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Abstract

Let G be the group of real points of a possibly disconnected linear reductive algebraic

group defined over R which is generated by the real points of a connected component

G'. Let K be a maximal compact subgroup of the group of real points of the identity

component of this algebraic group. We characterize the space of maps w +— tr(z(f)),

where 7t is an irreducible tempered representation of Gt and f varies over the space

of smooth, compactly supported functions on G’ which are left and right K -finite. This

work is motivated by applications to the twisted Arthur-Selberg trace formula.
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1. Introduction

Let G be the group of real points of a possibly disconnected linear reductive algebraic

group G* defined over IR, and let G be the group of real points of the identity com-

ponent of G™. We assume that G is generated by one of its connected components,

whose set of real points G’ is assumed to be nonempty. Then, G’ generates G*. Let

K™ be a maximal compact subgroup of G, and let K be the maximal compact

subgroup K™ N G of G. The intersection G’ N K is nonempty. We may therefore fix

o € G'N K7 sothat G’ = Go. In fact, we may choose o so that it fixes a minimal

parabolic subgroup P, = M,, A, Ny,.

The present article has four principal goals.

(A) It seeks to classify the irreducible tempered representations 7w of G which
are o-stable (i.e., equivalent to their o -conjugates ). This is equivalent
to classifying the irreducible representations of Gt whose restrictions to G
are irreducible and tempered. The set of equivalence classes of irreducible
tempered o -stable representations are denoted by G?

temp
(B) It seeks to classify (using goal (A)) the irreducible admissible representations
of G which are o -stable.
(®)] It seeks to construct a canonical operator S, that intertwines 7w with 7 for

every irreducible tempered o -stable representation 7. We denote by ©F the
distribution on G defined by

O%(f)=tu(r(f)S:), fe€C3G).

(D) It seeks to characterize the functions F : éfemp — C which are o-twisted
invariant Fourier transforms of some left and right K-finite elements f €

C*(G), that is, functions of the form
7= 0(f), =medly

temp*

This characterization is required for the general proof of the invariant trace
formula as given in [A2, page 505].
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Let us briefly recall previous works in the case where G is connected (i.e., when
G = G™). Goal (A) was achieved by Knapp and Zuckerman [KZ] using limits of
discrete series (see also [S] for the case when G is disconnected as a Lie group)
and by Vogan [V] using minimal K-types. Goal (B) is known as the Langlands
classification (see [L]). When G = G, goal (C) is trivial. Goal (D) is the work of
Clozel and Delorme [CD1], [CD2]. These two articles used the work of Knapp and
Zuckerman and the work of Vogan. The result of Delorme in [D1] on Harish-Chandra
homomorphisms and transitional spaces is also a crucial ingredient, as is Arthur’s
Paley-Wiener theorem, [A1, Theorems 111.4.1, 111.4.2].

Turning to the case of G # G, goals (A) — (D) were solved in [D2] for complex
groups G and o equal to complex conjugation relative to a quasi-split inner form.
The solution relied mainly on a very nice classification for goal (A) and a restriction
theorem from [CD2, proposition A.1], which is generalized in the present work.

Later, Mezo [M1] treated the case of G = GL(n, R) and some automorphisms
in the case of G = SL(n, R), exhibiting some new phenomena. More recently, Mezo
[M2] treated the case of general G w hen o is an involution. The proof assumed that
all R-groups are trivial but included an approach to the general case. This work is the
starting point of the present article.

We point out that Bouaziz [B, Section 7] has proved an invariant Paley-Wiener
theorem and that Renard [R, Section 17] has proved a twisted invariant Paley-Wiener
theorem for functions that are not K -finite; neither of the results may be deduced from
the other. To apply the Paley-Wiener theorem to the Arthur-Selberg trace formula (see
[A2], [A3]), K-finite functions are needed. This is our main motivation in studying
K -finite functions.

Our solutions to goals (A) — (D) unfold as follows. We obtain the classification of
goal (A) (see Theorem 1) by combining the classifications of Vogan [V] and Knapp and
Zuckerman [KZ] with the characterization of o -stable representations given in [M2,
Section 7]. The latter characterization uses automorphisms of G which are attached
to generalized principal series representations. The solution of goal (B) follows from
goal (A) and the Langlands classification (see [M2, Proposition 3.1]).

Any generalized principal series representation of goal (A) depends on a con-
tinuous parameter. The canonical intertwining operators of goal (C) (see Lemma 6)
are conjugates of operators that are independent of these continuous parameters (see
Lemma 5). The operators of conjugation are normalized intertwining operators as in
[KS, Part 1]. This independence from the continuous parameters plays a key role in the
growth estimates of the twisted invariant Fourier transforms of compactly supported
functions on G (see Lemma 8).

A slight change in perspective carries us from twisted invariant Fourier transforms
to twisted characters (see (5.2)). The relations between the twisted characters arising
from goals (A) and (C) are studied systematically in Proposition 2. These relations are
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sufficient for us to formulate our twisted invariant Paley-Wiener theorem (see Theo-
rem 3). The proof of our theorem generalizes [CD2, démonstration du théoréme 1]
to the twisted context. This generalization presents several obstacles. One must corre-
late the properties of the R-groups with those of the automorphisms attached to the gen-
eralized principal series of goal (A). One must also generalize a restriction theorem for
polynomials invariant under an automorphism of a Dynkin diagram (see Theorem 5).
The heart of Theorem 3 is Proposition 4, where the relations of Proposition 2
again play an important part.

Theorem 3 has a corollary (Theorem 4) motivated by the twisted Arthur-Selberg
trace formula (see [A2, page 505], [A3, Section 11]). We do not need to list the relations
of Proposition 2 to state it, but we do need to introduce some notation. Let P = M AN
be a parabolic subgroup of G, and let P’ be the intersection of its normalizer P in
G* with G'. We assume in the following that P’ is nonempty. Similarly, let L™ be the
intersection of the normalizer of L = M A in Gt with P*. Let M be the subgroup
of L™ generated by T and M. Then, L* = MTA, Pt = L*N, and N and A are
normal subgroups of Pt and L™, respectively. Note that A is not necessarily in the
center of L. Let a be the Lie algebra of A.

We repeatedly use the convention that if a group J acts on a vector space E, and
X C J, then EX denotes the space of elements of E fixed by all of the elements of
X. Now, given a tempered unitary representation ¢ of M whose restriction to M
is irreducible, and given A € i a*l’ then et @ ¢* ® 1y isa unitary representation of
P*. We denote by J'rf:A the corresponding unitarily induced representation from P+
to GT.

THEOREM
Let ¢ be a complex-valued function defined on the tempered dual (A}ttmp of G, which
is nonzero only on the subset G wmp Of (equivalence classes) of representations of G*
whose restrictions to G are irreducible and tempered. We identify ¢ with its Z-linear
extension to the set of tempered representations of Gt of finite length. Then, there
exists a left and right K -finite f € C>°(G) such that

u(z (Hnt ) =), =t eGf

temp

if and only if ¢ satisfies the following conditions.

1) There exists a finite subset T' of the unitary dual K such that () = 0 if
the restriction of t™ to G does not contain any K -type in T.
(ii) If 7% and w'" € G'\emp have the same restriction to G, then w* (o) =

ct't(0), where c is a root of unity. In this case, p(t 1) = c p(z'").
(iii) Let Q = MyAgNg be a parabolic subgroup of G with Q' nonempty.
Assume that €% is a representation of Mg whose restriction to Mgy is
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‘
tempered and irreducible, and assume that ). € a*Mo_ Then, ). > q&(rrEQ+ 2)

. . 5 .. M}
is the Fourier transform of a function in Cfo(aQQ).
XXX

Theorem 4 is a more precise version of this theorem, taking into account the size of
the support of the function f.

2. Preliminaries

2.1. Generalized principal series

Given a group J, elements g,x € J,and X C J, we set g - x := gxg ! and
g+ X := gXg ' If v is amap defined on a subgroup H of J, and if H is normalized
by some x € G, then * denotes the map defined on H by n*(h) = w(x~' - h) for
h € H. Note that ¥ may be a representation of H. Recall from the introduction that
E’ is the subspace of J-fixed elements in a vector space E. If J is a Lie group, then j
denotes its Lie algebra and Ad denotes the adjoint representation of J on j.

Let us reconsider the objects defined from G as in the introduction. The set G’
generates G*; indeed, for any o € G', one has Gt = | J/_, o' G, where n is the least
positive integer such that 6" € G. We choose a maximal compact subgroup K+ of
G, which is the fixed-point group of some Cartan involution 6, in the sense of [BH,
Proposition 1.10]. Set K = K+ N G. According to [BH, Proposition 1.10], K is a
maximal compact subgroup of G,and K’ = K*tNG’ is nonempty. Clearly,o - K = K
for any o € K'. We fix such a o for the remainder of this article.

Let °G be the intersection of the kernels of the continuous characters of G with
values in R**. Let A be the analytic subgroup of G whose Lie algebra is the subspace
of the anti-invariant elements under 6 in the center of the Lie algebra g. Actually, with
our definition of a Cartan involution, A is just the identity component of the group
of real points of a maximally split torus in the center of G. One calls Ag the split
component of the center of G.

We fix a symmetric bilinear form B on g which is invariant under the adjoint
group Ad G as well as under 6. In addition, we may assume that the quadratic form
| X||?> = —B(X, 6X) is positive definite.

Suppose that P is a parabolic subgroup of G. Then, L = P NO(P) is its H-stable
Levi subgroup. The decomposition P = M AN, where M = 0L, A = A;,and N
is the unipotent radical of P, is called the Langlands decomposition of P. We fix a
minimal parabolic subgroup P,, = M,,A,, N,,, and we recall that a parabolic subgroup
is said to be standard if it contains P,,.

