariance and the invariance under diffeomorphisms.
We also discuss for each configuration the symmetry algebra of the model, within the
framework of Vertex Operator Algebras. This part is based on the article [28], and is
introduced in Section 1.2.1.

The following two Chapters specialize the study to the A, (or s[3C) Toda theory on
the complex upper half-plane, with Neumann boundary conditions. In Chapter 3,
we make sense of the conserved currents T and W of the W3 symmetry algebra and
of their descendants on the boundary, building on the ideas developed in [24] for
boundary Liouville CFT. We then prove that these definitions effectively constitute a
representation of the symmetry algebra by showing the validity of the Ward identities,
both in the bulk and on the boundary. This last feature is new even compared to the
Physics literature, and in fact it was unclear that such identities would hold for the
boundary theory. For an introduction to this Chapter, see Section 1.2.2.
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Chapter 4 is dedicated to the study of the representation of the W-algebra in the
model, although we keep the exposition on the probabilistic side and do not make
use of the framework of Vertex Operator Algebras (but we keep this for future work,
see Chapter 5). By using the same techniques as in Chapter 3, together with inputs
from the representation theory of the W3 algebra, we prove the existence of singular
vectors in the theory, that provide linear constraints between descendants. We show
that in the boundary case, these singular vectors are not necessarily null vectors
but rather give rise to higher equations of motion. As a byproduct, we obtain new
hypergeometric differential (BPZ) equations for the three-point function and the
bulk-boundary correlator of the theory, paving the way for the computation of these
boundary structure constants, for which no formula is even conjectured in the Physics.
In Section 1.2.3 we introduce these results in more detail. The material in these two
Chapters is taken from the articles [26, 27]. All the articles [28, 26, 27] were co-authored
with Baptiste Cerclé.

Finally in Chapter 5 we detail some future directions of research, at different time
scales, some of them being already investigated at the time being.

1.2.1 Construction of the closed and boundary models

We sketch here the contents of Chapter 2. For precise definitions and details, we
therefore refer to Chapter 2. In this section we fix a simple finite-dimensional complex
Lie algebra g of rank r, and denote by a the real part of its Cartan sub-algebra. We
equip a with a scalar product (-, -), proportional to the restriction of the Killing form
to a, and denote by (e;)_1,., a set of simple roots. For precise definition we refer to
Subsection 2.2.2.

1.2.1.1 Toda CFTs on closed compact hyperbolic Riemann surfaces

Let X be a compact connected Riemann surface without boundary, that we suppose
of hyperbolic type (y(X) < 0). We equip X with a smooth Riemannian metric g. Our
first goal is to make sense of the path integral (1.24), and first of all, we focus on the
kinetic term in the action (1.23). Namely, we want to interpret the term

fF(¢)e‘$fz'Vg""§d”ng¢. (1.31)

Following [32], this is possible thanks to the introduction of the Gaussian Free Field
(GFF). Indeed, as in the toy example of the Brownian bridge given in Section 1.1.5, the
integral (1.31) is a Gaussian integral that describes the law of a centered Gaussian field

-1
with covariance kernel given by ( - %A g) , that we interpret in the sense of integral

kernels by the corresponding Green’s function G. The vectorial GFF X¢ is then naturally
defined by its covariance structure by setting forall u, v € aand fi, f> € H'(Z, g)

E[((”yxg%fl)Hl(Zyg)(<Ung>)f2)H1(z,g)] = <uv U) LZ Gg(xvy)fl(x)fZ(y)dUg(x)dUg(y)-
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Indeed, it is worth saying that the GFF X8 makes sense only as a generalized function
and lives almost surely in the negative Sobolev space H (X — a) (this has to be
understood component by component). We then define

fp((p)e—ﬁlevgwédvgpg(pa f]E[F(CD)]dc (1.32)

with the expectation taken with respect to the GFE and where the Toda field ® is
defined by ® = X& + ¢. This comes from the fact that the heuristic developed above is
valid only outside the kernel of the Laplacian, so that one has to take into account the
remaining zero-mode c. The integration over a is defined by

LF(C)dc:erF(;vici)Edci

where (v;) is any orthonormal basis of a. It then remains to compute the total mass
of the path integral (1.31) in order to define the normalizing factor. Following the
analogy with finite-dimensional Gaussian measures we interpret it as the (regularized)
determinant of the Laplacian

der'(—ﬁAg))‘%

Zx(Z,8) = ( o (2)
g

The properties of these determinants, and especially their behavior under a conformal
change of metric, have been studied by Polyakov [78, 79], and in the boundary case
by Alvarez [3]. This behavior is completely explicit and is crucial in order to prove the
same kind of properties for the correlation functions of Toda CFTs (see Theorem 1.2.2).

Having defined the kinetic part of the path integral, it remains to incorporate the
exponential potentials (the curvature terms are not a problem because they are well-
defined functions) in this definition. It is possible thanks to the introduction of
Gaussian Multiplicative Chaos (GMC). Namely, the exponential term e*® dv, can
be given a mathematical meaning as a random measure on Z, through a regularization
procedure (see Section 2.3.2). The theory of GMC is now well-known, and we refer e.g.
to [87, 84, 13] for more details.

We finally interpret the path integral (1.24) as the limit

(F(@))g = IM(F(@))ge, where (F(®))g,e = Zx(Z,g) f B|FO + e %0 de
€= a

(1.33)
for suitable functionals F, with the regularized Toda potential given by

1 r | L
Vg(XZ +¢) = EfRg<Q,x§+c>dvg+ZpB,ieWel'C)fe?e<yel'xf>dvg. (1.34)
> i=1 >

The field X is a suitable regularization of the GFE The convergence and the non-
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triviality of the limit are consequences of Theorem 1.2.1. We define in the same
fashion correlation functions of Vertex Operators, by taking F = Vy, (21)... Vg (2n), and
by regularizing the GFF inside the V,’s.

1.2.1.2 Boundary Toda theories

Suppose now that X has a non-empty boundary 0%, then the Toda action (1.23) has
to be modified in order to take into account the boundary effects. Namely, one has to
add boundary potentials:

1 r .
ST(‘p’g) = E\/; (ldg(plé +Rg<Q,(p) + 247[#{3,1’6()/ lv(p)) dUg

i=1

1
+§faz(kg<0,¢>+'

1

. (1.35)
2nu,-e<%"”>) dAg
=1

where A is the line element on 0% and kg the geodesic curvature, while the u; € C,
i=1,---,r are boundary cosmological constants. In the presence of a boundary one
needs to prescribe boundary conditions for the field ® of the theory. Although the
Neumann (or free) boundary conditions are the only possible choice in the case of
Liouville CFT (corresponding to the s[,C Toda theory), it is not generally the case for
other Toda CFTs, as we will now explain. It is well known that the Riemann surface
with boundary X can be “doubled" in order to form a closed Riemann surface X that
is the union of X and its mirror copy, glued along the boundary. This gluing takes
the form of an involution ¢ sending X to its double and preserving the boundary. A
smooth metric g on Z then extends to a smooth metric on the closed surface through
its pullback by the involution o. This is called the Schottky double. For example, one
can start with the complex upper half-plane, and glue it along the real line with its
mirror double to obtain the full complex plane. The involution o in this case is the
complex conjugate.

Inspired by the so-called Cardy’s doubling trick [17, Section 4] in boundary Confor-
mal Field Theory (see also [18, 19]), we may want to realize the Toda field ®: X — a
using a field @ : £ — a that lives over the closed surface 2. To do so we can set

_ 0@+ (002))
' V2

where a priori T is a linear involution of a. For example, if 7 = Id, then ® has Neumann
boundary conditions, while if T = —1Id, it has Dirichlet ones. More generally ® can be
decomposed as a sum of two fields with respectively Neumann and Dirichlet boundary
conditions. Now it is suggested in Physics (in the case of sl3C, see [38]) that not
every linear involution of a leads to boundary conditions that are compatible with the
symmetry algebra, in the sense that the invariance property of the field ® (o (z)) = 1®(z)
should lift to the conserved currents of the symmetry algebra. However, this is the case
if 7 is an outer automorphism of the underlying Lie algebra g. An outer automorphism

D(2) (1.36)
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can be seen as an automorphism of the root system of the Lie algebra, or equivalently
as a Dynkyn diagram automorphism.

In view of the above discussion we propose in Section 2.4 the following probabilistic
definition for boundary Toda CFTs. To start with fix 7 and write the orthogonal de-
composition a = ay ® ap with a) the maximal subspace of a such that 7|, =Id. Then,
for g a uniform metric of type 1 (see Subsection 2.2.1), we let X&C =X8&N 4 X8D where
X&N .3 — ay is a GFF with Neumann boundary conditions and X8P .3 »apisa
Dirichlet one. The correlation functions of the model are then defined by a limiting
procedure:

N M

(F@) [] V() [T Vg, (s1)Vg,r =
k:l lzl

2 M 2

X 0 T AL g xE e

=1 (1.37)
- (yei XEC+c) & & f;.XEC+0)

xeXp(-ZNB,ifey“ dvg—Zujf ezl d)Lg)]dc.
i=1 z j=1 0z

iy —(Qx ()0 c o Jad
lim— | e ‘&) E[F(Xg’ +c) [Je2
k=1

e—0 an

for F continuous and bounded on a suitable functional space, where dy = dim(ay)
and the (f)1<j<a, form a basis of ay (see Subsection 2.2.2.3). Here the s1,---, s; are
additional insertions for Vertex Operators on the boundary 0X.

We are now in position to state the main results of this chapter.

1.2.1.3 Statements of the main results

Let (2, g) be a smooth, connected, compact Riemannian surface with (possibly
empty) boundary 0%, and assume that y(Z) < 0. We also fix g a complex simple Lie
algebra as well as 7 an automorphism of the associated root system %, with 7 = 1d
if 0 = @. We further consider z,---,zy in 2 and s;1,---,s; on 0%, all distinct, and

al)"')aN)ﬂl)"')ﬁMina-

Existence of the correlation functions Our first result is a necessary and suffi-
cient condition, the Seiberg bounds, ensuring that the correlation functions defined
by Equation (1.37), are well-defined and non-trivial (i.e. are finite and non-zero):

Theorem 1.2.1. For F bounded and continuous over H' (X — a,g), the correlation
function (F(®) H],yzl Vi, (2k) ]'[?i 1 VB ($1)) g,¢ exists and is non-trivial if and only if for
i=1,---,r:

N M ﬁl
O ak+ ). > -Qx(®),w})>0;

k=1 =1
(ax—Q,e;)<0 forallk=1,..,N and {(f;—Q,e;)<0 foralll=1,..., M.

(1.38)

Here the w form the basis of a dual to that of the simple roots e;. These Seiberg
bounds are the same as in the case of the sphere [30, Theorem 1.1].

28



1 Introduction — 1.2 Content of the thesis

Conformal and diffeomorphism invariance In addition to the existence of
the correlation functions we would like to show that they satisfy basic assumptions
related to conformal symmetry. However when 7 # Id this might no longer be the case
since some of the f; no longer have same norm as the e;: as such general conformal
invariance is broken. To overcome this issue we need to assume that the GMC terms
e<§ £ X8 dAg do not appear in the path integral, which means taking p; = 0 for j such
that | fi |2 # 2. We refer to Subsection 2.4.3.2 for a more detailed discussion. Under this
additional assumption we show a Weyl anomaly under a conformal change of metric,
and diffeomorphism invariance:

Theorem 1.2.2. In the setting of Theorem 1.2.1, assume that, fort # Id, u; = 0 for j
such that |f] |2 # 2. Then for any g' = €% g in the conformal class of g

N M Q N M
(F@) [] Var @0 [T Vg, (s0)gr,r = (F(@ - > [T Ve 2o [T Ve, (s1)) g, x (1.39)
k=1 1=1 k=1 1=1

ﬁ e—Aak(P(Xk) ﬁe_%Aﬁl(p(Sl) eXp (Llle (f (|V (p|2 +2R (p)dv +4f k (Pd/l ))

In the above the conformal weights are given by Ay = (5,Q — 5). Besides, ify : X — X is
an orientation-preserving diffeomorphism sending the boundary to itself:

N M N M
(F@) [ Var (i) [T Vg, sy g,r = (F@ o) [ Ve, W) [] Vi, W (s0))) g,z (1.40)
k=1 =1 k=1 =1

Remark 1.2.3. The Weyl anomaly (1.39) allows one to identify the central charge of the
theory which is equal toc =r + 6/Q%, in agreement with the sphere case [30].

Implications on the symmetry algebra The construction of the field of the
theory has in turn some consequences on the symmetry algebra of the latter: as
mentioned above these are W-algebras, Vertex Operator Algebras (VOAs) containing
the Virasoro algebra as a sub-algebra. Indeed, by construction and in view of Equa-
tion (1.36), the underlying field of boundary Toda CFT satisfies ®(0(z)) = 1®(z) (where
o is the doubling involution): this form of invariance actually lifts to the symmetry
algebra of our model. Namely we prove in Subsection 2.4.4 (see this subsection for
an introduction to the formalism of VOAs in this context, and Proposition 2.4.14 for a
more precise statement) the following:

Proposition 1.2.4. Assume that g = sl,C. Then there exist currents W) [W] of spins
$; =2,--+,n, such that for generic values of y:
— the W -algebra associated to g is generated using the modes of the WO Do<icns
— fort € Out(®) non-trivial we have W [t¥] = (=1)' WO [y],

We actually have a more general statement for any g. The fact that boundary Toda
CFTs satisfy such a property, which in view of Equation (1.36) synthetically takes the
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form W = (-=1)! W% was postulated in the sl3C case and in the conformal bootstrap
setting in [38]. In this respect our definition generalizes this feature to general g and 7
and provides a concrete, path integral and probabilistic, realization of this property.

1.2.2 Ward identities

In this subsection we specialize the analysis to the Toda CFT defined on the complex
upper half-plane H, with underlying root system A, (or equivalently the Lie algebra
5l3C). We also specify Neumann boundary conditions for the Toda field @, in the sense
of Subsection 1.2.1 or Chapter 2.

Local Ward identities associated with the Virasoro algebra (or equivalently the stress-
energy tensor T) encode the local conformal symmetry enjoyed by the correlation
functions. The same kind of identities for the W-algebra play the same role regarding
the higher-spin symmetry. Thus, in the case of the A, boundary Toda theory that we
consider here, in order to make explicit the symmetries enjoyed by the model, one
needs to work out Ward identities associated not only with conformal invariance but
also with higher-spin symmetry, both in the bulk and on the boundary. It is worth
recalling at this point that unlike the Virasoro algebra, W-algebras are not Lie algebras
and the formalism of Vertex Operator Algebras is thus necessary to make sense of this
notion. As such, the study of the symmetries enjoyed by Toda CFTs is more involved
than its counterpart in Liouville theory and relies on additional tools related, among
other things, to the representation theory of W-algebras. Actually, it was far from clear
in the Physics literature that the model we consider here has the desired symmetries
(in the sense of the Ward identities). We show in Chapter 3 that it is indeed the case.

The correlation functions of Vertex Operators are defined by considering distinct
bulk insertions (zi,---, zx) € HY and distinct boundary insertions (sy,--, sy) € RM
(here R is viewed as the boundary of H) with respective weights (a;,---,ay) and
(B1,---, Bum)- They formally take the form

N M 1 N o Moo
(I Var =) [ Vg, sy = Ef [T e == I ePr@(sn),
k=1 I=1 F k=1 I=1

Computing such correlation functions is one of the main goals in the study of Toda
CFTs. In order to derive such expressions, one relies on the symmetries of the theory
which are encoded here by the W3 algebra. In the model, this W3 algebra manifests
itself via the existence of two holomorphic currents, the stress-energy tensor T associ-
ated to conformal invariance and the higher-spin current W that encodes the higher
level of symmetry. At the (Vertex Operator) algebraic level, these currents admit the
formal Laurent series expansion

T(2)=) z " %L, and W(@) =) z "W,

ne”Z neZ

where the modes (L;, W) », mez satisfy the commutation relations of the W5 algebra.
One key property of these currents is their Operator Product Expansions with Vertex
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Operators, which are assumed to take the form:

AqgVo(z2) L_1Vy(2)
+

T(zp) Va(2) = Go—22 20—z

reg. (1.41)

and
w(a)Vy(z) W_1Vy(2) N W_,V,(2) N

(20—23 (20— 2)? Z0— 2
where the W_; V (z) and L_; V,,(2) are the descendant fields associated to V, while A,
is the conformal weight and w(a) € C is called the quantum number associated to
W. When inserted within correlation functions these Operator Product Expansions
becomes local Ward identities. Let us sketch here the method that we develop in
Chapter 3 to prove such results.

Wi(z0) Vi (2) =

reg. (1.42)

1.2.2.1 Descendant fields and currents

The first step in the derivation of the Ward identities is to give a rigorous definition
of the currents T and W and of the descendants of the primary fields L_, V,,(z) and
W_,, V,(2). The currents have explicit expressions as polynomials in the derivatives of
the Toda field @, namely

T(2)[®] = (Q,0°P(2)) — (0D(2), 0D (2)); (1.43)

W(2)[®] = g*hy(0°D(2)) — 2 B(0*D(2),00(2)) — 8C (0D (2),00(2),0P(2)).  (1.44)

Here z stands for a bulk point inside H, in which case the derivative 0 has to be
understood as a complex (Wirtinger) derivative, or for a boundary insertion on R,
in which case the complex derivative is replaced by the usual (real) derivative. Here
the h; are particular vectorsand g =y + % All the quantities appearing in the above
formulas are defined in Subsection 3.1.1.3. The expression for the stress-energy tensor
T can be recovered from its geometrical interpretation. Indeed, formally one has

(T(20) Va(2)) g x %(Va(-z»g (1.45)
which means that the insertion of the stress-energy tensor inside a correlation is
tantamount to an infinitesimal variation of the metric around the insertion point.
This fact allows one to recover Equation (1.43), see e.g. [71] for more details. There is
no such geometrical interpretation at the time being for the higher-spin current W,
although some effort has been made in this direction (see for example [48]). Instead,
we find the defining expression (1.44) by means of a Miura transform [41]. Let us stress
that the Miura transform allows one to recover the expression (1.43) too, although it
seems less natural than the above geometrical interpretation.

By formally Taylor-expanding the field @ in these expressions around singularities
we also deduce similar explicit formulas for the descendant fields, and thus reduce the
problem of defining all these quantities to the one of giving a meaning to correlation
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functions of the form

N M
(FIOIVE() [ ] Var (@) [T Ve, (50)5,e,0
k=1 =1

where F[®] is a polynomial in the derivatives of ® evaluated at . Here p stands for the
regularization of the field and §, € are extra regularization parameters, as pictured on
Figure 1.1.

£
—>
l/ . \l |/ . \l
\\ zl // H5€ \\ Z2 //
ffffffffffffffffffffffffffffffffffffffffffffffff R+id
Hii Hiz2 HL,i MR,i Hiz2 Hi3=Hi1
-o- - - - - -o-- [Rg

S1 t 82

—>

Figure 1.1 - The domains Hs . and R,

This is achieved by using Gaussian integration by parts. Indeed, we can make sense
of the insertion of derivatives of ® within the correlation functions by the following
lemma:

Lemma 1.2.5. With certain assumptions on the weights (ay) and (f;), for any t €

R\ {s1,---,Sm}, p a positive integer and u € R?:

./ (u,0P0(1) & M M (u, a)

lim(———— | | Va,.(z0) | | VB, (s1) = bt el T

p_)0< -1 k1:[1 o (Zk 1:1_11 B l>p'£'5 k; 2(zk—t)P<V>£’6
2 (uye)

- —<Vyei (x)v->€,5l~tl(dx) -i_,uB,ljv <Vyei (x)V)msdzx.

((wy&>+<wym>
is1Jr. 2(x = 1)P Hs,e

2x—=pP 2(x-1)P

Actually a more general recursive result allows one to make sense of the insertion
of products of derivatives also. We see that after Gaussian integration by parts the
obtained expression for the regularized correlation functions with insertion of descen-
dant fields involves integrals over the different regularized domains of Figure 1.1. The
task is now to distinguish among those different terms, the ones that converge to a
well-defined limit as the regularization parameters tend to 0, and the ones that may
diverge depending in the value of §. The descendant is then defined to be the limit of
the converging terms.

This method is reminiscent of the definition of the weak derivative of a function,
and for good reason. Indeed, we prove that the insertion of Virasoro descendants
within the correlation functions can be explicitly seen as derivatives of the correlation
function, that need to be understood in a weak sense on the boundary. The key point
here is that, following [24], we provide explicit expressions for the weak derivatives,
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which in turn allows us to generalize the method to the W-descendants, yet that do
not enjoy in general any interpretation as differential operators. We refer to Section 3.3
for details. We can now state the main results of this chapter.

1.2.2.2 Statements of the main results

Our first result is the proof of the validity of the local Ward identities both in the bulk
and on the boundary.

Theorem 1.2.6. Let t € R. For any n = 2, in the sense of weak derivatives, the conformal
Ward identity holds:

N M
Lo V(0 [ Var (20 [T Vi, (s
k=1 =1

)3

_ 2N+M _azk +(n_1)Aak
|\ & @-nmt T (g-nn

N M
V() T Var(z0) [T Vg, (s0))-
k=1 =1

Moreover, for any n = 3, the higher-spin Ward identity is valid:

N M
W_n V() [ Ve () [ ] Vi, (s0)) =
k=1 =1

(2N+M —w® n-27%  (m-Dn-2wap

+
o (@—-0"2 (-l 2(z— )"

V(W)

. —(k—N)
where for j = 1,2, W(_k]).(Vﬁ(t)V) = (W_ Vi, (21) Tk Ve, (1)), and W‘_’“]? =W_, " for

ke{N+1,..,2N}.

The descendants L_, V3 and W_;, Vj are defined in Section 3.3.

As a corollary of the local Ward identities and the conformal covariance of the
model, we also obtain global Ward identities, that provide linear relations between the
descendants associated with a given correlation function:

Theorem 1.2.7. ForO<n<2and0<m<4:

2N+M i N M
Y 2l LW nzl A, [T Ve zo) ] Ve, (s =0
k=1 k=1 =1
2N+M B m(m_ 1) ~ N M
Y 2w e m s ——— 2" 2w(ap) [([] Vae e T] Vp, (s0) = 0.
k=1 k=1 =1

Global Ward identities are a key ingredient in order to obtain differential equations
for some correlation functions, as we will see in the next subsection, in that they allow
one to reduce the number of variables by expressing some descendant fields as linear
combinations of other ones.

33



1 Introduction — 1.2 Content of the thesis

1.2.3 Singular vectors and BPZ equations

The existence of Ward identities associated with the stress-energy tensor and the
higher-spin current is a general feature of a CFT model that enjoys W-symmetry
in addition to conformal invariance. They are concrete realizations, at the level of
correlation functions, of this symmetry. There are, however, additional constraints
that derive from the actual representation of the symmetry algebra that is present
within the model, and thus that are model-dependent, in contrast to Ward identities.
These additional constraints manifest themselves in the form of singular vectors, that
in turn give rise to higher equations of motion, as we will explain now.

1.2.3.1 Singular vectors and representation theory of W-algebras

It is predicted by the representation theory of the W3 algebra [46, 7, 43] that if the
weight of the Vertex Operator V,, takes some specific values, then there are non-trivial
relations between its Virasoro and W-descendants. To illustrate this suppose that
a = kw; for some x € R (here, (w;,w>) is the dual basis of the simple roots (e, e2), see
Subsection 3.1.1.3). In this example, at the level of the free-field, that is, when all the
cosmological constants pp ; and y; are identically 02, we have an equality of the form
Y 1,a= 0, with

= [w 3w(a)
V= -1 2A

L| V. (1.46)

a

The corresponding Vertex Operator V,, is then referred to as a semi-degenerate field.
However, this equality only holds at the level of the free-field, and is no longer valid
when we consider the full boundary sl3C Toda CFT (i.e. when some of the cosmologi-
cal constants are not 0, which means that the action contains a non-trivial interaction
term). In fact, we prove that when V, () is a boundary semi-degenerate field, this
equation may no longer be true depending on the values of the cosmological constants
in a neighborhood of the insertion # € R. The same picture holds for higher-order
descendants, when specifying further the weight a, and this gives rise to higher equa-
tions of motion. Let us describe here the method used to define and find the explicit
expressions of the singular vectors.

1.2.3.2 Method for defining the singular and null vectors

Definition of the singular vectors We rely on the definition of the descendant
fields performed in Chapter 3, that we generalize slightly to allow for composite
descendants. For example, we will need to make sense of L_;L_; V;;, denoted L_; 1) V.
To incorporate these new objects in our setting we will simply write L_,, where v is
a Young diagram, see Subsection 4.1.1 for details. Heuristically, a singular vector is a

12. Inthis setting we have to make an additional assumption on the insertion weights called neutrality
condition.
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non-trivial linear combination of the form

Y (@, Va+ Y da(@)W_y Vg

[vl=n [Al=n
such that the associated multilinear form over R

Y. a(@Le, + ) dy(@W?,

lvl=n [Al=n

vanishes identically. This happens for very specific values of the weight a, predicted
by the representation theory of the W5 algebra. When inserted within correlation
functions such singular vectors then give rise to higher equations of motion, and under
additional assumptions to BPZ-type differential equations. Let us explain in more
details how we prove such claims.

The existence of singular vectors is predicted by the algebra and more precisely
representation theory, but their explicit form is not known in general. Here we will use
explicit expressions to construct singular vectors at the levels n =1, 2 and 3 and that
take the form

Wna=W_pVy+ Z cy(@)L_y Vg
[vl=n
where the ¢, (a) are explicit, and where the weight a has to be specifically chosen.
More precisely we define the singular vector within correlation functions by setting

Wna(OV) = (W_, Vo (D) + Y ¢y (@)(Loy Vo (DV),

lvl=n

where the quantities on the right-hand side are defined using the regularization proce-
dure sketched in Subsection 1.2.2.1, and developed in Chapters 3 and 4. Heuristically,
a BPZ differential equation arises when (y,, o (£)V) = 0, which may be the case only
under certain assumptions on the cosmological constants. In the case where the
right-hand side of the previous equation is not 0, we refer to as a higher equation of
motion.

Explicit expression of the singular vectors For one of the singular vector
considered above, we know that the associated multilinear form

We o+ ) ev(@Le,

lvi=n

vanishes identically, so it is tempting to write that v, o = 0, or put differently that y,,
is a null vector. This is however generically untrue since the descendants have been
defined from distinct regularization procedures. We can however deduce from this
fact that the singular vector is described using the remainder terms coming from the
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definition of the different descendants involved:

u/n’af = — lim w_n;é,g,p(a) + Z Cfv(a)»g_v;(s,g,p(a) .
5,8,9—’0 |V|:n

It is a priori far from obvious that these remainder terms admit a well-defined limit.
And in fact individually these terms are divergent. There are however cancellations
occurring that make the latter converge, the corresponding limit being not zero but
rather given by another correlation function, that is defined from the first one (with
possibly additional descendant fields) but with the weight associated to V (#) being
changed. Put differently this means that the singular vector is actually not a null vector
but is proportional to a primary or a descendant field.

We are now in position to state the main results of this chapter.

1.2.3.3 Statements of the main results

Singular vectors and higher equations of motion We first describe the singular
vectors at level 1. To this end we let r € R and set for i = 1,2, ur; := y;(¢7) and
Ur,i = wi(t*). Then we prove the following.

Theorem 1.2.8. Assume that = xkw, forx < q. Then for t e R
Y-1,6(8) =2(q =) (P2 = HR,2) Vp+ye, (1)
in the sense that for any (B, &) € /N p+1 and distinct insertions (z1,-++, 2N, £, S1,***, SM)
(Y-1,6(OV) =2(q = 1) (L2 = BR2) (Vp+ye, (V). (1.47)

Here the left-hand side is defined by setting, in agreement with Equation (1.46)

3w(a)

(Y-1,5(OV) == (W_1 Vg(1)V) - (L1 V(W) (1.48)

where we have used the shorthandV = ]'[],2’:1 Va, (zk) ]'[5\/:11 Vg, (s1).

As explained before, a semi-degenerate field is defined by making the assumption
that its weight a is of the form a = xw; for some x € R. If x is no longer generic
but takes some specific values, namely « € {—y, —%}, then it gives rise to a so-called
fully-degenerate field, in which case there are two additional singular vectors in the
free-field theory:

4 4y
Yooy = (W_z + EL_(I'D + ?L_z) V. and

3 (1.49)

2 4
Y 3y =(W_g+ L,z Li3-—L g2 —-—L-a1n]|Ve.
X 3y X (1,2) Xg (1,1,1)

Here the notation L_(;,;)V, refers to the second-order descendant L_;L_,V,, and
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likewise for L_; 2 and L(-1,1,1). Like before in the s[3C boundary Toda CFT, and in
opposition to the bulk theory, these will generically not be null vectors and as such
will give rise to higher equations of motion, which take the following form:

Theorem 1.2.9. Assume that f = —ywy with y € {y, %}. Then the singular vectors at
level two take the form (in the sense of Theorem 1.2.8)

2
t//_zy% =2y(ur2 — /JR,Z)D_L% VBiye, +2 )—/ - Y) (L1 + 1R 1) VBryer

4 (1.50)
Y_oy= ;(IJR,Z - ,UL,Z)D—I,Y V,B+ye2 + zch(Il) Vﬁ+2ye1 fOT’ Y#1,
whereD_y  is of the form at._y + bBW_y, ¢y (u) =0 fory > 1 and fory < 1:
Y 2
(2 .2 Y NG F(Z)F(l %)
Cy(W) := (M7 1 + MR 1 — 2111 14R,1 €COS n |~ kpasin|n - (1.51)

(-2

As for the singular vectors at the level three, under the additional assumption that
Kr2— Mr2 =0, wecan find a, b for which ]5_1,,( =alb_1+ bW_; is such that

Vo3, =D_1,W_ 2, (1.52)

We refer to Theorems 4.2.8 and 4.3.4 for more precise statements and explicit ex-
pressions for the descendant fields involved.

Differential equations for the correlation functions The derivation of higher
equations of motion at level up to three is a consequence of the existence of singular
vectors in the theory. Thanks to the explicit expressions of these singular vectors, we
see that it is possible to choose the cosmological constants in such a way that these
are zero: this leads to the existence of BPZ-type differential equations satisfied by the
correlation functions as we now explain.

Let us consider a correlation function that contains a fully-degenerate field Vg
with f = —yw;, y € {y, %}. We make the additional assumption that the cosmological
constants satisfy:

2 ;
ML2=HR2, MPr1=—Mr1 for y= 7 while for y=7y:

) ) (1.53)
_ 2 2 YT\ _ . [y
Mr2=HMR2, M1+ MRy~ 2HL1HR1COS | = HBasin—— .

Then we see that all the singular vectors are actually null vectors:

V-16=V-26=¢-34=0.

This allows to get three identities and express these descendants in terms of derivatives
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of the correlation functions. Namely we have the following:

Proposition 1.2.10. Assume that f = —yw, where y € {y, %} and with the boundary
cosmological constants satisfying the assumptions (1.53). Then for (B, &) € AN p+1:

3

(W_1Vg(0)V) = u}(ﬁ)ar(vﬁ(t)V); (1.54)
204

4 4

(W_o Vg(0)V) = — (;5% + ?Xff—z) (Vp()V); (1.55)
8 3 4 X 2

(W_3Vﬁ(t)V)= —36t+—0[$_2— Z+—|L 3 (Vﬁ(t)V). (1.56)
" 3

In particular and in agreement with 1.2.6, under these assumptions we have

(2N+M W(_kZ) W(_kl) wleo (Vp(H)V)

+ 2 3
=1 [~ %k (t—zp) (t—zx)

(1.57)

8 4 X 2
= (—36‘?’ gl }) .55_3) (V5(DV).

X

Based on these identities let us now consider the general form of Equation (1.57).
Then we see that there are 4 N + 2M W-descendants involved in this expression (the
left-hand side), the rest being differential operators acting on the correlation func-
tions. Now the global Ward identities for the higher-spin current from Theorem 1.2.7
allow one to describe five identities between these 4N + 2M descendants and the 2
associated to the degenerate insertion V. This allows one to reduce the number of
W-descendants that appear in Equation (1.57) to 4N +2M —5 plus the ones associated
to V. Now, we already know that the descendants associated to Vg are expressible in
terms of differential operators. As a consequence the total number of unknowns in
Equation (1.57) can be brought down to 4N +2M —5.

This can be done by assuming some of the other insertions to be given by semi-
degenerate fields: a bulk semi-degenerate field brings about two additional constraints
while a boundary semi-degenerate field yields one constraint. As a consequence we
see that in order to have no W-descendants left we must be in one of the following
cases:

— two generic and one semi-degenerate boundary fields correlation function;

— one generic bulk and one semi-degenerate boundary fields correlation function;

— one semi-degenerate bulk and one generic boundary fields correlation function.
Our last result consists in obtaining, in the first two cases 13 4 differential equation by
inserting a boundary fully-degenerate field inside the correlation function.

Theorem 1.2.11. Take t € R and % := —yw; with y € {y, %} and assume that Equa-
tion (1.53) holds. Likewise for a boundary semi-degenerate field Vg: (s) with f* = xw

13. Although we did not perform the computations in the last case, the method is exactly the same
and one should be able to obtain a similar equation in this case too.
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we assume that
p(s7) = pa(s™).

Then we have the following BPZ-type differential equations:
— Bulk-boundary correlator: take a € R? such that («, B*, %) € o, ». Then:

(Va @) Vg (+00) Vga (1)) = |t — i~ P2 72 (u(1))

where u(t) == ﬁ and € is a solution of a differential hypergeometric equation:

u(A; + ud) (A + ud) (A3 + ud) — (B; — 1+ ud) (B, — 1+ ud) ud | A (u) = 0.
(1.58)

Here the quantities involved are given by
e X * () X .
Aj = Z<h1,2a+,6 + 6% -2Q) + §<h1 - h;,Q—-a),

Bl = Bz Z:1+§<€2,ﬁ*—2Q>.

N~

— Three-point boundary correlation function: take 1, B> € R? in such a way that
(B1, B, B*, B®) € oty 3. Then:

(Vp, (0) Vp+ (1) Vg, (+00) Vg (1)) = £ 5 @PV |1 — 113 @1P2) zp(p)
with A€ is a solution of a differential hypergeometric equation:
t(A1+10) (A2 +10) (A3 +10)—(B1—1+1t0) (B, —1+1t0)t0|A(t) =0 (1.59)
and where the coefficients that appear are given by
Ari= 2, pr+ B+ o+ B =2Q) + Zihi =, 1 - Q),
Bi:=1+ %(m —hi, f2— Q).

A proof of this result is found in Section 4.4.
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2.1 Introduction

In this chapter we present a construction of Toda CFTs on general, compact con-
nected hyperbolic Riemann surfaces, with or without boundaries. We also prove that
these models satisfy the basic axioms of CFT, that are the conformal (Weyl) anomaly
and the invariance under diffeomorphisms. In the presence of a boundary, we investi-
gate the different boundary conditions for the field of the theory and discuss in each
case the algebra of symmetry of the model.

An introduction to this Chapter as well as a presentation of the main results that it
contains is found in Section 1.2.1. The content of this Chapter is taken from the article
(28], co-authored with B. Cerclé.

2.2 Background and notations

This thesis deals with Toda Conformal Field Theory on Riemann surfaces with or
without boundary. Our first goal is to give a precise probabilistic meaning to a certain
class of these models, defined in the Physics through the path integral approach. As
already mentioned in the Introduction, the path integral of Toda theories is a formal
measure

pr(Dgp) = e 5P Dyp 2.1)

on a certain space & of functions defined on a Riemann surface X (equipped with a
Riemannian metric g) and with values in a particular Euclidean space a, with D¢
denoting the formal “Lebesgue" measure on % and with the action functional S given
by

1 r |
S, 8) = Efz (|Vg¢|§ +RAQ, )+ Y uByl.eWel,@) dvg
i=1
2.2)

! S
v | (ke X e iy

j=1

Equivalently, giving a sense to the measure (2.1) amounts to defining the quantities

1
(F(®))s,g:= ffg: F(p)pr(Dgp) (2.3)

for suitable functionals F on %, where Z stands for a normalizing factor.
A certain amount of apparently disconnected mathematical background is needed
in order to give a rigorous and suitable sense to the action S and to the measure ur.
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2 Toda theories on general Riemann surfaces — 2.2 Background and notations

The goal of this section is to give a gentle introduction to these notions, and to fix the
notations that will be used throughout the document, while keeping the construction
of the integral (2.3) as the guiding thread.

There are objects of two different nature showing up in the action (2.2): some
depend on the geometry of the underlying surface (the “base space" of our field),
while some are related to a Lie algebra structure (the “target space"). Let us start with
the basic geometrical aspects.

2.2.1 Compact Riemann surfaces, Laplacians and Green’s
functions

2.2.1.1 Compact Riemann surfaces

A Riemann surface can be defined as a connected two-dimensional real manifold
endowed with a conformal structure, i.e. an equivalence class of Riemannian metrics.
Let X denote such a surface, with a possibly non-empty boundary 0X. We denote
respectively by g(Z) and k() its genus and the number of connected components
of its boundary. The Euler characteristic of the surface X is a classifying topological
invariant that is defined by

1(2)=2(1-g(Z)—-kZ)=<2.

Compact Riemann surfaces are classified in three categories depending on their Euler
characteristic, they can be either:
— Elliptic, that is such that y(X) > 0. The only elliptic Riemann surface is the sphere,
up to biholomorphism.
— Parabolic, i.e. with y(Z) = 0. The only parabolic surfaces are the cylinder and the
tori.
— Hyperbolic. These are all the other Riemann surfaces, i.e. those with negative
Euler characteristic.
Suppose that the compact Riemann surface X is equipped with a smooth Riemannian
metric g!. There are two curvature terms appearing in the Toda action (2.2). One
involves the Ricci scalar curvature Rg, that equals twice the Gauss’ curvature, and
can be defined in this 2-dimensional setting by R; = —AgIny/detg. The other one
depends on the geodesic curvature along the boundary kg. Both are related by the
celebrated Gauss-Bonnet theorem:

ngdug+2f kgdAg = 4my(2). 2.4)
z ()

Here and after we denote by dv, the volume form on X and by dA, the induced
measure on the boundary 0. In particular this result shows that the curvature of a

1. Inwhat follows, unless explicitly stated, the surfaces under consideration will always be connected
and compact, as well as the metrics will always be smooth, even if we forget to mention it.

42



2 Toda theories on general Riemann surfaces — 2.2 Background and notations

metric is constrained by the topology of the surface, and we will make this precise
now.

2.2.1.2 Uniform metrics

We say that two metrics g and g’ are conformally equivalent if there exists a smooth
function ¢ on X such that g’ = e? g, and we denote by [g] the set of all the metrics that
are conformally equivalent to g. The Ricci scalar and the geodesic curvature behave
explicitly under a conformal change of metric, namely

_ _ 1
Rg/ =e (p(Rg _Ag(p) ; kg, =e ‘P/Z(kg + Eaﬁg(p) (2.5)

Here A, is the Laplacian (Laplace-Beltrami operator) in the metric g, and 95, is the
outer normal derivative (Neumann operator), i.e. 05, = (Vg,71)g where Vg is the
gradient and 7 the outgoing normal vector. For a compact Riemann surface without
boundary, equipped with a smooth metric g, the uniformization theorem entails
that there exists a smooth metric in the conformal class [g] associated to which the
Ricci scalar curvature is constant. This metric is called uniform. This constant can be
chosen to be equal to —2 for hyperbolic surfaces (the uniform metric is thus hyperbolic
itself), to 0 for parabolic surfaces (such metrics are called flat) and to 2 for elliptic
ones. A similar result holds for surfaces with boundary. Namely, on a surface with
boundary equipped with a smooth metric g, one can always find:

— A metric g; € [g] such that Rg, is constant and kg, = 0 on 0Z. The boundary of =
is then a geodesic. Such a metric is called uniform metric of type 1, and is unique
up to scaling and isometry (as in the closed case).

— Ametric g € [g] which is flat and such that kg, is constant, called uniform metric
of type 2, also unique up to scaling and isometry.

This result is proven in the article [72], to which we refer for additional details. Again,
the Gauss-Bonnet theorem forces a uniform type 1 metric on a hyperbolic surface to
be itself hyperbolic, i.e. with constant negative curvature, etc. We now describe the
doubling of a smooth Riemann surface with boundary.

