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Résumé

Dans le cadre de l’approche probabi-
liste des théories quantiques des champs,
en dimension 2 et dans le cadre Eucli-
dien, on s’intéresse à des modèles présen-
tant certaines propriétés d’invariance par
transformations conformes.

Les théories conformes des champs
(CFT) de Toda sont des modèles dans
lesquels le champ sous-jacent est à va-
leurs vectorielles, et généralisent la théo-
rie de Liouville. Les modèles de Toda sont
censés présenter, en plus de l’invariance
conforme, un plus haut niveau de symé-
trie, encodée par les algèbres W . Dans
cette thèse nous nous intéressons au cas
où le champ est défini sur une surface de
Riemann (compacte, connexe) à bord.

Un premier apport de cette thèse est
la construction des modèles de Toda
sur les surfaces hyperboliques avec ou
sans bords (généralisant la construction
de Cerclé-Rhodes-Vargas sur la sphère),
grâce à des outils probabilistes. La pré-
sence d’une frontière entraîne ici des phé-
nomènes nouveaux par rapport à la CFT
de Liouville : différentes conditions au
bord sont possibles pour le champ sous-
jacent, en lien avec la structure du groupe
d’automorphisme de l’algèbre de Lie cible.
Nous explorons ces différentes construc-
tions et identifions dans différents cas l’al-
gèbre de symétrie des modèles proposés,
au sens des algèbres de vertex.

Dans une seconde partie, nous spécia-
lisons l’étude au cas le plus simple de
CFT de Toda après Liouville, c’est-à-dire
quand le champ est à valeurs dans l’al-
gèbre sl3C. Nous étudions ce modèle sur
le demi-plan complexe. Dans ce cadre,
nous établissons la présence de symétries
augmentées sous la forme d’identités de
Ward au bord, ce qui était jusqu’alors in-
connu en Physique. Ce résultat passe par
la définition rigoureuse des descendants
associés à l’algèbre W sur le bord, à l’aide
d’une procédure de régularisation et d’ou-
tils probabilistes. Nous étudions ensuite
l’existence de vecteurs singuliers dans le
modèle, et découvrons la présence de vec-
teurs singuliers non nuls au bord jusqu’au
niveau 3, ce qui est également un phéno-
mène nouveau par rapport à la littérature
existante. Ces propriétés permettent d’éta-
blir de nouvelles équations différentielles
hypergéométriques de type BPZ, pour cer-
taines fonctions de corrélations de la théo-
rie, à savoir le corrélateur bulk/boundary
et la fonction à trois points au bord.

Ces travaux ouvrent la voie au calcul de
ces fonctions de corrélation, étape clé de
l’implémentation du bootstrap conforme
pour les théories de Toda. Ils mettent par
ailleurs en évidence des phénomènes nou-
veaux dans l’étude des théories conformes
des champs en dimension deux en pré-
sence d’une frontière.

Mots clés : théories conformes des champs, théories de Toda, surfaces de Riemann
à bord, champ libre Gaussien, chaos multiplicatif Gaussien, algèbres W .
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Abstract

In the framework of the probabilistic ap-
proach to quantum field theories, in di-
mension 2 and in the Euclidean setting,
we are interested in models exhibiting cer-
tain invariance properties under confor-
mal transformations.

Toda conformal field theories (CFTs) are
models in which the underlying field takes
values in a vector space and generalize Li-
ouville theory. Toda models are expected
to exhibit, in addition to conformal invari-
ance, a higher level of symmetry encoded
by W -algebras. In this thesis, we focus
on the case where the field is defined on
a (compact, connected) Riemann surface
with boundary.

A first contribution of this thesis is the
construction of Toda models on hyper-
bolic surfaces, with or without boundary
(generalizing the construction by Cerclé-
Rhodes-Vargas on the sphere), using prob-
abilistic tools. The presence of a boundary
gives rise to new phenomena compared to
Liouville CFT: different boundary condi-
tions are possible for the underlying field,
depending on the structure of the auto-
morphism group of the target Lie algebra.
We explore these different constructions
and identify, in various cases, the symme-
try algebra of the proposed models, in the
sense of vertex algebras.

In a second part, we specialize the study
to the simplest Toda CFT after Liouville,
that is, when the field takes values in the
algebra sl3C. We study this model on the
complex half-plane. In this context, we es-
tablish the presence of enhanced symme-
tries in the form of boundary Ward iden-
tities, which was previously unknown in
Physics. This result relies on the rigorous
definition of descendants associated with
the W -algebra on the boundary, using a
regularization procedure and probabilis-
tic tools. We then study the existence of
singular vectors in the model and discover
the presence of nonzero singular vectors
on the boundary up to level 3, which is
also a new phenomenon compared to the
existing literature. These properties al-
low us to derive new hypergeometric dif-
ferential equations of BPZ type for cer-
tain correlation functions of the theory,
namely the bulk/boundary correlator and
the boundary three-point function.

These results pave the way for the com-
putation of these correlation functions,
a key step in the implementation of the
conformal bootstrap for Toda theories.
They also highlight new phenomena in
the study of two-dimensional conformal
field theories in the presence of a bound-
ary.

Keywords: conformal field theories, Toda theories, Riemann surfaces with boundary,
Gaussian free field, Gaussian multiplicative chaos, W -algebras.
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1.1 Two-dimensional Conformal Field Theory
This thesis lies in the framework of the probabilistic formulation of two-dimensional

Conformal Quantum Field Theory (CFT hereafter), and is interested with the math-
ematical study of enhanced symmetries within this context. In the first part of this
introduction we will try to shed light on some aspects of these notions. We keep the
discussion at a very informal level and certainly do not try to provide the reader with a
comprehensive treatment of the Physics of CFT.

1.1.1 Conformal symmetry in two dimensions
The notion of symmetry in Physics has carried quite different meanings and experi-

mented different formulations through the ages. Nowadays, in our context, symmetry
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1 Introduction – 1.1 Two-dimensional Conformal Field Theory

refers to a form of invariance of a physical system with local interactions under certain
transformations. These transformations are often encoded in an algebraic structure.
A famous example is gauge symmetry, that expresses invariance under a local group
action, and that among many other things underlies the classification of elementary
particles, the so-called standard model.

One other natural notion of symmetry is scale invariance, that is invariance of
a system under dilations g 7→ kg where g is the metric and k a constant positive
coefficient. This phenomenon can happen for a physical system only at certain
particular configurations (possibly depending on external parameters), where the
relevant characteristic length scales at which the interactions occur are either 0 or
infinite. This is the case for example for models of Statistical Physics at criticality, when
a phase transition of order two or higher 1 is observed (e.g. the Ising or Potts models).
In addition to global scale invariance, it is natural to expect in these cases a form of
invariance under local dilations, i.e. when the scaling coefficient k is a function of the
position. If so, one has to ensure that the metric g scales accordingly, thus allowing
only local dilations that preserve angles. This is conformal invariance.

This notion of conformal invariance appears not only in critical Statistical Physics,
but also e.g. in the Quantum Physics of strong interactions (Quantum Chromo-
Dynamics), and in string theory, as in the latter it is tantamount to the invariance
under reparametrization of the string’s world-sheet.

Identifying the symmetries of a model amounts to finding constraints on the model,
with the hope that these constraints allow one to solve the model (at least partially),
which for us will mean basically to describe the correlation functions between observ-
ables 2, evaluated at different points of the manifold on which the model is defined.
The conformal symmetry is encoded in an algebraic structure, called the confor-
mal group. In d ≥ 3 dimensions, this group is finite-dimensional, of dimension
1
2 (d +1)(d +2). Due to this fact, in general the constraints brought about by the con-
formal symmetry are not enough to solve the models. In dimension two however, the
conformal group is enriched with what are called local conformal transformations,
that are nothing but locally analytic functions 3, making of this group an infinite-
dimensional one. The conformal symmetry is then encoded in the so-called Witt
algebra, a infinite-dimensional Lie algebra, whose generators are the modes of the
infinitesimal conformal transformations. When considering a quantum conformal
theory, i.e. when promoting the observables to self-adjoint operators on some Hilbert
space, the symmetry algebra becomes the unique non-trivial central extension of the
Witt algebra: the Virasoro algebra. Before defining this object of central importance
let us explain briefly what we mean by the symmetry algebra of a model. A symmetry
algebra is, at first glance, any algebraic structure encoding some conservation laws.

1. “Order two or higher" means that at least the first derivative of the free energy is continuous
across the phase transition threshold.

2. By observable we mean a certain functional of the physical variables of the model. In a field
theory, these are functionals of the field.

3. These are holomorphic maps from (part of) the manifold —which is a Riemann surface— onto
itself, but that may not be defined everywhere.

13



1 Introduction – 1.1 Two-dimensional Conformal Field Theory

The model, which is a given set of observables, realizes the symmetry algebra in the
sense that it carries a representation of the latter: the symmetry algebra acts on the
observables in a certain way. It is important to distinguish properties that are model-
dependent (e.g. higher equations of motion, see below), from those that derive directly
from the structure of the symmetry algebra (as the Ward identities). The Virasoro
algebra, that encodes the conformal symmetry in two dimensions, is defined by its
generators Ln , n ∈Z, its central element c and the commutation relations

[Lm ,Ln] = (m −n)Lm+n + c

12
(m3 −m)δm+n,0 and [Ln ,c] = 0 (1.1)

for all m,n ∈ Z. The operators L−1,L0,L1 are the generators of global conformal
transformations. The image of c in a representation of the Virasoro algebra is a real
number called the central charge of the Conformal Field Theory under consideration.
The Virasoro operators Ln can be seen as the modes of (the holomorphic part of) the
stress-energy tensor 4, denoted T :

T(z) = ∑
m∈Z

Lm z−m−2. (1.2)

The commutation relation (1.1) then takes the form of the Operator Product Expansion

T(z)T(w) = c/2

(z −w)4
+ 2T(w)

(z −w)2
+ ∂T(w)

(z −w)
+ reg. (1.3)

which is a priori a relation between formal power series, but that can be given a
mathematical sense, see Subsection 1.2.2.1.

Due to this rich algebraic structure, in two dimensions, physical systems enjoying
conformal symmetry are highly constrained, and this particular feature makes them all
the more interesting to study because they provide examples of fully solvable models.

1.1.2 The conformal bootstrap formalism
In 1984, Belavin, Polyakov and Zamolodchikov (BPZ in the sequel) published a sem-

inal paper [12] in which they described a novel method for solving two-dimensional
CFTs 5, based on purely algebraic considerations. At the heart of this method is the
Operator Product Expansion hypothesis, that postulates that every product of local
quantum operators can be expressed as a linear combination of basic local operators.
The bootstrap assumption is the associativity of such products, thus allowing one to
compute all the correlation functions of quantum operators of a model with the only
knowledge of a few basic correlation functions named structure constants, together
with some extra data called the spectrum of the theory, and some universal 6 special

4. This terminology comes from the fact that when c = 0, T(z) transforms as a (2,0)-tensor under
coordinate changes.

5. In fact, the conformal bootstrap method can be generalized to other dimensions.
6. Universal means here that the conformal blocks depend only on the algebra of symmetry.
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functions named conformal blocks. In practice, one focuses on correlation functions
of a particular subset of these local operators, called primary fields. The latter are
characterized by the conditions

LnO = 0 for all n > 0 and L0O =∆O (1.4)

where ∆ ∈ R is called the conformal weight of the primary field O . All correlation
functions can then be recovered by letting the negative Virasoro modes act on these
primary fields.

The form of the structure constants is fixed by conformal invariance. On the sphere,
the structure constants are the correlation functions of three primary fields, that we
can choose to take at particular points:

〈O1(0)O2(1)O3(∞)〉. (1.5)

On the disk (or equivalently the complex upper half-plane), the structure constants
are the boundary three-point functions

〈B1(0)B2(1)B3(+∞)〉 (1.6)

and the bulk-boundary correlators

〈B(0)O (i)〉. (1.7)

The bootstrap approach has proven to be particularly efficient when the number of
these primary fields is finite: these models are called minimal and were successfully
solved by BPZ using the bootstrap formalism (for example, in the critical Ising model,
the primary fields are the spin and the energy density). In these cases the knowledge
of the Virasoro algebra and its representation theory (together with a few general CFT
axioms) allow one to entirely solve the models. Other examples of solvable models
were successively found by generalizing the Virasoro minimal models in the following
years (see below), and since 1984 and BPZ’s breakthrough, two-dimensional CFT have
been a particularly active field of research in Mathematical Physics. For an in-depth
treatment of the topic, we refer to the “Big Yellow Book" [44].

1.1.3 Liouville Conformal Field Theory
Liouville Conformal Field Theory, introduced by Polyakov [78], is the first example

of a non-compact (i.e. with a continuum of primary fields) CFT that have been solved
in Physics using the bootstrap formalism of BPZ (relying on the Virasoro algebra).
Liouville theory is central in the probabilistic approach to CFT. But before diving into
the definition of Liouville CFT, it is worth saying a few words about the Lagrangian
formulation of Quantum Field Theory, the so-called path integrals.

In a classical Field Theory, the equations of motion are obtained by searching for
the minimizer of an action functional, that is itself the integral of a Lagrangian density
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(or just Lagrangian). The Physics are then described by this minimizer. There is
an important distinction between the Lorentzian and Euclidean formulations. The
Lorentzian case corresponds to the physically relevant Minkowsky space-time setting,
and features hyperbolic equations of motion. The Euclidean case, although less
natural from a physical point of view, is often simpler to handle mathematically, which
is partly due to the fact that the Euclidean signature of space-time makes the models
feature elliptic equations of motion (the time being treated as a spatial variable). Both
formulations are related by the Wick rotation t 7→ −iτ.

In Quantum Field Theory, the Physics are described by a probability measure over
the space of all possible paths (hence the name path integral), which is given by the
exponential of a quantized action functional, the latter still being the integral of a
Lagrangian, constructed from the classical one by introducing a coupling constant
encoding the level of randomness. The field thus defined is random, and fluctuates
around the classical solution of the equations of motion. When the coupling constant
is taken to 0, one recovers the classical Physics (this is the (semi-)classical limit). The
same distinction exists between Lorentzian and Euclidean QFTs as in the classical
setting, although the relation between them is way less clear, as in addition to the
Wick rotation it requires analytic continuation of the correlation functions (see e.g.
[92, Chapter 3] and [73, 74]). In the Lorentzian setting the path integrals are oscillatory
and often ill-defined even from a physical perspective, while in the Euclidean case
they feature exponential decay with respect to the action, allowing one to make sense
of them as statistical quantities.

The classical Liouville theory is formulated in the Euclidean setting, and is con-
cerned with the problem of finding a metric with constant negative curvature in a
given conformal class of metrics. It is of importance as well in Mathematics, where it
is known as the uniformization problem, as in Physics where it appears in the realm of
two-dimensional gravity coupled with matter fields. On the sphere S2, the Liouville
equation reads

−2∆gΦ+Rg +2Λe2Φ = 0. (1.8)

Here ∆g is the Laplacian (Laplace-Beltrami operator) in the metric g , and Rg is the
Ricci scalar curvature, while Λ > 0 is a constant. Solving this equation amounts
to finding a metric g ′ = e2Φg conformally equivalent to the background metric g of
constant curvature−2Λ. The weak formulation of this problem is to find the minimizer
of the classical Liouville action:

Scl a
L (φ, g ) = 1

4π

∫
S2

(∣∣∇gφ
∣∣2

g +Rgφ+Λe2φ
)
d vg . (1.9)

Note that on the sphere this action admits no minimizer because of the Gauss-Bonnet
theorem. A way to overcome this issue is to assume that Φ has (conical) singularities.
The quantization of the action (1.9) leads to Liouville CFT. We introduce the coupling
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constant γ> 0 and the background charge Q = 2
γ
+ γ

2 , and set

SL(φ, g ) = 1

4π

∫
S2

(∣∣∇gφ
∣∣2

g +QRgφ+Λeγφ
)
d vg . (1.10)

The Liouville field is then the random field whose law is given on a suitable space of
functionals F by the Euclidean path integral

〈F (Φ)〉L,g = 1

Z

∫
F

F (φ)e−SL(φ,g )Dgφ (1.11)

where Z is a normalizing factor called partition function, and where the infinitesimal
element Dgφ stands for a theoretical uniform measure on the space F (which mathe-
matically doesn’t exist as such, of course). The Euclidean path integral formalism is
reminiscent of the Gibbs measures in Statistical Mechanics: the Lagrangian density
becoming the Hamiltonian of Statistical Physics, and the path integral being traduced
by the sum over all possible configurations of the field.

The Quantum Conformal Liouville theory is a central model in random geometry as
it describes a “typical" negatively curved random surface, but also in string theory as
the CFT of the world-sheet, in two-dimensional quantum gravity, and several other
topics. From the conformal bootstrap point of view, the situation is much more
complicated than in the case of minimal models. Indeed, Liouville CFT counts an
infinite number of primary fields, named Vertex Operators, indexed by a parameter
α7, formally defined by 8

Vα(z) = eαΦ(z) (1.12)

where z is a point of the surface on which the model is defined, called an insertion.
The goal is then to compute correlation functions of Vertex Operators:

〈Vα1 (z1)...VαN (zN )〉L,g (1.13)

where z1, ..., zN are distinct insertions. It is important to stress that unlike the minimal
models, Liouville theory is not completely fixed by Virasoro symmetry, although the
latter is still of crucial importance in the model. One needs extra input, stemming
from the analysis of the path integral, to solve the theory.

The first step in the conformal bootstrap procedure, that is the computation of
the structure constants of Liouville theory, the celebrated DOZZ formula, has been
conducted in the Physics literature in [33, 102]. Let us briefly sketch here the main
concepts related to this derivation, which will allow us to introduce some of the

7. The physically relevant domain of parameters is the spectrum of the theory, that is Q + iR+,
although we will see that the probabilistically defined correlation functions a priori allow us for α real.

8. The dependence in the field Φ is usually omitted in the literature.
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notions that we will be interested in later. Consider the Liouville three-point function 9

〈Vα1 (z1)Vα2 (z2)Vα3 (z3)〉L . (1.14)

As already mentioned the form of this correlation function is partly fixed by confor-
mal invariance, in that the dependency in the insertions zi can be factorized out by
applying a Möbius transformation, thus writing (1.14) as

C (α1,α2,α3)
∏
i< j

∣∣zi − z j
∣∣2∆i j

with ∆12 :=∆α3 −∆α1 −∆α2 (and likewise for ∆13 and ∆23, ∆αi = αi
2 (Q − αi

2 ) being the
conformal weights), and where C (α1,α2,α3) is the DOZZ structure constant. In addi-
tion to global conformal invariance, a second constraint on the correlation functions
is provided by the Operator Product Expansions of the Virasoro modes with the Vertex
Operators, which form depends only on the symmetry algebra:

L−n(z)Vα(w) = −∂wVα(w)

(w − z)n−1
+ (n −1)∆αVα

(w − z)n
+ reg. (1.15)

Once inserted in a correlation function, this OPE becomes a Ward identity, see Sub-
section 1.2.2 and Chapter 3. In order to compute the three-point structure constant
one first considers a particular four-point function

〈Vα∗(z)Vα1 (z1)Vα2 (z2)Vα3 (z3)〉L (1.16)

where α∗ is a particular weight, called degenerate, whose value is predicted by the
representation theory of the Virasoro algebra: −γ

2 or − 2
γ

. At the level of the Virasoro
algebra, a degenerate weight gives rise to what is called a singular vector, which means
that it entails a non-trivial linear relation between some of the Virasoro operators. In
our case, this singular vector becomes a null vector, which means that at the level of
the representation of the Virasoro algebra, one has(

L−2 + 1

γ2
L−(1,1)

)
V− γ

2
= 0 (1.17)

where L−(1,1) stands for the composite operator L−1L−1. We stress that a degenerate
weight (a singular vector) does not always give rise to a null vector —unless it is
the case for Liouville theory on the sphere— in the sense that the right-hand side
of (1.17) can be not 0: the latter relation is then called a higher equation of motion, see
Subsection 1.2.3 and Chapter 4. At the level of the correlation function (1.16), the null
vector equation (1.17), together with the OPE (1.15), result in the following: the four

9. The dependency in the metric is not relevant here, since no change of metric is considered. On
the sphere one usually chooses to work in the round metric.
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point function (1.16) can be written as

|z − z3|−4∆α∗ |z1 − z2|2(∆12−∆α∗ )|z1 − z3|2(∆13+∆α∗ )|z2 − z3|2(∆23+∆α∗ )T (η) (1.18)

where η is the cross-ratio of the four points zi , and T is solution of the Fuschian BPZ
equation [94](

− 1

γ2
∂2 +

(
1

z −1
+ 1

z

)
∂− ∆α2

(z −1)2
− ∆α1

z2
+ ∆α∗ −∆12

z(z −1)

)
T (z) = 0. (1.19)

Careful analysis of this equation, together with Operator Product Expansions, then
allow one to derive periodicity equations for the DOZZ constant C (α1,α2,α3), that in
turn determine this quantity.

The boundary case (on the disk) was later settled in [39, 80, 57]. These major
advances led to the full implementation of the BPZ method. For more details on
the physical formulation of the conformal bootstrap in Liouville theory we refer for
instance to [95] and to the review [70].

1.1.4 Higher-spin symmetry and Toda Conformal Field
Theories

The year after the article by BPZ [12], in 1985, Zamolodchikov [103] put forward
the question of what can be said if the symmetry algebra of a model strictly contains
the Virasoro algebra —the algebra of conformal symmetry— as a sub-algebra. For
example it was pointed out in [34] that the critical three-states Potts model of Statistical
Physics does enjoy a higher level of symmetry. The algebras of symmetry encoding this
higher-spin symmetry are called W -algebras, and depend on a complex Lie algebra
g. For example the Virasoro algebra is the W -algebra associated with g= sl2C. Some
W -minimal models —models with a finite number of primary fields with respect to
the W -algebra— were studied subsequently to their introduction by Zamolodchikov.

Although we will be interested in this thesis in W -algebras, it is worth noting that
there are still other ways to enlarge the Virasoro algebra. Celebrated examples are
the (affine) Kac-Moody algebras, that encode the symmetries of Wess-Zumino-Witten
models, or superconformal algebras that rule models of supersymmetric CFT and
string theory, and several other extensions. Once again we refer to [44] for an overview
together with an in-depth treatment of some of these topics.

Although they are not Lie algebras in general, W -algebras can in principle be de-
scribed thanks to their commutation relations as in Equation (1.1). Nonetheless, the
latter rapidly become intractable as the rank of the underlying Lie algebra increases.
As an example we can write these commutation relations in the simplest (beyond
Virasoro) g= sl3C case, corresponding to Zamolodchikov’s W3 algebra. In addition

19



1 Introduction – 1.1 Two-dimensional Conformal Field Theory

to (1.1), one has (see [16])

[Lm ,Wn] = (2m −n)Wm+n ; (1.20)

[Wm ,Wn] = (m −n)(
1

15
(m +n +3)(m +n +2)− 1

6
(m +2)(n +2))Lm+n (1.21)

+ 16

22+5c
(m −n)Λm+n + c

360
m(m2 −1)(m2 −4)δm+n,0 (1.22)

where

Λm = ∑
n≤−2

LnLm−n + ∑
n>−2

Lm−nLn − 3

10
(m +3)(m +2)Lm .

In the same fashion as for the Virasoro algebra, the Wn operators can be seen as the
modes of conserved holomorphic currents, but the framework of Vertex Operator
Algebras is necessary to give them a general rigorous mathematical sense, contrary to
the stress-energy tensor of conformal symmetry (that has a geometrical interpretation,
see Subsection 1.2.2.1).

Toda Conformal Field Theories are natural generalizations of Liouville theory en-
joying the higher level of symmetry encoded in W -algebras. Let us describe now
how they are defined. Given a simple complex Lie algebra g, its Cartan sub-algebra
is the maximal sub-algebra h made of semi-simple elements 10. The Lie algebra g
can be written using its split real form gR as g = gR+ igR, and this descends to the
Cartan sub-algebra h in the sense that there exists a real vector space a, unique up to
isomorphism, such that h= a+ ia. a is the split real form of the Cartan sub-algebra of
g. The Euclidean space obtained by equipping a with a particular scalar product, that
is proportional to the restriction of the Killing form to g, is the target space of the field
in Toda CFTs. Liouville theory can be recovered in this context by choosing g= sl2C,
thus having a≃R (in general a is isomorphic to Rr where r is the rank of g). The Toda
action functional is given, on a Riemann surface Σ (without boundary), by

S(φ, g ) = 1

4π

∫
Σ

(∣∣∇gφ
∣∣2

g +Rg 〈Q,φ〉+
r∑

i=1
Λi e〈γei ,φ〉

)
d vg (1.23)

where ei are a special basis of vectors called the simple roots of the Lie algebra g,
and 〈·, ·〉 is the scalar product on a inherited from the Killing form. Q is the vectorial
background charge Q = γρ+ 2

γ
ρ∨ with ρ the Weyl vector, and ρ∨ the co-Weyl vector.

For precise definitions we refer to Subsection 2.2.2. As in the Liouville case, the Toda
field Φ is then described by a path integral on a space of functionals F :

〈F (Φ)〉g = 1

Z

∫
F

F (φ)e−S(φ,g )Dgφ (1.24)

and the Vertex Operators, depending on vectorial weights, are of the form

Vα(z) = e〈α,Φ(z)〉. (1.25)

10. For h ∈ h, ad(h) is diagonalizable.
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Toda CFTs are interesting in their own because they provide examples of concrete
models where the W -symmetry can be studied, and also because they share links with
many other theories, such as Wess-Zumino-Witten models, some Statistical Physics
models (Ising and Potts) and through the extended AGT correspondence. The latter,
discovered in [1], bridges the gap between Liouville theory and four-dimensional
gauge theories. This correspondence has been extended to certain Toda theories
in [100]. Moreover, the Toda path integral can also be seen as the quantization of
the classical Toda action, itself deriving from what is called the Toda equations. The
Toda equations are a special case of the celebrated Hitchin’s equation, that describes
harmonic maps from the universal cover of a surface into symmetric spaces. It is
expected that this picture is recovered from Toda CFTs when taking the semi-classical
limit γ→ 0 (see Chapter 5).

Despite their importance and the great amount of efforts to understand their be-
havior and the properties of their symmetry algebras, Toda CFTs are very far to be
fully understood. The first step in the implementation of the bootstrap procedure,
namely the computation of the structure constants, have been carried out on the
sphere by Fateev-Litvinov [40] in the case where g= slnC, while in the boundary case a
formula for the bulk one-point function has been proposed by Fateev-Ribault [38] and
also studied in [45]. Beyond these progresses it is not clear in which form the boot-
strap procedure would hold for Toda theories. Thus, and despite the groundbreaking
achievements of the algebraic bootstrap method in Physics, some big open questions
remain. This is the reason why it is of great importance to develop new methods in
addressing these problems, and this is how has emerged the probabilistic approach to
two-dimensional CFT, almost two decades ago 11.

1.1.5 The probabilistic approach
The path integral formulation of Euclidean Quantum Field Theory —although a

priori ill-defined from a mathematical perspective— is particularly well-suited in
certain cases to be given a rigorous probabilistic meaning. Before describing the
probabilistic interpretation of Liouville and Toda CFTs, let us start with a well-known
toy example. On the space C 0

0 ([0,1]) of continuous functions on the unit interval that
vanish at both ends, define the formal Wiener measure

W (d x) = 1

Z
e−S(x)d x (1.26)

with the action functional S given by

S(x) = 1

2

∫ 1

0
(∂u x(u))2du. (1.27)

11. It is worth mentioning that the notion of conformal invariance in Probability Theory was first
formulated earlier by Schramm [88], and allowed a rigorous study of the links between Statistical
Physics at criticality and Probability Theory, as put forward (yet non-rigorously) by Cardy.
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Let B be sampled according to the measure W (d x). For s and t in the unit interval,
the covariance between B(s) and B(t ) is given by

1

Z

∫
C 0

0 ([0,1])
x(s)x(t )W (d x). (1.28)

This is a Gaussian integral with covariance kernel given by the operator L defined
by L = −∂2

u and the boundary conditions x(0) = x(1) = 0, and hence formally the
integral (1.28) is given by L−1(s, t ), that is the Green’s function associated with L in the
sense of integral kernels. This Green’s function is easy to compute, and one finds

L−1(s, t ) = s ∧ t − st (1.29)

which is the covariance of the Brownian bridge between 0 and 1. Thus, we can give a
rigorous probabilistic interpretation of the measure W (d x) as a Gaussian measure on
the space H 1

0 ([0,1]). As we will see (Subsection 1.2.1 and Chapter 3), one can follow
the same lines to provide a rigorous interpretation of the path integrals defining the
Liouville and Toda CFTs. Indeed, the kinematic part of the Liouville action gives rise
to the formal path integral measure

1

Z
e−SF F (φ)Dφ (1.30)

where

SF F (φ) := 1

2

∫
S2

1

2π

∣∣∇φ∣∣2 d vg .

By following the above example of the Brownian bridge, the measure (1.30) is naturally
understood as describing a centered Gaussian field, with covariance kernel given by
the inverse (in the sense of integral kernels) of the operator − 1

2π∆ on the sphere, which
is given by a Green’s function. This Gaussian field is called the Gaussian Free Field
(GFF). The problem is then to incorporate the interaction terms of the action (1.10)
in this picture: the covariance of the GFF being way less regular than for the Brown-
ian bridge, it requires particular care to interpret these terms. However, due to the
exponential form of these interaction terms, this task is well achieved by another
probabilistic object, the Gaussian Multiplicative Chaos (GMC).

The probabilistic formulation of Liouville CFT is due to David-Guillarmou-Kupiainen-
Rhodes-Vargas [32, 31, 51], and has led to major progress in the mathematical un-
derstanding of two-dimensional Conformal Field Theory. Firstly, on the sphere, the
DOZZ formula for the structure constants has been rigorously derived in [65], and the
conformal boostrap procedure has been implemented in [53], while the Segal’s ax-
ioms [89] were proven to be true in [54] (see Chapter 5 for more about Segal’s axioms).
In the boundary case, i.e. on the disk or upper half-plane, the structure constants of
Liouville theory were obtained in a particular case in [82, 83] using the BPZ equations
mentioned previously (see Section 1.2.3 and Chapter 4 for a probabilistic exposition of
these kind of results). In the general case, the mating-of-trees machinery introduced in
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[36] has led to the derivation of BPZ equations and to the computation of all structure
constants in [5, 6]. The methods known under the name mating-of-trees rely on
probabilistic couplings between the Liouville field and Schramm-Loewner Evolutions
(SLE), and allow one to obtain functional equations involving probability distributions.
Recently, a way to avoid the use of the mating-of-trees machinery in deriving the BPZ
equations for the boundary Liouville theory has been proposed in [24]. This is the
approach that we will follow in the second part of this thesis, in great part because it is
closer in spirit to the methods of CFT, and also because it is unclear at this stage which
form would take the SLE couplings within Toda CFTs.

Indeed, the probabilistic construction unveiled in [32] admits a generalization to
Toda theories on the sphere as defined in [30]. In the case of the Lie algebra sl3C, the
symmetries of the probabilistic model thus defined have been studied in [25] where
Ward identities (see Section 1.2.2 and Chapter 3) were proven to hold, leading to a
rigorous proof of the formula of Fateev-Litvinov [40] for the three-point structure
constants in [21, 20], although in a particular case (when one of the insertions is semi-
degenerate, see 1.2.3), the general case seeming out of reach for the time being with
the only available constraints brought about by our understanding of W -symmetry.

1.1.6 A word about Vertex Operator Algebras
As it was already mentioned above, the symmetry algebras of Toda Conformal Field

Theories —the W -algebras— can be defined in several ways, the naive one being to
use the commutation relations, that rapidly become intractable when the rank of
the underlying Lie algebra increases. The mathematical framework in which these
algebraic structures are rigorously considered is the one of Vertex Operator Algebras,
and has been introduced by Borcherds [15] and Frenkel-Lepowsky-Meurman [47].
Although the use of these concepts does not seem essential when dealing with the
Virasoro algebra —that is a Lie algebra, with simple explicit commutation relations
and a geometrical definition for its generators— it becomes crucial when considering
W -algebras. The study of the notion of W -algebra within this framework was initiated
by Feigin-Frenkel [43, 42] and subsequently by Kac-Roan-Wakimoto [63], and is nowa-
days a very active field of research. The representation theory of W -algebras has in
particular being studied in [46, 7], see [8] for an introduction.

Although the work developed in this thesis stays mainly on the probabilistic side,
and avoids (most of the time) the definition and use of the concepts of Vertex Oper-
ator Algebras, the latter is an important input to many results that we obtain, and
reciprocally it is possible to derive several direct implications of our results within this
framework.

1.2 Content of the thesis
This work initiates and furthers the mathematical study of Toda CFTs on Riemann

surfaces with boundary. As already mentioned, less is known about these theories,
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although they make apparent some key notions in the study of CFT in the presence of
a boundary. More precisely, and contrary to the Virasoro algebra, the W -symmetry
is less understood and do not allow yet to construct Toda CFTs using algebraic con-
straints. The probabilistic approach at least achieves this construction as it has already
been shown on the sphere [30], and as we shall see in this document for other surfaces,
especially with boundary. On the sphere, the probabilistic approach has proven to be
powerful in that it had led to a rigorous proof of the Fateev-Litvinov formula [40] for
the three-point function [25, 21, 20]. Unfortunately we are not able yet to implement
the full bootstrap procedure for Toda CFTs in the probabilistic setting. In the boundary
case however, a first step towards this direction can be carried out: the derivation of
the BPZ equations. As pictured before, the latter are of fundamental importance in
that they supposedly allow one to compute the structure constants of the theory. This
scheme is way less clear in Toda CFTs than in their Liouville counterpart, but there is
good hope that these BPZ equations, together with extra input from the analysis of the
probabilistic path integral, can lead to exact computations. In this thesis we preform
this first step by: 1) generalizing the construction [30] to general Riemann surfaces
with or without boundaries, this stage makes evident some key features of boundary
CFT in general, that are interesting in their own; 2) showing the validity of the Ward
identities on the boundary in the special case where the Lie algebra under consider-
ation is sl3C; 3) analyzing the representation of the W3 algebra thus constructed to
identify singular vectors, that in turn give rise to higher equations of motion, the latter
resulting in the BPZ equations, under additional conditions.

In Chapter 2, we generalize the construction [30] to all compact hyperbolic Riemann
surfaces, with or without boundary. The hyperbolicity assumption here is just con-
venient but the same techniques apply to other surfaces, and especially the disk (or
half-plane). To this end, we introduce a framework based on vectorial Gaussian Free
Fields with different kinds of boundary conditions. In the presence of a boundary, and
unlike in Liouville CFT, different boundary conditions are possible for the field of the
theory, in relation with the structure of the outer automorphism group of the target Lie
algebra. We propose a path integral (probabilistic) formulation in the different cases.
Moreover, we show that the models thus defined enjoy the basic fundamental proper-
ties of a CFT, that are the Weyl covariance and the invariance under diffeomorphisms.
We also discuss for each configuration the symmetry algebra of the model, within the
framework of Vertex Operator Algebras. This part is based on the article [28], and is
introduced in Section 1.2.1.

The following two Chapters specialize the study to the A2 (or sl3C) Toda theory on
the complex upper half-plane, with Neumann boundary conditions. In Chapter 3,
we make sense of the conserved currents T and W of the W3 symmetry algebra and
of their descendants on the boundary, building on the ideas developed in [24] for
boundary Liouville CFT. We then prove that these definitions effectively constitute a
representation of the symmetry algebra by showing the validity of the Ward identities,
both in the bulk and on the boundary. This last feature is new even compared to the
Physics literature, and in fact it was unclear that such identities would hold for the
boundary theory. For an introduction to this Chapter, see Section 1.2.2.
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Chapter 4 is dedicated to the study of the representation of the W -algebra in the
model, although we keep the exposition on the probabilistic side and do not make
use of the framework of Vertex Operator Algebras (but we keep this for future work,
see Chapter 5). By using the same techniques as in Chapter 3, together with inputs
from the representation theory of the W3 algebra, we prove the existence of singular
vectors in the theory, that provide linear constraints between descendants. We show
that in the boundary case, these singular vectors are not necessarily null vectors
but rather give rise to higher equations of motion. As a byproduct, we obtain new
hypergeometric differential (BPZ) equations for the three-point function and the
bulk-boundary correlator of the theory, paving the way for the computation of these
boundary structure constants, for which no formula is even conjectured in the Physics.
In Section 1.2.3 we introduce these results in more detail. The material in these two
Chapters is taken from the articles [26, 27]. All the articles [28, 26, 27] were co-authored
with Baptiste Cerclé.

Finally in Chapter 5 we detail some future directions of research, at different time
scales, some of them being already investigated at the time being.

1.2.1 Construction of the closed and boundary models
We sketch here the contents of Chapter 2. For precise definitions and details, we

therefore refer to Chapter 2. In this section we fix a simple finite-dimensional complex
Lie algebra g of rank r , and denote by a the real part of its Cartan sub-algebra. We
equip a with a scalar product 〈·, ·〉, proportional to the restriction of the Killing form
to a, and denote by (ei )=1,...,r a set of simple roots. For precise definition we refer to
Subsection 2.2.2.

1.2.1.1 Toda CFTs on closed compact hyperbolic Riemann surfaces

Let Σ be a compact connected Riemann surface without boundary, that we suppose
of hyperbolic type (χ(Σ) < 0). We equip Σ with a smooth Riemannian metric g . Our
first goal is to make sense of the path integral (1.24), and first of all, we focus on the
kinetic term in the action (1.23). Namely, we want to interpret the term∫

F (φ)e− 1
4π

∫
Σ |∇gφ|2g d vg Dgφ. (1.31)

Following [32], this is possible thanks to the introduction of the Gaussian Free Field
(GFF). Indeed, as in the toy example of the Brownian bridge given in Section 1.1.5, the
integral (1.31) is a Gaussian integral that describes the law of a centered Gaussian field

with covariance kernel given by
(
− 1

2π∆g

)−1
, that we interpret in the sense of integral

kernels by the corresponding Green’s function G . The vectorial GFF Xg is then naturally
defined by its covariance structure by setting for all u, v ∈ a and f1, f2 ∈ H 1(Σ, g )

E[(〈u,Xg 〉, f1)H 1(Σ,g )(〈v,Xg 〉, f2)H 1(Σ,g )] = 〈u, v〉
∫
Σ2

Gg (x, y) f1(x) f2(y)d vg (x)d vg (y).
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Indeed, it is worth saying that the GFF Xg makes sense only as a generalized function
and lives almost surely in the negative Sobolev space H−1(Σ → a) (this has to be
understood component by component). We then define∫

F (φ)e− 1
4π

∫
Σ |∇gφ|2g d vg Dgφ∝

∫
a
E[F (Φ)]dc (1.32)

with the expectation taken with respect to the GFF, and where the Toda field Φ is
defined by Φ= Xg +c . This comes from the fact that the heuristic developed above is
valid only outside the kernel of the Laplacian, so that one has to take into account the
remaining zero-mode c . The integration over a is defined by∫

a
F (c)dc =

∫
Rr

F
( r∑

i=1
vi ci

) r∏
i=1

dci

where (vi ) is any orthonormal basis of a. It then remains to compute the total mass
of the path integral (1.31) in order to define the normalizing factor. Following the
analogy with finite-dimensional Gaussian measures we interpret it as the (regularized)
determinant of the Laplacian

ZX(Σ, g ) =
(

det′
(− 1

2π∆g
)

vg (Σ)

)− r
2

.

The properties of these determinants, and especially their behavior under a conformal
change of metric, have been studied by Polyakov [78, 79], and in the boundary case
by Alvarez [3]. This behavior is completely explicit and is crucial in order to prove the
same kind of properties for the correlation functions of Toda CFTs (see Theorem 1.2.2).

Having defined the kinetic part of the path integral, it remains to incorporate the
exponential potentials (the curvature terms are not a problem because they are well-
defined functions) in this definition. It is possible thanks to the introduction of
Gaussian Multiplicative Chaos (GMC). Namely, the exponential term e〈γei ,Φ〉d vg can
be given a mathematical meaning as a random measure on Σ, through a regularization
procedure (see Section 2.3.2). The theory of GMC is now well-known, and we refer e.g.
to [87, 84, 13] for more details.

We finally interpret the path integral (1.24) as the limit

〈F (Φ)〉g := lim
ε→0

〈F (Φ)〉g ,ε, where 〈F (Φ)〉g ,ε :=ZX(Σ, g )
∫
a
E

[
F (Xg

ε +c)e−Vg (Xg
ε+c)

]
dc

(1.33)
for suitable functionals F , with the regularized Toda potential given by

Vg (Xg
ε +c) = 1

4π

∫
Σ

Rg 〈Q,Xg
ε +c〉d vg +

r∑
i=1

µB ,i e〈γei ,c〉
∫
Σ
ε

γ2
i

2 e〈γei ,Xg
ε 〉d vg . (1.34)

The field Xg
ε is a suitable regularization of the GFF. The convergence and the non-
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triviality of the limit are consequences of Theorem 1.2.1. We define in the same
fashion correlation functions of Vertex Operators, by taking F =Vα1 (z1)...VαN (zN ), and
by regularizing the GFF inside the Vα’s.

1.2.1.2 Boundary Toda theories

Suppose now that Σ has a non-empty boundary ∂Σ, then the Toda action (1.23) has
to be modified in order to take into account the boundary effects. Namely, one has to
add boundary potentials:

ST (φ, g ) = 1

4π

∫
Σ

(
|dgφ|2g +Rg 〈Q,φ〉+

r∑
i=1

4πµB ,i e〈γei ,φ〉
)

dvg

+ 1

2π

∫
∂Σ

(
kg 〈Q,φ〉+

r∑
i=1

2πµi e〈 γei
2 ,φ〉

)
dλg

(1.35)

where λg is the line element on ∂Σ and kg the geodesic curvature, while the µi ∈ C,
i = 1, · · · ,r are boundary cosmological constants. In the presence of a boundary one
needs to prescribe boundary conditions for the field Φ of the theory. Although the
Neumann (or free) boundary conditions are the only possible choice in the case of
Liouville CFT (corresponding to the sl2C Toda theory), it is not generally the case for
other Toda CFTs, as we will now explain. It is well known that the Riemann surface
with boundary Σ can be “doubled" in order to form a closed Riemann surface Σ that
is the union of Σ and its mirror copy, glued along the boundary. This gluing takes
the form of an involution σ sending Σ to its double and preserving the boundary. A
smooth metric g on Σ then extends to a smooth metric on the closed surface through
its pullback by the involution σ. This is called the Schottky double. For example, one
can start with the complex upper half-plane, and glue it along the real line with its
mirror double to obtain the full complex plane. The involution σ in this case is the
complex conjugate.

Inspired by the so-called Cardy’s doubling trick [17, Section 4] in boundary Confor-
mal Field Theory (see also [18, 19]), we may want to realize the Toda field Φ : Σ→ a
using a field Φ̂ : Σ̂→ a that lives over the closed surface Σ̂. To do so we can set

Φ(z) := Φ̂(z)+ (
Φ̂(σ(z))

)
p

2
(1.36)

where a priori τ is a linear involution of a. For example, if τ= Id, then Φ has Neumann
boundary conditions, while if τ=−Id, it has Dirichlet ones. More generally Φ can be
decomposed as a sum of two fields with respectively Neumann and Dirichlet boundary
conditions. Now it is suggested in Physics (in the case of sl3C, see [38]) that not
every linear involution of a leads to boundary conditions that are compatible with the
symmetry algebra, in the sense that the invariance property of the fieldΦ(σ(z)) = τΦ(z)
should lift to the conserved currents of the symmetry algebra. However, this is the case
if τ is an outer automorphism of the underlying Lie algebra g. An outer automorphism
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can be seen as an automorphism of the root system of the Lie algebra, or equivalently
as a Dynkyn diagram automorphism.

In view of the above discussion we propose in Section 2.4 the following probabilistic
definition for boundary Toda CFTs. To start with fix τ and write the orthogonal de-
composition a= aN ⊕aD with aN the maximal subspace of a such that τ|aN = Id. Then,
for g a uniform metric of type 1 (see Subsection 2.2.1), we let Xg ,C = Xg ,N +Xg ,D where
Xg ,N : Σ→ aN is a GFF with Neumann boundary conditions and Xg ,D : Σ→ aD is a
Dirichlet one. The correlation functions of the model are then defined by a limiting
procedure:

〈F (Φ)
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉g ,τ :=

lim
ε→0

1

Z

∫
aN

e−〈Qχ(Σ),c〉E
[

F
(
Xg ,C +c

) N∏
k=1

ε
|αk |2

2 e〈αk ,Xg ,C
ε (zk )+c〉 M∏

l=1
ε
|βl |2

4 e〈 1
2βl ,Xg ,C

ε (sl )+c〉

×exp
(
−

r∑
i=1

µB ,i

∫
Σ

e〈γei ,Xg ,C+c〉dvg −
dN∑
j=1

µ j

∫
∂Σ

e〈 γ2 f j ,Xg ,C+c〉dλg

)]
dc.

(1.37)

for F continuous and bounded on a suitable functional space, where dN = dim(aN )
and the ( f j )1≤ j≤dN form a basis of aN (see Subsection 2.2.2.3). Here the s1, · · · , sl are
additional insertions for Vertex Operators on the boundary ∂Σ.

We are now in position to state the main results of this chapter.

1.2.1.3 Statements of the main results

Let (Σ, g ) be a smooth, connected, compact Riemannian surface with (possibly
empty) boundary ∂Σ, and assume that χ(Σ) < 0. We also fix g a complex simple Lie
algebra as well as τ an automorphism of the associated root system R, with τ = Id
if ∂Σ = ;. We further consider z1, · · · , zN in Σ and s1, · · · , sl on ∂Σ, all distinct, and
α1, · · · ,αN ,β1, · · · ,βM in a.

Existence of the correlation functions Our first result is a necessary and suffi-
cient condition, the Seiberg bounds, ensuring that the correlation functions defined
by Equation (1.37), are well-defined and non-trivial (i.e. are finite and non-zero):

Theorem 1.2.1. For F bounded and continuous over H−1(Σ→ a, g ), the correlation
function 〈F (Φ)

∏N
k=1 Vαk (zk )

∏M
l=1 Vβl (sl )〉g ,τ exists and is non-trivial if and only if for

i = 1, · · · ,r :

〈
N∑

k=1
αk +

M∑
l=1

βl

2
−Qχ(Σ),ω∨

i 〉 > 0;

〈αk −Q,ei 〉 < 0 for all k = 1, ..., N and 〈βl −Q,ei 〉 < 0 for all l = 1, ..., M .

(1.38)

Here the ω∨
i form the basis of a dual to that of the simple roots ei . These Seiberg

bounds are the same as in the case of the sphere [30, Theorem 1.1].
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Conformal and diffeomorphism invariance In addition to the existence of
the correlation functions we would like to show that they satisfy basic assumptions
related to conformal symmetry. However when τ ̸= Id this might no longer be the case
since some of the f j no longer have same norm as the ei : as such general conformal
invariance is broken. To overcome this issue we need to assume that the GMC terms
e〈 γ2 f j ,Xg ,C 〉dλg do not appear in the path integral, which means taking µ j = 0 for j such

that
∣∣ f j

∣∣2 ̸= 2. We refer to Subsection 2.4.3.2 for a more detailed discussion. Under this
additional assumption we show a Weyl anomaly under a conformal change of metric,
and diffeomorphism invariance:

Theorem 1.2.2. In the setting of Theorem 1.2.1, assume that, for τ ̸= Id, µ j = 0 for j

such that
∣∣ f j

∣∣2 ̸= 2. Then for any g ′ = eϕg in the conformal class of g

〈F (Φ)
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉g ′,τ = 〈F (Φ− Q

2
ϕ)

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉g ,τ× (1.39)

N∏
k=1

e−∆αk
ϕ(xk )

M∏
l=1

e− 1
2∆βl

ϕ(sl ) exp

(
r +6|Q|2

96π

(∫
Σ

(|∇gϕ|2g +2Rgϕ)d vg +4
∫
∂Σ

kgϕdλg

))
.

In the above the conformal weights are given by ∆α = 〈α2 ,Q − α
2 〉. Besides, if ψ : Σ→Σ is

an orientation-preserving diffeomorphism sending the boundary to itself:

〈F (Φ)
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉ψ∗g ,τ = 〈F (Φ◦ψ)
N∏

k=1
Vαk (ψ(zk ))

M∏
l=1

Vβl (ψ(sl ))〉g ,τ. (1.40)

Remark 1.2.3. The Weyl anomaly (1.39) allows one to identify the central charge of the
theory which is equal to c = r +6|Q|2, in agreement with the sphere case [30].

Implications on the symmetry algebra The construction of the field of the
theory has in turn some consequences on the symmetry algebra of the latter: as
mentioned above these are W -algebras, Vertex Operator Algebras (VOAs) containing
the Virasoro algebra as a sub-algebra. Indeed, by construction and in view of Equa-
tion (1.36), the underlying field of boundary Toda CFT satisfies Φ(σ(z)) = τΦ(z) (where
σ is the doubling involution): this form of invariance actually lifts to the symmetry
algebra of our model. Namely we prove in Subsection 2.4.4 (see this subsection for
an introduction to the formalism of VOAs in this context, and Proposition 2.4.14 for a
more precise statement) the following:

Proposition 1.2.4. Assume that g= slnC. Then there exist currents W(si )[Ψ] of spins
si = 2, · · · ,n, such that for generic values of γ:

— the W -algebra associated to g is generated using the modes of the (W(i )[Ψ]])2≤i≤n ;
— for τ ∈ Out(R) non-trivial we have W(i )[τΨ] = (−1)i W(i )[Ψ].

We actually have a more general statement for any g. The fact that boundary Toda
CFTs satisfy such a property, which in view of Equation (1.36) synthetically takes the
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form W(i ) = (−1)i W(i ), was postulated in the sl3C case and in the conformal bootstrap
setting in [38]. In this respect our definition generalizes this feature to general g and τ

and provides a concrete, path integral and probabilistic, realization of this property.

1.2.2 Ward identities
In this subsection we specialize the analysis to the Toda CFT defined on the complex

upper half-plane H, with underlying root system A2 (or equivalently the Lie algebra
sl3C). We also specify Neumann boundary conditions for the Toda field Φ, in the sense
of Subsection 1.2.1 or Chapter 2.

Local Ward identities associated with the Virasoro algebra (or equivalently the stress-
energy tensor T) encode the local conformal symmetry enjoyed by the correlation
functions. The same kind of identities for the W -algebra play the same role regarding
the higher-spin symmetry. Thus, in the case of the A2 boundary Toda theory that we
consider here, in order to make explicit the symmetries enjoyed by the model, one
needs to work out Ward identities associated not only with conformal invariance but
also with higher-spin symmetry, both in the bulk and on the boundary. It is worth
recalling at this point that unlike the Virasoro algebra, W -algebras are not Lie algebras
and the formalism of Vertex Operator Algebras is thus necessary to make sense of this
notion. As such, the study of the symmetries enjoyed by Toda CFTs is more involved
than its counterpart in Liouville theory and relies on additional tools related, among
other things, to the representation theory of W -algebras. Actually, it was far from clear
in the Physics literature that the model we consider here has the desired symmetries
(in the sense of the Ward identities). We show in Chapter 3 that it is indeed the case.

The correlation functions of Vertex Operators are defined by considering distinct
bulk insertions (z1, · · · , zN ) ∈ HN and distinct boundary insertions (s1, · · · , sM ) ∈ RM

(here R is viewed as the boundary of H) with respective weights (α1, · · · ,αN ) and
(β1, · · · ,βM ). They formally take the form

〈
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉 := 1

Z

∫
F

N∏
k=1

e〈αk ,Φ(zk )〉 M∏
l=1

e〈βl ,Φ(sl )〉.

Computing such correlation functions is one of the main goals in the study of Toda
CFTs. In order to derive such expressions, one relies on the symmetries of the theory
which are encoded here by the W3 algebra. In the model, this W3 algebra manifests
itself via the existence of two holomorphic currents, the stress-energy tensor T associ-
ated to conformal invariance and the higher-spin current W that encodes the higher
level of symmetry. At the (Vertex Operator) algebraic level, these currents admit the
formal Laurent series expansion

T(z) = ∑
n∈Z

z−n−2Ln and W(z) = ∑
n∈Z

z−n−3Wn

where the modes (Ln ,Wm)n,m∈Z satisfy the commutation relations of the W3 algebra.
One key property of these currents is their Operator Product Expansions with Vertex

30



1 Introduction – 1.2 Content of the thesis

Operators, which are assumed to take the form:

T(z0)Vα(z) = ∆αVα(z)

(z0 − z)2
+ L−1Vα(z)

z0 − z
+ reg. (1.41)

and

W(z0)Vα(z) = w(α)Vα(z)

(z0 − z)3
+ W−1Vα(z)

(z0 − z)2
+ W−2Vα(z)

z0 − z
+ reg. (1.42)

where the W−i Vα(z) and L−i Vα(z) are the descendant fields associated to Vα while ∆α

is the conformal weight and w(α) ∈ C is called the quantum number associated to
W. When inserted within correlation functions these Operator Product Expansions
becomes local Ward identities. Let us sketch here the method that we develop in
Chapter 3 to prove such results.