Let W(A) be the quotient of the normalizer of A in K by its centralizer. The group
W(A) acts naturally on A and on the (equivalence classes of ) representations of M.
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If § is a unitary representation of M and if A € ia*, then we denote by W; (resp., W;)
the stabilizer in W(A) of § (resp., A). We also define W ; := W(A)s N W(A),.
Let pp be the half-sum of the roots of a* determined by the root spaces in n. We

denote by / ({) , the space of measurable functions ¢ from G to the space of §, such that

p(gman) = a*’\*""(S(m*I)fp(g), geG, meM,ac A, neN,

and the integral ||¢||> := [ |@(k)|* dk is finite. This space is endowed with the scalar
product defined from || - ||. The group G acts unitarily on this space by left translations,
and the corresponding representation is denoted by fr; ac

Let 1(8) be the space formed by the restriction of the elements of 1), to K.
Observe that /() is independent of A. The restriction is bijective, and the representation
obtained from 7", by “transport de structure” is denoted by 7", . This version of 7",
is called the compact realization of ﬁf ,.Forany ¢ € I(5), we take ¢, to be the unique
element of I, whose restriction to K is ¢. The equivalence class of 7,, A € ia*,
does not depend on P with Levi subgroup M A (see [KS, Section 8]). As a result, we
sometimes write 7,* instead of 7",

2.2. A review of the classification of irreducible tempered

representations: A dictionary between two points of view
Let P = M AN be a parabolic subgroup of G, let § be a discrete series representation
of M, and let A € ia*. Define A(§) to be the set of minimal K -types of 1(§) (see [V],
[D3, references following (1.8)] for G not connected as a Lie group). For u € A(6),
let 1*(8) be the corresponding isotypic component of w in I(§). It is irreducible as a
representation of K. We fix an element . of A(S).

We make extensive use of the intertwining operators of Knapp and Stein [KS, Part
1] and of the particular normalization introduced by Delorme [DI, Section 1], [D3,
Section 1] for G not connected as a Lie group. For a parabolic subgroup Q = M AV
with Levi subgroup M A, A(Q, P, §, X) is an analytic family of unitary operators
in A € ia*, intertwining 7'[81? , with 775%. In addition, for any u € A(J), there exists
c5(Q, P) € C with ¢§°(Q, P) = 1, such that

forall A € ia*, A(Q, P, 8, X)1ms) reduces to multiplication by ¢§'(Q, P).
2.1)

If R is another parabolic subgroup with Levi subgroup M A, then
AR, Q,8, M)A(Q, P,8,A) = AR, P,5,)), Aeia’. 2.2)

Note that we are using the letter A for the normalized intertwining operators instead
of .o7 as in [KS, Part 1] or [DI, Section 1].
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Let M’ A’ be a Levi subgroup of G with MA C M’A’. We assume that (V) N
N C M’ Let a'* be the orthogonal complement of a’ in a. We may decompose
A €ia*as

A=A 4N, Ned M e@)
We require the fact that
A(Q, P, 5, ) depends only on A”. 2.3)

Indeed, by [KS, Theorems 7.6, 8.4], it suffices to prove (2.3) in the case where P
and Q are adjacent. In that case (see [KS, Proposition 7.5, Section 8]), the unnor-
malized operators, as well as the normalizing factors, depend only on A", so (2.3)
follows.

For w € Ws, A(P, w, §, A) is an analytic family of unitary operators in A € ia*,
intertwining 7", with 7" ;. In addition, for any 1 € A(8), there exists a character
X of Wy such that

for all A € ia* and w € W;, we have the fact that A(P, w, §, A)ju(s) 1S

multiplication by x,,(w) and x,, is trivial. @4)

AP, w, 8, WAMNAP,w, 8, 1) = AP, ww',8,1), Acia*, w,w € W;.
(2.5)

Let @ be arepresentative in K of w € Wj and let u; be a unitary operator intertwining
8" with 8. Then there exists ¢ € C of modulus one such that

A(P,w,8,)) = cupRpA(w™'Pw, P, 8, 1), Ae€ia‘ (2.6)

Indeed, both sides of this equation are unitary self-intertwining operators of 7151? 5. and
they are analytic in A. When n(f , 1s irreducible, these operators have to be proporﬁonal.
This is true for A in an open and dense set of ia*. Furthermore, the two families are
constant on minimal K -types. Hence, the proportionality factor is constant on this set,
and the assertion follows by analytic continuation.

Recall (see [CD2, section 2]) that Wé) is the normal subgroup of W; consisting of
those elements w for which A(P, w, §, 0) is trivial. Because of this, each character
X, as mentioned above is a character of Ws which is trivial on WY.

Recall also that W} is the Weyl group of a root system Aj in @, and recall that P
determines a set of positive roots Ay of A;. The positive roots A} determine a unique
chamber Cj in a (i.e., the set of elements in a on which the elements of A} are greater
than zero). If A is empty, it is equal to a. We denote its closure by Cj.
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Let R be the subgroup of W; leaving A invariant. The group Wj is the semidirect
product of RS and W}. Consequently, every character Xu € W; described above may
be identified with a character of R§. Moreover, the map u > x,, is a bijection between
A(8) and R,

For A € ia*, let W(g , be the subgroup of elements w of W;, for which
A(P, w, §, A) is trivial. (It is already trivial on the K -type 11¢.) It is the Weyl group of
the root system A;; = {o € As | (a, A) = 0}. We let A;,,\ be the subset of positive
roots determined by P. Let R§ , be the subgroup of W; ; preserving A, .

‘We now introduce representations attached to the objects that we have just defined
(see [V], [DI, Section 1] for G connected as a Lie group; see [D3, (1.6)—(1.8), (1.15),
(1.16)] for G not connected as a Lie group).

Let A € iCy, and let H = R§,. Let x € H, and let 7}, , be the
subrepresentation of n(f , generated by the set of minimal K-types u €
A(8) sothat x,, ,; = x.Then, 7", isirreducible and "}, . , contains

the minimal K -type w if and only if x,, , = x. Moreover, 2.7)
”af,)x = @nsfjﬁ,x,w
xel

Every irreducible tempered representation arises as such a 7, .y for a standard
parabolic subgroup P. The data (M, §, A) are determined modulo conjugacy by K.
Once § is given, H and x are unique, and A is unique up to the action of R§.

The notions of (2.7) actually hold in a more general setting:

every subrepresentation of 77, , A € ia* is characterized by the minimal (2.8
K -types that it contains.

Let Diag(§) be the set of subgroups {Rf, [A € iCs} of RS. For H €
Diag(8), x € H, and A € ia* let 7f, . be the subrepresentation

of n({,’ , generated by the minimal K'-types u such that x, , = x. The  (2.9)
subrepresentation n{ .5 contains the minimal K -type u if and only if

X;A\H = X:

n =P s heiat (2.10)

xel
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For H, H' € Diag(8) with H C H’, one has

s = @ Tho.. reia 2.11)

X €’ x(y=x

Let us justify (2.9)—(2.11). From (2.7), one sees that (2.9) and (2.10) are true for
A €iCsand H = R§ ;. After decomposing 7", 4., Into irreducible representations
and then using (2.7), it is apparent that (2.9)and (2.10) hold also for A € iCs and
H C Rj ;. Decomposing both sides of (2.11) in a similar manner reveals that (2.11)
holds for » € iCs. This establishes (2.9)—(2.11) when A € iCs. Now, suppose that
A € ia*f forsome H € Diag(8). As W_ is the Weyl group of Aj, there exists w € W,
such that v := wA € iCj. Let us first show that Rj; CR§,.Ifr € R, then

rv=rwk=rwr A =rwrtw .

As W) is normal in W, the element rwr~! lies in WY. Therefore, rv and v are
conjugate by an element of W?, and both belong to i Cs. This implies that 7v = v, and
so the inclusion R , C Rj , is proved. Now, taking into account that 7751? , 1s equivalent
to T[BITV, one sees that JT({’H’N is equivalent to nSI,JH,x,v' Assertions (2.9)—(2.11) for
T 4., are therefore consequences of the parallel statements for T > Which we
proved for v € iCj.

We carry on by listing some facts relating discrete series representations to non-
degenerate limits of discrete series (see [CD2, section 2] for references; essentially,
see [KZ, Theorem 14.2] for G connected as a Lie group and [S, Section 4.3] for G not
connected as a Lie group). Let A € iCy, and let A* be the fixed-point set in A of Rj ;.
The centralizer of A* in G admits A” as split component and is written as M* A*. It is
the Levi subgroup of a parabolic subgroup of G which does not necessarily contain P

or P,,. The element A may be regarded as an element of i (a*)*, and one has the finite
decomposition
ni, =Py, (2.12)

: J
J

where each induced representation on the right-hand side is irreducible and

oM =P s (2.13)
J

is a decomposition into nondegenerate limits of discrete series 3? of M*. The set
{8? |, € iCjs) is the set of nondegenerate limits of discrete series called strongly
affiliated to 8. The set of Levi subgroups M*A*, as A varies over i Cj, is the set of
Levi subgroups called strongly affiliated to §.
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Every irreducible tempered representation 7 of G occurs in a decomposition as
above (i.e., each is of the form JTSIZI;AL, where A € iCys and 8” is a nondegenerate
limit of discrete series of M* stron’gly affiliated to 8). The data (M*A*, §*, 1) are
determined up to conjugacy under K.

Let M A, be a Levi subgroup strongly affiliated to §, and let §; be a nondegenerate
limit of discrete series of M strongly affiliated to §. By definition, we may choose
an element v € iCs Nia* so that A” = A, and 77;14. ‘UA‘ is irreducible. To these
data, one may associate a subgroup H of R§, a character of H, and x € H in the
following manner. Recall that the dual group f{g acts simply transitively on A(8) and
that by fixing i, we may identify A(S8) with ﬁg The set A(S;) of minimal K-types
n(é‘l{ 'AA', A € iat, corresponds to an orbit in A(8) of the orthogonal complement H~*
of H in R§, where H = R§ . The elements of this orbit are characterized by their
restriction x to H. This may be seen by applying the results of (2.7) to the irreducible

. M A i . .
subrepresentation 7y "' of 7z, Forall A in ia*" = i(a")* = iaf, one has

L7 (2.14)
In fact, both sides are equivalent to subrepresentations of n'af’ , containing the same
minimal K -types, and so the assertion follows from (2.8).
We henceforth fix a set of representatives of conjugacy classes under K of pairs
(M, 8) (often abbreviated simply as §), where M A is the Levi subgroup of a standard
parabolic subgroup of G, and § is a discrete series representation of M. This set is
called the set of discrete data and denoted by DD. For (M, §) € DD, there exists by
definition a unique standard parabolic subgroup with Levi subgroup M A. It is called
the standard parabolic subgroup of (M, 8). This fixes a choice of A} and Cs.

