P. Delorme et al. (2021) “The Constant Term of Tempered Functions
on a Real Spherical Space,”

International Mathematics Research Notices, Vol. 00, No. 0, pp. 1-86
doi:10.1093/imrn/rnaa395

The Constant Term of Tempered Functions
on a Real Spherical Space

Patrick Delorme!, Bernhard Krétz2, Sofiane Souaifi3,
and Raphaél Beuzart-Plessis?

1Université d’Aix-Marseille, I2M, UMR 7373, 13453 Marseille, France,
2Universitat Paderborn, Institut fir Mathematik, Warburger Str. 100,
33098 Paderborn, Germany, *Université de Strasbourg, IRMA, UMR 7501,
7 rue René Descartes, 67084 Strasbourg Cedex, France, and *Aix
Marseille University, CNRS, Centrale Marseille, I2M, Marseille, France

Let Z be a unimodular real spherical space. We develop a theory of constant terms for
tempered functions on Z, which parallels the work of Harish-Chandra. The constant
terms f; of an eigenfunction f are parametrized by subsets I of the set S of spherical
roots that determine the fine geometry of Z at infinity. Constant terms are transitive
ie., (fp; = f; for I C J, and our main result is a quantitative bound of the difference

f — f;, which is uniform in the parameter of the eigenfunction.

1 Introduction

Real spherical spaces are the natural algebraic homogeneous structures Z = G/H
attached to a real reductive group G. Formally, one defines real spherical by the
existence of a minimal parabolic subgroup P C G with PH open in G. On a more informal
level, one could define real spherical spaces as the class of algebraic homogeneous
spaces Z = G/H, which allow a uniform treatment of spectral theory, i.e., admit explicit
Fourier analysis for L?(Z).

Real spherical spaces provide a wide class of algebraic homogeneous spaces.

Important examples are the group G itself, viewed as a homogeneous space under its
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both sided symmetries G ~ G x G/ diag(G), and, more generally, all symmetric spaces. In
case H is reductive, a classification of all infinitesimal real spherical pairs (Lie G, Lie H)
was recently obtained and we refer to [26, 27] for the tables.

Harmonic analysis on spherical spaces was initiated by Sakellaridis and
Venkatesh in the context of p-adic absolutely spherical varieties of wavefront type [39].
In particular, they developed a theory of asymptotics for smooth functions generalizing
Harish-Chandra’s concept of constant term for real reductive groups.

Harish-Chandra’s approach to the Plancherel formula for L?(G), a cornerstone
of 20th century mathematics (cf. [19]), was based on his theory of the constant term
[17, 18] and his epochal work on the determination of the discrete series [15, 16].
In more precision, constant terms were introduced in [17] and then made uniform
in the representation parameter in [18] by using the strong results on the discrete
series in [15, 16]. Also in Harish-Chandra's approach towards the Plancherel formula
for p-adic reductive groups, the constant term concept played an important role and
we refer to Waldspurger's work [40] for a complete account (the constant term in
[40] is called weak constant term). Likewise, the Plancherel theory of Sakellaridis and
Venkatesh for p-adic spherical spaces is founded on their more general theory of
asymptotics.

Carmona introduced a theory of constant term for real symmetric spaces [7]
parallel to [17, 18], with the uniformity in the representation parameter relying on the
description of the discrete series by Oshima-Matsuki [37]. This concept of constant term
then crucially entered the proofs of Delorme [11] and van den Ban-Schlichtkrull [2] of
the Plancherel formula for real symmetric spaces.

Motivated by [39], we develop in this paper a complete theory of constant term
for real spherical spaces generalizing the works of Harish-Chandra [17, 18] and Carmona
[7]. Let us point out that our results hold in full generality for all real spherical
spaces, i.e., in contrast to [39], we are not required to make any limiting geometric
assumptions on Z such as absolutely spherical or of wavefront type. Further, we do
not need to make any assumptions on the discrete spectrum as in [39]. This is because
of the recently obtained spectral gap theorem for the discrete series on a real spherical
space [33], which then implies the uniformity of the constant term approximation in
the representation parameter. The results of this paper then will be applied in the
forthcoming paper [12], where we derive the Bernstein decomposition of L?(Z), which
is a major step towards the Plancherel formula for Z.

Let us describe the results more precisely. In this introduction, G is the group

of real points of a connected reductive algebraic group G defined over R, and H = H(R)
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for an algebraic subgroup H of G defined over R. Furthermore, we assume that Z is
unimodular, i.e., Z carries a positive G-invariant Radon measure. We will say that A is a
split torus of G if A = A(R), where A is a split R-torus of G.

Central to the geometric theory of real spherical spaces Z = G/H is the local
structure theorem (cf. [30, Theorem 2.3] and Section 2.1), which associates a parabolic
subgroup Q D P, said Z-adapted to P, with Levi decomposition Q = LU.

Let A be a maximal split torus of G, which we choose to be contained in L and
set Ay := AN H. We define A, to be the identity component of A/Ay and recall the
spherical roots S as defined in e.g., Section 3.2[31] or Section 2.2. Suitably normalized
the spherical roots are the simple roots for a certain root system on a, = Lie A, and give
rise to the co-simplicial compression cone a; := {X € a; | a(X) < 0, € S}, see [25]. Set
A :=exp(a,) CAy.

We move on to boundary degenerations h; of h, which are parametrized by
subsets I C S. These geometric objects show up naturally in the compactification
theory of Z (see [28], [25] and Section 3), which in turn is closely related to the polar

decomposition (see (1.1) below). In more detail, let a; = (,.;Kera C a; and pick

ael

Xeaq ={Xeaq|aX) <0,ac S\I}. Let H be the analytic subgroup of G with
Lie algebra

LieH; = lim e XLieH,
where the limit is taken in the Grassmannian Gr(g) of g = Lie G and does not depend
on X. If we denote by z, = H the standard base point of Z, then one can view H; (up
to components) as the invariance group of the asymptotic directions yx(t) := exp(tX) -
zg for t — oo and X € a; . Phrased more geometrically, Z; := G/H; is (up to cover)
asymptotically tangent to Z in direction of the curves yy, X € a; ~.