1.2.2.1 Descendant fields and currents

The first step in the derivation of the Ward identities is to give a rigorous definition
of the currents T and W and of the descendants of the primary fields L−nVα(z) and
W−nVα(z). The currents have explicit expressions as polynomials in the derivatives of
the Toda field Φ, namely

T(z)[Φ] = 〈Q,∂2Φ(z)〉−〈∂Φ(z),∂Φ(z)〉; (1.43)

W(z)[Φ] = q2h2(∂3Φ(z))−2qB(∂2Φ(z),∂Φ(z))−8C (∂Φ(z),∂Φ(z),∂Φ(z)). (1.44)

Here z stands for a bulk point inside H, in which case the derivative ∂ has to be
understood as a complex (Wirtinger) derivative, or for a boundary insertion on R,
in which case the complex derivative is replaced by the usual (real) derivative. Here
the hi are particular vectors and q = γ+ 2

γ
. All the quantities appearing in the above

formulas are defined in Subsection 3.1.1.3. The expression for the stress-energy tensor
T can be recovered from its geometrical interpretation. Indeed, formally one has

〈T (z0)Vα(z)〉g ∝ δ

δg zz(z0)
〈Vα(z)〉g (1.45)

which means that the insertion of the stress-energy tensor inside a correlation is
tantamount to an infinitesimal variation of the metric around the insertion point.
This fact allows one to recover Equation (1.43), see e.g. [71] for more details. There is
no such geometrical interpretation at the time being for the higher-spin current W,
although some effort has been made in this direction (see for example [48]). Instead,
we find the defining expression (1.44) by means of a Miura transform [41]. Let us stress
that the Miura transform allows one to recover the expression (1.43) too, although it
seems less natural than the above geometrical interpretation.

By formally Taylor-expanding the field Φ in these expressions around singularities
we also deduce similar explicit formulas for the descendant fields, and thus reduce the
problem of defining all these quantities to the one of giving a meaning to correlation
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functions of the form

〈F [Φ]Vβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ

where F [Φ] is a polynomial in the derivatives of Φ evaluated at t . Here ρ stands for the
regularization of the field and δ,ε are extra regularization parameters, as pictured on
Figure 1.1.

Rε

R+ iδ

s1 t s2

z1 z2

ε

ε

µi ,1 µi ,2 µL,i µi ,3 =µi ,1µi ,2µR,i

Hδ,ε

Figure 1.1 – The domains Hδ,ε and Rε

This is achieved by using Gaussian integration by parts. Indeed, we can make sense
of the insertion of derivatives of Φ within the correlation functions by the following
lemma:

Lemma 1.2.5. With certain assumptions on the weights (αk ) and (βl ), for any t ∈
R\ {s1, · · · , sM }, p a positive integer and u ∈R2:

lim
ρ→0

〈〈u,∂pΦ(t )〉
(p −1)!

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )

〉
ρ,ε,δ

=
2N+M∑

k=1

〈u,αk〉
2(zk − t )p

〈V〉ε,δ

−
2∑

i=1

∫
Rε

〈u,γei 〉
2(x − t )p

〈Vγei (x)V〉ε,δµi (d x)+µB ,i

∫
Hδ,ε

( 〈u,γei 〉
2(x − t )p

+ 〈u,γei 〉
2(x̄ − t )p

)
〈Vγei (x)V〉ε,δd 2x.

Actually a more general recursive result allows one to make sense of the insertion
of products of derivatives also. We see that after Gaussian integration by parts the
obtained expression for the regularized correlation functions with insertion of descen-
dant fields involves integrals over the different regularized domains of Figure 1.1. The
task is now to distinguish among those different terms, the ones that converge to a
well-defined limit as the regularization parameters tend to 0, and the ones that may
diverge depending in the value of β. The descendant is then defined to be the limit of
the converging terms.

This method is reminiscent of the definition of the weak derivative of a function,
and for good reason. Indeed, we prove that the insertion of Virasoro descendants
within the correlation functions can be explicitly seen as derivatives of the correlation
function, that need to be understood in a weak sense on the boundary. The key point
here is that, following [24], we provide explicit expressions for the weak derivatives,
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which in turn allows us to generalize the method to the W -descendants, yet that do
not enjoy in general any interpretation as differential operators. We refer to Section 3.3
for details. We can now state the main results of this chapter.

1.2.2.2 Statements of the main results

Our first result is the proof of the validity of the local Ward identities both in the bulk
and on the boundary.

Theorem 1.2.6. Let t ∈R. For any n ≥ 2, in the sense of weak derivatives, the conformal
Ward identity holds:

〈L−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉

=
(

2N+M∑
k=1

−∂zk

(zk − t )n−1
+ (n −1)∆αk

(zk − t )n

)
〈Vβ(t )

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉.

Moreover, for any n ≥ 3, the higher-spin Ward identity is valid:

〈W−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉 =(
2N+M∑

k=1

−W (k)
−2

(zk − t )n−2
+ (n −2)W (k)

−1

(zk − t )n−1
− (n −1)(n −2)w(αk )

2(zk − t )n

)
〈Vβ(t )V〉

where for j = 1,2, W (k)
− j 〈Vβ(t)V〉 := 〈W− j Vαk (zk )

∏
l ̸=k Vαl (zl )〉, and W (k)

− j = W
(k−N )
− j for

k ∈ {N +1, ...,2N }.

The descendants L−nVβ and W−nVβ are defined in Section 3.3.
As a corollary of the local Ward identities and the conformal covariance of the

model, we also obtain global Ward identities, that provide linear relations between the
descendants associated with a given correlation function:

Theorem 1.2.7. For 0 ≤ n ≤ 2 and 0 ≤ m ≤ 4:(
2N+M∑

k=1
zn

k L (k)
−1 +nzn−1

k ∆αk

)
〈

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉 = 0(

2N+M∑
k=1

zm
k W (k)

−2 +mzm−1
k W (k)

−1 +
m(m −1)

2
zm−2

k w(αk )

)
〈

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉 = 0.

Global Ward identities are a key ingredient in order to obtain differential equations
for some correlation functions, as we will see in the next subsection, in that they allow
one to reduce the number of variables by expressing some descendant fields as linear
combinations of other ones.

33



1 Introduction – 1.2 Content of the thesis

1.2.3 Singular vectors and BPZ equations
The existence of Ward identities associated with the stress-energy tensor and the

higher-spin current is a general feature of a CFT model that enjoys W -symmetry
in addition to conformal invariance. They are concrete realizations, at the level of
correlation functions, of this symmetry. There are, however, additional constraints
that derive from the actual representation of the symmetry algebra that is present
within the model, and thus that are model-dependent, in contrast to Ward identities.
These additional constraints manifest themselves in the form of singular vectors, that
in turn give rise to higher equations of motion, as we will explain now.

1.2.3.1 Singular vectors and representation theory of W -algebras

It is predicted by the representation theory of the W3 algebra [46, 7, 43] that if the
weight of the Vertex Operator Vα takes some specific values, then there are non-trivial
relations between its Virasoro and W -descendants. To illustrate this suppose that
α= κω1 for some κ ∈R (here, (ω1,ω2) is the dual basis of the simple roots (e1,e2), see
Subsection 3.1.1.3). In this example, at the level of the free-field, that is, when all the
cosmological constants µB ,i and µi are identically 0 12, we have an equality of the form
ψ−1,α = 0, with

ψ−1,α :=
(

W−1 − 3w(α)

2∆α
L−1

)
Vα. (1.46)

The corresponding Vertex Operator Vα is then referred to as a semi-degenerate field.
However, this equality only holds at the level of the free-field, and is no longer valid
when we consider the full boundary sl3C Toda CFT (i.e. when some of the cosmologi-
cal constants are not 0, which means that the action contains a non-trivial interaction
term). In fact, we prove that when Vα(t) is a boundary semi-degenerate field, this
equation may no longer be true depending on the values of the cosmological constants
in a neighborhood of the insertion t ∈ R. The same picture holds for higher-order
descendants, when specifying further the weight α, and this gives rise to higher equa-
tions of motion. Let us describe here the method used to define and find the explicit
expressions of the singular vectors.

1.2.3.2 Method for defining the singular and null vectors

Definition of the singular vectors We rely on the definition of the descendant
fields performed in Chapter 3, that we generalize slightly to allow for composite
descendants. For example, we will need to make sense of L−1L−1Vα, denoted L−(1,1)Vα.
To incorporate these new objects in our setting we will simply write L−ν, where ν is
a Young diagram, see Subsection 4.1.1 for details. Heuristically, a singular vector is a

12. In this setting we have to make an additional assumption on the insertion weights called neutrality
condition.
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non-trivial linear combination of the form∑
|ν|=n

cν(α)L−νVα+
∑

|λ|=n
dλ(α)W−λVα

such that the associated multilinear form over Rl∑
|ν|=n

cν(α)Lα
−ν+

∑
|λ|=n

dλ(α)Wα
−λ

vanishes identically. This happens for very specific values of the weight α, predicted
by the representation theory of the W3 algebra. When inserted within correlation
functions such singular vectors then give rise to higher equations of motion, and under
additional assumptions to BPZ-type differential equations. Let us explain in more
details how we prove such claims.

The existence of singular vectors is predicted by the algebra and more precisely
representation theory, but their explicit form is not known in general. Here we will use
explicit expressions to construct singular vectors at the levels n = 1, 2 and 3 and that
take the form

ψn,α := W−nVα+
∑

|ν|=n
cν(α)L−νVα

where the cν(α) are explicit, and where the weight α has to be specifically chosen.
More precisely we define the singular vector within correlation functions by setting

〈ψn,α(t )V〉 := 〈W−nVα(t )V〉+ ∑
|ν|=n

cν(α)〈L−νVα(t )V〉,

where the quantities on the right-hand side are defined using the regularization proce-
dure sketched in Subsection 1.2.2.1, and developed in Chapters 3 and 4. Heuristically,
a BPZ differential equation arises when 〈ψn,α(t)V〉 = 0, which may be the case only
under certain assumptions on the cosmological constants. In the case where the
right-hand side of the previous equation is not 0, we refer to as a higher equation of
motion.

Explicit expression of the singular vectors For one of the singular vector
considered above, we know that the associated multilinear form

Wα
−n + ∑

|ν|=n
cν(α)Lα

−ν

vanishes identically, so it is tempting to write that ψn,α = 0, or put differently that ψn,α

is a null vector. This is however generically untrue since the descendants have been
defined from distinct regularization procedures. We can however deduce from this
fact that the singular vector is described using the remainder terms coming from the
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definition of the different descendants involved:

ψn,α =− lim
δ,ε,ρ→0

(
W̃−n;δ,ε,ρ(α)+ ∑

|ν|=n
cν(α)L̃−ν;δ,ε,ρ(α)

)
.

It is a priori far from obvious that these remainder terms admit a well-defined limit.
And in fact individually these terms are divergent. There are however cancellations
occurring that make the latter converge, the corresponding limit being not zero but
rather given by another correlation function, that is defined from the first one (with
possibly additional descendant fields) but with the weight associated to Vα(t ) being
changed. Put differently this means that the singular vector is actually not a null vector
but is proportional to a primary or a descendant field.

We are now in position to state the main results of this chapter.

1.2.3.3 Statements of the main results

Singular vectors and higher equations of motion We first describe the singular
vectors at level 1. To this end we let t ∈ R and set for i = 1,2, µL,i := µi (t−) and
µR,i :=µi (t+). Then we prove the following.

Theorem 1.2.8. Assume that β= κω1 for κ< q. Then for t ∈R

ψ−1,β(t ) = 2(q −κ)(µL,2 −µR,2)Vβ+γe2 (t )

in the sense that for any (β,α) ∈AN ,M+1 and distinct insertions (z1, · · · , zN , t , s1, · · · , sM )

〈ψ−1,β(t )V〉 = 2(q −κ)(µL,2 −µR,2)〈Vβ+γe2 (t )V〉. (1.47)

Here the left-hand side is defined by setting, in agreement with Equation (1.46)

〈ψ−1,β(t )V〉 := 〈W−1Vβ(t )V〉− 3w(α)

2∆α
〈L−1Vβ(t )V〉 (1.48)

where we have used the shorthand V =∏N
k=1 Vαk (zk )

∏M
l=1 Vβl (sl ).

As explained before, a semi-degenerate field is defined by making the assumption
that its weight α is of the form α = κω1 for some κ ∈ R. If κ is no longer generic
but takes some specific values, namely κ ∈ {−γ,− 2

γ }, then it gives rise to a so-called
fully-degenerate field, in which case there are two additional singular vectors in the
free-field theory:

ψ−2,χ :=
(

W−2 + 4

χ
L−(1,1) + 4χ

3
L−2

)
Vα and

ψ−3,χ :=
(

W−3 +
(
χ

3
+ 2

χ

)
L−3 − 4

χ
L−(1,2) − 8

χ3
L−(1,1,1)

)
Vα.

(1.49)

Here the notation L−(1,1)Vα refers to the second-order descendant L−1L−1Vα, and
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likewise for L(−1,2) and L(−1,1,1). Like before in the sl3C boundary Toda CFT, and in
opposition to the bulk theory, these will generically not be null vectors and as such
will give rise to higher equations of motion, which take the following form:

Theorem 1.2.9. Assume that β = −χω1 with χ ∈ {γ, 2
γ

}. Then the singular vectors at
level two take the form (in the sense of Theorem 1.2.8)

ψ−2, 2
γ
= 2γ(µL,2 −µR,2)D−1, 2

γ
Vβ+γe2 +2

(
2

γ
−γ

)(
µL,1 +µR,1

)
Vβ+γe1 ,

ψ−2,γ = 4

γ
(µR,2 −µL,2)D−1,γVβ+γe2 +2γcγ(µ)Vβ+2γe1 for γ ̸= 1,

(1.50)

where D−1,χ is of the form aŁ−1 +bW−1, cγ(µ) = 0 for γ> 1 and for γ< 1:

cγ(µ) :=
(
µ2

L,1 +µ2
R,1 −2µL,1µR,1 cos

(
π
γ2

2

)
−µB ,1 sin

(
π
γ2

2

)) Γ(
γ2

2

)
Γ

(
1−γ2

)
Γ

(
1− γ2

2

) · (1.51)

As for the singular vectors at the level three, under the additional assumption that
µL,2 −µR,2 = 0, we can find a,b for which D̃−1,χ := aŁ−1 +bW−1 is such that

ψ−3,χ = D̃−1,χψ−2,χ. (1.52)

We refer to Theorems 4.2.8 and 4.3.4 for more precise statements and explicit ex-
pressions for the descendant fields involved.

Differential equations for the correlation functions The derivation of higher
equations of motion at level up to three is a consequence of the existence of singular
vectors in the theory. Thanks to the explicit expressions of these singular vectors, we
see that it is possible to choose the cosmological constants in such a way that these
are zero: this leads to the existence of BPZ-type differential equations satisfied by the
correlation functions as we now explain.

Let us consider a correlation function that contains a fully-degenerate field Vβ

with β=−χω1, χ ∈ {γ, 2
γ }. We make the additional assumption that the cosmological

constants satisfy:

µL,2 =µR,2, µL,1 =−µR,1 for χ= 2

γ
, while for χ= γ :

µL,2 =µR,2, µ2
L,1 +µ2

R,1 −2µL,1µR,1 cos

(
πγ2

2

)
=µB ,1 sin

(
πγ2

2

)
.

(1.53)

Then we see that all the singular vectors are actually null vectors:

ψ−1,β =ψ−2,β =ψ−3,β = 0.

This allows to get three identities and express these descendants in terms of derivatives
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of the correlation functions. Namely we have the following:

Proposition 1.2.10. Assume that β = −χω1 where χ ∈ {γ, 2
γ } and with the boundary

cosmological constants satisfying the assumptions (1.53). Then for (β,α) ∈AN ,M+1:

〈W−1Vβ(t )V〉 = 3w(β)

2∆β
∂t 〈Vβ(t )V〉; (1.54)

〈W−2Vβ(t )V〉 =−
(

4

χ
∂2

t +
4χ

3
L −2

)
〈Vβ(t )V〉; (1.55)

〈W−3Vβ(t )V〉 =
(

8

χ3
∂3

t +
4

χ
∂tL −2 −

(
χ

3
+ 2

χ

)
L −3

)
〈Vβ(t )V〉. (1.56)

In particular and in agreement with 1.2.6, under these assumptions we have(
2N+M∑

k=1

W (k)
−2

t − zk
+ W (k)

−1

(t − zk )2
+ w(αk )

(t − zk )3

)
〈Vβ(t )V〉

=
(

8

χ3
∂3

t +
4

χ
∂tL −2 −

(
χ

3
+ 2

χ

)
L −3

)
〈Vβ(t )V〉.

(1.57)

Based on these identities let us now consider the general form of Equation (1.57).
Then we see that there are 4N +2M W -descendants involved in this expression (the
left-hand side), the rest being differential operators acting on the correlation func-
tions. Now the global Ward identities for the higher-spin current from Theorem 1.2.7
allow one to describe five identities between these 4N +2M descendants and the 2
associated to the degenerate insertion Vβ. This allows one to reduce the number of
W -descendants that appear in Equation (1.57) to 4N +2M−5 plus the ones associated
to Vβ. Now, we already know that the descendants associated to Vβ are expressible in
terms of differential operators. As a consequence the total number of unknowns in
Equation (1.57) can be brought down to 4N +2M −5.

This can be done by assuming some of the other insertions to be given by semi-
degenerate fields: a bulk semi-degenerate field brings about two additional constraints
while a boundary semi-degenerate field yields one constraint. As a consequence we
see that in order to have no W -descendants left we must be in one of the following
cases:

— two generic and one semi-degenerate boundary fields correlation function;
— one generic bulk and one semi-degenerate boundary fields correlation function;
— one semi-degenerate bulk and one generic boundary fields correlation function.

Our last result consists in obtaining, in the first two cases 13, a differential equation by
inserting a boundary fully-degenerate field inside the correlation function.

Theorem 1.2.11. Take t ∈ R and β⃝⋆ := −χω1 with χ ∈ {γ, 2
γ } and assume that Equa-

tion (1.53) holds. Likewise for a boundary semi-degenerate field Vβ∗(s) with β∗ = κω2

13. Although we did not perform the computations in the last case, the method is exactly the same
and one should be able to obtain a similar equation in this case too.
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we assume that
µ1(s−) =µ1(s+).

Then we have the following BPZ-type differential equations:
— Bulk-boundary correlator: take α ∈R2 such that (α,β∗,β⃝⋆) ∈A1,2. Then:

〈Vα(i)Vβ∗(+∞)Vβ⃝⋆ (t )〉 = |t − i|−〈β,α〉H (u(t ))

where u(t ) := 1
1+t 2 and H is a solution of a differential hypergeometric equation:[

u (A1 +u∂) (A2 +u∂) (A3 +u∂)− (B1 −1+u∂) (B2 −1+u∂)u∂
]
H (u) = 0.

(1.58)

Here the quantities involved are given by

Ai := χ

4
〈h1,2α+β∗+β

⃝⋆−2Q〉+ χ

2
〈h1 −hi ,Q −α〉,

B1 := 1

2
, B2 := 1+ χ

4
〈e2,β∗−2Q〉.

— Three-point boundary correlation function: take β1,β2 ∈ R2 in such a way that
(β1,β2,β∗,β⃝⋆) ∈A0,3. Then:

〈Vβ1 (0)Vβ∗(1)Vβ2 (+∞)Vβ∗(t )〉 = |t |χ2 〈ω1,β1〉 |t −1|χ2 〈ω1,β2〉H (t )

with H is a solution of a differential hypergeometric equation:[
t (A1 + t∂) (A2 + t∂) (A3 + t∂)− (B1 −1+ t∂) (B2 −1+ t∂) t∂

]
H (t ) = 0 (1.59)

and where the coefficients that appear are given by

Ai := χ

2
〈h1,β1 +β2 +β3 +β∗−2Q〉+ χ

2
〈hi −h1,β1 −Q〉,

Bi := 1+ χ

2
〈h1 −hi ,β2 −Q〉.

A proof of this result is found in Section 4.4.
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2.1 Introduction
In this chapter we present a construction of Toda CFTs on general, compact con-

nected hyperbolic Riemann surfaces, with or without boundaries. We also prove that
these models satisfy the basic axioms of CFT, that are the conformal (Weyl) anomaly
and the invariance under diffeomorphisms. In the presence of a boundary, we investi-
gate the different boundary conditions for the field of the theory and discuss in each
case the algebra of symmetry of the model.

An introduction to this Chapter as well as a presentation of the main results that it
contains is found in Section 1.2.1. The content of this Chapter is taken from the article
[28], co-authored with B. Cerclé.

2.2 Background and notations
This thesis deals with Toda Conformal Field Theory on Riemann surfaces with or

without boundary. Our first goal is to give a precise probabilistic meaning to a certain
class of these models, defined in the Physics through the path integral approach. As
already mentioned in the Introduction, the path integral of Toda theories is a formal
measure

µT (Dgφ) = e−S(φ,g )Dgφ (2.1)

on a certain space F of functions defined on a Riemann surface Σ (equipped with a
Riemannian metric g ) and with values in a particular Euclidean space a, with Dgφ

denoting the formal “Lebesgue" measure on F and with the action functional S given
by

S(φ, g ) = 1

4π

∫
Σ

(∣∣∇gφ
∣∣2

g +Rg 〈Q,φ〉+
r∑

i=1
µB ,i e〈γei ,φ〉

)
d vg

+ 1

2π

∫
∂Σ

(
kg 〈Q,φ〉+

dN∑
j=1

e〈 γ f j
2 ,φ〉

)
µ(dλg ).

(2.2)

Equivalently, giving a sense to the measure (2.1) amounts to defining the quantities

〈F (Φ)〉Σ,g := 1

Z

∫
F

F (φ)µT (Dgφ) (2.3)

for suitable functionals F on F , where Z stands for a normalizing factor.
A certain amount of apparently disconnected mathematical background is needed

in order to give a rigorous and suitable sense to the action S and to the measure µT .
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The goal of this section is to give a gentle introduction to these notions, and to fix the
notations that will be used throughout the document, while keeping the construction
of the integral (2.3) as the guiding thread.

There are objects of two different nature showing up in the action (2.2): some
depend on the geometry of the underlying surface (the “base space" of our field),
while some are related to a Lie algebra structure (the “target space"). Let us start with
the basic geometrical aspects.

2.2.1 Compact Riemann surfaces, Laplacians and Green’s
functions

2.2.1.1 Compact Riemann surfaces

A Riemann surface can be defined as a connected two-dimensional real manifold
endowed with a conformal structure, i.e. an equivalence class of Riemannian metrics.
Let Σ denote such a surface, with a possibly non-empty boundary ∂Σ. We denote
respectively by g (Σ) and k(Σ) its genus and the number of connected components
of its boundary. The Euler characteristic of the surface Σ is a classifying topological
invariant that is defined by

χ(Σ) = 2(1−g (Σ))−k(Σ) ≤ 2.

Compact Riemann surfaces are classified in three categories depending on their Euler
characteristic, they can be either:

— Elliptic, that is such that χ(Σ) > 0. The only elliptic Riemann surface is the sphere,
up to biholomorphism.

— Parabolic, i.e. with χ(Σ) = 0. The only parabolic surfaces are the cylinder and the
tori.

— Hyperbolic. These are all the other Riemann surfaces, i.e. those with negative
Euler characteristic.

Suppose that the compact Riemann surface Σ is equipped with a smooth Riemannian
metric g 1. There are two curvature terms appearing in the Toda action (2.2). One
involves the Ricci scalar curvature Rg , that equals twice the Gauss’ curvature, and
can be defined in this 2-dimensional setting by Rg = −∆g ln

√
det g . The other one

depends on the geodesic curvature along the boundary kg . Both are related by the
celebrated Gauss-Bonnet theorem:∫

Σ
Rg d vg +2

∫
∂Σ

kg dλg = 4πχ(Σ). (2.4)

Here and after we denote by d vg the volume form on Σ and by dλg the induced
measure on the boundary ∂Σ. In particular this result shows that the curvature of a

1. In what follows, unless explicitly stated, the surfaces under consideration will always be connected
and compact, as well as the metrics will always be smooth, even if we forget to mention it.
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metric is constrained by the topology of the surface, and we will make this precise
now.

2.2.1.2 Uniform metrics

We say that two metrics g and g ′ are conformally equivalent if there exists a smooth
function ϕ on Σ such that g ′ = eϕg , and we denote by [g ] the set of all the metrics that
are conformally equivalent to g . The Ricci scalar and the geodesic curvature behave
explicitly under a conformal change of metric, namely

Rg ′ = e−ϕ(Rg −∆gϕ) ; kg ′ = e−ϕ/2(kg + 1

2
∂n⃗g ϕ). (2.5)

Here ∆g is the Laplacian (Laplace-Beltrami operator) in the metric g , and ∂n⃗g is the
outer normal derivative (Neumann operator), i.e. ∂n⃗g = (∇g , n⃗)g where ∇g is the
gradient and n⃗ the outgoing normal vector. For a compact Riemann surface without
boundary, equipped with a smooth metric g , the uniformization theorem entails
that there exists a smooth metric in the conformal class [g ] associated to which the
Ricci scalar curvature is constant. This metric is called uniform. This constant can be
chosen to be equal to −2 for hyperbolic surfaces (the uniform metric is thus hyperbolic
itself), to 0 for parabolic surfaces (such metrics are called flat) and to 2 for elliptic
ones. A similar result holds for surfaces with boundary. Namely, on a surface with
boundary equipped with a smooth metric g , one can always find:

— A metric g1 ∈ [g ] such that Rg1 is constant and kg1 = 0 on ∂Σ. The boundary of Σ
is then a geodesic. Such a metric is called uniform metric of type 1, and is unique
up to scaling and isometry (as in the closed case).

— A metric g2 ∈ [g ] which is flat and such that kg2 is constant, called uniform metric
of type 2, also unique up to scaling and isometry.

This result is proven in the article [72], to which we refer for additional details. Again,
the Gauss-Bonnet theorem forces a uniform type 1 metric on a hyperbolic surface to
be itself hyperbolic, i.e. with constant negative curvature, etc. We now describe the
doubling of a smooth Riemann surface with boundary.

2.2.1.3 Doubling Riemann surfaces with boundary

Suppose that Σ is a hyperbolic surface with a non-empty boundary and that it is
equipped with a uniform type 1 metric. By the Gauss-Bonnet theorem, the metric g
on Σ is hyperbolic — that is, its scalar curvature Rg is a negative constant. We now
construct a closed surface Σ̂ by gluing Σ to a copy of itself along the boundary. More
precisely, define

Σ̂=Σ◦∪∂Σ∪σ(Σ◦),

where the union is disjoint, and where σ is an involution (i.e., σ◦σ= Id) that fixes the
boundary (σ|∂Σ = Id) and that sends Σ onto its mirror copy. Intuitively, this amounts
to reflecting Σ across its boundary. Now we have the following.

43



2 Toda theories on general Riemann surfaces – 2.2 Background and notations

Lemma 2.2.1. The metric g on Σ extends to a smooth metric ĝ on the closed surface Σ̂.

Proof. We define the metric on σ(Σ) as the pullback σ∗g , so that both Σ and σ(Σ)
are equipped with isometric hyperbolic metrics. Since the boundaries of Σ and σ(Σ)
correspond under σ and have equal length (being geodesics), the two metrics match
along the boundary. Thus, we obtain a metric ĝ on all of Σ̂, defined to agree with g on
Σ and with σ∗g on σ(Σ). Further, the resulting metric ĝ is smooth on Σ̂ except possibly
at the boundary ∂Σ, which now lies in the interior of Σ̂. Now, since g is hyperbolic,
each point x ∈ ∂Σ has a neighborhood isometric to a geodesic ball B ĝ (x,ε) ⊂ Σ̂ that is
isometric to a ball BgH

(i ,ε) in the upper half-plane model H of the hyperbolic plane.
Under this isometry, the portion of the ball in Σ maps to the right of the imaginary axis,
and the portion in σ(Σ) maps to the left. This identification provides a local complex
coordinate z near x, with respect to which the metric takes the standard hyperbolic
form:

ĝ = gH = |d z|2
Im(z)2

.

This shows that ĝ is smooth near ∂Σ as well, and hence smooth on all of Σ̂.

This being established, we will often refer to the extended metric ĝ in the same way
as the original metric g , if there is no ambiguity.

2.2.1.4 Green’s functions

In this chapter we will be interested in three different PDE problems on a compact
Riemann surface equipped with a smooth Riemannian metric g . If the boundary of
the surface is empty then we will be interested in what we call the closed Poisson
problem, while if the boundary is non-empty we have to specify boundary conditions,
that will be either of Neumann or Dirichlet type. In this section we define the Green’s
functions associated with these problems and state some useful properties. Recall
that ∆g denotes the (negative) Laplacian in the metric g .

Suppose first that ∂Σ = ;. The Green’s function of the closed Poisson problem
on (Σ, g ) is defined as the solution (see e.g. [51] for more details) Gg of the weak
formulated problem 2{

−∆g Gg (·, y) = 2π(δy − 1
vg (Σ) ) in Σ

mg (Gg (·, y)) = 0 for all y ∈Σ
(2.6)

where δ is the Dirac delta function and mg ( f ) is the average of f over Σ, with respect
to the metric g : mg ( f ) := vg (Σ)−1

∫
Σ f d vg . As it is defined Gg is a priori a Schwartz

distribution on Σ×Σ, but we can see it as the integral kernel of a smoothing operator
from L2

0(Σ), the space of square-integrable functions with vanishing mean on Σ, to
H 2(Σ) the second-order L2-Sobolev space on Σ, through the natural L2-pairing. In

2. The factor 2π in the equation is cosmetic and added in order to lighten the notations in the
sequel.
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addition, for any function f smooth over Σ̄ :=Σ∪∂Σ,

−
∫
Σ

Gg (x, ·)∆g f d vg = 2π( f (x)−mg ( f )). (2.7)

Further, Gg is symmetric. As we will see below (Lemma 2.2.3), Gg is actually a smooth
function away from the diagonal, with logarithmic singularity on the diagonal. Finally,
if g ′ is in the conformal class of the metric g then the function Gg ′ defined for x ̸= y ∈Σ

by 3

Gg ′(x, y) :=Gg (x, y)−mg ′(Gg (x, ·))−mg ′(Gg (·, y))+mg ′(Gg ) where (2.8)

mg ′(Gg ) := 1

vg ′(Σ)2

Ï
Σ×Σ

Gg (x, y)d vg ′(x)d vg ′(y)

solves the problem (2.6) in the metric g ′.
We now turn to the case where ∂Σ ̸= ;. The Neumann and Dirichlet Green’s func-

tions are defined respectively as the solutions of
−∆g G N

g (·, y) = 2π(δy − 1
vg (Σ) ) in Σ

∂n⃗g G N
g (x, y) = 0 for x ∈ ∂Σ and for all y ∈Σ

mg (G N
g (·, y)) = 0 for all y ∈Σ

(2.9)

where recall that ∂n⃗g is defined with respect to the outward normal vector n⃗g , and{ −∆g GD
g (·, y) = 2πδy in Σ

GD
g (x, y) = 0 for x ∈ ∂Σ and for all y ∈Σ.

(2.10)

In the same way as in the closed case we see the Neumann and Dirichlet Green’s
functions as integral kernels of operators from an L2 space to a second order Sobolev
space on Σ. As such, for any f smooth over Σ̄=Σ∪∂Σ, the Neumann Green’s function
satisfies: ∫

∂Σ
G N

g (x, ·)∂n⃗g f dλg −
∫
Σ

G N
g (x, ·)∆g f d vg = 2π( f (x)−mg ( f )) (2.11)

while the Dirichlet Green’s function satisfies (2.7). Both also enjoy the same change of
metric formula (2.8) as the closed Green’s function Gg .

We now provide a relation between the closed Green’s function and the boundary
ones, using the doubling of surface described in the previous subsection.

Lemma 2.2.2. Let Σ be a compact surface of hyperbolic type with boundary ∂Σ ̸= ;,
equipped with a uniform type 1 metric g . Let Σ̂ be the doubled surface equipped with
the smooth hyperbolic metric ĝ and σ be the canonical involution. Then for x, y ∈Σ we
have

G N
g (x, y) =G ĝ (x, y)+G ĝ (x,σ(y)) (2.12)

3. In fact this defines Gg ′ in the sense of integral kernels on the full Σ×Σ.
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and
GD

g (x, y) =G ĝ (x, y)−G ĝ (x,σ(y)). (2.13)

Proof. We first have to show that the right-hand side of (2.12) is a solution to the
problem (2.9). We compute the Laplacian in the variable x:

− 1

2π
∆g (G ĝ (x, y)+G ĝ (x,σ(y))) = δy (x)− 1

v ĝ (Σ̂)
+δσ(y)(x)− 1

v ĝ (Σ̂)
= δy (x)− 1

vg (Σ)
.

Then we investigate the outer normal derivative along ∂Σ. Since it holds that G ĝ (x, y) =
G ĝ (σ(x),σ(y)), then for x ∈ ∂Σ and y ∈Σ

∂n⃗g (G ĝ (x, y)+G ĝ (x,σ(y))) = ∂n⃗g G ĝ (x, y)−∂n⃗g G ĝ (x, y) = 0 and likewise∫
Σ

(G ĝ (x, y)+G ĝ (x,σ(y)))d vg (y) =
∫
Σ̂

G ĝ (x, y)d v ĝ (y) = 0.

Combining these properties with the symmetry of the Green’s functions implies the
result. The proof of (2.13) is immediate once one recalls that σ= Id on the boundary
of Σ.

Eventually we recall here some estimates from [51] on the Green’s function G , which
show that it has a logarithmic divergence on the diagonal:

Lemma 2.2.3. On a compact surface Σ without boundary equipped with a hyperbolic
metric g0, the Green’s function Gg0 can be written when x and y are closed to each other
as

Gg0 (x, y) = log
1

dg0 (x, y)
+ fg0 (x, y) (2.14)

with fg0 a smooth function on Σ2. Moreover, for any x0 in Σ there are coordinates

z ∈ B(0,1) ⊂C such that g0 = 4|d z|2
(1−|z|2)2 and

Gg0 (z, z ′) = log
1

|z − z ′| +F (z, z ′) (2.15)

near x0, with F smooth. Finally, if g is another metric in the conformal class of the hy-
perbolic metric g0, then the estimate (2.14) holds near the diagonal with fg continuous.

This logarithmic divergence allows to make sense of the Gaussian Multiplicative
Chaos measures associated to the Gaussian Field with covariance kernel Gg in subse-
quent sections.

2.2.1.5 Regularized determinants

When dealing with Gaussian measures on finite-dimensional spaces, one has
to compute determinants of the inverse of covariance matrices. In the infinite-
dimensional setting, we will see that the natural candidate to generalize this picture is
the Gaussian Free Field, whose covariance structure is given by the Green’s function,
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so that one is naturally led to consider determinants of Laplacians. In order to define
the determinant of the Laplacian on a compact and connected Riemann surface Σ

one needs a regularization procedure. To this aim the classical method is to introduce
the spectral ζ-function

ζ(s) = ∑
λ>0

λ−s

where the λ’s are the eigenvalues of the (positive) Laplacian 4. On a compact surface,
the spectrum of the positive Laplacian is discrete and forms an increasing sequence
0 ≤ λ0 < λ1 ≤ ... →∞, with λ0 = 0 for the closed and the Neumann Laplacian, and
λ0 > 0 for the Dirichlet Laplacian. The asymptotics of the eigenvalues are given by
the Weyl’s law (see e.g. [61]), which allows one to prove that the spectral ζ-function
converges for Re(s) positive enough, and admits a meromorphic continuation to
Re(s) >−1 that is regular at 0 (see [72]). We then define the regularized determinant as

det′(−∆g ) = e−ζ′(0)

and simply write det for the Dirichlet Laplacian since the full spectrum is involved in
the determinant. The Polyakov-Alvarez formula gives the behavior of the determinant
under a conformal change of metric, and will be very useful to compute the conformal
anomaly of Toda correlation functions. The formula was originally derived in the
closed case by Polyakov [78, 79] and refined in the boundary case by Alvarez [3] (see
also [69]). We state it as a lemma, and refer to e.g. [72] for a concise exposition of this
kind of results.

Lemma 2.2.4. Let g ′ = eϕg be a smooth Riemannian metric in the conformal class of g .
Then we have the following relation between determinants of the Laplacians associated
with g and g ′:

log
det

(−∆g ′
)

det
(−∆g

) =− 1

48π

(∫
Σ

(|∇gϕ|2g +2Rgϕ)d vg +4
∫
∂Σ

kgϕdλg

)
± 1

8π

∫
∂Σ

∂n⃗g ϕdλg

(2.16)
where det

(−∆g
)

:= det′(−∆g )/vg (Σ) for the closed Laplacian and the Neumann Lapla-
cian. The sign of the corrective term is positive in case of Neumann boundary conditions
and negative in case of Dirichlet boundary conditions. 5

We will also consider the regularized determinant det′
(− 1

2π∆g
)

to define the par-
tition function of the Gaussian Free Field. According to the previous discussion we
have

det′
(
− 1

2π
∆g

)
= (2π)−ζ0 det′

(−∆g
)

(2.17)

4. So for us, −∆g on closed surfaces, and −∆g with Neumann or Dirichlet conditions on surfaces
with boundary, which we will denote later −∆N

g and −∆D
g .

5. Our convention for the conformal factor differs from the standard convention by a factor 2,
i.e. ϕ= 2ω where ω stands for the usual conformal factor, which explains that the formula is slightly
different.
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where ζ0 is independent of the metric g and given by ζ0 = χ(Σ)
6 −1 for a closed sur-

face and in the Neumann case while in the Dirichlet case the determinants are not
truncated and ζ0 = χ(Σ)

6 . Note that in the closed case ζ0 = ζ(0). The above identity can
be recovered using Lemma 2.2.4 by taking ϕ= ln2π together with the Gauss-Bonnet
formula (2.4). So far we have introduced all the geometric objects that we need in
order to make sense of the action (2.2) and the measure (2.1). Let us now turn to the
Lie algebra aspects.

2.2.2 Finite-dimensional complex simple Lie algebras
The definition of Toda CFTs relies on a Lie algebra structure. We gather in this

section some classical facts about finite-dimensional complex simple Lie algebras,
and introduce the notations that will be used throughout the document. Additional
details can be found e.g. in the textbook [60].

2.2.2.1 Basic facts

In virtue of the Cartan-Killing classification, every finite-dimensional complex sim-
ple Lie algebra is isomorphic to either one of the following family of classical Lie
algebras: An for n ≥ 1 (corresponding to sln+1C), Bn for n ≥ 2 (corresponding to
so2n+1C), Cn for n ≥ 3 (corresponding to sp2nC) and Dn for n ≥ 4 (corresponding to
so2nC), or one of the five exceptional simple Lie algebras: E6, E7, E8, F4 and G2. For
any finite-dimensional complex simple Lie algebra g there is a natural Euclidean space
a that is such that the Cartan subalgebra of g decomposes as a+ ia (this space a is the
real Cartan subalgebra of the split real form of g). To this Euclidean space is attached
a scalar product 〈·, ·〉 which is proportional to the Killing form of g restricted to a.
The Euclidean space (a,〈·, ·〉) is unique up to isomorphism and can be realized as Rr

equipped with its standard scalar product, where r is the rank of g.
The so-called simple roots (ei )i=1,...,r form a particular basis of a; this basis is such

that 〈e∨
i ,e j 〉 = Ai , j where A is the Cartan matrix of g (see also the next subsection) and

e∨
i := 2 ei

〈ei ,ei 〉 is the coroot of ei . In the sequel we will assume that the scalar product is
renormalized in such a way that the longest simple root has squared length 2, which is
a standard assumption. The dual basis of (e∨

i )1≤i≤r is given by (ωi )1≤i≤r where the

ωi :=
r∑

j=1
(A−1) j ,i e j for i = 1, · · · ,r

are called the fundamental weights. They verify 〈e∨
i ,ω j 〉 = δi j . Another important

object is the Weyl vector, defined by ρ =∑r
i=1ωi , which is such that 〈ρ,e∨

i 〉 = 1 for all i .
We also define the Weyl vector associated to the coroots by ρ∨ =∑r

i=1ω
∨
i where ω∨

i is
defined so that 〈ω∨

i ,e j 〉 = δi j for i = 1, ...r .
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2.2.2.2 The outer automorphism group

The notion of outer automorphism [60, Section 12.2] naturally arises when dis-
cussing the admissible boundary conditions of the theory, as discussed in the intro-
duction. It is convenient to define these transformation to introduce the notion of
root system.

Definition 2.2.5. Given a Euclidean space (V , (·, ·)), a root system associated to V is
defined as a finite subset R of V \ {0} such that

(i) the elements of R span V ,

(ii) R∩Rα= {α,−α} for all α ∈R,

(iii) sαR =R for all α ∈R.

(2.18)

The simple roots (ei )1≤i≤r , then form a basis of V such that any α ∈R can be written
as a linear combination

α=
r∑

i=1
λi ei where the λi have same sign.

A root for which the λi are all non-negative is called a positive root: their set is denoted
R+.

Let g be a finite-dimensional complex simple Lie algebra. We denote R a root
system associated to (a,〈·, ·〉) (such a root system characterizes the Lie algebra g up
to isomorphism). The automorphism group of R is a semi-direct product Aut(R) =
Out(R)⋉W (g), where elements of Out(R) are called outer automorphisms and cor-
respond to Dynkin diagram automorphisms 6, while W (g) is the Weyl group of g, i.e.
automorphisms of R induced by inner automorphisms of g (generated by elements of
the form Ad(g ) where g lies in a Lie group with Lie algebra g and Ad is the adjoint map).
Standard results [60, Section 12.2] then show that for a root system associated with a
finite-dimensional complex simple Lie algebra g the outer automorphism group is
either: trivial, this is the case for A1, Bn , Cn , E7, E8, F4 and G2, or isomorphic to the
cyclic group of order two in all the other cases, except for D4 where the outer automor-
phism group is isomorphic to the group of permutations on three elements (thus of
order 6). In all cases an element τ in O(R) is an isometry of a, i.e. 〈u, v〉 = 〈τ(u),τ(v)〉
for any u, v ∈ a.

As an example, for the Lie algebra An (sln+1C) the non-trivial automorphism τ

is given by ei 7→ en+1−i , so that for A2 it swaps the two simple roots: if u = u1e1 +
u2e2 ∈ a, then τ(u) = u2e1 +u1e2. In general the outer automorphisms are particular
permutations of the simple roots.

6. For simple complex Lie algebras, the Dynkyn diagrams are those of the same types
A,B ,C ,D,E ,F,G as in the Cartan-Killing classification.
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2.2.2.3 Folding of root systems

Given τ in Out(R) let us denote by aN ⊆ a the corresponding invariant subspace
and by dN its dimension. There is a natural root system in aN defined by considering,
with the (O j )1≤ j≤dN being the orbits of τ (viewed as acting on {1, · · · ,r }):

f j := 1∣∣O j
∣∣ ∑

i∈O j

ei for 1 ≤ j ≤ dN (2.19)

Indeed one can check that 〈 f ∨
i , f j 〉 = Aτ

i , j where Aτ is the Cartan matrix of the complex

simple Lie algebra gτ which is the folding of g. As a consequence ( f j )1≤ j≤dN can be
viewed as simple roots for the folded root system Rτ of gτ, with the length of the
longest root being now given by some κ. The table below describes this folding in all
non-trivial cases.

Root system R Order of τ ∈ Out(R) Invariant sub-root system Dimension of aN κ2

A2n 2 Bn n 1
A2n−1 2 Cn n 2

Dn ,n ≥ 4 2 Bn−1 n −1 2
D4 3 G2 2 2
E6 2 F4 4 2

For outer automorphisms of order two the f j ’s are of the form f j = ei +τ(ei ) or f j =
ei+τ(ei )

2 , so that aN = Span(v +τ(v), v ∈ a). Moreover such automorphisms are self-
adjoint with respect to the scalar product on a, which allows to decompose the space
a as the orthogonal sum a = aN

⊕
aD where aD = Span(v −τ(v), v ∈ a). For the two

3-cycles of Out(D4), a = aN
⊕

aD with aN = Span
(
v +τ(v)+τ2(v), v ∈ a) and aD =

Span(v −τ(v), v −τ2(v), v ∈ a).
It is important to note that in all non-trivial cases the Weyl vector ρ belongs to the

invariant subspace aN : this is due to the fact that for simply-laced Lie algebras it is
characterized by 〈ρ,ei 〉 = 1 for all 1 ≤ i ≤ r , a condition which is preserved by the
action of an outer automorphism. Hence the background charge Q = γρ+ 2

γ
ρ∨ always

belongs to aN .
Hereafter for notational simplicity the outer automorphism under consideration will

often be denoted by a star ·∗. Likewise we will denote by pN (resp. pD ) the orthogonal
projection on aN (resp. aD ). We also set for τ non-trivial

Qτ := γρτ+ 2

γ
ρ∨
τ (2.20)

where ρτ and ρ∨
τ are respectively the Weyl and co-Weyl vector of the folded Lie algebra

gτ, defined uniquely by the property that ρτ ∈ aN with, for all 1 ≤ j ≤ dN ,

〈ρτ, f j 〉 =
∥∥ f j

∥∥2

2
and 〈ρ∨

τ , f j 〉 = 1.
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Eventually we introduce the notation Iτ :=
{

j ∈ {1, · · · ,dN },
∥∥ f j

∥∥2 = 2
}

.

2.2.2.4 Semi-simple Lie algebras

Any finite-dimensional complex semi-simple Lie algebra g decomposes as a direct
sum g=⊕p

k=1gk where the gk ’s are finite-dimensional complex simple Lie algebras.
As pointed out in [30, Remark 1.2], if g = g1 ⊕g2 is a direct sum of semi-simple Lie
algebras then the Toda correlation functions factorize as 〈V〉g = 〈V〉g1〈V〉g2 (and the
Weyl anomaly thus shows that the central charges add up, see Remark 1.2.3). This
allows one to reduce the study of Toda theories for semi-simple Lie algebras to those
with respect to simple Lie algebras. We thus work with g simple in the sequel.

2.3 Toda theories on closed Riemann surfaces
In this section, we propose a mathematical construction of Toda CFTs based on

a compact hyperbolic Riemann surface without boundary, and associated to any
complex simple Lie algebra g. For this purpose we rely on a probabilistic framework
based on Gaussian Free Fields (GFFs hereafter) and Gaussian Multiplicative Chaos
(GMC in the sequel). Throughout this section, Σ will denote a connected compact
Riemann surface without boundary, assumed to be of hyperbolic type in the sense
that χ(Σ) < 0. We equip Σ with a smooth Riemannian metric g .

2.3.1 Gaussian Free Field
The action functional entering the path integral definition of Toda CFTs (1.24) is

made of several terms. Our first goal is to interpret the quadratic component, that is,
to make sense of ∫

F (φ)e− 1
4π

∫
Σ |∇gφ|2g d vg Dgφ (2.21)

where in the above the gradient ∇g acts component by component on functions from
Σ to a. This is achieved by the introduction of the vectorial Gaussian Free Field (GFF
hereafter). Indeed, the formal integral (2.21) can be written as∫

F (φ)e− 1
2

∫
Σ〈φ,− 1

2π∆gφ〉g d vg Dgφ (2.22)

where, again, the Laplacian acts independently on the r components of φ. Equa-
tion (2.22) describes (formally) the law of a Gaussian field with values in a, mean 0
and positive definite covariance kernel (− 1

2π∆g )−1. There is one subtlety here in that
this observation is valid only on the orthogonal of the kernel of the Laplacian, so
that the above Gaussian field would be defined only on this subspace. We will come
back to this issue later. The inverse of the one-dimensional Laplacian (outside of its
kernel) is given in the sense of integral kernels by the Green’s function, and since the
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r -dimensional Laplacian in (2.22) acts independently on the r components of the
field, it is natural to define our underlying field as follows.

Definition 2.3.1. We set Xg to be the centered Gaussian field on Σ with covariance
structure

E[(〈u,Xg 〉, f1)H 1(Σ,g )(〈v,Xg 〉, f2)H 1(Σ,g )] = 〈u, v〉
∫
Σ2

Gg (x, y) f1(x) f2(y)d vg (x)d vg (y)

for all u, v ∈ a and f1, f2 ∈ H 1(Σ, g ), where (〈u,Xg 〉, f )H 1(Σ,g ) is the pairing between H 1

and its dual H−1.

Indeed, the field Xg is a random distribution, and lives almost surely in the negative
index Sobolev space H−1(Σ→ a, g ), which means that each component is in H−1. As
already mentioned, this Gaussian field is only defined up to constants, and we need to
take this fact into account in order to define the path integral (2.21). We overcome this
issue by tensorizing the law of the GFF by the Lebesgue measure on Rr . That is, we
interpret (2.22) as ∫

F (φ)e− 1
4π

∫
Σ |∇gφ|2g d vg Dgφ∝

∫
a
E[F (Xg +c)]dc (2.23)

with the expectation taken with respect to the GFF and the integration over a defined
by ∫

a
F (c)dc =

∫
Rr

F
( r∑

i=1
vi ci

) r∏
i=1

dci

where (vi ) is any orthonormal basis of a. The theory of GFF is well-known and we refer
for example to [13, 81] for a review. For the sake of simplicity we will use the notation

E[〈u,Xg (x)〉〈v,Xg (y)〉] = 〈u, v〉Gg (x, y) (2.24)

hereafter. Note that Xg can be represented as the sum Xg = ∑r
i=1 X g

i vi where the

(X g
i )1≤i≤r are independent, real-valued GFFs over Σ, and (vi )1≤i≤r is any orthonormal

basis of a.
For the picture to be complete, it misses a multiplicative normalization term called

the partition function: this corresponds to the total mass of the path integral (2.21). Fol-
lowing the analogy with the finite-dimensional case mentioned in Subsection 2.2.1.5,
we define it using the regularized determinant of the Laplacian.

Definition 2.3.2. The partition function of the GFF Xg is defined by

ZX(Σ, g ) =
(

det′
(− 1

2π∆g
)

vg (Σ)

)− r
2

.

where ∆g is the (negative) Laplacian acting on functions from Σ to R.

An important property of the GFF is its behavior under conformal changes of metric.
This has a direct implication for the measure defined by Equation (2.23).
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Lemma 2.3.3. Let g ′ be conformally equivalent to the metric g . Then for all positive
continuous functional F over H−1(Σ→ a, g ),

Xg ′ (law)= Xg −mg ′(Xg ), so that
∫
a
E[F (Xg ′ +c)]dc =

∫
a
E[F (Xg +c)]dc. (2.25)

Proof. Let X̃g := Xg −mg ′(Xg ). For any u, v ∈ a and x, y ∈Σ we have

E[〈u, X̃g (x)〉〈v, X̃g (y)〉] = 〈u, v〉(Gg (x, y)−mg ′(Gg (x, ·))−mg ′(Gg (·, y))

+vg ′(Σ)−2
Ï

Σ2
Gg (x, y)d vg ′(x)d vg ′(y)

)
which is equal to 〈u, v〉Gg ′(x, y) thanks to Equation (2.8). Since both fields are centered

Gaussian fields this is enough to conclude that X̃g has the same law as Xg ′
. Now to

prove the lemma we make a change of variables in the zero-mode:∫
a
E[F (Xg ′ +c)]dc =

∫
a
E[F (Xg −mg ′(Xg )+c)]dc =

∫
a
E[F (Xg +c)]dc.

Further, as a straightforward consequence of Lemma 2.2.4 one obtains the following
conformal anomaly for the partition function of the GFF.

Proposition 2.3.4. Let g ′ = eϕg be a metric in the conformal class of g . Then we have

ZX(Σ, g ′) =ZX(Σ, g )exp

(
r

96π

∫
Σ

(|∇gϕ|2g +2Rgϕ)d vg

)
. (2.26)

2.3.2 Gaussian Multiplicative Chaos
Having given a meaning to the quadratic term that appears in the action (1.23),

we now would like to give a rigorous interpretation of the exponential potential that
appears there, i.e. define the exponentials e〈u,Xg 〉d vg for u ∈ a. However, since Xg is far
from being a continuous well-defined function we need to introduce a regularization
procedure. This method is at the heart of the theory of Gaussian Multiplicative Chaos
— for details about the theory of GMC, see for instance [87, 84, 13].

Definition 2.3.5. Given g a smooth Riemannian metric on Σ and x ∈Σ, let Cg (x,ε) :={
y ∈Σ,dg (x, y) = ε

}
be the geodesic circle centered at x of (small) radius ε > 0. We

define the regularized field Xg
ε at x as the average of the GFF Xg over Cg (x,ε).

Synthetically, Xg
ε (x) =µg ,ε[Xg ](x) whereµg ,ε[·](x) is the uniform probability measure

on Cg (x,ε), that is
∫ ·dµg ,ε(x) = 1

λg (Cg (x,ε))

∫
Cg (x,ε) ·dλg . It can be shown [37] that the

random variable Xg
ε (x) has an almost surely continuous version that we will consider

from now on.

53



2 Toda theories on general Riemann surfaces – 2.3 Toda theories on closed Riemann
surfaces

Lemma 2.3.6. The field Xg
ε has the following covariance structure:

E[〈u,Xg
ε (x)〉〈v,Xg

ε (y)〉] = 〈u, v〉
Ï

Gg dµg ,ε(x)dµg ,ε(y) (2.27)

for any u, v ∈ a. Moreover, if g = eϕg0 with g0 hyperbolic then as ε→ 0 and uniformly
in x

E[〈u,µg ,ε[Xg0 ](x)〉2] = |u|2
(
− logε+Wg0 (x)+ 1

2
ϕ(x)

)
+o(1) (2.28)

with Wg0 a smooth function on Σ independent from ϕ.