3. The classification of irreducible tempered o -stable representations

3.1. A choice of o

LEMMA 1

There exists o in K' = K+ N G’ such that

1) conjugation by o commutes with 6 and Ad o commutes with the differential
of 0;

(i) o normalizes M,,, A,, and P,,;

(iii) Ad o is of finite order on a,,; and

@iv) we may choose our bilinear form B to be Ad o -invariant.

Proof

The set K™ N G’ is nonempty (see [BH, Proposition 1.10]). Let o’ be any element of
K*NG'. Then, o’ - P, is a minimal parabolic subgroup of G. Hence, it is of the form
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k- P, forsome k € K.Seto = k~'o’. Clearly, o is fixed by 6. This implies assertion
(i). By definition, o - P,, = P, and by (i) it is clear that M,,A,, = P, N 6(P,) is
preserved by o. Thus o preserves M,, and A,, in view of their definitions. This proves
(ii). As o preserves the roots of a,,, we need only prove that o has finite order on ag
to obtain (iii). As G has finitely many connected components, the element 0" lies
in G for some minimal positive integer n. Hence, Ad ¢” is trivial on the center of G,
and (iii) is proved. Finally, recall that B restricted to [g, g] is a multiple of the Killing
form. Hence, it is invariant under Ad o. Also, the center 3 of g is orthogonal to [g, g]
with respect to B. After possibly averaging B over the finite group of automorphisms
generated by Ad o restricted to 3, one may assume that B is Ad o-invariant. O

3.2. The definition of DDT
The next lemma is a slight improvement of [M2, Proposition 4.1].

LEMMA 2

Let (M, 6) € DD, and let P = M AN be the standard parabolic subgroup of G with
Levi subgroup M A. If there exists a o -stable irreducible subrepresentation of 7'[51? , for
some A € iag, then there exists ks in K such that

@) conjugation by 15 1= k;la leaves A,,, A, M, A;’, and the equivalence class
of § invariant; and

(i1) the automorphism Ad ts is of finite order on a, commutes with 0, and pre-
serves B.

Proof

@) For A € iCj, the representation (n(f ;)7 is equivalent to ng’g'_f;x (see [M2,

proof of Proposition 3.1], the intertwining map being given by ¢ — ¢°
with the notation of Section 2.1 in the compact realizations). The Langlands
disjointness theorem [L, pages 149, 150] provides k € K withko - M = M,
ko - A = A, and §° equivalent to 8. After possibly multiplying by a
representative in K of a suitable element of Wy and then by an element of
K N M, one finds the desired k.

(ii) The automorphism Ad 75 preserves B, since the actions of Ad k; and Ad o
preserve B. The action of Adts; on the center is equal to that of o, as
Ad ks acts trivially. Moreover, Ad t5 preserves the Killing form. Hence, it
commutes with 8 and preserves B (see Lemma 1(iv)). The assertion on the
finite order of Ad 75 on a follows from the fact that it permutes the roots of
a and agrees with Ad o on the center of g (see Lemma 1(iii)). O

We denote by DDT the set of elements (M, §) € DD satisfying the hypotheses of
Lemma 2. The Langlands disjointness theorem tells us that an element (M, §) € DD
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is in DDT if and only if (Jr(f o)’ is equivalent to n(f o- For each (M, §) € DDT, we fix
a ks and 75 as in Lemma 2.

Remark 1

There are several choices for DD and DDT. In the case of base change (see [D2,
Sections 3 —5]), the set DDT was chosen so that ks was always trivial, and hence, t;
was equal to 0. Such a choice may not be possible in general.

3.3. The action of t5 on R§ and A(S)
Fix § € DDT, and let P = M AN be its standard parabolic subgroup. We choose a
unitary operator U; on the space of § so that

8% (m) = Uy '8(m)Us, m € M. (3.1)

Recall that we have fixed uy € A(§) in Section 2.2. For the remainder of this article,
we denote the differential of Ad 75 by 75 whenever the action on a is required. With
the same abuse of notation, we denote Ad k; by ks and Ado by o.

LEMMA 3
Suppose that r € R§. Then, the element t5(r) 1= T5 1 Ts |_al belongs to R§ as a group of
automorphisms of a.

Proof

As conjugation by 15 preserves K and A (see Lemma 2), it is clear that 75(r) is in
W(A). Moreover, as t; preserves § and A; (see Lemma 2), it follows that z5(r)
preserves them as well. |

LEMMA 4
For every u € A(S), one has u® € A(5).

Proof

Suppose that £¢ is the complexification of the Lie algebra of K, and suppose that
b is a Borel subalgebra of ¢ containing the Lie algebra t of a Cartan subgroup of
K. Let y be a highest weight of © with respect to b (i.e., a highest weight of some
irreducible constituent of p restricted to the identity component of K). Let p. be the
half-sum of the roots of t in b. As Cartan subgroups of K and Borel subalgebras of
£c are conjugate by elements of K, there exists k in K such that Ad (k75)b = b and
Ad(kts)t = t. It is clear that kt5(y) is a highest weight of ;™. As k and 75 preserve
B, it follows that

IV + 201 = llktsy + 2ktspcll = llkTsy +2pc||-



A TWISTED INVARIANT PALEY-WIENER THEOREM 353

From the definition of minimal K -types (see [V, Definition 5.1] for G connected as a
Lie group, and see [CD1, page 433] in general), this implies that ;% is an element of
A(9). O

Using Lemma 4 and the simply transitive action of RAg on A(S8), we define xo € RAg N¢)
that

e = Xo - Mo
or, equivalently,
Xuos = X0- (3.2)

3.4. ts-stable and o -stable representations
We are now prepared to determine exactly which of the representations defined in
(2.7) are ts-stable or o -stable.

LEMMA 5

@) The following defines a unitary operator Ts on 1(8) (see (3.1)):
(Ts()) (k) := Usgp™ (k) = Usgp(zy ' - k), @ € 1(8), k € K.

(ii) For all & € ia*, Ty intertwines ()" with 73",

(iii) For all i € A(8), Ty sends I1'(8) to 1"° (8).

@iv) For w € Ws, one has

AP, w, 8, VT " = xow)A(ts - P, 15(w), 8, T51), A € ia™.

v) For p € A(S), Xus = XoX,.-
(vi) If H € Diag(8) and » € ia*", then the operator Ty intertwines (7t )

with n(;"s; where H'= t5(H) and X' = Yoo, X ™

XS TsA?
Proof
(1) If ¢ = T5(¢), k € K,and m € K N M, then, using (3.1), one has
Ykm) = Usd(zy ' -m™ ") (@(zy k) = 8(m™ HUse(z; k) = 8(m™ )y (k).
This proves that Ty is an operator on /(). It is evident that it is unitary.
(i1) The operator 7T} corresponding to T3 in the noncompact realization is given

by

(Tu(@)(g) :=Us(p(rs ' - 8)), ¢elf,, g€G.
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Itsimage liesin / af,éz-fj\ by computations similar to those in (i), and it intertwines
(7E5,)" with 7’ ‘:5\. Assertion (ii) now follows easily.

(iii) Let 75 be the representation of K on /(§). Let (i, V,,) be amodel for u € K,
and let 7, : V,, — I*(5) be a unitary intertwining operator. Then, T5 o T},
intertwines (u®, V,,) with the image of 1*(§) under T}, as may be seen from

(T3 Tv = Tyms vy ' (K)) Tv = T3 T,u™ (v, k€ K, veV,.

(iv) Both sides of the equation to be proved intertwine nfrg with nﬂfwk. To
see this, one may use the intertwining properties of the various operators
and the fact that if an operator intertwines 7t and 77/, then it also intertwines
7% and 7r'%. On the open dense set of i a*, where these representations are
irreducible, both operators are proportional. To see that they are equal, it is
therefore enough to verify that they are equal on the isotypic component of

Ko™ . This is obvious from (iii), (2.4), and (3.2).

v) The desired equation follows by restricting the equation of (iv) to the isotypic
component of u® € A(J), recalling the definitions of x,, and yx,, and then
applying (iii).

(vi) From (iii), the minimal K -types of (7751,3 Hay. ,)® are of the form ™, where w

runs through the minimal K -types of 715’? H.y.2- Using (v), they are seen to be
the elements u' € A(§) such that X1 oy(iry = XOpry(eny X - The claim follows
from (2.7). O

The following theorem is a classification of the o -stable irreducible tempered repre-
sentations.

THEOREM 1

@) Every irreducible tempered o -stable representation of G is equivalent to
ngffy’x,)\for some § € DDT, > € iCys, H = RS, x € H such that
(1) H is t5-stable;
(2) the character x satisfies x™ = Xou X (the set of such characters of H

is denoted by H(ts)); and

(3) there exists r € R§ such that rtsh = A.

The set of such subgroups of RS, corresponding to r, is denoted Diag(ts, r).

(i1) Two representations nSIfH’X’X and ”(SPZ/H’,X’,N as in (i) are equivalent if and
onlyifé =46', H=H', x = x', and there exists r € R such that A" = rAi.

Proof

(1) By Lemma 2 and Section 2.2, every irreducible tempered o -stable representation
of G is equivalent to JTSI?H’X‘)L for some § € DDT, A € iCs. Since 75 = ks0, the
representation (1, ;)7 is equivalent to (), ,)®. By Lemma 5(vi), we have
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the fact that (7'581!3,1,7)(’A)’fX is equivalent to n(;"‘;ﬁxgm, where H' = t5(H) and x' =
Xojr,ny X - As A is T5-stable (see Lemma 2), the parabolic subgroup 75 - P has M A as
a Levi subgroup, and 715_‘51;1’1 .y is equivalent to 7T5fj 1oy (€€ [KS, Theorem 8.4]).
Thus 77, ., is Ts-stable if and only if 7", ; and 7, . . are equivalent. Using
the third sentence following (2.7) and the fact that 75 preserves Cs (see Lemma 2),
this is true if and only if H = H', x = ', and 754 = rA for some r € RS.

(i) The assertion follows from the classification of tempered irreducible repre-
sentations in Section 2.2. a

The o -stable representations of Theorem 1 are induced from parabolic subgroups that
are not necessarily stable under the actions of any o, 5, or r75. We close this section
by relating our o -stable representations to some representations that are induced from
parabolic subgroups that are stable under the action of 5.