2.2.1.3 Doubling Riemann surfaces with boundary

Suppose that X is a hyperbolic surface with a non-empty boundary and that it is
equipped with a uniform type 1 metric. By the Gauss-Bonnet theorem, the metric g
on X is hyperbolic — that is, its scalar curvature Ry is a negative constant. We now
construct a closed surface 2 by gluing X to a copy of itself along the boundary. More
precisely, define

2=3°Udzuc(Z?),

where the union is disjoint, and where o is an involution (i.e., 0 o o = Id) that fixes the
boundary (olsz = Id) and that sends X onto its mirror copy. Intuitively, this amounts
to reflecting X across its boundary. Now we have the following.
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Lemma 2.2.1. The metric g on X extends to a smooth metric § on the closed surface%.

Proof. We define the metric on ¢ (Z) as the pullback 0*g, so that both X and o (X)
are equipped with isometric hyperbolic metrics. Since the boundaries of X and o (Z)
correspond under o and have equal length (being geodesics), the two metrics match
along the boundary. Thus, we obtain a metric & on all of 3, defined to agree with g on
¥ and with 0* g on o(2). Further, the resulting metric g is smooth on 2 except possibly
at the boundary 0%, which now lies in the interior of 3. Now, since g is hyperbolic,
each point x € 0 has a neighborhood isometric to a geodesic ball B (x,¢) 3 that is
isometric to a ball B, (i, €) in the upper half-plane model H of the hyperbolic plane.
Under this isometry, the portion of the ball in £ maps to the right of the imaginary axis,
and the portion in o (Z) maps to the left. This identification provides a local complex
coordinate z near x, with respect to which the metric takes the standard hyperbolic
form:

. ldzl?
E= T 2
This shows that g is smooth near 0% as well, and hence smooth on all of 3. O

This being established, we will often refer to the extended metric g in the same way
as the original metric g, if there is no ambiguity.

2.2.1.4 Green’s functions

In this chapter we will be interested in three different PDE problems on a compact
Riemann surface equipped with a smooth Riemannian metric g. If the boundary of
the surface is empty then we will be interested in what we call the closed Poisson
problem, while if the boundary is non-empty we have to specify boundary conditions,
that will be either of Neumann or Dirichlet type. In this section we define the Green’s
functions associated with these problems and state some useful properties. Recall
that A, denotes the (negative) Laplacian in the metric g.

Suppose first that 0X = @. The Green’s function of the closed Poisson problem
on (Z, g) is defined as the solution (see e.g. [51] for more details) G4 of the weak
formulated problem?

{ ~AgGg)) =210y~ 1 sy) InZ 2.6

mg(Gg(-,¥)) =0 forallye =

where 6 is the Dirac delta function and mg(f) is the average of f over Z, with respect
to the metric g: mg(f) := vg(2)! [5 fdvg. Asitis defined Gy is a priori a Schwartz
distribution on X x X, but we can see it as the integral kernel of a smoothing operator
from L%(Z), the space of square-integrable functions with vanishing mean on Z, to
H?(X) the second-order L2-Sobolev space on X, through the natural L?-pairing. In

2. The factor 2r in the equation is cosmetic and added in order to lighten the notations in the
sequel.

44



2 Toda theories on general Riemann surfaces — 2.2 Background and notations

addition, for any function f smooth over > =Yuadz,

—szg(x,-)Agfdvg =27n(f(x) — mg(f)). 2.7

Further, G is symmetric. As we will see below (Lemma 2.2.3), G is actually a smooth
function away from the diagonal, with logarithmic singularity on the diagonal. Finally,
if g’ is in the conformal class of the metric g then the function G defined for x # y € =
by?

Gy (x,y) := Gg(x,y) — mg (Gg(x,-)) — mg(Gg (-, ¥)) + mg (Gg) where (2.8)

1
mg’(Gg) = WfzxzGg(x,y)dvg/(x)dvg/(y)

solves the problem (2.6) in the metric g’.
We now turn to the case where 0% # @. The Neumann and Dirichlet Green’s func-
tions are defined respectively as the solutions of

—0gGy/(,y) =2m(0y — 55y) in T
O, Gé,v(x, ¥)=0 forxeoX andforall ye X 2.9)
mg(G(]gV(‘;J/)) =0 forall ye X

where recall that 0 . is defined with respect to the outward normal vector 7ig, and
—AgGZ(y) =215, inZ
GD(x, y) = for x € 0% and for all y € = (2.10)
gx,y)—O or X € and forall ye 2.

In the same way as in the closed case we see the Neumann and Dirichlet Green’s
functions as integral kernels of operators from an L? space to a second order Sobolev
space on X. As such, for any f smooth over Z = 2 U0Z, the Neumann Green’s function
satisfies:

faz Gy (x,)05, fdAg —fZGéV(x,-)Agfdvg =27(f(x) — mg(f)) (2.11)

while the Dirichlet Green’s function satisfies (2.7). Both also enjoy the same change of
metric formula (2.8) as the closed Green’s function Gg.

We now provide a relation between the closed Green’s function and the boundary
ones, using the doubling of surface described in the previous subsection.

Lemma 2.2.2. Let X be a compact surface of hyperbolic type with boundary 0% # @,
equipped with a uniform type 1 metric g. Let 3. be the doubled surface equipped with
the smooth hyperbolic metric § and o be the canonical involution. Then for x,y € T we
have

Gy (x, ) = Gg(x, y) + Gg(x,0(y)) 2.12)

3. In fact this defines G in the sense of integral kernels on the full Z x X.
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and
Gé[,’ (x,¥) = Gg(x,y) — Gg(x,0(y)). (2.13)

Proof. We first have to show that the right-hand side of (2.12) is a solution to the
problem (2.9). We compute the Laplacian in the variable x:

1A(G( )+ Gg(x,0(y)) =6y(x) 1+5 (%) ! 6y(x)
- 5 (X, s(x,0 =0,(x)———— X)————=0,(x)— ——.
27 g\-g y g y y vg ) a(y) vg ) y Ug(Z)
Then we investigate the outer normal derivative along 0Z. Since it holds that G¢(x, y) =
Gg(o(x),0(y)), thenforxedZ and ye X

Oﬁg(Gg(x, N +Gglx,0() = éﬁgGg(x, y) — aﬁg Gg(x,y) =0 and likewise

fz(Gg(x,y)+Gg(x,0(y)))dvg(y)=fiGg(x,y)dng(y):0.

Combining these properties with the symmetry of the Green’s functions implies the
result. The proof of (2.13) is immediate once one recalls that o = Id on the boundary
of Z. O

Eventually we recall here some estimates from [51] on the Green’s function G, which
show that it has a logarithmic divergence on the diagonal:

Lemma 2.2.3. On a compact surface X without boundary equipped with a hyperbolic
metric gy, the Green's function Gg, can be written when x and y are closed to each other
as

1
Gg, (x,y) = 1ogd— + fg (%, ) (2.14)
8o

(x,y)

with fg, a smooth function on >2. Moreover, for any x, in X there are coordinates

z€ B(0,1) c C such that gy = (fl‘lizzllgz)z

and

+F(z,2) (2.15)

Gg,(z,2') =10
(2, 2) g z—2/|

near xo, with F smooth. Finally, if g is another metric in the conformal class of the hy-

perbolic metric gy, then the estimate (2.14) holds near the diagonal with fg continuous.

This logarithmic divergence allows to make sense of the Gaussian Multiplicative
Chaos measures associated to the Gaussian Field with covariance kernel G in subse-
quent sections.

2.2.1.5 Regularized determinants

When dealing with Gaussian measures on finite-dimensional spaces, one has
to compute determinants of the inverse of covariance matrices. In the infinite-
dimensional setting, we will see that the natural candidate to generalize this picture is
the Gaussian Free Field, whose covariance structure is given by the Green’s function,
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so that one is naturally led to consider determinants of Laplacians. In order to define
the determinant of the Laplacian on a compact and connected Riemann surface
one needs a regularization procedure. To this aim the classical method is to introduce
the spectral {-function
(=) A~°
A>0

where the A’s are the eigenvalues of the (positive) Laplacian®. On a compact surface,
the spectrum of the positive Laplacian is discrete and forms an increasing sequence
0<Ay <A =...— o0, with Ay = 0 for the closed and the Neumann Laplacian, and
Ao > 0 for the Dirichlet Laplacian. The asymptotics of the eigenvalues are given by
the Weyl’s law (see e.g. [61]), which allows one to prove that the spectral {-function
converges for Re(s) positive enough, and admits a meromorphic continuation to
Re(s) > —1 thatis regular at 0 (see [72]). We then define the regularized determinant as

det'(—Ag) = e ¢

and simply write det for the Dirichlet Laplacian since the full spectrum is involved in
the determinant. The Polyakov-Alvarez formula gives the behavior of the determinant
under a conformal change of metric, and will be very useful to compute the conformal
anomaly of Toda correlation functions. The formula was originally derived in the
closed case by Polyakov [78, 79] and refined in the boundary case by Alvarez [3] (see
also [69]). We state it as a lemma, and refer to e.g. [72] for a concise exposition of this
kind of results.

Lemma 2.2.4. Let g’ = e g be a smooth Riemannian metric in the conformal class of g.
Then we have the following relation between determinants of the Laplacians associated
with g and g':

det(-Ag) __ 1 (fuv 2 +2Rgp)dv +4f kgpdA )+if 05, pdA
gdet(—Ag) 487 \UJs gPls g4l o §Pihe | = gy oz g P4 g
(2.16)
where det(—Ag) := det'(—Ag)/ v (Z) for the closed Laplacian and the Neumann Lapla-
cian. The sign of the corrective term is positive in case of Neumann boundary conditions
and negative in case of Dirichlet boundary conditions.”

We will also consider the regularized determinant det’ (—%A ¢) to define the par-
tition function of the Gaussian Free Field. According to the previous discussion we
have

1
det'(—EAg) = @2m) ‘o det’ (—Ag) (2.17)

4. So for us, —Ag on closed surfaces, and —A, with Neumann or Dirichlet conditions on surfaces
with boundary, which we will denote later —Ag and —A.

5. Our convention for the conformal factor differs from the standard convention by a factor 2,
i.e. ¢ = 2w where w stands for the usual conformal factor, which explains that the formula is slightly
different.

47



2 Toda theories on general Riemann surfaces — 2.2 Background and notations

where ( is independent of the metric g and given by {, = @ —1 for a closed sur-

face and in the Neumann case while in the Dirichlet case the determinants are not
truncated and { = @. Note that in the closed case {(y = {(0). The above identity can
be recovered using Lemma 2.2.4 by taking ¢ = In 27 together with the Gauss-Bonnet
formula (2.4). So far we have introduced all the geometric objects that we need in
order to make sense of the action (2.2) and the measure (2.1). Let us now turn to the
Lie algebra aspects.

2.2.2 Finite-dimensional complex simple Lie algebras

The definition of Toda CFTs relies on a Lie algebra structure. We gather in this
section some classical facts about finite-dimensional complex simple Lie algebras,
and introduce the notations that will be used throughout the document. Additional
details can be found e.g. in the textbook [60].

2.2.2.1 Basic facts

In virtue of the Cartan-Killing classification, every finite-dimensional complex sim-
ple Lie algebra is isomorphic to either one of the following family of classical Lie
algebras: A, for n = 1 (corresponding to sl,;;C), B, for n = 2 (corresponding to
502,4+1C), C,, for n = 3 (corresponding to sp,, C) and D, for n = 4 (corresponding to
502,C), or one of the five exceptional simple Lie algebras: Eg, E7, Eg, F4y and G». For
any finite-dimensional complex simple Lie algebra g there is a natural Euclidean space
a that is such that the Cartan subalgebra of g decomposes as a + ia (this space a is the
real Cartan subalgebra of the split real form of g). To this Euclidean space is attached
a scalar product (:,-) which is proportional to the Killing form of g restricted to a.
The Euclidean space (a, (-, -)) is unique up to isomorphism and can be realized as R"
equipped with its standard scalar product, where r is the rank of g.

The so-called simple roots (e;);=1,.. form a particular basis of a; this basis is such
that (e;’, ej) = A; j where A is the Cartan matrix of g (see also the next subsection) and
el =2 7 eie.ieﬁ is the coroot of e;. In the sequel we will assume that the scalar product is
renormalized in such a way that the longest simple root has squared length 2, which is
a standard assumption. The dual basis of (e;’)lsis r is given by (w;)1<i<r where the

.
w; = Z(A_l)j,,-ej for i=1,---,r

j=1
are called the fundamental weights. They verify (e,w;) = §;;. Another important
object is the Weyl vector, defined by p = Z;zl w;, which is such that {p, e;’) =1foralli.
We also define the Weyl vector associated to the coroots by p¥ =}.7_, 0 where w is
defined so that (w;.’, ejy=0;jfori=1,..r.
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2.2.2.2 The outer automorphism group

The notion of outer automorphism [60, Section 12.2] naturally arises when dis-
cussing the admissible boundary conditions of the theory, as discussed in the intro-
duction. It is convenient to define these transformation to introduce the notion of
root system.

Definition 2.2.5. Given a Euclidean space (V, (-,-)), a root system associated to V is
defined as a finite subset % of V'\ {0} such that

(i) the elements of Z span V,
(i) ZNnRa ={a,—a} forallae X%, (2.18)
(iii) s Z =% foralla € .

The simple roots (e;)1<i<r, then form a basis of V such that any a € # can be written
as a linear combination
.
a= Z Aie; where the A; have same sign.
i=1
A oot for which the A; are all non-negative is called a positive root: their set is denoted
R*.

Let g be a finite-dimensional complex simple Lie algebra. We denote % a root
system associated to (a,(,-)) (such a root system characterizes the Lie algebra g up
to isomorphism). The automorphism group of £ is a semi-direct product Aut(%£) =
Out(%) x W(g), where elements of Out(Z) are called outer automorphisms and cor-
respond to Dynkin diagram automorphisms®, while W (g) is the Weyl group of g, i.e.
automorphisms of Z induced by inner automorphisms of g (generated by elements of
the form Ad(g) where g lies in a Lie group with Lie algebra g and Ad is the adjoint map).
Standard results [60, Section 12.2] then show that for a root system associated with a
finite-dimensional complex simple Lie algebra g the outer automorphism group is
either: trivial, this is the case for Ay, B;, C;, E;, Es, F, and G, or isomorphic to the
cyclic group of order two in all the other cases, except for D, where the outer automor-
phism group is isomorphic to the group of permutations on three elements (thus of
order 6). In all cases an element 7 in O(£) is an isometry of a, i.e. (u, v) = (7 (u), T(v))
for any u, v € a.

As an example, for the Lie algebra A, (sl,+1C) the non-trivial automorphism 7
is given by e; — e, 41—, so that for A, it swaps the two simple roots: if u = uje; +
uze; € a, then 7(u) = uze; + uje;. In general the outer automorphisms are particular
permutations of the simple roots.

6. For simple complex Lie algebras, the Dynkyn diagrams are those of the same types
A,B,C,D,E, F,G as in the Cartan-Killing classification.
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2.2.2.3 Folding of root systems

Given 7 in Out(Z) let us denote by ay < a the corresponding invariant subspace
and by dyy its dimension. There is a natural root system in a, defined by considering,

with the (0})1<j<ay being the orbits of 7 (viewed as actingon {1,---,r}):
1 .
fi=—==) e forl<j<dy (2.19)
0| ics,

Indeed one can check that ( fl.V, fiv= AIT.,]. where A" is the Cartan matrix of the complex
simple Lie algebra g* which is the folding of g. As a consequence (f})1<j<a, can be
viewed as simple roots for the folded root system %7 of g*, with the length of the
longest root being now given by some k. The table below describes this folding in all
non-trivial cases.

Root system &£ | Order of 7 € Out(2) | Invariant sub-root system | Dimension of ay K2
Asp 2 B, n 1
AZn—l 2 Cn n 2
D,,n=4 2 B, n-1 2
Dy 3 G, 2 2

Eg 2 F, 4 2

For outer automorphisms of order two the f;’s are of the form f; = e; + 7(e;) or f; =
%(e"), so that ay = Span(v + 7(v), v € a). Moreover such automorphisms are self-
adjoint with respect to the scalar product on a, which allows to decompose the space
a as the orthogonal sum a = ay @ ap where ap = Span(v —7(v), v € a). For the two
3-cycles of Out(Dy), a = ay@ap with ay = Span(v+1(v) +7%(v),vE€a) and ap =
Span(v-1(v),v—1%(v), V€ 0).

It is important to note that in all non-trivial cases the Weyl vector p belongs to the
invariant subspace ay: this is due to the fact that for simply-laced Lie algebras it is
characterized by (p,e;) = 1 for all 1 < i < r, a condition which is preserved by the
action of an outer automorphism. Hence the background charge Q =yp + )% p" always
belongs to ay.

Hereafter for notational simplicity the outer automorphism under consideration will
often be denoted by a star -*. Likewise we will denote by py (resp. pp) the orthogonal
projection on ay (resp. ap). We also set for 7 non-trivial

2 Vv
Qr:=yps+ )—/pr (2.20)

where p; and p are respectively the Weyl and co-Weyl vector of the folded Lie algebra
g1, defined uniquely by the property that p; € ay with, forall 1 < j < dy,

1l

<pr»fj>: 2

and (p;,fj)=1.
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Eventually we introduce the notation I; := {j e{l,---,dn}, | fi ||2 = 2}.

2.2.2.4 Semi-simple Lie algebras

Any finite-dimensional complex semi-simple Lie algebra g decomposes as a direct
sum g = @’Zzl gx where the g;’s are finite-dimensional complex simple Lie algebras.
As pointed out in [30, Remark 1.2], if g = g; @ g» is a direct sum of semi-simple Lie
algebras then the Toda correlation functions factorize as (V)8 = (V)91(V)92 (and the
Weyl anomaly thus shows that the central charges add up, see Remark 1.2.3). This
allows one to reduce the study of Toda theories for semi-simple Lie algebras to those
with respect to simple Lie algebras. We thus work with g simple in the sequel.

2.3 Toda theories on closed Riemann surfaces

In this section, we propose a mathematical construction of Toda CFTs based on
a compact hyperbolic Riemann surface without boundary, and associated to any
complex simple Lie algebra g. For this purpose we rely on a probabilistic framework
based on Gaussian Free Fields (GFFs hereafter) and Gaussian Multiplicative Chaos
(GMC in the sequel). Throughout this section, X will denote a connected compact
Riemann surface without boundary, assumed to be of hyperbolic type in the sense
that y (%) < 0. We equip X with a smooth Riemannian metric g.

2.3.1 Gaussian Free Field

The action functional entering the path integral definition of Toda CFTs (1.24) is
made of several terms. Our first goal is to interpret the quadratic component, that is,
to make sense of

fp((p)e—ﬁlevgw?gdl’gpg(p 2.21)

where in the above the gradient V acts component by component on functions from
2 to a. This is achieved by the introduction of the vectorial Gaussian Free Field (GFF
hereafter). Indeed, the formal integral (2.21) can be written as

f F(p)e 2 k@ 2:005v p g 2.22)

where, again, the Laplacian acts independently on the r components of ¢. Equa-
tion (2.22) describes (formally) the law of a Gaussian field with values in a, mean 0
and positive definite covariance kernel (—%A g)_l. There is one subtlety here in that
this observation is valid only on the orthogonal of the kernel of the Laplacian, so
that the above Gaussian field would be defined only on this subspace. We will come
back to this issue later. The inverse of the one-dimensional Laplacian (outside of its
kernel) is given in the sense of integral kernels by the Green’s function, and since the
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r-dimensional Laplacian in (2.22) acts independently on the r components of the
field, it is natural to define our underlying field as follows.

Definition 2.3.1. We set X8 to be the centered Gaussian field on X with covariance
structure

El((w,X8), fi) iz, (0, XE), f2) iz, 9)] = (1, V) fzz Gg(x, M) L(X) () dvg(x)dvg(y)

forall u,veaand fi, f» € H'(Z, g), where ((u,X8), f) 1 (5, g is the pairing between H!
and its dual H™1.

Indeed, the field X8 is a random distribution, and lives almost surely in the negative
index Sobolev space H 1z->aq, g), which means that each component is in H 1 As
already mentioned, this Gaussian field is only defined up to constants, and we need to
take this fact into account in order to define the path integral (2.21). We overcome this
issue by tensorizing the law of the GFF by the Lebesgue measure on R’. That is, we
interpret (2.22) as

fF(¢)e‘$fz'Vg‘/"§d”ng¢o< fE[F(Xg+c)]dc (2.23)
a

with the expectation taken with respect to the GFF and the integration over a defined
by

r r
fF(c)dc:f F(Z v,-c,-)Hdci
a R™ “i=1 i=1

where (v;) is any orthonormal basis of a. The theory of GFF is well-known and we refer
for example to [13, 81] for a review. For the sake of simplicity we will use the notation

E[{u, X8 (x)) (v, X8 ()] = (u, v) Gg(x, y) (2.24)

hereafter. Note that X¢ can be represented as the sum X8 = 3, Xl.g v; where the
(X lg )1<i<r are independent, real-valued GFFs over X, and (v;)1<;<, is any orthonormal
basis of a.

For the picture to be complete, it misses a multiplicative normalization term called
the partition function: this corresponds to the total mass of the path integral (2.21). Fol-
lowing the analogy with the finite-dimensional case mentioned in Subsection 2.2.1.5,
we define it using the regularized determinant of the Laplacian.

Definition 2.3.2. The partition function of the GFF X¢ is defined by

det’(—%Ag) 3

ZX(Z,g)Z( o)
g

where Ag is the (negative) Laplacian acting on functions from X to R.

An important property of the GFF is its behavior under conformal changes of metric.
This has a direct implication for the measure defined by Equation (2.23).
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Lemma 2.3.3. Let g’ be conformally equivalent to the metric g. Then for all positive
continuous functional F over H1(Z — a, g),

! (law)

Xé X8 —mgy (X8), sothat f]E[F(Xg'+c)]dc:fE[F(Xg+c)]dc. (2.25)
a a

Proof. LetX8 :=X8 — mg (X8). For any u, v € a and x, y € Z we have
E[(u, X8 (1)) (1, X8 ()] = (u, v) (Gg (%, y) — Mg (Gg(x,)) — Mg (Gg (-, 1))
+ug,(2)—2ffz2 Gg(x, y)dvg/(x)dvgr(y))

which is equal to (u, v) G¢ (x, y) thanks to Equation (2.8). Since both fields are centered

Gaussian fields this is enough to conclude that X8 has the same law as X&', Now to
prove the lemma we make a change of variables in the zero-mode:

f]E[F(xg’+c)]dc:f]E[F(xg—mg,(xg)+c)]dc:fE[F(xg+c)]dc.
a a a

O

Further, as a straightforward consequence of Lemma 2.2.4 one obtains the following
conformal anomaly for the partition function of the GFE

Proposition 2.3.4. Let g’ = ¥ g be a metric in the conformal class of g. Then we have

N _ r 2
Zx(2,8)=2x(1Z,8) exp(@fz(lvg(p|g+21{g(p)dvg . (2.26)

2.3.2 Gaussian Multiplicative Chaos

Having given a meaning to the quadratic term that appears in the action (1.23),
we now would like to give a rigorous interpretation of the exponential potential that
appears there, i.e. define the exponentials WX g vg for u € a. However, since X8 is far
from being a continuous well-defined function we need to introduce a regularization
procedure. This method is at the heart of the theory of Gaussian Multiplicative Chaos
— for details about the theory of GMC, see for instance [87, 84, 13].

Definition 2.3.5. Given g a smooth Riemannian metricon Z and x € Z, let C¢ (x, €) =
{y € Z,dq(x,y) = €} be the geodesic circle centered at x of (small) radius ¢ > 0. We
define the regularized field X¢ at x as the average of the GFF X8 over Cq(x,8).

Synthetically, X8 (x) = g.e[Xgl(x) where ug .[-](x) is the uniform probability measure
on Cg(x,€), thatis [-dpg.(x) = mfcg(x,e) -dAg. It can be shown [37] that the

random variable X¢ (x) has an almost surely continuous version that we will consider
from now on.
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Lemma 2.3.6. The fieldX$ has the following covariance structure:

Eu,XE (0))(v,XE ()] = (u, v) f f Godiig e (X)dpg,e(y) (2.27)

forany u, v € a. Moreover, if g = e gy with gy hyperbolic then as € — 0 and uniformly
inx .
Eu, g, X80](x))?] = |ul® (—logs + W, (x) + 5<p(x)) +o(1) (2.28)

with Wg, a smooth function on X independent from .

Proof. The first item follows from the definition of X§. In the case where ¢ = 0 the
second item is a straightforward higher-rank generalization of Lemma 3.2 in [51]. The
case of non-zero ¢ corresponds to [51, Equation (3.10)]. O

From Lemma 2.3.6 we deduce that one needs to rescale the exponential of the
regularized field by a power of € in order to obtain a finite limit, giving rise to a GMC
measure.

Definition 2.3.7. Let g be a smooth Riemannian metric on X and X¢ be the regularized
field introduced above. We define a Radon measure over X by setting for |u|* < 4

lul?
2

XD gy (x) = lime 2 o™X dug (x). (2.29)

Thanks to the theory of GMC, as soon as |ul? < 4 the above convergence stands
in probability in the space of Radon measures equipped with the weak topology.
Moreover, the limiting measure is finite and non-trivial. Note that as written in the
action (1.23), we will only need to consider some particular vectors u in the direction
of the simple roots (e;)1<;<,, thatis u =ye; fori =1,---,r. Then lul? = yz(ei, ey =: )flz..
Since the longest roots are such that (e;, e;) = 2 this explains the constraint that y must
belong to (0, /2).

The following Lemma is the companion result of Lemma 2.3.3 for the GMC:

Lemma 2.3.8. Let g = e? gy be a metric in the conformal class of the hyperbolic metric
8o, and u in a with | u2| < 4. Then the following equality holds in distribution:

ul2
X gy, (4 U1+ 1570 o (14,XE0 — g (XE0)) dvg,.

Hence for any F (resp. f;, G) positive continuous over H"*(Z — a,g) (resp. Z, R"):

f[E [F(Xg +¢)G (f ﬂe<79"’xg+c>dvg)
a z

(Qye;)

dc

1<i<r

(2.30)

dc.

1<i<r
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Proof. Thanks to Lemma 2.3.6 together with Lemma 2.3.3 we deduce that

2
X ) gy 12 lim e othbig,e [XE0 (x)—mg (XE0)] (x)) oo (x) Avg, (x)
E—

2
= o (wmg(XE0) o (x) , 15 (Wey (0+30(0) [y ptkg.e [XEO](0) =3 El(t prg,e [XE0] (x))°] dvg, (x).
e—0

: L : 1 2
We conclude since the limiting GMC measure lim e{tbHge XX )= Bl g e KON gy ()
E—

is independent from the regularization scheme (see e.g. [87]), so that we can replace
Lg,e [X8] by g, [X8°]. The case where u = ye; is handled by using that (Q, e;) =

y% + % and yields the second item by the change of variable ¢ — ¢ + mg (X£). O

2.3.3 Probabilistic interpretation of the path integral

We can now give a probabilistic interpretation of the path integral of Toda CFTs (1.24).
Recall that the background chargeis Q = yp+ % p" and that the cosmological constants
up,; are taken positive for 1 < i <r.

2.3.3.1 Definition of the Toda field

We first make sense of the partition function and of the Toda field. This is done as
follows:

Definition 2.3.9. Let g be a smooth Riemannian metric on X and F any bounded
continuous functional over H™1(Z — a, g). We set

(F)g:=lim(F)ge, where (F)ge:=Zx(Z,g) f E[F(X§ +0e X9 ge (2.31)
£— a

with the regularized Toda potential given by

1 r T e
VX8 +0) = ELRg<Q,X§+c>dvg+ZuB,ieWei”fste<Vel'X§>dvg. (2.32)
i=1

We refer to ® = X8 + ¢ as the Toda field.

The following statement ensures that the Toda path integral gives rise to a well-
defined positive measure on H IZ-aq, g):

Proposition 2.3.10. Assume that y(X) < 0 and take g any smooth Riemannian metric
on X. Let F be any continuous, bounded functional over H"'(Z — a,g). Then the
limit (2.31) exists and belongs to (0,00). Moreover the limiting partition function
satisfies a Weyl anomaly of the form (1.39) and is invariant under orientation-preserving
diffeomorphisms (1.40).

See Theorems 1.2.1 and 1.2.2 for a more precise statement. We defer the proof of
this statement to Appendix 2.5. As an immediate consequence of this result we have
the following:
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Corollary 2.3.11. The assignment of F — (F) for F a bounded continuous functional
over H"Y(Z — a, g) defines a unique Borel measure over H(Z — a, g).

Remark 2.3.12. This naturally defines a probability measureon H™ ' (X — a, g) equipped
(F)g

My

Remark 2.3.13. In the case where y(X) = 0 the partition function is infinite because of
the behavior of the integral in the zero-mode ¢ when {c, e;) — —oco. We can still define
the measure by F — (F)¢ for suitable functionals, although it will have infinite total
mass.

with its Borel o -algebra by considering the mapping F —

2.3.3.2 Correlation functions of Vertex Operators

Key observables in Toda theory are the Vertex Operators, formal exponentials of the
random distribution ® under the law described by the path integral (1.24): (e/@®@),
for some a € a and z € X. Averaging products of Vertex Operators with respect to the
law defined by the path integral amounts to defining their correlation functions: we
study here the existence and some properties of such objects.

Definition 2.3.14. Consider a family of N € N pairs (xg, ax) k=1, n With x; € Z all
distinct and a € a. The regularized Vertex Operator at x; with weight ay is defined by

lag g
Vapelxy) =g 2 elrXebmwe), (2.33)

The correlation function of Vertex Operators is then, if it makes sense, the limit

N N
(H Vi (X)) g = i{%( H Vaye(Xk))ge where
k=1 k=1 (2.34)

N
T Ve i) g = Zx(5,8) f E
k=1 a

N

_v.(x&
<H Vag,e(Xk)) g e e
k=1

We prove in Appendix 2.5 that it is indeed the case under the Seiberg bounds:

Theorem 2.3.15. For g a smooth Riemannian metric on X, the limit (2.34) exists and
belongs to (0,00) if and only if the Seiberg bounds (1.38) hold. The limiting correlation
function verifies the Weyl anomaly (1.39) and is invariant under orientation-preserving
diffeormorphisms (1.40).

Remark 2.3.16. Ifthe Seiberg bounds hold the map F — (F H],yzl Va (X)) g/ <H§CV:1 Va (XK)) g
defines a probability measure on H™' (£ — a, ) equipped with its Borel o -algebra.

2.4 Boundary Toda theories

Having defined Toda CFTs when the underlying surface is a closed hyperbolic
Riemann surface, we now turn to the case where the compact surface X has a non-
empty boundary. As explained in the introduction a major difference is that the
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presence of a boundary implies that one needs to specify boundary conditions for the
field ¢ in the Toda action, thus giving rise to several possible constructions for the
theory with a boundary. These boundary conditions correspond to automorphisms of
the underlying root system Z.

In this section we assume that X has a non-empty boundary, is of hyperbolic type
and is equipped with a smooth Riemannian metric g. We also fix an element 7 of
Out(Z): as explained in Subsections 2.2.2.2 and 2.2.2.3 this allows one to write a as the
orthogonal sum a = ay @ ap with the corresponding orthogonal projections denoted
pn and pp. We will also frequently use the notation u* for 7(u) where u is in a.

2.4.1 The Gaussian Free Fields considered
2.4.1.1 Neumann and Dirichlet Gaussian Free Fields

In the same way as in Section 2.3.1, it is possible to define a Gaussian field with
covariance structure given by either the Neumann or Dirichlet Green’s function intro-
duced respectively in Equations (2.9) and (2.10).

Definition 2.4.1. The (vectorial) Neumann GFF X&' is the Eentered Gaussian field
with covariance structure given for all u, v € a and all x # y € X by

E(u, X8N (x)) (1, X8V (y))] = (u, ) G} (x, y) (2.35)

where we used the same abuse of notation as when defining the closed GFE Likewise
the Dirichlet GFF X&P is centered with covariance for all u, v € a and all x # yeEZ:

E(u, X3P (x)) (v, XEP (y))] = (u, ) G (x, y).

Due to the presence of the zero-mode, to make sense of the path integral the law
of the Neumann GFF has to be tensorized with the Lebesgue measure just as in the
closed case. We will take this into account when defining the partition function.

Like before we can see these fields as vectorial GFFs, e.g. X& N = Z;zl X lg’Nv,- where
(v;)1<i<r is an orthonormal basis of a and with the X l‘.g N independent 1-dimensional
Neumann GFFs on X (and likewise for X8'P). This allows to define their partition
function:

Definition 2.4.2. Let g be a smooth Riemannian metric over Z, Ag’ be the one-

dimensional Neumann Laplacian on X and AgD be the one-dimensional Dirichlet
Laplacian on Z. We set:

NI~

det'(—ﬁAgN) ) .
———~| exp (_Qfaz kgdxlg). (2.36)

g

Likewise the partition function of the Dirichlet field is given by a regularized determi-
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nant:

L
2

1 r
Zp(Z,8) = det(—EAgD) exp (— kgdﬂtg) . (2.37)

87 Jox
The terms exp (+ - [55 kgdAg) are needed for the conformal anomaly (see Proposi-
tion 2.4.5).

2.4.1.2 Gaussian Free Field with Cardy boundary conditions

Lemma 2.2.2 suggests an alternative way of defining the Neumann and Dirichlet
GFFs. Indeed, let gy be a uniform metric of type 1 on Z: as shown in Lemma 2.2.1 one
can double the surface X to obtain a closed surface 3 equipped with a smooth metric
go. Now let X80 be the vectorial GFF on 2. Then the fields

X8 + X8 o ¢ X8 — X800 g
N_ 2T TR0 ond xgoP =2 TR 00 (2.38)

V2 V2

(where o is the canonical involution) have respectively the law of the Neumann and
Dirichlet GFFs on Z (in virtue of Lemma 2.2.2). Based on this observation we wish to
define a new field X8 € over X based on the doubling trick discussed in the introduc-
tion. Namely X80:C would be such that X8°¢ and (X8€)* o ¢ have the same law, where
-* is an order two outer automorphism of the underlying root system and X8°€ is the
extension of X8C to £ defined using o. To this end in the metric gy we define a new
field on X via

X80

¢ X8+ (X80)* o0
V2

Some key remarks have to be made at this stage:

X80 (2.39)

1. astraightforward consequence of Equation (2.39) is that X80C = (X80C)* o g;

2. the field X8>°C has the following covariance structure for x, y € Sand u,veEa:
B, X8 () (1, X8 (1))] = (1, 1) Gg, (X, 1) + (U, V") Gg (x,0());  (2.40)

3. let us decompose X80C in a = ay@ap (recall Subsection 2.2.2.2) by writing

X80:C 4 (X80:Cy*
x80C = x8oNV 4 x80.D  x80.N . 5 and X&D .=

X80:C — (X80 C)*

(2.41)
Then X80-N (resp. X80D) has the law of a Neumann (resp. Dirichlet) GFF from X
to ay (resp. ap). The two fields are independent. Besides, we can rewrite (2.40)
as

v—v*
2

v+ v*
2

[, X8 () (0, X8 ()] = (u, )G (x,) +(u, )G (x,0(y)).
(2.42)
This construction is limited to the uniform metric gy and to outer automorphisms of

order two. However, these observations suggest the following definition for the Cardy
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GFF:

Definition 2.4.3. Given a smooth Riemannian metric g on X and an automorphism
7 of Z, the (vectorial) Cardy GFF X&C is the Eentered Gaussian field with covariance
structure given for all u,v € aand all x # y € Z by

E[(u,X8C () (1, X8 ()] = (pnu, pNvYGR (X, Y) +(ppu, pp) Gy (x, ). (2.43)

For such a GFF X8¢ we have a decomposition similar to Equation (2.41), which
allows to define its partition function: set dy := dim(ay) and dp = dim(ap) so that
in particular dy + dp = r — recall that the values of these quantities are explicit and
given in Subsection 2.2.2.2.

Definition 2.4.4. Let g be a smooth Riemannian metric on . We set

an

det’(~5z08 )| 1 % (dp-d
— _ L AD D —UN
Zc(Z,8) = (—v det( znAg) exp( o faz kgditg). (2.44)

This formula agrees with (2.36) when the outer automorphism 7 is the identity
(for which dy = r and dp = 0). Via Lemma 2.2.4 it satisfies the following conformal
anomaly formula:

Proposition 2.4.5. Let g’ = e¥ g be a smooth Riemannian metric in the conformal class
of g. Then we have

.
ZC(Z,g’)zzc(Z,g)exp(@ Uz(|vg<p|§,+21{1g<p)dug+4faZ kg<pd/1g)). (2.45)

Proof. Thanks to Lemma 2.2.4 we have

r

i R= S| [ kere=2 [ ketng|
with R= 07 @dAo+2 | kodAde—2 | koydAy
167 oz g P ox 88 oz &8

which is seen to vanish thanks to (2.5). O

2.4.2 Gaussian Multiplicative Chaos

In order to make sense of the exponential of the GFF we need to regularize the
field X8'C. To this end for x € T and € > 0 small let Cq(x, ) := {y €X,dg(x,y) = 8} be
the geodesic (semi-)circle of radius £ > 0 centered at x, and ug . [-](x) be the uniform
measure probability on Cg(x, €).

Definition 2.4.6. The regularized GFF X§ Cis the average of X8'C over geodesic circles:

XEC () 1= g e [XEC] (). (2.46)
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The averaged GFF Xf’c satisfies:

Lemma 2.4.7. The field Xf’c has covariance kernel given by

E(u, X 0y, XE (y)] = f f (pntt, pNVYGE +(ppu, ppv) G dpug e (X)dpig e ().
(2.47)
Besides, if g = e? gy is a smooth Riemannian metric in the conformal class of the uniform
type 1 metric gy, then as € — 0 and uniformly in x ¢ 0X:

|ul? (—loge + Wy (x) + 3¢(x)) + (u, pnu— ppu) Gg, (x,0(x)) + 0(1)

gO'C 2 =
El(u, pg,e X501 (x0))7] {2|pNu|2(—log£+Wg0(x)+%(p(X))+0(l)

(2.48)
with Wg, a smooth function on %, x € X on the first line and x € 0% on the second one.

Proof. This again follows from the computations conducted in [51, Lemma 3.2 and
Equation (3.10)] by writing Gi'” in terms of G, as in Lemma 2.2.2. See also the proof
of Lemma 2.3.6. O

Definition 2.4.8. The GMC measures associated to X8'C are then defined by the limits:

C N Vi 8.
RUA (x»dvg(x) = llI%&‘uZ ol Xe (x)>dvg(x) (2.49)

for x in the bulk, while for x € 0Z they are given by
,C
e (uXEC () dAg(x):= lirr(1)£|p’\’”|2 elwXe () dAg(x). (2.50)
E—

Like before all the convergences stand in probability in the space of Radon measures
equipped with the weak topology, provided |u|? < 4 for the bulk measure and | PN u|2 <
1 for the boundary one. We stress that in the case where 7 is the identity, the above
statement amounts to defining the vectorial Neumann GMC on X.

Finally we provide the analogue of Lemma 2.3.8 for the behavior of the GMC mea-
sures under a conformal change of metric. Recall that the f; are a basis of ay of the
form f; = pn(e)).

Lemma 2.4.9. Let g = e gy be a metric in the conformal class of the uniform type 1
metric gy, and u in a. Then the following equalities hold in distribution:

2
8.C law) (1414 £0:C _ ., (X80C
X gy 129 (1) X0 Comgo0y g,

§C / 1 22 80:C_ 80.C
and "X >d7Lg(%w)e( +|pNu|)2e<”’XO Mg XD AN g

Proof. 1tis exactly the same proof as in the closed case, using Lemma 2.4.7. Namely
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for x in the bulk

,C 1 . |ul 80.C .C
ol UX8 (x))dvg(x)(gw) lime 2z elwXe (W=mgXOm) 000 gy ()
E—

1 w2 - ,C . ,C _1 ,C 2
— e( t2 )lﬂ(x)e (u,mg (X80 ))Fgo(x) llr%e(”rﬂg,s(xgo ) ()= 3 El{u,pg e XE0™) (x) ]dVgo(x)

1 2 N — ~ o
where Fg, (x) = ez (14" Wy (0+ (u pru=ppud Gy (10 (1) g independent of ¢. For x € 0%
XD g (x) 12 hmglpzvul (1 g, [X80°C) () — g (X80€)) , & dﬂt (%)
~0

(1+|P ul J(pT —(u,mg (X80:C)) |pNu| o ( (u,,ugyg(xgorc)(x))—%E[(u,pgrg(xgo,C)(x)ﬂ]dﬂgo(x).