Proof. The first item follows from the definition of Xg
ε . In the case where ϕ = 0 the

second item is a straightforward higher-rank generalization of Lemma 3.2 in [51]. The
case of non-zero ϕ corresponds to [51, Equation (3.10)].

From Lemma 2.3.6 we deduce that one needs to rescale the exponential of the
regularized field by a power of ε in order to obtain a finite limit, giving rise to a GMC
measure.

Definition 2.3.7. Let g be a smooth Riemannian metric on Σ and Xg
ε be the regularized

field introduced above. We define a Radon measure over Σ by setting for |u|2 < 4

e〈u,Xg (x)〉d vg (x) := lim
ε→0

ε
|u|2

2 e〈u,X
g
ε (x)〉d vg (x). (2.29)

Thanks to the theory of GMC, as soon as |u|2 < 4 the above convergence stands
in probability in the space of Radon measures equipped with the weak topology.
Moreover, the limiting measure is finite and non-trivial. Note that as written in the
action (1.23), we will only need to consider some particular vectors u in the direction
of the simple roots (ei )1≤i≤r , that is u = γei for i = 1, · · · ,r . Then |u|2 = γ2〈ei ,ei 〉 =: γ2

i .
Since the longest roots are such that 〈ei ,ei 〉 = 2 this explains the constraint that γ must
belong to (0,

p
2).

The following Lemma is the companion result of Lemma 2.3.3 for the GMC:

Lemma 2.3.8. Let g = eϕg0 be a metric in the conformal class of the hyperbolic metric
g0, and u in a with

∣∣u2
∣∣< 4. Then the following equality holds in distribution:

e〈u,Xg 〉d vg
(law)= e(1+ |u|2

4 )ϕe〈u,Xg0−mg (Xg0 )〉d vg0 .

Hence for any F (resp. fi , G) positive continuous over H−1(Σ→ a, g ) (resp. Σ, Rr ):∫
a
E

[
F

(
Xg +c

)
G

(∫
Σ

fi e〈γei ,Xg+c〉d vg

)
1≤i≤r

]
dc

=
∫
a
E

[
F

(
Xg0 +c

)
G

(∫
Σ

fi e
〈Q,γei 〉

2 ϕe〈γei ,Xg0+c〉d vg0

)
1≤i≤r

]
dc .

(2.30)
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Proof. Thanks to Lemma 2.3.6 together with Lemma 2.3.3 we deduce that

e〈u,Xg
ε (x)〉d vg

(law)= lim
ε→0

ε
|u|2

2 e〈u,µg ,ε[Xg0 (x)−mg (Xg0 )](x)〉eϕ(x)d vg0 (x)

= e−〈u,mg (Xg0 )〉eϕ(x)e
|u|2

2

(
Wg0 (x)+ 1

2ϕ(x)
)

lim
ε→0

e〈u,µg ,ε[Xg0 ](x)〉− 1
2E[〈u,µg ,ε[Xg0 ](x)〉2]d vg0 (x).

We conclude since the limiting GMC measure lim
ε→0

e〈u,µg ,ε[Xg0 ](x)〉− 1
2E[〈u,µg ,ε[Xg0 ](x)〉2]d vg0 (x)

is independent from the regularization scheme (see e.g. [87]), so that we can replace
µg ,ε

[
Xg0

]
by µg0,ε

[
Xg0

]
. The case where u = γei is handled by using that 〈Q,ei 〉 =

γ
|ei |2

2 + 2
γ

and yields the second item by the change of variable c → c +mg (Xg0 ).

2.3.3 Probabilistic interpretation of the path integral
We can now give a probabilistic interpretation of the path integral of Toda CFTs (1.24).

Recall that the background charge is Q = γρ+ 2
γρ

∨ and that the cosmological constants
µB ,i are taken positive for 1 ≤ i ≤ r .

2.3.3.1 Definition of the Toda field

We first make sense of the partition function and of the Toda field. This is done as
follows:

Definition 2.3.9. Let g be a smooth Riemannian metric on Σ and F any bounded
continuous functional over H−1(Σ→ a, g ). We set

〈F 〉g := lim
ε→0

〈F 〉g ,ε, where 〈F 〉g ,ε :=ZX(Σ, g )
∫
a
E

[
F (Xg

ε +c)e−Vg (Xg
ε+c)

]
dc (2.31)

with the regularized Toda potential given by

Vg (Xg
ε +c) = 1

4π

∫
Σ

Rg 〈Q,Xg
ε +c〉d vg +

r∑
i=1

µB ,i e〈γei ,c〉
∫
Σ
ε

γ2
i

2 e〈γei ,Xg
ε 〉d vg . (2.32)

We refer to Φ= Xg +c as the Toda field.

The following statement ensures that the Toda path integral gives rise to a well-
defined positive measure on H−1(Σ→ a, g ):

Proposition 2.3.10. Assume that χ(Σ) < 0 and take g any smooth Riemannian metric
on Σ. Let F be any continuous, bounded functional over H−1(Σ → a, g ). Then the
limit (2.31) exists and belongs to (0,∞). Moreover the limiting partition function
satisfies a Weyl anomaly of the form (1.39) and is invariant under orientation-preserving
diffeomorphisms (1.40).

See Theorems 1.2.1 and 1.2.2 for a more precise statement. We defer the proof of
this statement to Appendix 2.5. As an immediate consequence of this result we have
the following:
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Corollary 2.3.11. The assignment of F 7→ 〈F 〉g for F a bounded continuous functional
over H−1(Σ→ a, g ) defines a unique Borel measure over H−1(Σ→ a, g ).

Remark 2.3.12. This naturally defines a probability measure on H−1(Σ→ a, g ) equipped

with its Borel σ-algebra by considering the mapping F 7→ 〈F 〉g

〈1〉g
.

Remark 2.3.13. In the case where χ(Σ) ≥ 0 the partition function is infinite because of
the behavior of the integral in the zero-mode c when 〈c,ei 〉→−∞. We can still define
the measure by F 7→ 〈F 〉g for suitable functionals, although it will have infinite total
mass.

2.3.3.2 Correlation functions of Vertex Operators

Key observables in Toda theory are the Vertex Operators, formal exponentials of the
random distribution Φ under the law described by the path integral (1.24): 〈e〈α,Φ(z)〉〉g

for some α ∈ a and z ∈Σ. Averaging products of Vertex Operators with respect to the
law defined by the path integral amounts to defining their correlation functions: we
study here the existence and some properties of such objects.

Definition 2.3.14. Consider a family of N ∈ N pairs (xk ,αk )k=1,...,N with xk ∈ Σ all
distinct and αk ∈ a. The regularized Vertex Operator at xk with weight αk is defined by

Vαk ,ε(xk ) := ε
|αk |2

2 e〈αk ,Xg
ε (xk )+c〉. (2.33)

The correlation function of Vertex Operators is then, if it makes sense, the limit

〈
N∏

k=1
Vαk (xk )〉g := lim

ε→0
〈

N∏
k=1

Vαk ,ε(xk )〉g ,ε, where

〈
N∏

k=1
Vαk ,ε(xk )〉g ,ε =ZX(Σ, g )

∫
a
E

[
〈

N∏
k=1

Vαk ,ε(xk )〉g ,εe−Vg (Xg
ε+c)

]
dc.

(2.34)

We prove in Appendix 2.5 that it is indeed the case under the Seiberg bounds:

Theorem 2.3.15. For g a smooth Riemannian metric on Σ, the limit (2.34) exists and
belongs to (0,∞) if and only if the Seiberg bounds (1.38) hold. The limiting correlation
function verifies the Weyl anomaly (1.39) and is invariant under orientation-preserving
diffeormorphisms (1.40).

Remark 2.3.16. If the Seiberg bounds hold the map F 7→ 〈F ∏N
k=1 Vαk (xk )〉g /〈∏N

k=1 Vαk (xk )〉g

defines a probability measure on H−1(Σ→ a, g ) equipped with its Borel σ-algebra.

2.4 Boundary Toda theories
Having defined Toda CFTs when the underlying surface is a closed hyperbolic

Riemann surface, we now turn to the case where the compact surface Σ has a non-
empty boundary. As explained in the introduction a major difference is that the
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presence of a boundary implies that one needs to specify boundary conditions for the
field φ in the Toda action, thus giving rise to several possible constructions for the
theory with a boundary. These boundary conditions correspond to automorphisms of
the underlying root system R.

In this section we assume that Σ has a non-empty boundary, is of hyperbolic type
and is equipped with a smooth Riemannian metric g . We also fix an element τ of
Out(R): as explained in Subsections 2.2.2.2 and 2.2.2.3 this allows one to write a as the
orthogonal sum a= aN

⊕
aD with the corresponding orthogonal projections denoted

pN and pD . We will also frequently use the notation u∗ for τ(u) where u is in a.

2.4.1 The Gaussian Free Fields considered
2.4.1.1 Neumann and Dirichlet Gaussian Free Fields

In the same way as in Section 2.3.1, it is possible to define a Gaussian field with
covariance structure given by either the Neumann or Dirichlet Green’s function intro-
duced respectively in Equations (2.9) and (2.10).

Definition 2.4.1. The (vectorial) Neumann GFF Xg ,N is the centered Gaussian field
with covariance structure given for all u, v ∈ a and all x ̸= y ∈Σ by

E[〈u,Xg ,N (x)〉〈v,Xg ,N (y)〉] = 〈u, v〉G N
g (x, y) (2.35)

where we used the same abuse of notation as when defining the closed GFF. Likewise
the Dirichlet GFF Xg ,D is centered with covariance for all u, v ∈ a and all x ̸= y ∈Σ:

E[〈u,Xg ,D (x)〉〈v,Xg ,D (y)〉] = 〈u, v〉GD
g (x, y).

Due to the presence of the zero-mode, to make sense of the path integral the law
of the Neumann GFF has to be tensorized with the Lebesgue measure just as in the
closed case. We will take this into account when defining the partition function.

Like before we can see these fields as vectorial GFFs, e.g. Xg ,N =∑r
i=1 X g ,N

i vi where

(vi )1≤i≤r is an orthonormal basis of a and with the X g ,N
i independent 1-dimensional

Neumann GFFs on Σ (and likewise for Xg ,D ). This allows to define their partition
function:

Definition 2.4.2. Let g be a smooth Riemannian metric over Σ, ∆N
g be the one-

dimensional Neumann Laplacian on Σ and ∆D
g be the one-dimensional Dirichlet

Laplacian on Σ. We set:

ZN (Σ, g ) :=
det′

(
− 1

2π∆
N
g

)
vg (Σ)

− r
2

exp

(
− r

8π

∫
∂Σ

kg dλg

)
. (2.36)

Likewise the partition function of the Dirichlet field is given by a regularized determi-
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nant:

ZD (Σ, g ) := det

(
− 1

2π
∆D

g

)− r
2

exp

(
r

8π

∫
∂Σ

kg dλg

)
. (2.37)

The terms exp
(± r

8π

∫
∂Σ kg dλg

)
are needed for the conformal anomaly (see Proposi-

tion 2.4.5).

2.4.1.2 Gaussian Free Field with Cardy boundary conditions

Lemma 2.2.2 suggests an alternative way of defining the Neumann and Dirichlet
GFFs. Indeed, let g0 be a uniform metric of type 1 on Σ: as shown in Lemma 2.2.1 one
can double the surface Σ to obtain a closed surface Σ̂ equipped with a smooth metric
ĝ0. Now let Xĝ0 be the vectorial GFF on Σ̂. Then the fields

Xg0,N := Xĝ0 +Xĝ0 ◦σp
2

and Xg0,D := Xĝ0 −Xĝ0 ◦σp
2

(2.38)

(where σ is the canonical involution) have respectively the law of the Neumann and
Dirichlet GFFs on Σ (in virtue of Lemma 2.2.2). Based on this observation we wish to
define a new field Xg0,C over Σ based on the doubling trick discussed in the introduc-
tion. Namely Xg0,C would be such that Xĝ0,C and (Xĝ0,C )∗ ◦σ have the same law, where
·∗ is an order two outer automorphism of the underlying root system and Xĝ0,C is the
extension of Xg0,C to Σ̂ defined using σ. To this end in the metric g0 we define a new
field on Σ̄ via

Xg0,C = Xĝ0 + (Xĝ0 )∗ ◦σp
2

· (2.39)

Some key remarks have to be made at this stage:

1. a straightforward consequence of Equation (2.39) is that Xĝ0,C = (Xĝ0,C )∗ ◦σ;

2. the field Xg0,C has the following covariance structure for x, y ∈ Σ̄ and u, v ∈ a:

E[〈u,Xg0,C (x)〉〈v,Xg0,C (y)〉] = 〈u, v〉G ĝ0 (x, y)+〈u, v∗〉G ĝ0 (x,σ(y)); (2.40)

3. let us decompose Xg0,C in a= aN
⊕

aD (recall Subsection 2.2.2.2) by writing

Xg0,C = Xg0,N +Xg0,D , Xg0,N := Xg0,C + (Xg0,C )∗

2
and Xg0,D := Xg0,C − (Xg0,C )∗

2
·

(2.41)
Then Xg0,N (resp. Xg0,D ) has the law of a Neumann (resp. Dirichlet) GFF from Σ

to aN (resp. aD ). The two fields are independent. Besides, we can rewrite (2.40)
as

E[〈u,Xg0,C (x)〉〈v,Xg0,C (y)〉] = 〈u,
v + v∗

2
〉G N

ĝ0
(x, y)+〈u,

v − v∗

2
〉GD

ĝ0
(x,σ(y)).

(2.42)

This construction is limited to the uniform metric g0 and to outer automorphisms of
order two. However, these observations suggest the following definition for the Cardy
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GFF:

Definition 2.4.3. Given a smooth Riemannian metric g on Σ and an automorphism
τ of R, the (vectorial) Cardy GFF Xg ,C is the centered Gaussian field with covariance
structure given for all u, v ∈ a and all x ̸= y ∈Σ by

E[〈u,Xg ,C (x)〉〈v,Xg ,C (y)〉] = 〈pN u, pN v〉G N
g (x, y)+〈pD u, pD v〉GD

g (x, y). (2.43)

For such a GFF Xg ,C we have a decomposition similar to Equation (2.41), which
allows to define its partition function: set dN := dim(aN ) and dD := dim(aD ) so that
in particular dN +dD = r — recall that the values of these quantities are explicit and
given in Subsection 2.2.2.2.

Definition 2.4.4. Let g be a smooth Riemannian metric on Σ. We set

ZC (Σ, g ) :=
det′

(
− 1

2π∆
N
g

)
vg (Σ)

− dN
2

det

(
− 1

2π
∆D

g

)− dD
2

exp

(
dD −dN

8π

∫
∂Σ

kg dλg

)
. (2.44)

This formula agrees with (2.36) when the outer automorphism τ is the identity
(for which dN = r and dD = 0). Via Lemma 2.2.4 it satisfies the following conformal
anomaly formula:

Proposition 2.4.5. Let g ′ = eϕg be a smooth Riemannian metric in the conformal class
of g . Then we have

ZC (Σ, g ′) =ZC (Σ, g )exp

(
r

96π

(∫
Σ

(|∇gϕ|2g +2Rgϕ)d vg +4
∫
∂Σ

kgϕdλg

))
. (2.45)

Proof. Thanks to Lemma 2.2.4 we have

logZC (Σ, g ′)− logZC (Σ, g ) = r

96π

(∫
Σ

(|∇gϕ|2g +2Rgϕ)d vg +4
∫
∂Σ

kgϕdλg

)
+R

with R = dN −dD

16π

(∫
∂Σ

∂n⃗g ϕdλg +2
∫
∂Σ

kg dλg −2
∫
∂Σ

kg ′dλg ′

)
which is seen to vanish thanks to (2.5).

2.4.2 Gaussian Multiplicative Chaos
In order to make sense of the exponential of the GFF we need to regularize the

field Xg ,C . To this end for x ∈ Σ and ε> 0 small let Cg (x,ε) :=
{

y ∈Σ,dg (x, y) = ε
}

be

the geodesic (semi-)circle of radius ε> 0 centered at x, and µg ,ε[·](x) be the uniform
measure probability on Cg (x,ε).

Definition 2.4.6. The regularized GFF Xg ,C
ε is the average of Xg ,C over geodesic circles:

Xg ,C
ε (x) :=µg ,ε[Xg ,C ](x). (2.46)
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The averaged GFF Xg ,C
ε satisfies:

Lemma 2.4.7. The field Xg ,C
ε has covariance kernel given by

E[〈u,Xg ,C
ε (x)〉〈v,Xg ,C

ε (y)〉] =
Ï

(〈pN u, pN v〉G N
g +〈pD u, pD v〉GD

g )dµg ,ε(x)dµg ,ε(y).

(2.47)
Besides, if g = eϕg0 is a smooth Riemannian metric in the conformal class of the uniform
type 1 metric g0, then as ε→ 0 and uniformly in x ∉ ∂Σ:

E[〈u,µg ,ε[Xg0,C ](x)〉2] =
{ |u|2 (− logε+Wg0 (x)+ 1

2ϕ(x)
)+〈u, pN u −pD u〉Gg0 (x,σ(x))+o(1)

2
∣∣pN u

∣∣2 (− logε+Wg0 (x)+ 1
2ϕ(x)

)+o(1)
(2.48)

with Wg0 a smooth function on Σ̄, x ∈Σ on the first line and x ∈ ∂Σ on the second one.

Proof. This again follows from the computations conducted in [51, Lemma 3.2 and
Equation (3.10)] by writing G N /D

g0
in terms of G ĝ0 as in Lemma 2.2.2. See also the proof

of Lemma 2.3.6.

Definition 2.4.8. The GMC measures associated to Xg ,C are then defined by the limits:

e〈u,Xg ,C (x)〉d vg (x) := lim
ε→0

ε
|u|2

2 e〈u,Xg ,C
ε (x)〉d vg (x) (2.49)

for x in the bulk, while for x ∈ ∂Σ they are given by

e〈u,Xg ,C (x)〉dλg (x) := lim
ε→0

ε|pN u|2 e〈u,Xg ,C
ε (x)〉dλg (x). (2.50)

Like before all the convergences stand in probability in the space of Radon measures
equipped with the weak topology, provided |u|2 < 4 for the bulk measure and

∣∣pN u
∣∣2 <

1 for the boundary one. We stress that in the case where τ is the identity, the above
statement amounts to defining the vectorial Neumann GMC on Σ.

Finally we provide the analogue of Lemma 2.3.8 for the behavior of the GMC mea-
sures under a conformal change of metric. Recall that the f j are a basis of aN of the
form f j = pN (ei ).

Lemma 2.4.9. Let g = eϕg0 be a metric in the conformal class of the uniform type 1
metric g0, and u in a. Then the following equalities hold in distribution:

e〈u,Xg ,C 〉d vg
(law)= e

(
1+ |u|2

4

)
ϕ

e〈u,Xg0,C−mg (Xg0,C )〉d vg0

and e〈u,Xg ,C 〉dλg
(law)= e

(
1+|pN u|2

)
ϕ
2 e〈u,Xg0,C−mg (Xg0,C )〉dλg0 .

Proof. It is exactly the same proof as in the closed case, using Lemma 2.4.7. Namely
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for x in the bulk

e〈u,Xg ,C (x)〉d vg (x)
(law)= lim

ε→0
ε

|u|2
2 e〈u,X

g0,C
ε (x)−mg (Xg0,C )〉eϕ(x)d vg0 (x)

= e

(
1+ |u|2

4

)
ϕ(x)

e−〈u,mg (Xg0,C )〉Fĝ0 (x) lim
ε→0

e〈u,µg ,ε(Xg0,C )(x)〉− 1
2E[〈u,µg ,ε(Xg0,C )(x)〉2]d vg0 (x)

where Fĝ0 (x) = e
1
2

(|u|2Wĝ0 (x)+〈u,pN u−pD u〉G ĝ0 (x,σ(x))
)

is independent of ϕ. For x ∈ ∂Σ

e〈u,Xg ,C (x)〉dλg (x)
(law)= lim

ε→0
ε|pN u|2 e〈u,µg ,ε[Xg0,C ](x)−mg (Xg0,C )〉e

ϕ(x)
2 dλg0 (x)

= e

(
1+|pN u|2

)
ϕ(x)

2 e−〈u,mg (Xg0,C )〉e|pN u|2Wĝ0 (x) × lim
ε→0

e〈u,µg ,ε(Xg0,C )(x)〉− 1
2E[〈u,µg ,ε(Xg0,C )(x)〉2]dλg0 (x).

We end the proof as in Lemma 2.3.8, using the fact that the limiting GMC measures
are independent of the regularization scheme.

2.4.3 Different boundary models
2.4.3.1 The Toda action and invariant subspaces

Thanks to Equation (2.41), for τ ∈ Out(R) we can decompose Xg ,C as a sum of a
Neumann GFF Xg ,N and a Dirichlet GFF Xg ,D . Like in the closed case the Neumann
GFF is defined up to an additive constant (fixed by the requirement that mg (Xg ,N ) = 0),
but this is not the case for the Dirichlet GFF. As a consequence the space where one
should take the constant mode c is not a but rather aN . Likewise functionals of the
field should take into account its specific form. In particular for exponentials of the
Toda field e〈β,Φ(s)〉, when s ∈ ∂Σ we can assume that β ∈ aN since Φ(s) ∈ aN which is
orthogonal to aD .

Definition 2.4.10. Given cosmological constants µB ,i > 0 and µ j ≥ 0 for 1 ≤ i ≤ r and
1 ≤ j ≤ dN , and g a smooth Riemannian metric on Σ, the path integral is defined by
setting, for F a bounded continuous functional on H−1(Σ→ a, g ),

〈F 〉g ,τ := lim
ε→0

〈F 〉g ,τ,ε, 〈F 〉g ,τ,ε :=ZC (Σ, g )
∫
aN

E
[

F (Xg ,C
ε +c)e−Vg (Xg ,C

ε +c)
]

dc. (2.51)

Here the regularized potential is given by

Vg (Xg ,C
ε +c) = 1

4π

∫
Σ

Rg 〈Q,Xg ,C
ε +c〉d vg + 1

2π

∫
∂Σ

kg 〈Q,Xg ,C
ε +c〉dλg

+
r∑

i=1
µB ,i e〈γei ,c〉

∫
Σ
ε

γ2
i

2 e〈γei ,Xg ,C
ε 〉d vg +

dN∑
j=1

e〈 γ2 f j ,c〉
∫
∂Σ

ε
γ2

∣∣∣ f j

∣∣∣2
4 e〈 γ2 f j ,Xg ,C

ε 〉µ j (dλg ).
(2.52)

where µ j (dλg ) :=µ j dλg (the reason for this notation will become clear later). We
then have the following analogue of Proposition 2.3.10, proved in Appendix 2.5.
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Proposition 2.4.11. In the setting of Defintion 2.4.10, assume that χ(Σ) < 0. Then the
limit (2.51) exists and belongs to (0,∞).

2.4.3.2 Around the Weyl anomaly

Having defined the path integral, we now would like to deduce from Lemma 2.4.9 the
analogue of the change of metric formula (2.30) for the path integral in the boundary
case, which in turn allows to prove a Weyl anomaly for the correlation functions.
However, there is a major obstruction that comes from the fact that, when τ ̸= Id, the
folded root system ( f j ) j=1,...,dN is not simply-laced, so that the conformal anomaly of
the boundary GMC measures associated with short roots is expressed in terms of a
different background charge Qτ (2.20), thus breaking the conformal symmetry of the
model. We thus need to distinguish between the cases where τ= Id or not.

Neumann boundary conditions. When the outer automorphism under considera-
tion is the identity the construction leads to Neumann (or free) boundary conditions.
In this case the model is conformally covariant (Theorem 1.2.2), and its algebra of
symmetry is given by the W -algebra constructed from g, both in the bulk and on the
boundary, as shown in the A2 (sl3C) case in the next chapter (taken from [26]).

Cardy boundary conditions. In view of Lemma 2.4.9 we know that the confor-

mal anomaly for the boundary GMC measure is given by exp
( 〈Qτ,γ f j 〉

4 ϕ
)

where Qτ is

defined in Equation (2.20). It suggests that one should consider a model for which
the background charge on the boundary is set to be Qτ instead of Q. However, this
spoils the construction in the bulk by breaking conformal covariance there! A way to
overcome this issue is to assume that µ j = 0 for all j such that 〈Q, f j 〉 ̸= 〈Qτ, f j 〉, which
is the case when j ∈ {1, · · · ,dN } \ Iτ.

The model then enjoys conformal Weyl anomaly and diffeomorphism invariance:

Proposition 2.4.12. In the setting of Proposition 2.4.12, assume that µ j ̸= 0 only if
j ∈ Iτ. Then the model satisfies the Weyl anomaly formula (1.39) and diffeomorphism
invariance (1.40).

2.4.3.3 Correlation functions

On the surface with boundary Σ we consider not only N insertion points in the bulk
together with their associated weights (xk ,αk )k=1,...,N but also M ∈N insertions on the
boundary (sl ,βl )l=1,...,M with sl ∈ ∂Σ and βl ∈ aN .

In the boundary case one can slightly generalize the model by introducing different
cosmological constants between the boundary insertion points. Namely, suppose that
the boundary of Σ is composed of k connected components Cn , n = 1, ...,k, and that
Mn insertions lie on the part Cn of ∂Σ (thus M1+...+Mk = M). Let us introduce a family
of non-negative 7 cosmological constants (µ(n)

j ,ln
) with j = 1, · · · ,dN , n = 1, ...,k and ln =

1, ..., Mn . Then in the action (2.52) we set µ j (dλg ) = ∑k
n=1

∑Mn
ln=1µ

(n)
j ,ln

1(s(n)
ln

,s(n)
ln+1)dλg ,

7. In fact, one can even choose the boundary cosmological constants in C with Re(µ(n)
j ,ln

) ≥ 0.
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(s(n)
ln

, s(n)
ln+1) being the part of ∂Σ between the two insertion points s(n)

ln
and s(n)

ln+1 and

with the convention that s(n)
Mn+1 = s(n)

1 .

Definition 2.4.13. The bulk Vertex Operators are defined similarly as in Equation (2.33)
by

Vαk ,ε(xk ) = ε
|αk |2

2 e〈αk ,Xg ,C
ε (xk )+c〉 and Vβl ,ε(sl ) = ε

|βl |2
4 e〈βl

2 ,Xg ,C
ε (sl )+c〉 (2.53)

on the boundary. We then define the correlation function in the boundary case by the
limit

〈
N∏

k=1
Vαk (xk )

M∏
l=1

Vβl (sl )〉g ,τ := lim
ε→0

〈
N∏

k=1
Vαk ,ε(xk )

M∏
l=1

Vβl ,ε(sl )〉g ,τ,ε

:= lim
ε→0

ZC (Σ, g )
∫
aN

E

[
N∏

k=1
Vαk ,ε(xk )

M∏
l=1

Vβl ,ε(sl )e−Vg (Xg ,C
ε +c)

]
dc.

(2.54)

Theorems 1.2.1 and 1.2.2 (proved in Appendix 2.5) state that the limit is well-defined
and non-trivial if and only if the Seiberg bounds hold true, and that the limiting corre-
lation functions do enjoy diffeomorphism invariance, and satisfy the Weyl anomaly
formula, under the assumptions of Proposition 2.4.12.

2.4.4 Algebra of symmetry
We briefly discuss here what is the algebra of symmetry of the models constructed,

especially when τ is non-trivial. To this end let us assume that Σ is the upper-half plane

H equipped with a metric conformally equivalent to g = ∥d z∥2

(1+∥z∥2)2 . This discussion

strongly relies on the framework developed in [22], to which we refer for more details,
and definitions of the objects involved and of the notations used.

2.4.4.1 From the Heisenberg vertex algebras to W -algebras

Following [22, Section 3], inside H the symmetry algebra associated with the free-
field Xg is, independently of the boundary conditions chosen, described by the Heisen-
berg vertex algebra of rank r . It is constructed out of a Fock space V+ of rank r , gener-
ated by acting on a vacuum state |0〉 . More precisely, one can define [22, Subsection
3.1] a family of unbounded operators (An)n∈Z, acting 8 on a dense subset of a Hilbert
space H0 = L2(ΩT,PT) [22, Subsection 2.2], and satisfying the commutation relations
of a (rank r ) Heisenberg algebra, i.e. for any u, v ∈ a and n,m ∈Z

[〈u,An〉,〈v,An〉] = 〈u, v〉n

2
δn,−m . (2.55)

8. In [22] the (An)n∈Z rather act on a subset of the full Hilbert space H , but this doesn’t change
anything in our context and makes the exposition lighter.
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The vacuum state |0〉 is then an element of H0 such that An |0〉 = 0 for all n ≥ 0, and
An |0〉 ̸= 0 for n < 0, while the Fock space V+ is the subspace of H0 defined by

V+ := ⊕
n≥0

V(n)
+ , where V(n)

+ := ⊕
m1,···mr ≥1

m1+···+mr =n

{〈u1,A−m1〉 · · · 〈un ,A−mr 〉|0〉
}

. (2.56)

Here the span is algebraic, meaning that we consider finite linear combinations.
The latter allows to define for z ∈C\{0} the formal power series in End(V+,c )[[z, z−1, log∥z∥]]:

Ψ(z) := c + iA(z)+ iĀ(z̄), A(z) := A0 log z − ∑
n∈Z∗

1

n
An z−n , (2.57)

see [22, Equation (3.14)] (the latter is denoted Φ there) for more details. Its holomor-
phic derivative ∂Ψ(z) is then the generating series of the generators of the Heisenberg
algebra:

∂Ψ(z) = i
∑

n∈Z
An z−n−1. (2.58)

These can be viewed as unbounded and densely defined operators. We can further
define so-called bosonic Vertex Operators [22, Equation (3.31)] by setting, for α ∈ a
and z ∈C\ {0}, V +

α (z) :=: e〈α,c+iA(z)〉 : where : · : denotes the normal ordering.
Compared to the free-field, the addition of the potential e〈γei ,X〉 to the action, which

gives rise to the Toda theories considered in this document, breaks the Heisenberg
symmetry [22, Lemma 5.8] but preserves the W -one (as stated in [22, Theorem 5.5]
under a neutrality condition). This is due to the definition of the W -algebra associated
to g as intersection of kernels of screening operators Q+

i := ∮
V +
γei

(z)dz for 1 ≤ i ≤ r ,
where the contour surrounds the origin. Namely, the restriction of the vertex algebra
structure from V+ to gM+ :=⋂

1≤i≤r KerV+
(
Q+

i

)
defines the W -algebra associated with

g [43, Definition 4.3.6].
It can be shown [43, Theorem 4.6.9] (see also [22, Theorem 4.3])that for γ in a

dense open subset of (0,
p

2), this W -algebra is generated using the modes of currents(
W(si )[Ψ](z)

)
1≤i≤r of spins si , where si − 1 ranges over the exponents of g. These

currents may be thought of as polynomials in the holomorphic derivatives of Ψ [22,
Theorem 1.1]. For instance W(2) is the stress-energy tensor W(2)[Ψ] = 〈Q,∂2Ψ〉− :
〈∂Ψ,∂Ψ〉 :, which thus takes the form

W(2)[Ψ](z) = ∑
n∈Z

Ln z−n−2, with Ln :=−i(n +1)〈Q,An〉+
∑

m∈Z
: 〈Am ,An−m〉 : . (2.59)

More generally these currents are formal power series in End(V+,c )[[z, z−1]]:

W(si )[Ψ](z) = ∑
n∈Z

W(si )
n z−n−si , which are such that

gM+ = ⊕
nk,i≥si

span
{

W(sr )
−n1,r

· · ·W(sr )
nlr ,r

· · ·W(s1)
−n1,1

· · ·W(s1)
nl1,1

|0〉
}

.
(2.60)

In agreement with [43, Theorem 4.6.9], they can be chosen to obey the commutation
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relations [W(2)
n ,W(si )

m ] = (n(si −1)−m)W(si )
m for 1 ≤ i ≤ r and n,m ∈Z. These however

do not uniquely define them and there is a certain freedom in the choice of these
currents. In the next subsection we explain how this freedom can be exploited to define
currents satisfying this property and that in addition satisfy a covariance property
under the action of Out(R).

2.4.4.2 Covariance of the W -algebra currents under τ ∈Out(R)

Compared to the bulk case, in the presence of a boundary the choice of an element
τ in Out(R) has concrete implications on the properties of the symmetry algebra.
Namely, when τ is of order two, in view of Equation (2.39), one can still make sense of
Xg ,C (z̄) for z ∈H, which is nothing but τ(Xg ,C ) = (Xg ,C )∗. As such, with a slight abuse of
notation, we have W(si )[Ψ](z̄) = W(si )[Ψ∗](z). Now, and up to redefining the currents
W(si ), we can show that the effect of changing Ψ to Ψ∗ has an explicit effect on these
currents as follows:

Proposition 2.4.14. Assume that g ̸= so4n for some n ≥ 2. There exist currents W(si )[Ψ]
of spins si , with si −1 ranging over the exponents of g, such that for generic values of γ:

— gM+ is freely generated by acting on |0〉 with the modes (W(si )
−ni

)1≤i≤r
ni≥si

;

— [W(2)
n ,W(si )

m ] = (n(si −1)−m)W(si )
m for all 1 ≤ i ≤ r and n,m ∈Z;

— there exists σ : {1, · · · ,r } → {−1,1} such that for τ ∈ Out(R) of order 2 we have
W(si )[τΨ] =σ(i )W(si )[Ψ].

In the case of g= sln we have W(si )[τΨ] = (−1)si W(si )[Ψ] for τ ∈ Out(R) non-trivial.

The two first items of the above result are part of [43, Theorem 4.6.9]. The main
novelty of our statement is the fact that it is possible to redefine the currents in such a
way that they become covariant with respect to the action of Out(R) (which is relevant
when this group is not trivial). To the best of our knowledge and apart form the g= sl3
case this property is new and highlights new features of W -algebras in relation with
the notion of folding.

Proof. Let τ have order 2. Since τ gives rise to a permutation of the simple roots
(ei )1≤i≤r , the intersection of the kernels of the screening operators remains unchanged.
Moreover, the stress-energy tensor W(2)[Ψ] = 〈Q,∂2Ψ〉−〈∂Ψ,∂Ψ〉 is also invariant un-
der Ψ→Ψ∗. As a consequence, we see that the commutation relations [W(2)

n ,W(si )
m ] =

(n(si −1)−m)W(si )
m are also preserved. Thus changing the currents from W(si )[Ψ] to

W(si )[Ψ∗] preserves the W -algebra and the property of being a Virasoro primary field,
whatever basis of currents is chosen. We denote such a basis by

(
w (si )

)
1≤i≤r .

Let us now construct the currents by showing inductively that for all 1 ≤ i ≤ r , there
exist currents W(s j ), 1 ≤ j ≤ i , such that gM+(≤si ) :=⊕

n≤si
gM+(n) is freely generated

by acting on |0〉 with the modes of these currents, and with W(s j )[Ψ∗] = ±W(s j )[Ψ].
Here the grading is the one from the proof of [22, Theorem 4.3]. The case of i = 1
corresponds to the stress-energy tensor (of spin s = 2), so we can focus on the inductive
step. Let us assume that we have been able to define currents of spins s j , 1 ≤ j ≤ i −1,
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satisfying these assumptions. Then, following the proof of [43, Theorem 4.6.9], the
subspace gM+(si ) of gM+ at level si is given, since we have assumed that g ̸= so4n , by

gM+(si ) =Cw (si )
−si

|0〉⊕span
{

W(s1)
−λ1

· · ·W(si−1)
−λi−1

|0〉
}

.

Since τ preserves the space gM+, we can thus expand w (si )
−si

[Ψ∗]|0〉 =λ1w (si )
−si

[Ψ]|0〉+
D<si where D<si is generated using the modes of the currents W(s j )[Ψ] for j < si . By
induction, we can further decompose D<si = D<si

N +D<si
D where τD<si

N = D<si
N while

τD<si
D =−D<si

D . Now since τ is an involution, applying τ once again we obtain

(1+λ1)
(
w (s)

−s [Ψ∗]−w (s)
−s [Ψ]

) |0〉 =−2D<si
D .

Here we need to distinguish according to the value of λ1. Let us first assume that
λ1 ̸= −1. We can then define W(s) to be the vertex operator (see [22, Equation (3.19)]) as-
sociated to w (s)

−s [Ψ]|0〉+ 1
1+λ1

D<si
D . Then by construction we have W(si )[Ψ∗] = W(si )[Ψ].

Moreover since w (s)
−s [Ψ]|0〉 and 1

1+λ1
D<si

N are linearly independent, the induction hy-

pothesis is satisfied. If we rather assume that λ1 =−1, then
(

w (s)
−s [Ψ∗]+w (s)

−s [Ψ]
)
|0〉 =

D<si
D , so that we rather define W(s) to be the vertex operator associated to w (s)

−s [Ψ]|0〉−
1
2 D<si

D . We then obtain W(s)[Ψ∗] =−W(s)[Ψ] and the induction hypothesis is satisfied:
we can always find currents that verify the two first points of the proposition, and such
that W(si )[Ψ∗] =±W(si )[Ψ].

It remains to see that this sign, in the sln case, is determined by the spin si . To
this end, we first choose the basis of currents defined using a Miura transform [41],
that we denote

(
w (si )

)
1≤i≤r : we refer to [22, Subsection B.2] for more details, and

from which we borrow the notations. These currents admit an expansion of the form
w (si ) =∑si−1

j=0 q j P j (Ψ), where q = γ+ 2
γ

and P j (Ψ) is a (si − j )-multilinear form in the
derivatives of Ψ. For instance

P0(Ψ) = ∑
P ⊆{1,··· ,n}
∥P ∥=si

∏
j∈P

〈h j ,∂Ψ〉. (2.61)

For τ ̸= Id, we have τek = en−k so τhi = −hn+1−i where hi = ω1 −∑i−1
k=1 ek (with the

notations from [22, Subsection B.2]). This implies that P0(Ψ∗) = (−1)si P0(Ψ). Now
by contradiction assume that si is odd and that W(si )[Ψ∗] = +W(si )[Ψ]. Then the
equalities P0[Ψ∗] = −P0[Ψ] and τD<si

D = −D<si
D imply P0[Ψ] + D<si

D,0[Ψ] = 0, where(
D<si

D [Ψ]
)
−si

|0〉 = D<si
D and D<si

D,0[Ψ] is the si -multilinear form in the expansion of

D<si
D [Ψ]. But by construction, in the sln case, D<si

D,0[Ψ] is of the form

D<si
D,0[Ψ] =∑

p
cp

i−1∏
j=1

 ∑
P ⊆{1,··· ,n}
∥P ∥=s j

∏
l∈P

〈hl ,∂Ψ〉


p j
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where the sum ranges over p = (p1, · · · , p j−1) ∈Nr such that
∑ j−1

j=1 p j s j = si , and cp are
constants. The latter being linearly independent (for instance by viewing them as
polynomials in the variables Xi = 〈hi ,∂Ψ〉) from P0, we cannot have P0[Ψ]+D<si

D,0[Ψ] =
0. Hence we arrive to a contradiction: odd spin implies λ=−1. The same argument
shows that if the spin is even we must have λ= 1, and this concludes the proof. We
believe that a similar argument holds in the so2n case using the Miura transform [68].

2.5 Proofs of the main statements
We gather here the proofs of the statements defining the probabilistic path integral

and the correlation functions. The case of a closed Riemann surface being treated
in the exact same fashion as the open one we will focus on the latter. Likewise the
partition function being a special case of the correlation functions our goal is to
prove Theorems 1.2.1 and 1.2.2. Hereafter we denote x = (x1, · · · , xN , s1, · · · , sM ) and
α= (α1, · · · ,αN , 1

2β1, · · · , 1
2βM ).

A key ingredient is the following formulation of the Girsanov (or Cameron-Martin)
theorem:

Theorem 2.5.1. Let (Σ, g ) be a Riemannian surface, (X (x))x∈Σ = (X1(x), ..., Xn(x))x∈Σ
be a family of smooth centered Gaussian fields on Σ and Y be a random variable in
the L2-closure of Span(X (x))x∈Σ. For any F bounded over the space of continuous
functions,

E
[

eY − 1
2E[Y 2]F (X (x))x∈Σ

]
=E [F (X (x)+E[Y X (x)])x∈Σ] .

2.5.1 Existence of correlation functions (Theorem 1.2.1)
We start by establishing the Seiberg bounds (1.38). In view of the Weyl anomaly

formula that we will prove next we can always assume that g = g0 is a uniform metric
of type 1. Without loss of generality and since, for z ∈C, |ez | = eRe(z) we also assume
the cosmological constants to be real-valued.

Recall the decomposition (2.41) of the field Xg ,C in terms of XN ,g and XD,g two inde-
pendent vectorial Neumann (resp. Dirichlet) GFFs. Then by Girsanov’s theorem 2.5.1
for any F bounded continuous over H−1(Σ→ a, g ) we have

E

[
N∏

k=1
Vαk ,ε(xk )

M∏
l=1

Vβl ,ε(sl )F
(
Xg ,C
ε +c

)]
=Cε,x ,αE

[
F

(
Xg ,C
ε +c+Hε,x ,α

)]
with

Cε,x ,α =
N∏

k=1
e
|αk |2

2 Wg ,ε(xk )
M∏

l=1
e
|βl |2

4 Wg ,ε(xk )
∏

1≤k<l≤N+M
e〈αk ,αl 〉Gg ,ε(xk ,xl ) and

Hε,x ,α =
N+M∑
k=1

αkGg ,ε,ε(·, xk ).
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Here Gg ,ε(x, y) = µg ,ε[Gg (·, y)](x), Gg ,ε,ε(x, y) = µg ,ε[z 7→ µg ,ε[Gg (·, z)](x)](y), while
Wg ,ε(xk ) =Wg0 (xk )+o(1) as ε→ 0 (see Equation (2.14)). Hence Cε,x ,α =C0,x ,α(1+o(1)).
As a consequence the regularized correlation functions are

Aε =C0,x ,α

∫
aN

e〈∑αk+ 1
2
∑
βl−Qχ(Σ),c〉E

[
e
−∑r

i=1µB ,i e〈γei ,c〉Zi ,ε−
∑dN

j=1 e
〈 γ2 f j ,c〉

Z ∂
j ,ε

]
dc(1+o(1)),

Zi ,ε =
∫
Σ
ε

γ2
i

4 e〈γei ,XC ,g
ε (x)+Hε,x ,α(x)〉d vg (x), Z ∂

j ,ε =
∫
∂Σ

ε

∣∣∣γ f j

∣∣∣2
2 e〈 γ2 f j ,X

N ,g
ε (s)+Hε,x ,α(s)〉µ j (dλg )(s).

To see that the Seiberg bounds are necessary conditions, we bound for any positive
M > 0

Aε ≥Cε,x ,α

∫
aN

e〈∑αk+ 1
2
∑
βl−Qχ(Σ),c〉e

−∑r
i=1

(
µB ,i e〈γei ,c〉+e

〈 γ2 f j ,c〉
)

M

×P(∀i , j Zi ,ε ≤ M and Z ∂
j ,ε ≤ M)dc(1+o(1)).

The latter probability being non-zero we see that Aε is infinite as soon as there is a
i ∈ {1, · · · ,r } such that 〈∑αk + 1

2

∑
βl −Qχ(Σ),ω∨

i 〉 ≤ 0: the first condition of the Seiberg
bounds must be satisfied. Besides, if 〈αk −Q,ei 〉 ≥ 0 for some 1 ≤ k ≤ N and 1 ≤ i ≤ r
we have that for ε small enough and for any s < 0,

∫
B(zk ,ε) |x − zk |−〈αk ,γei 〉 e〈γei ,Xg ,C 〉d vg =

+∞ almost surely (and likewise for boundary insertions) ; see for instance the para-
graph between Equations (3.9) and (3.10) in [59]. This entails that the second condition
in the Seiberg bounds has to be verified too.

We now assume the conditions (1.38) to hold and show that they are sufficient for
the regularized partition function to converge and to be non-trivial. We actually prove
a stronger statement that may be used to extend the Seiberg bounds. Let us introduce
the shortcuts µN

i ,ε(x) and µD
i ,ε(x) for the regularized Neumann and Dirichlet GMC

densities, respectively.

Lemma 2.5.2. Let 1 ≤ i ≤ r and assume that 〈α−Q,ei 〉 < 0. Then for x ∈Σ and ρ > 0
such that Bg (x,2ρ)∩∂Σ=;,

sup
ε>0

E

[(∫
Bg (x,ρ)

e〈γei ,α〉Gg ,ε(x,y)µN
i ,ε(y)µD

i ,ε(y)dvg (y)

)p]
<+∞

if and only if p ∈ (−∞, 4
γ2

i
∧ 1

γ〈Q −α,e∨
i 〉).

Proof. By Kahane’s convexity inequality this result follows from [32][Lemma A.1]; see
the proof of the next lemma.

Lemma 2.5.3. Let 1 ≤ i ≤ r and suppose that 〈β−Q,ei 〉 < 0, and s ∈ ∂Σ. Then for all
1 > δ> 0 and as soon as p ∈ (−∞, 2

γ2
i
∧ 1

γ〈Q −β,e∨
i 〉)

sup
ε>0

E

[(∫
Bg (s,1−δ)∩Σ

e
1
2 〈γei ,β〉Gg ,ε(s,x)µN

i ,ε(x)µD
i ,ε(x)dvg (x)

)p]
<+∞.
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Proof. Suppose first that p ≥ 0. We can get rid of the Dirichlet part of the Cardy GMC
measure by using Kahane’s convexity inequality (see [58, Corollary 25]). Indeed, a
simple computation shows that

E[〈ei , X g ,C
ε (x)〉〈ei , X g ,C

ε (y)〉] = |ei |2G N
g ,ε,ε(x, y)−2〈ei , pD ei 〉Gg ,ε,ε(x,σ(y))

= |ei |2GD
g ,ε,ε(x, y)+2〈ei , pN ei 〉Gg ,ε,ε(x,σ(y))

(2.62)

with 〈ei , pD ei 〉 ≥ 0 and 〈ei , pN ei 〉 ≥ 0, so that we can compare

E[〈ei , X g ,C
ε (x)〉〈ei , X g ,C

ε (y)〉] ≤E[〈ei , X g ,N
ε (x)〉〈ei , X g ,N

ε (y)〉]+C and

E[〈ei , X g ,C
ε (x)〉〈ei , X g ,C

ε (y)〉] ≥E[〈ei , X g ,D
ε (x)〉〈ei , X g ,D

ε (y)〉]−C

for x, y ∈ Bg (s,1−δ)∪Σ. Since the function t 7→ t p is convex for t ≥ 0 when p ≥ 1
and concave for 0 < p < 1, Kahane’s inequality implies that the expectation in the
statement of the lemma can be upper-bounded by (a constant times) the same integral
with only Neumann (p ≥ 1) or Dirichlet (0 ≤ p < 1) type density. Moreover, thanks
to Lemma 2.2.3, we can work on the Poincaré disk (B(0,1−δ), gP ). Thus, the result
follows from [59, Lemmas 6.3 and 6.9]. For p < 0 the situation is simpler since the
integral in the statement of the lemma can be lower-bounded by the same integral on
Bg (s,1−δ)∩ {x ∈Σ : dg (x,∂Σ) > η} with η> 0 small, so the situation is the same as in
the bulk.

2.5.2 Weyl anomaly and diffeomorphism invariance
(Theorem 1.2.2)

First, notice that it is enough to show the result for g = g0 the uniform type 1 metric.
Indeed, suppose that g ′ = eϕg are two metrics as in Theorem 1.2.2, there exist two
smooth functions ψ and ξ such that g ′ = eψg0 and g0 = eξg , with ϕ=ψ+ξ. Then we
have 9 using (2.5):∫

Σ
(|∇g0ψ|2g0

+2Rg0ψ)d vg0 +4
∫
∂Σ

kg0ψdλg0 +
∫
Σ

(|∇gξ|2g +2Rgξ)d vg +4
∫
∂Σ

kgξdλg

=
∫
Σ

(|∇gϕ|2g +2Rgϕ−2〈∇gψ,∇gξ〉g −2ψ∆gξ)d vg +
∫
∂Σ

(4kgϕ+2ψ∂n⃗g ξ)dλg

=
∫
Σ

(|∇gϕ|2g +2Rgϕ)d vg +
∫
∂Σ

4kgϕdλg

by integration by parts. This shows that we can restrict ourselves to the case of g = eϕg0

with g0 the uniform type 1 metric. We choose to present the proof in the most general
case where the field under consideration is the Cardy GFF Xg ,C . Remember that in
this case the µ j ’s associated with the short roots are set to 0. One naturally recovers
the Neumann case by setting dN = r . We omit the ε-regularization in the following
since the convergence of the correlation functions for a general smooth metric g is

9. This property is known as the cocycle property of the Liouville action.
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justified by the computations to come. We first use Lemmas 2.3.3 and 2.4.9 and make
a change of variable c → c+mg (Xg0,C ) (which is possible since the Dirichlet part of
mg (Xg0,C ) is 0, so that mg (Xg0,C ) lives in aN ) and apply the Gauss-Bonnet theorem to
restrict ourselves to∫
aN

e−〈Q,c〉χ(Σ)E

[
F (Xg0,C +c)exp

(
− 1

4π

∫
Σ

Rg 〈Q,Xg0,C 〉d vg − 1

2π

∫
∂Σ

kg 〈Q,Xg0,C 〉dλg

−
r∑

i=1
µB ,i e〈γei ,c〉

∫
Σ

e(1+ γ2
i

4 )ϕe〈γei ,Xg0,C 〉d vg0 −
dN∑
j=1

µ j e〈 γ f j
2 ,c〉

∫
∂Σ

e(1+ γ2| f j |2
4 )ϕ2 e〈 γ f j

2 ,Xg0,C 〉dλg0

)]
dc.

(2.63)

Now we would like to apply the Girsanov transform to the term eY , where (using (2.5))

Y :=− 1

4π

∫
Σ

Rg 〈Q,Xg0〉d vg − 1

2π

∫
∂Σ

kg 〈Q,Xg0,C 〉dλg

= 1

4π

(∫
Σ
∆g0ϕ〈Q,Xg0,C 〉d vg0 −

∫
∂Σ

∂n⃗g0
ϕ〈Q,Xg0,C 〉dλg0

)
.

Hence we shall compute the variance of Y . For this we use the fact that Q ∈ aN ,
together with (2.11) and integration by parts to infer that

E[Y 2] = |Q|2
16π2

(∫
Σ
∆g0ϕ(x)

(∫
Σ
∆g0ϕ(y)G N

g0
(x, y)d vg0 (y)−

∫
∂Σ

∂n⃗g0
ϕ(y)G N

g0
(x, y)dλg0 (y)

)
d vg0 (x)

+
∫
∂Σ

∂n⃗g0
ϕ(y)

(∫
∂Σ

∂n⃗g0
ϕ(x)G N

g0
(x, y)dλg0 (x)−

∫
Σ
∆g0ϕ(x)G N

g0
(x, y)d vg0 (x)

)
dλg0 (y)

)
= |Q|2

8π

(
mg0ϕ

(∫
Σ
∆g0ϕd vg0 −

∫
∂Σ

∂n⃗g0
ϕdλg0

)
+

∫
Σ
ϕ∆g0ϕd vg0 −

∫
∂Σ

ϕ∂n⃗g0
ϕdλg0

)
= |Q|2

8π

∫
Σ
|∇g0ϕ|2g0

d vg0 .

In the same way, we obtain

E[Y 〈u,Xg0,C 〉] = 〈Q, pN u〉
4π

(∫
Σ
∆g0ϕ(x)G N

g0
(x, ·)d vg0 (x)−

∫
∂Σ

∂n⃗g0
ϕ(x)G N

g0
(x, ·)dλg0 (x)

)
=−〈Q, pN u〉

4π
2π(ϕ−mg0 (ϕ)) =−〈Q,u〉

2
(ϕ−mg0 (ϕ))

for any u ∈ a. Notice that the above Girsanov shift coincides with the conformal
anomaly of the GMC measures in (2.63), since the short roots are not taken into
account in the boundary potential. Hence applying Girsanov theorem allows us to
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rewrite (2.63) as∫
aN

e
|Q|2
16π

∫
Σ |∇g0ϕ|2g0

d vg0−〈Q,c〉χ(Σ)E

[
F (c+Xg0,C − Q

2
(ϕ−mg0 (ϕ)))

×exp

(
−

r∑
i=1

µB ,i e〈γei ,c+Q
2 mg0 (ϕ)〉

∫
Σ

e〈γei ,Xg0,C 〉d vg0 −
dN∑
i=1

µi e〈 γ f j
2 ,c+Q

2 mg0 (ϕ)〉
∫
∂Σ

e〈 γ f j
2 ,Xg0,C 〉dλg0

)]
dc.

Now we make the change of variables in the zero-mode c → c− Q
2 mg0 (ϕ) (which is

possible since Q ∈ aN ) to obtain that (2.63) equals

e
|Q|2
16π

∫
Σ |∇g0ϕ|2g0

d vg0+
|Q|2

2 χ(Σ)mg0 (ϕ)ZC (Σ, g0)−1〈F (·− Q

2
ϕ)〉g0 .