As a deformation of Z, the space Z; is real spherical. Further, one has A, = A,
naturally, but the compression cone ay ={X€a;|aX) <0,ael} becomes larger. In
particular, a; is the edge of the cone a; , which translates into the fact that A; = exp(ay)
acts on Z; from the right, commuting with the left action of G.

The general concept of “constant term” is to approximate functions f on Z
in directions yy, X € a; , by functions f}, called constant terms, on Z;. The notion
“constant” then refers to the fact that f; should transform finitely under the right action
of A;.

The appropriate class of functions for which this works are tempered eigenfunc-

tions on Z. In order to define them, we need to recall the polar decomposition, which



4 P. Delorme et al.

asserts
Z=QA;W -z, (1.1)

for a compact subset Q@ C G and a certain finite subset VW of G, which parametrizes the
open P-orbits in Z (see Lemma 2.7 and Remark 2.11 for more explicit expressions of the
elements of W).

Let pgp be the half sum of the roots of a in Lie U. Actually, as Z is unimodular,
pq € az.

For f € C*°(Z) and N € N, we set

an(f) = sup  a *2(1+|logal) Y |f(gaw - zy)|
geQ,weW,aeAE

3 00
and define Ctemp,N

algebra U(g) of the complexification g; of g,

(2) as the space of all f € C*(Z) such that, for all u in the enveloping

qN,u(f) = qN(Luf)

is finite. The semi-norms gy , induce a Fréchet structure on CgJ

temp,n(Z) for which the

G-action is smooth and of moderate growth (in [4], these are called SF-representations).
We define the space of tempered functions C?;’mp(Z) = Upnen C?gmp,N(Z) and endow it
with the inductive limit topology.

We denote by Z(g) the center of U/(g) and define Atemp (Z), resp. AtemplN(Z), as the

subspace of C‘;;’mp (2), resp. ijmplN(Z), consisting of Z(g)-finite functions.

Remark 1.1. Functions f € A,,,(Z) can be described suitably in terms of represen-
tation theory. A variant of Frobenius reciprocity implies that elements f € Atemp(Z) can

be expressed as generalized matrix coefficients

fgH) =m, ,(gH) = n(z(9)"'v),

for v € V>, where (, V™) is a Z(g)-finite SF-representation of G and n : V*® — C a
H-invariant continuous functional. If V~°° denotes the continuous dual of V*°, then an

element n € (V->°)H is called Z-tempered provided m, , € Ayemp(Z) for all v e V™. We

H

denote the corresponding subspace by (V™>)t,p,,.
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For I C S, we choose a set W, C G parametrizing the open P-orbits on Z;. Then
it is the content of Section 2 that there is a map m : A, — WV obtained from a natural
matching of open P-orbits on Z; with open P-orbits on Z. As Z; is a real spherical space,
(Zp) and Ay, v (Zp) as before.

For J a finite codimensional ideal of the center Z(g) of U(g) we denote by

3 o0
we can define Ctemp,N

Aiempn(Z = J) the space of elements of A, y(Z), which are annihilated by J. Note
that, by definition, there exists for each f ¢ Atemp,N(Z) a co-finite ideal J such that

Atemp,N(Z 2 D).
The main result of this paper is the following (cf. Remark 6.6 and Theorem 6.9

for (i)—(iii) and Theorem 8.10 for (iv)).

Theorem 1.2. Let J C Z(g) be an ideal of finite co-dimension. Let I C S. Then there
exists an N; € N such that for all N € N there exists a continuous G-equivariant linear

map

CTI,N : Atemp,N(Z : j) - Atemp,N-i—Nj (ZI : j): f = fI

with the following properties for all g € G and X; € a; :

(i) If we interpret f, resp. f;, as functions on G that are right invariant under H,

resp. H;, then

lim e "% (f(gexp(tX;)) — f1(g exp(tX)))) = 0.

t— 400

(ii) The assignment
R >t > e PaXDf (gexp(tX;))

defines an exponential polynomial with unitary characters, i.e., it is of the
form 2}121 pj(t)ei”ft, where the p;'s are polynomials and the v;'s are real
numbers.

Conditions (i) and (ii) determine the constant term morphism CT;  uniquely. Moreover,

(iii) For each w; € W; with w = m(w;) € W, and any compact subsets C; C a; ,

2 C G, there exists ¢ > 0 and a continuous semi-norm p on A, y(Z) such
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that for all f € Ay, y(Z : J) one has:

|(az exp(tXp)) "2 (f(gay exp(tXpw - zy) — fr(gaz exp(tX)pw; - 2y ) |
< e "1+ logagl)"p(f), az €Az X €Crget=0.

(iv) The bound in (iii) is uniform for all 7 of codimension 1, i.e., 7 = ker x for a

character y of Z(g).

Given f € Ayp,,(Z2) and I C S, we call f; € Ay, (Zp) the constant term of f
associated to I. Note that properties (i) and (ii) in Theorem 1.2 determine f; uniquely as
a smooth function on Z;. Furthermore, we may interpret Theorem 1.2(iii) in such a way
that f; controls the normal asymptotics of f in direction of a; ~ emanating from the base

points w - z, for certain w € W.

Remark 1.3. (a) Theorem 1.2 can be phrased differently in the language of rep-
resentation theory and it is worthwhile to mention this reformulation. Let V be a
Harish-Chandra module and V*° its unique SF-completion. The subgroups H, H; being

real spherical implies that the invariant spaces (V~>®°)# and (V~>°)H are both finite

H

dimensional (cf. [35]). Inside, we find the subspaces of tempered functionals (V™)

and (V‘W)ﬁé’mp. Then Theorem 1.2 defines a linear map

_ — H;
VN emp = (V" )igmpr 1> 0y

temp’

such that, for all v e V>, the matrix coefficient f = m, , is approximated by f; = m,
in the sense of Theorem 1.2(iii). As A; normalizes H;, we obtain an action of a; on the

finite dimensional space (V—“){Qmp. It is easy to see that temperedness implies that
_ H; .
Specy, (V""" emp C Palq, + 197,

which in turn translates into the behavior of f; as exponential polynomial as recorded
in Theorem 1.2(ii).

(b) It is possible to develop a constant term theory for all Z(g)-finite eigenfunc-
tions on Z, i.e., the assumption of temperedness is not really necessary. This was carried

out in [34, Th. 7.1] in case where Z is wavefront.