PROPOSITION 1

Let (M, 8) € DDT, let A €iCj, and let T be an irreducible subrepresentation of i
Suppose that v is equivalent to JT(SZ‘I/{])LAI, where M, A, is equal to M*A* and (M., §;)
is a nondegenerate limit of discrete series strongly affiliated to 8, as follows from
Section 2.2. Recall that a7 may be viewed as a subspace of a*, and recall that A € ia}
(see (2.12)). Let Q be the parabolic subgroup of G whose Lie algebra is the sum
of the a root spaces for roots o with Im(ce, A) > 0. Its Levi subgroup MyA is the
centralizer in G of A and contains My A;. Then, the representation w is o-stable if
and only if there exists r € R§ such that rtsh = A, Fts normalizes Mo A and Q,
and (JTSTBMQ Y% is equivalent to & := nB?SMQ, where T is a representative in K of r.

) . . 0 = _
Moreover, 7 is equivalent to w7, and 7ts - Q = Q.

Proof
We must determine when 7 is ts-stable. First, O contains a parabolic subgroup P,
with Levi subgroup M; A;. Indeed, let P{ = M; A Nj be a parabolic subgroup of G
with Levi subgroup M; A;. Then, P, = (PN My)N has the required property. Thus
n;f ‘)\A' is equivalent to nslji ,- Applying induction in stages, 7 is equivalent to ””waﬂ -
Let us show that the conditions of the theorem are sufficient. Suppose that tﬂé;/ are
satisfied. As r ;A = A, the parabolic subgroup Q satisfies 775 - Q = Q. The resulting
representation is induced from an 77s-stable parabolic subgroup and an 7ts-stable
representation. This implies that the induced representation is 7ts-stable. It is then
also 75- and o -stable, as 7, ks € G. This proves that the conditions are sufficient.

Let us prove that they are necessary. According to Theorem (i), there exists
r € R§ such that r7;A = A. It follows from Lemma 2 that 75 normalizes Rj , . Hence,
775 normalizes A; = A* (see Section 2.2) and M, . Therefore, it suffices to determine
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when n§4 is Ft5-stable. The representation (JTM‘A‘ )% is easily seen to be equivalent
to n(;wle, , where 4| is equal to 8”* Thus 7 is ts-stable if and only if JTM‘A‘ and JTM‘A‘

are equlvalent. By Section 2.2, this is true if and only if there exists a w € N K(Al)
fixing A and conjugating §] with §,. Finally, if w fixes A, it is in My by definition,
which implies that (JTB]?BMQ )™ is equivalent to n;:”%MQ. O

4. The classification of irreducible admissible o -stable representations

We now turn to the resolution of goal (B), our second principal goal. The results of
this section essentially appear in [M2, Section 3]. We include a brief review for the
sake of completeness and convenience.

Suppose that P = MAN is a parabolic subgroup, and suppose that p is an
irreducible tempered representation of M. Suppose further that A lies in the complexi-
fication of a*, and suppose that its real part lies in the positive chamber of a* determined
by P. Langlands [L, Section 3] has shown that the induced representation 7 ‘f , hasa
unique irreducible quotient J /f , and that every irreducible admissible representation
of G is (infinitesimally) equivalent to some such Langlands quotient. He also proved
that two Langlands quotients, J : ,and J pf,)_'w, are equivalent if and only if there exists
h € G such that h - P = P’, p" is equivalent to p’, and hA = A’ (i.e., Langlands
quotients are unique up to conjugation). This allows us to restrict our classification to
standard parabolic subgroups P, as all parabolic subgroups are conjugate to a (unique)
standard parabolic subgroup.

THEOREM 2

Suppose that P is a standard parabolic subgroup of G, and suppose that J, P s isa
Langlands quotient as defined in the preceding paragraph. Then, J p’? , iso- stable if
and only ifo - P = P, p° is equivalent to p and o). = A.

Proof
We provide a sketch, leaving the details to [M2, proof of Proposition 3.1]. Composition

by o provides an intertwining operator between (7'[ 5)7 and Ty This equivalence

pak

induces an equivalence between the Langlands quotients (J ;\)G and JJ; ];x The “if”

part of the theorem is now immediate. For the converse, we see that J”; is equivalent

to Jp oy

The theorem then follows from the uniqueness of Langlands quotients up to conju-

and since o0.P, = P,, the parabolic subgroup o - P remains standard.
gation. O

Taken together, both Theorems 1 and 2 constitute a classification of irreducible ad-
missible o -stable representations of G.
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5. Intertwining operators and twisted characters

5.1. Representations of GT and twisted characters

The group G/ G is cyclic and generated by the coset of any element T € G’. Let us
look at an irreducible unitary representation 7 of G whose restriction to G is an
irreducible representation 7w of G. Let t € G, and let n be the order of the image of t
in Gt/G sothat t" = g € G. Then, T = 7" (7) is an intertwining operator between
7" and 7 such that T" = 77 (z") = 7 (g). Conversely, if T is such an intertwining
operator, then it defines a representation of G*.

If T’ is another operator that intertwines ° with 7, then 7" is proportional to
7(g) by Schur’s lemma. Thus there are exactly n distinct choices for a constant ¢ € C
suchthat T = ¢T' and T" = 7 (g).

The t-twisted character ®F of ™ is the distribution on G defined by

OL(f) =u(r(Hm*(r), [ CXG).

Now, suppose that 7, o belong to G, and suppose that o = k1 for k € K. Then, one
has

®7 =R,07, (5.1)

where R denotes the right-regular representation of G. We speak of a t-twisted
character of 7 more generally by replacing 7w ™ (1) above with any intertwining operator
between 7" and 7.

5.2. The definition of the operators T(8,r, H, x, \)

LEMMA 6

In the notation of Theorem 1 and Lemma 5, one has the following.
@) The operator T (8, r, A), defined by

T@,r A):=A(P, 1,8, tsA)A(P, 15+ P,8, 5A)T5, reR§, Aeia’™,

intertwines (7'[813)“ with 7781,)”5)\-

(i1) T (8, r, 1) sends the isotypic component I"(8) to I"" (8) for every ju € A(S).
It is independent of M\, and it is equal to a scalar multiple of Ts on each
1*(6).

(iii) Let 7 be arepresentative in K of r € R, and let u; be a unitary intertwining
operator between 78 and 8. There then exists ¢ € C such that

TGS, r, L) =cu;RzA(r - P, t5- P, S, tsM)Ts, X eia”®.
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@iv) Let T(8,r, H, x, A) be the restriction of T (8, r, L) to the space of JT;”H’X’)L
for each H € Diag(ts,r), x € H(ts), and A € ia* ™. Then the operator
T3, r, H, X, A) intertwines (70, ,)® with 7wy . ..

Proof

As Ty intertwines (715’7 ,)® with ngff':; (see Lemma 5(i), (ii)), assertion (i) follows from
the properties of intertwining operators of [KS, Section 8]. The first part of assertion (ii)
follows from Lemma 5(iii). The second part follows from the intertwining properties
of our normalized intertwining operators (see (2.1), (2.4)). Using equation (2.6) and
taking into account the fact that » = r~!, one has

TG, r,A)=cu; Rz A(r - P, P, 8, tsA) A(P, 15 - P, 6, TsA) T;.

Assertion (iii) therefore results from the properties of our normalized intertwining
operators (see (2.2)). As n(f Hoy is Ts-stable, its set of minimal K-types is also t;s-
stable (see Lemma 4). Assertion (iv) therefore follows from (i), (ii), and the definitions
of nSI,DH,x,/\ and I:I(r,;) (see Theorem 1(1)). O

Remark 2
In Lemma 6, one may replace P by any other parabolic subgroup with the same Levi
subgroup. This is also the case for Lemma 5.

Lemma 6 allows us to define the twisted character
OF, ua () =te(my (HTG.r H, x, 1), [feCXG). (52)

5.3. Some auxiliary operators
This section is inspired by [M2, Section 5]. We begin with a simple remark:

let L C L'betwo Levi subgroups of G which contain A,,. Let P’ = L'N’
be a parabolic subgroup of G with Levi subgroup L’. Then, there exists  (5.3)
a parabolic subgroup P of G with Levi subgroup L such that P C P’.

Indeed, if Py is any parabolic subgroup of L’ with Levi subgroup L, then P = P, N’
has the required property.

Let (M, ) € DDT, let P = M AN be a standard parabolic subgroup of G, let
r € R§, and let H € Diag(ts, r). By the definition of Diag(ts, r), there exists A € ia*
such that qu a=H,rish =X, and A € i Cs. Furthermore, the centralizer of a” is
a Levi subgroup L, = M, A; with a; = af’ (see Section 2.2). Thus, the set O of
A € ia*™H) with R, = H is nonempty. Hence, the fixed-point set of r’ € R§ \ H
in ia*"%H) is a proper subspace. The complement of O in ia*"™#) is equal to the
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possibly trivial finite union of these proper subspaces. According to Baire’s theorem,
the set O is open and dense in i a*"™ ),

The finite group (rts, H) preserves Cs. Therefore, we may average an element
of i Cs under the action of (rts, H) to conclude that i Cs Nia"™ ) =£ (. The density
of O now implies that iCs N O # .

Let us show that there exists Ay € iCs N O such that for any a-weight o, o
vanishes on ia*"% ) if and only if it vanishes on A,. Suppose that « is a weight of a
in g which does not vanish on a%#) and let O, be the complement of the kernel of
a in a’™H); it is the complement of a hyperplane and, as such, is open and dense. The
intersection of all the sets O, is dense by Baire’s theorem, and it therefore intersects
the nonempty open set i Cs N O. Therefore, we may take A in this intersection. The
element X satisfies the desired property.

Let Q = My AN be the parabolic subgroup of G whose Lie algebra is the sum
of the weight spaces of the a-weights « so that Im(«, A¢) > 0. This implies that the

Levi subgroup My A is the centralizer in G of A¢. Since A is r 75-invariant, one has

Fts- Q = 0, 5.4

where 7 is a representative in K of . Notice that the set of weights of a whose weight
spaces lie in ny contains A}, as Ao € C;. Notice also that a, is the intersection of the
kernels of those weights that vanish on Ay. Recalling the main property of Ay above,
this implies that a, contains a”™#) Let M;A; = M’ A™ be a strongly affiliated
Levi subgroup as defined in Section 2.2. The group M, A, centralizes a™ ) which
contains Ag. As My Ay is the centralizer of Ay, one has

MA C MiA; C MpAg.