We conclude with the Gauss-Bonnet theorem (Equation (2.4)) and Proposition 2.4.5.
Finally, the fact that the partition function is diffeomorphism invariant directly follows
from the fact that all the objects involved are so. Indeed, if ψ : Σ→Σ is an orientation-
preserving diffeomorphism preserving ∂Σ, then for any smooth Riemannian metric g

we have Rψ∗g = Rg ◦ψ and kψ∗g = kg ◦ψ, while Xψ∗g ,C (law)= Xg ,C ◦ψ since we have the
following diffeomorphism invariance satisfied by the Green’s functions:

G N
ψ∗g (x, y) =G N

g (ψ(x),ψ(y)) GD
ψ∗g (x, y) =GD

g (ψ(x),ψ(y)).
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3 Ward identities in the A2 Toda theory on the half-plane – 3.1 Introduction

3.3.4 Global Ward identities . . . . . . . . . . . . . . . . . . . . . . . . . 111
3.3.4.1 Local Ward identities for the currents . . . . . . . . . . . 111
3.3.4.2 Global Ward identities . . . . . . . . . . . . . . . . . . . . 112

3.1 Introduction
In this chapter and the next one, we specialize the study to the Toda CFT based on the

root system A2, or equivalently the Lie algebra sl3C, defined on the complex upper half-
plane H. We also specify Neumann boundary conditions for the underlying Toda field.
The present chapter is dedicated to proving that the so-called Ward identities are valid
for this model, which constitutes a first manifestation of the higher-spin symmetry
enjoyed by the latter. For this we rely on the probabilistic construction described in
the previous chapter (that is easily adapted to the case of H), and exhibit an explicit
representation of the W -algebra W3 (or W A2) in the model, using a regularization
procedure allowing us to define the W -descendants in a weak sense on the boundary
R. The content of this chapter is taken from [26], co-authored with B. Cerclé. An
introduction to the method and the statements of the main results of this chapter is
found in Subsection 1.2.2.

Let us first specify the background notions described in Section 2.2, Subsections 2.3.1
and 2.3.2, to the present context.

3.1.1 The general framework
3.1.1.1 Gaussian Free Fields

In the setting of the A2 Toda theory on H, with Neumann boundary conditions,
the probabilistic definition of the Toda field as performed in the first chapter (taken
from the article [28]) is based on the consideration of a vectorial Gaussian Free Field
X : H → R2. This GFF is a centered Gaussian random distribution, that we define
through its covariance kernel, given for any u, v ∈R2 and x, y in H by 1

E
[〈u,X(x)〉〈v,X(y)〉]= 〈u, v〉G(x, y)

with the Neumann Green’s function G 2 given by

G(x, y) := ln
1∣∣x − y
∣∣ ∣∣x − ȳ

∣∣ +2ln |x|++2ln
∣∣y

∣∣+
and where we have used the notation |x|+ := max(|x| ,1). The Green’s function G can
be alternatively written as

G(x, y) =GĈ(x, y)+GĈ(x, ȳ), with GĈ(x, y) = ln
1∣∣x − y

∣∣ + ln |x|++ ln
∣∣y

∣∣+ .

1. We use the same abuse of notation as explained in Subsection 2.3.1.
2. Since we will only deal with this particular function, we omit the subscript N here.
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Here GĈ is the Green’s function on the Riemann sphere. As we have already seen the
object thus defined is not a function but rather an element of the Sobolev space with
negative index H−1(H→R2). We can however construct a regular function out of it by
using a regularization procedure, and we choose to consider a smooth mollifier η and
define for any ρ > 0 3:

Xρ(x) :=
∫
H

Xρ(y)ηρ(x − y)d yd ȳ (3.1)

where we have set ηρ(·) := 1
ρ2η( ·

ρ ). This is a standard procedure, see e.g. [30].

3.1.1.2 Gaussian Multiplicative Chaos

The Gaussian Multiplicative Chaos measures are defined on either H or its boundary
R, as described in the previous chapter, by:

Mγei (d 2x) := lim
ρ→0

ργ2
e〈γei ,Xρ(x)〉d xd x̄; M∂

γei
(d x) := lim

ρ→0
ρ

γ2

2 e〈 γ2 ei ,Xρ(x)〉d x

where these limits hold in probability, in the sense of weak convergence of mea-
sures [13, 85]. In the above the (ei )i=1,2 are a choice of simple roots of sl3C (see just
after), and as such are elements of R2 such that |ei |2 = 2, thus we need to make the
assumption that γ<p

2 in order for these random measures to be well-defined.

3.1.1.3 On the Lie algebra sl3C

For details about simple complex Lie algebras, we refer to Section 2.2.2 (and refer-
ences therein). We denote by (e1,e2) the (in fact, a choice of) simple roots of the Lie
algebra sl3C. They satisfy the property that

(〈ei ,e j 〉
)

i , j := A =
(

2 −1
−1 2

)
with A the Cartan matrix of sl3. We will also consider the dual basis of (e1,e2) which
we denote by (ω1,ω2). Explicit computations show that we have

ω1 = 2e1 +e2

3
and ω2 = e1 +2e2

3
·

In the case of sl3C, the Weyl vector is given by 4

ρ =ω1 +ω2 = e1 +e2, so that 〈ρ,ei 〉 = 1 for i = 1,2.

3. The reason for changing the notation for the regularization parameter compared to the previous
chapter will be clear later, when we will introduce extra regularization procedures.

4. For simply-laced Lie algebras, ρ =ρ∨.
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In this setting the background charge Q can be expressed in terms of the Weyl vector
and the coupling constant γ ∈ (0,

p
2) as

Q =
(
γ+ 2

γ

)
ρ.

We will also consider the fundamental weights in the first fundamental representation
π1 of sl3C with the highest weight ω1:

h1 := 2e1 +e2

3
, h2 := −e1 +e2

3
, h3 :=−e1 +2e2

3
· (3.2)

Finally we introduce the following notations that will enter the definitions of the
higher-spin current:

B(u, v) := (h2 −h1)(u)h1(v)+ (h3 −h2)(u)h3(v);

C (u, v, w) := h1(u)h2(v)h3(w)+h1(v)h2(w)h3(u)+h1(w)h2(u)h3(v).

where hi (u) is the pairing between a and its dual a∗ —both isomorphic to R2— given
by hi (u) = 〈hi ,u〉. We also introduce here for future use the following shortcut:

Cσ(u, v, w) :=C (u, v, w)+C (u, w, v).

3.2 Description of the method and some technical
estimates

3.2.1 Definition of the (regularized) correlation functions and
descendant fields

In this section we sketch the construction of the Toda CFT on the upper half-plane
H as detailed in the previous chapter. We also introduce the regularized descendant
fields that we wish to define in order to prove the Ward identities.

3.2.1.1 Toda correlation functions on H

We first define the Toda field on H to be given by 5

Φ := X−2Q ln |·|++c ,

where X is the GFF defined previously, and c is distributed according to the Lebesgue
measure on R2. We denote by Φρ the regularized Toda field in the sense of Equa-
tion (3.1). The Vertex Operators are observables of the Toda field that are of fundamen-
tal importance. They depend on an insertion point z ∈H or s ∈R as well as a weight α

5. This definition amounts to considering the Toda CFT on H with the metric g (z) = d 2z/|z|4+, as it
is often done.
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or β in R2, and are formally defined by considering the functionals

Vα(z)[Φ] := e〈α,Φ(z)〉 for z ∈H, while for t ∈R Vβ(s)[Φ] := e〈β2 ,Φ(s)〉.

Based on these observables we can form the correlation functions of Vertex Operators,
which depend on insertion points (z1, ..., zN , s1, ..., sM ) ∈HN ×RM , to which are associ-
ated weights
(α1, ...,αN ,β1, ...,βM ) ∈ (R2)N+M . The corresponding correlation function is then for-
mally given by

〈
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉

where the average is made with respect to the law of the Toda field. We now recall how
to provide a rigorous meaning to the latter.

For the sake of simplicity we write z = (zk )k=1,...,2N+M for (z1, ..., zN , z̄1, ..., z̄N , s1, ..., sM )
and α= (αk )k=1,...,2N+M for (α1, ...,αN ,α1, ...,αN ,β1, ...,βM ). In order to define the cor-
relations we also introduce the bulk cosmological constants µB ,i > 0 for i = 1,2, as
well as the boundary cosmological constants µi ,l , which we choose in C but with
the additional assumption that Re(µi ,l ) ≥ 0, and set µi to be the piecewise constant
measure on R given by

µi (d x) =
M∑

l=1
µi ,l+11(sl ,sl+1)(x)d x

where by convention s0 =−∞, sM+1 =+∞ and µM+1 =µ1.
We can then make sense of the correlation functions using a regularization proce-

dure. Namely, for a suitable functional F , we can first consider the following quantity
at the regularized level 6:

〈F [Φ]
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ :=
∫
R2

e−〈Q,c〉E

[
F [Φρ]

N∏
k=1

Vαk ,ρ(zk )
M∏

l=1
Vβl ,ρ(sl )

×exp

(
−

2∑
i=1

µB ,i

∫
Hδ,ε

ργ2
e〈γei ,Φρ(x)〉d xd x̄ +

∫
Rε

ρ
γ2

2 e〈 γ2 ei ,Φρ(x)〉µi (d x)

)]
dc

(3.3)

where

Vαk ,ρ(zk ) := ρ
|αk |2

2 e〈αk ,Φρ(zk )〉 and Vβl ,ρ(sl ) := ρ
|βl |2

4 e〈βl
2 ,Φρ(sl )〉.

Here the domains of integration are defined by

Hδ,ε = (H+ iδ) \
N⋃

k=1
B(zk ,ε) and Rε =R\

M⋃
l=1

(sl −ε, sl +ε),

6. We choose not to renormalize the correlation functions using the partition function of the GFF as
we did previously, since these constant quantities are not relevant for the present exposition.
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with ε and δ such that all the B(zk ,ε) lie in Hδ,ε and are disjoint, and all the intervals
(sl −ε, sl +ε) are disjoint. (see Figure 3.1).

Rε

R+ iδ

s1 t s2

z1 z2

ε

ε

µi ,1 µi ,2 µL,i µi ,3 =µi ,1µi ,2µR,i

Hδ,ε

Figure 3.1 – The domains Hδ,ε and Rε

Note that applying a Girsanov transform (Theorem 2.5.1) allows one to write the
regularized correlation function in the following form:

〈F [Φ]
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ =C (z ,α)
∫
R2

e〈s,c〉E
[
F [Φρ+H ] (3.4)

×exp

(
−

2∑
i=1

µB ,i e〈γei ,c〉
∫
Hδ,ε

Zi ,ρρ
γ2

e〈γei ,Xρ(x)〉d xd x̄ +e〈 γ2 ei ,c〉
∫
Rε

Z ∂
i ,ρρ

γ2

2 e〈 γ2 ei ,Xρ(x)〉µi (d x)

)]
dc(1+o(1))

where s :=∑
αk + 1

2

∑
βl −Q, and where we have set:

C (z ,α) = ∏
k<l

|zk − zl |−〈αk ,αl 〉
M∏

k=1
|zk − z̄k |

|αk |2
2 , H =

2N+M∑
k=1

αkGĈ(·, zk ),

Zi ,ρ =
2N+M∏

k=1

( |x|+
|zk −x|

)〈γei ,αk 〉
and Z ∂

i ,ρ =
2N+M∏

k=1

( |x|+
|zk −x|

)〈 γ2 ei ,αk 〉
.

If we choose F = 1, then in the same way as in Theorem 1.2.1 we can show that
under some conditions on the weights, the regularized correlation functions converge
as ρ, ε and then δ tend to 0, and are non-trivial in the limit. The difference here is that
the boundary cosmological constants are no longer real but are rather chosen in C,
but this issue is addressed in [24]. Eventually, one shows that the limiting correlation
functions exist and are non-trivial if and only if the following conditions hold for all
i = 1,2:

〈s,ωi 〉 > 0 ; 〈αk −Q,ei 〉 < 0 for all k = 1, ...,2N +M ;

which corresponds to the Seiberg bounds (Theorem 1.2.1), supplemented by

µB ,i > 0 and Re µi ,l ≥ 0 for all l = 1, ..., M .

We denote by AN ,M the set of such weights satisfying the Seiberg bounds. We define
similarly the limiting correlation function for general F by the same procedure as soon
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as it makes sense, and denote

〈F (Φ)
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉 := lim
δ→0

lim
ε→0

lim
ρ→0

〈F (Φ)
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ.

The correlation functions obey the following KPZ identity, which is key to get rid of
the metric dependent terms, when performing Gaussian integration by parts, as it will
be seen below.

Lemma 3.2.1 (KPZ identity). For (αk ,βl ) in AN ,M , it holds that

s〈
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ =
2∑

i=1

(
µB ,iγei

∫
Hδ,ε

〈Vγei (x)
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρd xd x̄

+γei

2

∫
Rε

〈Vγei (x)
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρµi (d x)

)
.

Proof. In the definition of the correlation function (3.3), make the change of variable
c → c + ρ

γ
logµB ,1 to obtain

〈
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ =µ
− 〈s,ρ〉

γ

B ,1

∫
R2

e−〈s,c〉E

[
N∏

k=1
Ṽαk ,ρ(zk )

M∏
l=1

Ṽβl ,ρ(sl )

×exp

(
−

2∑
i=1

µB ,i

µB ,1

∫
Hδ,ε

ργ2
e〈γei ,Φρ(x)〉d xd x̄ +µ

− 1
2

B ,1

∫
Rε

ρ
γ2

2 e〈 γ2 ei ,Φρ(x)〉µi (d x)

)]
dc

where the notation Ṽ refers to the Vertex Operator associated to the field Φρ−c (that
is, without the zero-mode). Now, differentiating in µB ,1 and performing the opposite
shift in the zero-mode yields

∂

∂µB ,1
〈

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉δ,ε,ρ =−〈s,ρ〉

γµB ,1
〈

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉δ,ε,ρ

+ µB ,2

µB ,1

∫
Hδ,ε

〈Vγei (x)
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρd xd x̄

+
2∑

i=1

1

2µB ,1

∫
Rε

〈Vγei (x)
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρµi (d x).

On the other hand, by differentiating directly the correlation function in µB ,1 one
obtains

∂

∂µB ,1
〈

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉δ,ε,ρ =−〈Vγe1 (x)

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉δ,ε,ρ

hence the result by identification.

It is also worth mentioning here that the correlation functions obey the following
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conformal covariance property that will be used in Subsection 3.3.4, and that is a
consequence of the Weyl anomaly and of diffeomorphism invariance (Theorem 1.2.2):

Proposition 3.2.2. Let ψ ∈ PSL(2,R) be a Möbius transform of the upper-half plane H.
Then for α in AN ,M and a suitable functional F :

〈F [Φ◦ψ+Q ln
∣∣ψ′∣∣] N∏

k=1
Vαk (ψ(zk ))

M∏
l=1

Vβl (ψ(sl ))〉

=
N∏

k=1

∣∣ψ′(zk )
∣∣−2∆αk

M∏
l=1

∣∣ψ′(sl )
∣∣−∆βl 〈F [Φ]

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉.

(3.5)

Proof. Any holomorphic change of coordinate z →ψ(z) acts on the metric as a Weyl
rescaling |d z|2 → ∣∣ψ′(z)

∣∣2 |d z|2. Now combining invariance by diffeomorphism and
the Weyl anomaly formula we have for a Möbius transform ψ

〈F [Φ◦ψ+Q ln
∣∣ψ′∣∣] N∏

k=1
Vαk (ψ(zk ))

M∏
l=1

Vβl (ψ(sl ))〉 = e
1+3|Q|2

48π

∫
H|∇ ln |ψ′(z)|2|2d zd z̄

×
N∏

k=1

∣∣ψ′(zk )
∣∣−2∆αk

M∏
l=1

∣∣ψ′(sl )
∣∣−∆βl 〈F [Φ]

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉.

(3.6)

and the proof is complete since the integral term in the Weyl anomaly vanishes for
holomorphic functions.

Finally, we introduce the shorthand

V :=
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl ).

in order to lighten the presentation.

3.2.1.2 Descendant fields and currents

Let us denote by Φ the Toda field. The way we define the regularized descendant
fields is by means of expressions of the form

〈F [Φ]Vβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ

where F [Φ] is a polynomial in the derivatives of Φ evaluated at t . The expression of
this polynomial is key as it encodes the symmetries of the model, and is derived from
the currents T and W whose modes generate the corresponding representation of the
W3 algebra. Before providing an explicit expression for the descendants recall that the
currents are defined by

T(z)[Φ] = 〈Q,∂2Φ(z)〉−〈∂Φ(z),∂Φ(z)〉
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for the stress-energy tensor, while for the higher-spin current

W(z)[Φ] = q2h2(∂3Φ(z))−2qB(∂2Φ(z),∂Φ(z))−8C (∂Φ(z),∂Φ(z),∂Φ(z)).

Here z stands for a bulk point inside H or for a boundary insertion on R, in which case
the complex derivative is replaced by the usual (real) derivative.

In the framework of Vertex Operators Algebras, the descendants of the Vertex Op-
erators Vα can be found using the Operator Product Expansion between the above
currents and Vα, in the sense that we have a formal expansion as z → w :

W(z)Vα(w) = ∑
n≥0

(z −w)n−3W−nVα(w)

and likewise for T. The translation between the two languages has been worked out
e.g. in [22]; informally speaking in order to obtain a probabilistic interpretation of
the above expansion we first shift Φ(z) to Φα =Φ+α ln 1

|·−w | and then formally Taylor

expand the field Φ(z) as
∑

n≥0
(z−w)n

n! ∂nΦ(w). By doing so we arrive at the following
expressions for the descendant fields associated to the stress-energy tensor:

L−nVα[Φ] := Lα
−n[Φ]Vα[Φ], with Lα

−1[Φ] := 〈α,∂Φ〉 while for n ≥ 2

Lα
−n[Φ] =

〈
(n −1)Q +α,

∂nΦ

(n −1)!

〉
−

n−2∑
i=0

〈
∂i+1Φ

i !
,
∂n−i−1Φ

(n −2− i )!

〉
(3.7)

The expression of the descendants associated to the higher-spin current is slightly
more involved:

W−nVα[Φ] := Wα
−n[Φ]Vα[Φ], with Wα

−1[Φ] :=−qB(α,∂Φ)−2C (α,α,∂Φ),

Wα
−2[Φ] := q

(
B(∂2Φ,α)−B(α,∂2Φ)

)−2C (α,α,∂2Φ)+2Cσ(α,∂Φ,∂Φ)

Wα
−n[Φ] := (n −1)(n −2)q2〈h2,Φ(n)〉+q

(
(n −1)B(Φ(n),α)−B(α,Φ(n))

−2C (α,α,Φ(n))+
n−2∑
i=0

(
4C (Φ(i+1),Φ(n−i−1),α)−2i qB(Φ(i+1),Φ(n−1−i ))

)
− 8

3

n−3∑
i=0

i∑
j=0

C (Φ( j+1),Φ(i− j+1),Φ(n−i−2))

(3.8)

where we have set Φ(n)(z) := ∂nΦ(z)
(n−1)! and recall that Cσ(u, v, w) =C (u, v, w)+C (u, w, v).

3.2.1.3 Regularized descendant fields

Products of derivatives of the Toda field do not make sense as such since the GFF
only exists in the distributional sense. However using its regularization Φρ as done
above we can actually make sense of its derivatives, while for the product we will rely
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on Wick products instead. To be more specific, we set for positive ρ

L−nVα(z)[Φρ] := : Lα
−n[Φ] : Vα,ρ[Φ](z) where

: Lα
−n[Φ] : :=

〈
(n −1)Q +α,

∂nΦ

(n −1)!

〉
−

n−2∑
i=0

:

〈
∂i+1Φ

i !
,
∂n−i−1Φ

(n −2− i )!

〉
:

(3.9)

with : · : denoting the Wick product of the Gaussian random variables involved (see [62,
Chapter III] for more details). For instance for centered Gaussian variables we have

: ξ1ξ2 := ξ1ξ2 −E [ξ1ξ2] , and : ξ1ξ2ξ3 := ξ1ξ2ξ3 −ξ1E [ξ2ξ3]−ξ2E [ξ3ξ1]−ξ3E [ξ1ξ2] .

The regularized descendant fields are then defined with correlation functions by
considering

〈L−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ.

Of course the same procedure remains valid when we consider the W descendant
fields instead of the Virasoro ones.

3.2.2 Method for defining the descendant fields
Our goal is to define the descendant fields associated with the (boundary) vertex op-

erators Vβ, which we will denote L−nVβ or W−mVβ. To do so we will define expressions
of the form

〈L−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉 and 〈W−mVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉

where the weights are chosen in such a way that the correlation function
〈Vβ(t )

∏N
k=1 Vαk (zk )

∏M
l=1 Vβl (sl )〉 is well-defined, that is (β,α) ∈AN ,M+1.

3.2.2.1 Gaussian integration by parts

In order to make sense of such quantities we will first define them at the regularized
level, that is for fixed δ,ε,ρ > 0 we look at the well-defined quantities

〈L−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ and 〈W−mVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ.

For this purpose we will make use of the following Gaussian integration by parts
formula to provide an explicit expression for such quantities:

Lemma 3.2.3. Assume that α belongs to AN ,M . Then for any t ∈ R \ {s1, · · · , sM }, p a
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positive integer and u ∈R2:

lim
ρ→0

〈〈u,∂pΦ(t )〉
(p −1)!

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )

〉
ρ,ε,δ

=
2N+M∑

k=1

〈u,αk〉
2(zk − t )p

〈V〉ε,δ

−
2∑

i=1

∫
Rε

〈u,γei 〉
2(x − t )p

〈Vγei (x)V〉ε,δµi (d x)+µB ,i

∫
Hδ,ε

( 〈u,γei 〉
2(x − t )p

+ 〈u,γei 〉
2(x̄ − t )p

)
〈Vγei (x)V〉ε,δd xd x̄.

Proof. This statement can be adapted from [24, Lemma 2.6], the only difference being
that weights now belong to R2 rather than R, but all the arguments employed there
readily applies in this setting by using the KPZ identity from Lemma 3.2.1 (in the bulk
case this is done in [25, Lemma 3.3]).

Lemma 3.2.3 can be generalized in a straightforward way to the following equality
for p1, · · · , pm positive integers, using Wick products as considered above:

lim
ρ→0

1

(p1 −1)!

〈
:

m∏
l=1

〈ul ,∂plΦ(t )〉 :
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )
〉
ρ,ε,δ

=
2N+M∑

k=1

〈u1,αk〉
2(zk − t )p1

〈:
m∏

l=2
〈ul ,∂pl 〉Φ(t ) : V〉ε,δ

−
2∑

i=1
µB ,i

∫
Hδ,ε

( 〈u1,γei 〉
2(x − t )p1

+ 〈u1,γei 〉
2(x̄ − t )p1

)
〈:

m∏
l=2

〈ul ,∂plΦ(t )〉 : Vγei (x)V〉ε,δd xd x̄

−
2∑

i=1

∫
Rε

〈u1,γei 〉
2(x − t )p1

〈:
m∏

l=2
〈ul ,∂plΦ(t )〉 : Vγei (x)V〉ε,δµi (d x).

(3.10)

3.2.2.2 Identification of the singular terms

As explained above the expression of the regularized correlation functions with
descendant fields involve integrals over the domains Hδ,ε and Rε, where the integrand
is given by regularized correlation functions against some explicit rational functions.
Our goal is to show that such expressions can be written as a sum of two terms, the
first one having a well-defined limit that depends analytically in the weights α (which
will be called (P )-class below), while the second one may diverge depending on the
value of β: this second term will be a “remainder term". Our goal is to identify this
remainder term and define the descendant field as the limit of the (P )-class term in
the two-terms expansion of the regularized correlation functions.

In order to identify this remainder term we will split the integrals coming from
Gaussian integration by parts between regular and singular parts, that is away and
around the insertion t , and introduce in this prospect the following notations. Define
the integration over the full regularized domains as

Itot [F i (t ; x)Ψi (x)] := ∑
i=1,2

∫
Rε

F i (t ; s)Ψi (s)µi (d s)+µB ,i

∫
Hδ,ε

(
F i (t ; x)+F i (t ; x̄)

)
Ψi (x)d xd x̄,
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or in operator-like notation

Itot [F i (t ; x)Ψi (x)] = ∑
i=1,2

I i
tot (F i (t ; ·),Ψi )

where I i
tot is the bilinear operator

I i
tot =

∫
Rε

·⊗ · µi (d s)+µB ,i

∫
Hδ,ε

(·+ ·◦conj
)⊗· d xd x̄.

Now, for r > 0 independent of ρ,ε,δ small enough, define the subdomains R1
ε :=

Rε∩B(t ,r ), H1
δ,ε

:=Hδ,ε∩B(t ,r ), Rc
ε :=Rε \R1

ε and Hc
δ,ε

:=Hδ,ε \H1
δ,ε. We define in the

same way integration over these subdomains, and denote them by Isi ng for the inte-
grals over R1

ε×H1
δ,ε, and Ir eg for the ones over Rc

ε×Hc
δ,ε. In the above (F i (t ; ·))i=1,2 is

a pair of functions coming from the Gaussian integration by parts formula from
Lemma 3.2.3 and Ψi (x) = 〈Vγei (x)Vβ(t)V〉ρ,ε,δ. The iteration of this formula nat-
urally leads to the generalization of the above for functions of several variables
(F i1,··· ,ip (t ; x1, · · · , xp ))i1,...,ip∈{1,2}:

I p1
tot × I p2

si ng × I p3
r eg [F i1,...,ip (t ; x1, ..., xp )Ψi1,...,ip (x1, ..., xp )] :=∑

i1,...,ip∈{1,2}

(
p1∏

k=1
I ik ,(k)

tot

)(
p1+p2∏

k=p1+1
I ik ,(k)

si ng

)(
p∏

k=p1+p2+1
I ik ,(k)

r eg

)
(F i1,...,ip (t ; ·),Ψi1,...,ip )

where p1 +p2 +p3 = p, I ik ,(k)
tot (and similarly for I ik ,(k)

si ng , I ik ,(k)
r eg ) is the bilinear operator

I ik ,(k)
tot =

∫
Rε

·⊗ · µik (d sk )+µB ,ik

∫
Hδ,ε

(·+ ·◦conjk

)⊗· d xd x̄k

with conjk denoting complex conjugation of the k’th variable, and

Ψi1,··· ,ip (x1, · · · , xp ) := 〈Vγei1
(x1) · · ·Vγeip

(xp )Vβ(t )V〉ρ,ε,δ. (3.11)

We stress that in the above generalization, in the definitions of the domains of integra-
tion for Isi ng and Ir eg , the different radii r that separate the near-t part from the rest
are independent. Eventually, we denote for i = 1,2,

î := 3− i . (3.12)

3.2.2.3 Symmetrization identities and Stoke’s formula

In order to make explicit the singular behaviour of such integrals and discard “fake
singularities" we will rely on “symmetrization identites", that is equalities for non-
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coinciding points

n−1∑
i=1

1

(x − t )i (y − t )n−i
= 1

x − y

(
1

(y − t )n−1
− 1

(x − t )n−1

)
,

that we use to simplify the expression of the regularized correlation functions with
descendants. This will allow us to rewrite such quantities in term of integrals of total
derivatives. More precisely we will see that the remainder terms coming from Gaussian
integration by parts can be written as a linear combination of expressions of the form

R := I p1

si ng × I p2
r eg × I p3

tot

[
∂x1 · · ·∂xl

(
F (t , x)〈Vγei1

(x1) · · ·Vγeip
(xp )Vβ(t )V〉δ,ε

)]
. (3.13)

These can be transformed using Stoke’s formula: namely we can write that

Isi ng
[
∂x1

(
F (t , x)〈Vγei (x)Vβ(t )V〉δ,ε

)]=
2∑

i=1
µL,i1

[
F (t , x)〈Vγei (x)Vβ(t )V〉δ,ε

]t−ε
t−r +µR,i1

[
F (t , x)〈Vγei (x)Vβ(t )V〉δ,ε

]t+r
t+ε

+µB ,i

∫
(t−r,t+r )

(F (t , x + iδ)−F (t , x − iδ))〈Vγei (x + iδ)Vβ(t )V〉δ,ε
id x

2

+µB ,i

∮
Hδ,ε∩∂B(t ,r )

〈Vγei (ξ)Vβ(t )V〉δ,ε

(
F (t , ξ̄)

d ξ̄

2
−F (t ,ξ)

idξ

2

)
.

More generally applying Stoke’s formula to Equation (3.13) will yield several terms
of this form and involving composite integrals. Such expressions will contain the
remainder terms but also some convergent quantities that also depend on r . In the
above example, the remainder terms will be given by

2∑
i=1

µL,i1

(
F (t , t −ε)〈Vγei (t −ε)Vβ(t )V〉δ,ε

)−µR,i1

(
F (t , t +ε)〈Vγei (t +ε)Vβ(t )V〉δ,ε

)
+µB ,i

∫
(t−r,t+r )

(F (t , x + iδ)−F (t , x − iδ))〈Vγei (x + iδ)Vβ(t )V〉δ,ε
id x

2
.

One sees that for 〈β,ei 〉 negative enough this converges to 0 as first ε and then δ go to
0. Conversely if F = 1 and 〈β,γei 〉 is positive then this term is seen to be divergent.

To discard the other terms appearing in the expansion, forR given by Equation (3.13)
we define R̃ to be the sum of the terms that involve at least one such remainder term.
Put differently R̃ is defined from R by removing the terms involving only correlation
functions 〈∏n

p=1 Vγeip
(xp )Vβ(t)V〉δ,ε where all the xp are at fixed distance rp from t .

This remainder term R̃ will be of crucial importance in the definition of the descen-
dant field.
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3.2.2.4 Taking the limit

We then investigate the limit of these remainder terms as first ρ → 0 and then ε

and δ go to 0. As we will see (and for generic value of β) they will either vanish in the
limit or diverge; in the latter case we need to take this into account when defining
the correlation function 〈L−nVβ(t )

∏N
k=1 Vαk (zk )

∏M
l=1 Vβl (sl )〉. Namely if we denote by

L̃−n,δ,ε,ρ(α) such remainder terms the above correlation function will be defined as
the limit

〈L−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉 :=

lim
δ,ε,ρ→0

〈L−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ− L̃−n,δ,ε,ρ(α).

For instance we will see that

L̃−1,δ,ε,ρ(α) =
2∑

i=1

(
µL,i 〈Vγei (t −ε)Vβ(t )V〉δ,ε−µR,i 〈Vγei (t +ε)Vβ(t )V〉δ,ε

)
so that the L−1Vβ descendant is defined within correlation functions by setting

〈L−1Vβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉 := lim
δ,ε,ρ→0

〈L−1Vβ(t )V〉δ,ε,ρ−
2∑

i=1

(
µL,i 〈Vγei (t −ε)Vβ(t )V〉δ,ε−µR,i 〈Vγei (t +ε)Vβ(t )V〉δ,ε

)
.

The same applies for other Virasoro descendants, but the expressions for the re-
mainder terms get increasingly involved. And likewise, we will proceed in the same
way to make sense the W -descendants, in which case their definitions rely on the
very same method but involve some additional combinatorial identities due to the
higher-spin symmetry.

3.2.2.5 Some notations

In order to lighten the computations to come we introduce several shortcuts. First
of all recall the definition of the symbols Itot , Isi ng and Ir eg from Equation (3.2.2.2), as
well as the shortcut V =∏N

k=1 Vαk (zk )
∏M

l=1 Vβl (sl ) and the notation for the correlation
functions

Ψi1,··· ,ip (x1, · · · , xp ) := 〈Vγei1 (x1) · · ·Vγeip (xp )Vβ(t )V〉ρ,ε,δ. (3.14)

3.2.3 Some technical estimates
In order to implement the previous method we will need to ensure that the quantities

are well-defined and for this it is necessary to understand several of their analytic
properties. We gather such properties in this subsection. Since the proofs of these
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statements are very similar to the case of boundary Liouville CFT (for the fusion
estimates [11] while for analycity we refer to [6]) and of bulk Toda CFT (fusion estimates
can be found in [25, Lemma 3.2] and analycity in [20, Section 2.2]), and proceed in the
exact same way, we do not include them in the present document.

3.2.3.1 Bounds at infinity

As explained above, when implementing our method we will need to consider
integrals over the upper-half plane or the real line that contain correlation functions.
These correlation functions feature additional Vertex Operators of the form Vγei for
some i = 1,2. In order to ensure that such integrals are indeed well-defined we first
need to understand what happens when these insertions diverge. To this end we
provide the following statement which provides bounds on the correlation functions
when their arguments go to ∞:

Lemma 3.2.4. Assume that α ∈ AN ,M and consider for i = 1,2 additional insertions

xi :=
(
x(1)

i , · · · , x(Ni )
i

)
∈ HNi and yi :=

(
y (1)

i , · · · , y (Mi )
i

)
∈ RMi . Then for any h > 0, if for

i = 1,2 the xi , yi and z stay in the domain Uh :=
{

w ,h < min
n ̸=m

∣∣w (n) −w (m)
∣∣}, then there

exists C =Ch such that, uniformly in δ,ε,ρ,

〈
2∏

i=1

Ni∏
n=1

Vγei

(
x(n)

i

) Mi∏
m=1

Vγei

(
y (m)

i

)
V〉δ,ε,ρ ≤Ch

2∏
i=1

Ni∏
n=1

(
1+

∣∣∣x(n)
i

∣∣∣)−4 Mi∏
m=1

(
1+

∣∣∣y (m)
i

∣∣∣)−2
.

Thanks to this estimate we see that the correlation functions are integrable at ∞.
This will allow us in the sequel to infer that boundary terms that may come from the
successive integration by parts do indeed vanish at infinity. As such we won’t consider
such terms in the definition of the descendant fields in the next two sections.

3.2.3.2 Fusion estimates

In order to ensure finiteness of the correlation functions and of their derivatives
we will also need to ensure that the integrals that we encounter are not singular near
the insertion points. For this purpose we rely on fusion asymptotics of the correlation
functions, that is their rate of divergence when several insertion points collide:

Lemma 3.2.5. Assume that α ∈AN ,M and that all pairs of points in z are separated by
some distance h > 0 except for one pair (z1, z2). Further assume that 〈α1+α2−Q,e1〉 < 0.
Then as z1 → z2, for any positive η there exists a positive constant K such that, uniformly
on δ,ε,ρ:

1. if z1, z2 ∈H then

〈V〉δ,ε,ρ ≤ K |z1 − z2|−〈α1,α2〉+
( 1

2 〈α1+α2−Q,e2〉2−η)
1〈α1+α2−Q,e2〉>0 ; (3.15)
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2. if z1, z2 ∈R then

〈V〉δ,ε,ρ ≤ K |z1 − z2|−
〈α1,α2〉

2 +( 1
4 (〈α1+α2−Q,e2〉)2−η)

1〈α1+α2−Q,e2〉>0 ; (3.16)

3. if z1 ∈H while z2 ∈R with in addition 〈α1 − Q
2 ,e1〉 < 0 then

〈V〉δ,ε,ρ ≤ K ×|z1 − z̄1|
−|α1|2

2 +
((
〈α1−Q

2 ,e2〉
)2−η

)
1〈α1−Q

2 ,e2〉>0

|z1 − z2|
−〈α1,α2〉+

((
〈α1+α2

2 −Q
2 ,e2〉

)2−η
)
1〈α1+

α2
2 −Q

2 ,e2〉>0 .

(3.17)

As a consequence for β such that 〈β,ei 〉 < 0 we have that |x − t | 〈β,γei 〉
2 Fi (x) is continuous

at x = t , where Fi is of the form

Fi (x) = I p
si ng × I q

r eg

[
ri ,i (x, x)Ψi ,i (x, x)

]
with ri ,i = ri ,i1,...,i(p+q) regular at x = t and such that ri ,i (x, x)Ψi ,i (x) is integrable on

I p
si ng × I q

r eg , while Ψi ,i (x, x) =Ψi ,i1,...,ip+q (x, x1, ..., xp+q ).

Proof. The first part of the claim (fusion estimates) follows from the counterparts
statements in the boundary Liouville case [11, Section 5] (see also [24, Lemma 2.4])
and bulk Toda theory [25, Lemma 3.2] (this adaptation is made possible since the
two GFFs 〈X,ei 〉 that appear in the definitions of the GMC measures are negatively
correlated since 〈e1,e2〉 < 0). As for the second part (continuity at x = t) we use the

probabilistic representation to infer that |x − t | 〈β,γei 〉
2 ri ,i (x, x)Ψi ,i (x, x) is continuous

at x = t . To deduce continuity of |x − t | 〈β,γei 〉
2 Fi from this fact we then rely on the

integrability properties of the correlation functions in the form of Lemma 3.2.4.

3.2.3.3 A class of remainder terms

In the definition of the descendant fields as described above, we need to take a limit
of a regularized quantity to which we have substracted a remainder term. In order for
this procedure to define a meaningful object, we introduce a class of remainder terms
that would satisfy the properties we expect from a definition of the descendant fields:

Definition 3.2.6. We will say that a regularized quantity Fδ,ε,ρ(α) has the (P ) property
or is (P )-class when it satisfies the following assumptions:

1. for any α ∈AN ,M , the limit F (α) := lim
δ,ε,ρ→0

Fδ,ε,ρ(α) exists and is finite as ρ, ε and

then δ→ 0;

2. the map α 7→ F (α) is analytic in a complex neighborhood of AN ,M .

Let us now provide some examples of such quantities. And to start with we stress
that the correlation functions themselves satisfy this property:
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Lemma 3.2.7. The regularized correlation functions 〈∏N
k=1 Vαk (zk )

∏M
l=1 Vβl (sl )〉δ,ε,ρ

are (P )-class.

Likewise some singular integrals (that will later on enter the definition of the de-
scendants) satisfy this property:

Lemma 3.2.8. For any i and j in {1,2} the following integrals are (P )-class:∫
1
2D×(D\ 1

2D)

1

y −x
〈Vγei (x + i )Vγe j (y + i )V〉δ,ε,ρd 2xd 2 y,∫ 0

−1

∫ 1

0

1

y −x
〈Vγei (x)Vγe j (y)V〉δ,ε,ρd xd y and∫

D∩H

∫ 2

1

1

y −x
〈Vγei (x)Vγe j (y)V〉δ,ε,ρd 2xd y.

(3.18)

In particular integrals of the form

Isi ng × Ir eg

[
1

x − y
Ψi , j (x, y)

]
are (P )-class.

3.3 Definition of the descendant fields and Ward
identities

This section is dedicated to providing a definition of the descendant fields in the
case where only one current is involved, that is to say we will provide a meaning to the
quantities L−nVβ and W−mVβ for any positive integers n,m and for suitable β (that is
β ∈Q +C−). We will define such descendants for boundary Vertex Operators, the bulk
case being treated via the same arguments without the technicalities that appear in
the boundary case.

To define such descendants we will make sense of them within correlation functions,
that is we will make sense of the quantities

〈L−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉 and 〈W−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉

where (β,α) ∈AN ,M+1 and with t ∈ ∂H=R.

3.3.1 Descendant fields at the first order
To start with we will define the descendant associated to Virasoro and higher-spin

symmetry at the level one. These are the easiest ones to deal with but their definition
still relies on the type of argument that we will use in the more general case, in the
next two subsections.
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3.3.1.1 Definition of the descendant fields

In contrast with the closed case, defining the descendant fields in the presence of
a boundary requires some extra care. We first define them at the regularized level
and then take an appropriate limit, in which we need to subtract some additional
divergent terms compared to the closed case. For this purpose let us introduce the
following quantities.

Lemma 3.3.1. For any i in {1,2} set

Li
−1,δ,ε,ρ(α) := Isi ng

[
∂x〈Vγei (x)Vβ(t )V〉δ,ε,ρ

]
.

Then the following quantity is (P )-class:

〈L−1Vβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ−
2∑

i=1
Li
−1,δ,ε,ρ(α).

In the same fashion, let us define for i = 1,2

Wi
−1,δ,ε,ρ(α) :=−h2(ei )

(
q −2ωî (β)

)
Li
−1,δ,ε,ρ(α).

Then the following quantity is (P )-class:

〈W−1Vβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ−
2∑

i=1
Wi

−1,δ,ε,ρ(α).

Proof. Fix δ,ε to be positive and set D to be either L or W. Using Gaussian integration
by parts we have

〈D−1Vβ(t )V〉δ,ε =
2N+M∑

k=1

Dβ
−1(αk )

2(zk − t )
〈Vβ(t )V〉δ,ε−

2∑
i=1

∫
Rε

Dβ
−1(γei )

2(s − t )
〈Vγei (s)Vβ(t )V〉δ,εµi (d s)

−
2∑

i=1
µB ,i

∫
Hδ,ε

(
Dβ

−1(γei )

2(x − t )
+ Dβ

−1(γei )

2(x̄ − t )

)
〈Vγei (x)Vβ(t )V〉δ,εd 2x.

As ε,δ→ 0 the first term in this expansion is (P )-class in agreement with Lemma 3.2.7.
As for the integrals, we see that thanks to Lemma 3.2.5 the integrals over the subdo-
mains Rc

ε and Hc
δ,ε are (P )-class so that

〈D−1Vβ(t )V〉δ,ε = (P )-class terms− Isi ng

[
Dβ

−1(γei )

2(x − t )
〈Vγei (x)Vβ(t )V〉δ,ε

]
.
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To be more explicit the (P )-class terms in the above are explicitly given by

2N+M∑
k=1

Dβ
−1(αk )

2(zk − t )
〈Vβ(t )V〉δ,ε− Ir eg

[
Dβ

−1(γei )

2(x − t )
〈Vγei (x)Vβ(t )V〉δ,ε

]
.

To treat the remaining terms we first note that we have the following explicit equali-
ties (which can be checked based on explicit computations):

Lβ
−1(γei ) = 〈β,γei 〉, Wβ

−1(γei ) =−h2(ei )
(
q −2ωî (β)

)〈β,γei 〉.

In particular in both cases the ratio
D

β
−1(γei )
〈β,γei 〉 is well-defined for any β in C2. This allows

to rewrite the remaining integrals as

Dβ
−1(γei )

〈β,γei 〉
Isi ng

[〈β,γei 〉
2(x − t )

〈Vγei (x)Vβ(t )V〉δ,ε

]
.

We recognize there derivatives of correlation functions in that

∂x〈Vγei (x)Vβ(t )V〉δ,ε =
(
〈β,γei 〉
2(t −x)

+ 〈γei ,γei 〉
2(x̄ −x)

+
2N+M∑

k=1

〈γei ,αk〉
2(zk −x)

)
〈Vγei (x)Vβ(t )V〉δ,ε

− Itot

[〈γei ,γe j 〉
2(y −x)

〈Vγei (x)Vγe j (y)Vβ(t )V〉δ,ε

]
and likewise for ∂x̄ and ∂s , where the integral is over y . This shows that

Isi ng

[〈β,γei 〉
2(x − t )

〈Vγei (x)Vβ(t )V〉δ,ε

]
= Isi ng

[(
∂x +

N∑
k=1

〈αk ,γei 〉
2(x − zk )

)
〈Vγei (x)Vβ(t )V〉δ,ε

]

+
2∑

i , j=1
µB ,iµB , j

∫
H1
δ,ε×Hδ,ε

(〈γei ,γe j 〉
2(x − y)

+ 〈γei ,γe j 〉
2(x − ȳ)

+ 〈γei ,γe j 〉
2(x̄ − y)

+ 〈γei ,γe j 〉
2(x̄ − ȳ)

)
〈Vγei (x)Vγe j (y)V〉δ,εd 2xd 2 y

+
2∑

i , j=1
µB ,i

∫
H1
δ,ε×Rε

(〈γei ,γe j 〉
2(x − y)

+ 〈γei ,γe j 〉
2(x̄ − y)

)
〈Vγei (x)Vγe j (y)V〉δ,εd 2xµ j (d y)

+
2∑

i , j=1
µB ,i

∫
Hδ,ε×R1

ε

(〈γei ,γe j 〉
2(y −x)

+ 〈γei ,γe j 〉
2(y − x̄)

)
〈Vγei (x)Vγe j (y)V〉δ,εd 2xµ j (d y)

+
2∑

i , j=1

∫
R1
ε×Rε

〈γei ,γe j 〉
2(x − ȳ)

〈Vγei (x)Vγe j (y)V〉δ,εµi (d x)µ j (d y).

Now by symmetry in the variables x and y the diagonal part of the integral over
Hδ,ε×Hδ,ε (that is the subintegral over H1

δ,ε×H1
δ,ε) vanishes so that only the integral

over H1
δ,ε×Hc

δ,ε remains. Thanks to Lemma 3.2.8 we know that this integral is (P )-class.
The same argument applies to the remaining integrals, whose sum is actually non-zero
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only over H1
δ,ε×Rc

ε, Hc
δ,ε×R1

ε and Rc
ε×Rc

ε. Recollecting term we obtain that

〈D−1Vβ(t )V〉δ,ε =(P )-class terms+ Isi ng

[
Dβ

−1(γei )

〈β,γei 〉
∂x〈Vγei (x)Vβ(t )V〉δ,ε

]
.

This concludes for the proof of Lemma 3.3.1.

Based on this observation we now would like to define the descendant fields L−1Vβ

and W−1Vβ. However in order to remove the dependence with respect to the radius r
and as explained in the previous section we actually need to remove one additional
term. In this perspective let us recall that we have introduced there the notations
L̃−1,δ,ε,ρ(α) and W̃−1,δ,ε,ρ(α) to discard such terms. Here we see that more explicitly
the remainder term is given by (up to a o(1) term)

L̃−1,δ,ε,ρ(α) =
2∑

i=1
L̃i
−1,δ,ε,ρ(α) and W̃−1,δ,ε,ρ(α) =

2∑
i=1

W̃i
−1,δ,ε,ρ(α), where

L̃i
−1,δ,ε,ρ(α) = (

µL,i 〈Vγei (t −ε)V〉δ,ε−µR,i 〈Vγei (t +ε)V〉δ,ε
)

while

W̃i
−1,δ,ε,ρ(α) :=−h2(ei )

(
q −2ωî (β)

)
L̃i
−1,δ,ε,ρ(α).

Note that Li
−1,δ,ε,ρ(α) and L̃i

−1,δ,ε,ρ(α) only differ by (P )-class terms in that:

L̃i
−1,δ,ε,ρ(α) =Li

−1,δ,ε,ρ(α)− (
µR,i 〈Vγei (t + r )V〉δ,ε−µL,i 〈Vγei (t − r )V〉δ,ε

)
−µB ,i

∫
Hδ,ε∩∂B(t ,r )

〈Vγei (ξ)V〉δ,ε
id ξ̄− idξ

2
.

Definition 3.3.2. Take t ∈ R and (β,α) ∈ AN ,M+1. We define the descendant field
L−1Vβ within half-plane correlation functions by the limit

〈L−1Vβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉 :=

lim
δ,ε,ρ→0

〈L−1Vβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ−
2∑

i=1
L̃i
−1,δ,ε,ρ(α).

Under the same assumptions, the W−1Vβ descendent field is defined by setting

〈W−1Vβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉 :=

lim
δ,ε,ρ→0

〈W−1Vβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ−
2∑

i=1
W̃i

−1,δ,ε,ρ(α).

Thanks to Lemma 3.3.1 we see that these limits are well-defined and analytic in a
complex neighbourhood of AN ,M+1.
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Remark 3.3.3. Going along the proof of Lemma 3.3.1 we see that L−1Vβ is actually such
that

〈L−1Vβ(t )V〉δ,ε =
N∑

k=1

〈β,αk〉
2(zk − t )

〈Vβ(t )V〉δ,ε− Ir eg

[〈β,γei 〉
2(x − t )

〈Vγei (x)Vβ(t )V〉δ,ε

]
+ Isi ng

[(
∂x +

2N+M∑
k=1

〈αk ,γei 〉
2(x − zk )

)
〈Vγei (x)Vβ(t )V〉δ,ε

]

− Isi ng × Ir eg

[〈γei ,γe j 〉
2(x − y)

〈Vγei (x)Vγe j (y)Vβ(t )V〉δ,ε

]
.

(3.19)

3.3.1.2 Connection with derivatives of the correlation functions

The insertion of Virasoro descendants within correlation functions can be explicitly
translated into derivatives of this correlation function. The following statement shows
this connection for the L−1 descendant:

Proposition 3.3.4. Take t ∈R and (β,α) ∈AN ,M+1. Then in the sense of weak deriva-
tives

〈L−1Vβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉 = ∂t 〈Vβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉.

Proof. Note that for positive ε,δ,ρ, 〈Vβ(t)
∏N

k=1 Vαk (zk )
∏M

l=1 Vβl (sl )〉δ,ε,ρ is differen-
tiable with respect to t with derivative given by 〈L−1Vβ(t )

∏N
k=1 Vαk (zk )

∏M
l=1 Vβl (sl )〉δ,ε,ρ .

In particular if we take f to be any smooth, compactly supported function over R then∫
R

f (t )〈L−1Vβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρd t

=
∫
R

(−∂t f (t )
)〈Vβ(t )

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉δ,ε,ρd t .

Let us first assume that 〈β,ei 〉 < 0 for i = 1,2: in that case lim
δ,ε,ρ→0

L̃i
−1,δ,ε,ρ(α) = 0. To

see why we rely on the explicit expression provided by Lemma 3.3.1:

L̃i
−1,δ,ε(α) =µL,i 〈Vγei (t −ε)Vβ(t )V〉δ,ε−µR,i 〈Vγei (t +ε)Vβ(t )V〉δ,ε.

Under the assumption that 〈β,ei 〉 < 0 for all i , as δ,ε→ 0 we have using the fusion
asymptotics (Lemma 3.2.5) that 〈Vγei (t±ε)Vβ(t )V〉δ,ε → 0, so that the above expression
vanishes in the limit. This allows to conclude that if 〈β,ei 〉 < 0 for i = 1,2 then∫
R

f (t )〈L−1Vβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉d t =
∫
R

(−∂t f (t )
)〈Vβ(t )

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉d t .

To extend this equality to the whole range of values of (β,α) ∈AN ,M+1 we rely on
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the fact that both the left and right-hand sides in this equality depend analytically on
β.

The insertion of a L−1 descendant thus acts as a differential operator on the correla-
tion functions. A major difference between Virasoro and W currents is that this is not
the case, for generic values of β, for the W−1 descendant. As we will see in the next
chapter (taken from [27], see also [25, Proposition 5.1]), in order to be able to express
the insertion of a W−1 as a differential operator we need to specialize to special values
of the weight β, in which case we end up with singular vectors.

3.3.2 Virasoro descendants and conformal Ward identities
Having defined the descendants at the first level we now turn to the definition of

the Virasoro descendants at level higher than one. As we will see the proof is slightly
more involved compared to that previously disclosed. As a consequence we may start
using the shortcut Ψi1,··· ,ip (x1, · · · , xp ) defined in Equation (3.11).

3.3.2.1 Virasoro descendants

We first introduce the Virasoro descendants L−nVβ. For this purpose and like before
we start by introducing remainder terms as follows.

Lemma 3.3.5. For any positive integer n and i in 1,2 set

Li
−n,δ,ε,ρ(α) := Isi ng

[
∂x

(
1

(x − t )n−1
〈Vγei (x)Vβ(t )V〉δ,ε,ρ

)]
.

Then the following quantity is (P )-class:

〈L−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ−
2∑

i=1
Li
−n,δ,ε,ρ(α).

Proof. The arguments are similar to the ones developed in the previous section. The
starting point are the basic identities

Lβ
−n

(
α ln

1

|·− t |
)
= (n −1)∆α+ 〈β,γei 〉

2

(·− t )2
and Lβ

−n

(
γei ln

1

|·− t |
)
= n −1+ 〈β,γei 〉

2

(·− t )2
·
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Thanks to them we can write that

〈L−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε =[
2N+M∑

k=1

(n −1)∆αk

2(zk − t )n
−

2N+M∑
k=1

(
〈β,αk〉

2(zk − t )n
+

n−1∑
p=1

∑
l ̸=k

〈αk ,αl 〉
4(zk − t )p (zl − t )n−p

)]
〈Vβ(t )V〉δ,ε

− Itot

[(
n −1+ 〈β,γei 〉

2

(x − t )n
−

n−1∑
p=1

2N+M∑
k=1

〈αk ,γei 〉
2(x − t )p (zk − t )n−p

)
Ψi (x)

]

+
2∑

i=1
µB ,i

∫
Hδ,ε

n−1∑
p=1

〈γei ,γei 〉
2(x − t )p (x̄ − t )n−p

Ψi (x)d 2x − I 2
tot

[
n−1∑
p=1

〈γei ,γe j 〉
4(x − t )p (y − t )n−p

Ψi , j (x, y)

]
.

Let us start with the one-fold integral. Since the integrals over Hc
δ,ε and Rc

ε are (P )-
class we can focus on the singular part of these integrals. For this we rely on the fact
that

n−1∑
p=1

1

(x − t )p (y − t )n−p
= 1

x − y

(
1

(y − t )n−1
− 1

(x − t )n−1

)
, (3.20)

so that the singular one-fold integrals can be rewritten as

−
2N+M∑

k=1

1

(zk − t )n−1
Isi ng

[ 〈αk ,γei 〉
2(zk −x)

Ψi (x)

]

− Isi ng

[(
n −1+ 〈β,γei 〉

2

(x − t )n
+

2N+M∑
k=1

〈αk ,γei 〉
2(x − t )n−1(x − zk )

)
Ψi (x)

]

−
2∑

i=1
µB ,i

∫
Hδ,ε

( 〈γei ,γei 〉
2(x − t )n−1)(x − x̄)

+ 〈γei ,γei 〉
2(x̄ − t )n−1(x̄ −x)

)
Ψi (x)d 2x.