Parts (i)—(iii) of Theorem 1.2 generalize the work of Harish-Chandra in the group
case (see [17, Sections 21 to 25], also the work of Wallach [42, Chapter 12], where the
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constant term is called leading term) and the one of Carmona for symmetric spaces
(see [7]). The uniformity in (iv) generalizes the uniform results of Harish-Chandra in the
group case (cf. [18, Section 10]) and Carmona for symmetric spaces (cf. [7, Section 5]).

As a corollary of Theorem 1.2, we obtain a characterization of tempered eigen-
functions f in the discrete series by the vanishing of their constant terms f;, I C S (see
Theorem 6.12). Again it is analogous to a result of Harish-Chandra. For this, we use in a
crucial manner some results on discrete series from [31, Section 8].

The proof of Theorem 1.2 is inspired by the work of Harish-Chandra for real
reductive groups G, [17, 18], who associates to a tempered eigenfunction f on G certain
systems of linear differential equations. The main technical difficulty here is to set
up the correct first order system (5.26) of differential equations on A; associated to
a function f € A, (Z). This is based on novel insights on the algebra of invariant
differential operators on Z. With the solution formula for the first order differential
system (5.26), one then obtains, as in [17], for each f € Atemp(Z), a unique smooth
function f; € C*°(Z;) with properties (i), (ii) in Theorem 1.2 and also (iii) for w; = w = 1.
A main difficulty in this paper was to show that f; is in fact tempered, which translates
into the assertions in (iii) for all w; € W;. This, we deduce from Proposition 3.1 on
geometric asymptotics related to the natural matching map m : W, — W. Let us
point out further that our treatment in Section 8 of the uniformity in Theorem 1.2(iv)
constitutes a simplification to the so far existing state of the art in [42, Chapter 12].

Earlier versions of this article needed the assumption that Z is of wavefront
type. This was mainly due to the lack of a better understanding of the algebra D(Z) of G-
invariant differential operators on Z and their behavior under boundary degenerations,
i.e., overlooking that there is a natural map D(Z) — D(Z;) originating from Knop’s work
[24]. This was observed by Raphaél Beuzart-Plessis and is now recorded in Appendix C.
With this insight, we could remove the wavefront assumption and make the paper valid

in the full generality of real spherical spaces.

2 Notation

In this paper, we will denote (real) Lie groups by upper case Latin letters and their Lie
algebras by lower case German letters. If R is a real Lie group, then R, will denote its
identity component. Furthermore, if Z is an algebraic variety defined over R and k is
any field containing R, then we denote by Z(k) the k-points of Z.

Let G be a connected reductive algebraic group defined over R and let G := G(R)

be its group of real points.
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Remark 2.1. More generally, we could define G as an open subgroup of the real Lie
group G(R). The main analytic result of this paper (i.e., Theorem 1.2) is not affected by

this more general assumption but we do not supply a complete proof here.

For an R-algebraic subgroup R of G, we set R := R(R) and note that R C G is a
closed subgroup.

Let now H C G be an R-algebraic subgroup. Having G and H, we form the
homogeneous variety Z = G/H. We note that Z(C) = G(C)/H(C) and denote by z, = H(C)
the standard base point of Z(C). Set Z = G/H and record the G-equivariant embedding

Z—Z(C), gH— g-z,.

In the sequel, we consider Z as a submanifold of Z(C) and, in particular, identify z, with
the standard base point H of Z = G/H as well.

Remark 2.2. Note that Z is typically strictly smaller than Z(R), which is a finite union
of G-orbits. An instructive example is the space of invertible symmetric matrices Z =
GL, /0,,, which features Z(R) = Up+q:n GL(n,R)/ O(p, @). In particular, ZR) 2 Z = G/H =
GL(n,R)/ O(n).

As a further piece of notation, we use, for an algebraic subgroup R C G defined
over R, the notation Ry := RN H and, likewise, Ry := RN H. In the sequel, we use the
letter P to denote a minimal R-parabolic subgroup of G. The unipotent radical of P is
denoted by N.

2.1 The local structure theorem

From now on, we assume that Z is real spherical, that is, there is a choice of P such that

P.z,is openin Z.

Remark 2.3. Notice that P(C)H(C) is Zariski open and hence dense in G(C) as G was
assumed to be connected. Thus, any other choice P’ of P, with P’ - z, open, is conjugate
to P under H.

We now recall the local structure theorem for real spherical varieties (cf. [30,
Theorem 2.3] or [25, Corollary 4.12]; see also [6, 23] for preceding versions in the complex

case), which asserts that there is a unique parabolic subgroup Q > P endowed with a
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Levi decomposition Q = L x U, defined over R, such that

QH = PH, (2.1a)
Qy =Ly, (2.1b)
Lﬂ D) Lnr (21C)

where L, denotes the connected normal subgroup of L generated by all unipotent

elements defined over R.

Remark 2.4. (a) The Lie algebra [ is the sum of all non-compact simple non-abelian
ideals of [.

(b) As mentioned above, Q is the unique parabolic subgroup containing P with
properties (2.1a)—(2.1c). Slightly differently, we could have defined Q via [28, Lemma 3.7],

which asserts
Q(C) ={g € G(C) | gP(C) - zy = P(C) - 2y} .

The group Ly is uniquely determined by Q and we recall from [25, Lemma 13.5] that Ly
is an invariant of Z, i.e., its H-conjugacy class is defined over R. In contrast to Ly, the
Levi subgroup L is only unique up to conjugation with elements from U, which stabilize
Ly. In this regard, we note that it is quite frequent that Ly is trivial and then L could be
an arbitrary Levi of Q. For later purposes of compactifications, we will only use those
choices of L that are obtained from the constructive proof of the local structure theorem
(cf. [30, Sect. 2.1] or [25, Sect. 4]). In case Z is quasi-affine, this means that [ is defined
as the centralizer of a generic hyperbolic element of g*, which is contained in (h + n)*

(see the constructive proof of the local structure theorem in [30] or [25]).
Example 2.5. (The triple space) Let G, := SL(2) with G, = SL(2,R) and form G :=

G, x G, x G,. With H := diag G, we obtain a real spherical space Z = G/H, the so-called

triple space. It features Z = Z(R) as one deduces from the standard identification
Z=G/H— G, x G,, (91,92,99H = (919519295,
which a G-isomorphism of varieties where G acts on G, x G, as

(g1192193) ° (X!Y) = (glxgglrgZY.ggl) (g]:gZIgS!XIy € go) .
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Let g, = ¢, + 5, be the standard Cartan decomposition with ¢, = so(2,R). Let further
X, X, € s, be linearly independent elements, set X; := —(X; + X,) and define

Then a := a; X a, x ag defines a Cartan subspace of g =g, x g, X g,. We set A; = exp(q;)
and then A = A; x A, x A;. Observe that

bl = (Y}, Yy, Y3) €g| Y, +Y,+ Yy =0}
and thus
X, = (X, X,,X3) €anht.