By (5.3), there exist parabolic subgroups P’ and P; of G with Levi subgroups M A
and M, A, respectively, such that

P c P CQ.
As P’ C Q and Q is Fts-stable, we have
O(P)NFts- P COQ)NFT- O =60(0)NQ = MpyAy. (5.5)

LEMMA 7
@) The operator

T':= A(P',8,r, sMA(P', 75 - P/, 8, )T, A €ia ™™,

rtvs, H

is independent of A € ia*"™") and intertwines (napi)” with napi.
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(i) The space 0]”7'[5}’)}1,0(’A is independent of A € ia*"™ ) and

! .
T s =T, Aeiatt™h,

where Q is Fts-stable and

R
is an F'ts-stable representation of M.

(iii) Let T'(8,r, H, x) be the restriction of T' to the space of JTS .- 11 inter-
twines (nS’H’X.A)Tf‘ with ns,nywk.

(iv) There exists ¢ € C such that for all » e ia*"™H the operator
TG, r, H, x,A) of Lemma 6 is equal to the restriction of the operator
cA(P', P,8,)7'T'A(P’', P, 8, ) to the space Ofﬂal,)y,x,x-

) For H € Diag(ts, 1), x € H(zs), and A € ia*"% 1) we have

@)MHXA(f)—ctr(n“(f)T 6,r H, X)) f e CX(G).

Proof
(1) By Remark 2 and Lemma 6(iii) applied to P’, one sees that 7’ has the desired
intertwining property and that

AP, 8,r, TsAA(P, 15-P', 8, 1) = cu; Ry A(r-P', 75- P', 8, ts1), A €ia*rei,

As r(a®H)) C rap, the element 754 = rA lies in i(rap)* for any A € ia*™H) Tt
follows from (2.3) and (5.5) that A(r- P’, 7s- P’, 8, TsA) is an intertwining operator that
does not depend on A € ia*"% ) This shows that 7" is independent of A € ia*"™-H),

(ii) For A € ONiCs,onehas M*A* = M, A, (see Section2.2).As P’ C P, C O,
we may apply induction in stages, as in equation (2.14). In the context at hand, this
equation takes the form

Tip 0 =T A€(0NICy) Cia*r™H),

where

&= n: 0 Maca)
When A € iCs N O, the first assertion of (ii) follows from an analysis of the induction
in stages in the compact realization. It follows for all A € ia*"™#) by analytic
continuation. The 7ts-stability of Q has been shown in (5.4). For A = X, finally,
the parabolic subgroup Q and the representation ¢ are as in Proposition 1, and so the
7 1s-stability of ¢ follows.
(iii) This assertion follows from Remark 2 and Lemma 5 applied to P’.
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(iv) We make use of the following fact. Let 7, 77’ be two unitary representations of
G of finite length, and let A (resp., S) be an invertible intertwining operator between
 and 7’ (resp., 7% and 7). Then, §' = AS A~'is an intertwining operator between
7’ and v/, and

(7' (f)S) = u(x(f)S), feCXG). (5.6)

The operators T'(8, r, H, x, A)and A(P, P', 8, .)"'T’A(P, P’, §, \) are intertwining
operators between (77, ,)® and 7, ; for A € ia*"™) For X in the nonempty
open set i C5 N O (see (i) above) of ia*"™ ), the representation 17, , , is irreducible
(see Section 2.2). These two operators are proportional by Schur’s lemma. The two
operators are independent of A on each minimal K -type and are proportional to T} (see
equation (2.1) and Lemma 6(ii)). Therefore, the proportionality factor is independent
of A in this open set. The assertion follows by analytic continuation.

(v) This assertion follows from (iii), (iv), and equation (5.6). O

6. Some properties of twisted characters

The properties that we prove here reappear in Theorem 3 as those properties that
characterize functions derived from twisted characters. The first property that we
prove harkens back to the classical Paley-Wiener theorem. Let C°(G, K), be the
space of smooth functions on G, which are left and right K -finite and whose support
is contained in K exp(B,;)K, where B, is the closed ball of radius + > 0 about the
origin in a,,. Define C°(a’™#), to be the space of smooth functions on a’™ ) with
support in the closed ball of radius ¢, and define 2% (a’%#)), to be the image of
C>°(al"™H)), under the Fourier transform.

LEMMA 8
For each f € C>(G, K),, the function on ia*"® ) defined by

A FS,r,H,x()‘) = ®z§fr,H,X,)»(f)’

is an element of the space P W (a"% 1)),

Proof

Let f € CX(G, K);. The K-finiteness of f implies that there exists an orthogo-
nal projection p onto a finite sum of isotypic components of K in I(§) such that
w2 (F) = prfy 1 (f) p. Substituting the right-hand side into the equality of
Lemma 7(ii), Fs, m,, 18 seen to be the restriction to i a*rmH) of a finite sum of coef-
ficients of the matrix Fourier transform of f. The lemma follows from the properties
of the Fourier transform of elements of C°(G, K), as givenin [A1, Lemma 3.1] (see
also [CD1, section 2.1]). O
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PROPOSITION 2
(i) Letr € RS, and let H € Diag(ts, r). If w € WY satisfies w(ia*"™H)) =
ja*rs ) then

Ts T, 7] . x(rts, H
OF tyuwn = Ofnm i X € H(m), Aeia (res, H)

(ii) Letr € R§. If H, H' are subgroups in Diag(ts, r) with H C H', then

N 7
®§fr’H’X*)‘ - Z ®§?r.H’,x’.A’ X € H(ts), A € alrsHY
X' €H'(w), x{y=x
1ii Ifr,s € RS and H € Diag(ts, s) with rs € H, then ia*"™H) = jgq*tw.H)
8 g
and

O tyn = XTOF, s, x € H(ty), h € ia™™H),

@iv) Suppose that r,s € RS, and let H € Diag(ts, r). Recall that t5(s) is the
action of ts on s. Then, H is an element of Diag(ts, rsts(s)), and

o A . .H
®<§frsrg(x),H,x,sA = XO(TS(S)) ®§?r,H,X,)\’ X € H(T5)’ )“ € la*(”’a >‘

(The left-hand side is defined, as our hypothesis on A implies that s\ €
» x(rsts(s), H)
ia .)

Proof

(i) Let A € ia*"®=H) The restriction A(L) of A(P, w, 8, A) to the space of T H, x.0
intertwines JT;)H’X’A with T[SI,JH,x,w)L‘ By Lemma 6(i), the operator T (8,7, H, x, A)
intertwines (77, 4.7 with T 1 «...- Taking into account equation (5.0), it suffices to
prove that

T'(A) :== AAN)'TG, r, H, x, wh)AQL)

is equal to T(A) := T(6,r, H, x, A). Both operators intertwine (7'55":,1,%*)"s with
705 4 4.1 As the representation 7, , and its equivalent representation (77, ;)"
are generated by their minimal K-types, it is enough to prove this equality on the
minimal K-types of Jr(fH,XW On these minimal K-types, T(8, H, x, A) does not
depend on A (see Lemma 6(ii)). On the other hand, A(A) is trivial on all of the minimal
K-types as w € W(S0 (see (2.4)). The equality T'(A) = T (1) follows.

(i1) From decomposition (2.11), one has

OF (= D 0wy (DTG 1 H, X Wity

X €l xly=x
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where Is 1/, denotes the space of 7" w2 FOr A in the nonempty open subset
{v eia=# NiCys|R§, = H'} of ia*"™") the representation 7y, ., is irre-
ducible. If x’ ¢ H'(ts), this representation is neither o -stable (see Theorem 1(i)) nor
T5-stable. In this case, the operator 7'(8, r, 1) of Lemma 6 sends the space of this
irreducible subrepresentation of 7'[3}? , to an orthogonal space. Indeed, this irreducible
subrepresentation occurs with multiplicity 1 in the decomposition 7[(31” ,- Hence, the
contribution of this x’ to the sum above is zero. As the operators T (8, r, H, x, A) and
TG, r,H, x',)), x € H'(ts), are restrictions of T'(8, r, A), assertion (ii) follows.
(iii) Since rs € H, one has a*"™ ) = q*07%.H)  Agin (i), it suffices to prove that

TG, r,H, x, 1) = x(rs)TG,s, H, x,)), ieia?™H = jgrsut) (67

Since both sides are intertwining operators between (1}, 4.2)5 and i H. x5, and since
the sum of the isotypic components of the minimal K -types of n(f 1.y, generates this
representation of G, one need only check the equality of these two operators on each
such component 7*(8). These u € A(S) satisfy X = X- Using equations (2.1),
(2.4), and Lemma 6(i), (ii), one sees that the restriction of 7(8, r, H, x, A) to such an
I1*(8) is equal to

Xus ) € (P, T - P) Tyjpugs)-
Similarly, the restriction of T'(8, s, H, x, A) to such an /#(§) is equal to
X5 (8) € (P, T5 + P) Tspus)-

As "y 5 is Ts-stable, ™ is a minimal K -type of 7", _ , (see Lemma 4). Hence,
Xuo g = X and x5 (r) = x(rs)x,m(s). Identity (6.7) follows.
(iv) First, if A € ia*"™ ") one has sA € ia*"s%®-H) by

rsts(s)TssA = rsrasr({l‘cask =rsTsA = s(rrsd) = si.

As H e Diag(ts, r), there exists A € iCs N ia*"™ ") with R§, = H. Then, s
satisfies sA € iCs Nia*" %@ and RS | = H.Hence, H € Diag(ts, rs75(s)).