The first term is (P )-class; the second one can be dealt with like before by writing it as
a total derivative in that

∂x

(
1

(t −x)n−1
Ψi (x)

)
(3.21)

=
(

n −1+ 〈β,γei 〉
2

(t −x)n
+

2N+M∑
k=1

〈αk ,γei 〉
2(t −x)n−1(zk −x)

+ 〈γei ,γei 〉
2(t −x)n−1)(x̄ −x)

)
Ψi (x)

− Itot

( 〈γei ,γe j 〉
2(t −x)n−1(y −x)

Ψi (x)

)
.
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Therefore the only remaining terms to be treated are given by

− Isi ng × Itot

( 〈γei ,γe j 〉
2(x − t )n−1(y −x)

Ψi (x)

)
+ I 2

tot

(
n−1∑
i=1

〈γei ,γe j 〉
4(x − t )i (y − t )n−i

Ψi , j (x, y)

)
.

We can rewrite the second integral using the identity (3.20) together with symmetry in
the x, y variable. By doing so we see that the integral over Isi ng × Itot vanishes, so that
only the following integral remains:

Ir eg × Itot

( 〈γei ,γe j 〉
2(x − t )n−1(y −x)

Ψi (x)

)
.

Over Ir eg × Ir eg we use again the identity (3.20) to write the integrand as

n−1∑
p=1

〈γei ,γe j 〉
2(x − t )n−p (y − t )p

Ψi , j (x, y)

so that this term is (P )-class. As for the integral over Ir eg ×Isi ng it is seen to be (P )-class
thanks to the fusion asymptotics of Lemma 3.2.8.

Definition 3.3.6. We then define the L−nVβ descendant within correlation functions
via the limits

〈L−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉 :=

lim
δ,ε,ρ→0

〈L−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ−
2∑

i=1
L̃i
−n,δ,ε,ρ(α).

Like before we can provide an explicit expression for the remainder terms defined
above:

L̃i
−n,δ,ε,ρ(α) =

(
µL,i

〈Vγei (t −ε)Vβ(t )V〉δ,ε

(−ε)n−1
−µR,i

〈Vγei (t +ε)Vβ(t )V〉δ,ε

(ε)n−1

)
−µB ,i

∫
(t−r,t+r )

〈Vγei (x + iδ)Vβ(t )V〉δ,ε Im

(
1

(x + iδ− t )n−1

)
d x.

And like before these remainder terms and the one provided in Lemma 3.3.5 differ by
quantities that are (P )-class. As such the limit defining 〈L−nVβ(t )

∏N
k=1 Vαk (zk )

∏M
l=1 Vβl (sl )〉

is well-defined and analytic in a complex neighbourhood of AN ,M+1. Likewise the
L−nVβ descendant when inserted within correlation functions is seen to be given at
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the regularized level by

〈L−nVβ(t )V〉δ,ε = Aδ,ε+Bδ,ε, where

Aδ,ε :=
(

2N+M∑
k=1

〈(n −1)Q +β,αk〉
2(zk − t )n

−
2N+M∑
k,l=1

n−1∑
p=1

〈αk ,αl 〉
4(zk − t )p (zl − t )n−p

)
〈Vβ(t )V〉δ,ε

− Ir eg

[(
n −1+ 〈β,γei 〉

2

(x − t )n
−

2N+M∑
k=1

n−1∑
p=1

〈γei ,αk〉
2(x − t )p (zk − t )n−p

)
Ψi (x)

]

− Isi ng

[
2N+M∑

k=1

〈γei ,αk〉
2(zk − t )n−1(zk −x)

Ψi (x)

]

+ Ir eg × Ir eg

[
−

n−1∑
p=1

〈γei ,γe j 〉
4(x − t )p (y − t )n−p

Ψi , j (x, y)

]

+ Isi ng × Ir eg

[ 〈γei ,γe j 〉
2(y − t )n−1(y −x)

Ψi , j (x, y)

]
while Bδ,ε := Isi ng

[
∂x

(
1

(x − t )n−1
Ψi (x)

)]
.

(3.22)

3.3.2.2 Conformal Ward identities

We have seen previously that the L−1 descendant allowed to define the (weak)
derivatives of the correlation functions. As we now show the other descendants L−n ,
n ≥ 2 play an analogous role based on the conformal Ward identities.

Theorem 3.3.7. Take t ∈ R and (β,α) ∈ AN ,M+1. Then for any n ≥ 2, in the sense of
weak derivatives

〈L−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉

=
(

2N+M∑
k=1

−∂zk

(zk − t )n−1
+ (n −1)∆αk

(zk − t )n

)
〈Vβ(t )

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉.

Proof. As explained in Proposition 3.3.4 the weak derivatives are defined using the
L−1 descendant fields, themselves defined using a regularization procedure based on
Lemma 3.3.1. As such our goal is to show that

lim
δ,ε,ρ→0

(
L −n −

2N+M∑
k=1

−∂zk

(zk − t )n−1
+ (n −1)∆αk

(zk − t )n

)
〈Vβ(t )

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉δ,ε,ρ

−
2∑

i=1
Ri (δ,ε,ρ;α) = 0, with (3.23)
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L −n〈Vβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ := 〈L−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ and

Ri (δ,ε,ρ;α) = L̃i
−n,δ,ε,ρ(α)+

M∑
l=1

L̃i
−1,δ,ε,ρ(α;βl )

(sl − t )n−1
.

In the above L̃i
−1,δ,ε,ρ(α;βl ) is the remainder term from Lemma 3.3.1 but associated to

the boundary descendant field L−1Vβl (sl ).
To see why this is true we combine the exact expressions provided in the proofs of

Lemmas 3.3.1 and 3.3.5 to get that the first line in Equation (3.23) is given by

− Itot

[(
n −1+ 〈β,γei 〉

2

(x − t )n
+

2N+M∑
k=1

〈αk ,γei 〉
2(x − t )n−1(zk −x)

)
Ψi (x)

]

−
2∑

i=1
µB ,i

∫
Hδ,ε

( 〈γei ,γei 〉
2(x − t )n−1)(x − x̄)

+ 〈γei ,γei 〉
2(x̄ − t )n−1(x̄ −x)

)
Ψi (x)d 2x

+ I 2
tot

(
n−1∑
i=1

〈γei ,γe j 〉
2(x − t )n−1(x − y)

Ψi , j (x, y)

)
.

Along the same lines as before the latter is a total derivative. We get that the first line
in Equation (3.23) is equal to

Itot

[
∂x

(
1

(x − t )n−1
Ψi (x)

)]
.

After integration by parts (that is application of Stoke’s formula over the domains Hδ,ε

and Rε) we recover the desired remainder terms provided that for any 1 ≤ l ≤ M ,

lim
δ,ε,ρ→0

(
1

(sl +ε− t )n−1
− 1

(sl − t )n−1

)
Ψi (sl +ε) = 0,

and likewise for any 1 ≤ k ≤ N :

lim
δ,ε,ρ→0

∮
∂B(zk ,ε)

Ψi (ξ)dξ= 0,

This follows from the fusion asymptotics of Lemma 3.2.5.

3.3.3 W -descendants and higher-spin Ward identities
Having shown the validity of conformal Ward identities, we now turn to the higher-

spin symmetry enjoyed by Toda CFTs and which are encoded using the current W.
To this end we first define the W -descendants at the order two and then proceed
to the general case of W−n with n ≥ 3. We will show that the insertion of a W−n

descendant, n ≥ 3, within correlation functions has an effect similar to that of the
Virasoro descendant L−n but that involves this time the W descendants corresponding
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to the other insertions.

3.3.3.1 Definition of the W -descendants

In order to define the W -descendants we proceed in the same fashion that we did
for the Virasoro descendants. And to start with we define the descendant at the level
two.

Lemma 3.3.8. Let us set for i = 1,2:

Wi
−2,δ,ε,ρ(α) := Isi ng

[
∂x

((
2h2(ei )ωî (β)

x − t
+

2N+M∑
k=1

2h2(ei )ωî (αk )

x − zk

)
Ψi (x)

)]

− Isi ng × Itot

[
δi ̸= j∂x

(
2γh2(ei )

x − y
Ψi , j (x, y)

)]
where recall the notation î = 3− i . Then the following quantity is (P )-class:

〈W−2Vβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ−
2∑

i=1
Wi

−2,δ,ε,ρ(α).

We define the W−2 descendant by setting

〈W−2Vβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉 :=

lim
δ,ε,ρ→0

〈W−2Vβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ−
2∑

i=1
W̃i

−2,δ,ε,ρ(α).

Proof. The proof relies on the very same arguments as the one of Lemma 3.3.5, the
main difference lying in the combinatorial identities underlying the definition of
the W -descendants. To be more specific we rely on the fact that (shown by explicit
computations) for i = 1,2:

Wβ
−2

(
γei ln

1

|·− t |
)
= 2h2(ei )w î (β)

1+ 〈β,γei 〉
2

(·− t )2
;

Cσ(β,γei ,αk ) =−h2(ei )
(
ωî (αk )〈β,γei 〉+ωî (β)〈αk ,γei 〉

)
;

Cσ(β,γei ,γe j ) =−γh2(ei )〈β,γei 〉δi ̸= j −〈γei ,γe j 〉h2(ei )ωî (β).

As a consequence we can write that the integrals appearing at the regularized level are

− Isi ng

[(
2h2(ei )ωî (β)

(
1+〈β,γei 〉/2

)
(t −x)2

−
2N+M∑

k=1

h2(ei )
(
ωî (αk )〈β,γei 〉+ωî (β)〈αk ,γei 〉

)
(t −x)(t − zk )

)
Ψi (x)

]

+ I 2
tot

[
δi= j

h2(ei )w î (β)×−〈γei ,γei 〉
2(t −x)(t − y)

Ψi , j (x, y)

]
+ I 2

tot

[
δi ̸= j

−2γ2h2(β)

(t −x)(t − y)
Ψi , j (x, y)

]
.
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Proceeding along the very same lines as in Lemma 3.3.5 using symmetrization and
integration by parts, we can rewrite the latter (up to convergent terms) as

− Isi ng

[
∂x

((
2h2(ei )ωî (β)

t −x
−

2N+M∑
k=1

2h2(ei )ωî (αk )

x − zk

)
Ψi (x)

)]

+ Isi ng × Itot

[
h2(ei )ω j (β)〈γei ,γe j 〉

(t −x)(x − y)
Ψi , j (x, y)

]
+ I 2

tot

[
δi= j

h2(ei )w î (β)×〈γei ,γei 〉
(t −x)(y −x)

Ψi , j (x, y)

]
+ I 2

tot

[
δi ̸= j

−2γ2h2(β)

(t −x)(t − y)
Ψi , j (x, y)

]
.

The only remaining two-fold integrals are thus given by

Isi ng × Itot

[(
δi ̸= j

−γ2h2(ei )ω j (β)

(t −x)(x − y)
+ −2γ2h2(β)

(t −x)(t − y)

)
Ψi , j (x, y)

]
.

Since for i ̸= j , h2(ei )ω j (β)+2h2(β) = h2(ei )〈ei ,β〉 the latter is actually equal (again
up to convergent terms) to, as expected,

Isi ng × Itot

[
δi ̸= j∂x

(
2γh2(ei )

y −x
Ψi , j (x, y)

)]

We now turn to the W -descendants at level higher than two.

Lemma 3.3.9. For any positive integer n and i in 1,2, set

Wi
−n,δ,ε,ρ(α) := Isi ng

[
∂x

((
h2(ei )((n −2)q +2ωî (β))

(x − t )n−1
+

2N+M∑
k=1

2h2(ei )ωî (αk )

(x − t )n−2(x − zk )

)
Ψi (x)

)]
(3.24)

+ Isi ng × Itot

[
∂x

(
2γh2(ei )δi ̸= j

(x − t )n−2(y −x)
Ψi , j (x, y)

)]
.

Then the following quantity is (P )-class:

〈W−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ−
2∑

i=1
Wi

−n,δ,ε,ρ(α).

Proof. The result follows from the proof of Theorem 3.3.11 in the next subsection.

Definition 3.3.10. Take t ∈R and (β,α) ∈AN ,M+1. For n ≥ 3 we define the descendant
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field W−nVβ within half-plane correlation functions by the limit

〈W−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉 :=

lim
δ,ε,ρ→0

〈W−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ−
2∑

i=1
W̃i

−n,δ,ε,ρ(α).

Like before, these limits are well-defined and analytic in a complex neighborhood
of AN ,M+1. The explicit expression for the remainder is

W̃i
−n,δ,ε,ρ(α)

= h2(ei )((n −2)q +2ωî (β))

(
µi ,L

Ψi (t −ε)

(−ε)n−1
−µi ,R

Ψi (t −ε)

εn−1

)
+∑

k
2h2(ei )ωî (αk )

(
µi ,L

Ψi (t −ε)

(−ε)n−2(t −ε− zk )
−µi ,R

Ψi (t +ε)

εn−2(t +ε− zk )

)
(3.25)

−µB ,i

∫
(t−r,t+r )

Im

(
h2(ei )((n −2)q +2ωî (β))

(x + iδ− t )n−1
+∑

k

2h2(ei )ωî (αk )

(x + iδ− t )n−2(x + iδ− zk )

)
Ψi (x + iδ)d x

+ Itot

[
2γh2(ei )δi ̸= j

(
µi ,L

Ψi , j (t −ε, y)

(sl −ε− t )n−2(y − sl +ε)
−µi ,R

Ψi , j (t +ε, y)

(sl +ε− t )n−2(y − sl −ε)

)
+µB ,i

∫
(t−r,t+r )

(
2γh2(ei )δi ̸= j

(x + iδ− t )n−2(y −x − iδ)
− 2γh2(ei )δi ̸= j

(x − iδ− t )n−2(y −x + iδ)

)
Ψi , j (x + iδ, y)d x

]

3.3.3.2 Ward identities for the higher-spin current

In the same fashion as the Virasoro descendants, the insertion of W -descendants at
order higher than three within correlation functions gives rise to Ward identities but
this time associated to higher-spin symmetry. They take the following form:

Theorem 3.3.11. Take t ∈R and (β,α) ∈AN ,M+1. Then for any n ≥ 3:

〈W−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉 = (3.26)(
2N+M∑

k=1

−W (k)
−2

(zk − t )n−2
+ (n −2)W (k)

−1

(zk − t )n−1
− (n −1)(n −2)w(αk )

2(zk − t )n

)
〈Vβ(t )

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉

where for j = 1,2, W (k)
− j 〈Vβ(t)V〉 := 〈W− j Vαk (zk )

∏
l ̸=k Vαl (zl )〉, and W (k)

− j = W
(k−N )
− j for

k ∈ {N +1, ...,2N }.

Proof. The free-field theory. In order to make the exposition as clear as possible we
start by considering the free-field theory, that is when µi =µ∂

i = 0. In this setting we
have to assume that

∑
k αk + 1

2

∑
l βl −Q = 0 in order for the Gaussian integration by
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parts formula (Lemma 3.2.3) to be valid 7. To start with from the explicit definitions
of the W -descendants and thanks to Lemma 3.2.3 we see that the right-hand side of
(3.26) is given by(

2N+M∑
k=1

− W (k)
−2

(zk − t )n−2
+ (n −2)W (k)

−1

(zk − t )n−1
− (n −1)(n −2)w(αk )

2(zk − t )n

)
〈Vβ(t )V〉F F

δ,ε (3.27)

=−
[

2N+M∑
k=1

(
(n −1)(n −2)w(αk )− (n −2)(qB(αk ,β)+2C (αk ,αk ,β))

2(zk − t )n

+q(B(β,αk )−B(αk ,β))+2C (β−αk ,αk ,β)

2(zk − t )n

)
+ ∑

l ̸=k

(−(n −2)(qB(αk ,αl )+2C (αk ,αk ,αl ))+2C (αk ,β,αl )+2C (αk ,αl ,β)

2(zk − t )n−1(zk − zl )

+ q(B(αl ,αk )−B(αk ,αl ))+2C (αl −αk ,αk ,αl )

2(zk − t )n−2(zk − zl )2

)
+ ∑

m ̸=l ,k

C (αk ,αl ,αm)

(zk − t )n−2(zk − zl )(zk − zm)

]
〈Vβ(t )V〉F F

δ,ε

where the notation 〈·〉F F refers to correlation functions with respect to the free field.
On the other hand, based on the defining formula (3.8) and using again Lemma

3.2.3 we see that the left-hand side of (3.26) is equal to :

〈W−nVβ(t )V〉F F
δ,ε (3.28)

=−
[

2N+M∑
k=1

(
qB(β,αk )+2C (β,β,αk )− (n −1)(qB(αk ,β)+2C (αk ,αk ,β))

2(zk − t )n

+ (n −1)(n −2)(−q2h2(αk )+ q
2 B(αk ,αk )+ 1

3C (αk ,αk ,αk ))

2(zk − t )n

)

+ ∑
l ̸=k

(
n−1∑
p=1

q(p −1)B(αk ,αl )−2C (αk ,αl ,β)+2(p −1)C (αk ,αk ,αl )

2(zk − t )p (zl − t )n−p

+ ∑
m ̸=l ,k

n−2∑
p1=1

p1∑
p2=1

C (αk ,αl ,αm)

3(zk − t )p2 (zl − t )p1−p2+1(zm − t )n−p1−1

)]
〈Vβ(t )V〉F F

δ,ε.

Elementary calculations involving the explicit expressions for B and C show that the
(zk − t )−n terms in (3.28) and (3.27) are actually equal. In addition to the symmetriza-
tion identity from Equation (3.20) we use the following additional symmetrization
identities to transform the terms involving several insertions in Equation (3.28):

n−1∑
p=1

p −1

(t −x)p (t − y)n−p
= 1

(y −x)2

(
1

(t − y)n−2
− 1

(t −x)n−2

)
− n −2

(y −x)(t −x)n−1
; (3.29)

7. This is known in Physics as a neutrality condition
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n−2∑
p1=1

p1∑
p2=1

1

(t −x)p2 (t − y)p1−p2+1(t − z)n−p1−1
= 1

(z − y)(z −x)(t − z)n−2
(3.30)

+ 1

(y −x)(y − z)(t − y)n−2
+ 1

(x − y)(x − z)(t −x)n−2
·

Now we can use Equations (3.20) and (3.29) to symmetrize the terms involving k, l
insertions in the left-hand side of the Ward identity (3.28). Doing so explicit com-
putations show that this yields precisely the corresponding term in the right-hand
side of Equation (3.27). For the last line of (3.28) we use the identity (3.30) together
with symmetry between the zk , zl and zm variables: we then see that this exactly
matches the last line of Equation (3.27). Finally, we deduce that the Ward identity for
the free-field theory holds true:

〈W−nVβ(t )V〉F F

=
(

2N+M∑
k=1

−W (k)
−2

(zk − t )n−2
+ (n −2)W (k)

−1

(zk − t )n−1
− (n −1)(n −2)w(αk )

2(zk − t )n

)
〈Vβ(t )V〉F F

after taking the limit as ε,δ→ 0.
The full theory. The reasoning is the same in the presence of the GMC potential

except that we have to work at the regularized level and keep track of the remainder
terms that may occur. At such our goal is to show that

lim
δ,ε,ρ→0

(
W −n −

(
2N+M∑

k=1

−W (k)
−2

(zk − t )n−2
+ (n −2)W (k)

−1

(zk − t )n−1
− (n −1)(n −2)w(αk )

2(zk − t )n

))
〈Vβ(t )V〉δ,ε,ρ

−
2∑

i=1
Ri (δ,ε,ρ;α) = 0, with

Ri (δ,ε,ρ;α) := W̃i
−n,δ,ε,ρ(α)−

M∑
l=1

−W̃i
−2,δ,ε,ρ(α;βl )

(sl − t )n−2
+

(n −2)W̃i
−1,δ,ε,ρ(α;βl )

(sl − t )n−1
·

(3.31)

In order to achieve this, we use that the correlation function 〈W−nVβ(t)V〉δ,ε is the
sum of four terms I0 + I1 + I2 + I3, corresponding respectively to the free-field (i.e. not
integrated) part, and 1, 2 and 3-fold integrals. Likewise the terms in the right-hand
side of Equation (3.26) take the form Ĩ0 + Ĩ1 + Ĩ2. The equality I0 = Ĩ0 has already been
checked since it amounts to treating the free-field case. Therefore our goal is to show
that the difference I1 + I2 + I3 − (Ĩ1 + Ĩ2 + Ĩ3) is given by the corresponding remainder
up to vanishing terms.

One-fold integrals. And to start with let us first compute the part in the right-hand
side of the Ward identity (3.26) that involves only one-fold integrals. Using again the
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definitions of the descendants we find by Gaussian integration by parts

Ĩ1 = Itot

[
2N+M∑

k=1

(−(n −2)(qB(αk ,γei )+2C (αk ,αk ,γei ))+2C (αk ,γei ,β)+2C (αk ,β,γei )

2(zk − t )n−1(zk −x)

+ q(B(γei ,αk )−B(αk ,γei ))+2C (γei −αk ,αk ,γei )

2(zk − t )n−2(zk −x)2

+ ∑
l ̸=k

C (αk ,γei ,αl )+C (αk ,αl ,γei )

(zk − t )n−2(zk − zl )(zk −x)

)
Ψi (x)

]

+
2∑

i=1
µB ,i

∫
Hδ,ε

2N+M∑
k=1

2C (αk ,γei ,γei )

(zk − t )n−2(x − zk )(x̄ − zk )
Ψi (x)d xd x̄.

As for the left-hand side of Equation (3.26), we find by the same method:

I1 = Itot

[(
qB(β,γei )+2C (β,β,γei )− (n −1)(qB(γei ,β)+2C (β,γei ,γei ))

2(x − t )n

+ (n −1)(n −2)(−q2h2(γei )+ q
2 B(γei ,γei )+ 1

3C (γei ,γei ,γei ))

2(x − t )n

+
2N+M∑

k=1

(
n−1∑
p=1

(p −1)(qB(γei ,αk )+2C (γei ,γei ,αk ))−2C (γei ,αk ,β)

2(x − t )p (zk − t )n−p

+ (p −1)(qB(αk ,γei )+2C (αk ,αk ,γei ))−2C (αk ,γei ,β)

(zk − t )p (x − t )n−p

+ 1

3

∑
l ̸=k

n−2∑
p1=1

p1∑
p2=1

(
C (αk ,γei ,αl )

(zk − t )p2 (x − t )p1−p2+1(zl − t )n−p1−1
+ C (γei ,αk ,αl )

(x − t )p2 (zk − t )p1−p2+1(zl − t )n−p1−1

+ C (αk ,αl ,γei )

(zk − t )p2 (zl − t )p1−p2+1(x − t )n−p1−1

)))
Ψi (x)

]
+

2∑
i=1

µB ,i

∫
Hδ,ε

(
n−1∑
p=1

(p −1)(qB(γei ,γei )−2C (γei ,γei ,γei ))+2C (γei ,γei ,β)

2(x − t )p (x̄ − t )n−p

+ 1

3

2N+M∑
k=1

n−2∑
p1=1

p1∑
p2=1

(
C (αk ,γei ,γei )

(zk − t )p2 (x − t )p1−p2+1(x̄ − t )n−p1−1
+ C (αk ,γei ,γei )

(x − t )p2 (zk − t )p1−p2+1(x̄ − t )n−p1−1

+ C (αk ,γei ,γei )

(x − t )p2 (x̄ − t )p1−p2+1(zk − t )n−p1−1

))
Ψi (x)d xd x̄.

First of all algebraic computations show that the (t − x)−n coefficient in the above
equals

h2(ei )((n −2)q +2ωî (β))(n −1+ 〈β,γei 〉
2

) =: Jβ−n(ei ).
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Besides, we can symmetrize the I1 term like before to obtain

I1 = Itot

[(
Jβ−n(ei )

(x − t )n
+

2N+M∑
k=1

(
q(B(γei ,αk )−B(αk ,γei ))+2C (γei −αk ,αk ,γei )

2(zk − t )n−2(zk −x)2

+ q(B(αk ,γei )−B(γei ,αk ))+2C (αk −γei ,αk ,γei )

2(x − t )n−2(zk −x)2

− −(n −2)(qB(γei ,αk )+2C (γei ,γei ,αk ))+2C (αk ,γei ,β)+2C (αk ,β,γei )

2(x − t )n−1(zk −x)

+ −(n −2)(qB(αk ,γei )+2C (αk ,αk ,γei ))+2C (αk ,γei ,β)+2C (αk ,β,γei )

2(zk − t )n−1(zk −x)

+ ∑
l ̸=k

C (αk ,γei ,αl )+C (αk ,αl ,γei )

(zk − t )n−2(zk − zl )(zk −x)
+ C (γei ,αk ,αl )

(x − t )n−2(zk −x)(zl −x)

)
Ψi (x)

]

+
2∑

i=1
µB ,i

∫
Hδ,ε

(
(n −2)(qB(γei ,γei )+2C (γei ,γei ,γei ))−4C (γei ,γei ,β)

2(x − t )n−1(x − x̄)

+
2N+M∑

k=1

2C (αk ,γei ,γei )

(x − t )n−2(zk −x)(x − x̄)
+ 2C (αk ,γei ,γei )

(zk − t )n−2(zk −x)(zk − x̄)

)
Ψi (x)d xd x̄.

Therefore we can write that the difference I1 − Ĩ1 is given by

Itot

[(
Jβ−n(ei )

(x − t )n
+

2N+M∑
k=1

(
q(B(αk ,γei )−B(γei ,αk ))+2C (αk −γei ,αk ,γei )

2(x − t )n−2(zk −x)2

+ (n −2)(qB(γei ,αk )+2C (γei ,γei ,αk ))−2C (αk ,γei ,β)−2C (αk ,β,γei )

2(x − t )n−1(zk −x)

+ ∑
l ̸=k

C (γei ,αk ,αl )

(x − t )n−2(zk −x)(zl −x)

)
Ψi (x)

]

+
2∑

i=1
µB ,i

∫
Hδ,ε

(
(n −2)(qB(γei ,γei )+2C (γei ,γei ,γei ))−4C (γei ,γei ,β)

2(x − t )n−1(x − x̄)

+
2N+M∑

k=1

2C (αk ,γei ,γei )

(x − t )n−2(zk −x)(x − x̄)

)
Ψi (x)d xd x̄.

Now we can use the following identities (proved using the explicit expressions for B
and C ):

qB(γei ,αk )+2C (γei ,γei ,αk ) = qh2(ei )〈γei ,αk〉+4h2(ei )ωî (αk ); (3.32)

C (αk ,γei ,β)+C (αk ,β,γei ) =−h2(ei )
(
ωî (β)〈γei ,αk〉+ωî (αk )〈γei ,β〉) ;

q(B(αk ,γei )−B(γei ,αk ))+2C (αk −γei ,αk ,γei ) =−4h2(ei )ωî (αk )

(
1+ 〈γei ,αk〉

2

)
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to rewrite the above under the form

Itot

h2(ei )((n −2)q +2ωî (β))(n −1+ 〈β,γei 〉
2 )

(x − t )n
+

2N+M∑
k=1

−4h2(ei )ωî (αk )
(
1+ 〈γei ,αk 〉

2

)
2(x − t )n−2(zk −x)2

+ (n −2)(qh2(ei )〈γei ,αk〉+4h2(ei )ωî (αk ))+2h2(ei )
(
ωî (β)〈γei ,αk〉+ωî (αk )〈γei ,β〉)

2(x − t )n−1(zk −x)

+ ∑
l ̸=k

−4h2(ei )ωî (αk )〈γei ,αl 〉
(x − t )n−2(zk −x)(zl −x)

)
Ψi (x)

]

+
2∑

i=1
µB ,i

∫
Hδ,ε

(
(n −2)(qB(γei ,γei )+2C (γei ,γei ,γei ))−4C (γei ,γei ,β)

2(x − t )n−1(x − x̄)

+
2N+M∑

k=1

2C (αk ,γei ,γei )

(x − t )n−2(zk −x)(x − x̄)

)
Ψi (x)d xd x̄.

Like before we recognize derivatives of the correlation functions. More precisely we
end up with

I1 − Ĩ1 =−Itot

[
∂x

((
−h2(ei )((n −2)q +2ωî (β))

(x − t )n−1
+

2N+M∑
k=1

2h2(ei )ωî (αk )

(x − t )n−2(zk −x)

)
Ψi (x)

)]
(3.33)

+ Itot × Itot

[(
−h2(ei )((n −2)q +2ωî (β))〈γei ,γe j 〉

(x − t )n−1(x − y)
+

2N+M∑
k=1

2h2(ei )ωî (αk )〈γei ,γe j 〉
(x − t )n−2(zk −x)(x − y)

)
Ψi (x)

]

+
2∑

i=1
µB ,i

∫
Hδ,ε

(
(n −2)(qB(γei ,γei )+2C (γei ,γei ,γei ))−4C (γei ,γei ,β)

2(x − t )n−1(x − x̄)

+
2N+M∑

k=1

2C (αk ,γei ,γei )

(x − t )n−2(zk −x)(x − x̄)

)
Ψi (x)d xd x̄.

The first integral corresponds exactly to the one in Lemma 3.3.9. The terms involving
x, x̄ are treated exactly the same way using the identities (3.32) with either β or αk

replaced by γei . The second line of the above will show up when considering the
two-fold integrals, which is our next task.

Two-fold integrals. The two-fold integrals in the l.h.s. of the Ward identity (3.26) are
given by (we voluntarily omit the terms involving combinations of the variables x, y
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with x̄ or ȳ , since they can be dealt with in the exact same way)

I2 =−I 2
tot

[(
n−1∑
p=1

q(p −1)B(γei ,γe j )−2C (γei ,γe j ,β)+2(p −1)C (γei ,γei ,γe j )

2(x − t )p (y − t )n−p

+ 1

3

2N+M∑
k=1

n−2∑
p1=1

p1∑
p2=1

(
C (αk ,γei ,γe j )

(zk − t )p2 (x − t )p1−p2+1(y − t )n−p1−1
+ C (γei ,αk ,γe j )

(x − t )p2 (zk − t )p1−p2+1(y − t )n−p1−1

+ C (γei ,γe j ,αk )

(x − t )p2 (y − t )p1−p2+1(zk − t )n−p1−1

))
Ψi , j (x, y)

]
.

Once we have symmetrized all the terms we are left with

− I 2
tot

[((
1

(y −x)2

(
1

(y − t )n−2
− 1

(x − t )n−2

)
− n −2

(x − y)(x − t )n−1

)
(

q

2
B(γei ,γe j )+C (γei ,γei ,γe j ))

− 1

y −x

(
1

(y − t )n−1
− 1

(x − t )n−1

)
C (γei ,γe j ,β)+

2N+M∑
k=1

(
C (αk ,γei ,γe j )

(zk −x)(zk − y)(zk − t )n−2

+C (αk ,γei ,γe j )+C (αk ,γe j ,γei )

(x − y)(x − zk )(x − t )n−2

))
Ψi , j (x, y)

]
.

Using symmetry between the integration variables allows one to reduce the latter to

− I 2
tot

[(
− (n −2)( q

2 B(γei ,γe j )+C (γei ,γei ,γe j ))−C (γei ,γe j ,β)−C (γe j ,γei ,β)

(x − y)(x − t )n−1

−
q
2 (B(γei ,γe j )−B(γe j ,γei ))+C (γei ,γei ,γe j )−C (γe j ,γe j ,γei )

(y −x)2(x − t )n−2

+
2N+M∑

k=1

C (αk ,γei ,γe j )+C (αk ,γe j ,γei )

(x − y)(x − zk )(x − t )n−2

))
Ψi , j (x, y)

]

− I 2
tot

[
2N+M∑

k=1

C (αk ,γei ,γe j )

(zk − t )n−2(x − zk )(y − zk )
Ψi , j (x, y)

]
.

The last line corresponds exactly to the two-fold integral Ĩ2 in the r.h.s. of the Ward
identity. For the other terms we use the identities (derived from Equation (3.32))

(n −2)(
q

2
B(γei ,γe j )+C (γei ,γei ,γe j ))−C (γei ,γe j ,β)−C (γe j ,γei ,β)

= 2γh2(ei )δi ̸= j

(
(n −2)+ 〈γei ,β〉

2

)
+h2(ei )((n −2)q +2ωî (β))

〈γei ,γe j 〉
2

;

q

2
(B(γei ,γe j )−B(γe j ,γei ))+C (γei ,γei ,γe j )−C (γe j ,γe j ,γei ) = 2γh2(ei )

(
1+ 〈γei ,γe j 〉

2

)
δi ̸= j ;

C (αk ,γei ,γe j )+C (αk ,γe j ,γei ) =−2γh2(ei )
〈γei ,αk〉

2
δi ̸= j −〈γei ,γe j 〉h2(ei )ωî (αk )
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to get that the difference I2 − Ĩ2 is given by

−I 2
tot

−2γh2(ei )δi ̸= j

 n −2+ 〈γei ,β〉
2

(x − y)(x − t )n−1
+ 1+ 〈γei ,γe j 〉

2

(x − y)2(x − t )n−2

+
2N+M∑

k=1

〈γei ,αk〉
2(x − y)(x − zk )(x − t )n−2

)
Ψi , j (x, y)

−
(

h2(ei )((n −2)q +2ωî (β))〈γei ,γe j 〉
2(x − y)(x − t )n−1

+
2N+M∑

k=1

2h2(ei )ωî (αk )〈γei ,γe j 〉
(x − y)(x − zk )(x − t )n−2

)
Ψi , j (x, y)

]
.

The second line corresponds to the two-fold integrals that we obtained from the
treatment of one-fold integrals in Equation (3.33). As for the first line we rely on the
fact that

∂x

(
1

(x − t )n−2(y −x)
Ψi , j (x, y)

)
= 1+ 〈γei ,γe j 〉

2

(x − t )n−2(y −x)2
+

〈γei ,γe j 〉
2

(x − t )n−2(y −x)(ȳ −x)
+

〈γei ,γei 〉
2

(x − t )n−2(x̄ −x)(y −x)
+ n −2+ 〈γei ,β〉

2

(x − t )n−1(x − y)

+
2N+M∑

k=1

〈γei ,αk〉
2(x − t )n−2(y −x)(zk −x)

)
Ψi , j (x, y)

− Itot

[ 〈γei ,γe f 〉
2(x − t )n−2(y −x)(z −x)

Ψi , j , f (x, y, z)

]
.

The integral term that shows up is canceled by the three-fold integrals in the left-hand
side of (3.26). Namely these are given by

I3 =−I 3
tot

[
n−2∑
p1=1

p1∑
p2=1

C (γei ,γe j ,γe f )

3(x − t )p2 (y − t )p1−p2+1(z − t )n−p1−1
Ψi , j , f (x, y, z)

]
.

Symmetrizing the above and using symmetry between the variables yield

I3 =−I 3
tot

[
δi ̸= j

C (γei ,γe j ,γe j )

(x − t )n−2(x − y)(x − z)
Ψi , j , j (x, y, z)

]
.

Again, algebraic computations show that

C (γei ,γe j ,γe j ) =−γh2(ei )〈γei ,γe j 〉
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for i ̸= j , which allows us to conclude that

〈W−nVβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε− (3.34)(
2N+M∑

k=1

−W (k)
−2

(zk − t )n−2
+ (n −2)W (k)

−1

(zk − t )n−1
− (n −1)(n −2)w(αk )

2(zk − t )n

)
〈Vβ(t )

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉δ,ε

= Itot

[
∂x J i (x)

]
+ Itot × Itot

[
∂x J i , j (x, y)

]
.

where we have introduced the shorthands

J i (x) =
(

h2(ei )((n −2)q +2ωî (β))

(x − t )n−1
+

2N+M∑
k=1

2h2(ei )ωî (αk )

(x − t )n−2(x − zk )

)
Ψi (x)

and

J i , j (x, y) = 2γh2(ei )δi ̸= j

(x − t )n−2(y −x)
Ψi , j (x, y).

Concluding the proof. In order to wrap up the proof of Theorem 3.3.11, it only
remains to show that

lim
δ,ε→0

Itot

[
∂x J i (x)

]
+ Itot × Itot

[
∂x J i , j (x, y)

]
−

2∑
i=1

Ri (δ,ε,ρ;α) = 0.

For this purpose we integrate by parts the right-hand side of Equation (3.34), that is,
we apply Stokes formula separately over the domains H1

δ,ε∪R1
ε and Hc

δ,ε∪Rc
ε. Let us

first compute the integrals on Rc
ε. As already explained, we do not treat the terms at ∞

since they are seen to vanish thanks to Lemma 3.2.4. Around an sl insertion, we have∫
Rc
ε∩(sl−rl ,sl+rl )

∂x J i (x)µi (d x)+ Itot

[∫
Rc
ε∩(sl−rl ,sl+rl )

∂x J i , j (x, y)µi (d x)

]
= h2(ei )((n −2)q +2ωî (β))

(
µi (s−l )

Ψi (sl −ε)

(sl −ε− t )n−1
−µi (s+l )

Ψi (sl +ε)

(sl +ε− t )n−1

)
+ ∑

k ̸=l
2h2(ei )ωî (αk )

(
µi (s−l )

Ψi (sl −ε)

(sl −ε− t )n−2(sl −ε− zk )
−µi (s+l )

Ψi (sl +ε)

(sl +ε− t )n−2(sl +ε− zk )

)
+2h2(ei )ωî (βl )

(
µi (s−l )

Ψi (sl −ε)

(sl −ε− t )n−2(−ε)
−µi (s+l )

Ψi (sl +ε)

(sl +ε− t )n−2ε

)
+ Itot

[
2γh2(ei )δi ̸= j

(
µi (s−l )

Ψi (sl −ε)

(sl −ε− t )n−2(y − sl +ε)
−µi (s+l )

Ψi (sl +ε)

(sl +ε− t )n−2(y − sl −ε)

)]
− same terms with rl instead of ε.

(3.35)

The terms in the last line of the above expression cancel out when summing over l .
Now, we recall that

W̃i
−1,δ,ε,ρ(α;βl ) =−h2(ei )

(
q −2ωî (βl )

)(
µi (s−l )Ψi (sl −ε)−µi (s+l )Ψi (sl +ε)

)
and
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W̃i
−2,δ,ε,ρ(α;βl )

=
(
− ∑

k ̸=l

2h2(ei )ωî (αk )

zk − sl
− 2h2(ei )ωî (β)

t − sl

)(
µi (s−l )Ψi (sl −ε)−µi (s+l )Ψi (sl +ε)

)
− 2h2(ei )ωî (βl )

ε

(
µi (s−l )Ψi (sl −ε)+µi (s+l )Ψi (sl +ε)

)
−µB ,i

∫
(sl−rl ,sl+rl )

Im

(
2γh2(ei )ωî (βl )

x + iδ− sl

)
Ψi (x + iδ)d x

+ Itot

[
2γh2(ei )δi ̸= j

(
µi (s−l )

Ψi , j (sl −ε, y)

y − sl +ε
−µi (s+l )

Ψi , j (sl +ε, y)

y − sl −ε

+µB ,i

∫
(sl−rl ,sl+rl )

(
1

y −x − iδ
− 1

y −x + iδ

)
Ψi , j (x + iδ, y)

id x

2

)]
.

Using these explicit expressions one readily sees that, up to a o(ε) term, Equation (3.35)
corresponds to the part that is on the real line (that is that does not contain a term of
the form x + iδ) of the expected remainder

−
M∑

l=1

−W̃i
−2,δ,ε,ρ(α;βl )

(sl − t )n−2
+

(n −2)W̃i
−1,δ,ε,ρ(α;βl )

(sl − t )n−1
·

This is true except for the term

2(n −2)h2(ei )ωî (βl )

(sl − t )n−1

(
µi (s−l )Ψi (sl −ε)−µi (s+l )Ψi (sl +ε)

)
coming from −(n−2)

W̃i
−1,δ,ε,ρ(α;βl )

(sl−t )n−1 . Nonetheless, one can recover this term by perform-
ing an expansion of the fourth line in Equation (3.35). Indeed, if one writes

1

(sl +ε− t )n−2ε
= 1

(sl − t )n−2ε
− n −2

(sl − t )n−1
+o(ε)

and
1

(sl −ε− t )n−2ε
= 1

(sl − t )n−2ε
+ n −2

(sl − t )n−1
+o(ε).

Then replacing the fourth line in Equation (3.35) using these identities yields the
missing term.

Let us now turn to the integrals over Hc
δ,ε. When integrating by parts the right-hand

side of (3.34) over Hc
δ,ε one obtains two kind of terms, see Figure 3.2 (again, we omit

the terms at infinity since they are easily shown to vanish thanks to Lemma 3.2.4). The
first ones are the contour integrals around the zk ’s (in blue on Figure 3.2), that are of
the form∮
∂B(zk ,ε)

Ψi (ξ)( J̃ i (ξ)
id ξ̄

2
− J̃ i (ξ̄)

idξ

2
)+ Itot

[∮
∂B(zk ,ε)

Ψi , j (ξ, y)( J̃ i , j (ξ, y)
id ξ̄

2
− J̃ i , j (ξ̄, y)

idξ

2
)

]
.
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These terms actually tend to 0 in the δ,ε→ 0 thanks to the fusion asymptotics. The
other term is the integral over (R+ iδ \ (t − r + iδ, t + r + iδ))∪ (Hc

δ,ε ∩ ∂B(t ,r )) (see
Figure 3.2). To deal with it, one has to show that the parts of the integral on the
segments (sl +rl + iδ, sl+1−rl+1+ iδ) vanishes in the limit, since the other parts are the
singular terms

−
∫

(sl−rl ,sl+rl )
Im( J̃ i (x + iδ))Ψi (x + iδ)d x

+ Itot

[∫
(sl−rl ,sl+rl )

( J̃ i , j (x + iδ, y)− J̃ i , j (x − iδ, y))Ψi , j (x + iδ, y)
id x

2

]

stemming from the definition of the descendant Wβl
−2 (shown in red on Figure 3.2).

This is true like before thanks to fusion asymptotics. The term in green on Figure 3.2
has already been treated above as it was part of the remainder terms.

Rε

R+ iδ

t sl

zk

t − r t + r sl − rl sl + rl
ε ε

ε

Figure 3.2 – The contours of integration in Ir eg

At this point we have proven Lemma 3.3.9. It remains to show that W̃i
−n,δ,ε,ρ(α)

and Wi
−n,δ,ε,ρ(α) differ by (P )-class terms in order to remove the dependence in r

and justify the Definition 3.3.10. For this purpose we integrate by parts the integrals
over H1

δ,ε∪R1
ε (the associated domain of integration is depicted on Figure 3.3 with the

remainder terms shown in red).
We obtain

Isi ng

[
∂x J i (x)

]
+ Isi ng × Itot

[
∂x J i , j (x, y)

]
−W̃i

−n,δ,ε,ρ(α)

=µR,i J i (t + r )−µL,i J i (t − r )+µB ,i

∫
Hδ,ε∩∂B(t ,r )

Ψi (ξ)( J̃ i (ξ)
id ξ̄

2
− J̃ i (ξ̄)

idξ

2
)

+ Itot

[
µR,i J i , j (t + r, y)−µL,i J i , j (t − r, y)

+µB ,i

∫
Hδ,ε∩∂B(t ,r )

Ψi , j (ξ, y)( J̃ i , j (ξ, y)
id ξ̄

2
− J̃ i , j (ξ̄, y)

idξ

2
)

]
.

(3.36)

Here W̃i
−n,δ,ε,ρ(α) is defined in Equation (3.25), and with J̃ denoting the function J
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Rεt − r t t + rt −ε t +ε

R+ iδ

Figure 3.3 – Integration around t

without the correlation function inside. We conclude thanks to the fusion asymptotics
that all the terms in the right-hand side of the equality above are (P )-class, thus
justifying Definition 3.3.10 and completing the proof of Theorem 3.3.11.

3.3.4 Global Ward identities
In the previous subsections we have provided rigorous definitions for the descen-

dant fields, and proved that thanks to them it was possible to infer local Ward identities.
As we will now see this will allow us to show that global Ward identities are valid for
our probabilistic model, putting strong constraints on the correlation functions. Such
global Ward identities are obtained by inserting holomorphic tensors within correla-
tion functions, which can be seen as the L−2Vβ and W−3Vβ descendants where β= 0,
and that correspond to the conserved currents of the W3-algebra.

To be more specific, let us assume that β= 0 and denote respectively T := L−2V0 and
W(t ) := W−3V0. Then we see that

T[Φ] = 〈Q,∂2Φ〉−〈∂Φ,∂Φ〉 and

W[Φ] = q2h2(∂3Φ)−2qB(∂2Φ,∂,Φ)−8h1(∂Φ)h2(∂Φ)h3(∂Φ).

They correspond respectively to the stress-energy tensor T and the higher-spin current
W, already encountered in Subsection 3.2.1.2. Recall that in the language of Vertex
Operator Algebra these currents can be thought of as formal power series whose
modes generate the W3 algebra.

3.3.4.1 Local Ward identities for the currents

The local Ward identities are obtained by inserting these currents within correlation
functions. Then we see that, in agreement with Theorems 3.3.7 and 3.3.11 we have the
following:
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Theorem 3.3.12. Assume that the weights satisfy α ∈AN ,M and take t ∈R. Then in the
sense of weak derivatives

〈T(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉 =
(

2N+M∑
k=1

∂zk

t − zk
+ ∆αk

(t − zk )2

)
〈

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉.

As for the higher-spin current we have:

〈W(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉

=
(

2N+M∑
k=1

W(k)
−2

t − zk
+ W(k)

−1

(t − zk )2
+ w(αk )

(t − zk )3

)
〈

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉

(3.37)

In the above the quantities that appear are defined by taking β= 0 in the definition
of the L−2Vβ and W−3Vβ descendants.

3.3.4.2 Global Ward identities

Based on the local Ward identities we will be able to derive global Ward identities.
These are related to the symmetries enjoyed by the model in that they describe some
conserved quantities, which translate as strong constraints put on the correlation
functions. In order to show that such identities hold true we will rely on the conformal
covariance of the correlation functions (Equation (3.5)) together with the fact that the
stress-energy tensor and the higher-spin current behave like covariant tensors. More
specifically we first show that:

Proposition 3.3.13. Let ψ ∈ PSL(2,R) be a Möbius transform of the upper-half plane H
and α ∈AN ,M . Then:

〈T(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉 =

ψ′(t )2
N∏

k=1

∣∣ψ′(zk )
∣∣2∆αk

M∏
l=1

∣∣ψ′(sl )
∣∣∆βl 〈T

(
ψ(t )

) N∏
k=1

Vαk (ψ(zk ))
M∏

l=1
Vβl (ψ(sl ))〉.

for the stress-energy tensor, while for the higher-spin current:

〈W(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉 =

ψ′(t )3
N∏

k=1

∣∣ψ′(zk )
∣∣2∆αk

M∏
l=1

∣∣ψ′(sl )
∣∣∆βl 〈W

(
ψ(t )

) N∏
k=1

Vαk (ψ(zk ))
M∏

l=1
Vβl (ψ(sl ))〉.

Proof. To start with we note that for such maps, in agreement with [25, Proposition
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4.1], the currents satisfy

T
[
Φ◦ψ+Q ln

∣∣ψ′∣∣]= (ψ′)2T [Φ]◦ψ and W
[
Φ◦ψ+Q ln

∣∣ψ′∣∣]= (ψ′)3W [Φ]◦ψ.

As a consequence at the regularized level we have that

ψ′(t )3〈W
(
ψ(t )

) N∏
k=1

Vαk (ψ(zk ))
M∏

l=1
Vβl (ψ(sl ))〉δ,ε

= 〈W
[
Φ◦ψ+Q ln

∣∣ψ′∣∣] (t )
N∏

k=1
Vαk (ψ(zk ))

M∏
l=1

Vβl (ψ(sl ))〉δ,ε.

Let us now focus on the remainder terms that show up in the definition of 〈W
(
ψ(t )

)
V(ψ(z))〉

(the case of the stress-energy tensor is treated in the exact same way): they are defined
from

Isi ng

[
∂x

((
qh2(ei )

(x −ψ(t ))2
+

2N+M∑
k=1

2h2(ei )ωî (αk )

(x −ψ(t ))(x −ψ(zk ))

)
ψi (x)

)]

+ Isi ng × Itot

[
∂x

(
2γh2(ei )δi ̸= j

(x −ψ(t ))(y −x)
ψi , j (x, y)

)]
.

We can make the changes of variables x ↔ψ(x) and y ↔ψ(y) in the above integrals.
We can then combine Equation (3.5) together with the fact that ∆γei = 1 and the
following property of the Mobiüs transform:

(ψ(x)−ψ(t ))(ψ(x)−ψ(y)) =ψ′(x)ψ′(t )
1
2ψ′(y)

1
2 (x − t )(x − y)

to get that the remainder term is actually given byψ′(t )−3 ∏N
k=1

∣∣ψ′(zk )
∣∣−2∆αk

∏M
l=1

∣∣ψ′(sl )
∣∣−∆βl

times the remainder term that would come from the definition of 〈W(t )V〉. This allows
to take the δ,ε→ 0 limit and conclude for the proof.

Based on the above property we can readily deduce that global Ward identities hold
true:

Theorem 3.3.14. Assume that α ∈AN ,M . Then the following identities hold true for
0 ≤ n ≤ 2 and 0 ≤ m ≤ 4:(

2N+M∑
k=1

zn
k L (k)

−1 +nzn−1
k ∆αk

)
〈

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉 = 0(

2N+M∑
k=1

zm
k W (k)

−2 +mzm−1
k W (k)

−1 +
m(m −1)

2
zm−2

k w(αk )

)
〈

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉 = 0.

Proof. This is an immediate consequence of Proposition 3.3.13 combined with Theo-
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rem 3.3.12. Namely by taking ψ(z) = −1
z we see that as t →∞:(

2N+M∑
k=1

W(k)
−2

t − zk
+ W(k)

−1

(t − zk )2
+ w(αk )

(t − zk )3

)
〈

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉

= t−6
2N+M∏

k=1

|zk |−2∆αk 〈W
(

1

t

)2N+M∏
k=1

Vαk

(−1

zk

)
〉.

From this we deduce that the left-hand side must scale like C t−6 for some constant
C . But we can expand it in negative powers of t : the coefficients that appear in this
expansion are precisely given by the ones that appear in the statement of the global
Ward identities, namely(

2N+M∑
k=1

zm
k W (k)

−2 +mzm−1
k W (k)

−1 +
m(m −1)

2
zm−2

k w(αk )

)
〈

N∏
k=1

Vαk (zk )
M∏

l=1
Vβl (sl )〉.
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4.1 Introduction
In the previous chapter we have defined descendant fields of the Vertex Operator

Vβ of the form L−nVβ or W−nVβ for n ≥ 1. We proved that thanks to these definitions
we were able to express the symmetries of the model as actual constraints on the
correlation functions in the form of Ward identities.

In this chapter we pursue the study of the symmetries enjoyed by the A2 Toda CFT
on the upper half-plane. Based on the probabilistic framework introduced in the
previous chapter, we prove that the representation theory of the W3 algebra entails the
existence of singular vectors in the probabilistic model, that in turn give rise to higher
equations of motions. As a corollary we obtain new hypergeometric (BPZ) differential
equations verified by some basic correlation functions of the theory. The content of
this chapter is taken from [27], co-authored with B. Cerclé. An introduction to the
method and results is found in Subsection 1.2.3.
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4.1.1 Descendant fields
We recall here the method of construction of the descendant fields carried out in

the previous chapter, in a slightly more general way that will allow us to make sens of
the singular vectors.

The definition of the descendant fields is based on the consideration of regularized
expressions of the form

〈F [Φ]Vβ(t )
N∏

k=1
Vαk (zk )

M∏
l=1

Vβl (sl )〉δ,ε,ρ

where F [Φ] is a polynomial in the derivatives of the Toda field Φ evaluated at t , whose
exact expression is determined by algebraic computations based on the probabilistic
representation of the currents T and W (3.2.1.2). Conducting these manipulations
leads to the consideration of functionals of the Toda field of the form

L−λVα[Φ] = ∑
|ν|=|λ|

Lα
−ν;λ

(
∂ν1Φ, · · · ,∂νlΦ

)
Vα[Φ]

where the Lα
−ν;λ are multilinear forms, whileλ is a Young diagram, that isλ= (λ1, · · · ,λl )

with λ1 ≥ ·· · ≥ λl , and where the sum ranges over Young diagrams ν with |ν| :=
ν1+·· ·+νl = |λ|. We will only need here to consider descendants of the form L−nVβ for
n ≥ 1 as well as L−(1,n)Vβ for n = 1,2 and L−(1,1,1), that, as explained in the Introduction,
correspond to the composite descendants L−1L−n and L−1L−1L−1 respectively. In this
case these multilinear forms are given by

Lα
−n[Φ] =

〈
(n −1)Q +α,

∂nΦ

(n −1)!

〉
−

n−2∑
i=0

〈
∂i+1Φ

i !
,
∂n−i−1Φ

(n −2− i )!

〉
Lα
−(1,1)[Φ] := 〈α,∂2Φ〉+ (〈α,∂Φ〉)2 ,

Lα
−(1,2)[Φ] := 〈Q +α,∂3Φ〉+〈Q +α,∂2Φ〉〈α,∂Φ〉−2〈∂2Φ,∂Φ〉−〈∂Φ,∂Φ〉〈α,∂Φ〉,

Lα
−(1,1,1)[Φ] := 〈α,∂3Φ〉+3〈α,∂2Φ〉〈α,∂Φ〉+ (〈α,∂Φ〉)3 .