Let now P; C G, be any minimal parabolic subgroup of G, above A;. With P = P; x P, x P,
we then obtain a minimal parabolic of G such that PH C G is open. For later purpose we
record P; NP, N Py = {£1} equals the center Z(H) of H. This entails that PH/H ~ P/Z(H)
and thus Q = P.

If we write P; = M;A;N;, then M; = Z(G,) with N = N; x N, x N, and therefore

X, € (h+n)* is in accordance with the constructive proof of the local structure theorem.

A parabolic subgroup Q as above in (1.1) will be called Z-adapted to P.

Let Ay be the maximal split torus of the center of L and A be a maximal split
torus of PN L. Note that A, C A. Define A, := A/Ay and let (by slight abuse of notation)
Ay = (A/Ag)g = Ay/(Ag)o. From the fact that L, C Ly and A = A (AN Ly), we obtain
Ay ~(Ap)o/(Ar)o NH with ay >~ a; /a; N .

We choose a section s : A, — (4;), of the projection (4;), — A, whichisa  (2.2)

morphism of Lie groups. We will often use a instead of s(a), a, instead of s(ay) etc.

Note that Z;(A) = MA where M C P is a maximal anisotropic subgroup. Moreover, M4,
as a Levi of P, is connected (recall that Levi subgroups of connected algebraic groups
are connected). Notice that M commutes with A and P = MAN. Observe that MNA equals
the 2-torsion points A, of A.
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From (2.1a)-(2.1b), we obtain PH/H = QH/H ~ U x L/Lyg, and, taking real points,

we get

[P 2g)(R) ~ U x (L/Ly)(R).

Next, we collect some elementary facts about (L/Lg)(R). To begin with, we define
My :={meM|m-z,C AyR))
and note that My, is a cofinite normal 2-subgroup of ﬁH, see Proposition B.2. We denote

by Fy, = ZAVIH/MH this finite 2-group. Since the action of the P-Levi MA C L on L/Ly is

transitive, we obtain for the real points, by Proposition B.2,

/L) (R) = M/My] x™ Ay(R). (2.3)

From that, we derive the local structure theorem in the form

[P zg](R) = U x [[M/Mg] x™ A,(®R)], (2.4)

which we will use later. Let us denote by Ay;(R)y ~ {-1, 1}" the 2-torsion elements in
Az(R) ~ (R*)" and note that A;(R), naturally parametrizes the connected components of
Az (R), that is, the Az-orbits in Az(R). In particular, we record the natural isomorphism

of Lie groups
Ay(R) = Ay x Az(R),.

Observe that Fy; naturally acts on Az (R),. Hence, if we denote by (P\Z(R)) open
the set of open P-orbits in Z(R), then we obtain from (2.4) and Corollary B.3 that:

Lemma 2.6. The map
Ag(R)z/Fyy = (P\Z(R))open, Fiyaz > Pay
is a bijection.
If we intersect (2.4) with Z, we obtain

[P-zJ(R)NZ = U x [[M/Mpg] x™ A, ] (2.5)
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with A, := Az(R) N Z. Observe that A, might not be a group and is in general only a
Ag-set. With Ay, := A;(R), N Az, we then obtain

Agp=AgA Ay xAyy.
Note that Fy, acts on A, and thus we obtain, in analogy to Lemma 2.6, that the map
Az 2 /Fy = (P\2)open: Fyaz — Pay

is a bijection. Next, we wish to find suitable representatives of the open P-orbits of Z in
G, i.e., find, for each Fya; with a; € A 5, an element w € G such that Pa; = Pw - z,. For

that, we consider the exact sequence
l1>Ay >A—>A;=A/Ag—> 1.
Now, note that this sequence stays, in general, only left exact when taking real points
1 Ag(R) — AR) > Az(R).
In particular, we typically do not find a preimage of a torsion element t € A, , C Az(R)
in A = A(R). However, if we set T := exp(ia) C A(C) and T, := exp(iay) C Az(C), then
T — Ty is surjective. In particular, each t € A, has a lift £ € T, which can even be

chosen in exp(ida;) C T. In this way we extend the lift s : A, — (4;), from (2.2) to a map

A,(R) - A; exp(iay,), also denoted by s in the sequel. Thus, we have shown that

Lemma 2.7. There exists a set W C G of representatives of (P\Z),e, such that any
element w € W has a factorization in G(C) of the form
w = th, where t € exp(id,) and h € H(C) such that t :=%-z; € Az ,.

In particular, if a € Ay, aw - zy = w - z,.

In the sequel, W C G is a choice of representatives of (P\Z),, as in Lemma 2.7,

assumed to contain 1 as a representative of P - z.

Example 2.8. (a) (Group case) Let G = G’ x G'. In the group case, i.e.,

Z=G xG/diagG ~ G,



The Constant Term of Tempered Functions 13

one has only one open P = P’ x P'-orbit in Z by the Bruhat decomposition of G’'. Hence
W = {1} in this case.

(b) (Triple case) We recall the triple space Z = G, x G, x G,/ diag G, from Example
2.5. We recall that P - z; ~ P/Z(H) with Z(H) = {£1} the center of H. Further we have
Fy; = M/My in this case so that A,(R),/F;; consists in fact of two elements. Hence
W = {1, w} has two elements in this case. If we were to consider disconnected PGL(2, R)
instead of G, = SL(2,R), then W = {1} would be trivial.

2.2 Spherical roots and polar decomposition

Let K C G be a maximal compact subgroup associated to a Cartan involution 6 of g with
0(X) = —X for all X € a. Furthermore, let x be an Ad G and #-invariant bilinear form on g
such that the quadratic form X — || X||? = —« (X, 6X) is positive definite. We will denote
by (-, -) the corresponding scalar product on g. It defines a quotient scalar product and
a quotient norm on a, that we still denote by || - |.