The restriction A(%) of A(P, 8, s, 1) to the space of 7,  , intertwines 77,7,
with an’XM. Its inverse is the restriction of A(P, §, s, sA) to the space of JTSI_JH%“
(see (2.5)). Using (5.6), assertion (iv) follows once we prove that

AT (8, rsTs(s), H, x, A) AQ) = xo(t5(s)) TS, r, H, x., ). (6.8)

It is enough to prove this equation on the isotypic component of each minimal K -type
u of n({? Hoy e Using (2.4), (2.1), and Lemma 6(i), (ii), one sees that the restriction to
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I*(6) of the operator on the left-hand side of (6.8) is equal to
Xpuws () X (FSTS(S)) . (P, T5(P)) Ts i1y Xu(5)-
This operator is equal to
X (F) Xpuw (TS(S)) Xu(8) (P, T5 - P) Tsjjugs)- (6.9)
On the other hand, by Lemma 5(v), one has, in turn, that
Xus = XoX,;
and
Xus (75(9)) = Xo(75(9)) X (5).
Therefore, (6.9) is equal to
Xy (1) XO(T(S(S)) CW(P, 75+ P) T6|1u(5)-

The restriction to /#(8) of the operator on the right-hand side of (6.8) is seen, by
parallel computations, to be equal to the previous expression. O

6.1. o-twisted characters

PROPOSITION 3

Define S(6,r, H, x,\) = JTS’?HYXq)\(kg)T(S, r, H, x, A), where ks is the element of
Lemma 2. For H € Diag(ts, r), x € H(ty), and A € ia*"™ ™) the following hold.:
) the operator S(8, r, H, x, }) intertwines (1w} , ;) with 7, . ,; and

(i1) the corresponding twisted character

OF 1y n () =tr(my () SG. r H, x, 1), f € CXG),

satisfies both the same relations as ©g, ,; ., , does in Proposition 2, and the
analogue of Lemma §.

Proof
@) This assertion is clear, as o = k;Ts.
(i) This assertion follows easily from (5.1). O

7. The main theorem

THEOREM 3
Suppose that we are given functions Fs, pu y : ia*sH) . C for every § € DDT,
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r € R§, H € Diag(ts,r), x € H,and lett > 0. Then, there exists f e CXG, K),
such that

: 5, H
OF 1 () = FsrmyX), Aeia™h,

for all of the above data if and only if the following conditions hold.

(1) The functions are identically zero, except for a finite number of § € DDT.

(ii) Each function Fs, ., belongs to W (a"™ ),

(iii) Let r € R§, and let H € Diag(zs, 7). If w € W(? and r € R§ satisfy
w(a*rs My = jgre ) thep

Fs oy (WA) = Fs, u,A), x € H(ts), » € ia*™,

(iv) Letr € R§. If H, H' are elements of Diag(ts, r) for r € R§ with H C H',

then
FsrmyA) = Z Fyrmo(h), x € H(ts), A € a™ .
X @) Xy =x
(v) Ifr,s € R§, H € Diag(ts, s) withrs € H, one has

Fsru, (M) = x(rs)Fsu, (A), x € H(ts), A € ia*r™H) = jgrbemH),

(vi) Let r,s € RS, and let H € Diag(ts,r). Then, H is an element of
Diag(ts, rsts(s)) and

Fs rseyon. it (SA) = x0(t5(8)) Fs o, (A),  x € H(ts), A € ia*rm ),

Proof
The “only if” part of the theorem follows from Propositions 2 and 3, together with
Lemma 8.

Therefore, we turn to the proof of the “if”” part. In so doing, we follow the inductive
reasoning of [CD1, section 2.3] and the following analogue of [CD1, proposition 1].
Let us introduce the transitional spaces C (‘?"(G)““’, where (, i are equivalence classes
of irreducible unitary representations of K. Let 6, 6,/ be the complex conjugates of
the normalized characters of w and u'. We define

CX(G)™ =6, % CX(G) %6, (7.10)

An element f of this space is said to be of type (u, u’). For each representation
7 of G, the operator 7 (f) sends the isotypic component of type u’ to the isotypic
component of type w. It annihilates the other isotypic components.

PROPOSITION 4
Lett > 0. Suppose that (Fs ;. . ) is a family of functions satisfying Theorem 3(i) — (vi)
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for a fixed § € DDT. Then, there exist functions h, € C°(G, K),, u € A(3), of type
(w, ") such that

FS,r,H.)((V)

= tr<n;”< Z hM)T(r, H, x, v)), r eRE, veiat™H e A(zy).
HEA(S)

We postpone the proof of Proposition 4 until Section 8 and continue our proof of
Theorem 3 by induction. We perform this proof by induction using a partial ordering
on DDT. Define § < 8’ to mean that ||| < ||| forall u € A(8) and ' € A(S’) (see
[V, Definition 5.1] and [CDI1, page 433] for the definition of ||i||). Define § < §’ to
mean that either § < 8’ or § = §’. Now, suppose that we are given functions satisfying
Theorem 3(i)—(vi). Define the support I'r of these functions to be the collection
of 6 € DDT so that F;, y, does not vanish for some r, H, and x. Condition (ii)
implies that 'z is a finite collection of representations. Let ' be the collection of
representations in DDT which are less than or equal to some representation in I'y.
We prove Theorem 3 by induction on |I'z|. If T’y is empty, then f = 0 solves the
problem. Now, suppose that Iz is not empty, and suppose that ' € DDT is a maximal
element of I' . Clearly, §’ is also a maximal element of Tp. Proposition 4 tells us that
there exists 1 € C>°(G, K),, which is a sum of functions of type (', "), u’ € A(¥'),
such that

Fy Q) =te(mfy (TG H, X)), & ei(@) "),

for any r’ € R§,, H' € Diag(ty, r’), and x’ € H'(ts). Define a new family function
by

F i) = Fs M) —t(nf (T H, X)), Aeia*™H  (7.11)

for § € DDT, r € RS, H € Diag(ts, r), and x € H(ty).

This new family apparently also satisfies Theorem 3(i)—(vi). In addition,
F}, .+, vanishes by construction. We wish to show that 'z, C T'z. Suppose that
S € I'pr. Then, there exist 7, H, and x such that FgmH’X # 0.From (7.11), we evidently
have that Fs, y , 7 0 or tr(;w 15, (W) T(r, H, x)) # 0. The former inequality implies
that § € I'r — {&'}. The latter inequality implies that some u' € A(§8') is a K-type of §.
By definition, any u € A(S) satisfies ||u|| < ||&/|l. If ||| = |||, then " € A(8) and
[CD2, proposition D.1] implies that § is equal to &', which contradicts Fy, ,  # 0.
In consequence, ||| < ||i|| for all w € A(S), that is, § < §'. This proves, in turn,
that § € [y — {8'}, ' € 'y, and T'r C T'z. We may now appeal to the induction
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hypothesis to obtain a function f’ € C°(G, K), such that
F{,u, W) =t(zf (OT@ H, ), *eia™h,

Substituting this equation into (7.11), it is clear that f = f’ 4 h satisfies the desired
properties. O

8. Proof of Proposition 4

In this section, we fix § € DDT, and for simplicity, we often drop the lower index §
from much of the previous notation. For example, we write A instead of A and 7 for
75. Moreover, R§ is denoted by R.

8.1. An extension result

LEMMA 9

Suppose that Fy . g ,, satisfies Theorem 3(ii)—(vi) for every r € R, H € Diag(ts, r),
and x € fl(t). Then, Fy .y, extends to a WO invariant function I:"g,,,H,X e 2PW(a),.

Proof

Suppose that {ry, ..., r,} is a minimal set of generators for H C R. Let E; be the
subspace of fixed points under 7y, let A; = {og, |@ € A, o, # 0}, and let A} be
the set of elements of A; which are restrictions of elements of A" to E 1. By [CD2,
proposition A.2], A is a root system and the Weyl group of A; is

Wi = {wig, |we W', w(E) = E}.
By [CDI, proposition A.1, lemme C.1], the restriction map
W @Y — PW(E)
is surjective. Arguing inductively, we obtain surjections
PW @) — PWENW — - — PW(EN = 2w @), 8.1

where W, is the Weyl group of the root system of A,, = {a|g# |0 € Ag, ajpr # 0}.
Thus A = {opn | € A;, a)prn 7 0} is a set of positive roots of A,,. Now, consider
the automorphism rt of a. Forany s € H, t(s) = t~'st lies in H, as H is t-stable,
and

srth =rr(t stA =rt(d), A eal.
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This shows that a*# is rt-stable. Since A¥ is also 7- and r-stable, A is rr-stable.
We may apply Corollary | of the appendix to conclude that the restriction map

H\W, (re, H)\ W’
PW (@) — PW (@), (8.2)
is surjective, where W’ is a certain subgroup of
W = {w‘awnm \w e W2, w1y = a*“”*”)}.

By Theorem 3(iii), the function Fj , y , is invariant under W”.
As a result, the function Fj, ., belongs to 2 (a"*#))"' Combining the sur-
jections of (8.1) and (8.2), we obtain a function Fg,,H,X, as desired. O

8.2. Some t-stable subgroups of R

Let R’ be the subgroup of the automorphism group of a* generated by 7 and R. It is
a finite group, as t is of finite order on a and normalizes R. Given A € a*, define
R, ={reR :rx =1}

LEMMA 10
Suppose that s € R. Then, there exists a unique subgroup R'[st] of R" which satisfies
the following.

@) We have a*R157) = g7
(ii) There exists A € C N a*" such that R, = R'[st]. (Here C = Cj.)
(iii) The element st belongs to R'[st].

(iv) Suppose that H' is a subgroup of R’ such that st € H' and R, = H' for
some A € a*. Then, R'[st] C H'.

Proof

The proof is essentially that of [CD2, lemme C.2] with R replaced by R’. We include
it for the sake of completeness. Recall that C is a Weyl chamber of A = A;. For each
subgroup H of R/, set

Ay ={LeCna”"|R, = H}.
It is immediate that
AH C a*H C a*sr

and that C N a*® = J ner An. One may average an element of C over the finite
group generated by s7 to obtain an element in C N a** (see Section 5.3). As a result,
the set C N a** has nonempty interior as a subset of a*”. According to Baire’s
theorem, one of the subgroups in the above union has an invariant subspace that is
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*ST

open in, and therefore equal to, a***. Denote such a subgroup by R’[s7]. It is apparent
from its definition that st € R’[st]. This proves assertions (i) —(iii). Now, suppose
that A € a* is as in the hypothesis of (iv). Then, we have A € a®" = a*®*7] and
so R'[st] € R, = H’. This proves (iv), from which the uniqueness assertion also

follows. =

LEMMA 11
Suppose that s € R, and set R[st] = R'[st] N R. Then R[st] is stable under
conjugation by t.