Y x lim e
e—0

We end the proof as in Lemma 2.3.8, using the fact that the limiting GMC measures
are independent of the regularization scheme. O

2.4.3 Different boundary models
2.4.3.1 The Toda action and invariant subspaces

Thanks to Equation (2.41), for T € Out(%) we can decompose X8C as a sum of a
Neumann GFF X&" and a Dirichlet GFF X&P. Like in the closed case the Neumann
GFF is defined up to an additive constant (fixed by the requirement that mg(Xg'N )=0),
but this is not the case for the Dirichlet GFE As a consequence the space where one
should take the constant mode c¢ is not a but rather ap. Likewise functionals of the
field should take into account its specific form. In particular for exponentials of the
Toda field e#®®) when s € 3% we can assume that f € ay since ®(s) € ay which is
orthogonal to ap.

Definition 2.4.10. Given cosmological constants pp; >0and uj>0for1<i<rand
1 < j <dp, and g a smooth Riemannian metric on X, the path integral is defined by
setting, for F a bounded continuous functional on H}(Z — a, g),

. : —v,x8€
(Flgr=lm(Fygre, (Fgre=Zc(, g)f E|FXEC+o)e e 49 de. (2.51)
- ay
Here the regularized potential is given by

1 1
VX8 +¢) = ELRg<Q,X§’C+c)dvg+—f ke(Q,XEC +c)dAg

, ., 2 2.52)
: ey [0 (rei xB% N Tro |’| (5 XEC)
+ZIJ’B,ieY“ ngethe dyg+2e2]' ‘[;zg j;g (dﬂ/g)

i=1 j=1

where uj(dAg) := pjdAg (the reason for this notation will become clear later). We
then have the following analogue of Proposition 2.3.10, proved in Appendix 2.5.
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Proposition 2.4.11. In the setting of Defintion 2.4.10, assume that x(X) < 0. Then the
limit (2.51) exists and belongs to (0,00).

2.4.3.2 Around the Weyl anomaly

Having defined the path integral, we now would like to deduce from Lemma 2.4.9 the
analogue of the change of metric formula (2.30) for the path integral in the boundary
case, which in turn allows to prove a Weyl anomaly for the correlation functions.
However, there is a major obstruction that comes from the fact that, when 7 # 1d, the
folded root system (f;) j=1,...,ay is not simply-laced, so that the conformal anomaly of
the boundary GMC measures associated with short roots is expressed in terms of a
different background charge Q; (2.20), thus breaking the conformal symmetry of the
model. We thus need to distinguish between the cases where 7 =Id or not.

Neumann boundary conditions. When the outer automorphism under considera-
tion is the identity the construction leads to Neumann (or free) boundary conditions.
In this case the model is conformally covariant (Theorem 1.2.2), and its algebra of
symmetry is given by the W-algebra constructed from g, both in the bulk and on the
boundary, as shown in the A, (sl3C) case in the next chapter (taken from [26]).

Cardy boundary conditions. In view of Lemma 2.4.9 we know that the confor-

mal anomaly for the boundary GMC measure is given by exp (<QT’Yf’ (p) where Q; is

defined in Equation (2.20). It suggests that one should consider a model for which
the background charge on the boundary is set to be Q; instead of Q. However, this
spoils the construction in the bulk by breaking conformal covariance there! A way to
overcome this issue is to assume that u; = 0 for all j such that (Q, f;) # (Qz, fj), which
is the case when j e {1,---,dn}\ I;.

The model then enjoys conformal Weyl anomaly and diffeomorphism invariance:

Proposition 2.4.12. In the setting of Proposition 2.4.12, assume that j1j # 0 only if
j € I.. Then the model satisfies the Weyl anomaly formula (1.39) and diffeomorphism
invariance (1.40).

2.4.3.3 Correlation functions

On the surface with boundary X~ we consider not only N insertion points in the bulk
together with their associated weights (xi, ay) k=1, .~ but also M € N insertions on the
boundary (s;, B1)1=1,.,pm with s; € 0Z and f; € ay.

In the boundary case one can slightly generalize the model by introducing different
cosmological constants between the boundary insertion points. Namely, suppose that
the boundary of Z is composed of k connected components €, n =1, ...,k, and that
M,, insertions lie on the part €, of 0Z (thus M) +...+ My = M). Let us introduce a family
of non-negative’ cosmological constants (,u(”) ywith j=1,---,dy,n=1,..,kand [,, =

1,.., My. Then in the action (2.52) we set pyj(dAg) = Z 121 _l,u]l n) (n) )dﬂg,

. In fact, one can even choose the boundary cosmological constants in C with Re(,u(”) )=0.
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(n) (n)

(n) () : . . .
(sln , Sln+1) being the part of 0Z between the two insertion points s, and $] 41 and
with the convention that 35\2 = si").

Definition 2.4.13. The bulk Vertex Operators are defined similarly as in Equation (2.33)
by

18,1

\aklz Bl +&C
and Vg, (s)=¢ & 2% (+ (2.53)

Vak'g(xk) = ET e(“k,xgyc(xk)_'.c)
on the boundary. We then define the correlation function in the boundary case by the
limit

N M N y

H Vo0 H Vo sg = }:11% <H Vaye(Xk) H VBe(s))gr,e
= I=1 i 1

(
k=1 (2.54)

i T Vp (X8'C
H Va'k,g(Xk) H Vﬁl,g(sl)e_ g( £ +C) dc'

= lim ZC(Z,g)f E
e—0 aN | k=1 I=1

Theorems 1.2.1 and 1.2.2 (proved in Appendix 2.5) state that the limit is well-defined
and non-trivial if and only if the Seiberg bounds hold true, and that the limiting corre-
lation functions do enjoy diffeomorphism invariance, and satisfy the Weyl anomaly
formula, under the assumptions of Proposition 2.4.12.

2.4.4 Algebra of symmetry

We briefly discuss here what is the algebra of symmetry of the models constructed,

especially when 7 is non-trivial. To this end let us assume that X is the upper-half plane

2
H equipped with a metric conformally equivalent to g = u"jﬁ%.

strongly relies on the framework developed in [22], to which we refer for more details,
and definitions of the objects involved and of the notations used.

This discussion

2.4.4.1 From the Heisenberg vertex algebras to W-algebras

Following [22, Section 3], inside H the symmetry algebra associated with the free-
field X8 is, independently of the boundary conditions chosen, described by the Heisen-
berg vertex algebra of rank r. It is constructed out of a Fock space V.. of rank r, gener-
ated by acting on a vacuum state |0) . More precisely, one can define [22, Subsection
3.1] a family of unbounded operators (A,,) ,cz, acting® on a dense subset of a Hilbert
space Ay = L%(Q,Py) [22, Subsection 2.2], and satisfying the commutation relations
of a (rank r) Heisenberg algebra, i.e. forany u,veaand n,me Z

n
[<u’An>r <U,An>] = <uy U>E6n,—m~ (255)

8. In [22] the (A,) ,ez rather act on a subset of the full Hilbert space ., but this doesn’t change
anything in our context and makes the exposition lighter.
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The vacuum state |0) is then an element of 43 such that A, |0) =0 for all n =0, and
A,10) # 0 for n < 0, while the Fock space V. is the subspace of # defined by

V. =@V, where V{":= @  {(u,A ) (UnA-p)I0}.  (2.56)

n=0 my,-my=1
mp+--+my=n
Here the span is algebraic, meaning that we consider finite linear combinations.
The latter allows to define for z € C\{0} the formal power series in End(V, ¢)[[z, z‘l,log lzII11:

. s 1. _
W(z) = c+iA(2) +iA(2), A(z):=Aglogz— ) —Anz7", (2.57)

nez*

see [22, Equation (3.14)] (the latter is denoted ® there) for more details. Its holomor-
phic derivative 0¥ (z) is then the generating series of the generators of the Heisenberg
algebra:

0¥(2)=i) Apz "\ (2.58)

nez

These can be viewed as unbounded and densely defined operators. We can further
define so-called bosonic Vertex Operators [22, Equation (3.31)] by setting, for a € a
and z € C\ {0}, 7,/ (z) :=: e/®¢HAED : where : - : denotes the normal ordering.

Compared to the free-field, the addition of the potential e7¢X) to the action, which
gives rise to the Toda theories considered in this document, breaks the Heisenberg
symmetry [22, Lemma 5.8] but preserves the W-one (as stated in [22, Theorem 5.5]
under a neutrality condition). This is due to the definition of the W-algebra associated
to g as intersection of kernels of screening operators Q} = ¢ Vye,(Rddzfor1<i<r,
where the contour surrounds the origin. Namely, the restriction of the vertex algebra
structure from V. to 8.4, :=M;<;<, Kery, (Qf) defines the W-algebra associated with
g [43, Definition 4.3.6].

It can be shown [43, Theorem 4.6.9] (see also [22, Theorem 4.3])that for y in a
dense open subset of (0, v/2), this W -algebra is generated using the modes of currents
(W(si) [\P](z))lsisr of spins s;, where s; — 1 ranges over the exponents of g. These
currents may be thought of as polynomials in the holomorphic derivatives of ¥ [22,
Theorem 1.1]. For instance W® is the stress-energy tensor Wy = (Q,OZ‘I’)— :
(0¥,0VY) :, which thus takes the form

WOMW(2) =Y Lyz7" 2% with Ly:=-in+1(QAn+ Y :(AmAp—m):. (2.59)

nez meZ

More generally these currents are formal power series in End(V, ¢)[[z, z~!1]:

WS W) (z) = Y Wi z7"7Si | which are such that
nez
= @ span{W -wir . WED Wi o)),

-ni1’
N, ZS;

(2.60)

In agreement with [43, Theorem 4.6.9], they can be chosen to obey the commutation
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relations [wﬁf),wﬁfj)] =(n(s;—1)—-m) W(,,S{) for1 <i<randn, meZ. These however
do not uniquely define them and there is a certain freedom in the choice of these
currents. In the next subsection we explain how this freedom can be exploited to define
currents satisfying this property and that in addition satisfy a covariance property
under the action of Out(%).

2.4.4.2 Covariance of the W-algebra currents under 7 € Out(%)

Compared to the bulk case, in the presence of a boundary the choice of an element
7 in Out(£) has concrete implications on the properties of the symmetry algebra.
Namely, when 7 is of order two, in view of Equation (2.39), one can still make sense of
X8&C(z) for z € H, which is nothing but 7(X8C) = (X8C)*. As such, with a slight abuse of
notation, we have W& [W](z) = W) [¥*](z). Now, and up to redefining the currents
W) we can show that the effect of changing W to ¥* has an explicit effect on these
currents as follows:

Proposition 2.4.14. Assume that g # 04, for some n = 2. There exist currents W) [
of spins s;, with s; — 1 ranging over the exponents of g, such that for generic values of y:
— 8., is freely generated by acting on |0) with the modes (W(_s ")l.) l<i<rs

n;=s;
— [st),ngj)] =(n(s;—1) - m)W(,,s{) foralll<i<randn,meZ;
— there exists 0 : {1,---,r} — {—1,1} such that for T € Out(%) of order 2 we have
WED 1] = g ()W [P].
In the case of g = sl,, we have W) [tW] = (—1)5 WS [W] for T € Out(%) non-trivial.

The two first items of the above result are part of [43, Theorem 4.6.9]. The main
novelty of our statement is the fact that it is possible to redefine the currents in such a
way that they become covariant with respect to the action of Out(%) (which is relevant
when this group is not trivial). To the best of our knowledge and apart form the g = s(3
case this property is new and highlights new features of W-algebras in relation with
the notion of folding.

Proof. Let T have order 2. Since 7 gives rise to a permutation of the simple roots
(ei)1<i<r, the intersection of the kernels of the screening operators remains unchanged.
Moreover, the stress-energy tensor WA ] = (Q, %) — (Y, 0W) is also invariant un-
der ¥ — ¥*. As a consequence, we see that the commutation relations [wgf),wﬁfg e
(n(si—1)—m) Wﬁ,ﬁi) are also preserved. Thus changing the currents from W) [¥] to
WD [W*] preserves the W-algebra and the property of being a Virasoro primary field,
whatever basis of currents is chosen. We denote such a basis by (w®?) l<i<r

Let us now construct the currents by showing inductively that forall 1 < i < r, there
exist currents W&/, 1 < j < i, such that 9.4, =% := @, 9.4(, " is freely generated
by acting on |0) with the modes of these currents, and with W/ [W*] = + W) W],
Here the grading is the one from the proof of [22, Theorem 4.3]. The case of i =1
corresponds to the stress-energy tensor (of spin s = 2), so we can focus on the inductive
step. Let us assume that we have been able to define currents of spins s;, 1< j<i—1,
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satisfying these assumptions. Then, following the proof of [43, Theorem 4.6.9], the
subspace ¢4, i) of 8¢, atlevel s; is given, since we have assumed that g # so04,, by

540, = Cw’) 10y @span {WE) - Wi o).

Since 1 preserves the space 9.4, we can thus expand w(s’) [P*]]10) = (S’ P10y +
D<% where D% is generated using the modes of the currents W/ [¥ ] for ] <s;. By
induction, we can further decompose D<% = D" + D" where D" = D" while
TDB” = —DBS" . Now since 7 is an involution, applying 7 once again we obtain

1+ 1) (Wi [¥*] - w)[¥]) |0y = 2D

Here we need to distinguish according to the value of 1;. Let us first assume that
A1 # —1. We can then deﬁne W to be the vertex operator (see [22, Equation (3.19)]) as-
sociated to w'’)[¥]]0) + = A <s’ Then by construction we have W) [¥*] = W) ],

Moreover since w(s) [W]]0) and <S’

" /1 are linearly independent, the induction hy-

pothesis is satisfied. If we rather assume that A; = —1, then ( O]+ wb [‘I’]) |0) =

DBS’ so that we rather define W' to be the vertex operator associated to w')[¥]|0) —
%D;s’. We then obtain W9 [¥*] = ~W® [¥] and the induction hypothesis is satisfied:
we can always find currents that verify the two first points of the proposition, and such
that W) [W*] = WD ],

It remains to see that this sign, in the sl, case, is determined by the spin s;. To
this end, we first choose the basis of currents defined using a Miura transform [41],
that we denote (w(si))1 <i<yt WE refer to [22, Subsection B.2] for more details, and
from which we borrow the notations. These currents admit an expansion of the form
wb) = Z;":_Ol g’ P;(¥), where g =y + % and P;(¥) is a (s; — j)-multilinear form in the
derivatives of ¥. For instance

Po¥)= Y [](hj,09). (2.61)
P10} j€P
12211=s;
For 7 #1d, we have te; = e,,_ so Th; = —h;,.1_; where h; = w; — Z ek (with the
notations from [22, Subsection B.2]). This implies that Py(¥*) = (- l)sl Py(¥). Now
by contradiction assume that s; is odd and that W) [W*] = +W? W], Then the
equalities Po[¥*] = —Po[¥] and 7D}" = ~D}" imply Po[¥]+ D[] = 0, where
(D} ) el ‘I’]) 10y = <s’ and D<s’ [¥] is the s;-multilinear form in the expansion of

DBS’ [P]. But by constructlon, in the sl,, case, D;sé [¥] is of the form
pj

i—1
DW= cp [T| 2 [l¢,o9
14

j=1| @<, n e
I12l=s;
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where the sum ranges over p = (p1,-+-, pj-1) € N" such that Z;;i pjsj = si,and ¢, are
constants. The latter being linearly independent (for instance by viewing them as
polynomials in the variables X; = (h;,0¥)) from Py, we cannot have Py[WV]+ D;,s(") Y] =
0. Hence we arrive to a contradiction: odd spin implies A = —1. The same argument
shows that if the spin is even we must have A = 1, and this concludes the proof. We
believe that a similar argument holds in the so0,,, case using the Miura transform [68].

O

2.5 Proofs of the main statements

We gather here the proofs of the statements defining the probabilistic path integral
and the correlation functions. The case of a closed Riemann surface being treated
in the exact same fashion as the open one we will focus on the latter. Likewise the
partition function being a special case of the correlation functions our goal is to
prove Theorems 1.2.1 and 1.2.2. Hereafter we denote x = (xy,:-+, XN, S1,**, Sp) and
a=(ay, ,OCN,%ﬁl,"' ,%ﬁM)-

A key ingredient is the following formulation of the Girsanov (or Cameron-Martin)
theorem:

Theorem 2.5.1. Let (%, g) be a Riemannian surface, (X(x))xex = (X1(X), ..., X5 (X)) xex
be a family of smooth centered Gaussian fields on X and Y be a random variable in
the L?-closure of Span(X (x))xex. For any F bounded over the space of continuous
functions,

E[e? 2BV F(X (1) ges | = EIF(X(x) + E[Y X(0)]xes] .

2.5.1 Existence of correlation functions (Theorem 1.2.1)

We start by establishing the Seiberg bounds (1.38). In view of the Weyl anomaly
formula that we will prove next we can always assume that g = gp is a uniform metric
of type 1. Without loss of generality and since, for z € C, |e?| = eR¢® we also assume
the cosmological constants to be real-valued.

Recall the decomposition (2.41) of the field X&'C in terms of X8 and XP8 two inde-
pendent vectorial Neumann (resp. Dirichlet) GFFs. Then by Girsanov’s theorem 2.5.1
for any F bounded continuous over H Iz —-aq, g) we have

N M c
E| [T Vare G [] Voelsn F(XE€ +)
k= =1

= CE,x,aIE [F(Xg’c + C + Hg’xya)] With
1

2 2
Ty e We, () = MWg.gock) (k@) Gg,e (g, X))
Cexa=]]e 2 "esMW]er e I[] e , and
k=1 =1 1<k<I<sN+M
N+M
He x,a = Z AkGgee() X))
k=1
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Here Ggo(x,y) = UgelGg(-, NI(X), Ggee(X,y) = Ugelz — UgelGg(:, 2)1(X)]1(y), while
Wy e (xi) = Wg, (xr) +0(1) as € — 0 (see Equation (2.14)). Hence Cg x,q = Co,x,a(1+0(1)).
As a consequence the regularized correlation functions are

. dy fi0

Ae=Cona [ e+ iZProrop, < | de(1+0(1)),
an

2 2
Yi %G8 iy e
Zi,f = f 4 e<Yeere (x)'f'He,x,u(x))dvg(x)’ Z]ag :f £ 2 e<2f]vX£ (S)+H£,x,a(s)>uj(d/'lg) (S)
z ’ [0)>

To see that the Seiberg bounds are necessary conditions, we bound for any positive
M>0

Y
_yr IRCTTRONIRG ¥ 1
AgEngaf e<2ak+%2ﬁz—0x(2)£>e Zizl(liB,ze i“te2’] )M

an

xP(Vi,j Zie < Mand Z°, < M)de(1+0(1)).

e

The latter probability being non-zero we see that A, is infinite as soon as there is a
ief{l,---,r}suchthat ) ar+ % Y Bi— Q)((Z),w;’) < 0: the first condition of the Seiberg
bounds must be satisfied. Besides, if (a; — Q,e;) =0forsomel<k<Nandl<i<r
we have that for € small enough and for any s < 0, fB(zk,e) |x — zi|~(@rren e(reiXE%) g Vg =
+00 almost surely (and likewise for boundary insertions) ; see for instance the para-
graph between Equations (3.9) and (3.10) in [59]. This entails that the second condition
in the Seiberg bounds has to be verified too.

We now assume the conditions (1.38) to hold and show that they are sufficient for
the regularized partition function to converge and to be non-trivial. We actually prove
a stronger statement that may be used to extend the Seiberg bounds. Let us introduce
the shortcuts ,ué\,’ .(x) and ,uf . (x) for the regularized Neumann and Dirichlet GMC
densities, respectively.

Lemma 2.5.2. Let1 < i <r and assume that{a —Q,e;) <0. Then forxe Z and p >0
such that Bg(x,2p) N0Z = @,

sup &

>0

< +00

p
(f e(ye,-,a)Gg,e(x,y) é\,][;‘ (y)ﬂ?g(y)dl/g(y))
Bg(x,p)

ifand only if p € (—oo, % A %(Q —-a,e/)).

Proof. By Kahane’s convexity inequality this result follows from [32][Lemma A.1]; see
the proof of the next lemma. O

Lemma 2.5.3. Let1 < i <r and suppose that {f—Q,e;) <0, and s € 0X. Then for all
1>0>0andassoonasp € (—oo,% /\%(Q—ﬁ,e;’))

suplE < +o00.

>0

p
Live.
| eb oD Cecs0 N ()P (x)dvg(x)
Bg(s,1-6)nZ ’ ’
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Proof. Suppose first that p = 0. We can get rid of the Dirichlet part of the Cardy GMC
measure by using Kahane’s convexity inequality (see [58, Corollary 25]). Indeed, a
simple computation shows that

El(e;, X8 (0) (e, X ()] = 1€iP G, o (x, ¥) — 2(es, ppen) Gy e.e (x,5(9)) .62
= lei[?GL, o (x,y) + 2¢e;, pnen Ggee(x,0()

with (e;, ppe;) =0 and (e;, pnye;) = 0, so that we can compare

El(e;, X5 (x)) e, X5 ()] < El(e;, X8 () (ei, XEN ()] + C  and
El(e;, X5 (x))(e;, X¥C (1)) = El(e;, X5 (x0))(er, X8 (1)) - C

for x,y € Bg(s,1-6) U Z. Since the function ¢ — ¢” is convex for = 0 when p = 1
and concave for 0 < p < 1, Kahane’s inequality implies that the expectation in the
statement of the lemma can be upper-bounded by (a constant times) the same integral
with only Neumann (p = 1) or Dirichlet (0 < p < 1) type density. Moreover, thanks
to Lemma 2.2.3, we can work on the Poincaré disk (B(0,1 - 6), gp). Thus, the result
follows from [59, Lemmas 6.3 and 6.9]. For p < 0 the situation is simpler since the
integral in the statement of the lemma can be lower-bounded by the same integral on
Bg(s,1-6)N{x € Z:dg(x,0Z) >n} with > 0 small, so the situation is the same as in
the bulk. O

2.5.2 Weyl anomaly and diffeomorphism invariance
(Theorem 1.2.2)

First, notice that it is enough to show the result for g = gy the uniform type 1 metric.
Indeed, suppose that g’ = e g are two metrics as in Theorem 1.2.2, there exist two
smooth functions v and ¢ such that g’ = e¥ gy and go = e* g, with ¢ = ¥ + £. Then we
have? using (2.5):

L(|vg0w|§o+23gow)dugo+4faz kgowd/lgo+fz(|vg5|§+23g5)dyg+4faz kgldAg
:fzuvg(p@uzeg(p—2<vgw,vg5>g—21//Ag§)dug+faz(4kg<p+zwaﬁg5)dag
:f(|vg<p|§+23g<p)dug+f dkgpdg

z 0z

by integration by parts. This shows that we can restrict ourselves to the case of g = e g
with gy the uniform type 1 metric. We choose to present the proof in the most general
case where the field under consideration is the Cardy GFF X8'*. Remember that in
this case the u;’s associated with the short roots are set to 0. One naturally recovers
the Neumann case by setting dy = r. We omit the e-regularization in the following
since the convergence of the correlation functions for a general smooth metric g is

9. This property is known as the cocycle property of the Liouville action.
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2 Toda theories on general Riemann surfaces — 2.5 Proofs of the main statements

justified by the computations to come. We first use Lemmas 2.3.3 and 2.4.9 and make
a change of variable ¢ — ¢+ myg (X80:C) (which is possible since the Dirichlet part of
Mmg (X80C) is 0, so that mg(XgO'C) lives in ay) and apply the Gauss-Bonnet theorem to
restrict ourselves to

f e QR
aN
2

r ) i , C vfj Y If] o Y c
_ZMB,ie<Ye“°>fze“+ D)9 eX0 gy, Z# ez °>f eIt =7 )7 ol 7 X5 >6Mgo)
i=1

1 1
F(Xgo'c+c)exp(—afRg(Q,XgO’C)dUg——f kg(Q, X8 C)d A,

dc.

(2.63)

Now we would like to apply the Girsanov transform to the term e”, where (using (2.5))
) 1 g 1 €,C
Vis = | ReQX¥)dug= oo | kg(QXE"OdAg
1
= - U Agy0{Q, X8 Y dvg, f 05 (p(Q,XgO'C)d/IgO).

Hence we shall compute the variance of Y. For this we use the fact that Q € ay,
together with (2.11) and integration by parts to infer that

2
E[Y?] :%U Agyp(x) (f Ag0<p(y)Gg0(x Ndvg (y) - f Oy, (p(y)G (x, y)dxlgo(y))dvgo(x)

+f ango(p(y) (f dng (p(x)G (x,y)dA g, (x) - fAgo(p(x)Ggo(x,y)dvgo(x))dxlgo(y))

_1Qi?
iy (mgo(p(fZAgo(pdvgo—fazaﬁgo(pd/lgo)+fz(pAg0(pdvg0—faztpaﬁgo(pdﬂlgo)

IQI2
87 f |Vg0(p|g0dvg0

In the same way, we obtain

]E[Y(u,XgO'CH:%( f gy )G (x, ) g, (x) - f 0n,, POGY (x, )cmgo(x))
:_<Q’£f (- mgo(w))——u(w Mg, ()

for any u € a. Notice that the above Girsanov shift coincides with the conformal
anomaly of the GMC measures in (2.63), since the short roots are not taken into
account in the boundary potential. Hence applying Girsanov theorem allows us to
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rewrite (2.63) as

1912
f oo Jx |Vgo‘p|§od”go_<Q’c>X(z)E F(c+X8C — %((,0 —mg,()))
an

L e+ 8 . X80:C dy MisQ i xg0.C
X exp (_ 3" g, et mgo(qo)>f eV X0 gy Y el T et mgo(q’))fa e 7 XYV d g || de.
: > z

i=1 i=1

Now we make the change of variables in the zero-mode ¢ — ¢ — %mgo () (which is
possible since Q € ay) to obtain that (2.63) equals

12 Q

102
e tor Vel @i+ 2 150D Ze(2, 80 (FC = S 0)g.

We conclude with the Gauss-Bonnet theorem (Equation (2.4)) and Proposition 2.4.5.
Finally, the fact that the partition function is diffeomorphism invariant directly follows
from the fact that all the objects involved are so. Indeed, if ¢ : ¥ — X is an orientation-
preserving diffeomorphism preserving 0%, then for any smooth Riemannian metric g
we have Ry« = Rgoy and ky+¢ = kg oy, while X' gC @ xec, w since we have the
following diffeomorphism invariance satisfied by the Green’s functions:

Gy g6, 1) = G W), ¥(1) Gy y(x,1) = Gg W (x), w(y)).
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3.3.4.2 Global Wardidentities . . . . .. ... ... ........ 112

3.1 Introduction

In this chapter and the next one, we specialize the study to the Toda CFT based on the
root system Ay, or equivalently the Lie algebra sl3C, defined on the complex upper half-
plane H. We also specify Neumann boundary conditions for the underlying Toda field.
The present chapter is dedicated to proving that the so-called Ward identities are valid
for this model, which constitutes a first manifestation of the higher-spin symmetry
enjoyed by the latter. For this we rely on the probabilistic construction described in
the previous chapter (that is easily adapted to the case of H), and exhibit an explicit
representation of the W-algebra W3 (or WA;) in the model, using a regularization
procedure allowing us to define the W-descendants in a weak sense on the boundary
R. The content of this chapter is taken from [26], co-authored with B. Cerclé. An
introduction to the method and the statements of the main results of this chapter is
found in Subsection 1.2.2.

Let us first specify the background notions described in Section 2.2, Subsections 2.3.1
and 2.3.2, to the present context.

3.1.1 The general framework
3.1.1.1 Gaussian Free Fields

In the setting of the A, Toda theory on H, with Neumann boundary conditions,
the probabilistic definition of the Toda field as performed in the first chapter (taken
from the article [28]) is based on the consideration of a vectorial Gaussian Free Field
X : H — R%. This GFF is a centered Gaussian random distribution, that we define
through its covariance kernel, given for any u, v € R? and x, y in H by !

E[(u, X)) (v, X(»))] = (u, v)G(x, y)

with the Neumann Green's function G2 given by

G(x,y) =1 +2In|x|; +2In|y|,

n———————

|x—y|[x-7]|
and where we have used the notation | x|, := max(]x|, 1). The Green’s function G can
be alternatively written as

G(x,y) = Ga(x, ) + Ga(x, ), with Gg(x,y) =In +In|x|; +1In]y|, .

1
x|
1. We use the same abuse of notation as explained in Subsection 2.3.1.
2. Since we will only deal with this particular function, we omit the subscript N here.
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3 Ward identities in the A, Toda theory on the half-plane - 3.1 Introduction

Here G¢ is the Green’s function on the Riemann sphere. As we have already seen the
object thus defined is not a function but rather an element of the Sobolev space with
negative index H™!(H — R?). We can however construct a regular function out of it by
using a regularization procedure, and we choose to consider a smooth mollifier  and
define for any p > 03:

X, (x) ::fHXp(y)np(x—y)dydj/ (3.1)

where we have set 7, () := %n(?). This is a standard procedure, see e.g. [30].

3.1.1.2 Gaussian Multiplicative Chaos

The Gaussian Multiplicative Chaos measures are defined on either H or its boundary
R, as described in the previous chapter, by:

: 2 (ve; .,
Myei (dzx) = 111’1’(1) p)’ e(}’euxp (x)> dxdx; M;?ei (dx) = lln(l) p 2 e<2 eerp (x)> dx
p— p—

where these limits hold in probability, in the sense of weak convergence of mea-
sures [13, 85]. In the above the (e;);=1,» are a choice of simple roots of s[3C (see just
after), and as such are elements of R? such that |e;|*> = 2, thus we need to make the
assumption that y < v/2 in order for these random measures to be well-defined.

3.1.1.3 On the Lie algebra si3C

For details about simple complex Lie algebras, we refer to Section 2.2.2 (and refer-
ences therein). We denote by (e, e») the (in fact, a choice of) simple roots of the Lie
algebra s(3C. They satisfy the property that

a2 -1
(<ei’ej>)i,j'_A_(_1 2)

with A the Cartan matrix of sl3. We will also consider the dual basis of (e, e;) which
we denote by (w;,w>). Explicit computations show that we have

2e1+ e

e;1+2e
wl—T and w; = .

In the case of s[3C, the Weyl vector is given by*

p=wi+wr=e;+e, sothat (p,e;)=1 for i=1,2.

3. The reason for changing the notation for the regularization parameter compared to the previous
chapter will be clear later, when we will introduce extra regularization procedures.
4. For simply-laced Lie algebras, p = pV.

74



3 Ward identities in the A, Toda theory on the half-plane - 3.2 Description of the
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In this setting the background charge Q can be expressed in terms of the Weyl vector
and the coupling constant y € (0, v2) as

o=(r+3)
)

We will also consider the fundamental weights in the first fundamental representation
m1 of sl3C with the highest weight w;:

2e;+eo

—e1t+eée
hl = =
3

e +2e
C hy= e 2
3

, hz:= 3 (3.2)

Finally we introduce the following notations that will enter the definitions of the
higher-spin current:

B(u,v) := (hy — h1) (W) h1 (v) + (hs — h) (u) h3(v);
C(u, v, w) := hy (W) hoy(v) hg(w) + hy (V) ho (W) h3(w) + hy (W) he (w) 3 (V).

where h;(u) is the pairing between a and its dual a* —both isomorphic to R*>— given
by h;(u) = (h;, u). We also introduce here for future use the following shortcut:

C%(u,v,w):=C(u,v,w) +Cu, w, v).

3.2 Description of the method and some technical
estimates

3.2.1 Definition of the (regularized) correlation functions and
descendant fields

In this section we sketch the construction of the Toda CFT on the upper half-plane
H as detailed in the previous chapter. We also introduce the regularized descendant
fields that we wish to define in order to prove the Ward identities.

3.2.1.1 Toda correlation functions on H

We first define the Toda field on H to be given by®
®:=X-2QIn||; +c,

where X is the GFF defined previously, and c is distributed according to the Lebesgue
measure on R2. We denote by @, the regularized Toda field in the sense of Equa-
tion (3.1). The Vertex Operators are observables of the Toda field that are of fundamen-
tal importance. They depend on an insertion point z € H or s € R as well as a weight a

5. This definition amounts to considering the Toda CFT on H with the metric g(z) = d?z/ Izli, as it
is often done.
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or 8 in R?, and are formally defined by considering the functionals

B
Vo (2)[®@] = !*®@) for ze H, while for teR  Vp(s)[@] := &2,

Based on these observables we can form the correlation functions of Vertex Operators,
which depend on insertion points (z1,..., Zy, S1, ..., Spr) € HY x RM | to which are associ-
ated weights

(@1, @N, B1, .. Brr) € RZ)NTM The corresponding correlation function is then for-
mally given by

N M
(T Var Gz [T Vg, (s
k=1 1=1
where the average is made with respect to the law of the Toda field. We now recall how
to provide a rigorous meaning to the latter.

For the sake of simplicity we write z = (zx) k=1, 2n+Mm 0T (21, ..., ZN, 21, .0y ZN) S15 o0y SM)
and a = (ap)k=1,.2n+M fOT (@1,...,aN, a1, ..., aN, B1,..., Bm). In order to define the cor-
relations we also introduce the bulk cosmological constants ug; >0 fori = 1,2, as
well as the boundary cosmological constants y; ;, which we choose in C but with
the additional assumption that Re(u; ;) = 0, and set u; to be the piecewise constant
measure on R given by

M

/Ji(dx) = /J'i,l+1]l(sl,sl+1)(x)dx
=1

where by convention sy = —o00, spr+1 = +oo and ppr+1 = Y.

We can then make sense of the correlation functions using a regularization proce-
dure. Namely, for a suitable functional F, we can first consider the following quantity
at the regularized level ®:

N M N M
(FIO] [ Va, (20 T[] Vg, (56,6, := f e QR | Fl®,) [ Vapp(zi) T Vi, p (1)
k=1 I=1 k=1 l

R2 -1
) (3.3)
2 . _ r (Y.
xexp|-— Z UB,i py e(Yely®p(x))dxdx+ 0 5 e<zez>¢‘p(x)>ui(dx) dc
izl H§,£ Rg
where

lagl? 1812 By

deyp (Zk) = pT e(dkvq)f)(zk» and Vﬁl;p(sl) = pT e<T)(I)p(Sl)>.

Here the domains of integration are defined by

N M
Hs = MH+i6)\ [ Bz, ) and R.=R\|[J(s;—¢,s+8),
k=1 I=1

6. We choose not to renormalize the correlation functions using the partition function of the GFF as
we did previously, since these constant quantities are not relevant for the present exposition.
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with € and 6 such that all the B(zy, ¢) lie in Hs . and are disjoint, and all the intervals
(s;— €, 1+ €) are disjoint. (see Figure 3.1).

£
—>
|/ . \l |/ . \l
\\ Zl 7 [H]5€ \\ ZZ //
ffffffffffffffffffffffffffffffffffffffffffffffff R+id
Hi1 Hi2 ML, i MR, Hi2 Hi3=Hi1
- e- - - e- - -e-- Rg
$1 t $2
—>

Figure 3.1 - The domains Hs . and R,

Note that applying a Girsanov transform (Theorem 2.5.1) allows one to write the
regularized correlation function in the following form:

N M
(FIO] [] Ve ) [ [ Vi, (s1))6,6,0 = C(2, ) fR i e [F[®, + HI (3.4)
k=1 =1

2 >
. 2 (ve. _ (Y Y (Le
xexp|—)_ pp,ielrere Zi ,p" eVerXe @ qxdz + ef2000 Zf pZ ez X (dx) || de(l+o(1))
H p R ’p
0,€ £

i=1

where s:= Y ai + 3 Y. f; — Q, and where we have set:

M |“k‘2 2N+M
Cz,a) = []lzk—z|™ % [ lzx -2l 2, H= arGe () zg),
k<l k=1 k=1
2NAM (| (yei,ax) 2N+M (Lejap)
x| | x| 2
Zip= 11 ( : ) and Z?p: [1 ( - )
k=1 |z — x| ' k=1 |z — x|

If we choose F =1, then in the same way as in Theorem 1.2.1 we can show that
under some conditions on the weights, the regularized correlation functions converge
as p, € and then 6 tend to 0, and are non-trivial in the limit. The difference here is that
the boundary cosmological constants are no longer real but are rather chosen in C,
but this issue is addressed in [24]. Eventually, one shows that the limiting correlation
functions exist and are non-trivial if and only if the following conditions hold for all
i=1,2:

(s,w;)>0; {ar—Q,e;)<0 forallk=1,..,2N+ M,

which corresponds to the Seiberg bounds (Theorem 1.2.1), supplemented by
up,i>0and Re u;;=0forall/=1,..., M.

We denote by «/ s the set of such weights satisfying the Seiberg bounds. We define
similarly the limiting correlation function for general F by the same procedure as soon
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as it makes sense, and denote

(F(®) H Va, (21) H Vp,(s0)) := lim lim hm<F(<I>) H Vo, (21) H Vi, (SD)5.6,0-
k=1 1= k=1 I=

The correlation functions obey the following KPZ identity, which is key to get rid of
the metric dependent terms, when performing Gaussian integration by parts, as it will
be seen below.

Lemma 3.2.1 (KPZ identity). For (ak, 1) in <N M, it holds that
2

N M N M
ST Ve o) [T Vs, (506,60 = D (uB,iyel- fH (Vye, (x) H Va, (2k) H Vg, (s))6,6,0dxd %
k=1 =1 5,6 = =

i=1
Yet
f (Vye, () H Ve (28) H Vo, (50)5,,p101(d20) |

Proof. In the definition of the correlation function (3.3), make the change of variable
c—c+ glogug,l to obtain

N M
H Vay,p(2k) H Vrp(s1)

<sP>
<H Vay (2k) H Vp,(s1)6,e,0 = Hp 1" ﬁgz e SOE

X exp Z UB,i P (Yel CDp(x»dJCdx-i'[J;%f P 2 e<2el <Dp(x)) (dx)
i=1 MB,1 JHs .

where the notation V refers to the Vertex Operator associated to the field @, — ¢ (that
is, without the zero-mode). Now, differentiating in pp; and performing the opposite
shift in the zero-mode yields

0 (s, p)
H Vo, (21) 1‘[ Vi, (s0)56p = ——F H Vo, (21) 1‘[ Vi, (515,60
OUB1 ji = YHB1 ji =
HUB,2 _
+ _f <Vyel~ (x) H V(xk (2k) H Vﬁl(sl)>6,8,pdxdx
MB,] H5,£ k=1 =1

2

N M
+y f (Vye 0 T V() T] Vi, (50056, piti (d0).
k=1 =1

ic12MB,1 JR,

On the other hand, by differentiating directly the correlation function in up,; one
obtains

3 H Va, (z1) H Vg, (81))5,6,0 = —(Vye, (X) H V. (z1) H Vg, (s1))5.e,0
HB1 k=1

hence the result by identification. O

It is also worth mentioning here that the correlation functions obey the following
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conformal covariance property that will be used in Subsection 3.3.4, and that is a
consequence of the Weyl anomaly and of diffeomorphism invariance (Theorem 1.2.2):

Proposition 3.2.2. Lety € PSL(2,R) be a Mobius transform of the upper-half plane H.
Then for & in <N, and a suitable functional F':

N M
(Fl@oy+QIn|y'|I [ Vo, w(z) [ [ Vs, (w(s)))
k=1 =1 3.5)
N —2A M -A N M °
= [T|w' @[ " [TIv'(sn| ™" (F1®1 [ ] Ve (2) [ Vg, (s10)-
k=1 I=1 k=1 I=1

Proof. Any holomorphic change of coordinate z — y(z) acts on the metric as a Weyl
rescaling |dz|* — |y'(z) |2 |dz|?>. Now combining invariance by diffeomorphism and
the Weyl anomaly formula we have for a Mébius transform

" i _ Mfmvmw'(znzfdzdz
(FI®oy+QIn |y [T Vi, (w(ze) [V, (w(sp)) = e n
k=1 I=1 (3.6)
N o M A N M :
x [TIw' @7 [T |/ (s0| P (FL@] [ Vi zi) [T Vg, (1))
k=1 =1 k=1 I=1
and the proof is complete since the integral term in the Weyl anomaly vanishes for
holomorphic functions. O
Finally, we introduce the shorthand
N M
V=[] Vo, o) [T Vi, (s
k=1 I=1

in order to lighten the presentation.