(4.1)

A similar procedure remains valid for the descendant fields associated to the higher-
spin current, and the defining expression for them then involves quantities related
to the Lie algebra structure (see e.g. Equation (3.8)), but we will not need their exact
expression in the sequel.

Recall that to make sense of the insertion of such quantities within correlation
functions we first need to define them at the regularized level. This is done by setting
for δ,ε,ρ > 0 fixed:

〈L−λVβ(t )V〉δ,ε,ρ := ∑
|ν|=|λ|

〈: Lα
−ν;λ

(
∂ν1Φ, · · · ,∂νlΦ

)
Vβ(t ) : V〉. (4.2)

where the notation : F [Φ]Vβ(t ) : refers to F [Φ+β ln |·− t |]Vβ(t ), while recall the short-
hand V = ∏N

k=1 Vαk (zk )
∏M

l=1 Vβl (sl ). This can be expressed explicitly based on the
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Gaussian integration by parts formula 3.2.3.

4.2 Singular vectors and higher equations of
motion: levels one and two

We will start by describing singular vectors at the levels one and two, in which case
we will conduct the computations in more details. In order to define the singular
vector at level two we will also need to introduce beforehand the descendant field
L(−1,1)Vβ.

4.2.1 Singular vector at the level one
Singular vectors arise when the weight β takes specific values. For instance singular

vectors at the level one appear when considering semi-degenerate fields, that is Vertex
Operators of the form Vβ where β = κωi for κ ∈ R and i ∈ {1,2}. Based on this semi-
degenerate field we can formally define the singular vector at level one by setting

ψ−1,β :=
(

W−1 − 3w(β)

2∆β
L−1

)
Vβ.

To be more specific we define it as follows.

Definition 4.2.1. Take t ∈R and (β,α) ∈AN ,M+1. We define the singular vector Ψ−1,β

within half-plane correlation functions by setting

〈ψ−1,β(t )V〉 := 〈W−1Vβ(t )V〉− 3w(β)

2∆β
〈L−1Vβ(t )V〉.

This singular vector is actually not a null vector, that is unlike in the free-field theory
or bulk Toda CFT where the above correlation functions identically vanish (see [25,
Proposition 5.1]), in boundary Toda CFT this singular vector is not zero but rather
given by a primary field. Namely we have the following statement:

Theorem 4.2.2. Assume that β= κω1 for κ< q. Then

ψ−1,β = 2(q −κ)(µL,2 −µR,2)Vβ+γe2

in the sense that for any (β,α) ∈AN ,M+1

〈ψ−1,β(t )V〉 = 2(q −κ)(µL,2 −µR,2)〈Vβ+γe2 (t )V〉.

Proof. To start with note that 3w(β)
2∆β

= (
q −2ω2(β)

) = (q − 2κ
3 ) for such a β = κω1. Be-

sides explicit computations show that for such a β, we have the equality 3w(β)
2∆β

Lβ
−1 =
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Wβ
−1 between linear maps over C2 (see e.g. [25, Subsection 5.1]), so that for any positive

δ,ε,ρ

3w(β)

2∆β
〈L−1Vβ(t )V〉δ,ε,ρ = 〈W−1Vβ(t )V〉δ,ε,ρ.

As a consequence and by definition of the descendants from Definition 3.3.2

〈ψ−1,β(t )V〉 = lim
δ,ε,ρ→0

3ω(β)

2∆β
L̃−1(δ,ε,ρ;α)−W̃−1(δ,ε,ρ;α).

Now, as explained in the last chapter and reminded in Subsection 1.2.3.2, from the
explicit expressions of the remainders in Definition 3.3.2 we infer that

L̃−1(δ,ε,ρ;α) =
2∑

i=1
L̃i
−1(δ,ε,ρ;α) and W̃−1(δ,ε,ρ;α) =

2∑
i=1

W̃i
−1(δ,ε,ρ;α), where

L̃i
−1(δ,ε,ρ;α) = (

µL,i 〈Vγei (t −ε)Vβ(t )V〉δ,ε−µR,i 〈Vγei (t +ε)Vβ(t )V〉δ,ε
)

while

W̃i
−1(δ,ε,ρ;α) :=−h2(ei )

(
q −2ωî (β)

)
L̃i
−1(δ,ε,ρ;α).

Since we have 3w(β)
2∆β

= q − 2κ
3 for β = κω1 we see that the remainder terms are such

that:

W̃1
−1(δ,ε,ρ;α) = 3w(β)

2∆β
L̃1
−1(δ,ε,ρ;α) while

W̃2
−1(δ,ε,ρ;α) =−(

q −2ω1(β)
)
L̃2
−1(δ,ε,ρ;α).

where the exponents indicate whether we pick i = 1 or i = 2. Now since 〈β,γe2〉 = 0
and thanks to the probabilistic representation of the correlation functions the above
remainder term is seen to be given by

L̃2
−1(δ,ε,ρ;α) = (µL,2 −µR,2)〈Vβ+γe2 (t )V〉+o(1).

As a consequence we can conclude that

〈ψ−1,β(t )V〉 =
(

3ω(β)

2∆β
+q − 4κ

3

)
(µL,2 −µR,2)〈Vβ+γe2 (t )V〉

= 2
(
q −κ

)
(µL,2 −µR,2)〈Vβ+γe2 (t )V〉.

The result follows from the definition of the descendants 3.3.2.
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4.2.2 Descendants and singular vectors at the level two
In this subsection we derive the explicit expression of the singular vector at the level

two ψ−2,χ introduced in Equation (1.49):

ψ−2,χ :=
(

W−2 + 4

χ
L−(1,1) + 4χ

3
L−2

)
Vα.

To begin with we first need to define the descendant field L−(1,1)Vβ that appears in
the expression of this singular vector. Based on this definition together with the ones
already provided for L−2Vβ and W−2Vβ we will see that when the weight β is given
by β=−χω1, χ ∈ {γ, 2

γ
}, the associated fully-degenerate field Vβ allows to define one

additional singular vector at the level two.

4.2.2.1 A first take on the descendant at the second level

As a first step we define here the descendant field L(−1,1)Vβ, where recall that the
latter is defined by considering expressions of the form

L(−1,1)Vβ :=
(
Lβ

(−1,1)(∂
2Φ)+Lβ

(−1,1)(∂Φ,∂Φ)
)

Vβ,

Lβ

(−1,1)(u) := 〈β,u〉 and Lβ

(−1,1)(u, v) := 〈β,u〉〈β, v〉.

The proof is rather heavy and relies on the same method as in Section 3.3: as a
consequence we will only provide a few details on the computations conducted and
refer to Chapter 2 (or [26]) for more explanations on the method developed here.

Lemma 4.2.3. Define the remainder term

L−(1,1);δ,ε,ρ(α) :=Isi ng

[
∂x〈Vγei (x)Ł2β+γei

−1 Vβ(t )V〉δ,ε

]
− Isi ng

[(
∂x +∂x̄1x∈Hδ,ε

)(〈β,γei 〉
2(t −x)

Ψi (x)

)]
+ Isi ng × Isi ng

[
∂x

(〈β,γe j 〉
2(t − y)

Ψi , j (x, y)

)]
with

〈Vγei (x)Ł2β+γei
−1 Vβ(t )V〉δ,ε :=

2N+M∑
k=1

〈2β+γei ,αk〉
2(zk − t )

Ψi (x)− Ir eg

[〈2β+γei ,γe j 〉
2(y − t )

Ψi , j (x, y)

]
+Isi ng

[
2N+M∑

k=1

〈αk ,γe j 〉
2(y − zk )

Ψi , j (x, y)

]
+ Isi ng × Ir eg

[〈γe j ,γe f 〉
2(y − z)

Ψi , j , f (x, y, z)

]
.

Then the following quantity is (P )-class: 〈Ł−(1,1)Vβ(t )V〉δ,ε,ρ−L−(1,1);δ,ε,ρ(α).

Remark 4.2.4. The notation 〈Vγei (x)Ł2β+γei
−1 Vβ(t )V〉δ,ε is inspired by what would be

the Wick’s contraction between the descendant Ł2β+γei
−1 Vβ(t ) and V since, in agreement
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with (3.22)

〈Łβ
−1Vβ(t )V〉 =

2N+M∑
k=1

〈β,αk〉
2(zk − t )

〈Vβ(t )V〉− Ir eg

[〈β,γe j 〉
2(y − t )

Ψ j (y)

]
+Isi ng

[
2N+M∑

k=1

〈αk ,γe j 〉
2(y − zk )

Ψ j (y)

]
+ Isi ng × Ir eg

[〈γe j ,γe f 〉
2(y − z)

Ψ j , f (y, z)

]
.

Proof. To start with we use the defining expression (4.2) together with Lemma 3.2.3 to
get

〈Ł−(1,1)Vβ(t )V〉δ,ε,ρ =
2N+M∑

k=1

〈β,αk〉
2(t − z −k)2)

+
2N+M∑
k,l=1

〈β,αk〉〈β,αl 〉
4(t − z −k)(t − zl ))

− Itot

[(
〈β,γei 〉(2+〈β,γei 〉)

4(t −x)2
+2

〈β,γei 〉〈β,γei 〉
4(t −x)(t − x̄)

1x∈Hδ,ε +2
2N+M∑

k=1

〈β,αk〉〈β,γei 〉
4(t − zk )(t −x)

)
Ψi (x)

]

+ I 2
tot

[〈β,γei 〉〈β,γe j 〉
4(t −x)(t − y)

Ψi , j (x, y)

]
.

After some algebraic manipulations on this expression we see that the only possibly
singular terms in the expansion of 〈Ł−(1,1)Vβ(t )V〉δ,ε,ρ are given by

I :=− Isi ng

[(
〈β,γei 〉(2+〈β,γei 〉)

4(t −x)2
+2

〈β,γei 〉〈β,γei 〉
4(t −x)(t − x̄)

1x∈Hδ,ε +2
2N+M∑

k=1

〈β,αk〉〈β,γei 〉
4(t − zk )(t −x)

)
Ψi (x)

]

+ Isi ng × Ir eg

[
2
〈β,γei 〉〈β,γe j 〉
4(t −x)(t − y)

Ψi , j (x, y)

]
+ I 2

si ng

[〈β,γei 〉〈β,γe j 〉
4(t −x)(t − y)

Ψi , j (x, y)

]
.

The one-fold integral can be rewritten using

(
∂x +∂x̄1x∈Hδ,ε

)[(
〈β,γei 〉
2(t −x)

+
2N+M∑

k=1

〈2β+γei ,αk〉
2(t − zk )

)
Ψi (x)

]
= (P )-class terms

+
(〈β,γei 〉(2+〈β,γei 〉)

4(t −x)2
+ 〈β,γei 〉〈β,γei 〉

2(t −x)(t − x̄)
1x∈Hδ,ε

)
Ψi (x)

+
2N+M∑

k=1

( 〈β,αk〉〈β,γei 〉
2(t − zk )(t −x)

+ 〈β,αk〉〈β,γei 〉
2(t − zk )(t − x̄)

1x∈Hδ,ε

)
Ψi (x)

− Itot

[(
〈β,γei 〉
2(t −x)

+
2N+M∑

k=1

〈2β+γei ,αk〉
2(t − zk )

)(〈γe,γe j 〉
2(y −x)

+ 〈γe,γe j 〉
2(y − x̄)

1x∈Hδ,ε

)
Ψi , j (x, y)

]
.

Since the integral Isi ng × Ir eg

[
1

x−y Ψi , j (x, y)
]

is (P )-class in virtue of Lemma 3.2.8 this
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entails

I= (P )-class terms

− Isi ng

[(
∂x +∂x̄1x∈Hδ,ε

)(〈β,γei 〉
2(t −x)

Ψi (x)

)]
− Isi ng

[
∂x

(
2N+M∑

k=1

〈2β+γei ,αk〉
2(t − zk )

Ψi (x)

)]

+ Isi ng × Ir eg

[(〈β,γei 〉〈β,γe j 〉
2(t −x)(t − y)

+ 〈β,γei 〉〈γe,γe j 〉
4(t −x)(x − y)

)
Ψi , j (x, y)

]
+ Isi ng × Isi ng

[(
〈β,γei 〉
2(t −x)

(〈β,γe j 〉
2(t − y)

+ 〈γei ,γe j 〉
2(x − y)

)
+

2N+M∑
k=1

〈2β+γei ,αk〉〈γe,γe j 〉
4(t − zk )(y −x)

)
Ψi , j (x, y)

]
.

Let us now turn to the two-folds integrals: over Isi ng × Ir eg singular terms are given
by

Isi ng × Ir eg

[(〈β,γei 〉〈β,γe j 〉
2(t −x)(t − y)

+ 〈β,γei 〉〈γe,γe j 〉
4(t −x)(x − y)

)
Ψi , j (x, y)

]
= (P )-class terms + Isi ng × Ir eg

[(〈β,γei 〉〈2β+γei ,γe j 〉
4(t −x)(t − y)

)
Ψi , j (x, y)

]
.

To take care of the singularity at x = t we use the same reasoning as in the proof of
Lemma 3.3.1: this shows that

Isi ng × Ir eg

[(〈β,γei 〉〈β,γe j 〉
2(t −x)(t − y)

+ 〈β,γei 〉〈γe,γe j 〉
4(t −x)(x − y)

)
Ψi , j (x, y)

]
= (P )-class terms + Isi ng × Ir eg

[
∂x

(〈2β+γei ,γe j 〉
2(t − y)

)
Ψi , j (x, y)

]
.

This corresponds exactly to the integral over Ir eg that appears in the expansion of

〈Vγei (x)Ł2β+γei
−1 Vβ(t )V〉δ,ε.

As for the integral over Isi ng × Isi ng the corresponding term is

Isi ng × Isi ng

[〈β,γei 〉
2(t −x)

(〈β,γe j 〉
2(t − y)

+ 〈γei ,γe j 〉
2(x − y)

)
Ψi , j (x, y)

]
+ Isi ng × Isi ng

[
2N+M∑

k=1

〈2β+γei ,αk〉
2(t − zk )

〈γe,γe j 〉
2(y −x)

Ψi , j (x, y)

]
.

The integral on the second line is actually (P )-class: to see why for i = j we use the
symmetry in x, y to see that the term vanishes while for i ̸= j the singularity at x = y is
integrable thanks to Lemma 3.2.5 (the exponent is positive). The first integral can be
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rewritten as

Isi ng × Isi ng

[(
∂y +

2N+M∑
k=1

〈γe j ,αk〉
2(y − zk )

)
〈β,γei 〉
2(t −x)

Ψi , j (x, y)

]

− Isi ng × Isi ng × Itot

[〈β,γei 〉〈γe j ,γe f 〉
4(t −x)(y − z)

Ψi , j , f (x, y, z)

]
.

The derivative ∂y appears in the remainder term. Therefore it only remains to treat

Isi ng × Isi ng

[
2N+M∑

k=1

〈γe j ,αk〉〈β,γei 〉
4(y − zk )(t −x)

Ψi , j (x, y)

]
− Isi ng × Isi ng × Itot

[〈β,γei 〉〈γe j ,γel 〉
4(t −x)(y − z)

Ψi , j , f (x, y, z)

]
.

In the same fashion as in the proof of Theorem 4.2.2 the first integral will give rise
to the term corresponding to the integral over Isi ng that appears in the expansion of

〈Vγei (x)Ł2β+γei
−1 Vβ(t )V〉δ,ε. The second integral vanishes over I 3

si ng by symmetry in y, z,

while the integral over I 2
si ng×Ir eg yields the term Isi ng×Ir eg in 〈Vγei (x)Ł2β+γei

−1 Vβ(t )V〉δ,ε.
Recollecting term we see that as desired I= (P )-class terms +L−(1,1);δ,ε,ρ(α).

4.2.2.2 Definition of the descendants at the level two

Based on the previous statement we can now define the descendant L−(1,1)Vβ. This

is done by substracting the remainder term L̃−(1,1);δ,ε,ρ(α) to the regularized quantity,
where the latter is obtained from L−(1,1);δ,ε,ρ(α) by application of Stokes’ formula:

L̃−(1,1);δ,ε,ρ(α) =−〈β,γei 〉
2ε

(
µL,iΨi (t −ε)+µR,iΨi (t +ε)

)
+µL,i 〈Vγei (t −ε)L2β+γei

−1 Vβ(t )V〉δ,ε−µR,i 〈Vγei (t +ε)L2β+γei
−1 Vβ(t )V〉δ,ε

+ Isi ng

[〈β,γe j 〉
2(t − y)

(
µL,iΨi , j (t −ε, y)−µR,iΨi , j (t +ε, y)

)]
.

(4.3)

Definition 4.2.5. For any t ∈R and (β,α) ∈AN ,M+1, the descendant field L−(1,1)Vβ is
defined by the following limit, well-defined and analytic in a complex neighborhood
of AN ,M+1:

〈L−(1,1)Vβ(t )V〉 := lim
δ,ε,ρ→0

〈L−(1,1)Vβ(t )V〉δ,ε,ρ− L̃−(1,1);δ,ε,ρ(α).

Proof. We need to show that the difference L−(1,1);δ,ε,ρ(α)− L̃−(1,1);δ,ε,ρ(α) is (P )-class.
In this expression the only term that may not be (P )-class is given by∮
Hδ,ε∩∂B(t ,r )

Isi ng

[〈β,γe j 〉
2(t − y)

Ψi , j (ξ, y)

]
ıd ξ̄− ıdξ

2
−

∮
Hδ,ε∩∂B(t ,r )

Isi ng
[
∂yΨi , j (ξ, y)

] ıd ξ̄− ıdξ

2
·
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For this we develop the derivative in y to cancel the singularity at y = t : this yields
only (P )-class terms.

Proposition 4.2.6. For t ∈R and (β,α) ∈AN ,M , in the sense of weak derivatives:

〈L−(1,1)Vβ(t )V〉 = ∂2
t 〈Vβ(t )V〉.

Proof. The proof follows from the very same argument as that of Proposition 3.3.4.
For positive δ,ε,ρ and any smooth and compactly supported test function f :∫

R
f (t )〈L−(1,1)Vβ(t )V〉δ,ε,ρd t =

∫
R
∂2

t f (t )〈Vβ(t )V〉δ,ε,ρd t .

Now it is readily seen from the fusion asymptotics of Lemma 3.2.5 (see also the reason-
ing developed in [24, Subsection 4.2]) that for 〈β,ei 〉 negative enough the remainder
term L̃−(1,1);δ,ε,ρ(α) that appears in the definition of the descendant field vanishes in
the ρ,ε,δ→ 0 limit. As a consequence for 〈β,ei 〉 negative enough we have the equality∫

R
f (t )〈L−(1,1)Vβ(t )V〉d t =

∫
R
∂2

t f (t )〈Vβ(t )V〉d t .

This equality can be extended by analycity of the correlation functions in a complex
neighborhood of AN ,M , thus completing the proof.

4.2.2.3 Degenerate fields at the level two

We have defined in the previous subsection semi-degenerate fields, which are Vertex
Operators Vβ where the weight is chosen to be of the form β = κωi for κ ∈ R and
i ∈ {1,2}. We have seen that such a semi-degenerate field allows to define a singular
vector at level one Ψ−1,β. We now explain how a further specialization of the weight β
leads to the introduction of singular vectors at a higher level.

To this end let us now assume that β=−χω1 with χ ∈ {γ, 2
γ }. The singular vector at

the level two is formally defined by

ψ−2,χ :=
(

W−2 + 4

χ
L−(1,1) + 4χ

3
L−2

)
Vβ

and makes sense when inserted within correlation functions as follows.

Definition 4.2.7. Assume that β = −χω1 with χ ∈ {γ, 2
γ

} and take t ∈ R as well as
(β,α) ∈ AN ,M+1. The singular vector ψ−2,χ is defined within half-plane correlation
functions by

〈ψ−2,χ(t )V〉 := 〈W−2Vβ(t )V〉+ 4

χ
〈L−(1,1)Vβ(t )V〉+ 4χ

3
〈L−2Vβ(t )V〉.

In the same fashion as for the first level, the singular vector ψ−2,β is generically not
a null vector but rather gives rise to equations of motion:

123



4 Singular vectors and higher equations of motion – 4.2 Singular vectors and higher
equations of motion: levels one and two

Theorem 4.2.8. Assume that β=−χω1 with χ ∈ {γ, 2
γ

}, and take a(χ), b(χ) so that

3β+γe2 = a(χ)Lβ+γe2
−1 +b(χ)Wβ+γe2

−1 . (4.4)

If we set D−1,χ = a(χ)L−1 +b(χ)W−1, then

ψ−2, 2
γ
= 2γ(µR,2 −µL,2)D−1, 2

γ
Vβ+γe2 +2

(
2

γ
−γ

)
(µL,1 +µR,1)Vβ+γe1

in the sense that as soon as (β,α) ∈AN ,M+1

〈ψ−2, 2
γ

(t )V〉 =2γ(µR,2 −µL,2)
(
a〈L−1Vβ+γe2 (t )V〉+b〈W−1Vβ+γe2 (t )V〉

)
+2

(
2

γ
−γ

)
(µL,1 +µR,1)〈Vβ+γe1 (t )V〉.

(4.5)

When χ= γ we have ψ−2,γ = 4
γ (µR,2 −µL,2)D−1,γVβ+γe2 for γ> 1 while for γ< 1:

ψ−2,γ = 4

γ
(µR,2 −µL,2)D−1,γVβ+γe2 +2γcγ(µ)Vβ+2γe1 (4.6)

meaning the same as for ψ−2, 2
γ

. Here the constant cγ(µ) is given by

(
µ2

L,1 +µ2
R,1 −2µL,1µR,1 cos

(
π
γ2

2

)
−µB ,1 sin

(
π
γ2

2

)) Γ(
γ2

2

)
Γ

(
1−γ2

)
Γ

(
1− γ2

2

) ·

Remark 4.2.9. We can rewrite the above as ψ−2,χ =− 1
1+χ2 D−1,χψ−1,χ+ψ0

−2,χ where we

have a descendant at level 1 of the singular vector ψ−1,χ and a new primary field ψ0
−2,χ.

Proof. Like before we know from [25, Proposition 5.3] (more generally see [25, Subsec-
tion 5.2]) that we have an equality at the level of multilinear maps over C

Wβ
−2 +

4

χ
Lβ

−(1,1) +
4χ

3
Lβ
−2 = 0.

This entails the equality for the regularized correlation functions

〈W−2Vβ(t )V〉δ,ε,ρ+
4

χ
〈L−(1,1)Vβ(t )V〉δ,ε,ρ+

4χ

3
〈L−2Vβ(t )V〉δ,ε,ρ = 0

so that we only need to check that

lim
δ,ε,ρ→0

W̃−2(δ,ε,ρ;α)+ 4

χ
L̃−(1,1)(δ,ε,ρ;α)+ 4χ

3
L̃−2(δ,ε,ρ;α) =−〈ψ−2,χ(t )V〉.

To start with according to Equations (3.3.2.1), (3.24) and Lemma 4.2.3, the left-hand
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side admits the representation, up to (P )-class terms that we discard to simplify the
discussion,

I :=Isi ng [∂x (F (x)Ψi (x))]+ Isi ng

∂x

2h2(ei )ωî (β)+ 2〈β,γei 〉
χ + 4χ

3

x − t
Ψi (x)


+4

χ

2∑
i=1

µB ,i

∫
H1
δ,ε

∂x̄

(〈β,γei 〉
2(x − t )

Ψi (x)

)
+∂x

(〈β,γei 〉
2(x̄ − t )

Ψi (x)

)
d xd x̄

+Isi ng × Isi ng

[
∂x

((
δi ̸= j

2γh2(ei )

y −x
+ 2〈β,γe j 〉

χ(t − y)

)
Ψi , j (x, y)

)]
(4.7)

where F (x) is regular at x = t and explicitly given by

F (x)Ψi (x) =4

χ
〈Vγei (x)L2β+γei

−1 Vβ(t )V〉δ,ε

+
2N+M∑

k=1

2h2(ei )ωî (αk )

x − zk
Ψi (x)− Ir eg

[
δi ̸= j

2γh2(ei )

x − y
Ψi , j (x, y)

]
.

(4.8)

Let us first treat the integrals where F does not appear.
For the remaining one-fold integral Isi ng we rely on explicit computations based on

the expression of β=−χω1 to get that

2h2(ei )ωî (β)+ 2〈β,γei 〉
χ

+ 4χ

3
= δi ,12(χ−γ).

In particular if χ= γ this term vanishes and therefore does not contribute to the limit.
For χ = 2

γ
we rely on Lemma 4.3.6 to see that the corresponding remainder term is

given by

−2

(
2

γ
−γ

)(
µR,1 +µL,1

)〈Vγe1− 2
γω1

(t )V〉.

Next we consider the additional one-fold integral that ranges over Hδ,ε. Then we
see that for i = 2 the numerator vanishes, while for i = 1 we are in the setting of
Lemma 4.3.7 below where similar quantities are considered, and shown to scale like

2γµB ,1 sin

(
π
γ2

2

) Γ(
γ2

2

)
Γ

(
1−γ2

)
Γ

(
1− γ2

2

)
for χ= γ and γ< 1, while these are o(1) if χ= 2

γ
or χ= γ and γ> 1.

Let us now turn to the two-folds integrals. By explicit computations these are equal
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to

Isi ng × Isi ng

[
∂x

((
δi , j=1

2γ

y − t
−δi=1

j=2

2γ

y −x
+δi=2

j=1

(
2γ

y − t
+ 2γ

y −x

))
Ψi , j (x, y)

)]
.

The first term is considered in Lemma 4.3.7, thanks to which for χ= γ and γ< 1 we
have

lim
δ,ε,ρ→0

Isi ng × Isi ng

[
∂x

(
δi , j=1

y − t
Ψi , j (x, y)

)]

=−
(
µ2

L,1 +µ2
R,1 −2µL,1µR,1 cos

(
π
γ2

2

)) Γ(
γ2

2

)
Γ

(
1−γ2

)
Γ

(
1− γ2

2

)
while this limit is zero for χ= 2

γ
and χ= γ with γ> 1. When we consider (i , j ) = (1,2) we

use Lemma 3.2.5 to infer that the integral Isi ng

[
1

y−t Ψ1,2(t , y)
]

is absolutely convergent.

As a consequence the remainder term coming from the Isi ng × Isi ng integral with
(i , j ) = (1,2) this term converges to 0 in the limit (since 〈β,γe1〉 < 0). This is however
not the case when (i , j ) = (2,1): like in the proof of Theorem 4.2.2 we see that this term
converges towards

(µL,2 −µR,2)Isi ng

[
4γ

y − t
〈Vγe1 (y)Vβ+γe2 (t )V〉

]
.

Recollecting terms we see that

I= (P )-class terms + Isi ng [∂x (F (x)Ψi (x))]+ (µL,2 −µR,2)Isi ng

[
4γ

y − t
〈Vγe1 (y)Vβ+γe2 (t )V〉

]
−2

(
2

γ
−γ

)(
µR,1 +µL,1

)〈Vγe1− 2
γω1

(t )V〉1χ= 2
γ
−2γcγ(µ)〈Vγe1− 2

γω1
(t )V〉1χ=γ.

Let us now consider the term Isi ng [∂x (F (x)Ψi (x))], where F has been described in
Equation (4.8). Using the very same reasoning as the one conducted in the proof of
Theorem 4.2.2, we see that since 〈β,γe1〉 < 0 while 〈β,γe2〉 = 0 this term converges
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towards (µL,2 −µR,2)H ,

H :=4

χ

(
2N+M∑

k=1

〈2β+γe2,αk〉
2(zk − t )

〈Vβ+γe2 (t )V〉− Ir eg

[〈2β+γe2,γe j 〉
2(y − t )

〈Vγe j (y)Vβ+γe2 (t )V〉
])

+ 4

χ
Isi ng

[
2N+M∑

k=1

〈αk ,γe j 〉
2(y − zk )

〈Vγe j (y)Vβ+γe2 (t )V〉
]

+ 4

χ
Isi ng × Ir eg

[〈γe j ,γe f 〉
2(z − y)

〈Vγe j (y)Vγe f (z)Vβ+γe2 (t )V〉
]

+
2N+M∑

k=1

2ω1(αk )

t − zk
〈Vβ+γe2 (t )V〉− Ir eg

[
2γ

t − y
〈Vγe1 (y)Vβ+γe2 (t )V〉

]
.

Now we have 2β+γe2 −χω1 = 3β+γe2. As a consequence the latter can be simplified
to

H =4

χ

(
2N+M∑

k=1

〈3β+γe2,αk〉
2(zk − t )

〈Vβ+γe2 (t )V〉− Ir eg

[〈3β+γe2,γe j 〉
2(y − t )

〈Vγe j (y)Vβ+γe2 (t )V〉
])

+ 4

χ
Isi ng

[
2N+M∑

k=1

〈αk ,γe j 〉
2(y − zk )

〈Vγe j (y)Vβ+γe2 (t )V〉
]

+ 4

χ
Isi ng × Ir eg

[〈γe j ,γe f 〉
2(z − y)

〈Vγe j (y)Vγe f (z)Vβ+γe2 (t )V〉
]

.

Gathering all these terms we end up with the equality

I= (P )-class terms + 4

χ
(µL,2 −µR,2)J

−2

(
2

γ
−γ

)(
µR,1 +µL,1

)〈Vγe1− 2
γω1

(t )V〉1χ= 2
γ
−2γcγ(µ)〈Vγe1− 2

γω1
(t )V〉1χ=γ.

where we have set

J :=
2N+M∑

k=1

〈3β+γe2,αk〉
2(zk − t )

〈Vβ+γe2 (t )V〉− Ir eg

[〈3β+γe2,γe j 〉
2(y − t )

〈Vγe j (y)Vβ+γe2 (t )V〉
]

+ Isi ng

[
2N+M∑

k=1

〈αk ,γe j 〉
2(y − zk )

〈Vγe j (y)Vβ+γe2 (t )V〉+ γχ

y − t
〈Vγe1 (y)Vβ+γe2 (t )V〉

]

+ Isi ng × Ir eg

[〈γe j ,γe f 〉
2(z − y)

〈Vγe j (y)Vγe f (z)Vβ+γe2 (t )V〉
]

.

Now since we have that 〈β+γe2,γe1〉 < 0 we can use integration by parts (Lemma 3.2.3)
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to rewrite that up to (P )-class terms we have

Isi ng

[
2N+M∑

k=1

〈αk ,γe j 〉
2(y − zk )

〈Vγe j (y)Vβ+γe2 (t )V〉+ γχ

y − t
〈Vγe1 (y)Vβ+γe2 (t )V〉

]

+ Isi ng × Ir eg

[〈γe j ,γe f 〉
2(z − y)

〈Vγe j (y)Vγe f (z)Vβ+γe2 (t )V〉
]

= Isi ng

[〈β+γe2,γei 〉−2γχδ j=1

2(t − y)
〈Vγe j (y)Vβ+γe2 (t )V〉

]
.

Recollecting terms we arrive to

J=
2N+M∑

k=1

〈3β+γe2,αk〉
2(zk − t )

〈Vβ+γe2 (t )V〉− Itot

[〈3β+γe2,γe j 〉
2(y − t )

〈Vγe j (y)Vβ+γe2 (t )V〉
]

.

This shows that this term gives rise to a linear combination of the descendants L−1

and W−1 of Vβ+γe2 . More precisely we get

J= a〈L−1Vβ+γe2 (t )V〉+b〈W−1Vβ+γe2 (t )V〉

where a and b are chosen in such a way that

3β+γe2 = aLβ+γe2
−1 +bWγ+βe2

−1 .

This allows to conclude that for a and b as above,

〈ψ−2, 2
γ

Vβ(t )V〉 = (µR,2 −µL,2)
(
a〈L−1Vβ+γe2 (t )V〉+b〈W−1Vβ+γe2 (t )V〉

)
+2(

2

γ
−γ)(µL,1 +µR,1)〈Vβ+γe1 (t )V〉

when χ= 2
γ , and likewise for χ= γ

〈ψ−2,γVβ(t )V〉 = (µR,2 −µL,2)
(
a〈L−1Vβ+γe2 (t )V〉+b〈W−1Vβ+γe2 (t )V〉

)
+2γcγ(µ)〈Vβ+2γe1 (t )V〉.

This wraps up the proof of Theorem 4.2.8.

4.3 Singular vectors at the level three
In the previous section we have defined the descendants at the level two of a primary

field Vβ, and shown that under specific assumptions on the value of the weight β they
give rise to singular vectors. We now turn to the singular vectors at the third level
and show that when the primary field is fully degenerate, one can define singular
vectors out of them. These in turn give rise to higher equations of motion, which
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under additional assumptions allow to obtain BPZ-type differential equations for a
family of correlation functions.

4.3.1 Descendants at the third order
As a first step in the derivation of the singular vectors at the level three, one first

needs to make sense of the descendants at the third order. Namely we now define the
L−(1,2) and L−(1,1,1) descendants.

4.3.1.1 The L−(1,2) descendant

Following the same method as before in order to define the descendant at the
third order L−(1,2) we first need to understand the remainder term that arises in the
computation of the regularized correlation functions containing these descendant
fields inserted. To this end we introduce the notations for i = 1,2:

Gi (x) :=
N∑

k=1

〈β,αk〉
2(zk − t )

Ψi (x)− Ir eg

[〈β,γe j 〉
2(y − t )

Ψi , j (x, y)

]
as well as

Hi (x) = 〈Vγei (x)Lβ+γei
−2 Vβ(t )V〉δ,ε :=(

2N+M∑
k=1

〈Q +β+γei ,αk〉
2(zk − t )2

−
2N+M∑
k,l=1

〈αk ,αl 〉
4(zk − t )(zl − t )

)
Ψi (x)

− Ir eg

1+ 〈β+γei ,γe j 〉
2

(y − t )2
−

2N+M∑
k=1

〈γei ,αk〉
2(y − t )(zk − t )

Ψi , j (x, y)


− Isi ng

[
2N+M∑

k=1

〈γei ,αk〉
2(zk − t )(zk − y)

Ψi , j (x, y)

]

+ I 2
r eg

[
− 〈γe j ,γe f 〉

4(y − t )(z − t )
Ψi , j , f (x, y, z)

]
+ Isi ng × Ir eg

[ 〈γe j ,γe f 〉
2(z − t )(z − y)

Ψi , j , f (x, y, z)

]
.

The notation for Hi is motivated, like in the statement of Lemma 4.2.3, by Equa-
tion (3.22): it would correspond to the Wick’s contraction between the descendant

Lβ+γei
−2 Vβ and V.

Lemma 4.3.1. Let us set

L−(1,2);δ,ε,ρ(α) := Isi ng

[
∂x

(
Hi (x)+ 1

x − t
Gi (x)

)]
+ Isi ng

[
∂x

(
1+ 〈β,γei 〉

2

(t −x)2
Ψi (x)

)]
− I 2

si ng

[
∂x

( 〈β,γe j 〉
2(t −x)(t − y)

Ψi , j (x, y)

)]
.

(4.9)

Then the difference 〈L−(1,2)Vβ(t)V〉δ,ε,ρ −L−(1,2);δ,ε,ρ(α) is (P )-class. Moreover define
the L−(1,2)Vβ descendant within correlation function by setting for t ∈ R and (α,β) ∈
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AN ,M+1:
〈L−(1,2)Vβ(t )V〉 := lim

δ,ε,ρ→0
〈L−(1,2)Vβ(t )V〉δ,ε,ρ− L̃−(1,2);δ,ε,ρ(α). (4.10)

Then this descendant is such that, in the weak sense of derivatives:

〈L−(1,2)Vβ(t )V〉 = ∂t

(
2N+M∑

k=1

∂zk

t − zk
+ ∆αk

(t − zk )2

)
〈Vβ(t )V〉. (4.11)

Proof. Algebraic manipulations following the exact same techniques as the ones de-
veloped in order to prove the results in the previous section show that the singular
terms in the expression of 〈L−(1,2)Vβ(t)V〉δ,ε,ρ are given by I1 + I2 + I3 where we have
set

I1 :=Isi ng

[
1+ 〈β,γei 〉

2

(t −x)2

(
2+ 〈β,γei 〉

2

t −x
+ γ2

x̄ −x
1x∈Hδ,ε +

2N+M∑
k=1

〈αk ,γei 〉
2(zk − t )

)
Ψi (x)

]

+Isi ng

[
2N+M∑

k=1

〈β,αk〉
2(t −x)(t − zk )

(
1+ 〈β,γei 〉

2

t −x
+ γ2

x̄ −x
1x∈Hδ,ε +

2N+M∑
l=1

〈αl ,γei 〉
2(zl − t )

)
Ψi (x)

]

+Isi ng

[
〈β,γei 〉
2(t −x)

(
2N+M∑

k=1

〈Q +β,αk〉
2(t − zk )2

−
2N+M∑
k,l=1

〈αk ,αl 〉
4(t − zk )(t − zl )

)
Ψi (x)

]

+Isi ng

[
〈β,γei 〉

2(t −x)(t − x̄)
1x∈Hδ,ε

(
1+ 〈β,γei 〉

2

t −x
+ 1+ 〈β,γei 〉

2

t − x̄
+

2N+M∑
k=1

〈αk ,γei 〉
(zk − t )

)
Ψi (x)

]

− Isi ng

[
2N+M∑

k=1

〈αk ,γei 〉
2(t −x)(t − zk )2

Ψi (x)

]
,

I2 :=− I 2
tot

[
〈β,γe j 〉

2(t −x)(t − y)

(
1+ 〈β,γei 〉

2

(t −x)
+ 〈γei ,γe j 〉

2(y −x)
+ γ21x∈Hδ,ε

x̄ −x
+

2N+M∑
k=1

〈αk ,γei 〉
2(zk − t )

)
Ψi , j (x, y)

]

− I 2
tot

[(
(1+ 〈β,γei 〉

2 )

(t −x)2
+

2N+M∑
k=1

〈β,αk〉
2(t −x)(t − zk )

)
〈γei ,γe j 〉
2(y −x)

Ψi , j (x, y)

]

+ I 2
tot

[ 〈β,γei 〉〈γei ,γe j 〉
2(t −x)(t − x̄)(t − y)

1x∈Hδ,εΨi , j (x, y)

]
and

I3 := I 3
tot

[
− 〈β,γei 〉〈γe j ,γe f 〉

8(t −x)(t − y)(t − z)
Ψi , j , f (x, y, z)

]
.

We can further simplify I1 by using the identity

(1+ 〈β,γei 〉
2 )〈αk ,γei 〉

(t −x)2(zk − t )
= (1+ 〈β,γei 〉

2 )〈αk ,γei 〉
(t −x)2(zk −x)

+ (1+ 〈β,γei 〉
2 )〈αk ,γei 〉

(t −x)(zk − t )2
− (1+ 〈β,γei 〉

2 )〈αk ,γei 〉
(zk −x)(zk − t )2

·
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Likewise we can write that I2 is given by the sum of (P )-terms and

− Isi ng × Itot

[
〈β,γe j 〉

2(t −x)(t − y)

(
1+ 〈β,γei 〉

2

(t −x)
+ 〈γei ,γe j 〉

2(y −x)
+ γ21x∈Hδ,ε

x̄ −x
+

2N+M∑
k=1

〈αk ,γei 〉
2(zk − t )

)
Ψi , j (x, y)

]

− Isi ng × Ir eg

〈β,γei 〉
2(t −x)

1+ 〈β+γei ,γe j 〉
2

(t − y)2
− γ21x∈Hδ,ε

(t − y)(t − ȳ)
+

2N+M∑
k=1

〈αk ,γe j 〉
2(t − y)(zk − t )

Ψi , j (x, y)


− Isi ng × Itot

[(
(1+ 〈β,γei 〉

2 )

(t −x)2
+

2N+M∑
k=1

〈β,αk〉
2(t −x)(t − zk )

)
〈γei ,γe j 〉
2(y −x)

Ψi , j (x, y)

]

− Isi ng × Itot

[ 〈β,γei 〉
2(t −x)(t − x̄)

1x∈Hδ,ε

(〈γei ,γe j 〉
2(y −x)

+ 〈γei ,γe j 〉
2(y − x̄)

)
Ψi , j (x, y)

]
and that I3 simplifies to

I3 = (P )-class terms + Isi ng × I 2
tot

[ 〈β,γe j 〉〈γei ,γe f 〉
4(t −x)(t − y)(z −x)

Ψi , j , f (x, y, z)

]
+ I 2

si ng × Ir eg

[ 〈β,γei 〉〈γe j ,γe f 〉
4(t −x)(t − z)(y − z)

Ψi , j , f (x, y, z)

]
− Isi ng × I 2

r eg

[ 〈β,γei 〉〈γe j ,γe f 〉
8(t −x)(t − y)(t − z)

Ψi , j , f (x, y, z)

]
.

As a consequence we are led to the equality

〈L−(1,2)Vβ(t )V〉δ,ε,ρ = (P )-class terms + Isi ng

[
∂x

(
Hi (x)+ 1

x − t
Gi (x)

)]
+ Isi ng

[
(∂x +∂x̄)

( 〈β,γei 〉
2(t −x)(t − x̄)

1x∈Hδ,εΨi (x)

)]
+ Isi ng

[
∂x

(
1+ 〈β,γei 〉

2

(t −x)2
Ψi (x)

)]
− Isi ng × Isi ng

[
∂x

( 〈β,γe j 〉
2(t −x)(t − y)

Ψi , j (x, y)

)]
,

allowing to recover the desired expression for the remainder term:

L−(1,2);δ,ε,ρ(α) = Isi ng

[
∂x

(
Hi (x)+ 1

x − t
Gi (x)

)]
+ Isi ng

[
∂x

(
1+ 〈β,γei 〉

2

(t −x)2
Ψi (x)

)]
− I 2

si ng

[
∂x

( 〈β,γe j 〉
2(t −x)(t − y)

Ψi , j (x, y)

)]
.

As for the second part of the statement, we see from its expression that for 〈β,ei 〉 neg-
ative enough the remainder term L̃−(1,2);δ,ε,ρ(α) defined from Equation (4.9) goes to
zero. Moreover in that case the equality is seen to hold in the sense of weak derivatives,
see e.g. [25, Equation (5.7)]. We can conclude like in the proof of Proposition 4.2.6.
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4.3.1.2 The L−(1,1,1) descendant

We now turn to the L−(1,1,1) descendant, for which the analog statement is the
following:

Lemma 4.3.2. One can find a quantity L−(1,1,1);δ,ε,ρ(α) for which 〈L−(1,1,1)Vβ(t )V〉δ,ε,ρ−
L−(1,1,1);δ,ε,ρ(α) is (P )-class. The L−(1,1,1)Vβ descendant defined for t ∈ R and (α,β) ∈
AN ,M+1 via

〈L−(1,1,1)Vβ(t )V〉 := lim
δ,ε,ρ→0

〈L−(1,1,1)Vβ(t )V〉δ,ε,ρ− L̃−(1,1,1);δ,ε,ρ(α) (4.12)

satisfies the property that, in the weak sense,

〈L−(1,1,1)Vβ(t )V〉 = ∂3
t 〈Vβ(t )V〉. (4.13)

Along the proof of Lemma 4.3.2, we will provide an explicit expression for this
remainder term. Namely we will show that it is given by

L−(1,1,1);δ,ε,ρ(α) = Isi ng

[
∂x

(〈β,γei 〉
2(t −x)

θi (x)+ϑi (x)

)]
+ Isi ng

[
∂x

(〈β,γei 〉
2(t − x̄)

Θi (x)1x∈Hδ,ε − Isi ng

[〈β,γe j 〉
2(t − y)

Θi , j (x, y)

])]
+ Aδ,ε,ρ+Bδ,ε,ρ+Cδ,ε,ρ,

(4.14)

Aδ,ε,ρ := Isi ng

∂x

〈β,γei 〉
(
1+ 〈β,γei 〉

2

)
2(t −x)2

Ψi (x)

 (4.15)

Bδ,ε,ρ :=−I 2
si ng

∂x


〈β,γe j 〉

(
1+ 〈β,γe j 〉

2

)
2(t − y)2

+ 〈β,γei 〉〈β,γe j 〉
2(t −x)(t − y)

Ψi , j (x, y)




+ Isi ng

∂x


〈β,γe j 〉

(
1+ 〈β,γe j 〉

2

)
2(t − x̄)

+ 〈β,γei 〉〈β,γe j 〉
2(t −x)(t − x̄)

Ψi (x)




(4.16)

Cδ,ε,ρ := I 3
si ng

[
∂x

((〈β,γe j 〉〈β,γe f 〉
4(t − y)(t − z)

)
Ψi , j , f (x, y, z)

)]
− I 2

si ng

[
∂x

((〈β,γei 〉〈β,γe j 〉
2(t − x̄)(t − y)

)
Ψi , j (x, y)

)
1x∈Hδ,ε

]
− I 2

si ng

[
∂x

((
〈β,γe j 〉2

4(t − y)(t − ȳ)

)
Ψi , j (x, y)

)
1y∈Hδ,ε

] (4.17)

where ϑi is explicit but rather tedious to write (we provide its expression in Equa-
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tion (4.23) below), while θi and Θi , j are given by

θi (x) :=
2N+M∑

k=1

(〈3β+γei ,αk〉
2(t − zk )

+ 〈γei ,αk〉
2(x̄ − zk )

1x∈Hδ,ε

)
Ψi (x)

− Ir eg

[(〈3β+γei ,γe j 〉
2(t − y)

+ 〈γei ,γe j 〉
2(x̄ − y)

1x∈Hδ,ε

)
Ψi , j (x, y)

]
− Isi ng

[
2N+M∑

k=1

〈γe j ,αk〉
2(y − zk )

Ψi , j (x, y)

]
+ Isi ng × Ir eg

[〈γe j ,γe f 〉
2(y − z)

Ψi , j , f (x, y, z)

]
,

(4.18)

Θi , j (x, y) :=
2N+M∑

k=1

(〈3β+γe j ,αk〉
2(t − zk )

+ 〈γei ,αk〉
2(x − zk )

)
Ψi , j (x, y)

− Ir eg

[(〈3β+γe j ,γe f 〉
2(t − z)

+ 〈γei ,γe f 〉
2(x − z)

)
Ψi , j , f (x, y, z)

]
− Isi ng

[
2N+M∑

k=1

〈γe f ,αk〉
2(z − zk )

Ψi , j , f (x, y, z)

]
+ Isi ng × Ir eg

[〈γe f ,γem〉
2(z −w)

Ψi , j , f ,m(x, y, z, w)

]
.

(4.19)

Finally Θi (x) is defined via the same expression as Θi , j (x, y) but with Ψi , j (x, y) being
replaced by Ψi (x).

Proof. Like for the previous lemma we only sketch the main steps and leave the details
of the computations to the (very motivated!) reader. We can write the potentially
singular terms in the expression of 〈L−(1,1,1)Vβ(t )V〉δ,ε,ρ as I1 + I2 + I3, with

I1 :=Isi ng

〈β,γei 〉
(
1+ 〈β,γei 〉

2

)(
2+ 〈β,γei 〉

2

)
2(t −x)3

+
2N+M∑

k=1

3〈β,γei 〉
(
1+ 〈β,γei 〉

2

)
〈β,αk〉

4(t −x)2(t − zk )

Ψi (x)


+Isi ng

[
3〈β,γei 〉
2(t −x)

(
2N+M∑

k=1

〈β,αk〉
2(t − zk )2

+
2N+M∑
k,l=1

〈β,αk〉〈β,αl 〉
4(t − zk )(t − zl )

)
Ψi (x)

]

+Isi ng

[
1x∈Hδ,ε

3〈β,γei 〉2

4(t −x)(t − x̄)

(
1+ 〈β,γei 〉

2

t −x
+

2N+M∑
k=1

〈β,αk〉
2(t − zk )

)
Ψi (x)

]
,

I2 :=− I 2
tot

3〈β,γei 〉
(
1+ 〈β,γei 〉

2

)
〈β,γe j 〉

4(t −x)2(t − y)
+ 3〈β,γei 〉〈β,γe j 〉〈β,αk〉

8(t −x)(t − y)(t − zk )

Ψi , j (x, y)


− I 2

tot

[
3〈β,γei 〉2〈β,γe j 〉

4(t −x)(t − x̄)(t − y)
1x∈Hδ,εΨi , j (x, y)

]
, and

I3 := I 3
tot

[〈β,γei 〉〈β,γe j 〉〈β,γe f 〉
8(t −x)(t − y)(t − z)

Ψi , j , f (x, y, z)

]
.
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Our goal is, like before, to rewrite the latter to make appear derivatives of the correla-
tion functions. And to do so we rely on the same techniques as above.

For the sake of simplicity let us first assume that µB ,1 = µB ,2 = 0 so that we can
discard terms with x̄. Then using symmetrization I1 is given by I1 = (P )-class terms +
I 1

1 where

I 1
1 := Isi ng

〈β,γei 〉
(
1+ 〈β,γei 〉

2

)
2(t −x)2

(
2+ 〈β,γei 〉

2

t −x
+ γ21x∈Hδ,ε

x̄ −x
+

2N+M∑
k=1

〈γei ,αk〉
2(zk −x)

)
Ψi (x)


+ Isi ng

[
〈β,γei 〉
2(t −x)

(
1+ 〈β,γei 〉

2

t −x
+ γ21x∈Hδ,ε

x̄ −x
+

2N+M∑
l=1

〈γei ,αl 〉
2(zl −x)

)
θ1

i (x)

]
+ Isi ng

[〈β,γei 〉
2(t −x)

ϑ1
i (x)

]
with θ1

i (x) :=
2N+M∑

k=1

〈3β+γei ,αk〉
2(t − zk )

Ψi (x) and

ϑ1
i (x) :=

(
2N+M∑

k=1

〈3β+ (1+ 〈β,γei 〉
2 )γei ,αk〉

2(t − zk )2
+

2N+M∑
k,l=1

3〈β,αk〉〈β,αl 〉+〈3β+γei ,αk〉〈γei ,αl 〉
4(t − zk )(t − zl )

)
Ψi (x).

Based on the same reasoning as in the previous sections we thus end up with

I1 = (P )-class terms+R1
1

+ Isi ng

∂x

〈β,γei 〉
(
1+ 〈β,γei 〉

2

)
2(t −x)2

Ψi (x)+ 〈β,γei 〉
2(t −x)

θ1
i (x)+ϑ1

i (x)

 where we have set

R1
1 :=−Isi ng × Itot

〈β,γei 〉
(
1+ 〈β,γei 〉

2

)
2(t −x)2

+
2N+M∑

k=1

〈β,γei 〉〈3β+γei ,αk〉
4(t −x)(t − zk )

 〈γei ,γe j 〉
2(x − y)

Ψi , j (x, y)

 .

We have thus treated the one-fold integral: let us now turn to the two-fold ones. And
to start with, we first rewrite I2 as

I2 = (P )-class terms

− I 2
si ng

3〈β,γei 〉
(
1+ 〈β,γei 〉

2

)
〈β,γe j 〉

4(t −x)2(t − y)
+ 3〈β,γei 〉〈β,γe j 〉〈β,αk〉

8(t −x)(t − y)(t − zk )

Ψi , j (x, y)


− Isi ng × Ir eg

3〈β,γei 〉
(
1+ 〈β,γei 〉

2

)
〈β,γe j 〉

4(t −x)2(t − y)

Ψi , j (x, y)


− Isi ng × Ir eg


3〈β,γei 〉〈β,γe j 〉

(
1+ 〈β,γe j 〉

2

)
4(t −x)(t − y)2

+
2N+M∑

k=1

3〈β,γei 〉〈β,γe j 〉〈β,αk〉
8(t −x)(t − y)(t − zk )

Ψi , j (x, y)


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Then using symmetrization and expressing the above in terms of derivatives like
before some tedious computations show that

I2 +R1
1 = (P )-class terms + I 1

2 + I 2
2 +R1

2 +R2
2 , where:

I 1
2 :=−I 2

si ng

∂x

〈β,γe j 〉(1+ 〈β,γe j 〉
2 )

2(t − y)2
+ 〈β,γei 〉〈β,γe j 〉

2(t −x)(t − y)

Ψi , j (x, y)


− I 2

si ng

[
∂x

(
2N+M∑

k=1

(〈β,γei 〉〈γe j ,αk〉
4(t −x)(y − zk )

+ 〈β,γe j 〉〈3β+γe j ,αk〉
4(t − y)(t − zk )

+ 〈β,γe j 〉〈γei ,αk〉
4(t − y)(x − zk )

)
Ψi , j (x, y)

)]
− I 2

si ng

[
∂x

(
ϑ1

i , j (x, y)
)]

with

ϑ1
i , j (x, y) :=

2N+M∑
k=1

( 〈γe j ,αk〉
4(y − zk )2

+ 〈β,γe j 〉〈γe j ,αk〉
4(t − zk )(y − zk )

)
Ψi , j (x, y)

+
2N+M∑
k,l=1

(〈γe j ,αk〉〈γe j ,αl 〉
4(y − zk )(y − zl )

+ 〈3β+2γei ,αk〉〈γe j ,αl 〉
4(t − zk )(y − zl )

)
Ψi , j (x, y) and

I 2
2 :=−Isi ng × Ir eg

[
∂x

((〈β,γei 〉〈3β+γei ,γe j 〉
4(t −x)(t − y)

+ϑ2
i , j (x, y)

)
Ψi , j (x, y)

)]
with

ϑ2
i , j (x, y) :=

〈3β+γei ,γe j 〉
(
1+ 〈β+γei ,γe j 〉

2

)
2(t − y)2

+
2N+M∑

k=1

〈3β+γei ,γe j 〉〈γei ,αk〉+〈3β+γei ,αk〉〈γei ,γe j 〉+6〈β,γe j 〉〈β,αk〉
4(t − y)(t − zk )

)
Ψi , j (x, y).