For later reference, we record that K is algebraic, i.e., K = K(R), and further,
M C K as we requested 6| = —id,.

Let ¥ be the set of roots of ain g. If « € X, let g* be the corresponding weight
space for a. We write X, (resp. X,) C X for the set of a-roots in u (resp. n) and set
u- = ZaeEu g~ ¢, i.e., the nilradical of the parabolic subalgebra q~ opposite to q with
respect to a.

Let (IN h)*t be the orthogonal complement of [N h in [ with respect to the scalar

product (-, -). One has:

g=hoInhH-ou. (2.6)

Let T be the restriction to u~ of minus the projection from g onto (IN h)*' @ u parallel to
h.Leta € X, and X_, € g~*. Then (cf. [31,equation (3.3)])

TX )= D> X4, (2.7)
BeX,U{0}

with X, s € ¢ Cuif g € £, and X, 5 € (INH)*+.
Let M C Ny[%,] be the monoid generated by:

{o+B|laeX,,Be X, U{0}such that there exists X_, € g~ with X, p # O} (2.8)
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The elements of M vanish on a; so M is identified with a subset of a}. We define

a, ={Xecay|aX) <0, ac Mj
and o, ={Xea;|aX) =<0, ae M|

Following e.g., [31,Section 3.2], we recall that a; is a co-simplicial cone, and our
choice of spherical roots S consists of the irreducible elements of M, which are extremal
in R, oM. Here, an element of M is called irreducible if it cannot be expressed as a sum

of two nonzero elements in M.

Example 2.9. (Triple case continued) In the triple case of Example 2.5 we had a =
a; X a, x ag and accordingly ¥, = X; I ¥, II ¥; with ¥; = {+«;} and «; corresponding to
N, CP,C G, Letnow 0 # Y € g, and expand itas Y = Y, + Y* 4+ Y~ for ¥, € a; and
Yt e gémi for i = 2,3. Then a simple computation shows that ¥, # 0 and thus «; € M.

Likewise we obtain «,, a3 € M and thus S = {o, @y, o3}
Later, we will also need the edge of a,
azg=a; N (may)={X€az|a(X)=0,aeS}.

Note that a, z (more precisely s(a; z)) normalizes h and, likewise, A, ;. := exp(az z) C Ay.
We turn to the polar decomposition for Z. Set A} := exp(a;) and A, = A;,A; C
Ay . By the definition of W, we then record that

Ay =AW 2.
Lemma 2.10 (Polar decomposition). There exists a compact subset Q C G such that
Z=QA;g. (2.9)

Proof. Recall the group of 2-torsion points Az(R), of AzR). According to [25,Theorem
13.2 with Remark 13.3(ii)] (building up on the earlier work [28, Theorem 5.13]), we have
ZR)=Q-AzR),A,, for some compact subset Q2 of G. Note that AzA,(R),NZ = Azg and

the assertion follows. |

Remark 2.11 (Passage to H connected). An analytically more general setup would be
to work with connected H, i.e., with Z, = G/H, instead of Z = G/H. For that, only some

adjustments are needed. In detail, by right-enlarging W with a set Fy; of representatives
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for H/Hy,(H N M), we obtain with W, := WFy a set, which is in bijection with the set of
the open P x H,-double cosets in G. Similarly, one obtains a polar decomposition for Z
as Zg = QA,; W, - z, with z, = Hy, now denoting the base point of Z;.

In order not to introduce further notation and maintain readability, the main
text is kept in the algebraic framework. At various places, we will comment on the

necessary adjustments needed for H connected.

The polar decomposition is closely related to compactification theory of Z, which

we summarize in the next section.

Example 2.12. In some cases it is possible to have a very specific choice of Q, for
example in the group case Z = G’ x G’/ diag G’ >~ G’ one can take Q = K’ x K'. Interesting
is also the triple case. Here one has in fact Z = KA, for K = K, x K, x K, by [10,Th. 3.2],
butz 2 KAE,R as a consequence of [10,Th. 4.1].

3 Boundary degenerations and quantitative geometry at infinity

For a real spherical subalgebra h C g and any subset I C S, there is natural deformation
of h; of b, see (3.1) below for the straightforward definition. We define H; = (exp(h;)) as
the analytic subgroup of G with Lie algebra h; and define the boundary degenerations
of Z as Z; := G/H;. Let us mention that Z; identifies (up to cover) with an open
cone-subbundle in the normal bundle of a certain G-boundary orbit in a smooth
compactification of Z. This more elaborate point of view will be taken in the forthcoming
work [12], but is not the topic of this paper.

The compactification theory is reviewed here shortly in Section 3.3, but only
as a tool to give a short proof of Proposition 3.1, which is the main result of this
section. In more detail, let WW; be the set of open P-orbits in the deformed space Z;.
We introduce a natural matching map m : W; — W for open P-orbits. The definition of
m involves certain sequences and the contents of Proposition 3.1 is about the rapid (i.e.,

exponentially fast) convergence of these sequences.

3.1 Boundary degenerations of Z

Let I be a subset of S and set:

a; = Xea;|aX)=0,aell} A; = exp(a;) CA,,
o Xeag|laX) <0, xaeS\I}, A/~ exp(a; ).

&)
I



16 P. Delorme et al.

Then there exists an algebraic Lie subalgebra b; of g such that, for all X € a; ~, one has:

b= Jim, 4% a1

in the Grassmannian Gr,(g) of g, where d := dim (h) (cf. [31,equation (3.9)]).

Notice that a; normalizes bh;, and hence

61 =br+a;

defines a subalgebra of g that does not depend on the section s.
Let H; be the analytic subgroup of G with Lie algebra h; and set Z; = G/H;. Then

Z; is a real spherical space for which:

() PH; is open,
(ii) Qis Z;-adapted to P,

(iii) az =az and ay ={X€azlaX) <0, ael} contains a;

(cf. [31,Proposition 3.2]). Similarly to (2.6), one has:
g=hednn-eu.

