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Context : discrete geometry for computer graphics

Definition (Arithmetical discrete Lines (J.-P. Reveilles, 1991))

Let v = (v1, v2) ∈ Z2 with gcd(v1, v2) = 1, µ ∈ Z and θ ∈ Z. The arithmetical discrete line
D(v, µ, θ) with normal vector v, shift µ and arithmetical thickness θ is the subset of Z2 defined by

D(v, µ, θ) = {x | x ∈ Z2 and 0 ≤ 〈x, v〉 − µ < θ}

〈x, v〉 − µ = 0

〈x, v〉 − µ = θ

Fig.: general discrete line in Z2
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Context : discrete geometry for computer graphics

Definition (Arithmetical discrete Lines (J.-P. Reveilles, 1991))

Let v = (v1, v2) ∈ Z2 with gcd(v1, v2) = 1, µ ∈ Z and θ ∈ Z. The arithmetical discrete line
D(v, µ, θ) with normal vector v, shift µ and arithmetical thickness θ is the subset of Z2 defined by

D(v, µ, θ) = {x | x ∈ Z2 and 0 ≤ 〈x, v〉 − µ < θ}

〈x, v〉 − µ = θ

〈x, v〉 − µ = 0

Fig.: general discrete line in Z2

Discrete lines are usually represented using unit squares called pixels.
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Context : discrete geometry for computer graphics

Definition (Arithmetical discrete Lines (J.-P. Reveilles, 1991))

Let v = (v1, v2) ∈ Z2 with gcd(v1, v2) = 1, µ ∈ Z and θ ∈ Z. The arithmetical discrete line
D(v, µ, θ) with normal vector v, shift µ and arithmetical thickness θ is the subset of Z2 defined by

D(v, µ, θ) = {x | x ∈ Z2 and 0 ≤ 〈x, v〉 − µ < θ}

〈x, v〉 − µ = ‖v‖1 = |v1|+ |v2|
〈x, v〉 − µ = 0

Fig.: standard discrete line : θ = ‖v‖1

The standard discrete line is the thinest 1-connected discrete line.
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Context : discrete geometry for computer graphics

Definition (Arithmetical discrete Lines (J.-P. Reveilles, 1991))

Let v = (v1, v2) ∈ Z2 with gcd(v1, v2) = 1, µ ∈ Z and θ ∈ Z. The arithmetical discrete line
D(v, µ, θ) with normal vector v, shift µ and arithmetical thickness θ is the subset of Z2 defined by

D(v, µ, θ) = {x | x ∈ Z2 and 0 ≤ 〈x, v〉 − µ < θ}

〈x, v〉 − µ = 0

〈x, v〉 − µ = ‖v‖∞ = max(|v1|, |v2|)

Fig.: naive discrete line : θ = ‖v‖∞

The naive discrete line is the thinest (0-)connected discrete line.
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Context : discrete geometry for computer graphics

Definition (Arithmetical discrete Lines (J.-P. Reveilles, 1991))

Let v = (v1, v2) ∈ Z2 with gcd(v1, v2) = 1, µ ∈ Z and θ ∈ Z. The arithmetical discrete line
D(v, µ, θ) with normal vector v, shift µ and arithmetical thickness θ is the subset of Z2 defined by

D(v, µ, θ) = {x | x ∈ Z2 and 0 ≤ 〈x, v〉 − µ < θ}

〈x, v〉 − µ = 0
〈x, v〉 − µ = θ

Fig.: disconnected discrete line : θ < ‖v‖∞

In this talk, we consider only naive discrete lines
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Fig.: disconnected discrete line : θ < ‖v‖∞

In this talk, we consider only naive discrete lines
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Discrete segments

Definition
A (naive) discrete segment is a finite connected subset of a (naive) discrete line.

L

h

L

h

Questions

1 How many discrete segments exist of a given length L ?

2 How many discrete segments exist of a given length L and height h ?

For symmetry reasons, we consider only segments with 0 ≤ h ≤ L
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3

Discrete segments

Definition
A (naive) discrete segment is a finite connected subset of a (naive) discrete line.