3.2.1.2 Descendant fields and currents

Let us denote by ® the Toda field. The way we define the regularized descendant
fields is by means of expressions of the form

N M
(FIOIVE() [ ] V(2 [T Vi, (s0)5,6,0
k=1 =1

where F[®] is a polynomial in the derivatives of ® evaluated at t. The expression of
this polynomial is key as it encodes the symmetries of the model, and is derived from
the currents T and W whose modes generate the corresponding representation of the
Ws algebra. Before providing an explicit expression for the descendants recall that the
currents are defined by

T(2)[®] = (Q,0°®(2)) — (ID(2),0D(2))
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for the stress-energy tensor, while for the higher-spin current
W(2)[®] = g*hy(0°®(2)) — 2 B(0*®(2),0P(2)) — 8C(0D(2),0D(2),0P(2)).

Here z stands for a bulk point inside H or for a boundary insertion on R, in which case
the complex derivative is replaced by the usual (real) derivative.

In the framework of Vertex Operators Algebras, the descendants of the Vertex Op-
erators V, can be found using the Operator Product Expansion between the above
currents and Vg, in the sense that we have a formal expansion as z — w:

W) Vo(w) = Y (z— w)">W_, V, (w)

n=0

and likewise for T. The translation between the two languages has been worked out
e.g. in [22]; informally speaking in order to obtain a probabilistic interpretation of
the above expansion we first shift ®(2) to ® = ® + aln —; and then formally Taylor

expand the field ®(z) as ¥ ,,-¢ &= ”’) 0"®(w). By domg so we arrive at the following
expressions for the descendant ﬁelds associated to the stress-energy tensor:

L_,V,[®]:= Lfn[d)] Vo [®], with Lfl [@] :={a, 0D) while for n =2
n n-2 i+1 n—i-1 3.7
Li‘n[¢1=<(n—1)Q+a,a—®>—Z<a .CD, 0 q.) > 6.9

(n—1)! =0 i (n-2-1)!

The expression of the descendants associated to the higher-spin current is slightly
more involved:

W_, Vo [®] := W?, [®]V,[®], with W% [®]:=-qgB(a,d®)-2C(a,a,dD),
W%, [@] := q (B(0°®, a) — B(a,0°®)) — 2C(a, a, 0°®) + 2C (a, 0D, 0D)
W2, [®]:= (n-1)(n—2)g*(hy, ®™) + g (n - 1)B@", a) — B(a, ®™)

n-2 ) . . ; (3.8)
-2C(a, a’q)(n)) + Z (4C(q)(l+l),q)(n—l—l), @) —2iq3(®(l+1),q)(n_l_l)))
i=0
AR (G+1) mi—j+1) & 2)
i— n—i—
_ 5 Z;’) Z c@U*tY ol-/t) o )
i=0 j=

0"®(2)

T and recall that C? (©, v, w) = C(u, v, w) + C(u, w, v).

where we have set @ (z) :=

3.2.1.3 Regularized descendant fields

Products of derivatives of the Toda field do not make sense as such since the GFF
only exists in the distributional sense. However using its regularization ®, as done
above we can actually make sense of its derivatives, while for the product we will rely
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on Wick products instead. To be more specific, we set for positive p

L, Va(2)[Dp] = :Lﬁn[(I)] : Va,p[@1(2) where
o < o"®d > n-2 <0i+1® an—i—lq) > (3.9)
LZ,@]: =((n-1)Q+a, — : —, - :
(n—1)! =0 i (n-2-1)!

with : - : denoting the Wick product of the Gaussian random variables involved (see [62,
Chapter III] for more details). For instance for centered Gaussian variables we have

:€162:=¢182 —E[§162], and  :{18283:=¢16283 — C1E[§2¢3] — ¢2E[§3¢1] — ¢3E[$162].

The regularized descendant fields are then defined with correlation functions by
considering

N M
(L V(1) l_[ Va, (2k) H Vg, (s1))s,e,p-
k=1 =1

Of course the same procedure remains valid when we consider the W descendant
fields instead of the Virasoro ones.

3.2.2 Method for defining the descendant fields

Our goal is to define the descendant fields associated with the (boundary) vertex op-
erators Vg, which we will denote L_,, Vg or W_, V. To do so we will define expressions
of the form

N M N M
L_n V() [ Var (20 [T Vp,(s2)) and  (W_,, Vg(8) [] Vay (20 [ ] Vg, (s2))
k=1 I=1 k=1 I=1
where the weights are chosen in such a way that the correlation function
(VO TR, Vay (zi) T, Vg, (s1)) is well-defined, that is (f, @) € o, p+1.
3.2.2.1 Gaussian integration by parts

In order to make sense of such quantities we will first define them at the regularized
level, that is for fixed 6, €, p > 0 we look at the well-defined quantities

N M N M
Lo V(O [ Var @) [T Ve, (5)V6.60 and  (W_p, V() ] Ve () [ ] Vi, (510)5,6,0-
k=1 I=1 k=1 I=1

For this purpose we will make use of the following Gaussian integration by parts
formula to provide an explicit expression for such quantities:

Lemma 3.2.3. Assume that a belongs to </ . Then for any t e R\ {s1,---,sm}, p a
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positive integer and u € R?:

_/u,0P0(1) N M M, ag)
})1%< (p-1)! Icljlvak(Zk)l:l_[lVﬁl(Sl)>p'£'5_ IcX::1 Z(Zk——t)pW)E’(s

2

(w,yei)
Z R, 2(x —t)p< ye,-(X)V)e,a,ui(dx)+yB,l.fH6,£

((u,)’eﬁ n (u,Y€i> <Vyei(x)v>€y6dxdx.

2x—-pP 2(x-1)P

Proof. This statement can be adapted from [24, Lemma 2.6], the only difference being
that weights now belong to R? rather than R, but all the arguments employed there
readily applies in this setting by using the KPZ identity from Lemma 3.2.1 (in the bulk
case this is done in [25, Lemma 3.3]). O

Lemma 3.2.3 can be generalized in a straightforward way to the following equality
for p1,---, pm positive integers, using Wick products as considered above:

(: H<ul,apl®m> Hvak(zk)r[vﬁ,(sz)>

(uh ak) u

lim
p—0 (p1 —1)!
2N+M

N il | (U E DR

k=1

2 (unyed (i, yer (3.10)
_Z'uB'ilel (Z(X—t)p1+2(x—t)m) H<ul’aplq)(t)> Vye,(X)V)¢ sdxdi

) 0,e

_Z R 2<(uxl’_’)/;lpl< H(ul;aplq)(t)) V)/e,(x)V>£6,Ul(dX)

3.2.2.2 Identification of the singular terms

As explained above the expression of the regularized correlation functions with
descendant fields involve integrals over the domains Hs . and R, where the integrand
is given by regularized correlation functions against some explicit rational functions.
Our goal is to show that such expressions can be written as a sum of two terms, the
first one having a well-defined limit that depends analytically in the weights a (which
will be called (P)-class below), while the second one may diverge depending on the
value of f: this second term will be a “remainder term". Our goal is to identify this
remainder term and define the descendant field as the limit of the (P)-class term in
the two-terms expansion of the regularized correlation functions.

In order to identify this remainder term we will split the integrals coming from
Gaussian integration by parts between regular and singular parts, that is away and
around the insertion ¢, and introduce in this prospect the following notations. Define
the integration over the full regularized domains as

Lot [F' (5 0P:(01:= Y | FU(t;9)Y:(8)ui(ds)+uup, f (F"(t;x)+F"(r;x))\1f,-(x)dxdx,
i=1,2YRe Hs,e
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or in operator-like notation

Lot [F (5 0W:(01 = Y Il (F(5),%))
i=1,2

where I’ is the bilinear operator

Iiot:f '®',Ui(d3)+,UB,if (+-oconj)®- dxdx.
Re

H5,£

Now, for r > 0 independent of p,&,6 small enough, define the subdomains Rl =
RN B(t,1), Hy , :==Hs e N B(z, 1), RS = Re \R{ and HS = Hs . \Hj .. We define in the
same way 1ntegrat10n over these subdomains, and denote them by Ising for the inte-
grals over R} x I]-Ill'g and I,.g for the ones over R x Hg ... In the above (F'(t;)i=1,2 is
a pair of functions coming from the Gaussian integration by parts formula from
Lemma 3.2.3 and W;(x) = (Vy,, (x)Vg(£)V)pes. The iteration of this formula nat-
urally leads to the generalization of the above for functions of several variables

(F (520,00 Xp)iy,ipell 2

P p2 p3
Il‘Ol‘ Ising Ireg

, p .
o [ 0 O [

i1,0p€{l,2} \k=1 k=p1+1 k=p1+p2+1

[Flb...,lp(l-; X1, ---rxp)\Pil iy (x1, ...,xp)] =

.....

(Fil’--"il’ (t;),Wip,..i,)

p

where p; + pz + ps = p, I'“® (and similarly for 1’¢®, 160

sing » Treg ) is the bilinear operator

I;‘Z’t(k) = fnqa “® - Wi (dsg) + IJB,ika ( +-0 Conjk) ® - dxdiy
€ 6,6
with conj;, denoting complex conjugation of the k’th variable, and

\Pi1,~-~,ip (X1, Xp) = (Vyeil (x1)--- Vyeip (xp) V() p e.5- 3.11)

We stress that in the above generalization, in the definitions of the domains of integra-
tion for I5ing and Ig, the different radii r that separate the near- ¢ part from the rest
are independent. Eventually, we denote for i =1, 2,

A

i:=3-1. (3.12)

3.2.2.3 Symmetrization identities and Stoke’s formula

In order to make explicit the singular behaviour of such integrals and discard “fake
singularities" we will rely on “symmetrization identites", that is equalities for non-
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coinciding points
1 1 1 1

n-1
21 =
i=1

x=0iy-n" x-ylg-0"" x-pm1)

that we use to simplify the expression of the regularized correlation functions with
descendants. This will allow us to rewrite such quantities in term of integrals of tozal
derivatives. More precisely we will see that the remainder terms coming from Gaussian
integration by parts can be written as a linear combination of expressions of the form

iz 17, % 102 x 7%, [0, -0, (F (1,0 (Vie, (00) - Vyvey, (i) VB(OWD56) | (3.13)
These can be transformed using Stoke’s formula: namely we can write that

Lsing [0x, (F(t, X)(Vye,(x) V() V)5¢) | =

t+r
t+e

2
> bniy [F(80Vye, () Va(OVs e 15 + bRiy [F(E, X)(Vye, () V(O V)5,¢]
i=1

. . . idx
+ ,UB,if (F(t,x+16) = F(t,x —i6)) (Vye, (x +16) V5(£) V)5 e ——
(t—r,1+7) 2

_dé id
+,UB,iy€ (Vye; () V()W) s e F(L(f)—f—lg(l‘,(f)ﬁ .
Hs NOB(t,r) 2 2

More generally applying Stoke’s formula to Equation (3.13) will yield several terms
of this form and involving composite integrals. Such expressions will contain the
remainder terms but also some convergent quantities that also depend on r. In the
above example, the remainder terms will be given by

2
Y b (Ft, t—e)(Vye, (t =) V(W5 ¢) — pir,iy (F(2, £+ €)(Vye, (1 + ) V(D)5 )
i=1

. ) ) idx
+ ,uB,,-f (F(t,x+i6) — F(t,x —i6)) (Vye, (x +16) Vg(£)V) 5 e ——-
(t=r,t47) 2

One sees that for (f, e;) negative enough this converges to 0 as first € and then é go to
0. Conversely if F =1 and (B, ye;) is positive then this term is seen to be divergent.
To discard the other terms appearing in the expansion, for YR given by Equation (3.13)
we define R to be the sum of the terms that involve at least one such remainder term.
Put differently R is defined from R by removing the terms involving only correlation
functions (]'[Z:1 Vyeip (xp) Vg(£)V)s . where all the x, are at fixed distance rj, from .

This remainder term R will be of crucial importance in the definition of the descen-
dant field.
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3.2.2.4 Taking the limit

We then investigate the limit of these remainder terms as first p — 0 and then ¢
and 6 go to 0. As we will see (and for generic value of ) they will either vanish in the
limit or diverge; in the latter case we need to take this into account when defining
the correlation function (L_, V(1) [T}, Va, (i) [1)2, Vp,(s1)). Namely if we denote by
£ se p (@) such remainder terms the above correlation function will be defined as
the limit

N M
Lo V(@) [ Var (2o [T Vg, (s0)) ==
k=1 =1

N M _
im (L_, V(&) [ V(@) [T VB, (50)5,6,0 = £-n,5,6,0 ().
6,6,0—0 k=1 =1

For instance we will see that

\S]

E—l,é,s,p(“) = Z (HL,i(Vyei (t—¢) V,B(t)V>6,£ - NR,i(Vyei (t+¢) Vﬁ(t)V)(s,E)
i=1

so that the L_; V3 descendant is defined within correlation functions by setting
N M
(L Vp(0) [T Ve (2 [T Vg, (s = _lim
k=1 =1 0,6,0—0

2
LA Vp(OWs.ep = Y- (11, Vye, (£~ E)VB(OVg.e = pimi (Vie, (£ + Va1V )
i=1

The same applies for other Virasoro descendants, but the expressions for the re-
mainder terms get increasingly involved. And likewise, we will proceed in the same
way to make sense the W-descendants, in which case their definitions rely on the
very same method but involve some additional combinatorial identities due to the
higher-spin symmetry.

3.2.2.5 Some notations

In order to lighten the computations to come we introduce several shortcuts. First
of all recall the definition of the symbols I;4¢, Ising and I;.g from Equation (3.2.2.2), as
well as the shortcut V= H],yzl Va, (2k) H?’:I 1 Vg, (s1) and the notation for the correlation
functions

‘{Iil,"',ip (xl’ el xp) = <V}’ei1 ) VYeip (xp) Vﬁ(t)V)p,f,(s (314)

3.2.3 Some technical estimates

In order to implement the previous method we will need to ensure that the quantities
are well-defined and for this it is necessary to understand several of their analytic
properties. We gather such properties in this subsection. Since the proofs of these
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statements are very similar to the case of boundary Liouville CFT (for the fusion
estimates [11] while for analycity we refer to [6]) and of bulk Toda CFT (fusion estimates
can be found in [25, Lemma 3.2] and analycity in [20, Section 2.2]), and proceed in the
exact same way, we do not include them in the present document.

3.2.3.1 Bounds at infinity

As explained above, when implementing our method we will need to consider
integrals over the upper-half plane or the real line that contain correlation functions.
These correlation functions feature additional Vertex Operators of the form V,, for
some i = 1,2. In order to ensure that such integrals are indeed well-defined we first
need to understand what happens when these insertions diverge. To this end we
provide the following statement which provides bounds on the correlation functions
when their arguments go to co:

Lemma 3.2.4. Assume that « € o/, and consider for i = 1,2 additional insertions
X; = (x@l),--- ,xl@N")) e HVi and y; = (ylgl),--- ,ngi)) € RMi. Then for any h > 0, if for

1

i=1,2 thex;, y; and z stay in the domain Uy, = {w, h < rr;in | w™ — M | }, then there
n#zm
exists C = Cy, such that, uniformlyind, e, p,
2 m) T (m) S |\ T (m)
<H H VYei (xin ) H VYei (yim )V>5,£.p = Cp H H (1 + xin ) H (1 + ‘y,m )
i=1n=1 m=1 i=1n=1 m=1

Thanks to this estimate we see that the correlation functions are integrable at co.
This will allow us in the sequel to infer that boundary terms that may come from the
successive integration by parts do indeed vanish at infinity. As such we won’t consider
such terms in the definition of the descendant fields in the next two sections.

3.2.3.2 Fusion estimates

In order to ensure finiteness of the correlation functions and of their derivatives
we will also need to ensure that the integrals that we encounter are not singular near
the insertion points. For this purpose we rely on fusion asymptotics of the correlation
functions, that is their rate of divergence when several insertion points collide:

Lemma 3.2.5. Assume that & € o/ \; and that all pairs of points in z are separated by
some distance h > 0 except for one pair (zy, zp). Further assume that {(a;+a>—Q,e;) <0.
Then as zy — z, for any positiven there exists a positive constant K such that, uniformly
ond,e,p:

1. ifz1,22 €H then

W5, p < K|z — Z2|—(d1.0£2>+(%(061+C¥2—Q,62>2—77)11<a1+a2—Q,e2>>o; (3.15)
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2. ifz1,22 €R then

(V)5 op < K|zl 3 z2|_ <a1;‘2> +(%((a1+a2—ny?z))z—fl)ﬂ(almz—(},ez»o ; (3.16)

3. if z; € H while z, € R with in addition {(a; — %, e1) <0 then

|a1|2+( @-2en) )
- 1—%,e2)| —n|l 0
Wsep=Kxla-zl ° R

3.17)
—(ay,a2)+

a _Q
|21 — 22|

(a1+7—7,€2)>0 .

((a1+a72—%€2>)2—77)]1

(Bye;)

As a consequence for  such that (f3, e;) <0 we have that|x —t|” 2 F;(x) is continuous
at x = t, where F; is of the form

Fi(x)=1"

sing = Log [rii (6, %) ¥4 (x, x)]

withri; = Tiyitpeiipeq) regular at x = t and such that r; ;(x,x)¥; ;(x) is integrable on
I3 % Leg hile Wi (X, %) = Wity iy (X X100 Xpag)-
Proof. The first part of the claim (fusion estimates) follows from the counterparts
statements in the boundary Liouville case [11, Section 5] (see also [24, Lemma 2.4])
and bulk Toda theory [25, Lemma 3.2] (this adaptation is made possible since the
two GFFs (X, e;) that appear in the definitions of the GMC measures are negatively
correlated since (ej, e2) < 0). As for the second part (continuity at x = t) we use the
Bryepd . .
probabilistic representation to infer that |x—#|” 2z  r;;(x,x)¥; ;(x, x) is continuous
<ﬁr}’ei> .
at x = t. To deduce continuity of |x—t|” 2 F; from this fact we then rely on the
integrability properties of the correlation functions in the form of Lemma 3.2.4. O

3.2.3.3 A class of remainder terms

In the definition of the descendant fields as described above, we need to take a limit
of a regularized quantity to which we have substracted a remainder term. In order for
this procedure to define a meaningful object, we introduce a class of remainder terms
that would satisfy the properties we expect from a definition of the descendant fields:

Definition 3.2.6. We will say that a regularized quantity Fs . ,(a) has the (P) property
or is (P)-class when it satisfies the following assumptions:
1. for any e € o/ ), the limit F(e) := 5,}3?1, 0F(S,gyp(a:) exists and is finite as p, € and
then 6 — 0;
2. the map a — F(a) is analytic in a complex neighborhood of ;.

Let us now provide some examples of such quantities. And to start with we stress
that the correlation functions themselves satisfy this property:
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Lemma 3.2.7. The regularized correlation functions (]'[],27:1 Va, (zk) Hf\i L VB (815,60
are (P)-class.

Likewise some singular integrals (that will later on enter the definition of the de-
scendants) satisfy this property:

Lemma 3.2.8. Foranyi and j in{1,2} the following integrals are (P)-class:

f@ @1 D)y T Vrei (XD Ve (y+D)V)se,0d°xd?y,

f f —<Vyel(x)vye (Wisepdxdy and (3.18)

f f <Vyel (x) VYe] (y)V>5 £ pd Xdy
DNH

In particular integrals of the form

1
Lsing X Ireg y\Pl ()

are (P)-class.

3.3 Definition of the descendant fields and Ward
identities

This section is dedicated to providing a definition of the descendant fields in the
case where only one current is involved, that is to say we will provide a meaning to the
quantities L, Vg and W_,, V3 for any positive integers n, m and for suitable § (that is
B € Q+€6-). We will define such descendants for boundary Vertex Operators, the bulk
case being treated via the same arguments without the technicalities that appear in
the boundary case.

To define such descendants we will make sense of them within correlation functions,
that is we will make sense of the quantities

N M N M
Loy V(O [] Va2 [] Vg, (s0) and  (W_,, Va(0) [] Ve, (zi) [ | Vi, (s0))
k=1 =1 k=1 =1

where (§, @) € /N p+1 and with £ € OH =R.

3.3.1 Descendant fields at the first order

To start with we will define the descendant associated to Virasoro and higher-spin
symmetry at the level one. These are the easiest ones to deal with but their definition
still relies on the type of argument that we will use in the more general case, in the
next two subsections.
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3.3.1.1 Definition of the descendant fields

In contrast with the closed case, defining the descendant fields in the presence of
a boundary requires some extra care. We first define them at the regularized level
and then take an appropriate limit, in which we need to subtract some additional
divergent terms compared to the closed case. For this purpose let us introduce the
following quantities.

Lemma 3.3.1. Foranyi in{1,2} set

21_1 5.e p(a) = Lsing [ax<vye,~ (%) Vﬁ(t)w&e,p] .

Then the following quantity is (P)-class:
(L1 Vp(1) 1‘[ Ve (2k) 1‘[ Vi, (s1)5,6,p = Zs_l 56,000
k=1 i

In the same fashion, let us define fori =1,2
W 500 (@ = —a(e) (q-20;(P) L1 5, (@),

Then the following quantity is (P)-class:

(W_1 V(1) H Vo () H Vg, (s))6,6,0 — Zw_mp( ).
k=1 I=
Proof. Fix d, ¢ to be positive and set D to be either L or W. Using Gaussian integration
by parts we have

2N+M ﬁ( k)

p
DZ, (ye:)
(D_1VE(O)V)s e = kZl e k_t)<Vﬁ(”V>5f ,Zl R 2(s—1)

p p
DZ,(ye;) DI, (ye)
;“B”fwé,g 20 2G-1

(Vye; () V(W5 et ()

(Vye; () Vp(1) V)5 ed>x.

As g,6 — 0 the first term in this expansion is (P)-class in agreement with Lemma 3.2.7.
As for the integrals, we see that thanks to Lemma 3.2.5 the integrals over the subdo-
mains R and Hy _ are (P)-class so that

_1(7 i)

(D_1Vg(£5)V)s,e = (P)-class terms — I, ST

<Vye, (x) Vﬁ(t)V)(S ef-
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To be more explicit the (P)-class terms in the above are explicitly given by

2N+M P () b (yen
k; e k_t)<vﬁ(t)V>5,g Ireg =B

<Vye, (x) Vﬁ(t)w5 el -

To treat the remaining terms we first note that we have the following explicit equali-
ties (which can be checked based on explicit computations):

P (ye) = (Byen, WP (ye) =—halen) (q—20:(8)) (B, yen.

D e l)

“Bren is well-defined for any 8 in C2. This allows

In particular in both cases the ratio
to rewrite the remaining integrals as

DEI(Yei) .
(B,yery "¢

We recognize there derivatives of correlation functions in that

B.ye
2(x—1)

(Vyel (x) Vﬁ(t)V>6 E] .

(B,ye: . (yei,ye;) +2NZ+M <Yel,ock>

2(t—=x) 2(x-x) = 2(zk
(yei,yej)
2(y—x)

Ox (Vye; () Vp(O)V)5,e = ( (Vye (x)Vﬁ(l‘)V>65

— ltot (Vye; (x)Vyej ()/)Vﬁ(t)w&f:

and likewise for 0z and 9, where the integral is over y. This shows that

a n % <ak!Yei>
= 2(x - zg)
f ((Yei,yeﬁ (yei,vej) (yei,yej) (reiyej)
+ + +
5 xHs,e

(B,yei
sing 21[(-3 Ye <Vyel( )Vﬁ(t)V>5€ —Islng

(Vye, (X) vﬁ(rma,e}

+ Z UB,iUB,j )<VYei (x) V)/ej (y)v>5,£d2)‘:d2y

2(x-y) 2(x—-y) 2(x—-y) 2(x—y)

2 (yei,yej) (yei,ye; )
+i,jZ=1HB’lfHé€xR ( 20—y | 2@-y) )<Vye"(x)vyef(ym5’5d xu(dy)

: (yenve)) (yeiye;) )
+i,jZ=1“B’lfH55xR1( 2(y—x) " 2(y—X) )(Vye,-(x)Vyej(y)V)(s,gd *H;(dy)

2 (Y Y ]> v v d d
+i,]X::1fR};XReZ(x—< ye; (X) ye](J/)V>6£IJl( xX)ujdy).

Now by symmetry in the variables x and y the diagonal part of the integral over
Hs ¢ x Hs ¢ (that is the subintegral over ﬂ-l](ls . X I]-I](ls ) vanishes so that only the integral

over I]-H(lS ¢ < Hg _ remains. Thanks to Lemma 3.2.8 we know that this integral is (P)-class.
The same argument applies to the remaining integrals, whose sum is actually non-zero
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only over I]-I](lsyg x RE, Hf % R! and RS x RS. Recollecting term we obtain that

_l(y e;)
By

This concludes for the proof of Lemma 3.3.1. O

(D1 Vﬁ(t)V)(S,e =(P)-class terms + Ising ax<Vyel (x) Vﬁ(ﬂ")é el

Based on this observation we now would like to define the descendant fields L-; Vg
and W_; Vg. However in order to remove the dependence with respect to the radius r
and as explained in the previous section we actually need to remove one additional
term. In this perspective let us recall that we have introduced there the notations
£ 1se p(@) and %_1,5'8, p (@) to discard such terms. Here we see that more explicitly
the remainder term is given by (up to a o(1) term)

2
57 _ N oy
L sep@ and Woisep@=) W', (), where

i=1 i=1
~ 1 0, p(a) - ( l<VYel (t— 8)V>6 £ HR,i(Vyei(t+5)V>6,£) while
Q”ﬁ_l,&g,p( @) = ~hy(e)) (g —20;(P) £ 5, ,(@).

MN

15Ep(a

Note that Si 1,6,6,p (@) and le_l 5,60 (@) only differ by (P)-class terms in that:

~i1y5,€,p(a) = gi1,6,6,,0(a) - (:uR,l'<VYei(t+ V) 5,e = 1L,i(Vye; (£ — r)")&g]
idé —id¢

— UB,i (Vyei (f)")é,s—'

Hp,NAB(1,r) 2

Definition 3.3.2. Take ¢ € R and (8, @) € &N m+1. We define the descendant field
L_, Vg within half-plane correlation functions by the limit

N M
L V@) [ Var 2o [T Vg, (s0)) ==
k=1 I=1
N M 2 .
lim (Lo V() [ Vi () [TV, 50do,0 = 2 L1150 0 (@)
0,6,p—0 k=1 =1 i=1
Under the same assumptions, the W_; V5 descendent field is defined by setting

N M
W_1Vg(0) [] Vay (2) H Vg, (s)) =
k=1 I=

5 m <w_1vﬁ(t)Hvak(Zk)Hvﬁl(sz)>5£p Zﬁn’mp( ).
k=1 I= i

Thanks to Lemma 3.3.1 we see that these limits are well-defined and analytic in a
complex neighbourhood of < pr+1.
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Remark 3.3.3. Going along the proof of Lemma 3.3.1 we see that L, Vj is actually such
that

N
B, <ﬁ ye:)
L_, Vs(t Vp(t Ie Ve () V5(¢
(L V(D) V)se = ];12(k_t)< BOVIse = Ireg | 5 (Vye, (D Vp(DV)se
2N+M
(ag,yei)
+ Lsing [|0x+ —— [ (Vye. (X) V(£ (3.19)
g ( k; 2 20 (Vye, ) VB(OV)g
(yei,yej
— Lying % Ireg ;;—_ny)wye,. () Vye, (7) Vﬁ(tma,g] .

3.3.1.2 Connection with derivatives of the correlation functions

The insertion of Virasoro descendants within correlation functions can be explicitly
translated into derivatives of this correlation function. The following statement shows
this connection for the L_; descendant:

Proposition 3.3.4. Take t e R and (f, &) € N p+1. Then in the sense of weak deriva-
tives

N M N M
L V() [ ] Var @) [T Ve, (s0)) = 0:VE(®) ] Ve (zi) [ ] Vg, (s2))-
k=1 =1 k=1 =1

Proof. Note that for positive ¢,6, p, (Vp(1) ]'[]]y=1 Va, (zk) H?/:Il Vg, (81))s.¢,p is differen-
tiable with respect to ¢ with derivative given by (L_; V(1) HQ’ZI Ve, (zk) H?il Vg, (51))5,¢,0-
In particular if we take f to be any smooth, compactly supported function over R then

N M
fRf(t) LV [] Va2 [] Ve, (s1))s,e,pdt
k=1 =1
N M
:fR(_atf(t))Wﬁ(t) [T Ve (zi) [T Vg, (s0)s, 04t
k=1 =1

Let us first assume that (f, e;) < 0 for i = 1,2: in that case N lim £! Lo p(a) 0. To
&,p—0

see why we rely on the explicit expression provided by Lemma 3.3.1:
L) 5.60@) = ppi(Vye, (= ) V(D) 5,¢ — iR i Vye, (£ + E) VB(E)V) 5 .

Under the assumption that (8, e;) < 0 for all i, as §,¢ — 0 we have using the fusion
asymptotics (Lemma 3.2.5) that (Vy,, (t£€) Vg(1)V)5 . — 0, so that the above expression
vanishes in the limit. This allows to conclude that if (3, e;) <0 for i = 1,2 then

N M N M
fR SO V() [] Ve, (zi) [ Vg, (st = fR (—0: F (D) V() ] Var (@) [ [ Ve, sy
k=1 1=1 k=1 1=1

To extend this equality to the whole range of values of (8, @) € o/ 41 We rely on
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the fact that both the left and right-hand sides in this equality depend analytically on
B. O

The insertion of a L_; descendant thus acts as a differential operator on the correla-
tion functions. A major difference between Virasoro and W currents is that this is not
the case, for generic values of 3, for the W_; descendant. As we will see in the next
chapter (taken from [27], see also [25, Proposition 5.1]), in order to be able to express
the insertion of a W_; as a differential operator we need to specialize to special values
of the weight §, in which case we end up with singular vectors.

3.3.2 Virasoro descendants and conformal Ward identities

Having defined the descendants at the first level we now turn to the definition of
the Virasoro descendants at level higher than one. As we will see the proof is slightly
more involved compared to that previously disclosed. As a consequence we may start
using the shortcut ¥, ... ;, (x1, -+, xp) defined in Equation (3.11).

3.3.2.1 Virasoro descendants

We first introduce the Virasoro descendants L_, V. For this purpose and like before
we start by introducing remainder terms as follows.

Lemma 3.3.5. For any positive integer n and i in 1,2 set

l_n,g)g,p (@) := Ising

1
Ox (m(vyei (x) Vﬁ(ﬂ")é,s,p)] .

Then the following quantity is (P)-class:

N M 2
@ﬂwmnglm”mwllwuwnwm—E%sgﬁﬁgay
= = 1=

Proof. The arguments are similar to the ones developed in the previous section. The
starting point are the basic identities

1 ) n—1+ (ﬁy?z’eﬁ

|- — ¢ (-—1)?

1 ) (n=1)Aq + L2

p
L’ |al
”(anl-—tl (—1?2

and L° n ()fe,- In

93



3 Ward identities in the A, Toda theory on the half-plane — 3.3 Definition of the
descendant fields and Ward identities

Thanks to them we can write that

(L V(D) H Vo, (2k) H Vg, (s1))6,e =
k=1 =1

2N+M (n—l)A 2N+M

y o "y B ax) +”_1 y (@k, ap)
i 2ze=0" D 2z =0" iz 4= 0P (- 0P
(n 1+ (,Bye) n-12N+M (ap,ye)

(x—t)n p; k; Z(x—t)l’(zk—t)n-p)q]i(x)

(Vg(OV)s,e

_Itot

n-l (vei,ye;j)

,,; 4(x-0P(y- 0"

(vei,yei) 5 5
v —T
+ZuBlwa S o g VA L

Let us start with the one-fold integral. Since the integrals over Hg _and Rg are (P)-
class we can focus on the singular part of these integrals. For this we rely on the fact

p— X t L t ! X — ( — l’ n— n—1 ) (3 20)

so that the singular one-fold integrals can be rewritten as

2N+M 1 (ap,ye;)
I; e — D" "8 | 2z —x) (x)]

(n 1+<ﬁ7/9z> IN+M

(ak,yei)
(x—p" " k;l 2(x =" (x—z)

)‘I’i(x)

- Ising

2 (yei,ye;) (yei,yei) )
- i - - VY;(x)d"x.
L ko ﬁna,g(zu—r)"—”(x—fo +2(x—r)n—1(x—x)) (d"x

The first term is (P)-class; the second one can be dealt with like before by writing it as
a total derivative in that

1
6x(m\yi(x)) (3.21)
n-— 1+<ﬁ7el +2NZ+M (@, ye:) (yei,yei) V. (x)
| -xn o 20t-0" (g —x) 26— V@E-x) |

(yei,yej) ' )
t(z(t—x)"—l(y—x)\y’(x) ‘
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Therefore the only remaining terms to be treated are given by

(yei,yej)
2x-0"Yy-x

— Ising x Itot( \Pi(x))

+12,,( Y g, (x|
0 4=l (y-pnt

We can rewrite the second integral using the identity (3.20) together with symmetry in

the x, y variable. By doing so we see that the integral over Is;,g x I1o; vanishes, so that

only the following integral remains:

(yei,yej)
2= Hy-x)

Iregxltot( \Pi(x))-
Over I x Irog We use again the identity (3.20) to write the integrand as

n-l (vei,ye;j)
S2-nmPy-1

5 Vi (%)

so that this term is (P)-class. As for the integral over ;g x ;g it is seen to be (P)-class
thanks to the fusion asymptotics of Lemma 3.2.8. O

Definition 3.3.6. We then define the L_, V descendant within correlation functions
via the limits

N M
Lon V(@) [] Var @) [ Vp, (s0)) =
k=1 =1

N M 2
lim (L Vp(8) [T Ve (z) [TV, (500560 = 2 L1156 p (@)
5,6,p—0 k=1 =1 =

Like before we can provide an explicit expression for the remainder terms defined
above:

~ <Vyei(t_€)vﬁ([)v>6,£ <Vyei([+€)vﬁ(t)v>6,€
i) (“ ST RS ST )
—UBi \/(‘t_ryt_‘_r) <VY€i (x+ 15) Vﬁ(l’)V)gyg Im (m) dx.

And like before these remainder terms and the one provided in Lemma 3.3.5 differ by
quantities that are (P)-class. As such the limit defining (L_, V(£ [T}, Va, (zi) 1%, Vi, (s1))
is well-defined and analytic in a complex neighbourhood of <y 5s.1. Likewise the
L_, Vs descendant when inserted within correlation functions is seen to be given at
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the regularized level by

(L-n VB(O)V)5,e = Ase + Bs.e) where
AN+M 2N+M n-1
(n-DQ+p,ar) (ag,ap)
A5,£‘ = ( Z 2 ﬁn - Z p
k=1 (zk—1) k=1 p=1 4(zx — P (2 -
(B,yei) _
n-— 1 4 2L 2N+M n-1 .
2 _ Z Z (Yel) ak> \Pi(x)
(x— )" 2(x— 0P (zg— P

k=1 p=1

) n—p) <Vﬁ(t)v>6,s

- Ireg

2N+M
(rei,ar)
Z Z(Z _t)n—l( —
k=1 k Zk — X)
nzl (yei,ye;j)
Z4(x—t)r’( —] n-p
y—1
(yei,ye;j)
2(y-0"Hy-x)

1
on i)

3.3.2.2 Conformal Ward identities

W (x)

+ Ireg x Ireg -

Wi ix,y)

p=1

"'Ising>< Ireg \Pi,j(X,y)

while Bs ¢ = Ising

We have seen previously that the L_; descendant allowed to define the (weak)
derivatives of the correlation functions. As we now show the other descendants L_,;,
n = 2 play an analogous role based on the conformal Ward identities.

Theorem 3.3.7. Take t € R and (B, &) € <N p+1. Then for any n = 2, in the sense of
weak derivatives

N M
Lo V(@) [] Vay(2) 1'[ Vg, (s1))
k=1 =

2N+M -0, 1 Aa
=( Oai (7~ DAa <V,5(t)1'[vak(zk)1'[vﬁ,(sn>

= (@-n"t o (ze—pn

Proof. As explained in Proposition 3.3.4 the weak derivatives are defined using the
L_; descendant fields, themselves defined using a regularization procedure based on
Lemma 3.3.1. As such our goal is to show that

i . ZI\SM -0z, (n— I)Aak v (t)l_[V ( )HV (5))
5,61.?1’0 - =1 (@—-0D" 1 (2 — p ay \Zk - Bi\S1)16,e,p
2 .
- R'(S,&,p;a) =0, with (3.23)

i=1
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N M N M
L V(O [ Ve (z) [T Vp,(50)6,6.0 = L V(O [ ] Ve (zi) [ [ Vg, (s1))5,60 and
k=1 I=1 k=1 I=1

o .
9%"(5,5,10;“):@ () + MM
-n,0,&,p = (51— t)n—l

In the above E’_l 5,60 (a; By) is the remainder term from Lemma 3.3.1 but associated to
the boundary descendant field L_; Vg, (s).

To see why this is true we combine the exact expressions provided in the proofs of
Lemmas 3.3.1 and 3.3.5 to get that the first line in Equation (3.23) is given by

3 (ag,yei)
(x—n" " kZ::I 2(x— 0"z — x)

n—14+8re)  onim
— ot

)‘I’i(x)

2 (yei,yei) (yei,ye:) )
- i - - V;(x)d
2 h ﬁug,g(Z(x—t)"—D(x—fc) +2(x—t)n—1(x—x)) e

n-1 (yei,ye;)
2 J .
+Itot(i; 20— D" (x—y) LPz,J(x,y)).

Along the same lines as before the latter is a total derivative. We get that the first line
in Equation (3.23) is equal to

Itot

1
o )
After integration by parts (that is application of Stoke’s formula over the domains Hs .

and R;) we recover the desired remainder terms provided that forany 1 </ < M,

1 1
lim ( -
sep—0\(s;+e—-0"1 (5,1

)“I”i(sl +£)=0,
and likewise for any 1 < k < N:

lim WY;(&)d¢ =0,
0,6,0—0JaB(z,¢)

This follows from the fusion asymptotics of Lemma 3.2.5. O

3.3.3 W-descendants and higher-spin Ward identities

Having shown the validity of conformal Ward identities, we now turn to the higher-
spin symmetry enjoyed by Toda CFTs and which are encoded using the current W.
To this end we first define the W-descendants at the order two and then proceed
to the general case of W_,, with n = 3. We will show that the insertion of a W_,
descendant, n = 3, within correlation functions has an effect similar to that of the
Virasoro descendant L_,, but that involves this time the W descendants corresponding
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to the other insertions.

3.3.3.1 Definition of the W-descendants

In order to define the W-descendants we proceed in the same fashion that we did
for the Virasoro descendants. And to start with we define the descendant at the level
two.

Lemma 3.3.8. Let us set fori=1,2:

2 s 2N+M 9 Dw:
ax(( haeDwi(P) | > ha (e )wl(ak))wx))

2! (@) := I
—2,6,£,p San x - t k:1 x - Zk

2y hy(e;)
— Lsing x Itor [5i¢jax (&\Pw‘ (x, y))]
xX=y
where recall the notation i = 3 — i. Then the following quantity is (P)-class:

(W_zVﬁ(t)HVak(Zk)HVﬁl(Sl»ésp Zw—Zéep( ).

We define the W_; descendant by setting

(W_2 V(1) H Vi, (21) H Vg, (1)) =
k=1 =1

5 m <w_2v,s(t)1'[Vak(z;c)l‘[v,;,(sz)mp Zﬁnlmp( a).
k=1 I=

Proof. The proof relies on the very same arguments as the one of Lemma 3.3.5, the
main difference lying in the combinatorial identities underlying the definition of
the W-descendants. To be more specific we rely on the fact that (shown by explicit
computations) for i =1,2:

’

(B, 731>
p 1 Tt
A\ (yel lnﬁ) 2hy(ej)) w; (,6)—)2
C7(B,yei, ax) = —ha(e) (wi (@) (B, yei) + w;(B)ak, yer);
C?(B,yei,vej) = —vha(e)){B,yedixj— (yei,yej) ha(e)w:(P).