Let T; : u~ — (IN ) @ u be the restriction to u~ of minus the projection of g onto
(tNh)Lt @ u parallel to b;. Furthermore, let (I) C Ny[S] be the monoid generated by I. Let
Xé,ﬁ = X, p if « + B € (I) and zero otherwise. It follows from [31,equation (3.12)] that
X_o + X ges,u0) Xa p € by This implies that, for o € T,

TH(X_,) = Z XL,

BeX, U0}
Let A, =expag. Similarly to Z, the real spherical space Z; has a polar decomposition:
Z =AW, 2oy, (3.2)
where z,; = Hj, Q; C G compact and W; C G finite (cf. Lemma 3 and Remark 5 for

the choice of W; as H; is defined to be connected). In more detail, the Lie algebra b; is

algebraic and we let H; be the corresponding connected algebraic subgroup of G. Using
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Lemma 2 applied to the real spherical space G(R)/H;(R), we can make, using Remark 5,

a choice for W; such that elements w; € W; are of the form
wy = §;h;, for some i; € exp(id,) and h; € H;(C). (3.3)
We fix such a choice in the following, requesting in addition that 1 € W;.

3.2 Quantitative escape to infinity

LetI C S. Let us pick X; € a; ,i.e., X; € a; and a(X;) <Oforall @ € S\I. Fors e R, let

ag 1= exp(sXj). (3.4)
Fix w; = {;h; € W,. According to [31,Lemma 3.9], there exists w € W (uniquely
determined by X;) and sy > 0 with
Pw,aH =PwH, s>s,. (3.5)
Note that (cf. Lemma 2):
w = th, for somet € exp(ia,) and h € H(C). (3.6)

A priori, w might depend on X;, say w(X;). On the other hand, the limit (3.1) is locally
uniform in compact subsets of a; . In particular, the set of Y € a;~ such that w(Y) =
w(X;) is open and closed. Hence, w is independent of X;. Given w; € W; and w € W such
that (3.5) holds, we say that w corresponds to w; and note that this correspondence sets
up a natural map m: W; — W.

According to [31,Lemma 3.10], there exist elements u, € U, b, € A, and mg, € M
such that:

wiag -z, = umbw-z, s>sg,
: -1
lim (a;by") = 1,
§—+00 (3 7)
lim u, = 1,
S—+00
sEEloo mg = my, for somem, €M.

Notice that in case w; = 1 we have w = 1 by (3.5) and our request that 1 € W; also note

my,, = 1for w; = 1.
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The goal of this section is to give a quantitative version of the convergence in
(3.7). For that, we first refer to Appendix A for the definition and basic properties of
rapid convergence.

Recall the finite 2-group Fy; = My /Mj; defined before (2.4) and fix with Fy; ¢ M

a set of its representatives containing 1. Then we have the following result:

Proposition 3.1. The families (a.b : s~1) and (ug) converge rapidly to 1 and one can

choose the family (mg) such that (my) converges rapidly to m,,, € 15';[

Remark 3.2. (a) Proposition 3.1 allows us to change the representatives w; to m;,}

Wi
without losing the special form w; = t;h; with f; € exp id,. This is because of Fj;A; C
Az g C exp(iag)A - zo Hence, we may and will assume in the sequel that m,, = 1 for all
wy € Wr.

(b) For H replaced by connected H,, Proposition 3.1 stays valid with IE';I right-
enlarged by representatives of the component group My /(M N H,). However, this causes
that we possibly cannot take m,, =1 as in (a).

(c) In order to give a shorter proof of Proposition 3.1, we use the compactification
theory of Z(R), which we review in the next paragraph. In particular, it yields the
framework to consider z,; := lim,_, . a; - Zy as an appropriate rapid limit in a suitable
smooth compactification of Z.

Geometrically, compactification theory provides (up to cover) a first order
approximation of Z; to Z at the vertex ’Z\OJ at infinity. This first order approximation
then yields readily u; — 1 rapidly and mg; - m,,, € IE'IT/I rapidly. However, first order
approximation can only give a,b : s7! — 1 and to show that a;b;! — 1 indeed rapidly,

we need to use finer tools from finite dimensional representation theory.

3.3 Smooth equivariant compactifications

By an equivariant compactification of Z(R), we understand here a G-variety Z, defined
over R, such that Z(R) is compact and contains Z(R) as an open dense subset. In this
context, we denote by Z the boundary of Z in Z(R).

Suitable (i.e., smooth and equivariant) compactifications exist:

Proposition 3.3. Let Z = G/H be an algebraic real spherical space. Then there exists
a smooth equivariant compactification Z(R) of Z(R) with the following property: for all
ICcSand X € a; , the limit zy := limg_,  (exp(sX) - zy) exists in dZ and the convergence

is rapid. If by is the stabilizer Lie subalgebra of zyx in g, then h; C hy C HI.
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The proof of this result is implicit in the proof of [25,Theorem 13.2]. Since the
constructive proof is of relevance for us, we allow ourselves to repeat the fairly short

proof.

Proof. The starting point is the local structure theorem for the open P-orbit on Z as
in (2.4)

P-2y)(R) = U x [[M/MH] wFu AZ(IR{)] . (3.8)

One of the main results in [25], see loc.cit., Theorem 7.1, was that the compacti-
fication theory of Z can be reduced, via the local structure theorem, to the partial toric
compactification theory of A;. Let us be more precise and denote by E the character
group of 4,. Note that & ~ Z" with n = dim A,. If we denote by N the co-character
group of Ay, then there is a natural identification of a, with N ®; R. Further, the
compression cone a, identifies as a co-simplicial cone (in [25], one uses the rational
valuation cone, denoted Z;(X): take k = Rand X = Z. Then a, =R Qg Z,(X)). The set
of spherical roots S C E are then the primitive (in E) extremal elements, co-spanning
a,. Best possible compactifications (a.k.a. wonderful compactifications) exist when
#S = dim a, and S is a basis of the lattice E. In general, this is not satisfied and
we proceed as follows: we choose a complete fan 7 C a,, supported in a,, which is

generated by simple simplicial cones C;,...,Cy, i.e.,

[ ] U Cl e CLE,
e C;NC;isafaceof both C;and C;forall1 <i,j <N,
o (;={Xea;|dy;X) <0,1=j=<n}for (¥;),<j-p, abasis of the lattice E.