L

h

L

h

Questions

1 How many discrete segments exist of a given length L ?

2 How many discrete segments exist of a given length L and height h ?

For symmetry reasons, we consider only segments with 0 ≤ h ≤ L



On the Number of Balanced Words of Given Length and Height over a Two-Letter Alphabet

N. Bedaride, E. Domenjoud, D. Jamet, J.-L. Rémy
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Question

How many discrete segments exist of a given length L ?

Theorem (F. Mignosi, 1991)

The number s(L) of discrete segments of length L is

s(L) = 1 +
LX

i=1

(L + 1− i)ϕ(i),

where ϕ is Euler totient function.

Example

s(L) = 1, 2, 4, 8, 14, 24, 36, 54, 76, 104 . . .
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Question

How many discrete segments exist of a given length L and height h ?

Fig.: The 6 discrete segments of length 5 and height 2

Discrete segments are encoded by finite balanced words.
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Question

How many discrete segments exist of a given length L and height h ?

w = 10010w = 10001 w = 10100

w = 00101w = 01010 w = 01001

Fig.: The 6 discrete segments of length 5 and height 2 and the corresponding encodings

Discrete segments are encoded by finite balanced words.
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6

Definition (Balanced words)

A word w over the alphabet {0, 1} is balanced iff for all subwords u and v of w ,

|u| = |v | =⇒
˛̨
|u|1 − |v |1

˛̨
≤ 1.

Properties

A balanced word never contains both the subwords 00 and 11
=⇒ in a balanced word, at least one letter (0 or 1) is isolated.

A word w encodes a discrete segment iff w is balanced.

. . . 010 . . . 010 . . . . . . 010 . . . 010 . . .| {z }
blocks of 0’s separated by isolated 1’s

. . . 101 . . . 101 . . . . . . 101 . . . 101 . . .| {z }
blocks of 1’s separated by isolated 0’s

Question

How many balanced words exist of a given length L and height h ?
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Notations

Let S denote the set of finite balanced words over the alphabet {0, 1}.
For all L, h ∈ N such that 0 ≤ h ≤ L,

S(L, h) = {w | w ∈ S, |w | = L and |w |1 = h}

and for all L, h ∈ Z,

s(L, h) =

8<: |S(L, h mod L)| if L ≥ 1
1 if L = 0 and h = 0
0 if L < 0 or (L = 0 and h 6= 0)

For all L, h ∈ N such that 0 ≤ h ≤ L and all x , y ∈ {0, 1}∗,

Sx,y (L, h) = {w | w ∈ S(L, h) and ∃u, v ∈ {0, 1}?,w = xu = vy}

and
sx,y (L, h) = |Sx,y (L, h)|.

s(L, h) = sε,ε(L, h) =


1 if L = h = 0,
s0,0(L, h) + s0,1(L, h) + s1,0(L, h) + s1,1(L, h) if L > 0.
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Lemma (Symmetry)

If w ∈ S(L, h) and h > L/2 then w ∈ S(L, L− h) and we have L− h < L/2

=⇒ We have s(L, h) = s(L, L− h) and we may restrict to the case h ≤ L/2, i.e. to the words w
which contain more 0’s than 1’s (1’s are isolated).

Definition (Step contraction)

Let w ∈ S(L, h), w = 0λ0 10λ1 1 . . . 10λh−1 10λh with λ0, λh ≥ 0 et λ1, . . . , λh−1 ≥ 1 :

θ0(w) = 0λ
′
0 10λ1−11 . . . 10λh−1−110λ

′
h

with λ′i = max(0, λi − 1)
(θ0 erases a 0 in each maximal block of 0’s)

Example

θ0(w) = 1001w = 010001 θ2
0(w) = 101

Lemma
If w is balanced, then so is θ0(w).
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Lemma
If h > L/2 then

θ0 is a bijection from S0,0(L, h) to Sε,ε(L− (h + 1), h)

θ0 is a bijection from S0,1(L, h) to Sε,1(L− h, h) and from S1,0(L, h) to S1,ε(L− h, h)

θ0 is a bijection from S1,1(L, h) to S1,1(L− (h − 1), h)