As a consequence we can write that the integrals appearing at the regularized level are

— Lsing

2h . R 1 , ; /2 2N+Mh i s , i 2 » i
( 2(enw;(B) (1+(B,yes )_ 5 z(e)(w,(ak)(ﬁye>+w,(,5)(akYe>))q,i(x)]

(t—x)? fr’ (t—x)(t—zx)
ha(ei)w;(B) x —(yei,ye;) -2Y?hy(B)
2 o L - 2 ey W)
+ IIOt 61:] 2(t_x)(t_y) \Ijlr](x’y) +‘lt0[ [6l7£] (t_x)(t—y) ‘"Pl,](x’J/) .
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Proceeding along the very same lines as in Lemma 3.3.5 using symmetrization and
integration by parts, we can rewrite the latter (up to convergent terms) as

_Ising

2h RPN 2N+M 2 RPN
5, (( 2(e)w;i(B) z(el)wl(ak))\yi(x))
I—x k=1 X — 2k

ha(ew;(B)(yei,ye;))
””'”g”’f”[ 2 (r—]x)(xy—y)y Wiy )]
ha(e)) w;(B) x (yei,ye;) -2y2hy(B)
2 . . l .. 2 .  —— PRY
+lior |O1= (t—x)(y—x) Fij®) ”“”[5l¢’(r—x)(r—y)\y"f(x’y) '

The only remaining two-fold integrals are thus given by

Lsing % Itot

5. —Y’ha(ei)w;(p) N —2y2hy(B)
P nx—y)  t-0—-y)

)‘Pi,j (x,y)

Since for i # j, ha(e))w () +2h2(B) = ha(e;){e;, B) the latter is actually equal (again
up to convergent terms) to, as expected,

2vhy(e;)
Ising x Itot [6i¢jax (Lxl

Wi jlx, y))]

We now turn to the W-descendants at level higher than two.

Lemma 3.3.9. For any positive integer n and i in 1,2, set

l_n’(s,gyp (@) = Ising

ha(e))(n—2)q+2w;(B)) 2NIM 2hy(e)w;(a)
ax n—-1 + n-2 \Pi(x)
(x—1) = x—0"(x—zg)
(3.24)
2yha(ei)6ixj
(x—"2(y—x)

+Isingxltot[ax( \Pi,j(x;J/))] .

Then the following quantity is (P)-class:

N M 2

W_n V() [ ] Ve () [TV, (50V6,60 = 2 20,5 0 (@)
k=1 I=1 i=1

Proof. The result follows from the proof of Theorem 3.3.11 in the next subsection. [J

Definition 3.3.10. Take r € R and (B, @) € /N p+1. For n = 3 we define the descendant
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field W_, Vg within half-plane correlation functions by the limit
N M
W_, V() [ | Va2 [T Vg, (s0)) =
k=1 =1

N M 2 .
lim (W_,Vs(8) [ ] Ve, (2) [T Ve, (s0Vs,60 = 2 WL, 5., (@)
6,6,p=0 k=1 I=1 i=1 o

Like before, these limits are well-defined and analytic in a complex neighborhood
of «/N pm+1- The explicit expression for the remainder is

—n,§,e,p(a)
Wi(t— Wi(t-
= ha(e))(n—2)q +2w;()) (,ui,L% - .ui,R%)
V(t—¢) V(t+¢€)
+ Zk:ZhZ(el)wi(ak) (,ul,L (Co)2(f—¢— Z) z,Rgn_z(t_l_ e Zk)) (3.25)

ho(e; -2 2w: 2hy(e))w:
_,UB,if Im( 2(e)(n-2)q + w’(ﬁ))+2 2(e)ws(ag) )‘I’i(x+16)dx
(t—r,t+1)

(x+i6 — )1 T (x+i6— "2 (x +i6 — z)
Vi ilt—g,y) Y i(t+e,y) )
+ Lot |27 ha(e0)Bix; | i — i
"’t[ vha(eidizj (MZ’L(SI—E—t)”‘Z(y—Sﬁs) bR G re—nm2(y—s—e)
2yhy(e)ixj 2yha(ei)6ixj
. _ Y. . '5, d
+”B”f(,_,,,+,)((x+ia—t)n—Z(y—x—ia) (x—ié—t)”‘z(y—xﬂé‘)) ij(X+10,y)dx

3.3.3.2 Ward identities for the higher-spin current

In the same fashion as the Virasoro descendants, the insertion of W-descendants at
order higher than three within correlation functions gives rise to Ward identities but
this time associated to higher-spin symmetry. They take the following form:

Theorem 3.3.11. Taket€R and (B, &) € N p+1. Then for any n = 3:

N M
W_n V() [ Ve (i) [ Vi, (s0)) = (3.26)
k=1 =1
eneM B 2y (- (-2 wlaw) N M
—— + — — Vs(t V, V,
L G0 o o 1) ( ﬁ()]}:[l ak(zk)lzl‘[l B, (s1))

. —(k—N)
where for j = 1,2, 7//(_’“}<Vﬁ(t)V> 1= (W_; Vq, (i) 112k Ve, (20)), and W(_’“]? =w_;  for

ke{N+1,..,2N}.

Proof. The free-field theory. In order to make the exposition as clear as possible we
start by considering the free-field theory, that is when pu; = ,u? = 0. In this setting we
have to assume that )} ; ay + %Zl B1—Q = 0in order for the Gaussian integration by
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parts formula (Lemma 3.2.3) to be valid”. To start with from the explicit definitions
of the W-descendants and thanks to Lemma 3.2.3 we see that the right-hand side of
(3.26) is given by

2N+M 7//(_162) (n—2)7//(_k1) (n-1)n-2)w(ay) .
( k=1 (zk— )2 * (ze -1 2(zp — D" Vp(OV)5 ¢ (3.27)
_ 2NZ+M((n— D(n-2)w(ar) — (n-2)(gB(ak, ) +2C(ak, ai, B))
) k=1 2(zg— )"
L 4B, ax) - Blay, p) +2C(f~ ar, ax, )
2(z— )"

Y (—(n—Z)(CIB(ak, ap) +2C(ap, ar ap) +2C(ag, B,an) +2C(ak, ar, B)

I#k 2(zr = D" Nz — 21)

N qB(aj,ar) — Blag, ap) +2C(a; — ay, ak,al))
2(z — "2 (2 — 21)?
Clak,ar,am)

ap (Vp(OV) s

mzlk @ = D" 2 (2 — 2) 2k — Zm)

where the notation (-)7F refers to correlation functions with respect to the free field.
On the other hand, based on the defining formula (3.8) and using again Lemma
3.2.3 we see that the left-hand side of (3.26) is equal to :

(W, V()5 E (5:28)
=— 2NZ+M(OIB(/3, ar) +2C(B, B, ar) - (n =1 (gB(ar, p) +2C(ar, ax, f))
= 2(z — )"
. (n—=1)(n-2)(—-q*ho(ar) + LBlay, ap) + 1 Clak, ak, ar)
2(zp— )"

N ”i q(p—1)B(ay, a) —2C(ay, aj, f) +2(p — 1) Clay, ag, a;)
Y 2(z —)P(z - )P

l p=1
n2 b Clag, an,am)
+ (Va(OV)EE,
m;,kp;l p;l 3(zk — P2 (g — )P1= P2t (z — 1) P17 1 A 0.

Elementary calculations involving the explicit expressions for B and C show that the
(zr — 1)~ " terms in (3.28) and (3.27) are actually equal. In addition to the symmetriza-
tion identity from Equation (3.20) we use the following additional symmetrization
identities to transform the terms involving several insertions in Equation (3.28):

"i p-1 1 11 ~ n-2 .
D= 0PE-pmr (-2 -2 (-] (y-xe-x0n

(3.29)

7. This is known in Physics as a neutrality condition
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n-2 p1 1 1
p§1 p;I (t=X)P2(t — y)P1P2¥l(t—Z)"=P1=1  (z—y)(z—x)(t— 2)"2 (3:30)
1 1

+ + :
y=x)y—-2)t-y)"? (x—y)(x—2)(t—x)"?

Now we can use Equations (3.20) and (3.29) to symmetrize the terms involving k, [
insertions in the left-hand side of the Ward identity (3.28). Doing so explicit com-
putations show that this yields precisely the corresponding term in the right-hand
side of Equation (3.27). For the last line of (3.28) we use the identity (3.30) together
with symmetry between the zi, z; and z,, variables: we then see that this exactly
matches the last line of Equation (3.27). Finally, we deduce that the Ward identity for
the free-field theory holds true:

W_, V()W) "

A 2, +(n—2)W(_k1)_(n—l)(n—Z)w(ak)
|\ & @-nm? o (zp— ! 2(z— D"

(Vp(yWF

after taking the limitas €,6 — 0.

The full theory. The reasoning is the same in the presence of the GMC potential
except that we have to work at the regularized level and keep track of the remainder
terms that may occur. At such our goal is to show that

)3

+
PR L G L 2(z— )"

lim

aneM N -2 Y (i-pn-2
i, [rr-| T e T | K

2 .
-Y R'(6,&p;a) =0, with

=1 . . (3.31)
M=, @B (n—Z)QIT’_L&&p(a;ﬁz).

i . . )i
R e e N N O

In order to achieve this, we use that the correlation function (W_,Vg(#)V)s . is the
sum of four terms I + I + I» + I3, corresponding respectively to the free-field (i.e. not
integrated) part, and 1, 2 and 3-fold integrals. Likewise the terms in the right-hand
side of Equation (3.26) take the form Io+ 1, + I». The equality Iy = I has already been
checked since it amounts to treating the free-field case. Therefore our goal is to show
that the difference I + I, + Is — (I; + I + I3) is given by the corresponding remainder
up to vanishing terms.

One-fold integrals. And to start with let us first compute the part in the right-hand
side of the Ward identity (3.26) that involves only one-fold integrals. Using again the
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definitions of the descendants we find by Gaussian integration by parts

P 21\’Z+M(—(n—2)(q3(ak,yei)+2C(ak,ak,7fei))+2C(ak,yei,ﬁ)+2C(ak,,6,yei)
1 tot = Z(Zk— t)n—l(zk _x)

N q(B(ye;,ar) — Blag,ye) +2C(ye; — ay, ay, ye;)
2(z — )22 — x)?
Clag,yei,ap) +Clag, aj,ye;)
¢y AR TEED TR DT g, )
izt (@k—0""(zx — z1) (2 — X)

+ i UB,i 21\]Z+M zc(ak,)’ei,Yei)
=P s 2 (- D2 (x— 20 (R — 2p)

Y, (x)dxdx.

As for the left-hand side of Equation (3.26), we find by the same method:

6L = Io¢

(CIB(,B»Yei) +2C(B, B,yei) —(n—1)(gB(ye;, p) +2C(B,yei, ye;))
2(x— )"

Lo 1)(n—2)(-q*ho(ye;) + LB(yei, ye)) + 1Clyei, yei, ye))
2(x—1nn

+2NZ+M("§ (p—1)(gB(ye;,ar) +2C(ye;, yei, ar) —2C(ye;, ar, B)

=1 \p=1 2(x=0P(zr— )P
N (p—1(gB(ag,ye;) +2C(ag, ak,ye;)) —2C(ay,ye;, P)
(zp—)P(x—0)""P

.\ 1 Z n-2 pi ( C(ak,yei’al) + C(’)/eiyak)al)
3 Zkpizi g (2K — P2 (x — )17 P2t (g — =P1ml - (x— P2 (g — PPt (g — o]
C ) ) j
N @oanye) )))‘Pi(x)
(2k = O)P2 (g — P17P2FL (x — =P

n—-1

Z (p—1)(gB(yei,ye;) —2C(ye;,ye;,yei)) +2C(ye;, yei, B)
2(x—DP(x—npnP

2
+ i;ﬂB,ifH

5, \p=1
12N+M n=2 p1 C(ak,ye-,)/e') C(ak,Ye',}fe‘)
E & o ((z — P2 (x— t)pl_’;zﬂ(lfc— pn-pi-l * (x— )P (zg — t)m—l;z”(l_ —_pn-pi-1
k=1 p1=1po=1\1<k Zi T
C ’ [ » i _
T k Z/el re T ))‘I’i(x)dxdx.
(x — D)P2(X — H)PL=P2*l (g — p)n—P1-1

First of all algebraic computations show that the (¢ — x)~" coefficient in the above
equals

<ﬁr7’ei>)

. = 7P ().

ha(e;)(n—-2)q+2w;(B)(n—1+
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Besides, we can symmetrize the I; term like before to obtain

I = Iio¢

(]gn(e,-) +2NZ+M q(B(ye;,ar) — B(ag,ye) +2C(ye; — ay, ay, ye;)

x-0" o 2(zk — "2 (2 — x)?

N q(B(ag,yei) — B(ye;,ar)) +2C(ax —ye;, a,ye;)

2(x— )" 2(zr — x)?

_ —(n—-2)(gB(ye;,ar) +2C(ye;,yei, ar)) +2C(ag, ye;, B) +2C(ak, B,yei)
2(x— 0"z —x)

N —-(n-2)(gB(ay,ye;) +2C(a, ak, ye;)) +2C(ak, ye;, B) +2C(ak, B,yei)
2(z— D" Nz —x)

Clak,yei,a;) + Clag, a,ye;) Clyei, ay, ap)
+ Z n-2 + n-2
iz @e—=0"(zr—z)(zk—x)  (x—-0"(zx — x) (2 — X)

+i f ((H—Z)(qB(Yei,Yei)+2C(Yei,yei,)fei))—4C(yel-,ye,-,/3)
izlluB’l Hs,¢ 2x- " Y x—-X)

)‘I’i(x)

+2NZ+M ZC(akrYei)Yei) + 2C(ak,)/€i,7/ei)

o ="z -0 -X)  (zx—1"%(zx—X) (2~ X)

)‘Pi(x)dxdfc.

Therefore we can write that the difference I, — I is given by

tot

P e +2NZ+M(q(B(ak,yei) — B(ye;, ay)) +2C(ax — yei, ar, ye;)
x-n" o 2(x—1)"2(zx — x)?

N (n—-2)(qB(ye;, ay) +2C(ye;,ye;, ax) —2C(ak,ye;, B) —2C(ak, B,ve;)

2(x—- 0"z —x)

Z Clyei,ar,ap)
7 (x = )"2(zx — X) (21 - X)

2 (n—2)(gB(ye;,ye;) +2C(ye;, yei, ye:) —4C(ye;i, yei, B)
+ ) UB, P -
ia Hs e 2= (x—X)

)‘I’i(x)

2N+M

2C(ar, ve;, ve;
+ (ak,yei yei)

o (x— "2 (z - x)(x - %)

)\Pi(x)dxdfc.

Now we can use the following identities (proved using the explicit expressions for B
and C):

qB(yei,ar) +2C(ye;,yei, ar) = gha(e)) ye;, ay) +4ha(ej)w;(ag); (3.32)
Clak,vei, B)+Clag, B,ye) = —ha(e;) (w;(B)(yei, ax) + w;(ap)(ye:, B);

q(Blag,yei) — Blyei, ar)) +2C(ax —ye;, ar,ye)) = —4hy(e))w;(ay) (1 + M)

2
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to rewrite the above under the form

ha(e)(n—2)q +20;(B)(n—1+ LIy 2nwm ~4h(eo;(ar) 1+ 4%
rot (x—0)" * 206— 0" 2(z¢ - x)2

k=1

N (n—2)(qha(e))(yei, ar) +4ha(e)w;(@r) +2ha(e;) (w; (B)(yei, ax) + wi(ar)(yei, B))
2(x— 0"z — x)

5 —4hy(ej)w;(ax)(yei, ar)
7 (x= "2z~ X) (21— %)

+i f ((H—Z)(qB(Yei,Yei)+2C(Yei,yei,ye,—))—4C(ye,~,ye,-,ﬁ)
i:lﬂB’l He.c 2(x- 0" (x-%)

)‘I’i(x)

+2NZ+M 2C(ag,yei,yei)

o =0"2(zp —x)(x—X)

)‘P,-(x)dxdfc.

Like before we recognize derivatives of the correlation functions. More precisely we
end up with

- —hy(e))(n—2)g+2w;(B)) N*M 2hy(e))w;(ak)
L—5=—I |Ox - 6]_1 i + - = oy NHES
(x—p" o1 (x—=0""%(z — x)
(3.33)
—h i -2 20+ i . 2N+M 2 h Dw: i .
¢ Lpgr % Lygy || L2200+ 201Dy en yep) 2ledoiledvenyep |y,
x-0D" ' x-y o1 x=0" (2 —x)(x—y)

2 (n—2)(gB(ye;,ye;) +2C(ye;, yei, ye:) —4C(yei, yei, B)
+ Z HB,i 1 =
i=1 Hs,e 2x—-"(x—X)

+2NZ+M 2C(ax,yei,ye;)

o (k=" 2(zp - x)(x - %)

)‘Pi(x)dxdic.

The first integral corresponds exactly to the one in Lemma 3.3.9. The terms involving
x, X are treated exactly the same way using the identities (3.32) with either f or aj
replaced by ye;. The second line of the above will show up when considering the
two-fold integrals, which is our next task.

Two-fold integrals. The two-fold integrals in the 1.h.s. of the Ward identity (3.26) are
given by (we voluntarily omit the terms involving combinations of the variables x, y
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with X or y, since they can be dealt with in the exact same way)

L=-I
2 tot p;l z(x_t)p(y_t)n—p

("—1 q(p—1)B(ye;,ye;) —2C(ye;, yej, B) +2(p—1)C(ye;, ye;, ye))

12N+M n-2 p1 ( C(ak,yei,yej) C(yei,ak,yej)

+= +
3 lcz::l p1X=:1 p;I (zx — OP2(x — HPr=P2tl(y— n=P1i=l  (x— )P2(zp — r)PL—P2Fl(y — )n=P1-]

N C(yei,yej, a)
(x— t)P2(y — HPL=P2t1(z; — p)n—p1-1

))‘I’i,j(X,y)

Once we have symmetrized all the terms we are left with

-1 [(( . ( . - ! )— n-2 )(ZB( e;,vei)+C(ve;,vei,vei)
o (G- 02 (G- 0m2 " =07 2) " o p—prt ) 2 T e e YE
1 1 1 2N+M Clak,yei,ye;)
— — C i ) +
y—x((y—t)”‘l (x—t)”‘l) (veive;. p) kz:"l ((zk—x)(zk—y)(zk—t)”—2

N Clak,yei,yej) + Clag,yej,ye;)
(xX=Y(x—zK)(x—1)"2

)) Vi)
Using symmetry between the integration variables allows one to reduce the latter to

_ 72
tot

_(n—2)(§B(Yei,Yej)+C(Yei,)fei,yej)) —C(yei,yej,p)—Clyej,ve;, p)
(x=y)(x-pnn-t

_ g(B(Yei,yej) —B(yej,yei)) +Clye;, yei,yej) —Clyej,vej,yei)

(y—x)2(x—-1)"2

2NAM C(ay,yei,vej) + Clak, vej,yei
SN Clanyenye) + C ky,yl)))%'j(x’y)

] (x=P(x—zE)(x—1)"2
2NEM Clak yei ye))
_120 \Pi '(xr ) .
rot ,; -0 2x—z0y-z0) Y

The last line corresponds exactly to the two-fold integral I, in the r.h.s. of the Ward
identity. For the other terms we use the identities (derived from Equation (3.32))
(n-2)(4 Blyei,ye)) +Clyei, yeiye ) - Clyei ye;, f) — Cyej, yeif)
(vei, p) {reiye;).
2 2

( (Yei»Yej))

=2yhy(e))dixj|(n—2)+ +ha(e))((n—2)q +2w;(B))

g(B(Yei,Yej)—B(Yej;Yei))‘i'C(Yei,Yei,Yej)—C(Yej,')/ej»Yei) =2yhy(e;) 1+ — Oizj;

(vei,ag)

Clak.yeiyej) + Clak yejye) = =2y ha(e) ——

Oizj—(yei,yej)ha(e)w;(ag)
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to get that the difference I, — I is given by

n—2+ (Yezi,ﬁ) 1+ (}/ei,zyej)

2
_Itot

e ((x— [ R Ee T e

2N+M

(yei, ag)
+
k; 2(x = y)(x—z) (x— )2

)‘I’i,j (x,7)

[ h2led((n=2)q +2w;(B))(yei ve)) +2N+M 2hy(ej)w;(ak)(yei,ye;))
2x—y)(x—pnnl o ==z (x—nn2

)‘I’i,j(X, y)

The second line corresponds to the two-fold integrals that we obtained from the
treatment of one-fold integrals in Equation (3.33). As for the first line we rely on the
fact that

0 ¥, i(x, —
x((x—t)"—Z(y_x) i,j(x J/))
1+W Wz—yeﬂ Teye n—2+<yeTi'[j>
+ N .

(x-=0"2(y—-x)? x-D"2(y-0F-x &-0D"2F-x)(y-x) xE-H"1x-y)

2N+M

(Yei,ak>
¥, (x,

' k; Z(X-f)”‘z(y—x)(zk—x)) o))
- Y. 01,2

ot 2x—0"2(y—x)(z—x) i,j,f (%, 1, 2)

The integral term that shows up is canceled by the three-fold integrals in the left-hand
side of (3.26). Namely these are given by

”f i Clyei,yej,ver)
3(x—1)P2(y— t)Pr—P2tl(z— pyn-—pi-1

Vi irxy2)

p1=1p2=1
Symmetrizing the above and using symmetry between the variables yield

~ C(yei,yejre))
P x- "2 -y x-2)

=-1,,16

Wijix,y2)
Again, algebraic computations show that

Clyei,yej,yej) = —yvha(e))(ye;,ve;)
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for i # j, which allows us to conclude that

N M
<W—I’lVﬁ(t) l—[ Vak (Zk) l_[ Vﬁl(sl)>§,£_ (3.34)
k=1 1=1
2N+M _7//(k2) (n—2)7//(k1) (n—-1)(n-2)wlay) N M
_ o1 v v y
( - (zk—nn2 " (z— D)1 2(z— )" ( ﬁmg k(Zk)l:l_[l 6, (S1)5.¢

= Itot [ax]l(x)] + Itot x ItOI

07" x,y)|.

where we have introduced the shorthands

; ha(e))(n—2)q+2w;(B)) 2N*M 2hy(e)w;(ag)
J'(x) = — + — i(x)
(x— D" 2 (-0 2(x—2z)

and
2yhy(ei)ixj

(x—1"2(y—x)

Concluding the proof. In order to wrap up the proof of Theorem 3.3.11, it only
remains to show that

T (x,y) =

Wi, ).

lim I;,; [ax]i(x)] + Lot X Itor
0,6e—0

o . 2 .
07" (x, y)] -Y R'(,ep;a) =0.
i=1

For this purpose we integrate by parts the right-hand side of Equation (3.34), that is,
we apply Stokes formula separately over the domains I]-ﬂéyg UR! and "'”3,5 URS. Let us
first compute the integrals on R. As already explained, we do not treat the terms at co
since they are seen to vanish thanks to Lemma 3.2.4. Around an s; insertion, we have

f 0, J" ()i (dx) + o
[Rgn(sl—rl,sﬁrl)

f 0. T (x, y) i (dx)
[Rgn(sl—rl,sﬁrl)

= ha(e))(n—2)q +2w;(B)) (Mi(sl_)m\y_if—l__t)% ~Hi (S;r)u;yﬁ—l_;%)
+ g,lzhz(ei)wi(“k) (:“i (s;) (5 —¢ _\I;)irgflz(_slg)_ e—zp) Hilsy) (s;+¢€ —\I;)i’gf;?slg)-l- €—2k) )
+Iror |2Yho(e)8 %] (,Ui(Sl_) o _8_‘113513—12—(;)_ S +e) — pi(s]) (s, +£_\I;§Ef—lz4£;)_ 5, _5))

—same terms with r; instead of €.

The terms in the last line of the above expression cancel out when summing over /.
Now, we recall that

W, 5.00(@ B = —halen) (q-20;(8D) (ui(s))Wilsi — ) — pi(s))Wils; +¢)  and
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—26£p(a’ﬁl)
2hy(epw;i(ak)  2ho(e))w;(P) -
=(— = O _ 2haleno;lp )(,ui(sl)‘Pi(sz—E)—ui(Sf)‘Pi(SﬁS))
) Zr— 8] -5

2l (enw;
_2he(enwi (B (i ()W i(s1 =€) + i (s)) Wilsi + &)

2vhy(e;)w:
_“B’if Im( yhz(en) ’('Bl))‘l’i(x+i5)dx
($1=rp,81+17)

x+id—s

\P','(Sl_gr ) \P','(SZ'FE, )
i,j Yy _Ili(S;) i,j y
y—S +€ y—98—

N f ( 1 1 )‘{I (x+i6 )idx)
- - i (x+16, ) ——1| -
”B,l (Sl_rlvsl+rl) y_x_i6 y_x+i5 i y 2

Using these explicit expressions one readily sees that, up to a o(¢) term, Equation (3.35)
corresponds to the part that is on the real line (that is that does not contain a term of
the form x +i6) of the expected remainder

+ Itor [thz(ei)5i¢j (/Ji(sl_)

MWy 5 @ B) (=2 @i B

+
o (sg-nn? (si—pnt

This is true except for the term

2(n—2)hy(e))w;(B1)
(si—nn1

(i)Y i(s1—€) — pi(s))Wils;+¢))

. W (a;B1) )
coming from —(n—2) % Nonetheless, one can recover this term by perform-

ing an expansion of the fourth line in Equation (3.35). Indeed, if one writes

1 1 n-2
(sj+e—D"2¢ (55— D" 2 (s;— )"

Tt o(e)

and
1 1 n-2

(si—e—0)"2 (s5—-1)" 2 i (s;—p)n1
Then replacing the fourth line in Equation (3.35) using these identities yields the
missing term.

Let us now turn to the integrals over Hg .. When integrating by parts the right-hand
side of (3.34) over H _ one obtains two klnd of terms, see Figure 3.2 (again, we omit
the terms at infinity smce they are easily shown to vanish thanks to Lemma 3.2.4). The
first ones are the contour integrals around the z;’s (in blue on Figure 3.2), that are of
the form

+ o(€).

. idé - . - id
1d¢ id¢ f ‘Pi,j(é,y)(]l’f(f,y)ﬁ—]"’(é,y)ﬁ) .
0B(zy,€) 2 2

f VO O T O+ Lo
0B (zj,€)
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These terms actually tend to 0 in the §, & — 0 thanks to the fusion asymptotics. The
other term is the integral over (R+i6\ (£ —r +1i6, r+ r +1i6)) U (H5 N 0B(z, 1)) (see
Figure 3.2). To deal with it, one has to show that the parts of the integral on the
segments (s;+r;+16, §;.1 — 1741 +10) vanishes in the limit, since the other parts are the
singular terms

—f Im(J: (x +i6)) ¥, (x +i6)dx
(§;=rp,81+717)

. . id
+ Iror [ f (T (e 416, y) — T (x = i6, )Wy (x +i6, y) s
(Sl T sl+rl) 2

stemming from the definition of the descendant Wﬁ L (shown in red on Figure 3.2).
This is true like before thanks to fusion asymptotics. The term in green on Figure 3.2
has already been treated above as it was part of the remainder terms.

.- o
. .
a AN
7 N
7 \
/ \
\ ¥ y R+1id

1 | i \

- - ———————— ——————— o - ———— RE
t—r ¢ t+r Si—11 S Sitr
€ e

Figure 3.2 — The contours of integration in g

At this point we have proven Lemma 3.3.9. It remains to show that Q’ﬁ’_n Se p(oc)

and 207 Lnse p(a) differ by (P)-class terms in order to remove the dependence in r
and justify the Definition 3.3.10. For this purpose we integrate by parts the integrals
over I]-I](ls,g UR! (the associated domain of integration is depicted on Figure 3.3 with the
remainder terms shown in red).

We obtain

Iszng[ x]l(x)]+lsmgx[tot 0.J' J(x’y)] —nﬁgp( a)

) ) —. id& - _id
= ppi T (t+ 1) = i S (E= 1) + g f WO 009 5 gde,
Hs e NOB(t,r) 2 2
.. .. (3.36)
+ Lo [,uR,i]"f(H ny)—upLi " (t-ry)
+uB,if v (&N TP E ) 6—]”(6 y)—é)]
Hs ¢NOB(t,1)

Here QAfV_ nE p(a) is defined in Equation (3.25), and with J denoting the function J
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1 \
i \

;—&———+———o—; IRE
t—r r—-e t t+e r+r

Figure 3.3 — Integration around ¢

without the correlation function inside. We conclude thanks to the fusion asymptotics
that all the terms in the right-hand side of the equality above are (P)-class, thus
justifying Definition 3.3.10 and completing the proof of Theorem 3.3.11. O

3.3.4 Global Ward identities

In the previous subsections we have provided rigorous definitions for the descen-
dant fields, and proved that thanks to them it was possible to infer local Ward identities.
As we will now see this will allow us to show that global Ward identities are valid for
our probabilistic model, putting strong constraints on the correlation functions. Such
global Ward identities are obtained by inserting holomorphic tensors within correla-
tion functions, which can be seen as the L_, Vg and W_3 Vs descendants where =0,
and that correspond to the conserved currents of the W3-algebra.

To be more specific, let us assume that § = 0 and denote respectively T := L_, V; and
W(t) :=W_3V,. Then we see that

T[®] = (Q,°®) — (0D,0d) and

W] = g*hy(0°®) — 2gB(0*®, 8, D) — 81, (0D) hyo (0D) h3 (D).
They correspond respectively to the stress-energy tensor T and the higher-spin current
W, already encountered in Subsection 3.2.1.2. Recall that in the language of Vertex

Operator Algebra these currents can be thought of as formal power series whose
modes generate the W3 algebra.

3.3.4.1 Local Ward identities for the currents

The local Ward identities are obtained by inserting these currents within correlation
functions. Then we see that, in agreement with Theorems 3.3.7 and 3.3.11 we have the
following:

111



3 Ward identities in the A, Toda theory on the half-plane — 3.3 Definition of the
descendant fields and Ward identities

Theorem 3.3.12. Assume that the weights satisfy & € <«  and take t € R. Then in the
sense of weak derivatives

N M 2N+M az A
T[] Var @) [TV, (s) = Y, ——+ 5 <H Va, (z1) H Vg, (s1)).
k=1 1=1 - -2 (t—-z )

As for the higher-spin current we have:

N M
W) [] Va2 T Ve, (s
k=1 =1 (3.37)

2N+M Wk w®
:( = o, wlaw) <H Vak(zk)l‘[ Vg, (s1))

+ 2 3
o ot-a (t-z)? -z

In the above the quantities that appear are defined by taking = 0 in the definition
of the L_» Vg and W_3Vp descendants.

3.3.4.2 Global Ward identities

Based on the local Ward identities we will be able to derive global Ward identities.
These are related to the symmetries enjoyed by the model in that they describe some
conserved quantities, which translate as strong constraints put on the correlation
functions. In order to show that such identities hold true we will rely on the conformal
covariance of the correlation functions (Equation (3.5)) together with the fact that the
stress-energy tensor and the higher-spin current behave like covariant tensors. More
specifically we first show that:

Proposition 3.3.13. Lety € PSL(2,R) be a Mobius transform of the upper-half planeH
and a € A p. Then:

N M
(T [] Va2 [T Vp, (s) =
k=1 =1

N M N M
W' (02 T v/ @22 [T 1w 0| (T (w @) ] Ve Wz [ Ve, @ (s)).
k=1 I=1 k=1 I=1

for the stress-energy tensor, while for the higher-spin current:
N M
W) [ Vap(zi) [T Ve, (s10) =
k=1 I=1

N M N M
v @ [T v/ @ |2 TT 1w/ (0] W (w(0) TT Ve w(zi) [ Vg, (s>
k=1 I=1 k=1 I=1

Proof. To start with we note that for such maps, in agreement with [25, Proposition
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4.1], the currents satisfy
T[®oy+Qln|y'|] = @) °T[@loy and W[Doy+Qn|y'|] = W) W[D]oy.

As a consequence at the regularized level we have that
N M
v (O3 W (@) [] Ve, @) [ Ve, @ (5006,
k=1 =1
N M
=(W[@oy+QIn|y'|] (& [] Vo, w(zi) [ Vs, W (s))s.e-
k=1 I=1

Let us now focus on the remainder terms that show up in the definition of (W (w(t)) V(y(2)))
(the case of the stress-energy tensor is treated in the exact same way): they are defined

from
gha(e;)  NEM 2hp(e)w;(ar)
I 0 s 4 :
g[ x(((x—w(mz Z Govoe-van) "'

2yha(ei)dixj
(x—w())(y—x)

+ Lsing % Itor [ax( Wi,j(x»y))] .

We can make the changes of variables x — y(x) and y < w(y) in the above integrals.
We can then combine Equation (3.5) together with the fact that Ay, = 1 and the
following property of the Mobiiis transform:

W) - v W) —w() =¥ @9 (O () (x-D(x-y)

to get that the remainder term is actually given by v/ (1) > TT}_, |y (z1)| 2Ry T, v (sp) |_Aﬁl
times the remainder term that would come from the definition of (W(#)V). This allows
to take the §, ¢ — 0 limit and conclude for the proof. O

Based on the above property we can readily deduce that global Ward identities hold
true:

Theorem 3.3.14. Assume that a € o/ 1. Then the following identities hold true for
0sn<2and0<=m=<4:

2N+M r N M
Y 2l LW+ nzl Ay, [T Va2 ] Ve, (s =0
k=1 k=1 =1
2N+M N M
_ mm-1)
( Y 2w e m o ——— 2" 2w(ap) [([] Vae e T] Vg, (s0) = 0.
k=1 k=1 =1

Proof. This is an immediate consequence of Proposition 3.3.13 combined with Theo-

113



3 Ward identities in the A, Toda theory on the half-plane — 3.3 Definition of the
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rem 3.3.12. Namely by taking v (z) = =L we see that as t — oo:

2N+M W(—kz) W(—kl) w(ay)

>

+
B otmz t-z? (-2

2N+M 2N+M
e 2Aak<W( ) H Vak( )

k=1

<H Va, (2k) H Vg, (s1))
1=

From this we deduce that the left-hand side must scale like Ct~® for some constant
C. But we can expand it in negative powers of ¢: the coefficients that appear in this
expansion are precisely given by the ones that appear in the statement of the global
Ward identities, namely

M m-14,k , mm=1) , _, N M
> W +mz W + — & wlar) |{J] Va, =0 ] Vs, (s0))-
k=1 k=1 =1
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4.1 Introduction

In the previous chapter we have defined descendant fields of the Vertex Operator
Vg of the form L_, Vg or W_,, Vg for n = 1. We proved that thanks to these definitions
we were able to express the symmetries of the model as actual constraints on the
correlation functions in the form of Ward identities.

In this chapter we pursue the study of the symmetries enjoyed by the A, Toda CFT
on the upper half-plane. Based on the probabilistic framework introduced in the
previous chapter, we prove that the representation theory of the W3 algebra entails the
existence of singular vectors in the probabilistic model, that in turn give rise to higher
equations of motions. As a corollary we obtain new hypergeometric (BPZ) differential
equations verified by some basic correlation functions of the theory. The content of
this chapter is taken from [27], co-authored with B. Cerclé. An introduction to the
method and results is found in Subsection 1.2.3.
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4 Singular vectors and higher equations of motion — 4.1 Introduction

4.1.1 Descendant fields

We recall here the method of construction of the descendant fields carried out in
the previous chapter, in a slightly more general way that will allow us to make sens of
the singular vectors.

The definition of the descendant fields is based on the consideration of regularized
expressions of the form

N M
(FIPIVp(0) [ | Vi (i) [ ] Vi, (50)5,6,0
k=1 =1

where F[®] is a polynomial in the derivatives of the Toda field ® evaluated at ¢, whose
exact expression is determined by algebraic computations based on the probabilistic
representation of the currents T and W (3.2.1.2). Conducting these manipulations
leads to the consideration of functionals of the Toda field of the form

L jVal®= ) L%, (0"®,-,0"®) Vy[D]
IvI=IAl

where the Lfv; , are multilinear forms, while A is a Young diagram, thatis A = (41,---, A;)
with 1; = --- = 1;, and where the sum ranges over Young diagrams v with |v| :=
v1+---+v; = |A]l. We will only need here to consider descendants of the form L_,, V for
nx=1laswellasL_q Vg for n=1,2and L_(,1,1), that, as explained in the Introduction,
correspond to the composite descendants L_;L_, and L_;L_;L_; respectively. In this
case these multilinear forms are given by

o"d n=2 y5itlgp Gn-i-lgp
Lg”[q)]:<("_1)Q+“’(n—1)!>_;)< i ’(n—2—i)!>
LY | )[®] = (@, °®) + (@, 0D))°, 4.1)
LY 1 5 [®] :=(Q +a,0°®) + (Q + @, 0°D)(a, 0D) — 2(8°D, 0D) — (3D, D) (a, 0D),
LY 11 (@] = (@, 0° D) + 3(at, 0° D) (ax, 0D) + ({a, 0D))°.

A similar procedure remains valid for the descendant fields associated to the higher-
spin current, and the defining expression for them then involves quantities related
to the Lie algebra structure (see e.g. Equation (3.8)), but we will not need their exact
expression in the sequel.

Recall that to make sense of the insertion of such quantities within correlation
functions we first need to define them at the regularized level. This is done by setting
for 6,¢,p > 0 fixed:

(L AV(OWsepi= D LI (0MD,---,0"1®) V(1) : V). 4.2)
VI=IAl

where the notation : F[®]Vp(1) : refers to F[® + flIn|- — t[]Vg(#), while recall the short-
hand V = ]'[kN:1 Va, (zk) ]'[;‘/:I1 Vg, (s;). This can be expressed explicitly based on the
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Gaussian integration by parts formula 3.2.3.

4.2 Singular vectors and higher equations of
motion: levels one and two

We will start by describing singular vectors at the levels one and two, in which case
we will conduct the computations in more details. In order to define the singular
vector at level two we will also need to introduce beforehand the descendant field
L(_ 1,1) Vﬂ

4.2.1 Singular vector at the level one

Singular vectors arise when the weight f takes specific values. For instance singular
vectors at the level one appear when considering semi-degenerate fields, that is Vertex
Operators of the form Vg where = xw; for x € R and i € {1,2}. Based on this semi-
degenerate field we can formally define the singular vector at level one by setting

3w(p)
2A

’l//_Lﬁ =|W_; - L, Vﬁ

To be more specific we define it as follows.

Definition 4.2.1. Take ¢ € R and (B, @) € o/n,p+1. We define the singular vector ¥ _; g
within half-plane correlation functions by setting

. 3w(p)
W-1pOV) = W=t VR (OV) = 0 = L VOV,

This singular vector is actually not a null vector, that is unlike in the free-field theory
or bulk Toda CFT where the above correlation functions identically vanish (see [25,
Proposition 5.1]), in boundary Toda CFT this singular vector is not zero but rather
given by a primary field. Namely we have the following statement:

Theorem 4.2.2. Assume that f = xw; forkx < q. Then
Wo1,=2(g—K)(UL2 — UR,2) VB+ye,

in the sense that for any (B, @) € AN r+1

(W-1,(0O0V) =2(g — ) (LL,2 — UR,2)VB+ye, (OV).

Proof. To start with note that 3;;(5) =(g-2w2(P) = (q - %") for such a § = xw,. Be-
sides explicit computations show that for such a 3, we have the equality %(ﬁﬁ)Llj 1=
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W/f , between linear maps over C? (see e.g. [25, Subsection 5.1]), so that for any positive
0,€,0

3w(p)
2Ap

(L1 Vp(0)V)s,6,0 = (W1 V(D) V)5 6,
As a consequence and by definition of the descendants from Definition 3.3.2

WOV = lim P03

6 ) 5) ) ; .
5.0 205 £.100,¢p; @) — Wy ( £,0; @)

Now, as explained in the last chapter and reminded in Subsection 1.2.3.2, from the
explicit expressions of the remainders in Definition 3.3.2 we infer that

o~ 2 ~ . —_—~— 2 —~—
£_106,6,p;0)=) L,(6,6,p;) and W_1(6,¢,p;@) =) W' ,(5,¢,p; @), where
i1 i=1

£1(0,6,0;0) = (1, i{Vye, (£ — E)VB(OV)s e — i i{ Vye, (£ +E) Vg(DV)5,) while
W, (6,¢ ;@) = —hy(e;) (g—2w;(B) £ 6,6 p; ).