The extra terms R1
2 and R2

2 are equal to

R1
2 := I 2

si ng × Itot

〈β,γe j 〉(1+ 〈β,γe j 〉
2 )

2(t − y)2
+ 〈β,γei 〉〈β,γe j 〉

2(t −x)(t − y)

 〈γei ,γe f 〉
2(x − z)

Ψi , j , f (x, y, z)


+ I 2

si ng × Itot

[
2N+M∑

k=1

(〈β,γei 〉〈γe j ,αk〉
4(t −x)(y − zk )

) 〈γei ,γe f 〉
2(x − z)

Ψi , j , f (x, y, z)

]

+ I 2
si ng × Itot

[
2N+M∑

k=1

(〈β,γe j 〉〈3β+γe j ,αk〉
4(t − y)(t − zk )

+ 〈β,γe j 〉〈γei ,αk〉
4(t − y)(x − zk )

) 〈γei ,γe f 〉
2(x − z)

Ψi , j , f (x, y, z)

]
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R2
2 := Isi ng × Ir eg × Itot

[(〈β,γei 〉〈3β+γei ,γe j 〉
4(t −x)(t − y)

) 〈γei ,γe f 〉
2(x − z)

Ψi , j , f (x, y, z)

]
.

An important point to highlight is that in the (P )-class terms we have included expres-

sions of the form −I 2
si ng

[
1

x−y fi , j (x, y)Ψi , j (x, y)
]

where fi , j is regular at x = y , x = t

and y = t . At first sight it may not be clear why the singularity 1
x−y would be integrable.

However we can separate between the case where i ̸= j , for which Ψi , j (x, y) ≃ ∣∣x − y
∣∣γ2

as
∣∣x − y

∣∣ → 0, and when i = j in which case by symmetry in x, y the latter can be
reduced to a regular quantity. This allows to treat the two-fold integrals and discard
such terms.

Now to transform the three-fold integrals we first split I3 as I3 = (P )-class terms+ I 1
3

with

I 1
3 := I 3

si ng

[〈β,γei 〉〈β,γe j 〉〈β,γe f 〉
8(t −x)(t − y)(t − z)

Ψi , j , f (x, y, z)

]
+ I 2

si ng × Ir eg

[
3〈β,γei 〉〈β,γe j 〉〈β,γe f 〉

8(t −x)(t − y)(t − z)
Ψi , j , f (x, y, z)

]
+ Isi ng × I 2

r eg

[
3〈β,γei 〉〈β,γe j 〉〈β,γe f 〉

8(t −x)(t − y)(t − z)
Ψi , j , f (x, y, z)

]
Likewise we see that R1

2 +R2
2 = Is,s,s + Is,s,r + Is,r,r where

Is,s,s :=I 3
si ng

〈β,γe j 〉(1+ 〈β,γe j 〉
2 )

2(t − y)2
+ 〈β,γei 〉〈β,γe j 〉

2(t −x)(t − y)

 〈γei ,γe f 〉
2(x − z)

Ψi , j , f (x, y, z)


+ I 3

si ng

[
2N+M∑

k=1

(〈β,γei 〉〈γe j ,αk〉
4(t −x)(y − zk )

) 〈γei ,γe f 〉
2(x − z)

Ψi , j , f (x, y, z)

]

+ I 3
si ng

[
2N+M∑

k=1

(〈β,γe j 〉〈3β+γe j ,αk〉
4(t − y)(t − zk )

+ 〈β,γe j 〉〈γei ,αk〉
4(t − y)(x − zk )

) 〈γei ,γe f 〉
2(x − z)

Ψi , j , f (x, y, z)

]

Is,s,r :=I 2
si ng × Ir eg

〈β,γe j 〉(1+ 〈β,γe j 〉
2 )

2(t − y)2
+ 〈β,γei 〉〈β,γe j 〉

2(t −x)(t − y)

 〈γei ,γe f 〉
2(x − z)

Ψi , j , f (x, y, z)


+ I 2

si ng × Ir eg

[(〈β,γei 〉〈3β+γei ,γe f 〉
4(t −x)(t − z)

) 〈γei ,γe j 〉
2(x − y)

Ψi , j , f (x, y, z)

]
+ I 2

si ng × Ir eg

[
2N+M∑

k=1

(〈β,γe j 〉〈3β+γe j ,αk〉
4(t − y)(t − zk )

+ 〈β,γe j 〉〈γei ,αk〉
4(t − y)(x − zk )

) 〈γei ,γe f 〉
2(x − z)

Ψi , j , f (x, y, z)

]

+ I 2
si ng × Ir eg

[
2N+M∑

k=1

(〈β,γei 〉〈γe j ,αk〉
4(t −x)(y − zk )

) 〈γei ,γe f 〉
2(x − z)

Ψi , j , f (x, y, z)

]
.
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Is,r,r :=Isi ng × I 2
r eg

[(〈β,γei 〉〈3β+γei ,γe j 〉
4(t −x)(t − y)

) 〈γei ,γe f 〉
2(x − z)

Ψi , j , f (x, y, z)

]
.

Gathering these terms together with that coming from I3 we arrive to the equality

I3 +R1
2 +R2

2 = (P )-class terms + I 1
3 + I 2

3 + I 3
3 +R1

3 +R2
3 , with

I 1
3 = I 3

si ng

[
∂x

((〈β,γe j 〉〈β,γe f 〉
4(t − y)(t − z)

+
2N+M∑

k=1

〈β,γe j 〉〈γe f ,αk〉
4(t − y)(z − zk )

+
2N+M∑
k,l=1

〈γe j ,αk〉〈γe f ,αl 〉
4(y − zk )(z − zl )

)
Ψi , j , f (x, y, z)

)]
;

I 2
3 = I 2

si ng × Ir eg

[
∂x

((〈β,γei 〉〈γe j ,γe f 〉
4(t −x)(y − z)

+ϑi , j , f (x, y, z)

)
Ψi , j , f (x, y, z)

)]
+ I 2

si ng × Ir eg

[
∂x

((〈β,γe j 〉〈3β+γe j ,γe f 〉
4(t − y)(t − z)

+ 〈β,γe j 〉〈γei ,γe f 〉
4(t − y)(x − z)

)
Ψi , j , f (x, y, z)

)]
;

I 3
3 = Isi ng × I 2

r eg

[
∂x

(〈3β+γei ,γe j 〉〈γe j ,γe f 〉+3〈β,γe j 〉〈β,γe f 〉
4(t − y)(t − z)

Ψi , j , f (x, y, z)

)]
.

In the above ϑi , j , f (x, y, z) and the additional terms are given by

ϑi , j , f (x, y, z) :=
(〈3β+γei ,γe f 〉+〈β,γe j 〉

2(t − z)
+ 1+〈γe j ,γe f 〉

2(y − z)

) 〈γe j ,γe f 〉
2(y − z)

+
2N+M∑

k=1

(〈3β+γei ,γe f 〉
2(t − z)

+ 〈γe j ,γe f 〉
2(x − z)

) 〈γe j ,αk〉
2(y − zk )

+ 〈γe j ,γe f 〉〈γei ,αk〉
4(y − z)(x − zk )

+
2N+M∑

k=1

(〈3β+γei ,αk〉
2(t − zk )

+ 〈γe j ,αk〉
2(x − zk )

) 〈γe j ,γe f 〉
2(y − z)

+ 〈γe j ,αk〉〈γei ,γe f 〉
4(y − zk )(x − z)

;

(4.20)

R1
3 =−I 3

si ng × Itot

[(〈β,γe j 〉〈β,γe f 〉
4(t − y)(t − z)

+
2N+M∑

k=1

〈β,γe j 〉〈γe f ,αk〉
4(t − y)(z − zk )

)
〈γei ,γem〉
2(x −w)

Ψi , j , f ,m(x, y, z, w)

]
;

R2
3 =−I 2

si ng × Ir eg × Itot

[〈β,γei 〉〈γe j ,γe f 〉〈γei ,γem〉
8(t −x)(y − z)(x −w)

Ψi , j , f ,m(x, y, z, w)

]
−I 2

si ng × Ir eg × Itot

[〈β,γe j 〉〈3β+γe j ,γe f 〉〈γei ,γem〉
8(t − y)(t − z)(x −w)

Ψi , j , f ,m(x, y, z, w)

]
−I 2

si ng × Ir eg × Itot

[〈β,γe j 〉〈γei ,γe f 〉〈γei ,γem〉
8(t − y)(x − z)(x −w)

Ψi , j , f ,m(x, y, z, w)

]
.

We now have some new four-fold integrals to treat. They give rise to the remainder
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terms:

− I 3
si ng × Ir eg

[
∂x

((〈β,γe j 〉〈γe f ,γem〉
4(t − y)(z −w)

Ψi , j , f ,m(x, y, z, w)+ϑi , j , f ,m

))]
− I 2

si ng × I 2
r eg

[
∂x

((〈γei ,γe f 〉〈γe j ,γem〉
4(x − z)(y −w)

+ 〈3β+γei +γe j ,γe f 〉〈γe j ,γem〉
4(t − z)(y −w)

)
Ψi , j , f ,m(x, y, z, w)

)]
+ I 3

si ng × I 2
r eg

[
∂x

(〈γe j ,γen〉〈γe f ,γem〉
4(y −w)(z −ϖ)

Ψi , j , f ,m,n(x, y, z, w,ϖ)

)]
,

ϑi , j , f ,m(x, y, z, w) :=
2N+M∑

k=1

〈γe j ,αk〉〈γe f ,γem〉
2(y − zk )(z −w)

Ψi , j , f ,m(x, y, z, w). (4.21)

Recollecting all the terms that we have obtained above we recover the expression
provided in Equation (4.14) up to the 1x∈Hδ,ε term in that we get

L
µB=0
−(1,1,1);δ,ε,ρ(α) = Isi ng

[
∂x

(
ϑ
µB=0
i (x)+ 〈β,γei 〉

2(t −x)
θi (x)

)]
− I 2

si ng

[
∂x

(〈β,γe j 〉
2(t − y)

Θi , j (x, y)

)]

+ Isi ng

∂x

〈β,γei 〉
(
1+ 〈β,γei 〉

2

)
2(t −x)2

Ψi (x)


− I 2

si ng

∂x


〈β,γe j 〉

(
1+ 〈β,γe j 〉

2

)
2(t − y)2

+ 〈β,γei 〉〈β,γe j 〉
2(t −x)(t − y)

Ψi , j (x, y)




+ I 3
si ng

[
∂x

((〈β,γe j 〉〈β,γe f 〉
4(t − y)(t − z)

)
Ψi , j , f (x, y, z)

)]
, with

(4.22)

ϑ
µB=0
i (x) :=ϑ1

i (x)− Isi ng

[
ϑ1

i , j (x, y)
]
− Ir eg

[
ϑ2

i , j (x, y)
]
+ Isi ng × Ir eg

[
ϑi , j , f (x, y, z)

]
+ I 2

si ng

[
2N+M∑
k,l=1

〈γe j ,αk〉〈γe f ,αl 〉
4(y − zk )(z − zl )

Ψi , j , f (x, y, z)

]

+ I 2
r eg

[〈3β+γei ,γe j 〉〈γe j ,γe f 〉+3〈β,γe j 〉〈β,γe f 〉
4(t − y)(t − z)

Ψi , j , f (x, y, z)

]
− I 2

si ng × Ir eg
[
ϑi , j , f ,m(x, y, z, w)

]
− Isi ng × I 2

r eg

[(〈γei ,γe f 〉〈γe j ,γem〉
4(x − z)(y −w)

+ 〈3β+γei +γe j ,γe f 〉〈γe j ,γem〉
4(t − z)(y −w)

)
Ψi , j , f ,m(x, y, z, w)

]
+ I 2

si ng × I 2
r eg

[〈γe j ,γen〉〈γe f ,γem〉
4(y −w)(z −ϖ)

Ψi , j , f ,m,n(x, y, z, w,ϖ)

]
.

(4.23)
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Now, let us no longer assume that µB ,1 =µB ,2 = 0. Then we get the extra term in I1:

Isi ng

[
1x∈Hδ,ε

3〈β,γei 〉2

4(t −x)(t − x̄)

(
1+ 〈β,γei 〉

2

t −x
+

2N+M∑
k=1

〈β,αk〉
2(t − zk )

)
Ψi (x)

]
,

and its counterpart for I2:

− I 2
si ng

[
3〈β,γei 〉2〈β,γe j 〉

4(t −x)(t − x̄)(t − y)
1x∈Hδ,εΨi , j (x, y)

]

− Isi ng × Ir eg

[
3〈β,γei 〉2〈β,γe j 〉

4(t −x)(t − x̄)(t − y)
1x∈Hδ,εΨi , j (x, y)

]

− Isi ng × Ir eg

[
3〈β,γei 〉〈β,γe j 〉2

4(t −x)(t − y)(t − ȳ)
1y∈Hδ,εΨi , j (x, y)

]
.

Moreover the algebraic manipulations that allowed to derive the expression of the
remainder term in the case µB ,1 =µB ,2 = 0 remain valid without this assumption, the

main difference lying in the fact that derivatives give rise in addition to a γ2

x−x̄ term.
For one-fold integrals this corresponds to the additional term

+ Isi ng

〈β,γei 〉
(
1+ 〈β,γei 〉

2

)
2(t −x)2

Ψi (x)+ 〈β,γei 〉
2(t −x)

θ1
i (x)

 γ21x∈Hδ,ε

x − x̄

 .

For two-fold integrals this yields the extra term (we have used the symmetry in x, x̄ to
cancel some quantities)

− I 2
si ng

[(
〈β,γei 〉〈β,γe j 〉
2(t −x)(t − y)

+
2N+M∑

k=1

〈β,γei 〉〈γe j ,αk〉
4(t −x)(y − zk )

)
γ21x∈Hδ,ε

x − x̄
Ψi , j (x, y)

]

− Isi ng × Ir eg

[(〈β,γei 〉〈3β+γei ,γe j 〉
4(t −x)(t − y)

)
γ21x∈Hδ,ε

x − x̄
Ψi , j (x, y)

]
.

As for the three-fold integrals, we get the additional quantities

I 2
si ng × Ir eg

[ 〈β,γei 〉〈γe j ,γe f 〉γ2

4(t −x)(y − z)(x − x̄)
Ψi , j , f ,m(x, y, z, w)1x∈Hδ,ε

]

+I 2
si ng × Ir eg

[ 〈β,γe j 〉〈γei ,γe f 〉γ2

4(t − y)(x − z)(x − x̄)
Ψi , j , f ,m(x, y, z, w)1x∈Hδ,ε

]
.

The four-fold and five-fold integrals only give rise to (P )-class terms.
We now treat successively these integrals. In the same fashion as the integral over
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I 2
si ng , the one-fold integral can be rewritten as (up to (P )-class terms)

Isi ng

[
∂x

((〈β,γei 〉(1+ 〈β,γei 〉
2 )

2(t − x̄)2
+ 〈β,γei 〉2

2(t −x)(t − x̄)

)
Ψi (x)1x∈Hδ,ε

)]

+ Isi ng

[
∂x

(
2N+M∑

k=1

(〈β,γei 〉〈γei ,αk〉
4(t −x)(x̄ − zk )

+ 〈β,γei 〉〈3β+γei ,αk〉
4(t − x̄)(t − zk )

+ 〈β,γei 〉〈γei ,αk〉
4(t − x̄)(x − zk )

)
Ψi (x)1x∈Hδ,ε

)]

− Isi ng × Itot

[(〈β,γei 〉(1+ 〈β,γei 〉
2 )

2(t − x̄)2
+ 〈β,γei 〉2

2(t −x)(t − x̄)

)
〈γei ,γe j 〉
2(x − y)

Ψi , j (x, y)1x∈Hδ,ε

]

− Isi ng × Itot

[
2N+M∑

k=1

〈β,γei 〉〈γei ,αk〉
4(t −x)(x̄ − zk )

〈γei ,γe j 〉
2(x − y)

Ψi , j (x, y)1x∈Hδ,ε

]

− Isi ng × Itot

[
2N+M∑

k=1

(〈β,γei 〉〈3β+γei ,αk〉
4(t − x̄)(t − zk )

+ 〈β,γe j 〉〈γei ,αk〉
4(t − x̄)(x − zk )

) 〈γei ,γe j 〉
2(x − y)

Ψi , j (x, y)1x∈Hδ,ε

]
.

Likewise the remaining two-fold integrals containing the x̄ terms are the sum of
(P )-class terms and

−I 2
si ng

[
∂x

((
〈β,γei 〉〈β,γe j 〉
2(t − x̄)(t − y)

+
2N+M∑

k=1

〈β,γei 〉〈γe j ,αk〉
4(t − x̄)(y − zk )

+ 〈β,γe j 〉〈γei ,αk〉
4(t − y)(x̄ − zk )

)
Ψi , j (x, y)

)
1x∈Hδ,ε

]

−I 2
si ng

[
∂y

((
〈β,γei 〉2

2(t −x)(t − x̄)
+

2N+M∑
k=1

〈β,γei 〉〈γei ,αk〉
4(t −x)(x̄ − zk )

+ 〈β,γei 〉〈γei ,αk〉
4(t − x̄)(x − zk )

)
Ψi , j (x, y)

)
1x∈Hδ,ε

]

−Isi ng × Ir eg

[
∂x

(〈β,γei 〉〈γei ,γe j 〉
4(t −x)(x̄ − y)

Ψi , j (x, y)

)
1x∈Hδ,ε

]
−Isi ng × Ir eg

[
∂x

((〈β,γei 〉〈3β+γei ,γe j 〉
4(t − x̄)(t − y)

+ 〈β,γei 〉〈γei ,γe j 〉
4(t − x̄)(x − y)

)
Ψi , j (x, y)

)
1x∈Hδ,ε

]
and the extra three-fold integrals given by

I 2
si ng × Itot

[(
〈β,γei 〉〈β,γe j 〉
2(t − x̄)(t − y)

+
2N+M∑

k=1

〈β,γei 〉〈γe j ,αk〉
4(t − x̄)(y − zk )

+ 〈β,γe j 〉〈γei ,αk〉
4(t − y)(x̄ − zk )

) 〈γei ,γe f 〉
2(x − z)

Ψi , j , f (x, y, z)1x∈Hδ,ε

]

I 2
si ng × Itot

[(
〈β,γei 〉2

2(t −x)(t − x̄)
+

2N+M∑
k=1

〈β,γei 〉〈γei ,αk〉
4(t −x)(x̄ − zk )

+ 〈β,γei 〉〈γei ,αk〉
4(t − x̄)(x − zk )

) 〈γe j ,γe f 〉
2(y − z)

Ψi , j , f (x, y, z)1x∈Hδ,ε

]

Isi ng × Ir eg × Itot

[〈β,γei 〉〈γei ,γe j 〉
4(t −x)(x̄ − y)

〈γei ,γe f 〉
2(x − z)

Ψi , j , f (x, y, z)1x∈Hδ,ε

]
Isi ng × Ir eg × Itot

[(〈β,γei 〉〈3β+γei ,γe j 〉
4(t − x̄)(t − y)

+ 〈β,γei 〉〈γei ,γe j 〉
4(t − x̄)(x − y)

) 〈γei ,γe f 〉
2(x − z)

Ψi , j , f (x, y, z))1x∈Hδ,ε

]
.

By combining these three-fold integrals with the ones obtained before we get that the
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three-fold integrals can be rewritten as (P )-class terms plus

I 2
si ng × Ir eg

[
∂x

((〈β,γei 〉〈γe j ,γe f 〉
4(t − x̄)(y − z)

+ 〈β,γe j 〉〈γei ,γe f 〉
4(t − y)(x̄ −w)

)
Ψi , j , f (x, y, z)

)
1x∈Hδ,ε

]
+I 2

si ng × Ir eg

[
∂y

(〈β,γei 〉〈γei ,γe f 〉
4(t −x)(x̄ − z)

Ψi , j , f (x, y, z)

)
1x∈Hδ,ε

]
−I 2

si ng × I 2
r eg

[
∂y

(〈γei ,γe f 〉〈γei ,γem〉
4(x − z)(x̄ −w)

Ψi , j , f ,m(x, y, z, w)

)
1x∈Hδ,ε

]
.

where we have used symmetry in x, x̄ to remove singular terms. Recollecting terms
and discarding (P )-class terms we get

L−(1,1,1);δ,ε,ρ(α) =L
µB=0
−(1,1,1);δ,ε,ρ(α)+ Isi ng

[
∂x

(〈β,γei 〉(1+ 〈β,γei 〉
2 )

2(t − x̄)2
Ψi (x)

)
1x∈Hδ,ε

]

+ Isi ng

[
∂x

(
2N+M∑

k=1

(〈β,γei 〉〈γei ,αk〉
4(t −x)(x̄ − zk )

+ 〈β,γei 〉
2(t − x̄)

Θi (x)

)
Ψi (x)

)
1x∈Hδ,ε

]

−I 2
si ng

[
∂x

((
〈β,γei 〉〈β,γe j 〉
2(t − x̄)(t − y)

+
2N+M∑

k=1

〈β,γe j 〉〈γei ,αk〉
4(t − y)(x̄ − zk )

)
Ψi , j (x, y)

)
1x∈Hδ,ε

]

−I 2
si ng

[
∂x

((
〈β,γe j 〉2

2(t − y)(t − ȳ)
+

2N+M∑
k=1

〈β,γe j 〉〈γe j ,αk〉
4(t − y)(ȳ − zk )

)
Ψi , j (x, y)

)
1y∈Hδ,ε

]

−Isi ng × Ir eg

[
∂x

(〈β,γei 〉〈γei ,γe j 〉
4(t −x)(x̄ − y)

Ψi , j (x, y)

)
1x∈Hδ,ε

]
+I 2

si ng × Ir eg

[
∂x

(〈β,γe j 〉〈γei ,γe f 〉
4(t − y)(x̄ −w)

Ψi , j , f (x, y, z)

)
1x∈Hδ,ε

]
+I 2

si ng × Ir eg

[
∂x

(〈β,γe j 〉〈γe j ,γe f 〉
4(t − y)(ȳ − z)

Ψi , j , f (x, y, z)

)
1y∈Hδ,ε

]
−I 2

si ng × I 2
r eg

[
∂x

(〈γe j ,γe f 〉〈γe j ,γem〉
4(y − z)(ȳ −w)

Ψi , j , f ,m(x, y, z, w)

)
1y∈Hδ,ε

]
.

(4.24)

Finally, the last part of the claim (expressing the L−(1,1,1) descendant in terms of
derivatives) follows from the very same arguments as before.

4.3.2 Singular vector at the level three
We have seen in the previous section that fully-degenerate fields, corresponding

to Vertex Operators Vβ with β=−χω1 for χ ∈ {γ, 2
γ }, give rise to singular vectors at the

second level Ψ−2,β. Actually from such fields we can further define singular vectors at
the level three, leading to higher equations of motion.

141



4 Singular vectors and higher equations of motion – 4.3 Singular vectors at the level
three

4.3.2.1 Higher equations of motion at the level three

To do so we define the singular vector Ψ−3,β to be given by

ψ−3,χ :=
(

W−3 +
(
χ

3
+ 2

χ

)
L−3 − 4

χ
L−(1,2) − 8

χ3
L−(1,1,1)

)
Vβ (4.25)

where β=−χω1 with χ ∈ {γ, 2
γ

}. More precisely it is defined as follows:

Definition 4.3.3. Assume that β = −χω1 with χ ∈ {γ, 2
γ } and take t ∈ R as well as

(β,α) ∈ AN ,M+1. The singular vector ψ−3,χ is defined within half-plane correlation
functions via

〈ψ−3,χ(t )V〉 :=
〈W−3Vβ(t )V〉+

(
χ

3
+ 2

χ

)
〈L−3Vβ(t )V〉− 4

χ
〈L−(1,2)Vβ(t )V〉− 8

χ3
〈L−(1,1,1)Vβ(t )V〉. (4.26)

Like before, the singular vector Ψ−3,χ is actually not null in general but is seen to
be equal to a sum of descendants of other primary fields. However here we will make
the simplifying assumption that this singular vector gives rise to a null vector, which
translates on an assumption on the cosmological constants:

Theorem 4.3.4. Assume that β=−χω1 with χ ∈ {γ, 2
γ

}, and assume that µL,2 −µR,2 = 0.
Then the singular vector at the third level ψ−3,χ is equal to

ψ−3,χ =− 2

χ2
D−1,χψ−2,χ (4.27)

where D−1,χ is of the form D−1,χ := a(χ)L−1 +b(χ)W−1 with a,b such that

a
(
χ
)

L−χω1+γe1
−1 +b

(
χ
)

W−χω1+γe1
−1 =

{
γe1 − 2

γρ for χ= 2
γ

γe1 −γe2 for χ= γ.
(4.28)

Like before these equalities are to be understood in the sense of Theorems 4.2.2 and 4.2.8.

Remark 4.3.5. Though we have not conducted the computations when we no longer
assume that µL,2 −µR,2 = 0, the arguments that we have developed along the proof of
Theorem 4.3.4 suggest that in general we can write the singular vector at level three as a
sum

ψ−3,χ =
(
µL,2 −µR,2

)
D−2Vβ+γe2 +

{
γ2

(
γ− 2

γ

)(
µL,1 +µR,1

)
D−1Vβ+γe1 if χ= 2

γ

− 4
γcγ(µ)D−1Vβ+2γe1 if χ= γ
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where D−2Vβ+γe2 is a descendant at the second order of Vβ+γe2 for which

Dβ+γe2
−2 (u) = 8

χ3
〈3β+γe2,u〉+ 4

χ
〈Q +β+γe2,u〉

Dβ+γe2
−2 (u, v) = 8

χ3

(
3〈β,u〉〈β, v〉+ 3

2
(〈β,u〉〈γe2, v〉+〈β, v〉〈γe2,u〉)+〈γe2,u〉〈γe2, v〉

)
− 4

χ
〈u, v〉.

This can be rewritten as ψ−3,χ = D̃−2,χψ−1,χ− 2
χ2 D−1,χψ−2,χ which emphasizes that the

singular vector at the level three does not give rise to a new primary field but is rather a
linear combination of descendants of the singular vectors at level one and two.

Proof. Since at the regularized level we have the equality

〈
(

W−3 +
(
χ

3
+ 2

χ

)
L−3 − 4

χ
L−(1,2) − 8

χ3
L−(1,1,1)

)
Vβ(t )V〉δ,ε,ρ = 0

we only need to focus on the remainder terms that occur in the limit. And more
specifically we need to show that if µL,2 −µR,2 = 0 then

lim
δ,ε,ρ→0

W̃−3;δ,ε,ρ(α)+
(
χ

3
+ 2

χ

)
L̃−3;δ,ε,ρ(α)

−4

χ
L̃−(1,2);δ,ε,ρ(α)− 8

χ3
L̃−(1,1,1);δ,ε,ρ(α) =−〈ψ−3,χV〉.

(4.29)

For this purpose we will need the explicit expressions of the remainder terms from
Equations (3.3.2.1) and (3.24), as well as from Lemmas 4.3.1 and 4.3.2. Based on these
expressions we can write the left-hand side in Equation (4.29) as the sum I1+I2+I3+I4,
where in Ik we have gathered all the k-fold integrals that appear in these statements.

Before entering into the computations, let us stress that since we have made the
assumption that µL,2 −µR,2 = 0 and because 〈β,γei 〉 < 0 for i = 1 remainder terms of
the form

I a
si ng × I b

r eg

[
∂x1

(
Fi1,··· ,ia+b (x1, · · · , xa+b)Ψi (x1, · · · , xa+b)

)]
where Fi1,··· ,ia+b is regular at xi = t and xi = x j for all i , j ≤ a vanish in the limit along
the same lines as in the proofs of Theorems 4.2.2 and 4.2.8. As a consequence we will
not take such terms into account later on. The proof will be divided in two parts: first
of all we will assume that µB ,1 = µB ,2 = 0 and then proceed to the general case. To
compute the limit of these remainder terms we will rely on Lemmas 4.3.6 and 4.3.7
below, where for the sake of simplicity we will use the notations

c1
γ(µ) :=−µB ,1 sin

(
π
γ2

2

) Γ(
γ2

2

)
Γ

(
1−γ2

)
Γ

(
1− γ2

2

) 1γ<1 and

c2
γ(µ) :=

(
µ2

L,1 −2µL,1µR,1 cos

(
π
γ2

2

)
+µ2

R,1

) Γ(
γ2

2

)
Γ

(
1−γ2

)
Γ

(
1− γ2

2

) 1γ<1

(4.30)
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so that cγ(µ)1γ<1 = c1
γ(µ)+ c2

γ(µ).

The case µB ,1 =µB ,2 = 0

Thus to start with let us assume that µB ,1 = µB ,2 = 0, so that we can discard the
integrals containing 1x∈Hδ,ε terms. Then we have, up to (P )-class terms,

I1 =Isi ng

∂x

h2(ei )(q +2ωî (β))+
(
χ
3 + 2

χ

)
− 4

χ (1+ 〈β,γei 〉
2 )− 4

χ3 〈β,γei 〉(1+ 〈β,γei 〉
2 )

(x − t )2
Ψi (x)


+Isi ng

∂x

2N+M∑
k=1

−2h2(ei )ωî (αk )− 2
χ
〈β,αk〉− 2

χ3 〈β,γei 〉〈3β+γei ,αk〉
(t −x)(t − zk )

Ψi (x)

 .

Likewise we can write that I2 = A+B with

A := I 2
si ng

[
∂x

((2γh2(ei )δi ̸= j

(t −x)(x − y)
+

2
χ〈β,γe j 〉+ 4

χ3 〈β,γei 〉〈β,γe j 〉
(t −x)(t − y)

+ 4

χ3

〈β,γe j 〉(1+ 〈β,γe j 〉
2 )

(t − y)2

)
Ψi , j (x, y)

)]
(4.31)

B := 8

χ3
I 2

si ng

[
∂x

((
2N+M∑

k=1

〈β,γei 〉〈γe j ,αk〉
4(t −x)(y − zk )

)
Ψi , j (x, y)

)]

+ 8

χ3
I 2

si ng

[
∂x

((
2N+M∑

k=1

〈β,γe j 〉〈3β+γe j ,αk〉
4(t − y)(t − zk )

+ 〈β,γe j 〉〈γei ,αk〉
4(t − y)(x − zk )

)
Ψi , j (x, y)

)]

+ Isi ng × Ir eg

[
∂x

((
2γh2(ei )δi ̸= j

(t −x)(x − y)
+ 2

χ

〈β,γe j 〉
(t −x)(t − y)

+ 8

χ3

〈β,γei 〉〈3β+γei ,γe j 〉
4(t −x)(t − y)

)
Ψi , j (x, y)

)]
.

(4.32)

Finally the three- and four-fold integrals are given by

I3 =− 8

χ3
I 3

si ng

[
∂x

((〈β,γe j 〉〈β,γe f 〉
4(t − y)(t − z)

+
2N+M∑

k=1

〈β,γe j 〉〈γe f ,αk〉
4(t − y)(z − zk )

)
Ψi , j , f (x, y, z)

)]

− 8

χ3
I 2

si ng × Ir eg

[
∂x

((〈β,γe j 〉〈3β+γe j ,γe f 〉
4(t − y)(t − z)

+ 〈β,γe j 〉〈γei ,γe f 〉
4(t − y)(x − z)

)
Ψi , j , f (x, y, z)

)]
− 8

χ3
I 2

si ng × Ir eg

[
∂x

(〈β,γei 〉〈γe j ,γe f 〉
4(t −x)(y − z)

Ψi , j , f (x, y, z)

)]
and

(4.33)

I4 = 8

χ3
I 3

si ng × Ir eg

[
∂x

(〈β,γe j 〉〈γe f ,γem〉
4(t − y)(z −w)

Ψi , j , f ,m(x, y, z, w)

)]
. (4.34)

We will treat successively these four types of remainder terms to see that they give rise
to the right-hand side in Equation (4.29).
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One-fold integrals

For this let us start by looking at the one-fold integrals, and first of all to the ones that
do not contain any x̄ term. To treat such integrals we begin with terms that contain a
singularity 1

(t−x)2 . The corresponding quantity is then given by

Isi ng

∂x

h2(ei )(q +2ωî (β))+
(
χ
3 + 2

χ

)
− 4

χ (1+ 〈β,γei 〉
2 )− 4

χ3 〈β,γei 〉(1+ 〈β,γei 〉
2 )

(x − t )2

Ψi (x)

 .

Using the value of β=−χω1, the numerator is found to be equal to δi ,1(2γ− 4
χ )(1− γ

χ )

which vanishes for χ ∈ {γ, 2
γ }. The subsequent term in one-fold integrals, correspond-

ing to singularities of the form 1
t−x , is given (up to negligible terms) by

Isi ng

∂x

2N+M∑
k=1

−2h2(ei )ωî (αk )− 2
χ
〈β,αk〉− 2

χ3 〈β,γei 〉〈3β+γei ,αk〉
(t −x)(t − zk )

Ψi (x)

 .

To start with for i = 2 this coefficient is seen to be zero for both χ = γ and χ = 2
γ

.
Likewise for χ= γ and i = 1 simplifications occur and this coefficient is actually seen
to vanish. If however we assume that χ= 2

γ and i = 1 then the coefficient is equal to

2ω2(αk )+2ω1(αk )+ γ3

2
〈−6

γ
ω1 +γe1,αk〉 =

γ2

2
(γ− 2

γ
)〈γe1 − 2

γ
ρ,αk〉,

where we have used that ρ = 3ω1 − e1. As a consequence and in agreement with
Lemma 4.3.6 the corresponding remainder term converges towards

r1 :=−γ2
(
γ− 2

γ

)
(µL,1 +µR,1)

2N+M∑
k=1

〈γe1 − 2
γ
ρ,αk〉

2(zk − t )
〈Vγe1− 2

γω1
(t )V〉. (4.35)

To summarize we have that I1 = (P )-class terms+ r11χ= 2
γ

.

Two- and three-fold integrals: the largest singularities

Let us now turn to the two- and three-fold integrals, in which case the remainder
terms are given by Equations (4.31), (4.32) and (4.33). And to start with like before
we first consider the largest singularities, that is we gather terms with integrands of
the form 1

(t−u)(t−v) where both u and v are in Isi ng : this corresponds to A defined in
Equation (4.31) and the very first term in Equation (4.33).

These terms are a priori divergent in the δ,ε,ρ→ 0 limit. However simplifications
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allow us to show that they are actually asymptotically given by

A− 8

χ3
I 3

si ng

[
∂x

(〈β,γe j 〉〈β,γe f 〉
4(t − y)(t − z)

Ψi , j , f (x, y, z)

)]
= (P )-class terms+ r21χ= 2

γ

− 4

χ
I 2

si ng

[
∂x

(2N+M∑
k=1

( 〈γei ,αk〉
2(t −x)(zk − y)

Ψ1,i (x, y)− 〈γe1,αk〉
2(t − y)(zk − y)

Ψi ,1(x, y)
))]

+ 4

χ
I 2

si ng × Ir eg

[
∂x

( 〈γei ,γe j 〉
2(t −x)(z − y)

Ψ1,i , j (x, y, z)− 〈γe1,γe j 〉
2(t − y)(z − y)

Ψi ,1, j (x, y, z)

)](4.36)

with r2 described in Lemma 4.3.8 below, and where this limit is justified.

The remaining two-fold integrals

As a consequence we are only left with integrals that have a singularity of order 1
at t = x or t = y . Let us thus consider the remaining two-fold integrals from Equa-
tions (4.32) and (4.36):

− 4

χ
I 2

si ng

[
∂x

(2N+M∑
k=1

( 〈γei ,αk〉
2(t −x)(zk − y)

Ψ1,i (x, y)− 〈γe1,αk〉
2(t − y)(zk − y)

Ψi ,1(x, y)
))]

− 8

χ3
I 2

si ng

[
∂x

((
2N+M∑

k=1

〈β,γei 〉〈γe j ,αk〉
4(t −x)(zk − y)

)
Ψi , j (x, y)

)]

− 8

χ3
I 2

si ng

[
∂x

((
2N+M∑

k=1

〈β,γe j 〉〈3β+γe j ,αk〉
4(t − y)(zk − y)

+ 〈β,γe j 〉〈γei ,αk〉
4(t − y)(zk −x)

)
Ψi , j (x, y)

)]

+ Isi ng × Ir eg

[
∂x

((
2γh2(ei )δi ̸= j

(t −x)(x − y)
+ 2

χ

〈β,γe j 〉
(t −x)(t − y)

+ 8

χ3

〈β,γei 〉〈3β+γei ,γe j 〉
4(t −x)(t − y)

)
Ψi , j (x, y)

)]
.

Let us first treat the three integrals ranging over I 2
si ng , and to begin with let us

assume that χ= 2
γ

. Then in agreement with Lemmas 4.3.6 and 4.3.7 the integral over

I 2
si ng will contribute to the limit by

r3 :=−γ2
(
γ− 2

γ

)
(µL,1 +µR,1)Isi ng

[2N+M∑
k=1

〈γei ,αk〉
2(y − zk )

〈Vγei (y)Vβ+γe1 (t )V〉
)]

. (4.37)

If we take χ= γ then we see that such integrals simplify to

4

γ
I 2

si ng

[
∂x

((2N+M∑
k=1

〈3β+2γe1,αk〉
2(t − y)(zk − y)

+ 〈γei ,αk〉
2(t − y)(zk −x)

)
Ψi ,1(x, y)

)]
.

For i = 1, we can use the equality 3β+2γe1 +γe2 = 0 to infer that the corresponding
term vanishes in the limit. If we now assume that i = 1 then thanks to Lemma 4.3.7
below we have that the remainder term converges toward (recall that c2

γ(µ) = 0 for
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γ> 1)

s1 := 4

γ
c2
γ(µ)

2N+M∑
k=1

〈3β+3γe1,αk〉
2(zk − t )

〈Vβ+2γe1 (t )V〉. (4.38)

For the integrals over Isi ng ×Ir eg we proceed as before: in the case where (i , j ) = (2,1)
simplifications occur and we see that the corresponding Isi ng × Ir eg integral is given,
up to a term that vanishes in the limit, by

Isi ng × Ir eg

[
∂x

(
2γ

(t − y)(x − y)
Ψ2,1(x, y)

)]
which is seen to converge to zero in the limit thanks to the assumption thatµL,2−µR,2 =
0. For i = j = 2 we see that the integrand is identically zero, so we are left with the
cases where i = 1. If we take j = 2 then we get

Isi ng × Ir eg

[
∂x

(
2γ

(t − y)(y −x)
Ψ1,2(x, y)

)]
which converges to 0 since 〈β,γe1〉 < 0. When j = 1 and χ= γ the integrand is actually
zero. Finally when we take j = 1 and χ= 2

γ the corresponding term is given by

Isi ng × Ir eg

[
∂x

((
−2γδ j ,2

(t −x)(x − y)
− 2γδ j ,1

(t −x)(t − y)
− γ3〈3β+γe1,γe j 〉

2(t −x)(t − y)

)
Ψ1, j (x, y)

)]

which in the limit (via Lemma 4.3.6) will yield a term

r4 := γ2(
2

γ
−γ)(µL,1 +µR,1)Ir eg

[(〈γe1 − 2
γρ,γe j 〉

2(t − y)

)
Ψ1, j (t , y)

]
(4.39)

To wrap up for the two-fold integrals, we see that we arrive to the following conclu-
sion:

A+B − 8

χ3
I 3

si ng

[
∂x

(〈β,γe j 〉〈β,γe f 〉
4(t − y)(t − z)

Ψi , j , f (x, y, z)

)]
= (P )-class terms + (r2 + r3 + r4)1χ= 2

γ
+ s11χ=γ.

(4.40)
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The three- and four-fold integrals

Therefore it only remains to treat the remaining three- and four-fold integrals,
coming either from Equations (4.33) and (4.34), and given by:

− 8

χ3
I 3

si ng

[
∂x

((
2N+M∑

k=1

〈β,γe j 〉〈γe f ,αk〉
4(t − y)(z − zk )

)
Ψi , j , f (x, y, z)

)]

− 8

χ3
I 2

si ng × Ir eg

[
∂x

((〈β,γe j 〉〈3β+γe j ,γe f 〉
4(t − y)(t − z)

+ 〈β,γe j 〉〈γei ,γe f 〉
4(t − y)(x − z)

)
Ψi , j , f (x, y, z)

)]
− 8

χ3
I 2

si ng × Ir eg

[
∂x

(〈β,γei 〉〈γe j ,γe f 〉
4(t −x)(y − z)

Ψi , j , f (x, y, z)

)]
+ 4

χ
I 2

si ng × Ir eg

[
∂x

( 〈γei ,γe j 〉
2(t −x)(z − y)

Ψ1,i , j (x, y, z)− 〈γe1,γe j 〉
2(t − y)(z − y)

Ψi ,1, j (x, y, z)

)]
+ 8

χ3
I 3

si ng × Ir eg

[
∂x

(〈β,γe j 〉〈γe f ,γem〉
4(t − y)(z −w)

Ψi , j , f ,m(x, y, z, w)

)]
.

The integral over I 3
si ng is treated using Lemma 4.3.7 below and yields

r2 := 4

γ
c2
γ(µ)Isi ng

[
2N+M∑

k=1

〈γe f ,αk〉
2(z − zk )

〈Vβ+2γe1 (t )Vγe f (z)V〉
]

. (4.41)

As for the other integrals, by explicit computations they simplify to

2

χ2
(γ−χ)I 2

si ng × Ir eg

[
∂x

( 〈γe j ,γe f 〉
(t −x)(y − z)

Ψ1, j , f (x, y, z)

)]
+ 2γ

χ2
I 2

si ng × Ir eg

[
∂x

((〈3β+γe1,γe f 〉
(t − y)(t − z)

+ 〈γei ,γe f 〉
(t − y)(x − z)

+ χ

γ

〈γe1,γe f 〉
(t − y)(y − z)

)
Ψi ,1, f (x, y, z)

)]
− 2γ

χ2
I 3

si ng × Ir eg

[
∂x

( 〈γe f ,γem〉
(t − y)(z −w)

Ψi ,1, f ,m(x, y, z, w)

)]
.

According to Lemma 4.3.6 the latter will give a remainder term for χ= 2
γ

:

r5 := γ2(γ− 2

γ
)(µL,1 +µR,1)Isi ng × Ir eg

[〈γe j ,γe f 〉
2(y − z)

Ψ1, j , f (t , y, z)

]
, (4.42)

while for χ= γ the corresponding remainder term is

s3 :=4

γ
c2
γ(µ)Ir eg

[〈3β+3γe1,γe f 〉
2(t − z)

〈Vβ+2γe1 (t )Vγe f (z)V〉
]

− 4

γ
c2
γ(µ)Isi ng × Ir eg

[〈γe f ,γem〉
2(z −w)

Ψ1,1, f ,m(t , t , z, w)

]
.

(4.43)
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Recollecting terms

Finally we have treated all the remainder terms that appear in the expression of the
singular vectors. After this process the only remaining terms are

(r1 + r2 + r3 + r4 + r5)1χ= 2
γ
+ (s1 + s2 + s3)1χ=γ

γ<1
.

To start with, in the case where χ= γ we obtain a remainder term given by 4
γ

c2
γ(µ)×

2N+M∑
k=1

〈3β+3γe1,αk〉
2(zk − t )

〈V2γe1−γω1 (t )V〉− Ir eg

[〈3β+3γe1,γe f 〉
2(x − t )

〈Vγei (x)Vβ+2γe1 (t )V〉
]

+ Isi ng

[
2N+M∑

k=1

〈αk ,γei 〉
2(x − zk )

〈Vγei (x)Vβ+2γe1 (t )V〉
]

− Isi ng × Ir eg

[〈γei ,γe j 〉
2(x − y)

〈Vγei (x)Vγe j (y)Vβ+2γe1 (t )V〉
]

.

The above is nothing but the descendant (aL−1 +bW−1)Vβ+2γe1 where a,b satisfy

aLβ+2γe1
−1 +bWβ+2γe1

−1 = 3(γe1 −γω1) =−3γh2.

Therefore we infer that when µB ,1 =µB ,2 = 0:

ψ−3,γ =−4

γ
c2
γ(µ)D−1,γVβ+2γe1 . (4.44)

When χ= 2
γ

the remaining terms coming from the rk are given by γ2( 2
γ
−γ)(µL,1 +

µR,1)×

2N+M∑
k=1

〈γe1 − 2
γρ,αk〉

2(zk − t )
〈Vγe1− 2

γω1
(t )V〉− Ir eg

[〈γe1 − 2
γρ,γe j 〉

2(y − t )
〈Vγe j (y)Vγe1− 2

γω1
(t )V〉

]

+ Isi ng

[ 1

y − t
Ψ1,2(t , y)

]
+ Isi ng

[2N+M∑
k=1

〈γei ,αk〉
2(y − zk )

〈Vγe j (y)Vγe1− 2
γω1

(t )V〉
]

− Isi ng × Ir eg

[〈γei ,γe j 〉
2(y − z)

〈Vγei (y)Vγe j (z)Vγe1− 2
γω1

(t )V〉
]

.

Like in the proof of Theorem 4.2.8, since 〈γe1 − 2
γ
ω1,γei 〉 < 0 for i = 1,2 we can rewrite

the latter using integration by parts, and get

2N+M∑
k=1

〈γe1 − 2
γρ,αk〉

2(zk − t )
〈Vγe1− 2

γω1
(t )V〉− Ir eg

[〈γe1 − 2
γρ,γe j 〉

2(y − t )
〈Vγe j (y)Vγe1− 2

γω1
(t )V〉

]

− Isi ng

[〈γe1 − 2
γ
ω1,γei 〉−2δ j=2

2(y − t )
〈Vγe j (y)Vγe1− 2

γω1
(t )V〉

]
.
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We recognize here the definition of the descendant (aL−1 +bW−1)Vγe1− 2
γω1

where a

and b are chosen in such a way that

aL
γe1− 2

γω1

−1 +bW
γe1− 2

γω1

−1 = γe1 − 2

γ
ρ.

As a consequence we arrive to the equality

ψ−3, 2
γ
= γ2

(
γ− 2

γ

)(
µL,1 +µR,1

)
D−1, 2

γ
Vβ+γe1 . (4.45)

We thus conclude in this case via the expression of the singular vector from Theo-
rem 4.2.8.

The general case

Let us now no longer make the assumption that µB ,1 =µB ,2 = 0. Then the remainder
terms feature extra terms, given by

I :=− 8

χ3
Isi ng

[
∂x

(〈β,γei 〉(1+ 〈β,γei 〉
2 )

2(t − x̄)2
Ψi (x)

)
1x∈Hδ,ε

]

− 8

χ3
Isi ng

[
∂x

(
2N+M∑

k=1

(〈β,γei 〉〈γei ,αk〉
4(t −x)(x̄ − zk )

+ 〈β,γei 〉
2(t − x̄)

Θi (x)

)
Ψi (x)

)
1x∈Hδ,ε

]

+ 8

χ3
I 2

si ng

[
∂x

((
〈β,γei 〉〈β,γe j 〉
2(t − x̄)(t − y)

+
2N+M∑

k=1

〈β,γe j 〉〈γei ,αk〉
4(t − y)(x̄ − zk )

)
Ψi , j (x, y)

)
1x∈Hδ,ε

]

+ 8

χ3
I 2

si ng

[
∂x

((
〈β,γe j 〉2

2(t − y)(t − ȳ)
+

2N+M∑
k=1

〈β,γe j 〉〈γe j ,αk〉
4(t − y)(ȳ − zk )

)
Ψi , j (x, y)

)
1y∈Hδ,ε

]

+ 8

χ3
Isi ng × Ir eg

[
∂x

(〈β,γei 〉〈γei ,γe j 〉
4(t −x)(x̄ − y)

Ψi , j (x, y)

)
1x∈Hδ,ε

]
.

(4.46)

In the above we have removed terms that vanish in the limit. Then we can rewrite the
latter via the same reasoning as in Lemma 4.3.8: up to (P )-class terms

− 8

χ3
Isi ng

[
∂x

(〈β,γei 〉(1+ 〈β,γei 〉
2 )

2(t − x̄)2
Ψi (x)

)
1x∈Hδ,ε

]

+ 8

χ3
I 2

si ng

[
∂x

((
〈β,γei 〉〈β,γe j 〉
2(t − x̄)(t − y)

1x∈Hδ,ε +
〈β,γe j 〉2

2(t − y)(t − ȳ)
1y∈Hδ,ε

)
Ψi , j (x, y)

)]

= 4

χ
Isi ng

[
∂x

(
2N+M∑

k=1

( 〈γe1,αk〉
2(t −x)(zk − x̄)

Ψ1(x)− 〈γe1,αk〉
2(t − x̄)(zk − x̄)

Ψ1(x)

))]
− 4

χ
Isi ng × Ir eg

[
∂x

( 〈γe1,γei 〉
2(t −x)(y − x̄)

Ψ1,i (x, y)− 〈γe1,γei 〉
2(t − x̄)(y − x̄)

Ψ1,i (x, y)

)]
.
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As a consequence we obtain

I= 8γ

χ2
Isi ng

[
∂x

(
1

2(t − x̄)

(
2N+M∑

k=1

〈γei ,αk〉
4(t − x̄)(x̄ − zk )

+Θi (x)

)
Ψi (x)

)
1x∈Hδ,ε

]

+ 8

χ3
I 2

si ng

[
∂x

((
2N+M∑

k=1

〈β,γe j 〉〈γei ,αk〉
4(t − y)(x̄ − zk )

)
Ψi , j (x, y)

)
1x∈Hδ,ε

]

+ 8

χ3
I 2

si ng

[
∂x

((
2N+M∑

k=1

〈β,γe j 〉〈γe j ,αk〉
4(t − y)(ȳ − zk )

)
Ψi , j (x, y)

)
1y∈Hδ,ε

]

− 4

χ2
(γ−χ)Isi ng × Ir eg

[
∂x

( 〈γe1,γei 〉
2(t −x)(x̄ − y)

Ψ1,i (x, y)

)
1x∈Hδ,ε

]
+ 4

χ
Isi ng × Ir eg

[
∂x

( 〈γe1,γei 〉
2(t − x̄)(y − x̄)

Ψ1,i (x, y)

)]
.

The limit is computed in Lemma 4.3.7: for χ= 2
γ

it vanishes while for χ= γ we get

s4 :=4

γ
c1
γ(µ)

(
2N+M∑

k=1

〈γei ,αk〉
2(zk − t )

〈Vβ+2γe1 (t )V〉−Θi (t )

)

−4

γ
c1
γ(µ)Ir eg

[〈γe1,γei 〉
2(y − t )

〈Vβ+2γe1 (t )Vγei (y)V〉
]

.

By definition of Θi from Equation (4.19) we see that this extra term is given by

s4 = 4

γ
c1
γ(µ)〈D−1,γVβ+2γe1 (t )V〉. (4.47)

By combining with the expression obtained above for the case with µB = 0 we arrive
to the desired conclusion when this assumption is no longer made:

ψ−3,γ =−4

γ
cγ(µ)D−1,γVβ+2γe1 . (4.48)

This allows us to conclude for the proof of Theorem 4.3.4.

4.3.3 Auxiliary computations
We gather here some auxiliary computations that are used in the previous subsec-

tions.

Lemma 4.3.6. Assume that β=− 2
γω1 and that F is of the form

Fi (x) = I p
si ng × I q

r eg

[
ri ,i (x, x)Ψi ,i (x, x)

]
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where ri ,i and Ψi ,i (x, x) are as in Lemma 3.2.5. Then we have

Isi ng

[
∂x

(〈β,γei 〉
2(t −x)

Fi (x)

)]
= (P )-class terms − (µL,1 +µR,1)F̃1(t ) (4.49)

with F̃ given by F̃i (x) := |t −x| 〈β,γei 〉
2 Fi (x), continuous at x = t (via Lemma 3.2.5).

Proof. Using Stokes’ formula, the only terms that may not be (P )-class in the left-hand
side of (4.49) are given by

−1

ε
(µL,1F1(t −ε)+µR,1F1(t +ε))+µB ,1

∫
(t−r,t+r )

Im

(
1

t −x − ıδ

)
F1(x + ıδ)d x.

Since 〈γe1 − 2
γ
ω1 −Q,e1〉 < 0 we know thanks to Lemma 3.2.5 that Ψ1,i (t ±ε, x) scales

like ε when ε→ 0, thus we readily see that the first term of the above converges to

−(µL,1 +µR,1)F̃1(t ).

The second term can be rewritten as

µB ,1δ
1−γ2

2−γ2
∫

(t−r,t+r )
|t −x − ıδ|−2(2δ)γ

2
F1(x + ıδ)d x

so we have to separate the cases depending on the sign of γ2 − 2
3 . If γ2 < 2

3 then from
the fusion asymptotics (Lemma 3.2.5) we have that

|t −x − ıδ|−2(2δ)γ
2
Ψ1,i (x + ıδ, x) →〈Vγei1

(x1)...Vγei(p+q) (xp+q )V2γe1− 2
γω1

(t )V〉

uniformly in x so that we can write the above as

δ1−γ2
(
2−γ2

µB ,1

∫
(t−r,t+r )

(t −x)F1(t )d x +o(1)

)
which tends to 0 as δ→ 0. If γ2 ≥ 2

3 then again thanks to the fusion asymptotics there
exists a positive constant C such that for η> 0 small enough,

δ

∫
(t−r,t+r )

F1(x + ıδ)

(t −x)2 +δ2
d x ≤Cδ

1−γ2+
(

3
2γ− 1

γ

)2−η

with the exponent being positive, thus finishing the proof.