Idea of the proof

Let w ∈ S0,1(L, h)
w = 0 . . . 0| {z }

≥1

1 0 . . . 0| {z }
≥1

10 . . . . . . 01 0 . . . 0| {z }
≥1

1

| {z }
h blocks of 0’s

θ0 erases h 0’s ⇒ |θ0(w)| = L− h⇒ θ0(w) ∈ S(L− h, h)

The number of 0’s at the beginning of w is ≥ 1
⇒ The number of 0’s at the beginning of θ0(w) is ≥ 0
⇒ The first letter of θ0(w) is unknown but the last one is 1
⇒ θ0(w) ∈ Sε,1(L− h, h)

Injection is obvious, surjection a bit less.

Other cases are similar.
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Lemma
If h > L/2 then

θ0 is a bijection from S0,0(L, h) to Sε,ε(L− (h + 1), h)

θ0 is a bijection from S0,1(L, h) to Sε,1(L− h, h) and from S1,0(L, h) to S1,ε(L− h, h)

θ0 is a bijection from S1,1(L, h) to S1,1(L− (h − 1), h)

Corollary

If L > 2h then

s0,0(L, h) = sε,ε(L− (h + 1), h)

s0,1(L, h) = sε,1(L− h, h)

s1,0(L, h) = s1,ε(L− h, h)

s1,1(L, h) = s1,1(L− (h − 1), h)
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Recurrence formula

Theorem
For all L, h ∈ Z2,

s(L, h) =

8>><>>:
0 if L < 0 or L = 0 and h 6= 0
1 if L ≥ 0 and h = 0
s(L, h mod L) if L > 0 and (h < 0 or h > L)
s(L, L− h) if L > 0 and L/2 < h ≤ L

and

s(L, h) = s(L− h − 1, h) + s(L− h, h)− s(L− 2h − 1, h) + s(h − 1, L− 2h) + s(h − 1, L− h)

otherwise.
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Sample values of s(L, h)

L\h 0 1 2 3 4 5 6 7 8 9 10
0 1
1 1 1
2 1 2 1
3 1 3 3 1
4 1 4 4 4 1
5 1 5 6 6 5 1
6 1 6 8 6 8 6 1
7 1 7 11 8 8 11 7 1
8 1 8 13 12 8 12 13 8 1
9 1 9 17 13 12 12 13 17 9 1

10 1 10 20 16 16 10 16 16 20 10 1
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Generating function

Gh(X ) =
X
L≥0

s(L, h)X L ⇐⇒ s(L, h) =
G

(L)
h (0)

L!

Theorem

G0(X ) =
1

1− X
, G1(X ) =

X

(1− X )2

and for h ≥ 2,

Gh(X ) =

2h−1X
L=0

s(L, h)X L −
h−1X
L=0

s(L, h)X L+h −
h−2X
L=0

s(L, h)X L+h+1 − X 2h−1

(1− X h)(1− X h+1)

+

(1 + X )

h−2X
r=0

s(h − 1, r)X r+2h−1

(1− X h−1)(1− X h)(1− X h+1)
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Asymptotic behaviour

Gh(X ) =
Fh(X )

(1− X h−1)(1− X h)(1− X h+1)

=
Rh(X )

(1− X )3
+

Ah(X )

1− X h−1
+

Bh(X )

1− X h
+

Ch(X )

1− X h+1

where deg(Rh) < 3, deg(Ah) < h − 1, deg(Bh) < h and deg(Ch) < h + 1.

Corollary

For all h ≥ 2, there exist u0, . . . , uh−2, v0, . . . , vh−1,w0, . . . ,wh ∈ Q such that

∀L ≥ 0, s(L, h) = α L2 + β L + uL mod (h−1) + vL mod h + wL mod (h+1)

where

α =

Ph−2
r=0 s(h − 1, r)

h (h2 − 1)
=

1

h (h2 − 1)

h−1X
i=1

(h − i)ϕ(i)

β =

Ph−1
r=0 s(h, r)−

Ph−2
r=0 s(h − 1, r)

h (h + 1)
=

1

h (h + 1)

hX
i=1

ϕ(i)
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Symmetric discrete segments

w = 10001 w = 01010

Fig.: The 2 symmetric segments of length 5 and height 2 and the corresponding encodings.