Since we have 3;;(5 ) = q- %" for B = xw, we see that the remainder terms are such
that:
1 wp) z1
WW_,06,¢p;a) = oA —X£,06,¢,p;a) while
B

W2, (6,¢,0;@) = —(q-201(8) £2,8,¢, p; @).

where the exponents indicate whether we pick i =1 or i = 2. Now since (f,ye2) =0
and thanks to the probabilistic representation of the correlation functions the above
remainder term is seen to be given by

£21(6,6,0;@) = (11,2 — 1R .2){VBaye, (V) + 0(1).
As a consequence we can conclude that

30(p)
2Ap

=2(q %) (L2 — 1R 2) (VBsye, (V).

4K
(W_1,8(0)V) = ( +q- ?) (L2 = 1R2) (VBiye, (V)

The result follows from the definition of the descendants 3.3.2. O
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4.2.2 Descendants and singular vectors at the level two

In this subsection we derive the explicit expression of the singular vector at the level
two ¥,y introduced in Equation (1.49):

4 4y
’([/_2,)( =(W_y + EL_(LD + ?L_z V.

To begin with we first need to define the descendant field L_(j,1) Vs that appears in
the expression of this singular vector. Based on this definition together with the ones
already provided for L_» Vg and W_, V3 we will see that when the weight § is given
by f=—yw1, x €1y, %}, the associated fully-degenerate field Vg allows to define one
additional singular vector at the level two.

4.2.2.1 A first take on the descendant at the second level

As a first step we define here the descendant field L(-1,1) Vg, where recall that the
latter is defined by considering expressions of the form

Loy V= (L, @) + LY, | 00,00)) v,
L} @:=(Buy and L | (uv):=Bu)pv).

The proof is rather heavy and relies on the same method as in Section 3.3: as a
consequence we will only provide a few details on the computations conducted and
refer to Chapter 2 (or [26]) for more explanations on the method developed here.

Lemma 4.2.3. Define the remainder term

i < ’ e'>
2—(1,1);5,£,p(a) =Ising ax<vyel~ (X)Li'[iﬂ/el Vﬁ(t)‘/)(s,g] — Lsing (ax+afc]1xe[l-[|5,£) (2?2‘): ;C)‘I’,(x))]
B,yej ,
+Ising X Ising 6x(2(t—_;/)‘lll,](x,y))] LUlﬂ’l
2N+M . .
2B+ye; . (2B +vyei, ar) (2B +vyei,ye;) ]
Ve, (X)L Vi(t = B ) | L -1 — VY. (x,
( Yei (x) 1 ﬁ( W)se k;l 2(ze—1) i (x) reg 20— 1) i,j (x,¥)
2NEM (g, ye)) (yej,yer)
I — Py (x, I.: I ¥.e(x,1,2)].
+lising kX::l 20—z i,j(0 V)| + Lsing x Ireg 2(/-2) i,j,f (%, ¥, 2)

Then the following quantity is (P)-class: (t._(1,1)Vg(£)V)s,e,p — £-(1,1);6,6,0 (®).

Remark 4.2.4. The notation (Vy, (x)L"iﬁlwe" Vp()V)s ¢ is inspired by what would be

the Wick's contraction between the descendant L%'Bl”e" V(1) andV since, in agreement
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with (3.22)
2N+M .
B 3 (B, ar) B Bryep ., ]
X2, Vp(OV) = k; 2e—p POV~ lreg | 50— Vi)
2NEM (ary, ve) (vej,yer)
+sing ];::1 m‘l’](y) + Lsing % Ireg m‘l’j,f(y,Z) .

Proof. To start with we use the defining expression (4.2) together with Lemma 3.2.3 to
get

2N+M 2N+M
3 (B, ar) (B, ar){p,an
Eoq, V(O V66,0 = 1; 228" MZﬂ W70 =20

. . . . 2N+M .
L, </3,Yel>(2+<lz,yel>)+2<ﬁ,yez><ﬁ,ye_,>]lx€H6€ 2y (Brax) B, ye e
4(t—x) 4(t—x)(t—X) ’ o 4(t—2zp)(t—x)
<,5,Yei><ﬁ,7’e'>
2 J .
tot A(t—x)(t—y) \Pz,](x,)/) .

After some algebraic manipulations on this expression we see that the only possibly
singular terms in the expansion of (t._1 1) Vg(#)V)s ¢ p are given by

, . , . 2N+M i
3=~ Lying (Bryen2+(B,yve) +2<ﬁ,yel><ﬁ,ye_l> R (Brar) P yen e
4(t—x)2 4(t—x)(t—X) o o 4=z (t—x)
(B,ye{B,ye)) ,  [{ByyeB,ye)
+ Ising X Ireg 41— (1—y) \Plr](x’y)]-i_lsing 41— (1—y) \Pz,](x,y)]-

The one-fold integral can be rewritten using

0+ 05l aerss ) 200-x) = 20—z
N ((ﬁ,yei>(2 +{B,vei) N (B,vei{B,vei)

N 2N+M ‘
((ﬁﬁ’el)Jr Z M)\yi(x)]: (P)-class terms

4(t - x)? 2(t—x)(t—X)
+2]VZ+M( <ﬂ) ak)(ﬁﬁ’&') " (ﬁ)ak)<ﬁv7’el—>
2(t—zp)(t—x) 2(t—2zp)(t—X)

(B,yei) +2]\§M 2B +vye;, ag) ((Ye,)/eﬂ N (reye;)
2(t-x) 5 2(t—zx) 2(p—-x) 2(y—Xx)

]1xen-u5‘£) Wi(x)

]ler(;,E) WY (x)
k=1

— 1tot

]lxeu-ua,g) ¥ i(x, )

Since the integral I5;;g x Ireg [ﬁy‘lf i,j (X, y)] is (P)-class in virtue of Lemma 3.2.8 this
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entails
J= (P)-class terms
(B,vei M 26+ ye;, ag)
_Ising (ax"‘afc]lxeﬂ-ﬂg,g) (zft}:x)\yi(x))]_lsing [ax( Z ﬁ2(+m€)lcwi(x)
k=1

(Byyen{B,yej) (B,yeiyevye;

( + )‘I’i,j(x,y)
2(t—-x)(t-y) 4(t—x)(x-y)
(B, ye: ((ﬁ,yeﬂ . <Yei,yej>) +2N+M 2B +vei,ar)(yeye))
2(t—x)\2(t—ypy)  2(x—-y) =1 4(t - zi) (y — x)

+ Lsing % Ireg

+ Ising X Ising

)“Pi,j(X, Y)

Let us now turn to the two-folds integrals: over I;,g x Ireg singular terms are given
by

((ﬂ,ye»(ﬂ,yej) (B,yeiyeye;j)
Isingx reg +

2(t=x)(t-y)  At-x)(x-y) )Ti,j(x»y)]
((ﬁ,yei>(2ﬁ+yei,yej>
4(t—x)(t—y)

= (P)-classterms + I5ing X Ireg

) Wi,y

To take care of the singularity at x = £ we use the same reasoning as in the proof of
Lemma 3.3.1: this shows that

(Byyein{B,yej) (B,yeiyeye;
+ Wi ix,y)
2(t=x)(t—-y) 4(t-x)(x-y)
5 ((2,6+yei,yej)
20—y

Ising x Ireg

= (P)-classterms + I5ing X Ireg

)‘I’i,j(X,y)

This corresponds exactly to the integral over I, that appears in the expansion of

(Vye, BT V5 (0 V) 5.
As for the integral over I;,g x I5ing the corresponding term is

(ﬂ,’}’@i) ((,B,Ye]> + <Yei’yej>)‘1’ij(x,,)/)

2t-x0\2(t-y) 2x-y ) "

21\iM (2B +vei,ar) revej)
o 20t-z)  2(y-x

Lsing % ILsing

+ Ising x Lsing

‘Pi,j(x,y)].

The integral on the second line is actually (P)-class: to see why for i = j we use the
symmetry in x, y to see that the term vanishes while for i # j the singularity at x = y is
integrable thanks to Lemma 3.2.5 (the exponent is positive). The first integral can be
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rewritten as

Ising % Ising

2N+M . .
(ay+ 5 <Ye],ak>)</3,yel>
=1 2(y—z) ) 2(t—x)
(B,yeiyej,yer)
4(t—x)(y—2)

‘Pi,j(X,y)]

- Ising x Ising X Lot \Pi,j,f(x’y’ z)

The derivative 0, appears in the remainder term. Therefore it only remains to treat

2NEM (yej, ar){B,ye:i

)3

k=1 4(y_Zk)(t_x)

(B,yeidrej,yen
4(t—x)(y—2)

Ising x Ising \Pi,j(x; n|- Ising x Ising X Itot \Pi,j,f(X, »32)|.

In the same fashion as in the proof of Theorem 4.2.2 the first integral will give rise
to the term corresponding to the integral over I;;,¢ that appears in the expansion of

(Vye; (x)LZ_/i”e" Vp()V)s,e. The second integral vanishes over I ?l. ng by symmetry in y, z,

. . . . 2 i
while the integral over I ?ing x Ireg yields the term Igipg x Ireg in (Vye, (x)L_[i”e VE(6)V)s e
Recollecting term we see that as desired J = (P)-class terms + £_(11);5¢,0(@). O

4.2.2.2 Definition of the descendants at the level two

Based on the previous statement we can now define the descendant L1 1) V. This
is done by substracting the remainder term £_(; 1);5 ¢,o (@) to the regularized quantity,
where the latter is obtained from £_j 1);5¢,o (@) by application of Stokes’ formula:

= < ) e)

£_(1,1;6,6,0(@) = — ﬁ;;l (uLi¥i(t—€)+pup;¥i(t+¢)

+ 1L, (Vye, (= LNV 5 — up i (Vye, (£ + LT V(0 5 4.3)
(B,ve;j)

(uL,i¥ij(t—&, ) —pri¥i(t+€1)|.

sing Z(If——y)
Definition 4.2.5. For any ¢ € R and (B, @) € o/, m+1, the descendant field L_1,1) Vj is
defined by the following limit, well-defined and analytic in a complex neighborhood
of <N m1:

Lo Vp(OV) = lim (Lo Vp(OVoep = £, 15,e,0(a0).

Proof. We need to show that the difference £_j,1);5,¢,p (@) — E_(Ll);g’g,p(a) is (P)-class.
In this expression the only term that may not be (P)-class is given by

Bryep

ldf_—ldf ldg—ldf
2(t—y) - Liing [0y Y1, )] ———

\P',’(é‘r )
Lyt Y 2 Hs,eNOB(t,r) 2

sing
fg"ﬂg'sﬁaB(l’,r)
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For this we develop the derivative in y to cancel the singularity at y = ¢: this yields
only (P)-class terms. O

Proposition 4.2.6. Fort € R and (B, &) € o/x , in the sense of weak derivatives:
(Lo, VB(OV) = 05(Va(D)V).

Proof. The proof follows from the very same argument as that of Proposition 3.3.4.
For positive 6, €, p and any smooth and compactly supported test function f:

| O 0 VooWsepdi= [ 8 FOVp0V5epdr.

Now it is readily seen from the fusion asymptotics of Lemma 3.2.5 (see also the reason-
ing developed in [24, Subsection 4.2]) that for (f, e;) negative enough the remainder
term ZE_(L 1;6,6,0 (@) that appears in the definition of the descendant field vanishes in
the p,&,6 — 0 limit. As a consequence for (£, e;) negative enough we have the equality

fR FOL_q,) Vet = fR 07 f((Va(n V).

This equality can be extended by analycity of the correlation functions in a complex
neighborhood of &y js, thus completing the proof. O

4.2.2.3 Degenerate fields at the level two

We have defined in the previous subsection semi-degenerate fields, which are Vertex
Operators Vg where the weight is chosen to be of the form § = xw; for x € R and
i € {1,2}. We have seen that such a semi-degenerate field allows to define a singular
vector at level one ¥_; 5. We now explain how a further specialization of the weight
leads to the introduction of singular vectors at a higher level.

To this end let us now assume that § = —yw; with y € {y, %}. The singular vector at
the level two is formally defined by

4 4y
Y_oy= W_, + }L—(l,l) + ?L_g Vﬁ

and makes sense when inserted within correlation functions as follows.

Definition 4.2.7. Assume that f = —yw; with y € {y, %} and take r € R as well as
(B, @) € &N m+1. The singular vector y_; , is defined within half-plane correlation
functions by

4 4
o2 (OV) = Wop V(W) + (Lo Vp(OV) + L2 VsV,

In the same fashion as for the first level, the singular vector v _; g is generically not
a null vector but rather gives rise to equations of motion:
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Theorem 4.2.8. Assume that f = —yw, with y € {y, %}, and take a(y), b(x) so that

36+yes = aL? 7 + b(WPIT%, (4.4)

IfwesetD_y y, = a(y)L-1 + b(y)W_1, then

2
Vg2 = 2y(uR2 — ,UL,Z)D_L% VBiye, +2 (; - Y) (L1 + HR1) Vitye
in the sense that as soon as (f, @) € &N p+1

W2 (OV) =2y (2 = 01,2) (ALt Ve (OV) + DOW-1 Vpaye, (V)

2 (4.5)
+2 (; - Y) (L1 + 1R VB 1ye, (OV).
When x =y we havey _, , = %(uRyg — pr2)D-1y Vgiye, fory > 1 while fory < 1:
4
W_2y= ;(,UR,z —11,2)D-1y Vpiye, +2YCy () Vpi2ye, (4.6)

meaning the same as fory _, ». Here the constant cy(p) is given by
'Y

Y A2

2 2 Y s F( 2 )F(l r?)

M1+ Mg 1—201L,1HR,1COS ﬂ? — Mp,1SIN ”? > .
rii-%)

Remark 4.2.9. We can rewrite the above asy 3 y = —#D_Lxuf_w + u/‘iz X where we

have a descendant at level 1 of the singular vector y_ , and a new primary field y°,, v

Proof. Like before we know from [25, Proposition 5.3] (more generally see [25, Subsec-
tion 5.2]) that we have an equality at the level of multilinear maps over C

4 4
S SRS S)
X ' 3

This entails the equality for the regularized correlation functions
4 4y
(W_o V(5)V)se,p + }(L—(l,l) V(t)V)s,e,0 + ?(L—z V()W) 5,60 =0
so that we only need to check that
. —~ 4~ 4y ~
lim W _,0,¢,0;@)+—L_1,1)0,€,0;@) + =L 2(0,¢,p;@) = —(WY_3 , (V).
5,6,0—0 X 3

To start with according to Equations (3.3.2.1), (3.24) and Lemma 4.2.3, the left-hand
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side admits the representation, up to (P)-class terms that we discard to simplify the
discussion,

2h,(e;)w: (ﬁ)+2<’”el + 24
— W (x)

Ji=I5ing [0x (F(X)W; (xX)] + Lsing [0 (

+— Z,LtBlf

[H]

(B2 ) o, e »W))dxdx @)
Lo 2(x =1 2(x-1)

- 2yhp(e) 2<,3»Yej) N )]

+Ising X Lsing

where F(x) is regular at x = ¢ and explicitly given by

F(x)¥;(x) = <vyel L5 (W)

o 2hs(enw; () (4.8)

k=1 X = Zk

2yhy(e;)

V¥;(x) - Ireg 6i¢jTy‘I’i,j(x,y) .

Let us first treat the integrals where F does not appear.
For the remaining one-fold integral I;;,¢ we rely on explicit computations based on
the expression of f = —yw; to get that

2hy(e)w;(P) + i12(x —7).

2{p,yei) 4

(B,yei + X _ 5
3

In particular if y = y this term vanishes and therefore does not contribute to the limit.

For y = % we rely on Lemma 4.3.6 to see that the corresponding remainder term is

given by

2
-2 (; —Y) (LR +pr) <Vyel——w1(t)v>

Next we consider the additional one-fold integral that ranges over Hs .. Then we
see that for i = 2 the numerator vanishes, while for i = 1 we are in the setting of
Lemma 4.3.7 below where similar quantities are considered, and shown to scale like

2)1“(%2)1“(1—)/2)

2yup,1sin (T[? T (1 YZ)
-7

for y =y and y < 1, while these are o(1) if y = % ory=yandy>1.
Let us now turn to the two-folds integrals. By explicit computations these are equal
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to

Lsing % ILsing

2 2 2 2
ax((5i,j=1 Y -6i=1 Y +5i:2( Y +—Y))\Pi,j(x,J/))
y—t j=2)y =X j=1\y—t y—-x

The first term is considered in Lemma 4.3.7, thanks to which for y =y and y <1 we
have

. 0i,j=1
6,:1;'1,/IJILOISing X Ising Ox V-t “Pi,j(x;J/)

2

Lira-y?
F(l—%z)

while this limit is zero for y = % and y =y with y > 1. When we consider (i, j) = (1,2) we

2 YZ F(
== (:uL,l + H%{,l —2/41,114R,1 COS (”?))

use Lemma 3.2.5 to infer that the integral ;g [ﬁ‘?lyz(t, y)] is absolutely convergent.
As a consequence the remainder term coming from the I5;,g x I5ing integral with
(i, j) = (1,2) this term converges to 0 in the limit (since (,ye;) <0). This is however
not the case when (i, j) = (2, 1): like in the proof of Theorem 4.2.2 we see that this term
converges towards

(ML2 — HR,2) Ising

4y
_y — 7 <Vye1 () Vﬁﬂ/eg (OV)|.
Recollecting terms we see that

J = (P)-class terms + Ising [0x (F(X)¥;(X))] + (Ur,2 — HR2) Ising

4y
——(Vye, () Ve, (V)
y—t
2
-2 (; —y) (kR +pr1) Vyey-20, (O 2 =276 (V) 2, (DV) T =y

Let us now consider the term I;,¢ [0x (F(x)¥;(x))], where F has been described in
Equation (4.8). Using the very same reasoning as the one conducted in the proof of
Theorem 4.2.2, we see that since (f,ye;) < 0 while (f,ye,) = 0 this term converges
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towards (12 — pr2) H,

(2B +7yes,vej)

<Vﬁ+ye2 (V) - Ireg 2(_)/ — 1

H:=—

X

2N+M<a , e,)
Z ¢<Vye'(y)vﬁ+yeg(t)v>
= 20—z

4 2N+M 2 ,
( §o @B+ yew an) <Vyej(y)Vﬁ+Yez(t)V>])

+4I
—lsin
¥ g

4

(yej ver)
+Elsing><[reg NAibasis

2(z-1y)

(Vyej %) Vyef (2) Vﬁ+ye2 (V) ]

2N+M

>

k=1

2w1(ak)

2y
<V,B+Y€2(t)v> Lieg _y(Vyel(y)Vﬁﬂ/ez(t)V) .

Now we have 25+ ye, — yw; = 3+ yez. As a consequence the latter can be simplified

to

ot (BB +vezve;))

4 [2N+*M 38+ ve, a
( Z W—ZIC)(meez(t)V) Ireg

<Vyej ) V,B+ye2 (V) ] )

1\ = 2(zg 2(y—1)
4 2N+M (a e

= ing| Y ﬂwye](y)vﬁ%(tm]
X k=1 20—
4 (yej,ver

+ }Ising X Ireg Z(Z—<Vye] (}/)Vyef (2) Vﬁﬂ/eg(t)V)]

Gathering all these terms we end up with the equality
4 ~
= (P)-class terms + ;(,uL,g — UR,2)J
2
~2 (; _7) (:uR.l + NLJ) <V7e1——w1 (t)V)]l ~2ycy(p)¢ Yel—‘wl(t)V)]lX v

where we have set

2N+M
~ Bp+yer, ax)
gy O

k=1 2(zx— 1)
ZI\S’M< Y ]>
- 2y

(yej,y f>
2(z-y)

(3B +vezve;))

<V/3+ye2 (HV) - Ireg 2(y 0

+ Ising

<Vyej (J/) Vﬁ+ye2 (V) + y_ (Vyel (y) Vﬁ+ye2 (t)V>]

(Vye] () Vyef (2) V,B+yez OV |.

+ Lsing % Ireg

Now since we have that (f+7ye»,ye;) < 0 we can use integration by parts (Lemma 3.2.3)
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to rewrite that up to (P)-class terms we have
M (a, ye;) YX
I ——(Vye. (V] HV) + —(V, Vi t
sing k; 220 (Vye; () Vpiye, (V) o = (Vye, () Vpye, (V)
(yej,yer)
+ Ising % Ireg 2(2——_)/)<Vyej » Vyef (2) Vﬁ+yeg(t)v>]
(Btyez,yvei)—2yxdj=1
= Ising 21— y) <Vyej ) Vﬁ+ye2(t)v>] .
Recollecting terms we arrive to
2N+M .
~ <3ﬁ+782)ak> <3/5+Y92»Yej>
J= Z WWmm(tM —lior Wafyej (N Vprye, (OV) |

This shows that this term gives rise to a linear combination of the descendants L_;
and W_; of Vg, ,,. More precisely we get

J=a(l, V,B+yez (OV) + b(W_; V,B+yeg (V)
where a and b are chosen in such a way that
3[6 + _ B+ye: y+pez
yea=aLl " " +bW_ ",
This allows to conclude that for @ and b as above,
<W—z,% Vp(DOV) = (UR2 — ,UL,z)(Gl(L—l Vitye, (V) + DW_1 Vg ye, (t)V>)
2
+ 2(; - Y) (/JL,I + ,uR,l) (Vﬁ+ye1 (nHv)
when y = %, and likewise for y =y
W2y VB(OV) = (R = 11,2) (A1 Vpye, (OV) + DOW_1 Ve, (9V))

+2ycy (W(VBi2ye, (OV).

This wraps up the proof of Theorem 4.2.8. O

4.3 Singular vectors at the level three

In the previous section we have defined the descendants at the level two of a primary
field Vi, and shown that under specific assumptions on the value of the weight § they
give rise to singular vectors. We now turn to the singular vectors at the third level
and show that when the primary field is fully degenerate, one can define singular
vectors out of them. These in turn give rise to higher equations of motion, which
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under additional assumptions allow to obtain BPZ-type differential equations for a
family of correlation functions.

4.3.1 Descendants at the third order

As a first step in the derivation of the singular vectors at the level three, one first
needs to make sense of the descendants at the third order. Namely we now define the
L_12 and L_(; ;,1) descendants.

4.3.1.1 The L_; » descendant

Following the same method as before in order to define the descendant at the
third order L_(; ») we first need to understand the remainder term that arises in the
computation of the regularized correlation functions containing these descendant
fields inserted. To this end we introduce the notations for i = 1, 2:

N .
(B, ag) (B vej)
Gi(x) ::I;m‘l’i(x)—lreg m‘l’i,j(x,y) as well as
H; (%) = (Vye, L) V(0 V)5 =
Zl\iM (Q+B+yeiar) M (ap,ap) V()
& 2(z- 102 o A -0z -n)
iy 1+—<ﬁ+yz"’yej> _ZNZ+M (renar) |, 5 7)
s\ T -0z & 20-0-n| Y
2N+M
(yei, ak)
sing | 2 3ty LY
(yej,ver (yej,ver
3eg _m\l’i,j,f(x,%z) + Ising X Ireg m‘l’i,j,f(x,y,z) .

The notation for H; is motivated, like in the statement of Lemma 4.2.3, by Equa-
tion (3.22): it would correspond to the Wick’s contraction between the descendant
Lé ;Ye" Vgand V.

Lemma 4.3.1. Let us set

1
2—(1,2);6,5,p () := Ising Ox (Hi (x) + EGi (x))

1 + (ﬁr;/eﬁ
Ox| —5¥ilx)

( Bryen 4.9)

—z(t_x)(t_y)‘l’i,j(x,J/))] .

+ Ising

2
(f—x)2 _Ising

Then the difference (L_1,2)V(£)\V)5.¢,0 — £-(1,2);6,¢,0 (@) is (P)-class. Moreover define
the L_(1,2) Vg descendant within correlation function by setting for t € R and (a, ) €
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AN M+1: _
(L-1,2 Vp(OV) = 5 li{;n 0<L—(1,2) V(D660 = £-(1,2):6,6,0 (@) (4.10)
Then this descendant is such that, in the weak sense of derivatives:
2N+M G
L_1Vs()V)=0 Vs(t 4.11
(L-,2Vp(0)V) = 0; kg,l 2 (o z)2 (Vp(O)V). (4.11)

Proof. Algebraic manipulations following the exact same techniques as the ones de-
veloped in order to prove the results in the previous section show that the singular
terms in the expression of (L_(1,2) V3(£)V)s ¢ p are given by I1 + I + I3 where we have
set

r 1+ (ﬁv;’ei) 24 <ﬁgei) 2 IN+M
I =Ising

Y (@K, yei
1 .
f—x | xox e k; 2(zk - r)) i)

| (t—-x)?

[2N+M 1 4 Byeid 2 2N+M ,
b ai) ( . Y <"”’Ye”)klli(x)]

+1si
sing Icg:l 2(t=x)(t—zp)\ t—-x x—x Mo = 2(z—1)

[ A\ [2N+M 2N+M
(B,yei 3 (Q+p ax) y (@p an V()
L2(t—x) =1 2(t—zp)? k=1 4(t—zE)(t—2zp)

</3Y€z> <ﬁye>
e;) 1+ 1+ 2N+M ¢ ,ve;)
<ﬁ Yo xelngg( + + < k_Y : Vi(x)

+Ising

+Lsing | ————
20— (- ) t—x t—)'c = (z- D)

2N+M

(ak,yei)

k; 2(t—x)(t—z)?

<ﬁyez> 2

| 26-x)(t=-y | (- x) 2(y—x) X—x o1 2(zp—1)
[( 1+ Lxed, 2NZ+M B, ar) (vei,yej)
(t—x)? o1 2t-x)(—zp) | 2(y—x)
(B,yeiyei,ye;))
2(t—x)(t—X)(t—y)

) Wi,y

2
_Itot

Vi ilx, y)]

and

+I§o[ ]lxeﬂ-ﬂ(s,g\yi,j(x»‘)/)

3 [ bryenlrej vep Viirx,y2)|.

Iy=1 -
ST 8- x)(t -y (t-2)
We can further simplify I; by using the identity

1+ S50 @ ye _ 1+ EF e yen 1+ EF e yen 1+ Ef @k yen
(t—x)*(zk— 1) (t = x)* (2 — x) (t—x)(zx — 1) (2 — x) (2k — 1)
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Likewise we can write that I, is given by the sum of (P)-terms and

— Ising % Itot

Boyepy [(1+LLL L reivep) | YL xebsy, N e v
20-x)-»\ t—-x 2(y—x) X—x o1 2(z—1)

)‘l’i,j(X, y)

— I 1 - i 2(6—y)(zr—1)
sing*Treg | oir—w |~ (t-y2 ==y 5 2t=-NG-1

(B+yeirye))
<,6;Y€i) (l‘i'T] /)/Z]IXEH&E +2N+M (a:k,yej)

)‘I’i,j(X, ¥)

— Ising X Ito ——— +
g > ftot ( (t—x)2 k; 20— 0(t—z1) | 2(y-x)

(B,vei) ((Yei,yep N (rei,yej)
200-0(t—-% e 20-x  20-%

{B,yei)
(1+-=5) 20EM a (yei,yej
2 B,ar) ) Yei,ye;j W, i0xy)

— Ising % Itot [

)‘I’i,j(X,y)

and that I3 simplifies to

I3 = (P)-class terms + Iing % I

(B,yej)yei,yer)
5 [ B.yej)yeiyey W, 6 2)

P ar-x)(t-y)(z—x)
(B,yeidyej,ves)
4(t—x)(t—-2)(y—2)
(B,yeidyej,yer)
8(t—x)(t—y)(t—2)

2
+ Ising x Ireg

Vi rxy2)

2
- Ising X reg

Vi rxy2)
As a consequence we are led to the equality

(L_1,2)Vp()V)s,¢,0 = (P)-class terms + I;pg

0 +05) (M
2(t—x)(t—X)

1 + <ﬁr}2/ei>
Ox W‘I’i(x)

5, (H,- 0+ ——a; (x))
X—1

+Ising

]lxell-ﬂg,g\yi (x))

+ Lsing — Lsing % ILsing

( (B,ye;j)
2t-x)-y

\Pi,j(x) J/))] ’

allowing to recover the desired expression for the remainder term:

Ox (Hi(x)+LGi(x))
X—1

a 1 + (ﬁgeﬁ \Ij
N\ i(x)

2—(1,2);5.5,;) (a) = Ising

2
+Ising _Ising

( (B,yej)
2t-x-y

‘I’i,j(X,y))]-

As for the second part of the statement, we see from its expression that for (f, e;) neg-
ative enough the remainder term E_(l,z);(s,g,p (@) defined from Equation (4.9) goes to
zero. Moreover in that case the equality is seen to hold in the sense of weak derivatives,
see e.g. [25, Equation (5.7)]. We can conclude like in the proof of Proposition 4.2.6. [
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4.3.1.2 The L_ ;) descendant

We now turn to the L_(1,1,1) descendant, for which the analog statement is the
following:

Lemma 4.3.2. One can find a quantity £_(1,1y;s,¢,p (@) for which (L-q,1,1) Vp(O)V)s.¢,p—
£_a,1,1;6,6,0(@) is (P)-class. TheL_q,1,1)Vp descendant defined for t € R and (a, f) €
N M+1 Via

(L1,1,1) VB(O)V) = 5 li})n O<L—(1,1,1) V(6)\V)5,e,0 — E—(l,l,l);ﬁ,e,p(“) (4.12)

satisfies the property that, in the weak sense,
(L_(1,1,1) VB(OV) = 0 V(D)V). (4.13)

Along the proof of Lemma 4.3.2, we will provide an explicit expression for this
remainder term. Namely we will show that it is given by

ax(<ﬁ,yei>
2(t—x)

2—(1,1,1);6,5,,0(“) = Ising
((ﬁ,yeﬁ
Ox -
2(t—X)

+ Aﬁyg'p + Bayeyp + Cﬁyg'p,

0i(x) +1‘)i(x))

B.yep (4.14)
el |

+ Ising

0; (x)]lxe[H](;,g - Ising

<ﬁ,yei>(1+ <ﬁgei>)\y ( )) "
iX .

A5,£,p = Ising [ax ( 201 — x)2

(Brej)
2

B.rep(1+ 555 (yentprep
= — 2, ’ l 4 J . .
Boepi=lsing | 0x 2a—yZ  et—wu—y | WY

Bye)) (4.16)
2

Bryej) (1 + ) BredByep
2(t— %) 2(t—x)(t - X)

— 713
C5v5u0 T Ising

((<ﬁ’yej><,6,)/ef)

Wac-ni-2
<ﬁr7/ei><ﬁ,)/€j>

) (( 20— 0 (- y) )‘I’w(x» y)) T

(B,yej)?
Ox ((m Wi i) | Lyen;,

where 9; is explicit but rather tedious to write (we provide its expression in Equa-

)‘Pi,j,f(x,y,Z))

—I?

sing

(4.17)

.y

sing
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tion (4.23) below), while 6; and ©; ; are given by
2N+M
BpB+vei,ar) (yei,ar) )
0;(x) = + 1 ¥,
i(x) k; ( 2oz 2 2 LM i(X)
(BB +vyei,ye;) (reiyej)
~lreg 21— y) + 2(E—y) ﬂxEHgls)\I’i,j(xry) (4.18)
2NEM (ye;j, ar) (vej,ver)
_I . —\I] . , I . I —\II . A ,
sing ]sz:l 2(y - z1) i,j W | + Lsing X Ireg 2(y—2) i,i,f (%, 1, 2)
M (3P +yej,ak)  (yei, ak)
0;,i(x,y) = ( + )‘P','(x, )
LY ,C; 2(t— zp) 20—z Y
(BB+vyei,yery (yei,yer)
T lreg ( ke + Akhe )\Ili,j,f(x;%z)
2(t—2) 2(x—2) (4.19)
2NEM (yer, ay) (yer,yem)

— I ——VW. i r(x,1,2) | + Lsine X I VY X, ¥,z W)|.
sing ICX::l 2(z—2p) 1,],f( »2) sing reg z,],f,m( N4 )

2(z—w)

Finally ©;(x) is defined via the same expression as 0; ;(x, y) but with ¥; ;(x, y) being
replaced by ¥;(x).

Proof. Like for the previous lemma we only sketch the main steps and leave the details
of the computations to the (very motivated!) reader. We can write the potentially
singular terms in the expression of (L_1,1,1) Vg(£)V)s ¢ p @s Iy + L2 + I3, with

2(t—x)3 * =l 4(t—x)%(t - zx)

[ (ﬁ,yei)(1+@)(2+@) 2N+M3(ﬁ,yei)(l+M)<ﬂ,ak)
I :=Iing W¥i(x)

+Ising

g A\ [2N+M 2N+M
3(B,ve; 5 <ﬁ,ak>2 N (B, a){B,ap V()
| 2(t-0) | o 2(-zk) k=1 40—z (t—2z))

Byed oan+Mm
3(B,yen? [1+15 (B, ar)
I 1 E R ,
+ sing - x€H§,E4(t_x)(t_x) t—x + P} Z(t—Zk) l(x)

(3B.ven (1+ LE2)Byep) 306, yen (B ye,(p,ap
+
4(t—x)%(t-y) (t—x)(t =)t —z¢)

)‘I’i,j(x,y)

[ 3(B,yen*(B.ye;)
2 J o
It0th4(t—x)(t—5c)(t—y) xel]-l](;,g\yz,](x;_)/) , and
(B,yei{B,yej)B,yer
— 73 -
I3 = mt[ 8- (- y)(—2) Viirx,»2)|.
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Our goal is, like before, to rewrite the latter to make appear derivatives of the correla-
tion functions. And to do so we rely on the same techniques as above.

For the sake of simplicity let us first assume that pup; = ug2 = 0 so that we can
discard terms with X. Then using symmetrization I; is given by I; = (P)-class terms +
I} where

1
I} i= Ling

2(t—x)2 %

. <:B’Yei> (B,ye;)
<ﬁ,yez>(1+—2 ) 2+ﬁ%+721er6,5+2N+M venai) )y,
f—x X—x =1 2z —Xx)

Byen 2 2N+M
Bryed [1+—75 ¥ lxew,, (yei,an | 1 (B,yei)
I ’ Yy ———|eo; I.; .
T lsing 2(t—x)( —x | %-x o 2(z1—x) 0;(x)) + S’"g[Z(t—x)al(x)]

2N+M 3 .
with 6l(n:= Y SPryenaw
k=1 2(t—zg)

ZN+M (36 + (1 + @)Y&'ﬂk) INAEM 3B, a i) (B, a) + 3B +yei, ar)lye;, a;)

8%(x>r=( )3 + )

=1 2(t - zp)? Pyt A(t—zi) (t—2))

¥;(x) and

)\I’,-(x).

Based on the same reasoning as in the previous sections we thus end up with

I; = (P)-class terms + R%

Byei)
(Byyeiy |1+ 5 .
+ Lsing [ x( ( : )‘Pi(x) + Mgl where we have set

2(t—x)2 2(t=x) !

(x) +«9}(x))

R% = —Ising X Itor Vi ix,y)

(B,yei)
(<ﬂ,yez~> (1 + ﬁ+) 2NIM (B, ye;) (3B +yei, ak>) {rei,yej

+
2(t—x)? kZl At-x0)(-z) | 2x-y)

We have thus treated the one-fold integral: let us now turn to the two-fold ones. And
to start with, we first rewrite I, as

I, = (P)-class terms

g 3(B,yei) (1 + “5%’)) (Bryej .\ 3(B,yei){B,yej) (P, ak
sing 4(t_x)2(t—y) 8(t—x)(t—y)(t—2zg)

)‘Pi,j(x,y)

(38, ven (1+L52) ¢, ye))
A(t-x)*(t-y)

—Ising x Ireg

)‘Pi,j(x,y)

] (Bye;)
3<ﬁ,7fei>(,3,)fej>(1+ ﬁWZ’ J ) +2N+M3(ﬁ"}/ei><ﬁ,f}/ej><ﬁ,ak>
4(t-x)(t - y)? = 8(t—x)(t—y)(t—2z)

_IsingXIreg \Pi,j(x,J/)
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Then using symmetrization and expressing the above in terms of derivatives like
before some tedious computations show that

I, + R} = (P)-class terms + I, + I5 + Ry + R5, where:

(Bryej)
(B,yej)(1+ L) (B,yeY{B,ye
l._ _ 72 2 J -
L=—I5,, [ax(( 200=y) + =D (—y) Wi jxy)

2 s 2NZ+M(<.B’Yei><Yejrak> L BrepBpryesan <ﬁ,yej><yei,ak>)\yl )
sing | TE\ = At —x) (y - zx) 4(t - y)(t - zx) At—y)(x—-2zp) )
—Ifmg [ax(ﬂ},j(x,y))] with

2NEM ((yei,ar)  (B,yei)yei, ak)
ol . V) = ( J + J J )q%. ,
D M o Al T el RAUSR

2N+M . . 3B3+2 i .
e ((Ye] ag)(ye; az>+< B+2yei,ap)yej,ap

Wi j(x, d
4(y—Zk)(y—Zl) 4(Z-_Zk)(y_zl) ) JJ (x y) an

k,l=1

3 (( (B,yei3B+vei,yej)

2._

+1912‘,j(x’y))q]i,j(x;J/))] with

3B +vyei,ve;) (1 + —<ﬁ+y‘;i’yef>)

2 .
9110 0)= 2(t— y)?
+2NZ+M<3ﬁ+7fei,yej><yei,ak>+<3/3+Yei,ak><yei,yej>+6<,B,yej><,6,ak> .
& A(— Yt -20) Shdde
The extra terms Rzl and R% are equal to
(Bryej
(Bryep(A+—=55) (B,yeB,yey | (reiyes
RL=1% xI 2 ! W, (X, 7,
2= Lsing * lrot ( 2(1— )2 " 2t-x)(t-y) | 2(x—2) 0 f (01 2)
NEM ((B,ye;) yej, ar)) (vei,yer)
Iz. I Vi »
*Liing * Tror | 2 (4(t—x)(y—zk) 2z YA
P xT ZI\SM(<ﬁ;Yej><3,6+Yej;ak>+<,6;Yej><)’ei;ak>)(Yei,Yef>\P.. . 2)
A R ) H-ya-z0 ) 26—z PP

135



4 Singular vectors and higher equations of motion — 4.3 Singular vectors at the level
three

<ﬁ,yei><3/3+yei,yej>) (vei,yes)

R2::I. I I
2= Lsing * Ireg * “’t[( A(t-x)(t-y) 2(x-2)

Viirxya)|.

An important point to highlight is that in the (P)-class terms we have included expres-

sions of the form ~I2, ﬁfi,]‘ (X, P¥; ;(x, y)] where f; j isregularat x =y, x =t

and y = t. At first sight it may not be clear why the singularity x%y would be integrable.