Proof

Suppose that 7 € R[s7]. By Lemma 3, 7(r) = tr7 ! belongs to R. Since R is abelian,
the element 77! is equal to (s7)r(st)~!. The latter element belongs to R'[sT] (see
Lemma 10(iii)). a

LEMMA 12
Suppose that s € R. Then R[st] belongs to Diag(z, s).

Proof

In view of Lemma 1 1, it remains only to show that R[st] = R,, for some A € a**NC.
According to Lemma 10, there exists A € a** N C such that R = R'[st]. It is easily
verified that

R, =R, NR =R[st] NR = R[st]. O

LEMMA 13
Suppose that s € R, let H € Diag(t, s), and let h € H. Then, H contains R[sht].

Proof

By the definition of Diag(t;, s), there exists A € a** N C such that R, = H. Since X
is fixed by sht = hst, the element sht belongs to R}. According to Lemma 10(iv),
the group R'[s/7] is contained in R . Finally,

H =R; =R, NR D R[sht] NR = R[shr]. O

8.3. The statement and proof of a key lemma

LEMMA 14

Suppose that Fs, ., v € R, H € Diag(z,r), x € H(7), is a family of functions
satisfying Theorem 3(ii)—(vi). Then, for each a € R, there exists a function &, €
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W()
PW (a),” such that

Fsrna®) =Y xo(r)a () ®a(), *eia™,

aeR,qp=yx

foranyr € R, H € Diag(t,r), x € H().

Proof

In what follows, we generalize the proof of the similar nontwisted statement [CDI,
proposition C.1]. Let » € R. The subgroup R[rt], defined in Lemma 10, belongs to
Diag(8, r) (see Lemma 12). Consequently, the function Fj , gjy71., € 2# (a""RITh),
is defined for each character n € R/[;'?](t). By Lemma 9, each of these functions
extends to a function Fg’,ﬁ’m”],ﬂ € Q””f/(a),wo. Define ¢, : ia* — C by

Z F(S,r,R[rr],n-

neRlrri(r)

Foreach o € ﬁ, define

Z Xo(s) @ (5) 5.

seR

Clearly, the function @, lies in 2% (a))¥ *In order to prove that these objects satisfy
the lemma, we choose r € R, H € Diag(r,r), and x € I:I(r). We proceed by
rearranging the right-hand side of the identity in the lemma as

Y xo) et () Du(h)

OZGR,C(‘H =X

= Y xe <r>®ZxO<s>af(s>¢s(x)

aef{,am:x sER

~R| Z%(k) Z (poa™)(rs), x €ia*rmH),

s€eR oteR,qu X

Let us consider the inner sum in more detail. Since R is a product of copies of Z /27,
we may regard it as a vector space over Z/27. In this view, H is a vector subspace, and
we may fix a complementary subspace {1, ry, ..., r,}. This complementary subspace
forms a subgroup of R which is isomorphic to R/ H. Then, the map

(r,-H,h)r—)r,-h, hGH,
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is a group 1somorphlsm from R/H x H to R. This induces the dual isomorphism
R = R/ H x H, as all of the groups are abelian. Suppose that rs = r;h for some
h € H. Then, the summand (xoa")(rs) may be decg@osed according to the dual
isomorphism as «'(r; H)(xoa")(h) for some o' € R/H. Furthermore, since H €
Diag(t,r)and x € ﬁl(r) (see Theorem (i.2)), one has

(xoa")(h) = xo(Mar(t7'(h)) = xo(W)x (T~ (W) = xo(h)x " (h)

= Xo(W)xo(h)x (h) = x(h),

so that

(Xoa")(rih) = o' (r; H) x (h).
If r; # 1, then the inner sum reduces to
x(h) Y & (H) = x(h) x 0= 0,
a’eﬁ

thanks to the orthogonality relations of characters. On the other hand, if rs = &, then
—_—

the sum is equal to |R/H | x (h). Taking these identities into account, we continue our

earlier computation by writing

D xo(r) et (r) Py()

aeﬁ,a‘ﬂzx

Z IR/H | x (h)g,1(%)

heH

Z X(W)ra(L) 8.3)

heH

"R

T H|

|H|ZX(h) Z Fs rhrirne g, A € i i,

heH neR[rhr](r)

Lemma 13 tells us that H D R[rht] for every h € H. As Fjs.j rirhe),y Satisfies
Theorem 3(iv), we have

Fs i Rirnein V) = Fs pnrprieyn(A) = Z Fsonm (), A €ia*mf,
X’€f7(f)vx(k[,m:ﬂ

Substituting the expression on the right-hand side into (8.3) and summing over the
characters 7, we obtain

> G ) @) = |H|ZX() " Fonng®), keiate,

aeR,ap=yx heH x'€H(t)
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Now, Theorem 3(v) tells us that

FB,rh,H,x’()") = X/(h)FE,r,H,X’()\)'

Combining this with the orthogonality relations, we conclude that

1
> (anfxrm(A):ﬁZx(h) > X (W) Fs ()

oteli,oqyz)( heH x'€H(r)
1 7
> Fa,r,H,X/(M(ﬁ > xx' )
x'€H(t) heH
= FS,r,H,X()“)v
as desired. O

8.4. The behavior of ®, under R

For the remainder of this article, we use the bijection u — x,, between A(6) and R to
define &, = @, for any function ®, asdefined in Lemma 14. By Lemma 5(v), the
equation of Lemma 14 may be rewritten as

FornaM= > xOMx0®0)0= Y xu) 0.0 (84
HEA(S). Xul H=x WEA(8), x| H=x
for any A € ia*®H),
Now, suppose that s € R, let + > 0, and suppose that & is any collection

(®,) e of functions in 297 (a)"". Then,

(s P)(r) = xu () xur (5) Du(sr), A e€ia”,

defines an action on the set of such collections, thanks to the commutativity of R.

LEMMA 15

Suppose that a collection ® = (D) e aes) of functionsin PW () ! satisfies equation
(8.4) of Lemma 14, and let s € R§. Then, s - ® is also a collection of functions in
@W(a)two which satisfies equation (8.4).

Proof
By Lemma 5(v), we have

Xur ('L’(S)) = XO(T(S)) X/L(til(t(s))) = XO(T(S)) X/L(S)'
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Consequently,

Xp,’(r) X/L(s) X;L’(s) = X[L(s) Xﬂr(l"S)
= Xll.(s) Xu (‘L’(S)) Xuw (‘L'(S)) X;N(rs)
= Xo(t(®)) Xur (rsT(s)).

*x(rt,H

Therefore, for A € ia ), we have

D XM @) = xo(() D xur (rsT()) u(sh).
WEA(S), XpiH=X WEA(S), XpiH=X
By hypothesis, the right-hand side is equal to xo(t(5))F5s rsc(s), 1,4 (SA). By Theo-

rem 3(vi), this expression is equal to Fj ;. g, (1). a

Lemma 15 further shows that if ® = (®,),cas) satisfies the conclusion of Lemma
14, then this is also the case for [R|™' >~ s - ®. This being the case, we assume
without loss of generality that our ® satisfies

D, (1) = xu(8) X () @A), A €ia”, (8.5)

for any s € R§.

8.5. The conclusion of the proof of Proposition 4

Suppose that the hypotheses of Proposition 4 are satisfied. In Lemma 14, we have
shown the existence of functions ®, € 2% (a)" ’ satisfying (8.5) for every minimal
K-type i € A(S) and shown that

FormyM) = Y. xw@)®,0), &eia™,

WEA(8), XulH=X
We wish to express the right-hand side as
tr(n({)H,X»)L( Z h/L) T(S’ r, Ha X A‘))
HEA(S)

for some functions s, € C°(G, K Y+ To obtain this expression, it is sufficient to
have

(s () Tr) = xur (D@, A € ia* ™), (8.6)

where T}, is the restriction of 7'(8, r, H, x, A) to I*(). In fact, it is sufficient for this
equation to hold for » = 1 and for all A € ia*/’. Indeed, by Lemma 6(i), (ii) and (2.4),
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the operator 7, , is bijective from 1%(8) to I*” (8), independent of A € ia*"™H) and
Tr,p. = A(P’ 3,7, 0) Tl,p. = Xp,’(r) Tl,p,-

Having reduced the proof of Proposition 4 to finding these specific functions %,
satisfying (8.6), we may take advantage of the action of R on @, as in (8.5). For any
t>0andn € R, define (@W(a)}”o)” to be the subspace of functions ® in @W(a);”o
which satisfy

D(sr) =n(s) P(X), Areia’, s eR;.

It is obvious from (8.5) that ¢, belongs to (Q’W(a)wo)”#, where 1, = XuXur-
The existence of the /i, as stated in Proposition 4 is a consequence of the next
result with ' = w’. This result appears in [D3, (1.38)] in the required general-
ity. The particular case of © = ' was proved for G connected as a Lie group in
[CD1, proposition 1]. Note that the proof given in [D3, (1.38)] uses [DF, Theorem 2]
instead of [A1, Theorem III.4.1]:

A

suppose that ¢+ > O, let u,u’ € A(5), and let n = xux. € R;
suppose further that 2% (a);"" is the space of functions from ia* to
Hom(7*(8), 1*(8)) defined by
Aol (e, A€ ia, (1)
for h € CX(G, K), of type (i, p'); then,
PW (@ = (29 (@) ® Hom(I* (5), I"(3)).

9. A corollary of the main theorem
Let P = M AN be a parabolic subgroup of G, and let P’ be the intersection of G’
with its normalizer P™ in G*. We assume in the following that it is nonempty and
contains t. Thus 7 - P = P, which implies that o - P is conjugate under G to P.
This implies that there exists k € K with ko € P’ such that P’ N K% is nonempty.
We may choose T € P’ N K. Hence, the map P*/P — G*/G is surjective. It is
bijective, as the normalizer of P in G is P. The normalizer P is generated by P’.