Symmetric segments are encoded by balanced palindromes.

Questions

1 How many balanced palindromes exist of a given length ?

2 How many balanced palindromes exist of a given length L and height h ?
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Question

How many balanced palindromes exist of a given length ?

Theorem (De Luca & de Luca, 2005)

The number p(L) of balanced palindromes of length L is

p(L) = 1 +

dL/2e−1X
i=0

ϕ(L− 2i).
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Notations

Let P denote the set of finite balanced palindromes over the alphabet {0, 1}.
For all L, h ∈ N such that 0 ≤ h ≤ L,

P(L, h) = {w | w ∈ P, |w | = L and |w |1 = h}

and for all L, h ∈ Z,

p(L, h) =

8<: |P(L, h mod L)| if L ≥ 1
1 if L = 0 and h = 0
0 if L < 0 or (L = 0 and h 6= 0)
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17

Recurrence formula

Theorem

p(L, h) =

8>><>>:
0 if L < 0 or L = 0 and h 6= 0
1 if L ≥ 0 and (h = 0 or h = L)
L mod 2 if L ≥ 0 and (h = 1 or h = L− 1)
p(L, h mod L) if L > 0 and (h < 0 or h > L)

and
p(h − 1, (L− 1) mod (h − 1)) + p(L− h − 1, (L− 1) mod (L− h − 1))

otherwise.
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Sample values of p(L, h)

L\h 0 1 2 3 4 5 6 7 8 9 10
0 1
1 1 1
2 1 0 1
3 1 1 1 1
4 1 0 2 0 1
5 1 1 2 2 1 1
6 1 0 2 0 2 0 1
7 1 1 3 2 2 3 1 1
8 1 0 3 0 2 0 3 0 1
9 1 1 3 3 2 2 3 3 1 1

10 1 0 4 0 2 0 2 0 4 0 1
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Generating function

Gh(X ) =
X
L≥0

p(L, h)X L ⇐⇒ p(L, h) =
G

(L)
h (0)

L!

Theorem

G0(X ) =
1

1− X
, G1(X ) =

X

1− X 2

and for h ≥ 2,

Gh(X ) =
1

1− X h+1

 
h−1X
L=1

p(L, h)X L +
X h

1− X h−1

h−2X
r=0

p(h − 1, r)X r

!

We get for instance :

G2(X ) =
X

(1− X )(1− X 3)
G3(X ) =

X

(1− X 2)(1− X 4)

G4(X ) =
X

(1− X )(1− X 5)
G5(X ) =

X (1 + X 2 + X 6)

(1− X 4)(1− X 6)
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Asymptotic behaviour

Gh(X ) =
Fh(X )

(1− X h−1)(1− X h+1)

If h is even, Gh(X ) =
Rh(X )

(1− X )2
+

Ah(X )

1− X h−1
+

Bh(X )

1− X h+1

If h is odd, Gh(X ) =
Qh(X )

(1 + X )2
+

Rh(X )

(1− X )2
+

Ah(X )

1− X h−1
+

Bh(X )

1− X h+1

where deg(Qh) < 2, deg(Rh) < 2, deg(Ah) < h − 1 and deg(Bh) < h + 1.

Corollary

If h is even, then there exist u0, . . . , uh−2, v0, . . . , vh ∈ Q such that

∀L ≥ 0, p(L, h) = α L + uL mod (h−1) + vL mod (h+1)

If h is odd, then there exist u0, . . . , uh−2, v0, . . . , vh ∈ Q such that

∀L ≥ 0, p(L, h) = α (1− (−1)L) L + uL mod (h−1) + vL mod (h+1)

where

α =
1

h2 − 1

h−2X
r=0

p(h − 1, r) =
1

h2 − 1

d(h−1)/2e−1X
i=0

ϕ(h − 1− 2i)
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Perspectives

1 Find a closed formula for the generating functions which do not depend on s(L, h) and p(L, h).

2 Adapt the counting method to m × n local configurations of discrete planes.

Fig.: 2× n planar configurations.