For the existence of such a subdivision, we refer to [9,Th. 11.1.9]. Now, attached
to the fan F, we construct the toric variety A,(F) expanding 4, along F. Note that
the toric variety A,(F) is smooth, as the fan consists of simple cones (third bulleted

property). Thus, we obtain a smooth variety

Zy(F) = U x [[M/My] x"™ A,(F)], (3.9)

which can be enlarged to a smooth G-variety Z(F) := G - Z;(F), containing Z,(F) as an
open subset. This is the content of [25,Theorem 7.1]. Now, set Z(]R) = Z(F)(R) and note
that Z(R) is compact by [25,Corollary 7.12] as F was assumed to be complete.

We now claim that the limit limg_, , (exp(sX) - z,) exists in A;(F)(R) and that the

convergence is rapid. For that, we pick a cone C;, which contains X, and let F; be the
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complete fan supported in C;, which is generated by C;. Notice that A,(F;)(C) ~ C" is
open in A,(F)(C). More specifically, the embedding of Ay (C) — C"™ is obtained by

Ay (C) 3 ar> (Y(@);<jep € (CH" C C". (3.10)

Given the definition of C; as the negative dual cone to the wij’s, j=1,...,n, the claim
now follows.

Note that the stabilizer of z, := exp(sX) - z, in G is given by H, :=

exp(sX)H exp(—sX) with Lie algebra b, := €° adXp gince z, — Zy in the smooth manifold
Z(R), we obtain that the vector fields corresponding to elements of lim, , b, = b,
vanish at zy. This shows that h; C hy. Finally the property hy C HI is derived from
[25,Theorem 7.3]. | |

We end this subsection with further remarks and explanations of the construc-

tion in the proof above.

Remark 3.4. (a) It is quite instructive to consider the special case of Z = G = A.
Here A, = Ay = A = Ay with S = ). Upon identifying a; with R" via the character
lattice E, there are two standard choices for the complete fan F generated by the cones
Cy,...,Cy. The first one is for N = 2" and the cones given by the orthants: C, = o (R, )"
for o € {—1,1}". This fan leads to Ay(FR) ~ PL(R)", the n-fold copy of the projective
line. The other standard choice is obtained via the identification R* ~ R"**!/Re with
e=e, +...+e,,,, where (e},...,e,,,) is the canonical basis of R"*!, and has N = n +1

cones given by:

n+l
C;,=1( @ Rzoej)+Re]/Re l<i<n+1.
j=1s.tj#i

This fan leads to the projective space A;(F)(R) >~ P*(R).

(b) In the previous example, we have seen that there are exactly N fixed points
for G in the compactification Z(R), paramatrized by the cones C; and explicitly given
by limits Zj ; := lim,_, . (exp(tX) - zy), for some X € intC;. This feature is not limited to
this specific example but general: the compactification Z(R) features exactly N closed
G(R)-orbits through the various Z ;'s. This is in contrast to wonderful compactifications
[25,Def. 11.4], where one has exactly one closed orbit [25,Th. 11.1]. For wonderful

—

compactifications, one has a; ; = {0} and S is a basis of the lattice E. If one of these
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two conditions fails, one is in need of a further subdivision of a; into simple simplicial
cones C;.

(c) Let X € a;  and F € F be the smallest face in the fan that contains X. Then
spang F C a; and by = b; + spang F. In particular, for X € a; ~ generic, we have hy = /h\I.

(d) (cf. [25,Section 11]) In case H = NQ(I;I) is self-normalizing, one obtains a
wonderful compactification Z([R) by closing up Z(R) in the Grassmannian Grg(g) of
d := dim h-dimensional subspaces of g. The embedding is given by g-z, — Ad(g)h
and, given the definition of h; as a limit (cf. (3.1)), one derives easily that the stabilizer

H, of Zy ; in G has Lie algebra by

3.4 Proof of Proposition 3.1

We choose a smooth compactification Z(R) = Z(F)(R) as constructed in the previous

section. To begin with, we note that the limit
Zogg = slinolo a - Zg (3.11)

exists. Moreover, EOII € Az(F)(R) and the convergence is rapid. Further, we deduce from
the fact that Z, ; is fixed by H;(C) and w; = t;h; that limg_,  w;a, -z = t;-Z; € Az(F)(R)
is rapid. On the other hand, w;a, - z, = u;mbw - z, = u;mgbt - zy, which, in local

coordinates as given by (3.9), translates into:

wray - 2o = (Us, My, b - z9)) € U x [[M/Mp] x™ Az(F)(®)]. (3.12)

Since lim,_, w;a, - 2y = (1,[1,% - Zy ) is rapid, we thus deduce that limg_,  ug = 1 is
rapid as well. Next, we use the smooth projection [M/M] x Az(F)(R) — M/MyF,, and
) id .
obtain that my(MgF,,) % 1(MyF,;) € M/MyF,,. In particular, we may assume that
i '
s %) my, € MyFy. Notice that we are free to replace mg by elements of the form

momy; with my € My as we have

momygbw - zy = momgbt -z =mybt-zy =mb,w - z,.

Thus, we may even assume that m := m,, € Fy; (which was defined just before

Proposition 3.1).
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We remain with showing bga;! P Using the techniques from above, it
S—>00

is immediate that d(a,, b;) — 0 rapidly for any Riemannian metric d on Z(R). However,
the statement a; b, — 1 rapidly is a considerably finer assertion and difficult to obtain
working with only one compactification. Thus, we change the strategy of proof and work
with (varying) finite dimensional spherical representations instead. The representations
give us various morphisms of Z into affine spaces.

We assume first that Z is quasi-affine. The representations we work with are

finite dimensional irreducible representations (xr, V) of G(C) featuring two properties:

e The representation is H(C)-spherical, that is, there exists a vector vy # 0
such that n(h)vy = vy for all h € H(C).
e Each N(C)-fixed vector is fixed by M(C).

We remark that the second property is equivalent to the representation being
K(C)-spherical (Cartan-Helgason theorem). In particular, each of these representations
is self-dual, its highest weight A is an element of a* and its lowest weight is given by —A.
We write A, for the set of highest weights of all H(C) and K(C)-spherical irreducible
representations.

Given . € Ay, we let (7,V) be such an irreducible representation of G(C)
of highest weight A. Furthermore, we fix a highest weight vector v* in the dual
representation V* of V. From the fact that PH is open in G, we then deduce v*(vy) # 0
and, in particular, V7 = Cvy is one-dimensional. Moreover, it follows that A, C a3.

