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Context : discrete geometry for computer graphics

Definition (Arithmetical discrete Lines (J.-P. Reveilles, 1991))

Let v = (v, v2) € Z? with ged(va, v2) =1, p € Z and 0 € Z. The arithmetical discrete line
D(v, i1, 0) with normal vector v, shift 1 and arithmetical thickness 6 is the subset of Z? defined by

D(v,11,0) = {x | x € Z* and 0 < (x,v) — p < 6}

Fi1G.: general discrete line in 72
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Fi1G.: general discrete line in 72

Discrete lines are usually represented using unit squares called pixels.
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F1G.: standard discrete line : 0 = ||v||;

The standard discrete line is the thinest 1-connected discrete line.
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F1G.: naive discrete line : 6 = ||v||

The naive discrete line is the thinest (0-)connected discrete line.
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Context : discrete geometry for computer graphics

Definition (Arithmetical discrete Lines (J.-P. Reveilles, 1991))

Let v = (v, v2) € Z? with ged(va, v2) =1, p € Z and 0 € Z. The arithmetical discrete line
D(v, i1, 0) with normal vector v, shift 1 and arithmetical thickness 6 is the subset of Z? defined by

D(v,11,0) = {x | x € Z* and 0 < (x,v) — p < 6}

F1G.: disconnected discrete line : 6 < ||v||oo

In this talk, we consider only naive discrete lines
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Discrete segments

A (naive) discrete segment is a finite connected subset of a (naive) discrete line.
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Discrete segments

A (naive) discrete segment is a finite connected subset of a (naive) discrete line.

For symmetry reasons, we consider only segments with 0 < h < L
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The number s(L) of discrete segments of length L is

L
s(L)=1+ Z (L+1—i)p(i),

i=1

where ¢ is Euler totient function.
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F1G.: The 6 discrete segments of length 5 and height 2
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Question

How many discrete segments exist of a given length L and height h?

/] =S
S o
7 7 7

w = 10001 w = 10010 w = 10100

L] L]
H
[

w = 01010 w = 00101 w = 01001

F1G.: The 6 discrete segments of length 5 and height 2 and the corresponding encodings

Discrete segments are encoded by finite balanced words.
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A word w over the alphabet {0, 1} is balanced iff for all subwords u and v of w,

lul = Iv] = |[luly = [vli| < 1.

m A balanced word never contains both the subwords 00 and 11
= in a balanced word, at least one letter (0 or 1) is isolated.

m A word w encodes a discrete segment iff w is balanced.

..010...010...... 010...010...

..101...101...... 101...101...

blocks of 1's separated by isolated 0's
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1 ifL=h=0,

s(L h) = sc.e(L, h) = { s0.0(Ly h) + s0.1(L, B) + sp.o(L, h) + sp(L,h) if L > 0.
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Ifw e S(L,h) and h > L/2 then w € S(L, L — h) and we have L — h < L/2

—> We have s(L, h) = s(L, L — h) and we may restrict to the case h < L/2, i.e. to the words w
which contain more 0's than 1's (1's are isolated).

Let w € S(L, h), w = 0210 1...10*—-110* with Mg, A\p > 0 et Ay,..., A\p_1 >1:
Bo(w) = 0%010* 11 .. 10 -1-110™

with AL = max(0, \; — 1)
(0o erases a 0 in each maximal block of 0's)

If w is balanced, then so is g(w).
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If h > L/2 then
m 0 is a bijection from Soo(L, h) to Sc (L — (h+ 1), h)
m 0o is a bijection from So 1(L, h) to Sc.1(L — h, h) and from Si (L, h) to Si,c(L — h, h)
m 0 is a bijection from S1 1(L, h) to S11(L — (h—1),h)

Let w € 50,1(L, h)

h blocks of Q's

m Og erases h 0's = |Op(w)| = L — h = 0p(w) € S(L — h, h)

m The number of 0's at the beginning of w is > 1
= The number of 0’s at the beginning of 6y(w) is > 0
= The first letter of fp(w) is unknown but the last one is 1
= 90(W) € Se,l(L — h, h)

m Injection is obvious, surjection a bit less.

Other cases are similar.
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If h> L/2 then
m 0 is a bijection from Soo(L, h) to Sc (L — (h+1),h)
m 0 is a bijection from So1(L, h) to Sc.1(L — h, h) and from Sy o(L, h) to Sy (L — h, h)
m 0O is a bijection from S1 1(L, h) to Sy 1(L — (h—1), h)

If L > 2h then

50,0(L; h) = sc,e(L — (h+ 1), h)
s0,1(L, h) = se,1(L — h, h)
s1,0(L, h) = s1,c(L— h, h)
si1(L,h) =s11(L—(h—1),h)
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Recurrence formula

For all L, h € 72,

0 ifL<0orL=0andh#0
1 ifL>0and h=0

s(L, h mod L) if L>0and (h<0orh>1L)
s(L,L— h) ifL>0andL/2<h<L

s(L, h) =

and
s(L,h)y=s(L—h—1,h)+s(L—h,h) —s(L—2h—1,h)+s(h—1,L—2h)+s(h—1,L— h)

otherwise.
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Sample values of s(L, h)