However we can separate between the case where i # j, for which ¥; ;(x, y) = |x - y|Y2
as |x - y| — 0, and when i = j in which case by symmetry in x, y the latter can be
reduced to a regular quantity. This allows to treat the two-fold integrals and discard
such terms.
Now to transform the three-fold integrals we first split I3 as I3 = (P)-class terms + I\,}
with
(B,yen B, yepP,ver
8(t—x)(t—-y)(t—2)
3(B,yei (B, ye (P, yes
8(t—x)(t—y)(t—2)
3(B,yei (B, ye) (P, yes
8(t—x)(t-y)(t—-2)

=1

sing

Vi rx 1 2)

+ I?ing x Ireg Vi rxy2)

2
reg

"'Ising>< I \Pi,j,f(x,yyz)

Likewise we see that R} + RS = I5 s s + I 5 + I,y where

(Bye;j)
ByeppA+—5L) (B,ye(B,yej) | (vei,ver
73 2 j N
Lss.s =Lsing ( 20-pF ' 20-00-y | 2m-n BN
2NEM ((B,yei)(yej, ax) (yei,ver)
3 J o
+sing k; (4(t—x)(y—zk)) Sz L))
M ((B,yejy(3B+yej,ar)  (B,yej)yei,ar) ) (yeiver
3 J J J o
Fhing | 2, ( -z 4(t—y)(x—Zk)) 2—g) P
(Bye;)
(ByeppA+—5L) (B, ye(B,yvej) | (vei,ver
72 2 J o
Lssr =I5ing % Ireg ( 20?200y | 2—n)
(ByenBPB+vei,yer) ) (vei,ye;)
2 PR
+ Lsing > Ireg ( 4(t—x)(1—2) ) 2y YA
[2N+M . . ) . ,
+ 12, X Treg ((ﬁ,Ye])(B,B+ye],ak) + <'B’ye]><ye“ak>) <7/e”yeﬁ‘l’ijf(x,y, 2)
sing s 4t -yt —zx) 4t-y)(x—2zr) ) 2(x—2) N
[2N+M ((B,ye;)(yej,ar) ) (yeiyer)
2 ] o
+IsmgXIreg‘ I; (4(t—x)(y—Zk)) 2(x—2z) Fij 62| -
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(<ﬂ,yei><3[3 +ye;,vej)) {vei,yer
4(t—-x)(t—y) 2(x—-2)

. 2
Iy -—Ising x I

reg Vijrxy2

Gathering these terms together with that coming from I3 we arrive to the equality

I3+ Ry +R5 = (P)-classterms + I3 + I3+ I + Ry + R5, with

n=r

sing ’

(B,yej)B,yer +2N+M (B,yej)yer, ar) +2N+M (vej,ar)yes, ap)
Wae-ne-2 & 4u-pe-z0 2 4-z0z-2)

)‘Pi,j,f(x, V Z))

L=1

sing

3 ((<ﬁ,Yei><Yej’Y€f>
W ae-0p-2

ax((wr?”ej)(?’ﬁ"‘?’ej»)/eﬁ . (B,yej)yei,yer)
4(t—y)(t-2) 4(t-y)(x—2z)

X Ireg +19i,j,f(x,y,2))‘I’i,j,f(x,y,Z))

2
+Ising

)

x Ireg )‘I’i,j,f(x,y,Z))

Ig? = Ising x I2

5 ((3ﬁ+yei,yej)<7fej,}fef> +3(B,ye{B,yer
reg |YXx

4(t—- (-2

Wiy, z))
In the above 9; ; r(x, y, z) and the additional terms are given by

BB +vei,yer) +{B,yej) . L+(yej,ver)\(vejves
2(t—2) 2(y—2) 2(y—2)
+2N+M((3ﬁ+yei,yef) N (yej,yef)) (yej,ax) N (yej,yer){yei, ag)
=1 2(t—z) 2x—-2) J2(y—zr) Ay—2)(x—z)
+21\’Z+M(<3ﬁ+ye,-,ak> N <ye,-,a:k>) (yej,yer) N (vej,ap)yei,yer)
2(t - zx) 2(x-2zr)) 2(y—-2) 4(y - zi) (x - 2)

0,7 (%, ¥, 2) i=(

(4.20)

k=1

1 3 .
R3 :_Isingxlt()t ‘Pi,j,f,m(X,J/,Z, w) ’

4(t—- )t —2) o1 Yt-y(z—-z) | 2(x—w)

((ﬁ,yeﬂ(ﬁ,yef) +2N+M (ﬁ,yeﬁ()fef,ak)) (yei, yem)

[(B,yeidyej,yep){yei,yem)
8(t—x)(y—2)(x—w)
[(B,yej)BB+vej,yer)yei,yem)

8(t—y(t-2)(x—w)
(B yej)yei,yep){yei, yem)
8(t—x—-2)(x—w)

2 2
RS = _ISlng X Ireg X It()t \I]l.,j,f,m(x!y) Z? w)

—J?

sing

X Ireg x Itor

\Iji,j,f,m(xy J/» Z; W)]

iy

sing

X Ireg X Itor i,j,f,m(xr ¥z, w)

We now have some new four-fold integrals to treat. They give rise to the remainder
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terms:
(B,yejrer,yem)

= Ling * Ireg |0x ( M=) LrirmOya Wt ﬁi’j'f”"))]

[ (Yei,yep){yej,yem) Sf+yei+yej,yer)yej,yem)
—IZ 12 ( )\IJ i y Vo &y )]

sing * Treg |0\ 3" —w) 4-2)(y—w) biofm% Y2 W)

[ ({vej,ven)ver,Yem)

+ I?ing x I?eg _ax 4(y— w)(z— ) \Pi,j,f,m,n(x» ¥z w, (D))] )

2N+M <Yej,ak><)/€f,yem>
19' ] (x) y Z) w) =
i,j,fm% Y kX=:1 2(y—zr)(z—w)

Recollecting all the terms that we have obtained above we recover the expression
provided in Equation (4.14) up to the 1 ep,, term in that we get

i,j,fm(X, ¥, 2, W). (4.21)

- = b,yei
Sﬁfl,f,l);(;,g,p(a) = Ising | Ox (19?3 O(X) + %Hi(x))
[ ({Bye))
_ I?ing Lax (Z(I——Jj/)gl’](x’y))]
| (pre (1+83e0) y
+ Ising | Ox 2(1 - x)? /) (4.22)
Brep
P 5 (B,yej) (1+ Pore; )+ (B,yei){B,yej V. ()
sing |7 2(1— y)? 2——y | Y
i (B, yej)B,yer ,
3 ..
leing a(( A=y -2) )T"f’f(x’y’Z)) S

070 (x) 1= 0100 — Liing |01 (5, )| = Ireg [9306,9)| + Lying % Ireg [94,7,(x,,2)]

2EM (yej, ar)(yer, ar)
+12 . Wi r063,2)
e k,lzzl 4(y—zr)(z—2)) L f Y
(BB +vei,yej)yej,ver) +3(B,vej){p,ver
2 veiyej yejyer vei B yer R
4(t—y)(t—2)
— I * Ireg [0, 1,m(%, ¥, 2, w)] (4.23)

(yei,yep)yej,yem) (Bf+vyei+yej,yer)yej,yem)
I X2 + ¥, I 2
sing X reg ( 4(x—z)(y—w) 4(f—Z)(y—LU) ) l,],f,m(x < w)
(yej,yen){yer,vem)
2 2 J
+ Ising Ireg Ay - w)(z— @) i,j,fmn(X )2, W,(D)] .
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Now, let us no longer assume that up; = g2 = 0. Then we get the extra term in I;:

1

Ising

’

{B,yei
3(B,yen? (1+L1 +2NZ+M<5’_“’€>
x€H5'54(t—x)(t—5C) =X k=1 2(t—2zk)

)‘Pi(x)

and its counterpart for I:

3(B,ye)*(B,ye;)

2 j

— I~ e W

S | 4(r—x)(t—x)(t—y) o (%)
3(B,ye*(B,ye;)

_Isin Ire — X \Iji (x,

8% reg At-x) (-2 (—y) e (% Y)

3(B,ye) (B yej)?

—Ising x Ireg -0 —P(-7) yel]-l](;ys‘yz,](x,y) .

Moreover the algebraic manipulations that allowed to derive the expression of the
remainder term in the case up, = g2 = 0 remain valid without this assumption, the

2
main difference lying in the fact that derivatives give rise in addition to a % term.
For one-fold integrals this corresponds to the additional term

(<ﬁ,7e,~> (1+ 8322

+ Ising

2(t—x)?2 xX—Xx

1 Z]Ixe
W00 + <ﬁ,ye,>9}(x)) Y Hal _
2(t—x)

For two-fold integrals this yields the extra term (we have used the symmetry in x, X to
cancel some quantities)

5 (Bye(Bye)) 2NEM(B,yeyej, ar) )y Lxeh,,
~4sin + - \Pi,j(x,)/)
EN\2t-0-y) [ 4t-0@-2z) )] x-%
(Bye)3B+vei,vei)\ Y Lxew,,
— Ising x Iyeg ( 41— (1) ) r— 7 Wi i,y |.

As for the three-fold integrals, we get the additional quantities
(B,yei(yej,yes)y*
4(t-x)(y—2)(x—X)

(B.yej)rei, ver)y?
4(t-y)(x—2)(x—X)

% xI

sing reg iyj,f,m(x’ Yz w)]IXEH&s

+12,, % Ireg

sing i.j.f.m(% ) 2, w)]lx‘f”‘ﬂa,s .

The four-fold and five-fold integrals only give rise to (P)-class terms.
We now treat successively these integrals. In the same fashion as the integral over
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I Szi ng’ the one-fold integral can be rewritten as (up to (P)-class terms)

Ising

5 (B,ye:) (1 + LIy . (B,yei)?
. 2(t — )2 2(t—x)(t— X)

) \I]l' (x)]le[H]&E)

+Ising

) Vi (x)]IXEH(s,E)

2N+M . . . . . .
ax( 5 (<ﬁ,ye,><yel,ak> L BrenBPryear)  (Byeiiyear

a \at-0@E-2z0 40—z 4D (x— 20

— Ising x Itor Vi i(x, Y)]lxeﬂ-ﬂg,g

'<ﬁ,yei>(1+<ﬂ%‘>)+ Bryen? | (reive))
2(t—x)? 2-x)(-%)| 2(x-y)

[2N*M (B ve;)(ye;, ax) (Yei,ve;)

—Tinex 1T
sing tot k;l 4(t_x)(j—zk) 2(x_y)

'2N+M(<ﬁ,}/ei><3'3+'yei’ak> N (ﬁ,'}’ej><'yei;ak>) <Yei,7/€j)

~ feing X fror | k; At-B(t-z)  At-Dx-z) ) 2(x-y)

Wi, (6, M xens,

Wi, W xens, | -

Likewise the remaining two-fold integrals containing the X terms are the sum of
(P)-class terms and

. . 2N+M . . . .
_Iszing . <IB’Y_el_><:6’z/e]>+ <ﬁrY_el_><Ye]_!ak>+<ﬁ)Y_e]><Y_ei)ak> ¥, (%, ) ]lxeu-u&g
20-x-y) o Aa-0(y-z) 4At-y)(x—2z)
= (Byen® M (Byelyear) (Brenyenar) |,
Lsing y((Z(t—x)(t—J'c)+ k; 2D G—z0 A= D—zg) | | Lt

<:6’Yei><]/€i,)’ej)
Gx( 4(t—-x)(X—-y) \Plvl(x’y))]lxeu-ug,g

3 (( (B,yei)(3B+vei,ve;)) N (B,yeirei,ve;j)
o A(t-X)(t-y) 4(t-X)(x—y)

—Is5ing % Ireg

—Ising X Ireg ) Vi i(x, ,V)) ]lxe[l-llg,‘g

and the extra three-fold integrals given by

. . 2N+M R . , . ,
((ﬂ,ye»(ﬁ,ye,) . Poyetyepan (ﬂ,ye,><yel,ak>) <ye,,yef>%,jyf(x’ .

20-0(t-y) o A-D-z)  4t-pGE-z0) ) 2(x-2)
Boye*  HIM(Byep(ye,ar) (Byeiyeiar) | {rejver)
””[(2(t—x)(t—5c)+ k; Mt-0E-20 4(t—5c)(x—zk)) 2(y-2)
(B,yeiyei,yej) (yei,yer)
4t-x)(x-y) 2(x-2)
((ﬁ,yei><3ﬁ+yei,yej> N (ﬁ;Yei><Yei,Yej>) (yei,yer)
4(t—-x)(t—y) 4t-x)(x-y) 2(x—2)

q]i,j,f(x) yr Z)]IXE[H]&S

Ising X Ireg X Itor \Pi,j,f(x» » Z)ILXEH&S

Lsing % Ireg X Itor Viirxy Z))]lxe[l-ﬂ&E

By combining these three-fold integrals with the ones obtained before we get that the
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three-fold integrals can be rewritten as (P)-class terms plus

(B,yeiXyej,yer) . (B,yej)vei,ver)
At-%)(y-2) A(t-y)(X— w)
(B, yeiyei,yer)
4(t—x)(X—2)
(yei,yep){yei,yem)
4(x—2)(x—w)

IZ

sing

X Ireg | Ox )\Pi,j,f(xy ¥ Z)) 1 xems,

+Is2ing X Ireg [0y Wiirxy z)) 1 xems

~IZ,, x5, |0y

sing reg

i,j,f,m(xv Y) Zr I/U)) ]leHg,g .

where we have used symmetry in x, X to remove singular terms. Recollecting terms
and discarding (P)-class terms we get

S anseple =7 o o (@) + Ling ax(w ’Yez"glfl_;j%i))%(x)) 1 xett,

+ Ising [ax (2§M((ﬁ,ty_ei)<éei, (Zx]:c)> + ;/(5[{@;; @i(x)) \P,-(x)) 1 xens,
i o (BT E e e
[ L. Lty

Nver ve: 4.24)

—Ising X Ireg | Ox <i’(7;e_l>):;;)e_cl’_yye)]>‘Pi,j(x,J/)) 1 xens, (
et o[ ST ),
+Iszingxlreg Ox wé?:f;;/g’_y:)f)‘Pi,j,f(x,y’z)) Lyen;,
_Ifingxl;?eg Ox sz(’;ff;)(();efz;jw i,j,f,m(X% ¥, 2, w))]lyEHh .

Finally, the last part of the claim (expressing the L_(; ;1) descendant in terms of
derivatives) follows from the very same arguments as before. O

4.3.2 Singular vector at the level three

We have seen in the previous section that fully-degenerate fields, corresponding
to Vertex Operators Vg with f = —yw; for y € {y, 2} give rise to singular vectors at the
second level W_; g. Actually from such fields we can further define singular vectors at
the level three, leading to higher equations of motion.
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4.3.2.1 Higher equations of motion at the level three
To do so we define the singular vector ¥ _3 s to be given by
v : (W +(X+2)L 4L 8L Vi (4.25)
3y = (W3t |7+-|bs——L-a2——3L-a1p .
! 3 )7 e g

where = —yw; with y € {y, %}. More precisely it is defined as follows:

Definition 4.3.3. Assume that f = —yw; with y € {y, %} and take t € R as well as
(B, @) € /N m+1. The singular vector ¢ _3 y is defined within half-plane correlation
functions via

W3, (V) =

2 4 8 (4.26)
(W_3V5()V) + (% + ;) LogVp(OIV) == (Lo Vo (V) =5 (Lot VROV

Like before, the singular vector ¥_3 , is actually not null in general but is seen to
be equal to a sum of descendants of other primary fields. However here we will make
the simplifying assumption that this singular vector gives rise to a null vector, which
translates on an assumption on the cosmological constants:

Theorem 4.3.4. Assume that f = —yw, with y € {y, %}, and assume that iy » — g2 = 0.
Then the singular vector at the third level v _3 , is equal to

2
Y3y= —PD—LXW—Z,X (4.27)

whereD_; , is of the formD_, , := a(y)L_1 + b(x)W_, with a, b such that

2 _2
“(X) L:leﬂ’el n b(?() W:leﬂfel _ { Yer— ?P for x= Y (4.28)
! ! yer—vye: for x=v.

Like before these equalities are to be understood in the sense of Theorems 4.2.2 and 4.2.8.

Remark 4.3.5. Though we have not conducted the computations when we no longer
assume that ji1,» — ur2 = 0, the arguments that we have developed along the proof of
Theorem 4.3.4 suggest that in general we can write the singular vector at level three as a
sum

Y- %) (kL1 +pRr1)D-1Vpsye, if X= %,

2
,y (

V-3, = (ML2 = HR2)D-2Vpsiye, + '
r=( ) prye { —%CY(M)D—1Vﬁ+2ye1 if x=vy
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whereD_» Vg, e, is a descendant at the second order of Vg.ye, for which
B+yex 8 4
DT, ()= = @Bf+ye,uy+—(Q+p+yex,u)
X X
8 3 4
D”}Y% (u,v) = pe 3¢B, )P, v) + S (B )y ez, v) + (P, v)(yez, ) + (yes, u)yez, v) | = ;(u, v).

This can be rewritten asy 3,y = ﬁ_g,xw_l,x - %D_wa_g,x which emphasizes that the
singular vector at the level three does not give rise to a new primary field but is rather a
linear combination of descendants of the singular vectors at level one and two.

Proof. Since at the regularized level we have the equality

<(w +(X+2)L ‘L L Vs(OV)s.z.p =0

3+t |bs3——La2— L1y Sep =
3 X X x e

we only need to focus on the remainder terms that occur in the limit. And more

specifically we need to show that if py » — g2 = 0 then

~ 2\~
lim W_3;5,g,p (a)+ (l + _) £—3;6,8,p (@)
8,6,0—0 3 x (4.29)

4 8 ~
_;2—(1,2);6,5,,0(“) - FS—(l,l,l);&e,p(a) =—(y_3, V.

For this purpose we will need the explicit expressions of the remainder terms from
Equations (3.3.2.1) and (3.24), as well as from Lemmas 4.3.1 and 4.3.2. Based on these
expressions we can write the left-hand side in Equation (4.29) as the sum I} + I, + I3+ Iy,
where in I} we have gathered all the k-fold integrals that appear in these statements.

Before entering into the computations, let us stress that since we have made the
assumption that uy » — ug2 = 0 and because (§,ye;) <0 for i = 1 remainder terms of
the form

I g * Deg [0 (Fiy ooy (01, Xas D) Wi (61, -, Xar) ]

where Fj, ... ;,,, isregular at x; = ¢ and x; = x; for all i, j < a vanish in the limit along
the same lines as in the proofs of Theorems 4.2.2 and 4.2.8. As a consequence we will
not take such terms into account later on. The proof will be divided in two parts: first
of all we will assume that pp; = up2 = 0 and then proceed to the general case. To
compute the limit of these remainder terms we will rely on Lemmas 4.3.6 and 4.3.7
below, where for the sake of simplicity we will use the notations

AT (E)ra-7)
c;(p)::—,uBylsin(n?) " 1,<1 and
r(i-%)
g ) (4.30)
)= 2 —2 Y\ o F(T)r(l_Y)ﬂ
Y =\l —2HL1HR1COS| T 5 T UR1 7 y<l1
r(i-%)
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so that ¢y (W) 1y<1 = c)l,(p) + c%(p).

The case up; =pp2=0

Thus to start with let us assume that pyp; = up2 = 0, so that we can discard the
integrals containing 1 yen;, terms. Then we have, up to (P)-class terms,

hae(q+2w;(B) + (4 +2) = 21+ LIy L g, ye;y (1 + LYoy
L :Ising Ox (x—1)2 Vi (x)
2N+ M —2ha(ei)w;(ark) — 3B ai) — 5 (B, ve) 3B+ e, ak)
+1sing Ox Z Wi(x)
k=1 (t—x)(t—2zg)

Likewise we can write that I, = A+ B with

A=T>

sing

8 , 2NEM (B, yei)(yej, ak)
B=—I 6 \Pi j LAy
13 smg[ (( kX::I 41— —21) i (%)

5 ((zmz(ei)a#j X 2B.vep + 5 (ByeBye) 4 (B, ye,>(1+ Bore)) )J

t3 Wi jx,

)

8

2N+M (B, ve:)(3 ;) ve;: 0
+ =12 | O (( y Prep@Pryejar)  (Byejye ak>)\1’ij(x y))
% o A= nE-z 41— y)(x— zk) (4.32)
2vh i6i i » j » i 3 i) i
+ Ioimg * Ireg | 0 (( yha(e;) £, 2 Brvej) +3<ﬁ yei (3B +vye yeﬂ)%’j(x’y))].
t-0x-y) xy-00-y) ¥ AUt-00-y)

Finally the three- and four-fold integrals are given by

Iz = 813 [ (((ﬁﬁ’ej)(ﬁ,)/ef) 2N+M (B, ye;) yer, ak)
373 +

)‘I’i,j,f(x,y,Z))

x3 S8 4(t-yt-2 o 4t-»(z—2zp

8 , (B,yej)3B+vej,ver) <ﬁ»Yej><Yei,Yef>)
Wi irxy
"3 Fing X fres 6(( W-pt-2  at-px-2) ff(xyz{)Lg)
8 , (B,yeiyej,yer)
X3ISll’lg reg ax( 4(t—X)(y—Z) \Pirj)f(x’y’z)) and
(Bryej)yer,yem)
Ii= Xslfmgxlreg ax( 7)) ‘{/i,j,f,m(x,y,z,w))]. (4.34)

We will treat successively these four types of remainder terms to see that they give rise
to the right-hand side in Equation (4.29).
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One-fold integrals

For this let us start by looking at the one-fold integrals, and first of all to the ones that
do not contain any X term. To treat such integrals we begin with terms that contain a
singularity ﬁ The corresponding quantity is then given by

hy(e;) (g + zwf(ﬁ)) + (% + 72_6) — %(1 + @) _ %(,B,Yei)(l n (ﬁ,}zfei))
(x—1)2 ¥;(x)

Ising [ax

Using the value of f = —yw;, the numerator is found to be equal to §; 1 (2y — %)(1 - %)
which vanishes for y € {y, %}. The subsequent term in one-fold integrals, correspond-

ing to singularities of the form ﬁ, is given (up to negligible terms) by

2N+ M ~2hp(e))w;(ak) — 3 (B i — 5 (B, yen 3P +vei, ar)
Lsing | Ox Wi(x)
k=1 (t—x)(t—z)

S

To start with for i = 2 this coefficient is seen to be zero for both y =y and y = =.
Likewise for y =y and i = 1 simplifications occur and this coefficient is actually see
to vanish. If however we assume that y = % and i = 1 then the coefficient is equal to

==

3 Y2

Yy, 6 2 2
2wz(ag) +2w1(ap) + - (=~w1+ye;, ap) = —(y—-)Nye1— —p,ax),
2y 2 Y Y
where we have used that p = 3w; — e;. As a consequence and in agreement with

Lemma 4.3.6 the corresponding remainder term converges towards

2N+M (yer — 30, k)

(V.. 2 (HV). (4.35)

2
r = _YZ (Y_ )—/) (1,1 +HR1) Z W yei—Zor
k=1

To summarize we have that I; = (P)-class terms+ r; 1 r=2
Y

Two- and three-fold integrals: the largest singularities

Let us now turn to the two- and three-fold integrals, in which case the remainder
terms are given by Equations (4.31), (4.32) and (4.33). And to start with like before
we first consider the largest singularities, that is we gather terms with integrands of
the form m where both u and v are in I5;,g: this corresponds to A defined in
Equation (4.31) and the very first term in Equation (4.33).

These terms are a priori divergent in the §, €, p — 0 limit. However simplifications
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allow us to show that they are actually asymptotically given by
8 (B,yejp{B,yer
A—?Ifmg x( 2= =2 \I’i,]-,f(x,y,z)) :(P)—classterms+r2]lxz%
4 M (ye, a) (yei,a)
2 Pos( X (R iy - LRy ()|
X o1 \2(t=x)(zk—y) 2(t=y)(zx—y) (4.36)
4 (yei,ye;j) (yei,ye;) )
—IZ Lo |0y | m—————YV1,i,i(x, y,2) —-————Y¥;1,i(x, ),
+X sing % Ireg X(Z(t—x)(z—y) 1,1,](x ¥ 2) 21— P (z—y) z,l,](x ¥, 2)

with r, described in Lemma 4.3.8 below, and where this limit is justified.

The remaining two-fold integrals

As a consequence we are only left with integrals that have a singularity of order 1
at t = x or t = y. Let us thus consider the remaining two-fold integrals from Equa-
tions (4.32) and (4.36):

4, HEM O (ye;, ax) (yer,ar)

XISi”g[ax( I; (Z(t—x)(z/c—y)%”(x’y) 2(t—y)(z;c—y)\yl'1(x’y)))]
8 , 2NEM (B, ye;)(yej, ak)

Flsmg 6x(( k; 4(t - x)(zx — ¥) Fijtoy)

8 2NIM (B, yej)(3B+yej,ar) (B yej)yei,ar)

—IZ. 0 + ¥, i(x,
S x(( k; A(t-y)(zk—y) 4(t - y) (2 — x) j(59)

ax((zyhz(ei)éi;éj +g (B,vej) %(ﬁ,yei><3ﬁ+yei,ye]~>)\Piyj(x’y))].
(t—x)x-y) xU-x)(t-y) ¥ 4(t-x)(t—-y)

+ Lsing x Ireg

Let us first treat the three integrals ranging over Is2 and to begin with let us

ing’
assume that y = % Then in agreement with Lemmas 4.3.6 and 4.3.7 the integral over

2 . . o s
I, g will contribute to the limit by

2N+M

(vei,ar)
,CZ::I 2(y—zx)

2
o= ;) (a1 + ) Tsing Vyes DVpoye, V)] 437

If we take y =y then we see that such integrals simplify to

2N+M )
4p LY (> Bf+2ye,an) _ (renap

sing =1 2=z —y) z(t_y)(zk_x))‘l’i,l(x,y))].

For i = 1, we can use the equality 3 +2ye; +ye, = 0 to infer that the corresponding
term vanishes in the limit. If we now assume that i = 1 then thanks to Lemma 4.3.7
below we have that the remainder term converges toward (recall that 012, () =0 for
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Y>1)

2N+M 38+3 ,
c (u) Z 8p Yeltak><vﬁ+2ye1(t)v> (4.38)

For the integrals over Ising x Ireg we proceed as before: in the case where (i, j) = (2,1)
simplifications occur and we see that the corresponding I5;¢ x Ireg integral is given,
up to a term that vanishes in the limit, by

)|
((t D=y WYy 1(x,)

which is seen to converge to zero in the limit thanks to the assumption that 2 —pg2 =
0. For i = j = 2 we see that the integrand is identically zero, so we are left with the
cases where i = 1. If we take j = 2 then we get

o)
((t No—1) Yi2(x,y)

which converges to 0 since (f,ye;) <0. When j =1 and y =y the integrand is actually
zero. Finally when we take j =1and y = % the corresponding term is given by

—2ybj2 2y0 . Y 3B+venve))
Lsing % I - - v, (x,
ving X lreg [ax(((t—x)(x—y) -n-y  20-nu-p | WY

Lsing % Ireg

Lsing % Ireg

which in the limit (via Lemma 4.3.6) will yield a term

(4.39)

(<791 - —p Ye;)

2(t-y) )\Pl’j(t’y)

2
ry = 7/2(; —P) (L1 + Her) Ireg

To wrap up for the two-fold integrals, we see that we arrive to the following conclu-
sion:
8

3
A+B- Xglsmg

((ﬁ,ye,')(ﬁ,yef)

4(t—-y)(t—2)

= (P)-class terms + (1> + 13 + r4)]lng + 5112y
Y

Wiirxy, Z))

(4.40)
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The three- and four-fold integrals

Therefore it only remains to treat the remaining three- and four-fold integrals,
coming either from Equations (4.33) and (4.34), and given by:

8 5 M (B, yej)yer, ar)

N [T R
o BT

+ %Ifing X Ireg |Ox (%‘PMJ (x,¥,2)— #Lej—))/)wi'l'j(x’ V z))

+ %Ifing x Ireg x(<ﬂ42;ej>;;/(‘;fiyui;ﬁ‘I’i,j,f,m(x, V2, w)) )

The integral over I fi ng is treated using Lemma 4.3.7 below and yields

2N+M

<Yef’ak>
)
o1 2(z—2zp)

4
Iy = ;c)z,(p) Ising (Vs2ye, () Vye, (2IV) | . (4.41)

As for the other integrals, by explicit computations they simplify to

o[ erren

Nt-n@y-2

ax((<3ﬁ+yel’yef>+ (Yei,)/ef> +l <Y91’Yef> )\Pil,f(x»y’z))
(t=0t-2) (=N&x=-2) y-Ny-2) "

o, rerrem
(t— ) (z—w)

2 2
?(Y_X)ISlng x Ireg

Wy, r(x,y, Z))

2y

2
+PI

sing>< Ireg

q!l',l,f,m(xy J/» Z! w))

According to Lemma 4.3.6 the latter will give a remainder term for y = %:

e = 2( _%)( + Wine % I M\y (2,7, 2) (4.42)
5=7 y HL1+ HR1) sing X Ireg 2(y—2) LifLY,2) |, .
while for y =y the corresponding remainder term is
(3B +3ye1,ver)
$3:== 2 Ireg L (Vpsayer (D) Vye, (2IV)
Y 2(t—2)
(4.43)
(yer,vyem)

4 2
- ;Cy(l-l)lsing X Ireg

v tt,z, .
2w Lunsml ZW)]

148



4 Singular vectors and higher equations of motion — 4.3 Singular vectors at the level
three

Recollecting terms

Finally we have treated all the remainder terms that appear in the expression of the
singular vectors. After this process the only remaining terms are

(r1+r2+r3+r4+r5)]l 2+(81+82+83)]l)(
y<1

To start with, in the case where y =y we obtain a remainder term given by %c% (u) x

(3B +3ye1,yer)
2(x—1)

ZNIM (36 + 3yer, ay)

)3

= 20—

(Vayer—yw, (V) — Ireg (Vye; (x) V+2ye, (V)

2N+M (“k» >
+Ising | D 20—z rei 0 Vpezre (OV)
k=1
< €, >
~ Lying % Ireg Z(x—_yy’) (Vye, () Ve, (1) Vsayen (r)w] .

The above is nothing but the descendant (aL-; + bW_1) Vg,2y¢, where a, b satisfy
2 2
aL/i rery bW/_%lL T = 3(ye; —yw,) = —3yho.
Therefore we infer that when g1 = g2 =0:

4
V-3y= —;Ci ()D_1,y Vpi2ye, - (4.44)

When y = % the remaining terms coming from the r; are given by yz(% -y (ur1+
HR,1) %

2N+M (yel—%p,ak) (7’91—%,0,7/6])

Zwl(t)V)_Ireg (Vyej()’)vyel_%wl(t)v)]

- @ V
=1 2(z— 1) ¢ rer= 2(y-1)
1 ANEM (yes, ag)
+ Liing yT\Pl,z(r,y)]Hsmg Y o0z Vet PWVyer-20, OV

(yei,ye ,>

20— (Vre Ve, 2 vyel__wl(tm]

- Ising X Ireg[

Like in the proof of Theorem 4.2.8, since (ye; — %a)l,yei) <0 for i =1,2 we can rewrite
the latter using integration by parts, and get

2N+M (yer — 5 p, ar) (yer—2p,ve))

Vyey 20, (OV) = Ireg (Vye, () m__wl(tm]

& T 2ze-n 7 20— 1)
(yer—2w1,yei) ~ 28 =
— Ising 20— 1) <Vye] ) yel——wl(t)‘,)]
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We recognize here the definition of the descendant (aL_; + bW_;)V,, > where a

Yer—yw1
and b are chosen in such a way that
yei—2w ye1—2w; 2
al_, " +DbW_, " =vye ——p.
Y
As a consequence we arrive to the equality
9 2
Voaz=Y y—; (ML,1+;1R,1)D_L%V[3+M. (4.45)

We thus conclude in this case via the expression of the singular vector from Theo-
rem4.2.8.

The general case
Let us now no longer make the assumption that pp; = g2 = 0. Then the remainder
terms feature extra terms, given by
(B,ye: (1 + LYoy
2(t—x)?

[ (2N+M . ' .
_ %Ising ol 3 (<ﬁ,7/el)<y_ez,ak> N <'B’Yef>
r : A4r-x)(X—zK) 2(0-%)

‘lji (x)) ]1x€[|'|]5,£

J:= _Flsing ax(

k=1
(<ﬁ,ye,~><ﬁ,yej> +2N+M (B,yej)(yei,ak)
20-%)(t—-y) & 4t-pE-zp
( (Bryej)? +2N+M<ﬁ,yej><yej,ak>
20-t-9 o At-»G-zp)
5 (<ﬁ,yei><yei,yej>
"\ at-nE-yp)

@i(x)) v, (x)) L xens,

(4.46)

)‘I’i,j (x, y)) T xems,

8 -

) Vi ilx, y)) Tyens,

Vi i(x, y)) Txens, | -

+ Flsing X Ireg

In the above we have removed terms that vanish in the limit. Then we can rewrite the
latter via the same reasoning as in Lemma 4.3.8: up to (P)-class terms

8 (B, yen (1 + Lxeidy
_Ffsing x( Z(t_X)Z 2 Wi(x) ]lxeﬂ-ﬂg,g
8 , (Byyei(P.yej) (B,ye;)?
F Slng x(( Z(t—)_(:)(t—y) XEH(S’E Z(t—y)(t—)_/) :HJ/EH&,E \Pz,](x,_}/)

4 2N+M , ,
:}Is,-ng[ax( y ( (yei,ar) ¥, (x) (yei,ar) \yl(x)))]

& 2t-0( -3 20— %) (2 %)
(rei,yei) (yei,ye:) )]
__Isin Ire X —_\Ij A, _f\lj AGS) .
o sing ¥ reg (Z(t—X)(y—x) L) = - Y
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As a consequence we obtain
8y 1 [(AEM (e, ap)
I = Iging | O | —— +0;
7(2 sing X(Z(I—X)( I; 41— ) (X - 2) i (X)

L8 p 0, zj\iM <'8’7’ef><7’_ei,ak>
-1 At=y)(X—2zi)

‘I’i(x)) T xens,

7(3 sing ]lerﬁ,s

) Wi,y

8 , INEM (B, yej)(ye), ak)

+—=1I 0 - Y. i(x, |1
3 S’"g[ x(( k; M- G-z | B0V Tyt
4 (yei,yep

- ?(Y— X sing  Ireg | Ox (m\yl,i(x, y)) L xems,
4 (yer,yei )

+—Iino x1 —— V(x|
P sing X lreg x(2(t—x)(y—x) LilX,y

The limit is computed in Lemma 4.3.7: for y = % it vanishes while for y =y we get

4 M (yes, ap)
=— LRy, ~0;
s4 ch(u)( k; 2(Zk_t)< r2ye, (DV) —©;(1)
4 (yei,yei)
—)—/C}l,(ll)freg T_t;<vﬁ+2ye1(n Vye,- (J/)WI .

By definition of ©; from Equation (4.19) we see that this extra term is given by
_4.
Sq4 = )_/CY (n) (D—l,y Vﬁ+2yel (OV). (4.47)

By combining with the expression obtained above for the case with yp = 0 we arrive
to the desired conclusion when this assumption is no longer made:

4
YV-3y= o (W)D_1,yVpi2ye,- (4.48)
This allows us to conclude for the proof of Theorem 4.3.4. O

4.3.3 Auxiliary computations

We gather here some auxiliary computations that are used in the previous subsec-
tions.

Lemma 4.3.6. Assume that = —%wl and that F is of the form

Fix)=1"_ xI1

sing reg[ri,i(X,x)‘l’i,i(x,x)]
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wherer;; and¥; ;(x,x) are as in Lemma 3.2.5. Then we have
< ’ e'> ~
Ising | 0x (%Fi(x))] = (P)-class terms — (ur1 + ur,1) F1 (1) (4.49)

~ ~ (Bye;d
with F given by Fi(x) :=|t—x|" 2z F;(x), continuous at x = t (via Lemma 3.2.5).

Proof. Using Stokes’ formula, the only terms that may not be (P)-class in the left-hand
side of (4.49) are given by

1

m) Fl (x+ 15)dx.

1
——(,UL,lFl(t—é‘)+uR,1F1(t+€))+uB,1f Im(
€ (t=r,t+7)

Since (ye; — 72—,(01 —Q, e1) <0 we know thanks to Lemma 3.2.5 that ¥ ; (£ £ €, x) scales
like € when € — 0, thus we readily see that the first term of the above converges to

—(up1+pr1)F (D).

The second term can be rewritten as

,uB,161_Y22_7’2f It—x—16|_2(26)Y2F1(x+16)dx

(t=r,t+1)

so we have to separate the cases depending on the sign of y? — % Ify? < % then from
the fusion asymptotics (Lemma 3.2.5) we have that

_ 2
6= % =167 20)" W1,i(x+16,%) = (Vyey, (X0 Vyey g (X q) Vaye, 20, (DV)

uniformly in x so that we can write the above as
57’ (2‘Y2p3,1f (t—x)F1(t)dx + o(1)
(t=r,t+r1)

which tends to 0 as § — 0. If y? = % then again thanks to the fusion asymptotics there
exists a positive constant C such that for 7 > 0 small enough,

2
5f AxH0) <ot i)
(t-r,t+r) (E=X)*+0

with the exponent being positive, thus finishing the proof. O

Lemma 4.3.7. Assume that G is of the form

Gi,j(x,y) = Ifing x Iog [1ij,i (6, 1, 00 i (%, Y, X)]

wherer; ji = Tiji,..i is regular at x = y = t, and such that r; j ; (x, y, x)¥; ; (x) is

(p+a)

integrable on Ispl.ng X If’eg, with¥; ji(x,y,x) = Wi jitsemnipsq (6 Vs X150y Xptq)- and that
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Fisasin Lemma 4.3.6. Then for f = —yw;:

(B,yej)di=j ¥? .
Iszmg (ﬁGi,j(x,y)) = (P)-class terms —?ci(p)Gl,l(t, t) and
Ising |02 [ LY o)) | = (P)-ci el (4.50)
sing -7 i(x) || = ( )-cassterm5+?cy(u) 1(2) :
where G is defined by
~ (Biyep <yel yej)
Gij(x,y)=1t- xl |t YT |y-x" 7 Gy

For B =— %a)l these two limits are given by (P)-class terms.

Proof. We proceed as in Lemma 4.3.6 and apply Stokes’ formula to the first integral to
obtain

2
sing

1
0y (t_Gl’l (x, y))] = (P)-class terms
y X 4.51)
+f —— (pL1G11(t—€,Y) — ur1G11 (£ + €, 1)) t1 (dy).
(t-r,t—e)U(t+e,t+r) T— Y

Developing the integral yields four terms, proportional to /v‘%,v /ﬁ%,l and pur g1 We
first focus on the one with coefficient ,u% , Which writes

.
M%,lf Iy Gt —€,t - y)dy.
I

Thanks to Lemma 3.2.5, in the case where 8 = —yw; and y < 1 we know that Gy ; (x, y)
is continuous at x = y = ¢ since (2ye; —yw; — Q, e1) < 0. Thus we can write the latter as

2 | & roe —y?
,UL'l(Gl,l(t; t)j yl" T zer|y—el™ dy+0(1))
£
and make the change of variable y — €y to obtain
) _ rle 1+ﬁ 5
M1 (Gl,l(t, t)f lyIm 2y =1 dy+ 0(1)).
1
r(%Jra-r)

proportional to p,1 g1 we proceed exactly the same way to obtain

The integral is evaluated in [24, Lemma A.2] and is equal to . For the terms

_ rle ) ¥2 )
U1 MR (Gu(t, t)f I 7 y+177 dy+0(1)).
1
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o\ T Jra-r)

We know that this integral is equal to cos (n%) W
r(1-%

we conclude for the proof of the first point when f = —yw; and y <1. When y > 1 we

now have (2ye; —yw; — Q, e;) > 0, and therefore there is an extra term in the fusion

estimates. This yields an extra scaling factor of (ye; — %wl - %, e))? = (y- )%)2, and thus

242+

, thus recollecting the terms

_ 1
an overall scaling factor of € v*. This exponent being positive we can conclude
for the case y > 1. For 8 = —%w 1 the very same reasoning shows that these integrals

scale like €2~ and therefore vanish in the limit, concluding the proof.

Let us now turn to the integral with X instead of y. In that case we can proceed
as in Lemma 4.3.6 to see that the corresponding integral, after application of Stokes’
formula, is

—,uB,161_7’22_72f |t—x—16|_2+7’2ﬁ1(x+16)dx.

(t=r,t+1)

We make the change of variables x — ¢ + § x to see that the latter is given by

2
—pp 2" f (1+x3) 7 dxFy (0 + 0(D).
R
s ey IEra
The integral is evaluated in [24, Lemma A.1] and is given by 2" sin (n%) -
thus concluding for the proof of the lemma. O

We eventually gather here some statements we used along the proof of Theo-
rem 4.3.4.