Similarly, let L™ be the intersection of the normalizer of L = M A in G with P+,
It is an algebraic group and has nonempty intersection L’ with G’, which generates
L*. Infact, T € K* N P’ isin L™, as T normalizes P™ and O(P*). Let M™ be
the subgroup of L™ generated by t and M. Then, L™ = M*A, and A is a normal
subgroup of L™, but it is not necessarily in the center of L.

If B is equal to either K, P, L, or M, then B’ := B N G’ is equal to Br,
B’ generates BT, and the canonical map BY/B — G /G is surjective. Moreover,
P™ = L*N, and A and N are normal subgroups of L' and P™, respectively. The
fixed-point spaces a” and a® are equal.

If ¢t is a tempered unitary representation of Mt whose restriction ¢ to M is
irreducible and if A € ia*!" = ia*", then e* ® ¢* ® 1y is a unitary representation of
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P*. We denote by nsﬁt\ the corresponding unitarily induced representation from P+t
to G*:
the unitarily induced representation JTSP:)\ from P* to G7 restricts to G

. . . P 9.8)
as a representation canonically equivalent to 7, .

LEMMA 16

Let (©,) and (©)) be two families of o -twisted characters (see Section 5.1) of repre-
sentations 10, and 1] of G*, respectively, for A in an open connected subset Q of a
finite-dimensional subspace of ia* so that

1) the restrictions of m; and w; to G are equivalent;

(i1) the families of twisted characters are analytic; and

(iii) 0y, = @;\0 # 0 for some Ly € Q such that 7'(81?A is irreducible in a neigh-
borhood of Ay.

Then, the two families of twisted characters are identical.

Proof

Recall from Section 5.1 that n is the least positive integer such that 6" € K. It is
also the order of the coset of o in G¥/G or K*/K. As mentioned in Section 5.1,
there exist n equivalence classes of representations of Gt with a given irreducible
restriction to G. They differ by an nth root of unity on o € G’. Thus there exist nth
roots of unity c(X) such that in a connected neighborhood of A,

0, = c(1)O)].
Since ® and @’ are analytic, c(A) is constant. The constant c¢(X) equals 1, as c(Ag) = 1.
The lemma follows by analytic continuation. a
THEOREM 4
Let ¢ be a complex-valued function defined on the tempered dual (A}f;mp of Gt which

is nonzero only on the subset G/temp of equivalence classes of representations of G
whose restrictions to G are irreducible and tempered. We also denote by ¢ the Z-linear
extension of ¢ to the set of tempered representations of G of finite length. Then, there
exists f € C2(G, K), with

r(z T (fnT(0) = p(x"), 7t e Gl

temp *

if and only if ¢ satisfies the following conditions.

1) There exists a finite subset I of the unitary dual K such that ¢p(r) = 0 if
the restriction w of 7 to G does not contain any K -type in T.
(i1) If %t and n't € G”lemp have the same restriction w to G and w7 (o) =

cr't (o) for some root of unity c, then ¢(w™) = cep(m'").
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(ii1) Let Q = MpAgNg be a parabolic subgroup of G with Q' nonempty.
Assume that % is a tempered representation of M}, and let A € a* o. Then,
A ¢>(n€Q+;) is the Fourier transform of a function on agg of support
contained in the closed ball of radius t. In such a case, we say that ¢ is the
twisted invariant Fourier transform of f.

Proof

First, let us show that the conditions are necessary. If ¢ is the twisted invariant Fourier
transform of f € C>°(G, K),, it evidently satisfies (i) and (ii). Since 0 € KT, it
follows that in the compact realization, the operator nsQ;A(a) does not depend on A.
Therefore, condition (iii) can be proved by imitating the proof of Lemma 8.

Let us show that the conditions are sufficient. First, we wish to define Fj , y ., as
in Theorem 2. The operator S(8, r, H, x, A) (see Section 6.1) intertwines (néi,)H.X,A)U
with 7[31,) Hoy e Therefore, when n({) Hox is irreducible, the operators S(8, r, H, x, A)"
and "), ,.2(t3) are proportional (see Section 5.1). As tj' € K, the second oper-
ator is independent of A. By Lemma 6(ii), this is true also for the first operator
restricted to the minimal K -types. Thus the proportionality factor is independent of
A when 715{) H.y.» 18 irreducible. Since these operators are analytic in A, the propor-
tionality factor is always independent of L. Consequently, there exists ¢ € C such
that 'S, r, H, x,A) = ¢S, r, H, x, L) verifies (S'(8, H, x, L))" = an,X_A(tg’).
As a consequence, S'(8, H, x, 1) determines a representation (n(f H.y. ) of GtUdtis
clearly analytic in A. We define

FH,&,r,x()‘-) = C_] ((7{51?[-1,)(,)\)-'_)-

The relations between the ©F , ,, . ; (see Propositions 2, 3) carry over to the twisted
characters of the (77, )7 by Lemma 16. The fact that ¢ is Z-linear on the set of
tempered representations of G* therefore implies that the family of functions Fj , y ,
satisfies Theorem 3(iii) — (vi). Theorem 3(i) follows from condition (i) for ¢. It remains
to verify Theorem 3(ii). To achieve this, we show that the family of representations
(7'[51? Hoy. )T is equivalent to a family Jrg_rk for a suitable parabolic subgroup Q of G. In
fact, Proposition 1 tells us that for A € a*™, the representation ;" H.y. 18 equivalent
to 7'[8% (with Q and ¢ as in Proposition 1). In particular, Q, €, and A are 775-stable. As
aresult, 715 € Q’, ¢ extends to an irreducible representation of M 5, and A € a6,

The representation JTSQ;\ is, like (77" 1.,.) "> @ representation of G whose restriction
to G is equivalent to n(f H.y.x- Thus £ can be multiplied by a root of unity so that they
are equivalent representations of G* for some A for which 77, 4.2 18 irreducible. By
Lemma 16, one sees that the twisted characters of (77, () and ”g:x are identical
for all A. This means that the two representations are equivalent and that

— + .
Finn () =c"'o@s ), reiat™,
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Theorem 2(ii) for Fy ;. p,, follows from condition (iii) for ¢. Thus Theorem 3 applies
and furnishes a function f € C>°(G, K), such that

D(rd ) = (Tt (o)

for all data (r, H, x, A). According to Theorem 1, every irreducible tempered o -stable
representation of G appears as such a 7, .- This implies that for every o -stable
irreducible representation 7 of G, there exists an extension 7 to Gt with

p(r") = tr(w(f)m* (). 9.9)

Condition (ii) implies that this is also true for all 7 € G{emp.
Finally, if 7 is an irreducible representation of G* whose restriction to G
is reducible, then both sides of (9.9) are zero. This shows that f has the required

properties. O

Appendix

THEOREM 5

Suppose that A is a root system of a subspace of a finite-dimensional real vector space
E, suppose that W is its Weyl group, and suppose that B is a nontrivial automorphism
of E, of finite order, preserving A and a subset of positive roots. Suppose further that
Wg = {wes |lw e W, w(E?P) = EP}. Let S(E) denote the algebra of polynomial
functions on E. Then, the restriction map from S(E) to S(E®) induces a surjection
from S(E)Y to S(EP)We.

Proof

The theorem reduces easily to the case where A generates E. We first treat the case
when the Dynkin diagram of A is connected. In this case, the automorphism g is either
an involution or is an automorphism of order three of the Dynkin diagram of type D,.
As the theorem is known to hold when 8 is an involution (see [CD2, appendice A]),
we assume that the latter holds. Following [Bo, Chapter VI, Section 4.8], £ = R* and
{1, €2, €3, &4} is the canonical basis of R*. The roots system A is equal to

{£eixe; |1 <i<j<4]
and the base for A is

o =€ — &, Oy = &) — &3, o3 = €3 — &4, oy = &3 + &4.
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The elements of the Weyl group W are of the form w = sgn o s, where sgn denotes
a sign change on the &; of product 1 and s is a permutation of &1, &;, €3, &4. Without
loss of generality, we have

Blay) = as, Blaz) = ay, Blay) = ay, Blar) = as.

The subspace E? is generated by a, and o) + a3 + 4. It is accordingly also generated
by

Ol]+2a2+a3+(14:81+82 and Ol1—|—0lz+Ol3+C{4:81+83.

At this point, it is convenient to conjugate 8 by the element x € W, which fixes €1, &4
and negates both &, and &3. The fixed-point set E# of the resulting automorphism
B’ = xBx~! is generated by

ap =¢&; — & =x(& + &) and ay =& — &3 =x(&1 +&3) — (61 — &2).

If Ef is stable under w = sgn o s, then s must fix &4, and sgn = =£Id. Thus Wy
is isomorphic to the direct product S3 x {£1}, where S; is the permutation group of
€1, &2, €3. Using the canonical coordinates, S(E#)S is isomorphic to the polynomial
algebra generated by the restriction of X7 + X3 + X3 and X, X»X; to EP. Let u,
and u, denote the respective restrictions. As u; is invariant under —1, the subalgebra
S(E?)W¥ is generated by u; and u3. On the other hand, according to [Bo, Chapter VI,
Section 4.8], S(E)Y is generated by the symmetric polynomials

n(X) = (X1)* + -+ + (Xa)?,

H(X) = (X1)’(X2)* + - 4+ (X3)*(Xs)’,

5(X) = (X)X (X)X (X3)" 4 -+ + (X2)(X3)(Xa)’,
(X)) = X1 X2 X5X,.

The desired surjectivity now follows from the fact that (7)) z» = u; and (&3) g = u%

We now prove the theorem in the case of disconnected Dynkin diagrams. In
this circumstance, the automorphism  may permute the connected components. The
decomposition of a permutation into a product of disjoint cycles allows us to reduce
the problem to the case where 8 permutes n isomorphic copies of a connected Dynkin
diagram cyclically among themselves. The cyclic permutation given by § on these
connected components allows us to identify each of them with a given D’, generating
a space E’ and a root system R’ with Weyl group W'. The nth power of 8 induces an
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automorphism B’ of the Dynkin diagram D’. One has
Ef = {(x,...,x)|x e E, B(x) =x}.
As a result, the theorem reduces to the connected case proved above. O

COROLLARY 1

The natural restriction map from PW (E) to PW (EP) induces a surjection from
PW(E)W to P W (EP)s.

Proof
The corollary follows from Theorem 5 by the argument given in [CD2, lem-
me C.1]. O
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the elaboration of this article.
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