Lemma 4.3.7. Assume that G is of the form

Gi , j (x, y) = I p
si ng × I q

r eg

[
ri , j ,i (x, y, x)Ψi , j ,i (x, y, x)

]
where ri , j ,i = ri , j ,i1,...,i(p+q) is regular at x = y = t , and such that ri , j ,i (x, y, x)Ψi ,i (x) is

integrable on I p
si ng × I q

r eg , with Ψi , j ,i (x, y, x) =Ψi , j ,i1,...,ip+q (x, y, x1, ..., xp+q ). and that
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F is as in Lemma 4.3.6. Then for β=−γω1:

I 2
si ng

[
∂x

(〈β,γe j 〉δi= j

2(t − y)
Gi , j (x, y)

)]
= (P )-class terms − γ2

2
c2
γ(µ)G̃1,1(t , t ) and

Isi ng

[
∂x

(〈β,γei 〉
2(t − x̄)

Fi (x)

)]
= (P )-class terms + γ2

2
c1
γ(µ)F̃1(t ) (4.50)

where G̃ is defined by

G̃i , j (x, y) = |t −x|
〈β,γei 〉

2
∣∣t − y

∣∣ 〈β,γei 〉
2

∣∣y −x
∣∣ 〈γei ,γe j 〉

2 Gi , j (x, y).

For β=− 2
γω1 these two limits are given by (P )-class terms.

Proof. We proceed as in Lemma 4.3.6 and apply Stokes’ formula to the first integral to
obtain

I 2
si ng

[
∂x

(
1

t − y
G1,1(x, y)

)]
= (P )-class terms

+
∫

(t−r,t−ε)∪(t+ε,t+r )

1

t − y

(
µL,1G1,1(t −ε, y)−µR,1G1,1(t +ε, y)

)
µ1(d y).

(4.51)

Developing the integral yields four terms, proportional to µ2
L,1,µ2

R,1 and µL,1µR,1. We

first focus on the one with coefficient µ2
L,1 which writes

µ2
L,1

∫ r

ε
|y |−1G1,1(t −ε, t − y)d y.

Thanks to Lemma 3.2.5, in the case where β=−γω1 and γ< 1 we know that G̃1,1(x, y)
is continuous at x = y = t since 〈2γe1−γω1−Q,e1〉 < 0. Thus we can write the latter as

µ2
L,1

(
G̃1,1(t , t )

∫ r

ε
|y |−1+ γ2

2 ε
γ2

2 |y −ε|−γ2
d y +o(1)

)
and make the change of variable y ↔ εy to obtain

µ2
L,1

(
G̃1,1(t , t )

∫ r /ε

1
|y |−1+ γ2

2 |y −1|−γ2
d y +o(1)

)
.

The integral is evaluated in [24, Lemma A.2] and is equal to
Γ

(
γ2

2

)
Γ(1−γ2)

Γ
(
1− γ2

2

) . For the terms

proportional to µL,1µR,1 we proceed exactly the same way to obtain

µL,1µR,1

(
G̃1,1(t , t )

∫ r /ε

1
|y |−1+ γ2

2 |y +1|−γ2
d y +o(1)

)
.

153



4 Singular vectors and higher equations of motion – 4.3 Singular vectors at the level
three

We know that this integral is equal to cos
(
π

γ2

2

) Γ

(
γ2

2

)
Γ(1−γ2)

Γ
(
1− γ2

2

) , thus recollecting the terms

we conclude for the proof of the first point when β=−γω1 and γ< 1. When γ> 1 we
now have 〈2γe1 −γω1 −Q,e1〉 > 0, and therefore there is an extra term in the fusion
estimates. This yields an extra scaling factor of 〈γe1− γ

2ω1− Q
2 ,e1〉2 = (γ− 1

γ )2, and thus

an overall scaling factor of ε
−2+γ2+ 1

γ2 . This exponent being positive we can conclude
for the case γ> 1. For β=− 2

γ
ω1 the very same reasoning shows that these integrals

scale like ε2−γ2
and therefore vanish in the limit, concluding the proof.

Let us now turn to the integral with x̄ instead of y . In that case we can proceed
as in Lemma 4.3.6 to see that the corresponding integral, after application of Stokes’
formula, is

−µB ,1δ
1−γ2

2−γ2
∫

(t−r,t+r )
|t −x − ıδ|−2+γ2

F̃1(x + ıδ)d x.

We make the change of variables x ↔ t +δx to see that the latter is given by

−µB ,12−γ2
∫
R

(1+x2)−1+ γ2

2 d xF̃1(t )+o(1).

The integral is evaluated in [24, Lemma A.1] and is given by 2γ2
sin

(
π

γ2

2

) Γ

(
γ2

2

)
Γ(1−γ2)

Γ
(
1− γ2

2

) ,

thus concluding for the proof of the lemma.

We eventually gather here some statements we used along the proof of Theo-
rem 4.3.4.

Lemma 4.3.8. Recall the definition of A from Equation (4.31). In the δ,ε,ρ→ 0 limit:

A− 8

χ3
I 3

si ng

[
∂x

(〈β,γe j 〉〈β,γe f 〉
4(t − y)(t − z)

Ψi , j , f (x, y, z)

)]
= (P )-class terms+ r21χ= 2

γ

− 4

χ
Isi ng × Isi ng

[
∂x

(
2N+M∑

k=1

( 〈γei ,αk〉
2(t −x)(zk − y)

Ψ1,i (x, y)− 〈γe1,αk〉
2(t − y)(zk − y)

Ψi ,1(x, y)

))]
+ 4

χ
I 2

si ng × Ir eg

[
∂x

( 〈γei ,γe j 〉
2(t −x)(z − y)

Ψ1,i , j (x, y, z)− 〈γe1,γe j 〉
2(t − y)(z − y)

Ψi ,1, j (x, y, z)

)](4.52)

where we have set

r2 := γ2(
2

γ
−γ)(µL,1 +µR,1)Isi ng

[Ψ1,2(t , y)

t − y

]
. (4.53)

Proof. Let us write J := A − 8
χ3 I 3

si ng

[
∂x

( 〈β,γe j 〉〈β,γe f 〉
4(t−y)(t−z) Ψi , j , f (x, y, z)

)]
. To start with we
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use the specific value of β=−χω1 with χ ∈ {γ, 2
γ

} to simplify the expression of J:

J= I 2
si ng

[
∂x

( 2γ

(t − y)(x − y)
Ψ2,1(x, y)− 2γ

(t −x)(x − y)
Ψ1,2(x, y)

)]
− 4

χ
I 2

si ng

[
∂x

(
1+ 〈β,γe1〉

2

(t − y)2
Ψi ,1(x, y)+

γχ
2 −γ2

(t −x)(t − y)
Ψ1,1(x, y)

)]
− 4

χ
I 3

si ng

[
∂x

(
γ2

2(t − y)(t − z)
Ψi ,1,1(x, y, z)

)]
.

(4.54)

Now we claim that the following identity holds true:

I 2
si ng

[
∂x

(
1+ 〈β,γe1〉

2

(t − y)2
Ψi ,1(x, y)+

γχ
2 −γ2

(t −x)(t − y)
Ψ1,1(x, y)

)]
− I 2

si ng

[
∂x

( γ2

2(t − y)(x − y)
Ψ2,1(x, y)− γ2

2(t −x)(x − y)
Ψ1,2(x, y)

)]
− I 2

si ng × Itot

[
∂x

( 〈γe1,γe j 〉
2(t − y)(z − y)

Ψi ,1, j (x, y, z)− 〈γei ,γe j 〉
2(t −x)(z − y)

Ψ1,i , j (x, y, z)

)]
= I 2

si ng

[
∂x

(
2N+M∑

k=1

( 〈γe1,αk〉
2(t −x)(zk − y)

− 〈γe1,αk〉
2(t − y)(zk − y)

)
Ψ1,1(x, y)

)]
+ I 2

si ng

[
∂x

(
2N+M∑

k=1

( 〈γe2,αk〉
2(t −x)(zk − y)

Ψ1,2(x, y)− 〈γe1,αk〉
2(t − y)(zk − y)

Ψ2,1(x, y)

))]
.

(4.55)

To see why this is the case we note that by symmetry in x, y we have

0 = Isi ng × Isi ng

[
∂x∂y

(
1

(t − y)
Ψi ,1(x, y)

)]
− Isi ng × Isi ng

[
∂x∂y

(
1

(t −x)
Ψ1,i (x, y)

)]
.

We then develop the derivative in y : this is done by means of the equality

∂y

(
1

t − y
Ψi ,1(x, y)

)
=

(
1+ 〈β,γe1〉

2

(t − y)2
+ 〈γei ,γe1〉

2(t − y)(x − y)
+

2N+M∑
k=1

〈αk ,γe1〉
2(t − y)(zk − y)

)
Ψi ,1(x, y)

− Itot

[ 〈γe1,γe j 〉
2(t − y)(z − y)

Ψi ,1, j (x, y, z)

]
and likewise for the other term that appears there. Recollecting terms and simplifying
the expression obtained using that β=−χω1 we then arrive to Equation (4.55). Thanks
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to this equality we can rewrite Equation (4.54) under the form

I= 2γ

(
1− γ

χ

)
Isi ng × Isi ng

[
∂x

( Ψ2,1(x, y)

(t − y)(x − y)
− Ψ1,2(x, y)

(t −x)(x − y)

)]
− 4

χ
I 3

si ng

[
∂x

(
γ2

2(t − y)(t − z)
Ψi ,1,1(x, y, z)

)]
− 4

χ
I 2

si ng × Itot

[
∂x

( 〈γe1,γe j 〉
2(t − y)(z − y)

Ψi ,1, j (x, y, z)− 〈γei ,γe j 〉
2(t −x)(z − y)

Ψ1,i , j (x, y, z)

)]
− 4

χ
Isi ng × Isi ng

[
∂x

(
2N+M∑

k=1

( 〈γe1,αk〉
2(t −x)(zk − y)

− 〈γe1,αk〉
2(t − y)(zk − y)

)
Ψ1,1(x, y)

)]
− 4

χ
Isi ng × Isi ng

[
∂x

(
2N+M∑

k=1

( 〈γe2,αk〉
2(t −x)(zk − y)

Ψ1,2(x, y)− 〈γe1,αk〉
2(t − y)(zk − y)

Ψ2,1(x, y)

))]
.

The three-fold integrals can be dealt with by using the symmetries in the different
variables involved. We see that by doing so the integrals simplify to

4

χ
I 3

si ng

[
∂x

(
γ2

2(t − y)(z − y)
Ψi ,1,2(x, y, z)

)]
+ 4

χ
I 2

si ng × Ir eg

[
∂x

( 〈γei ,γe j 〉
2(t −x)(z − y)

Ψ1,i , j (x, y, z)− 〈γe1,γe j 〉
2(t − y)(z − y)

Ψi ,1, j (x, y, z)

)]
.

Since µL,2 −µR,2 = 0, the fact that, in virtue of Lemma 3.2.5, the integral

I 2
si ng

[
1

2(t − y)(z − y)
〈Vβ+γe2 (t )Vγe1 (y)Vγe2 (z)V〉

]
is absolutely convergent, implies that the term corresponding to i = 2 in the integral
over I 3

si ng vanishes in the limit. As for the case where i = 1, along the same lines as in

the proof of Theorem 4.2.8 we see that for χ= 2
γ

this term goes to 0 as well. The case
where i = 1 and χ= γ requires more care: we develop the derivative in x to rewrite the
integral over I 3

si ng as

2γI 3
si ng

[( −γ2

2(t − y)(z − y)(t −x)
+ γ2

(t − y)(z − y)(y −x)
+ −γ2

2(t − y)(z − y)(z −x)

)
Ψ1,1,2(x, y, z)

]
+2γI 3

si ng

[
2N+M∑

k=1

〈γe1,αk〉
2(t − y)(z − y)(zk −x)

Ψ1,1,2(x, y, z)

]

−2γI 3
si ng × Itot

[ 〈γe1,γei 〉
2(t − y)(z − y)(w −x)

Ψ1,1,2,i (x, y, z, w)

]
.

By symmetry in x, y cancellations occur and the first line is seen to vanish. As for the
other terms we can write them as derivatives in y of a function that is well-defined at
y = t and as such yield a term that vanishes in the limit. This allows to conclude that
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the three-fold integrals contribute to the limit only by

4

χ
I 2

si ng × Ir eg

[
∂x

( 〈γei ,γe j 〉
2(t −x)(z − y)

Ψ1,i , j (x, y, z)− 〈γe1,γe j 〉
2(t − y)(z − y)

Ψi ,1, j (x, y, z)

)]
.

And as a consequence we can write that

I= (P )-class terms +2γ

(
1− γ

χ

)
Isi ng × Isi ng

[
∂x

( Ψ2,1(x, y)

(t − y)(x − y)
− Ψ1,2(x, y)

(t −x)(x − y)

)]
− 4

χ
Isi ng × Isi ng

[
∂x

(
2N+M∑

k=1

( 〈γe1,αk〉
2(t −x)(zk − y)

− 〈γe1,αk〉
2(t − y)(zk − y)

)
Ψ1,1(x, y)

)]
− 4

χ
Isi ng × Isi ng

[
∂x

(
2N+M∑

k=1

( 〈γe2,αk〉
2(t −x)(zk − y)

Ψ1,2(x, y)− 〈γe1,αk〉
2(t − y)(zk − y)

Ψ2,1(x, y)

))]
+ 4

χ
I 2

si ng × Ir eg

[
∂x

( 〈γei ,γe j 〉
2(t −x)(z − y)

Ψ1,i , j (x, y, z)− 〈γe1,γe j 〉
2(t − y)(z − y)

Ψi ,1, j (x, y, z)

)]
.

Hence it remains to treat the first line, for which it is readily seen that it vanishes if
χ= γ so that we may assume that χ= 2

γ
. Now thanks to Lemma 3.2.5 for β=− 2

γ
ω1 the

integral

Isi ng

[
1

(t − y)2
〈Vβ+γe2 (t )Vγe1 (y)V〉

]
is absolutely convergent. Hence and since we have assumed µL,2 −µR,2 = 0 the term
in the first line corresponding to Ψ2,1 is a o(1). As for the second one it is seen to
converge to

r2 := γ2(
2

γ
−γ)(µL,1 +µR,1)Isi ng

[Ψ1,2(t , y)

t − y

]
.

To summarize and after all these remarkable simplifications we see that all that is
left from Equation (4.54) is, as expected,

I= (P )-class terms + r21χ= 2
γ

− 4

χ
Isi ng × Isi ng

[
∂x

(
2N+M∑

k=1

( 〈γe1,αk〉
2(t −x)(zk − y)

− 〈γe1,αk〉
2(t − y)(zk − y)

)
Ψ1,1(x, y)

)]
− 4

χ
Isi ng × Isi ng

[
∂x

(
2N+M∑

k=1

( 〈γe2,αk〉
2(t −x)(zk − y)

Ψ1,2(x, y)− 〈γe1,αk〉
2(t − y)(zk − y)

Ψ2,1(x, y)

))]
+ 4

χ
I 2

si ng × Ir eg

[
∂x

( 〈γei ,γe j 〉
2(t −x)(z − y)

Ψ1,i , j (x, y, z)− 〈γe1,γe j 〉
2(t − y)(z − y)

Ψi ,1, j (x, y, z)

)]
.
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4.4 Proof of Theorem 1.2.11
We explain here how to obtain the differential equations of Theorem 1.2.11. The

method is mostly algorithmic, so we will be brief. To start with, the probabilistic
representation of the correlation function entails that a correlation function with an
insertion at +∞, defined by the limit 〈Vβ(+∞)V〉 := lim

t→+∞ |t |2∆β 〈Vβ(t)V〉 does make

sense and we have

〈Vβ(+∞)V〉 =C (z ,α)
∫
R2

e〈s+β
2 ,c〉E

[
exp

(
−

2∑
i=1

µB ,i e〈γei ,c〉
∫
H

Zi |x|〈γei ,β〉
+ Mγei (d xd x̄)+e〈 γ2 ei ,c〉

∫
R

Z ∂
i |x|〈γei ,β〉

+ µi (x)M∂
γei

(d x)

)]
dc .

Correlation functions defined in such a way satisfy Ward identities similar to that
of Theorem 1.2.6 and obtained from these ones by an appropriate limit as t →+∞.
These represent the starting point for the proof of Theorem 1.2.11: from there this
statement is mostly algorithmic and has been conducted using Mathematica. We
describe here the method leading to these BPZ equations and refer to [25, Subsection
5.3] for more details.

We start with Equation (1.57) and express the left-hand side, by means of the global
Ward identities for the higher-spin current from Theorem 1.2.6, in terms of W−i Vβ⃝⋆ ,
i = 1,2, and W−1Vβ∗ . Inverting this system of equations gives for the three-point
boundary correlator

〈W−3Vβ⃝⋆ (t )Vβ1 (0)Vβ∗(1)Vβ2 (+∞)〉 =
[
−

(
2

t
+ 1

t −1

)
W(⃝⋆)

−2 −
(

1

t 2
+ 2

t (t −1)

)
W(⃝⋆)

−1

+ W(∗)
−1

(t (t −1))2
− w(β⃝⋆)+w(β2)

t 2(t −1)
− w(β1)

t 3(t −1)
+ w(β∗)

t (t −1)2

(
1

t
+ 1

t −1

)]
〈V〉.

Now, under the assumption (1.53), the singular vectors ψ−1,β⃝⋆ and ψ−2,β⃝⋆ are null, and
likewise for ψ−1,β∗ . This allows to express the right-hand side in the above equation
in terms of L-descendants, which act as differential operators on the correlation
functions. Moreover

L (⃝⋆)
−2 〈V〉 =

[
2t −1

t (1− t )
∂t + ∆∞−∆

t (t −1)
− ∆0

t 2(t −1)
+ ∆1

t (t −1)2

]
〈V〉

in virtue of the global Ward identities. In the end, the left-hand side of Equation (1.57)
can be expressed under the form DL(t )〈V〉 for some differential operator DL(t ) acting
on t .

Besides, we also know that ψ−3,β⃝⋆ is null, and therefore Equation (1.57) holds. The
right-hand side being expressed in terms of L-descendants, using the global Ward
identities for the stress-energy tensor it can thus be written as DR (t)〈V〉 for some
differential operator DR (t) (different from DL(t)) and acting only on the t variable.
As a consequence we obtain the equality DR (t)〈V〉 =DL(t )〈V〉. Simplifying the latter
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yields Equation (1.59).
The other equation is obtained in the exact same fashion, that is by combining

global Ward identities with explicit expressions for the null vectors to express the two
sides of Equation (1.57) in terms of a differential operator in the t variable.
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5.1 Introduction
In this last chapter we describe some short- to long-term research prospects regard-

ing Toda theories and related topics. Some projects are already underway and in this
case we give more details and state some obtained (unpublished) results.

5.2 Reflection coefficients and computation of the
structure constants

The derivation of BPZ equations (Theorem 1.2.11) satisfied by certain correlations of
the sl3CToda CFT on the half-plane paves the way for the explicit computation of these
correlations. The BPZ equations are third-order hypergeometric equations, for which
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several bases of solutions are known. In order to compute the structure constants,
the philosophy is then to exploit explicit changes of basis between these solutions,
together with asymptotic analysis of the path integral, in order to derive periodicity
equations for the correlation functions, that in turn may determine the latter, submit-
ted to some additional meromorphicity conditions. Starting from the BPZ equations
unveiled in this work, it seems possible to obtain explicit formulas for certain families
of correlation functions of the form 〈Vα(i )Vβ∗(0)〉 and 〈Vβ1 (0)Vβ∗(1)Vβ2 (∞)〉, which
correspond respectively to the two structure constants given by the bulk–boundary
correlator and the boundary three-point function. Let us recall that, to date, no explicit
formula is known for these quantities.

The next step in this direction is to extend the domain of definition of these correla-
tion functions, which requires having an explicit formula for the so-called reflection
coefficients of the theory.

5.2.1 The reflection relation in Liouville and Toda CFTs
It is well-known in Liouville and Toda CFTs that the primary fields obey a reflection

relation. In the case of Liouville CFT it formally takes the form

Vα = R(α)V2Q−α (5.1)

where R(α) is a constant called the reflection coefficient of the theory. In Toda CFTs,
since the field is vector-valued, these coefficients depend on more complicated reflec-
tions, in that they are indexed by the Weyl group W associated with the Lie algebra g
underlying the model (see below). The reflection relations take the form

Vα = Rs(α)VQ+s(α−Q) (5.2)

for any reflection s in the Weyl group W . At the level of the correlation functions, the
reflection coefficients allow one to extend the domain of definition of the correlation
functions beyond the Seiberg bounds (Theorem 1.2.1), via meromorphic continuation.
Indeed, they arise as coefficients in the asymptotic expansion of the Vertex Operators,
as we shall describe below.

On the mathematical side, the Liouville reflection coefficient on the sphere [33, 102]
has been computed in [65] along the proof of the DOZZ formula. In the boundary case,
the computation of the reflection coefficients [39] is also part of the derivation of the
structure constants in [6]. In a work in progress [29] with Cerclé we perform the com-
putation of the reflection coefficients associated with boundary Toda CFTs, building
on the machinery developed in [21] —where the bulk reflection coefficients [40] are
computed— together with inputs from [6]. We show that these reflection coefficients
describe the asymptotics of the Vertex Operators in particular regimes. As a by-product,
we obtain the joint tail probabilities of families of correlated bulk/boundary GMC
measures, which are described by the (unit volume) reflection coefficients. This fact
is well known, and we refer to [86] for a concise treatment of these questions. We
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introduce now a few notions that are needed in order to state and explain these results.

5.2.2 The setting
5.2.2.1 Reflection groups

Let (V ,〈·, ·〉) be a Euclidean space, and R a root system associated with V (recall
Definition 2.2.5). To these Euclidean space and root system is naturally attached a
reflection group W , generated by the reflections with respect to the roots in R. In fact,
one can see that W is freely generated by the reflections with respect to the simple
roots (ei )i=1,...,r where r is the dimension of V .

Every reflection in W takes the form sα : x 7→ 〈x,α〉α∨ where α ∈V ∗ ≃V and α∨ =
2α/〈α,α〉. Moreover, every reflection s can be put under the form s = si1 · · · sik , where
si is the reflection with respect to the simple root ei . The minimal number of such
simple reflections entering any such decomposition of s is called the length of s and is
denoted l (s): it is such that ε(s) := det(s) = (−1)l (s).

The action of the reflection group naturally divides V into chambers: these are the
connected components of V \

⋃r
i=1 Hi , where Hi := {x ∈V ,〈x,ei 〉 = 0} is the hyperplane

orthogonal to the simple root ei . For instance, the fundamental chamber is given by

C := {x ∈V ,〈x,ei 〉 > 0 for all 1 ≤ i ≤ r } , (5.3)

and W has a free and transitive action on the Weyl chambers. Moreover C is a fun-
damental domain for the action of W : for any x ∈ V there is a unique y ∈ C that is
conjugate to x under W . We denote by C− := −C the negative Weyl chamber and
define the walls of C via:

∂Ci := {x ∈V ,〈x,ei 〉 = 0}∩∂C . (5.4)

In the case where the Euclidean space (V ,〈·, ·〉) arises from a Lie algebra g , which is
the setting that motivates this study, the reflection group W is called the Weyl group
of g. It does not characterize the Lie algebra g, and that is why we always have to
prescribe a fixed set of simple roots. In the rest of this section we thus fix a Euclidean
space (V ,〈·, ·〉), a reflection group W acting on V , we choose a root system R for W
and set (ei )i=1,...,r=dimV a basis of simple roots.

5.2.2.2 Radial decomposition of the Gaussian Free Field

Consider the Neumann GFF X 1 defined on the complex upper half-plane by its
correlation kernel (2.35). Recall that the bulk and boundary GMC measures associated
to X are defined by

Aγei (d2x) := lim
ε→0

e〈γei ,Xε(x)〉− 1
2E[〈γei ,Xε(x)〉2]d2x (5.5)

1. Since we only deal with Neumann boundary conditions and since the metric is fixed we omit the
respective marks of dependency.
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for the bulk measure, and

Lγei (dx) := lim
ε→0

e〈 γ2 ei ,Xε(x)〉− 1
2E[〈 γ2 ei ,Xε(x)〉2]µi (dx) (5.6)

for the boundary one. Here µi (d x) is of the form µi (d x) = (
µL,i1x≤0 +µR,i1x>0

)
d x

where µL,i and µB ,i are complex constants. The so-called radial decomposition of the
GFF X on the half-disk consists in writing

X(e−t+iθ) = B2t +Y(t ,θ), with B2t := 1

π

∫ π

0
X(e−t+iθ)dθ (5.7)

and Y(t ,θ) := X(e−t+iθ)−B2t . The Gaussian process (B2t )t≥0 has covariances given by

E[〈u,B2t 〉〈u,B2s〉] = 2〈u, v〉(t ∧ s) (5.8)

so that (B2t )t≥0 is a Brownian motion on Rd started at 0. Moreover, the processes
(B2t )t≥0 and (Y(t ,θ)) t≥0

θ∈[0,π]
are independent, and the field Y has the following covari-

ance structure:

E[〈u,Y(t ,θ)〉〈u,Y(s,θ′)〉] = 〈u, v〉 ln
e−2t ∨e−2s

|e−t+iθ−e−s+iθ′ ||e−t+iθ−e−s−iθ′ | · (5.9)

for all u, v ∈V , t ≥ 0 and θ ∈ [0,π].
Using the radial decomposition of the GFF, the bulk and boundary GMC measures

associated with the field X can be expressed in terms of the Brownian motion B2t and
the field Y(t ,θ) as

Aγei (d xd x̄) = e〈γei ,B2t−(Q+ γei
2 )t〉Aγei

Y (d t ,dθ) and

Lγei (d x) = e〈 γ2 ei ,B2t−(Q+ γei
2 )t〉Lγei

Y (d t )
(5.10)

where Aγei
Y and Lγei

Y are respectively the bulk and boundary GMC measures associated
to the field Y. They are defined by the limits

Aγei
Y (d t ,dθ) = lim

ε→0
e〈γei ,Yε(t ,θ)〉− 1

2E[〈γei ,Yε(t ,θ)〉2]d tdθ and

Lγei
Y (d t ) = lim

ε→0
(µL,i e〈 γ2 ei ,Yε(t ,π)〉− 1

2E[〈 γ2 ei ,Yε(t ,π)〉2] +µR,i e〈 γ2 ei ,Yε(t ,0)〉− 1
2E[〈 γ2 ei ,Yε(t ,0)〉2])d t .

We will make clear now the reason for these notations.

5.2.2.3 Vertex Operators

The objects of interest of this section are the boundary Vertex Operators Vα(0),
in the setting of the complex upper half-plane. We will be interested in the c →∞
asymptotics of the latter, and thus will change slightly our notations. We first fix for
i = 1, · · · ,r bulk cosmological constants µB ,i ≥ 0 as well as boundary ones µL,i and
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µR,i , that we choose to be complex-valued but subject to the following assumptions:

Re µL,i , Re µR,i ≥ 0 and µB ,i +Re µL,i +Re µR,i > 0 for all i = 1, ...,r. (5.11)

We will call such cosmological constants admissible. Having fixed these parameters,
the Vertex Operators then depend on a weight α ∈V and on a zero-mode c ∈V , and
are defined by 2

ψα(c) := e〈α−Q
2 ,c〉E

[
exp

(
−

r∑
i=1

µB ,i e〈c ,γei 〉
∫
D∩H

|x|−〈α,γei 〉 |x − x̄|−
〈γei ,γei 〉

2 Aγei (d xd x̄)

−
r∑

i=1
e〈c , γ2 ei 〉

∫ 1

−1
|x|−〈α, γ2 ei 〉 Lγei (d x)

)]
(5.12)

where recall that the boundary cosmological constants are taken into account in the
boundary measure Lγei (d x). The Seiberg bounds 1.2.1 translate as the following for
the Vertex Operator ψα(c).

Lemma 5.2.1. Assume that α ∈Q+C− and that Equation (5.11) holds true. Then ψα(c)
is well-defined and non-zero.

The Vertex Operators can be rewritten using the radial decomposition of the GFF
described above. Namely, thanks to Equation (5.10) we see that

ψα(c) = e〈ν,c〉×

E

[
exp

(
−

r∑
i=1

µB ,i e〈c ,γei 〉
∫ +∞

0
e〈Bν

t ,γei 〉Ai
t (d t )+e〈c , γ2 ei 〉

∫ +∞

0
e〈Bν

t ,
γei

2 〉Li
t (d t )

)]
(5.13)

where we have set ν= α−Q
2 and with (Bν

t )t≥0 a drifted Brownian motion in time 2t with
drift ν, that is, Bν

t = B2t + (α−Q)t , while

Ai
t (d t ) :=

∫ π

0
(2sin(θ))−

〈γei ,γei 〉
2 Aγei

Y (d t ,dθ) and Li
t (d t ) := Lγei

Y (d t ). (5.14)

The assumption that α ∈Q +C− thus translates as ν ∈C−.

5.2.2.4 Path decomposition of a drifted Brownian motion

One can show that the behavior of ψα(c) as c →∞ in C− is governed by the radial
part of X, that is itself controlled by the respective maximums of the processes 〈γei ,Bν〉,
up to marginal terms that contribute as constant order terms in the limit. We thus
need to understand the law of the process Bν whose law is that of Bν conditioned on
the value of its (vectorial) maximum M. In [21] Cerclé provided a path decomposition
of the drifted Brownian motion Bν —generalizing a celebrated result by Williams [99]—
which is a key ingredient in studying the law of the latter.

2. This definition corresponds to the GFF expectation of the Vertex Operator Vα(0) on the half-disk,
without integrating out the zero-mode.
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Let us briefly recall this result, adapted to our context. Define a process Bν, started
from −M with M ∈C , to be the welding of:

— a diffusion process X1 started from −M and with infinitesimal generator

∆+2
(
ν+▽ log∂1,··· ,r h

) ·▽.

This process will almost surely hit ∂C−: without loss of generality let us assume
that this is done at z1 ∈ ∂C1;

— we then run an independent diffusion process X2 started from z1 and with
infinitesimal generator

∆+2
(
ν+▽ log∂2,··· ,r h

) ·▽.

Likewise this process will almost surely hit ∂C− \∂C1, for instance at z2 ∈ ∂C2;
— repeat the same procedure until all the components ∂Ci have been hit, and

finally launch an independent diffusion process whose infinitesimal generator is
given by

∆+2
(
ν+▽ logh

) ·▽.

This last process has the law of Bν conditioned on staying inside the cone C−.
The factors 2 arise because of the presence of the boundary that entails a time change
for the drifted Brownian motion. Then [21, Theorem 2.2] the process Bν−M has the
law of the process Bν conditioned on its maximum being equal to M. Put differently a
drifted Brownian motion Bν started from the origin can be realized by sampling:

— a random variable M whose law is defined by

P (〈M,ei 〉 ≤ Mi ∀1 ≤ i ≤ r ) = h(M)1M∈C ;

— the process Bν := M+Bν where Bν is the process started from −M described
above.

5.2.2.5 Quantum discs and reflection coefficients

The above path decomposition of a drifted Brownian motion allow one to unveil
a connection between the reflection coefficients and the quantum discs introduced
in [36] in the context of the mating-of-trees approach to Liouville Quantum Gravity.
Indeed, the one-dimensional version of this decomposition arises in the definition of
the quantum disc considered in [6], as we briefly recall now.

Assume that r = 1 and let Bν be the process defined by

Bν
t := B1,ν

t 1t>0 +B2,ν
−t 1t<0 (5.15)

with B1,ν and B2,ν two independent Brownian motions with drift ν< 0, in time 2t and
conditioned to stay negative, that is diffusion processes with infinitesimal generator

∆+2
(
ν+▽ logh

) ·▽= ∂2
x +2νcoth(νx)∂x . (5.16)
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Using this process we define (using stationarity of At (d t ) and Lt (d t ))

Aγ(ν) :=
∫
R

eγBν
t At (d t ) and Lγ(ν) :=

∫
R

e
γ
2 Bν

t Lt (d t ). (5.17)

Then following [6, Lemma 2.16, Proposition 2.17] we can define for γ ∈ (0,2), β ∈ ( 2
γ , q)

and admissible cosmological constants (recall (5.11)):

RµB ,µL ,µR (β) :=
∫
R

(−2ν)e2νME
[

exp
(
−µB eγMAγ(ν)−e

γ
2 MLγ(ν)

)
−1

]
dM (5.18)

where ν= β−q
2 < 0 and q := γ

2 + 2
γ . This quantity has been computed 3 in [6, Theorem

1.3] where it was found to describe the boundary reflection coefficient of Liouville
CFT [39] (see one of these articles for the exact formula):

RµB ,µ1,µ2 (β) = (
µB

) q−β
2γ RFZZ(β,σL ,σR ), where

µLp
µB

= cos
(
πγ(σL − q

2 )
)√

sin
(
πγ2

4

) . (5.19)

As we shall see, these quantities are the building blocks for the boundary Toda reflec-
tion coefficients.

5.2.3 Reflection coefficients, asymptotic expansion of Vertex
Operators, and tail probabilities of correlated GMC
measures

For any s ∈ W we define the reflection coefficients Rs(α;µ) in a recursive way by
setting

Rsi (α;µ) := RµB ,i ,µL,i ,µR,i (〈α,e∗
i 〉) and Rsi s(α;µ) := Rsi (ŝα;µ)Rs(α;µ) (5.20)

for any 1 ≤ i ≤ r , where e∗
i := ei

|ei | and where the coupling constant corresponding to
Rsi is given by γi := γ|ei |. We state in this subsection that these reflection coefficients
describe the asymptotics of the Vertex Operators (5.12), as well as the tail probabilities
of correlated bulk and boundary GMC measures (Theorems 5.2.2 and 5.2.4).

Let us denote by Ai (resp. Li ) the total bulk area (resp. boundary length) of the
correlated GMC measures that we have defined above. Namely

Ai :=
∫
D∩H

|x|−〈α,γei 〉 |x − x̄|−
〈γei ,γei 〉

2 Aγei (d 2x),

LL,i :=
∫ 0

−1
|x|−〈α, γ2 ei 〉 Lγei (d x) and LR,i :=

∫ 1

0
|x|−〈α, γ2 ei 〉 Lγei (d x)

(5.21)

3. Using [6, Proposition 2.17] the evaluation of the reflection coefficient from [6, Theorem 1.3] can
be extended to admissible cosmological constants.
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with Li = LL,i +LR,i . Using the polar decomposition of the GFF X together with the
path decomposition for drifted Brownian motions described above, we can rewrite for
any F continuous and bounded over R2r+ :

E
[

F
(

Ai ,Li

)
1≤i≤r

]
=

∫
C
EM

[
F

(
e〈γei ,M〉Ai ,e〈 γ2 ei ,M〉Li

)
1≤i≤r

]
dP(M) with

Ai :=
∫ +∞

0
e〈Bν

t ,γei 〉Ai
t (d t ) and Li :=

∫ +∞

0
e〈Bν

t ,
γei

2 〉Li
t (d t )

(5.22)

and where under PM, Bν
t has the law of the process described in Subsection 5.2.2.4

and started from −M, while Ai and Li are independent of Bν (and M) and defined
in (5.14). This new expression of the GMC measures allow one to express the Vertex
Operators in terms of the reflection coefficients.

We are now in position to state some of the results that we obtain. We say that
x →∞ inside C− when for all 1 ≤ i ≤ r , 〈x ,ei 〉 → −∞. We also introduce W1,··· ,r the
subset of W that consists of s ∈W that admit a reduced expression that contains all
the reflections s1, · · · sr . For any 1 ≤ i ≤ j ≤ r we set si , j := si si+1 · · · s j−1s j . First we
have the following results that describe the asymptotics as c →∞ in C− of the Vertex
Operators ψα(c).

Theorem 5.2.2. Assume that ν ∈ C− satisfies 〈ν− sν,ω∨
i 〉 <

γ
2 for all 1 ≤ i ≤ r and

s ∈W1,··· ,r . Further assume that c →∞ in C− with 〈s1,rν− sν,c〉→+∞ for all s ̸= s1,r

in W1,...,r . Then we have the asymptotic

E

[
r∏

i=1

(
exp

(
−µB ,i e〈c ,γei 〉Ai −e〈c ,

γei
2 〉Li

)
−1

)]
∼ e〈s1,r ν−ν,c〉Rs1,r (α;µ). (5.23)

As a direct consequence of the above result we obtain the asymptotic expansion of
the Vertex Operators.

Corollary 5.2.3. Assume that ν = α−Q
2 ∈ C− satisfies 〈ν− sν,ω∨

i 〉 <
γ
2 for all 1 ≤ i ≤ r

and s ∈W . In the regime where c →∞ with 〈s1s2ν− sν,c〉→+∞ for all s ̸= s1s2 in W
with length at least 2, the following asymptotic expansion holds:

ψα(c) = e〈ν,c〉+
r∑

i=1
Rsi (α)e〈siν,c〉+Rs1s2 (α)e〈sν,c〉+o(e〈sν,c〉).

The proof of these results relies on several ingredients, that we sketch here. First of
all, the law of the maximum M is explicit, given by

dP(M) = ∑
s∈W1,...,r

ε(s)

(
r∏

i=1
〈ω∨

i ,ν− sν〉
)

e〈M ,ν−sν〉1M∈C d M .

This formula is obtained using a Doob’s h-transform (see [49, 21]). Then using the
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path decomposition of Subsection 5.2.2.4 one can write

E

[
r∏

i=1

(
exp

(
−µB ,i e〈c ,γei 〉Ai −e〈c ,

γei
2 〉Li

)
−1

)]

= ∑
s∈W1,...,r

ε(s)e〈sν−ν,c〉
∫
C+c

r∏
i=1

〈ω∨
i ,ν− sν〉e〈ν−sν,M〉

×EM−c

[
r∏

i=1

(
exp

(
−µB ,i e〈M ,γei 〉Ai −e〈M ,

γei
2 〉Li

)
−1

)]
dM

(5.24)

Now, an important fact is that the part of the integral that is near the walls of C will
not contribute in the limit as c →∞ in C−. On the other hand we can show that the
expectation term

EM−c

[
r∏

i=1

(
exp

(
−µB ,i e〈M ,γei 〉Ai −e〈M ,

γei
2 〉Li

)
−1

)]
converges to

r∏
i=1

E

[
exp

(
−µB ,i e〈M ,γei 〉

∫
R

e
p〈γei ,γei 〉Bνi

t Ai (d t )+e〈M ,
γei

2 〉
∫
R

e

√
〈 γei

2 ,
γei

2 〉Bνi
t Lγei

Y (d t )

)
−1

]
,

where Bν
t is defined in Subsection 5.2.2.5 and with νi := 〈si+1,rν,e∗

i 〉. This is turn
proves Theorem 5.2.2.

Following the same lines, we can prove that the (unit volume) reflection coefficients
describe the joint tail probabilities of correlated bulk/boundary GMC measures, as it
is stated in the following proposition, in the case of length one.

Proposition 5.2.4. Assume that −γ
2 < 〈ν,e∨

i 〉 < 0 and take µB ,i , µL,i and µR,i any non-
negative, admissible cosmological constants. Then as u →+∞

P
(
µB ,i Ai > u2, µL,i LL,i > u, µR,i LR,i > u

)= Rsi (α;µ)

u
1
γ 〈Q−α,e∨i 〉

+o(u− 1
γ 〈Q−α,e∨i 〉). (5.25)

For µB ,i = 0 this statement corresponds to [83, Proposition 1.10], while for µB ,i > 0
this generalizes and answers a question raised in [6, Subsection 1.4.2]. It is also
possible to give a generalization of this result in the general case where more than one
elementary reflections are involved.

Having defined these reflection coefficient and with Theorem 5.2.2 at hand, the next
step is to provide analytic continuations of the correlation functions in order to exploit
the BPZ equations (Theorem 1.2.11), which we plan to address in future works.
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5.3 The semi-classical limit
The semi-classical analysis of Liouville CFT has been performed in the Mathematics

literature in [66] for the case of the sphere and recently in [23] for general Riemann sur-
faces with or without boundary. Let us recall first the classical picture, following [66].

5.3.1 Classical Liouville theory and Picard-Poincaré
uniformization

Given a Riemann surface Σ, the uniformization theorem states that its universal
cover Σ̃ is biholomorphic to either the Riemann sphere Ĉ, the plane C, or the unit disk
D, meaning that there is a discrete subgroup of automorphisms Γ of one of the latter
such that Σ is biholomorphic to Σ̃/Γ. Let suppose for conciseness that Σ is hyperbolic
(i.e. χ(Σ) < 0), in which case its universal cover is the unit disk D. A way to solve the
uniformization problem for Σ is then to find 1) a metric g of constant curvature on Σ

2) a conformal, orientation-preserving map f on D such that g is the pullback of the
hyperbolic metric on the unit disk by f .

In the case of the punctured sphere Σ= Ĉ\ {z1, ..., zN }, Picard [75, 76] showed that
for Λ> 0, the Liouville equation 4

∆Φ= 2πΛe2Φ (5.26)

admits a unique solution Φ∗, with conical singularities of prescribed order χk at the
singular points zk (i.e. Φ(z) ∼ χk log 1

|z−zk | when z → zk ) and asymptotic behavior at

infinity given by Φ(z) ∼−4log |z|. This entails that eΦ∗(z)|d z|2 is a compact metric on
Ĉ, with constant negative curvature equal to −2πΛ on Σ, and conical singularities at
the punctures.

In [77] Poincaré related the results of Picard to the problem of uniformization of
Ĉ\ {z1, ..., zN }. To this end he introduced the classical stress-energy tensor

T cl a[Φ∗](z) = ∂2Φ∗− 1

2
(∂Φ∗)2.

The Liouville equation (5.26) together with the prescribed behavior of Φ∗ at the punc-
tures and at infinity then constrain T cl a to be of the form

T cl a[Φ∗](z) =
N∑

k=1

 χk
2

(
1− χk

4

)
(z − zk )2

+ ck

z − zk

 and T cl a[Φ∗](z) =O(z−4) as z →∞.

with a priori unknown parameters ck called accessory parameters. Poincaré showed
that the function f := u1/u2, where u1,u2 are two linearly independent solutions of

4. This is the Liouville equation in the flat metric |d z|2, that is why there is no curvature term.
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the Fuschian differential equation

u′′(z)+ 1

2
T cl a[Φ∗](z)u(z) = 0 ; u holomorphic on D

is such that the metric eΦ∗(z)|d z|2 is the pullback of the hyperbolic metric on D by f ,
thus solving the uniformization problem for Ĉ\ {z1, ..., zN }.

The parameters ck were computed non-rigorously by Polyakov and Zamolodchikov,
and found to be equal to

ck = 1

2
∂zk Scl a

L,(χk ,zk )[Φ∗] (5.27)

the latter being the classical Liouville action (1.9) but with additional conical singular-
ities:

Scl a
L,(χk ,zk )[Φ] = 1

4π

∫
C

(
|∇Φ|2 +4πΛeΦ

)
d zd z̄ −

N∑
k=1

χkΦ(zk ).

This relation has been proven in [93] using a purely geometric approach relying on
Teichmüller theory. In [66], the authors study the limit of the Liouville field and corre-
lation functions of Liouville CFT in the semi-classical limit, that is when the coupling
constant is taken to 0, and under suitable reparametrization. They prove that the limit
is described by the classical Liouville theory, which is not at all straightforward. By
taking a suitable limit of the BPZ equation of Liouville CFT on the sphere, they obtain
a new “CFT flavored" proof of the Takhtajan-Zograf theorem (5.27). Let us mention
here that the more general problem of prescribing the (non-constant) curvature and
singularities of a metric on a given Riemann surface, known as the Nirenberg problem,
has been extensively studied: see [14, 64] for closed surfaces, [67] for surfaces with
boundary and [96, 10] for surfaces with singularities.

5.3.2 Classical Toda theory
As already mentioned in the Introduction, Toda CFTs also have their classical coun-

terpart. Let us describe briefly the geometrical framework underlying the classical
Toda equations.

Given a Riemann surface Σ, a Higgs bundle on Σ is a pair (E ,θ) where E is a holo-
morphic vector bundle over Σ and θ is a holomorphic section of End(E)⊗K , whith
K = T ∗Σ the holomorphic cotangent bundle of Σ (the canonical bundle). θ is thus a
matrix of holomorphic differentials called the Higgs field.

Given a Hermitian vector bundle E on Σ, i.e. a complex vector bundle equipped with
a Hermitian metric h, and a Higgs field θ ∈ H 0(Σ,End(E )⊗K ), the Hitchin’s equations
are

F (∇h)+ [θ,θ∗h ] = 0

∇0,1
h θ = 0.

(5.28)

Here F (∇h) is the curvature of the Chern connection ∇h , i.e. the only connection com-
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patible with h in the sense that ∇h(h) = 0 and that defines a holomorphic structure on
E (by ∂̄E =∇0,1

h ), and ·∗h is the adjoint with respect to h. Under a stability assumption
on the couple (E ,θ) there exist solutions h to the Hitchin’s equations, in which case
the connection ∇h is unique. These equations were introduced by Hitchin [56, 55] in
the framework of the dimensional reduction of the Yang-Mills self-duality equations.
A extensive amount of work followed, regarding the applications of the framework
introduced by Hitchin. See for example [90, 91] for applications in relation with local
systems and uniformization. Generally, the Hitchin’s equation describe harmonic
maps from Σ̃ into symmetric spaces. Namely, to a solution h of Equations (5.28) is
naturally attached a flat connection Dh =∇h +α with α= θ+θ∗h , that in turn provides
E with a holomorphic structure. Then it can be seen [2] that the Hitchin’s equation is
equivalent to a harmonicity condition for a map fh : Σ̃→G/K , where G is the struc-
ture group and K its maximal compact subgroup, such that α=−1

2 f −1
h d fh in certain

coordinates, and such that fh is equivariant under the action of the fundamental
group π1(Σ). In the Toda case (see below) one can refine this analysis and obtain a
holomorphic embedding Fh : Σ→ Γ \ G/K0 where K0 is a compact subgroup of the
structure group G and Γ is the monodromy group [2].

In a special but nonetheless important case, the Hitchin’s equations reduce, and are
in fact equivalent, to the Toda equations [2, 9]

∆Φ=
n−1∑
i=1

e〈Φ,ei 〉ei (5.29)

This connection in turn allows one to link this geometrical picture to the generating
currents of the classical W -algebras, as we shall illustrate now. We restrict ourselves to
the case of slnC. A cyclic SLn(C)-Higgs bundle is a pair (E ,θ) where E is the direct sum∑n−1

j=0 K
n−1−2 j

2 5, and θ is written in matrix form

θ =


0 γn

1
. . .
. . . . . .

1 0


with the 1’s seen as constant holomorphic functions and γn ∈ H 0(Σ,K n). The Hitchin’s
equation (5.28) for such a Higgs bundle reduces to the Toda equation (5.29) (or its
affine version if γn ̸= 0). If the Hermitian metric h = diag(e〈Φ,hi 〉)i=1,...,n solves the
Hitchin’s equation for the Higgs bundle (E ,θ), as explained in [2], there exists an
explicit gauge transformation that put Dh in the so-called Drinfeld-Sokolov form:

5. When n is even, one has to make a choice of a spin structure on Σ, that is a choice of K
1
2 .
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D0,1
h,DS = ∂̄, while

D1,0
h,DS = ∂+


0 1

. . . . . .
. . . 1

−wn . . . −w2 0


with ∂̄wi = 0 for i = 2, ...,n, and where wi are the generating currents of the Wn algebra.
For instance w2 is the classical stress-energy tensor that, in the SL3(C) case, writes
w2 = 〈∂Φ,e1〉2 +〈∂Φ,e2〉2 − (〈∂2Φ,ρ〉+〈∂Φ,e1〉〈∂Φ,e2〉).

In the same fashion as in the Liouville case, the Toda equations should constrain
the quantities wi to take a simple meromorphic form given by the classical analog
of the Ward identities. We expect these expressions to exhibit unknown quantities
that would be the counterpart of the accessory parameters ck in this context. By
performing the semi-classical analysis of the sl3C Toda theory we should be able to
provide explicit expressions for these quantities in the case of the sphere as well as on
the upper half-plane, in terms of the Toda action.

In an other but related direction, it would be interesting to study the existence and
unicity of solutions to the Toda equations with the different boundary conditions
described in Chapter 2. This would involve deriving new Moser-Trudinger type in-
equalities adapted to this context, and we expect that these solutions would describe
the classical theories associated with the quantum fields described in Chapter 2.

5.4 Other directions of research

5.4.1 Cardy’s boundary conditions
In following works, we plan to address the case of Cardy boundary conditions (in

the sense of Chapter 2), in the simplest instance where the target Lie algebra is sl3C.
Though the conformal Ward identities should remain valid in this setting, in the bulk
and on the boundary, this is way much unclear for the higher-spin Ward identities.
Indeed, while the bulk case should be tractable, heuristically the higher-spin current W
should vanish on the boundary because of the covariance property Proposition 2.4.14
(see also the discussion in [38]). However, there is a hope that the bulk constraints
allow one to recover some predictions for the bulk one-point function [38, 45].

As mentioned previously, we also expect these models to admit a semi-classical
limit, the latter would present new features regarding the existing literature on the
Toda equations.

5.4.2 Structure of the Verma modules
The setting of Vertex Operator Algebras [15, 47] is the right one to conduct the study

of W -algebras [43, 42, 63, 46, 7, 8]. As already mentioned, one consequence of the
work carried out on the study of singular vectors in sl3C Toda theory on the half-plane
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(Chapter 4) is a description of the structure of highest-weight representations of the W3

algebra defined from this model. A natural direction for further research is therefore
to complete this probabilistic description and to translate it into the VOA formalism.
The two approaches have already proved to be complementary, notably in recent work
by Cerclé [22], which in particular establishes a correspondence between W -algebras
and probability theory at the level of the Gaussian Free Field.

5.4.3 Construction of the Segal’s functor for Toda CFTs
Segal’s functorial axiomatization of two-dimensional CFT [89] aims both to capture

the algebraic structure of CFTs (VOAs) and to provide a mathematical framework
best suited to the BPZ conformal bootstrap method [12]. It is partly inspired by
the formulation of Euclidean Quantum Field Theories via path integrals. According
to Segal, a CFT is a functor from the category whose objects are disjoint unions of
parametrized circles and whose morphisms are Riemann surfaces with boundary
(Σ, g ), to the category whose objects are Hilbert spaces and whose morphisms are
Hilbert–Schmidt operators. A CFT associates to a disjoint union of circles ∪Ci a Hilbert
space H⊗i , and to a Riemann surface (Σ, g ) with parametrized boundary an amplitude
AΣ,g : H⊗i → H⊗ j , where i is the number of positively oriented circles in ∂Σ and j
is the number of negatively oriented circles. The operation of gluing surfaces along
their boundaries is then required to correspond to the composition of the amplitudes.
The probabilistic construction of the amplitudes via the path integral, as well as
the verification of Segal’s axioms, has been carried out in the context of Liouville
CFT [54, 52], and constitutes a fundamental step in the rigorous implementation of
the BPZ method. Extending this construction to Toda theories would represent a
major advance in the mathematical understanding of these models.

5.4.4 Imaginary theories
Imaginary Liouville theory arises when the coupling constant is chosen to be imagi-

nary (i.e. γ ∈ iR) These theories are expected in physics to describe the scaling limits
of a large class of so-called loop models. Moreover, imaginary Liouville theory is a
non-rational and logarithmic CFT. The mathematical construction of the path integral
of this model was carried out in [50], and constitutes the first mathematical construc-
tion of a logarithmic CFT. The Segal’s axioms were also proved in that work. This
study was recently generalized to surfaces with boundary in [101]. Let us emphasize
that the construction of the path integral in this setting raises non-trivial geometric
issues. Furthermore, in order to preserve diffeomorphism invariance of the theory,
the field is taken to be valued in a compactified space (the circle). A non-compactified
construction was proposed in [97].

A natural direction of research is to generalize these studies to Toda theories, which
are themselves expected to describe scaling limits of statistical physics models such
as RSOS models [98], as well as loop models. In Physics, a formula for the structure
constants on the sphere was proposed in [35], and it was observed that this quantity is
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not the analytic continuation of its real counterpart (the Fateev–Litvinov formula [40]),
in the same way as for imaginary Liouville theory (the DOZZ formula [33, 102] and its
imaginary analogue [104]). A mathematical construction of imaginary Toda theories
would provide the starting point for a rigorous study of enhanced symmetries (W -
algebras) in the context of logarithmic CFTs.

5.4.5 Mating-of-trees for Toda
The different techniques of coupling Liouville theory with Schramm-Loewner evo-

lutions, introduced in [36] under the name mating-of-trees, have been used to derive
the boundary Liouville structure constants [5, 6]. It would be of great interest to adapt
these methods to the case of Toda theories. It is not clear in which way these cou-
pling would be defined, and a first step towards this direction would be to construct
a quantum zipper [4] in the vectorial setting. Hopefully, the powerful tools of the
mating-of-trees could be imported in the study of Toda CFTs, possibly leading to some
new exact formulas.
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