Lemma 4.3.8. Recall the definition of A from Equation (4.31). In the d,¢e,p — 0 limit:

8 . (ByyejB,yer
A_F sing x( = y)(i-2) ‘I’i,j,f(x,y,z)) = (P)-class terms+ rz]lxz%
1 M (e, ax) (yer, ag)
—ElslngXISlng[GX( kzz:l (Z(t—x)(zk—y)\yl'l(x’y)_2(t—y)(zk—y)\yl’1(xd81). l)
4 (yei,ye;) (yei,vej) )
_1'2 I —VY i,j\AM Y -V, N2
Ty feing ™ reg aJ‘(Z(t—x)(z—y) A TT e Ty R A

where we have set

‘I’l,z(f,y)]
r—y I

2
rp = Yz(; —Y)(UL1 + HR1) Lsing (4.53)

Proof. Let us write J := A— %Ifing

0, ((ﬁ,yeﬂ(ﬂ,yef)

m‘l’i,j,f(x, ¥ Z)) ] . To start with we
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use the specific value of f = —yw; with y € {y, %} to simplify the expression of J:

~ 12 2y _ 2y
J= Ising [ax((t—_ y)(x_y) \PZ,I(X;J/) —(t—x)(x—y)\yl’Z(x’ y))]

Bye M_Yz
2_\1" y 2—\11 , .
6x( (=) i1(x,y)+ =Dy 1,1(x y))] (4.54)

=
Oy (mq’i,l,l(% Y Z)) .

13

sin
X §

Now we claim that the following identity holds true:

2 (ﬂ‘l’ll(x,y) i 11(x,y))]
e (t—y)? (t=x)t-y) ~
2 2
~ s g Y g Ve )
Iszmg x Itor [ x (%\Pi.lﬂx,% z) - 2(?:e;f}(fzejjy)‘I’l,i,j(x, N2 Z)) (4.55)
“tnlor| 5 lar e s )|
L 0 (ZEM(Z(XS’(:: >— y - ) 2(23(2 >— y) %’l(x’”)) |

To see why this is the case we note that by symmetry in x, y we have

0=Ising x Ising

0x0 (( y)\llll(x»_)/))] IszngXIszng 0x0 (( )\Plz(x>_)/))]

We then develop the derivative in y: this is done by means of the equality

(yei,yer) . ZNZ”” (ak,yer)

(t-y? 20-x-y) o 2t-Y(z—-y)

(B,yer)
1+

ay( y‘I’ll(x y)) ( )\Pi,l(x,J/)

(ye1,vej)

' m‘yid,/’(% »2)

and likewise for the other term that appears there. Recollecting terms and simplifying
the expression obtained using that f = — yw; we then arrive to Equation (4.55). Thanks
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to this equality we can rewrite Equation (4.54) under the form
J=2y (1 - %) Lsing % Lsing [ax( (t\ﬁz;)(();i/)y) B (t\lilj,cz)((i,i/)y) )]
_ é[fl.ng 0y (ﬁ;@_z)\l’i,l,l(x, ¥ z))
- %Ifing x Lot [Ox (%\PMJ(% ¥, 2) - %‘Pu,]’(m » Z))
_EMWXAMg@(§§%mifiziw_zu?;gﬁwJW“uJJ]
'_%hmgXI”mgaxfiék(ﬂt?iigfiyfy“ﬂﬁyy_2U?§;;ziyfyaﬂnyﬂ)}

The three-fold integrals can be dealt with by using the symmetries in the different
variables involved. We see that by doing so the integrals simplify to

4 yz
B |0 ————— ¥ 15, y,
sing x(2(t—y)(z—y) lyl,Z(XyZ))
4 (vei,vej) (vei,vej) )
+ =TI X Iree |0 | —————V1; (X, 1,2) — ——————; 1 i(x,,2) || .
xsmgx’%';4zu—xxz—w B T R i

Since pr 2 — g2 =0, the fact that, in virtue of Lemma 3.2.5, the integral

2
sing

<V'6+792 (2) VY61 ) Vyez (2)V)

2(t=y)(z—y)

is absolutely convergent, implies that the term corresponding to i = 2 in the integral
over If’in g vanishes in the limit. As for the case where i = 1, along the same lines as in

the proof of Theorem 4.2.8 we see that for y = % this term goes to 0 as well. The case
where i =1 and y =y requires more care: we develop the derivative in x to rewrite the

: 3
integral over I, g as

3 -7 Y2 —y?
2L + + Wi0(% ),
Vsing @w—ww—wu—m (t=y) (=Y (y-x) 2u—ww—wu—m) 112(%3,2)
2N+M
(yei,ar)
2y, W20,
+2y sing kgl Z(t_y)(z_y)(Zk—X) 1,1,2(x Y z)

(yei,ye:) v
2-y)(z-y(w-x)

1,1,2,i (X, 1,2, W)

3
- 2)/Ising x Itor

By symmetry in x, y cancellations occur and the first line is seen to vanish. As for the
other terms we can write them as derivatives in y of a function that is well-defined at
y = t and as such yield a term that vanishes in the limit. This allows to conclude that
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the three-fold integrals contribute to the limit only by

élz

sing

(yei,yej) (yei ve;j)
P iy ) —
a"(z(t—x)(z—y) L0638 = )

Wiijx,y, z))

X Ireg

And as a consequence we can write that

. AT ' Yo1(x,y) Wialxy)
J = (P)-class terms +2y(1 X)I”"gxIsmg[ax((t—y)(x—y) (t—x)(x—y))]

4 M (yer, ag) (yer, ag) )
__Isin Isin ax - v ’

y e (k; (Z(t—x)(Zk—y) 20—y Y |

2N+M
(yez, ak) (yeyn, ag) )

__Isin Isin ax k4 »JI b4 ’

X g foing (k; (Z(t—x)(zk—y) 12(6,7) 2=z =y 21(%3) )]

4 (yei,ye;j) (yei,vej) )

—I2 Lieg |0y | ———————V¥1;i(x,1,2) —-———————V¥;1.i(x,), )
Ty eins e x(z(t—x)(z—y) B T R A

Hence it remains to treat the first line, for which it is readily seen that it vanishes if
X =7 so that we may assume that y = % Now thanks to Lemma 3.2.5 for = —%wl the
integral

1
m (VB+ye, (1) Vye, (¥)V)

is absolutely convergent. Hence and since we have assumed 2 — g2 = 0 the term
in the first line corresponding to ¥, ; is a o(1). As for the second one it is seen to
converge to

Ising

r—y I
To summarize and after all these remarkable simplifications we see that all that is
left from Equation (4.54) is, as expected,

2
ry = )fz(; —P) (L1 + He1) Ising

J = (P)-class terms + rz]lng
Y

2N+M
{ren, ap (yer, ag) )

0y _ _—
( 2 (Z(t_x)(zk_Y) 2(t=y)(zk—y) L1(x y))]

— —Ising x I
g X Ising
X

k=1
4 M (yep, ag) (yei,ar)
——I i .l 1 6 \I’ ) - \P )
P sing X Lsing x( k§=1 (Z(I—x)(zk—y) 1,2(x,¥) 2(0- ) (zk—y) 2,1(x y)) ]
(yei,yej) (yei,vej) )
—I2 X Iree |0y | ——————— W1 i(X,1,2) - —————— ¥, (X, 1, 2) ||
Ty fsing X res "(Z(r—x)(z—y) LY A ey
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4.4 Proof of Theorem 1.2.11

We explain here how to obtain the differential equations of Theorem 1.2.11. The
method is mostly algorithmic, so we will be brief. To start with, the probabilistic
representation of the correlation function entails that a correlation function with an
insertion at +oo, defined by the limit (Vz(+o0)V) := tggloo|t|2Aﬁ (Vp(£)V) does make

sense and we have
B
(Vg(+oo)V) = C(z, @) f e<s+§'”>E[
RZ

2
exp(—. €70 fH Zilxl TP My, (dxdz) + e(260 fR 7z |x|iyef'ﬁ>ui(x)M$ei(dx)) d.

i=1

Correlation functions defined in such a way satisfy Ward identities similar to that
of Theorem 1.2.6 and obtained from these ones by an appropriate limit as t — +oo.
These represent the starting point for the proof of Theorem 1.2.11: from there this
statement is mostly algorithmic and has been conducted using Mathematica. We
describe here the method leading to these BPZ equations and refer to [25, Subsection
5.3] for more details.

We start with Equation (1.57) and express the left-hand side, by means of the global
Ward identities for the higher-spin current from Theorem 1.2.6, in terms of W_; Vpe,
i = 1,2, and W_,Vg-. Inverting this system of equations gives for the three-point
boundary correlator

(W_3Vge (1) Vg, (0) Vg (1) Vg, (+00)) = [—(§+L)w‘®)—(i+i)w(®)
-3Vp Jial i B2 t r—1 -2 t2 tt-1) -1

WY wHrwpy)  wp) | wp) (1 L1 )
(t(t=1))2 2(t-1) B8-1) -2\t t-1

V).

Now, under the assumption (1.53), the singular vectors ¥ _; ge and ¢ _, ge are null, and
likewise for y_; g«. This allows to express the right-hand side in the above equation
in terms of L-descendants, which act as differential operators on the correlation
functions. Moreover

2t—1 Aoo — A Ag Ay

D) 24-1 - 12

(®) _
<5V = t(1-1)

V)

in virtue of the global Ward identities. In the end, the left-hand side of Equation (1.57)
can be expressed under the form 21 (1)(V) for some differential operator 9 () acting
ont.

Besides, we also know that y_3 ge is null, and therefore Equation (1.57) holds. The
right-hand side being expressed in terms of L-descendants, using the global Ward
identities for the stress-energy tensor it can thus be written as 25 (¢)(V) for some
differential operator Zp(#) (different from 2;(¢)) and acting only on the  variable.
As a consequence we obtain the equality 2 (1)(V) = 2. (1)(V). Simplifying the latter
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4 Singular vectors and higher equations of motion — 4.4 Proof of Theorem 1.2.11

yields Equation (1.59).

The other equation is obtained in the exact same fashion, that is by combining
global Ward identities with explicit expressions for the null vectors to express the two
sides of Equation (1.57) in terms of a differential operator in the ¢ variable.
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In this last chapter we describe some short- to long-term research prospects regard-
ing Toda theories and related topics. Some projects are already underway and in this
case we give more details and state some obtained (unpublished) results.

5.2 Reflection coefficients and computation of the

structure constants

The derivation of BPZ equations (Theorem 1.2.11) satisfied by certain correlations of
the s[3C Toda CFT on the half-plane paves the way for the explicit computation of these
correlations. The BPZ equations are third-order hypergeometric equations, for which
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several bases of solutions are known. In order to compute the structure constants,
the philosophy is then to exploit explicit changes of basis between these solutions,
together with asymptotic analysis of the path integral, in order to derive periodicity
equations for the correlation functions, that in turn may determine the latter, submit-
ted to some additional meromorphicity conditions. Starting from the BPZ equations
unveiled in this work, it seems possible to obtain explicit formulas for certain families
of correlation functions of the form (V4 (i) Vg« (0)) and (Vp, (0) Vg« (1) Vg, (00)), which
correspond respectively to the two structure constants given by the bulk—boundary
correlator and the boundary three-point function. Let us recall that, to date, no explicit
formula is known for these quantities.

The next step in this direction is to extend the domain of definition of these correla-
tion functions, which requires having an explicit formula for the so-called reflection
coefficients of the theory.

5.2.1 The reflection relation in Liouville and Toda CFTs

It is well-known in Liouville and Toda CFTs that the primary fields obey a reflection
relation. In the case of Liouville CFT it formally takes the form

Va = R(a) VZQ—a (5.1)

where R(a) is a constant called the reflection coefficient of the theory. In Toda CFTs,
since the field is vector-valued, these coefficients depend on more complicated reflec-
tions, in that they are indexed by the Weyl group W associated with the Lie algebra g
underlying the model (see below). The reflection relations take the form

Va = Rs(@) VQ+5a-0Q) (5.2)

for any reflection s in the Weyl group W. At the level of the correlation functions, the
reflection coefficients allow one to extend the domain of definition of the correlation
functions beyond the Seiberg bounds (Theorem 1.2.1), via meromorphic continuation.
Indeed, they arise as coefficients in the asymptotic expansion of the Vertex Operators,
as we shall describe below.

On the mathematical side, the Liouville reflection coefficient on the sphere [33, 102]
has been computed in [65] along the proof of the DOZZ formula. In the boundary case,
the computation of the reflection coefficients [39] is also part of the derivation of the
structure constants in [6]. In a work in progress [29] with Cerclé we perform the com-
putation of the reflection coefficients associated with boundary Toda CFTs, building
on the machinery developed in [21] —where the bulk reflection coefficients [40] are
computed— together with inputs from [6]. We show that these reflection coefficients
describe the asymptotics of the Vertex Operators in particular regimes. As a by-product,
we obtain the joint tail probabilities of families of correlated bulk/boundary GMC
measures, which are described by the (unit volume) reflection coefficients. This fact
is well known, and we refer to [86] for a concise treatment of these questions. We

161



5 Outlook and perspectives — 5.2 Reflection coefficients and computation of the
structure constants

introduce now a few notions that are needed in order to state and explain these results.

5.2.2 The setting
5.2.2.1 Reflection groups

Let (V,(,-)) be a Euclidean space, and £ a root system associated with V (recall
Definition 2.2.5). To these Euclidean space and root system is naturally attached a
reflection group W, generated by the reflections with respect to the roots in %. In fact,
one can see that W is freely generated by the reflections with respect to the simple
roots (e;);=1,..r where r is the dimension of V.

Every reflection in W takes the form s, : x — (x,a)a” where a € V* =V and a" =
2a/{a, a). Moreover, every reflection s can be put under the form s =s;, ---s;,, where
s; is the reflection with respect to the simple root e;. The minimal number of such
simple reflections entering any such decomposition of s is called the length of s and is
denoted [(s): it is such that £(s) := det(s) = (- 1),

The action of the reflection group naturally divides V into chambers: these are the
connected components of V\U;:1 H;, where H; := {x € V,(x, e;) =0} is the hyperplane
orthogonal to the simple root e;. For instance, the fundamental chamber is given by

€ :={xeV,(x,e;)>0 foralll<i<r}, (5.3)

and W has a free and transitive action on the Weyl chambers. Moreover € is a fun-
damental domain for the action of W: for any x € V there is a unique y € € that is
conjugate to x under W. We denote by ¢_ := —%€ the negative Weyl chamber and
define the walls of € via:

06; ={xeV,{(x,e;)=0}N0F. (5.4)

In the case where the Euclidean space (V, (:,-)) arises from a Lie algebra g, which is
the setting that motivates this study, the reflection group W is called the Weyl group
of g. It does not characterize the Lie algebra g, and that is why we always have to
prescribe a fixed set of simple roots. In the rest of this section we thus fix a Euclidean
space (V,(-,-)), areflection group W acting on V, we choose a root system % for W
and set (e;);j=1...r=dim v a basis of simple roots.

.....

5.2.2.2 Radial decomposition of the Gaussian Free Field

Consider the Neumann GFF X! defined on the complex upper half-plane by its
correlation kernel (2.35). Recall that the bulk and boundary GMC measures associated
to X are defined by

. . . _1 , 2
Ayez (dZX) = ?n—é e(Yeths(x)> ZEKYez:Xe(x)) ]dzx (55)

1. Since we only deal with Neumann boundary conditions and since the metric is fixed we omit the
respective marks of dependency.
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for the bulk measure, and

) . Yo _lpnle.
Lyei (dx) := ll_lf}f(l) e<2 e;, X (X)) -5 E[(3 ez,Xe(x»z]lJi (dx) (5.6)

for the boundary one. Here pu;(dx) is of the form yu;(dx) = (,uL,i]leO + ,uR,i]lx>0) dx
where u; ; and pp; are complex constants. The so-called radial decomposition of the
GFF X on the half-disk consists in writing

. 17 :
X(e %) = By, +Y(1,0), with By i=— f X(e™*"")do 5.7)
T Jo

and Y(¢,0) := X(e~*1%) — B,,. The Gaussian process (Bz;) ;>0 has covariances given by
E[{u, Ba¢){u, Bas)] = 2{u, v)(£ A 5) (5.8)

so that (Bs;) ;>0 is a Brownian motion on R% started at 0. Moreover, the processes
(B21) =0 and (Y(£,0)) (=0 areindependent, and the field Y has the following covari-

0€[0,7]
ance structure:

e—2t Vv e—2$
/ _ .
EKu,Y(£,0))(w,Y(s,0'))] = (u, v)In P T ST Rp— (5.9)

forallu,ve V, t=0and 0 € [0, 7].

Using the radial decomposition of the GFE the bulk and boundary GMC measures
associated with the field X can be expressed in terms of the Brownian motion B,; and
the field Y(t,0) as

Yei .
AYé (dxdx) = eVerPu=QTZI0 AT® (dt,d6) and

y ve; e (5.10)
LY% (dx) = e(gei,BZt—(Q+T)l‘)L¥ i(dt)

where Az/(e" and L‘Y{e" are respectively the bulk and boundary GMC measures associated
to the field Y. They are defined by the limits

AV (dt, dB) = lim e/ eiYe M =3Bl enYet0) g g and
e—0

; . Yo, _1EL e, 2 Yo, _1EiYe, 2
Lzel (dl-) :l_lné(l“l’L,l.e<zel'Y£(tyn)> ZEKzeerE(tyn)) ] +uR,ie<zeer£(ty0)> ZEKzeerg(tyO)) ])dt.
We will make clear now the reason for these notations.

5.2.2.3 Vertex Operators

The objects of interest of this section are the boundary Vertex Operators V,(0),
in the setting of the complex upper half-plane. We will be interested in the ¢ — co
asymptotics of the latter, and thus will change slightly our notations. We first fix for
i =1,---,r bulk cosmological constants up; = 0 as well as boundary ones py; and
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KR,i, that we choose to be complex-valued but subject to the following assumptions:
Re pri, Re up;=0 and pup,;+Re ur;+Re ug;>0foralli=1,..,r. (5.11)

We will call such cosmological constants admissible. Having fixed these parameters,
the Vertex Operators then depend on a weight @ € V and on a zero-mode ¢ € V, and
are defined by?

: . _ ) o lrejyep) ) B
exp(_ ZuByie<CrYez>f |x| (Om’ez) |x_x| 7 Ayel (dxdx)
i=1 DNH

Wal(C) = TR

1
_ Z e(c,%e,-)f |x|—(a,§ei> Lvei (dx)) (5.12)
- -1

where recall that the boundary cosmological constants are taken into account in the
boundary measure L% (dx). The Seiberg bounds 1.2.1 translate as the following for
the Vertex Operator ¥ 4/(c).

Lemma 5.2.1. Assume that a € Q+6- and that Equation (5.11) holds true. Then v 4(c)
is well-defined and non-zero.

The Vertex Operators can be rewritten using the radial decomposition of the GFF
described above. Namely, thanks to Equation (5.10) we see that

Yalc) = e(v,c) X

r +00 v X ¥ +00
exp| - ZNB,ie<c’Yei>f() !Bt ’Ye">A’t(dt) + e<°'?ei>f0
i=1

5.13
E (5.13)

v Yeéi .
e<Br'T>L;(dt))

where we have set v = % and with (B}) ;> a drifted Brownian motion in time 2¢ with

drift v, thatis, B} = Bo; + (a — Q) ¢, while

(ye;

Al(dr) = f " 2sin@) 5L AT (4. de) and Li(dn) =L dD) (5.14)
t - 0 Y y t - Y . .

The assumption that a € Q + %6 thus translates as v € 6-_.

5.2.2.4 Path decomposition of a drifted Brownian motion

One can show that the behavior of ¥4 (c) as ¢ — oo in €_ is governed by the radial
part of X, that is itself controlled by the respective maximums of the processes (ye;, BY),
up to marginal terms that contribute as constant order terms in the limit. We thus
need to understand the law of the process 98" whose law is that of B” conditioned on
the value of its (vectorial) maximum M. In [21] Cerclé provided a path decomposition
of the drifted Brownian motion B* —generalizing a celebrated result by Williams [99]—
which is a key ingredient in studying the law of the latter.

2. This definition corresponds to the GFF expectation of the Vertex Operator V (0) on the half-disk,
without integrating out the zero-mode.
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Let us briefly recall this result, adapted to our context. Define a process %", started
from —M with M € €, to be the welding of:
— adiffusion process X! started from —M and with infinitesimal generator

A+2(v+vlogd,.  h)-v.

This process will almost surely hit 06-: without loss of generality let us assume
that this is done at z; € 0%};

— we then run an independent diffusion process X? started from z; and with
infinitesimal generator

A+2(v+vlogds,.  h)-v.

Likewise this process will almost surely hit 06_ \ 06, for instance at z, € 06>;
— repeat the same procedure until all the components 0%; have been hit, and
finally launch an independent diffusion process whose infinitesimal generator is
given by
A+2(v+vlogh)-v.

This last process has the law of B” conditioned on staying inside the cone 6-.
The factors 2 arise because of the presence of the boundary that entails a time change
for the drifted Brownian motion. Then [21, Theorem 2.2] the process 8" —M has the
law of the process BY conditioned on its maximum being equal to M. Put differently a
drifted Brownian motion B" started from the origin can be realized by sampling:
— arandom variable M whose law is defined by

P(M,e;))<M; V1i<i<r)=hM1pyecs;

— the process BY := M + %" where %" is the process started from —M described
above.

5.2.2.5 Quantum discs and reflection coefficients

The above path decomposition of a drifted Brownian motion allow one to unveil
a connection between the reflection coefficients and the quantum discs introduced
in [36] in the context of the mating-of-trees approach to Liouville Quantum Gravity.
Indeed, the one-dimensional version of this decomposition arises in the definition of
the quantum disc considered in [6], as we briefly recall now.

Assume that r = 1 and let BY be the process defined by

BY =BV 1,50 +B* 1< (5.15)

with B and B>" two independent Brownian motions with drift v < 0, in time 2¢ and
conditioned to stay negative, that is diffusion processes with infinitesimal generator

A+2(v+vylogh) v = 0% +2vcoth(vx)dy. (5.16)
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Using this process we define (using stationarity of A;(dt) and L;(dt))
sy (V)= f e A (dp and Z,(v):= f e5BIL,(dD). (5.17)
R R

Then following [6, Lemma 2.16, Proposition 2.17] we can define for y € (0,2), f € (%, q)
and admissible cosmological constants (recall (5.11)):

Y

Ryp o in(B) ::f(—Zv)eZ"M]E |exp (-upe™styv) - 2 ) -1|dM  (5.18)
R

where v = @ <0and =1+ % This quantity has been computed? in [6, Theorem
1.3] where it was found to describe the boundary reflection coefficient of Liouville
CFT [39] (see one of these articles for the exact formula):

q-p cos ny(aL—ﬂ)
Ryg i, (B) = (4B) @ Rezz(B,01,0r), where PL_ ( - ) (5.19)

VR Jsin(22)

As we shall see, these quantities are the building blocks for the boundary Toda reflec-
tion coefficients.

5.2.3 Reflection coefficients, asymptotic expansion of Vertex
Operators, and tail probabilities of correlated GMC
measures

For any s € W we define the reflection coefficients R(a; ) in a recursive way by
setting

R, (@ ) = Ry oy iopn; (@ €))  and - Rgs(a;p) = Ry, Sa; wRs(as ) (5.20)
forany 1<i<r, wheree; := I% and where the coupling constant corresponding to
Rs, is given by y; :=yle;|. We state in this subsection that these reflection coefficients
describe the asymptotics of the Vertex Operators (5.12), as well as the tail probabilities
of correlated bulk and boundary GMC measures (Theorems 5.2.2 and 5.2.4).
Let us denote by A; (resp. L;) the total bulk area (resp. boundary length) of the
correlated GMC measures that we have defined above. Namely

{re;,ye;)

Ai::f x| @Y | x— |72 AYi(dP),
DNH

(5.21)

0 1
Ly ; ::f x| ~‘@2e) [Yei(dx) and Lg; ::f x| ‘@ e [V (g x)
-1 0

3. Using [6, Proposition 2.17] the evaluation of the reflection coefficient from [6, Theorem 1.3] can
be extended to admissible cosmological constants.
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with L; = Ly ; + Lg ;. Using the polar decomposition of the GFF X together with the
path decomposition for drifted Brownian motions described above, we can rewrite for
any F continuous and bounded over R?":

[E[F(A,-,Li)lsisr]:LEM[F(e”’ei'M),in,e(%ei’mz’i) ]dIP(M) with

1<i<r

oo ] ' oo S yern (5.22)
oA ::f e@t’yel’)A’t(dt) and %; ::f e<%f’T>L§(dt)
0 0

and where under Py, 98] has the law of the process described in Subsection 5.2.2.4

and started from —M, while A’ and L’ are independent of 8" (and M) and defined
in (5.14). This new expression of the GMC measures allow one to express the Vertex
Operators in terms of the reflection coefficients.

We are now in position to state some of the results that we obtain. We say that
x — oo inside €- when forall 1 <i <r, (x,e;) — —oo. We also introduce Wj... , the
subset of W that consists of s € W that admit a reduced expression that contains all
the reflections s1,---s;. Forany 1 <i < j <r we set s; j = §;S;j4+1---$j-15;. First we
have the following results that describe the asymptotics as ¢ — oo in 6- of the Vertex
Operators ¥4 (c).

Theorem 5.2.2. Assume that v € 6€- satisfies (v — sv,w) < % foralll <i<rand
s € Wi.... r. Further assume that ¢ — oo in 6- with (s),v —sv,c) — +oo forall s # s) ,
in W1, . Then we have the asymptotic

r ye;
E []‘[ (exp (- e @7 A = L) <1 | ~ eV VOR (@ ). (5.23)
i=1

As a direct consequence of the above result we obtain the asymptotic expansion of
the Vertex Operators.

Corollary 5.2.3. Assume thatv = % € 6_ satisfies (v —sv,wY) < ¥ foralll<is<r
and s € W. In the regime where ¢ — co with (s1S;v — sv,¢) — +oo forall s # s15, in W

with length at least 2, the following asymptotic expansion holds:

,
Val0)=e + Y Ry (@)e®"? + Ry 5, (@)™ + 0(e™V).
i=1

The proof of these results relies on several ingredients, that we sketch here. First of

all, the law of the maximum M is explicit, given by

.
[[{w! v- sv)) eMV=V o dM.
i=1

dP(M)= ) &)

This formula is obtained using a Doob’s h-transform (see [49, 21]). Then using the
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path decomposition of Subsection 5.2.2.4 one can write
r e
E|]] (eXp (_HB,i€<C’76i>Ai - €<C'T>Ll’) - 1)
i=1

.
=y g(s)e“"_”)ﬂg [T(},v—sv)ye—s"™ (5.24)

+Ci=1

.ﬁ (exp (~pm 670 st - M50 2, - 1)] dM

Now, an important fact is that the part of the integral that is near the walls of € will
not contribute in the limit as ¢ — co in é-. On the other hand we can show that the
expectation term

r

1

IE)M—c [
1

Ye
(exp (s e ™70 st - €MD ;) 1)}
converges to

.
[1E
i=1

vi re; [(Yei Yeiypvi e
eXp (_uB,ie(M,}/eﬁf e (}/e,-,ye,-)Bt Al(dt) +e(M,Tl)f e { 21, 21)B¥ Lgel (dt)) _ 1] ,
R R

where By is defined in Subsection 5.2.2.5 and with v; := (s;4+1,,v,€]). This is turn
proves Theorem 5.2.2.

Following the same lines, we can prove that the (unit volume) reflection coefficients
describe the joint tail probabilities of correlated bulk/boundary GMC measures, as it
is stated in the following proposition, in the case of length one.

Proposition 5.2.4. Assume that —% <{v, e}’) <0 and take up,;, pr,; and [ir,; any non-
negative, admissible cosmological constants. Then as u — +oo

Ry, (a; )

—Lio—qeY
oo o Y. (5.25)
uv i

P(up,iA;i>u? prilpi>u, Wpilr;>u)=

For pp,; = 0 this statement corresponds to [83, Proposition 1.10], while for ug; >0
this generalizes and answers a question raised in [6, Subsection 1.4.2]. It is also
possible to give a generalization of this result in the general case where more than one
elementary reflections are involved.

Having defined these reflection coefficient and with Theorem 5.2.2 at hand, the next
step is to provide analytic continuations of the correlation functions in order to exploit
the BPZ equations (Theorem 1.2.11), which we plan to address in future works.
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5.3 The semi-classical limit

The semi-classical analysis of Liouville CFT has been performed in the Mathematics
literature in [66] for the case of the sphere and recently in [23] for general Riemann sur-
faces with or without boundary. Let us recall first the classical picture, following [66].

5.3.1 Classical Liouville theory and Picard-Poincaré
uniformization

Given a Riemann surface X, the uniformization theorem states that its universal
cover X is biholomorphic to either the Riemann sphere C, the plane C, or the unit disk
D, meaning that there is a discrete subgroup of automorphisms I' of one of the latter
such that X is biholomorphic to 2/T. Let suppose for conciseness that X is hyperbolic
(i.e. y(2) <0), in which case its universal cover is the unit disk D. A way to solve the
uniformization problem for X is then to find 1) a metric g of constant curvature on
2) a conformal, orientation-preserving map f on D such that g is the pullback of the
hyperbolic metric on the unit disk by f.

In the case of the punctured sphere X = ¢\ {z1,..., 2N}, Picard [75, 76] showed that
for A >0, the Liouville equation4

A® =21 Ae*® (5.26)

admits a unique solution ®*, with conical singularities of prescribed order y at the
singular points zj (i.e. ®(z) ~ x klog|z+zk| when z — z;) and asymptotic behavior at

infinity given by ®(z) ~ —4log|zl. This entails that e®” @ |dz|? is a compact metric on
C, with constant negative curvature equal to —27A on %, and conical singularities at
the punctures.

In [77] Poincaré related the results of Picard to the problem of uniformization of
€\{z,..., zy}. To this end he introduced the classical stress-energy tensor

T ®,](2) = 0°D, — %(acb*)z.

The Liouville equation (5.26) together with the prescribed behavior of @, at the punc-
tures and at infinity then constrain 7°/“ to be of the form

N M(l—ﬁ)

cla _ 2 4
TH@E = ) |

Ck

and T°®,]1(z2) =0z as z— oo.

with a priori unknown parameters ci called accessory parameters. Poincaré showed
that the function f := u;/uy, where u,, u, are two linearly independent solutions of

4. This is the Liouville equation in the flat metric |dz|?, that is why there is no curvature term.
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the Fuschian differential equation
1
u(z) + 5 T'®,]1(z2)u(z) =0 ; u holomorphicon D

is such that the metric e®+?|dz|? is the pullback of the hyperbolic metric on D by f,
thus solving the uniformization problem for €\ {zy, ..., zn}.

The parameters c; were computed non-rigorously by Polyakov and Zamolodchikov,
and found to be equal to

1 cla
Ok = 50251, 2 [P4] (5.27)

the latter being the classical Liouville action (1.9) but with additional conical singular-
ities:
sla (@) = if (|vc1>|2 +4nAeq’)dde— % Yr®(21)
L,(xk-2x) ar Je P! :

This relation has been proven in [93] using a purely geometric approach relying on
Teichmiiller theory. In [66], the authors study the limit of the Liouville field and corre-
lation functions of Liouville CFT in the semi-classical limit, that is when the coupling
constant is taken to 0, and under suitable reparametrization. They prove that the limit
is described by the classical Liouville theory, which is not at all straightforward. By
taking a suitable limit of the BPZ equation of Liouville CFT on the sphere, they obtain
anew “CFT flavored" proof of the Takhtajan-Zograf theorem (5.27). Let us mention
here that the more general problem of prescribing the (non-constant) curvature and
singularities of a metric on a given Riemann surface, known as the Nirenberg problem,
has been extensively studied: see [14, 64] for closed surfaces, [67] for surfaces with
boundary and [96, 10] for surfaces with singularities.

5.3.2 Classical Toda theory

As already mentioned in the Introduction, Toda CFTs also have their classical coun-
terpart. Let us describe briefly the geometrical framework underlying the classical
Toda equations.

Given a Riemann surface X, a Higgs bundle on X is a pair (E,f) where E is a holo-
morphic vector bundle over X and 6 is a holomorphic section of End(E) ® K, whith
K = T*Z the holomorphic cotangent bundle of Z (the canonical bundle). 0 is thus a
matrix of holomorphic differentials called the Higgs field.

Given a Hermitian vector bundle E on Z, i.e. a complex vector bundle equipped with
a Hermitian metric h, and a Higgs field 6 € H°(Z, End(E) ® K), the Hitchin’s equations
are

F(Vp)+10,07" =0

(5.28)
vrle=o.

Here F(V},) is the curvature of the Chern connection Vy, i.e. the only connection com-
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patible with £ in the sense that Vj, (k) = 0 and that defines a holomorphic structure on
E (by 0 = V%l), and -*" is the adjoint with respect to s. Under a stability assumption
on the couple (E,0) there exist solutions £ to the Hitchin’s equations, in which case
the connection Vj, is unique. These equations were introduced by Hitchin [56, 55] in
the framework of the dimensional reduction of the Yang-Mills self-duality equations.
A extensive amount of work followed, regarding the applications of the framework
introduced by Hitchin. See for example [90, 91] for applications in relation with local
systems and uniformization. Generally, the Hitchin’s equation describe harmonic
maps from £ into symmetric spaces. Namely, to a solution & of Equations (5.28) is
naturally attached a flat connection Dy, = Vj, + a with « = 8+ 6", that in turn provides
E with a holomorphic structure. Then it can be seen [2] that the Hitchin’s equation is
equivalent to a harmonicity condition for a map f;, : = — G/K, where G is the struc-
ture group and K its maximal compact subgroup, such that a = — % Iy d f;, in certain
coordinates, and such that fj, is equivariant under the action of the fundamental
group 71 (Z). In the Toda case (see below) one can refine this analysis and obtain a
holomorphic embedding Fj, : £ — I' \ G/ K, where Kj is a compact subgroup of the
structure group G and I' is the monodromy group [2].

In a special but nonetheless important case, the Hitchin’s equations reduce, and are
in fact equivalent, to the Toda equations [2, 9]

n-1
AD =Y o Peie, (5.29)
i=1

This connection in turn allows one to link this geometrical picture to the generating
currents of the classical W-algebras, as we shall illustrate now. We restrict ourselves to
the case of s(,,C. A cyclic SL,(C)-Higgs bundle is a pair (E,0) where E is the direct sum

n-1-2j
YKz "5, and 6 is written in matrix form
0 Yn
1
0=
1 O

with the 1’s seen as constant holomorphic functions and y,, € H°(Z, K™). The Hitchin’s
equation (5.28) for such a Higgs bundle reduces to the Toda equation (5.29) (or its
affine version if y, # 0). If the Hermitian metric h = diag(e@'hi>) i=1,.,n Solves the
Hitchin’s equation for the Higgs bundle (E,6), as explained in [2], there exists an
explicit gauge transformation that put Dy, in the so-called Drinfeld-Sokolov form:

. . . . . 1
5. When n is even, one has to make a choice of a spin structure on Z, that is a choice of Kz.
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D(f)z’})s = 0, while

1,0 _
Dh,DS =0+ X

-w, ... —wy 0

with dw; = 0fori =2,...,n, and where w; are the generating currents of the W, algebra.
For instance w» is the classical stress-energy tensor that, in the SL3(C) case, writes
wy = (0D, €1)* + (0D, e2)* — ((3°D, p) + (AP, €1)(0D, e2)).

In the same fashion as in the Liouville case, the Toda equations should constrain
the quantities w; to take a simple meromorphic form given by the classical analog
of the Ward identities. We expect these expressions to exhibit unknown quantities
that would be the counterpart of the accessory parameters ck in this context. By
performing the semi-classical analysis of the s[3C Toda theory we should be able to
provide explicit expressions for these quantities in the case of the sphere as well as on
the upper half-plane, in terms of the Toda action.

In an other but related direction, it would be interesting to study the existence and
unicity of solutions to the Toda equations with the different boundary conditions
described in Chapter 2. This would involve deriving new Moser-Trudinger type in-
equalities adapted to this context, and we expect that these solutions would describe
the classical theories associated with the quantum fields described in Chapter 2.

5.4 Other directions of research

5.4.1 Cardy’s boundary conditions

In following works, we plan to address the case of Cardy boundary conditions (in
the sense of Chapter 2), in the simplest instance where the target Lie algebra is sl3C.
Though the conformal Ward identities should remain valid in this setting, in the bulk
and on the boundary, this is way much unclear for the higher-spin Ward identities.
Indeed, while the bulk case should be tractable, heuristically the higher-spin current W
should vanish on the boundary because of the covariance property Proposition 2.4.14
(see also the discussion in [38]). However, there is a hope that the bulk constraints
allow one to recover some predictions for the bulk one-point function [38, 45].

As mentioned previously, we also expect these models to admit a semi-classical
limit, the latter would present new features regarding the existing literature on the
Toda equations.

5.4.2 Structure of the Verma modules

The setting of Vertex Operator Algebras [15, 47] is the right one to conduct the study
of W-algebras [43, 42, 63, 46, 7, 8]. As already mentioned, one consequence of the
work carried out on the study of singular vectors in s[3C Toda theory on the half-plane
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(Chapter 4) is a description of the structure of highest-weight representations of the W3
algebra defined from this model. A natural direction for further research is therefore
to complete this probabilistic description and to translate it into the VOA formalism.
The two approaches have already proved to be complementary, notably in recent work
by Cerclé [22], which in particular establishes a correspondence between W -algebras
and probability theory at the level of the Gaussian Free Field.

5.4.3 Construction of the Segal’s functor for Toda CFTs

Segal’s functorial axiomatization of two-dimensional CFT [89] aims both to capture
the algebraic structure of CFTs (VOAs) and to provide a mathematical framework
best suited to the BPZ conformal bootstrap method [12]. It is partly inspired by
the formulation of Euclidean Quantum Field Theories via path integrals. According
to Segal, a CFT is a functor from the category whose objects are disjoint unions of
parametrized circles and whose morphisms are Riemann surfaces with boundary
(Z, g), to the category whose objects are Hilbert spaces and whose morphisms are
Hilbert-Schmidt operators. A CFT associates to a disjoint union of circles UC; a Hilbert
space H®i, and to a Riemann surface (X, g) with parametrized boundary an amplitude
s ¢ H® — H®i, where i is the number of positively oriented circles in 6% and j
is the number of negatively oriented circles. The operation of gluing surfaces along
their boundaries is then required to correspond to the composition of the amplitudes.
The probabilistic construction of the amplitudes via the path integral, as well as
the verification of Segal’s axioms, has been carried out in the context of Liouville
CFT [54, 52], and constitutes a fundamental step in the rigorous implementation of
the BPZ method. Extending this construction to Toda theories would represent a
major advance in the mathematical understanding of these models.

5.4.4 Imaginary theories

Imaginary Liouville theory arises when the coupling constant is chosen to be imagi-
nary (i.e. y € iR) These theories are expected in physics to describe the scaling limits
of a large class of so-called loop models. Moreover, imaginary Liouville theory is a
non-rational and logarithmic CFT. The mathematical construction of the path integral
of this model was carried out in [50], and constitutes the first mathematical construc-
tion of a logarithmic CFT. The Segal’s axioms were also proved in that work. This
study was recently generalized to surfaces with boundary in [101]. Let us emphasize
that the construction of the path integral in this setting raises non-trivial geometric
issues. Furthermore, in order to preserve diffeomorphism invariance of the theory,
the field is taken to be valued in a compactified space (the circle). A non-compactified
construction was proposed in [97].

A natural direction of research is to generalize these studies to Toda theories, which
are themselves expected to describe scaling limits of statistical physics models such
as RSOS models [98], as well as loop models. In Physics, a formula for the structure
constants on the sphere was proposed in [35], and it was observed that this quantity is

173



5 Outlook and perspectives — 5.4 Other directions of research

not the analytic continuation of its real counterpart (the Fateev-Litvinov formula [40]),
in the same way as for imaginary Liouville theory (the DOZZ formula [33, 102] and its
imaginary analogue [104]). A mathematical construction of imaginary Toda theories
would provide the starting point for a rigorous study of enhanced symmetries (W -
algebras) in the context of logarithmic CFTs.

5.4.5 Mating-of-trees for Toda

The different techniques of coupling Liouville theory with Schramm-Loewner evo-
lutions, introduced in [36] under the name mating-of-trees, have been used to derive
the boundary Liouville structure constants [5, 6]. It would be of great interest to adapt
these methods to the case of Toda theories. It is not clear in which way these cou-
pling would be defined, and a first step towards this direction would be to construct
a quantum zipper [4] in the vectorial setting. Hopefully, the powerful tools of the
mating-of-trees could be imported in the study of Toda CFTs, possibly leading to some
new exact formulas.
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