L\h|l O 1 2 3 4 5 6 7 8 9

0 1

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 4 4 1

5 1 5 6 6 5 1

6 1 6 8 6 8 6 1

7 1 7 11 8 8 11 7 1

8 1 8 13 12 8 12 13 8 1

9 1 9 17 13 12 12 13 17 9 1
10 1 10 20 16 16 10 16 16 20 10
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Generating function

. 670
Gh(X) =D s(L, X" = s(Lh)= T
L>0 :
1 X
X)=—— X)= >
GX)=1—~  GX) a=x7
and for h > 2,
2h—1 h—1 h—2
D7 s(L)XE =T s(L )X =S " s(L, h X - 2Rt
Gr(X _ L=0 L=0 L=0
h(X) (1= Xh)(1 = xPT)
h—2
(1+X)D s(h—1,rx 21
r=0

+(1 _ Xh—l)(l _ Xh)(l _ Xh+1)
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Asymptotic behaviour

_ Fn(X)
Gh(X) = T xAT) - xhy = X

Rn(X) An(X) By(X) Ch(X)
(1—X)? " 1—Xxh-T1 " 1-xh T 1 Xxh1

where deg(Ry) < 3, deg(Ap) < h— 1, deg(Bp) < h and deg(Cp) < h+ 1.
Corollary

For all h > 2, there exist ug, .

e Up—2 VO e ey Vi1, WO, ..., W, € Q such that
VL>0, s(Lh)=al®+BL+ upmod (h—1) + VL mod h + Wi mod (h+1)
where
h—1
i s(h—1,r) 1 N
= = h—
¢ h(H2 — 1) h(K —1) ;( (i)
_ h—
ﬁ _ Z/’f’:()l 5(h7 I’) - Zr:o2 S(h - 17 I’)

h(h+1) - h(h+1)2‘0
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Symmetric discrete segments

w = 10001 w = 01010

F1G.: The 2 symmetric segments of length 5 and height 2 and the corresponding encodings.

Symmetric segments are encoded by balanced palindromes.
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The number p(L) of balanced palindromes of length L is

L/21-1
PL=1+ 3 (L—2i).

i=0
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Recurrence formula

0 ifL<0orL=0andh#0
(L, h) = 1 ifL>0and (h=0o0rh=1)
PYS=Y L mod 2 ifL>0and (h=1orh=1L—-1)

p(L,hmod L) ifL>0and(h<0orh>1L)

and
p(h—1,(L—1)mod (h—1))+ p(L—h—1,(L—1) mod (L — h—1))

otherwise.
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Sample values of p(L, h)

L\h|[]O 1 2 3 4 5 6 7 8 9 10
01

11 1

241 0 1

3|1 1 1 1

411 0 2 0 1

5101 1 2 2 1 1

6|1 0 2 0 2 0 1

741 1 3 2 2 3 1 1
g8|Il1t 0 3 0 2 0 3 0 1
991 1 3 3 2 2 3 3 1 1
(1 0 4 0 2 0 2 0 4 0 1
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Generating function

. G,”(0)
Gh(X) =D p(L X" = p(L,h) =1
L>0 :
1 X
X)= —— X)= —
G(X)=T— GX)=71—7
and for h > 2,
h—1 X/., h—2
L r
Gh(X) = xh+1 (;p (L, h)X _Xh_lgt:Jp(h—l,r)X>
=1 r=
We get for instance :
X X
X)=—" - X)=
G2(X) (1-X)(1-x3) (%) (1—X2)(1— x4
X X(1+ X2+ X6
Gi(X) = Gs(x) = )

(1-X)(1-X3) (1= X*)(1— X9%)
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Asymptotic behaviour

_ Fn(X)
(X) = T X 1)1 —xh )
. Rp(X An(X Bp(X
If hiseven, Gp(X)= a i(X))2 1 7h§<h)_1 1 7h§<hll
Qn(X) R(X) An(X) By(X)

If his odd, Gh(X) =
=e W) =T X T aoxE T Toxet 1o X

where deg(Qp) < 2, deg(R)) < 2, deg(Ap) < h—1 and deg(B)) < h+ 1.

Corollary
If h is even, then there exist ug,...,up_2,Vv0,...,Vv, € Q such that
VL>0, p(L h)=ocl+umed(h—1) + VL mod (h+1)
If h is odd, then there exist ug,...,up_o,v,..., vy € Q such that
VL>0, p(Lh)=a(l—(—1)") L+t med (h—1) T VL mod (h+1)
where

h—2 ;=121

1 3
o = HZp(h—l,r): o Z p(h—1-2j)

r=0 i=0
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Perspectives

Find a closed formula for the generating functions which do not depend on s(L, h) and p(L, h).

Adapt the counting method to m X n local configurations of discrete planes.

Fi1G.: 2 X n planar configurations.