We expand vy into a-weight vectors

VH = E V_)L_,’_#,

HEAS

with A, = {u € a* | Vot # 0}. As vy is ay-fixed, we have A C a} and, by [28,Lemma

5.3], we obtain:
Ml <0, we A N\{0}. (3.13)
Set

Vi i= ain(as)vy §>0
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and note, as vy is H-invariant, that this expression is independent of the choice of the

particular section s. From the definition, we then get

Vge= D akv .. (3.14)
HEAR

If we define

Va1 = z Vot

HEA;S.t.u(X7)=0

then it is immediate from (3.13) and (3.14) that
Vs = VHI rapidly for s — oo. (3.15)

Recall v* € V*, a highest weight vector in the dual representation. Then we

obtain from w;@, - z, = ugmgbt - zy with t = ¢ - zy € Ay, (cf. Lemma 2) that:
V(W) ) = @ (v*(n(usmsiasi)vH)) = (agby )Mt (v (vy)) - (3.16)

By (3.15), we thus obtain from (3.16) that:

N v(w (Wpvy o) N v* (r(wpvy )

(ab;Ht =t
v* (VH) v* (VH)

rapidly for s — co. (3.17)

We now employ [31,Lemma 3.10] for the simple convergence a;b;! — 1. Thus,
(3.17) implies t* L EWDVAD _ q yyith

v*(VH)

(asby1)* — 1 rapidly fors — oo, A € A. (3.18)

Assume for the moment that Z is quasi-affine. We claim that the set A, spans a}. In fact,
this is as a consequence of [30,Lemma 3.4 and (3.2)] as in the notation of op. cit. each
f € C2), is a quotient f = f /f, for some f; € CIZ], corresponding to characters A, in
the notation of this article. From the claim and (3.18) we then get a,b;! — 1 rapidly.

If Z is not quasi-affine, then matters are reduced to the quasi-affine case via
the so-called cone construction from algebraic geometry: we extend G(C) to G'(C) :=
G(C) x C* and, for a character ¢ : H(C) — C* defined over R, we set H'(C) := {(h, ¥ (h)) |
h e HO)}.
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In this way, we obtain a real spherical space Z' := G'/H', which projects
G'-equivariantly onto Z. According to [25,Corollary 6.10], there is compatibility of

compression cones:

ay, =a, ®R. (3.19)

Furthermore, according to Chevalley's quasiprojective embedding theorem for homo-
geneous spaces [21,Sect. 11.2], we find such a v such that Z’' is quasi-affine and we
complete the reduction to the quasi-affine case as follows: we lift the identity (3.6) to Z’

and obtain

o — 5 /
wia, - zg = ugmb,w -z s > 54,

with @ € @,(1xR*) € G’ and likewise for b} € b,(1xR*) € G'. Because of (3.19), we obtain
the rapid convergence bj(a;)~! — 1 in the quasi-affine environment of Z'. Projecting to

Z then completes this final reduction step.

4 Z-tempered H-fixed continuous linear forms and the space A,,,,,(Z)

In this section, we introduce the function space Atemp(Z) of tempered Z(g)-
eigenfunctions on Z. Via Frobenius reciprocity, these functions can naturally be
interpreted as matrix coefficients of smooth representations of G, which are of moderate
growth (SF-representations for short). This section starts with a brief digression on SF-

representations and then provides the definition of A, ,(2).

4.1 SF-representations of G

Let us recall some definitions and results of [4].
A continuous representation (rr, E) of a Lie group G on a locally convex complex

topological vector space E is a representation such that the map:

G xE — E, (g,v) — n(g)v,is continuous.

If R is a compact subgroup of G and v € E, we say that v is R-finite if 7 (R)v generates a

finite dimensional subspace of E. Let Vg, denote the vector space of R-finite vectors in
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E. Let n be a continuous linear form on E and v € E. Let us define the generalized matrix

coefficient associated to n and v by:

m,,(g) = (7@ Hv), geG. (4.1)

Let G be a real reductive group and || -|| be a norm on G (cf. [41,Section 2.A.2] or [4,Section
2.1.2]). A continuous representation (i, E) of G is called a Fréchet representation with
moderate growth if E is a Fréchet space and if, for any continuous semi-norm p on E,

there exist a continuous semi-norm g on E and N € N such that:
p(@v) <qlgl", veEgeG. 4.2)

This notion coincides with the notion of F-representations given in [4,Definition 2.6] for
the large scale structure corresponding to the norm || - ||. We will adopt the terminology
of F-representations.

Let (r,E) be an F-representation. A smooth vector in E is a vector v such that
g+ m(g)v is smooth from G to E. The space E* of smooth vectors in E is endowed with
the Sobolev semi-norms that we define now. Fix a basis X;,...,X, of gand k € N. Let p

be a continuous semi-norm on E and set

1/2

Pr(v) = Z p(;r(X{"1 ~--X,’l””)v)2 , VeE®. (4.3)

my+-+mp<k

We endow E* with the topology defined by the semi-norms p;, k € N, when p varies
in the set of continuous semi-norms of E, and denote by (7°°, E*) the corresponding
sub-representation of (i, E).

An SF-representation is an F-representation (i, E), which is smooth, i.e., such
that E = E* as topological vector spaces. Let us remark that if (7,E) is an F-
representation, then (7°°, E*) is an SF-representation (cf. [4,Corollary 2.16]).

Recall our fixed maximal compact subgroup K C G.

Following [4], we call an SF-representation E admissible provided that E, is
a Harish-Chandra module with respect to the pair (g, K), that is, a (g, K)-module with
finite K-multiplicities, which is finitely generated as a /(g)-module.

An admissible SF-representation will be called an SAF-representation of G.

It is a fundamental theorem of Casselman-Wallach (cf. [8], [42,Chapter 11] or

[4]) that every Harish-Chandra module V admits a unique SF-completion V*°, i.e., an
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SF-representation V> of G, unique up to isomorphism in the SF-category, such that:
00~
Vi) =@x) V-

In particular, all SAF-representations of G are of the form V* for a Harish-Chandra

module V.

4.2 The spaces CfgmpN(Z) and Atemp,n(2)

From now on and for the remainder of this paper, we will assume that Z is unimodular.

Let py be the half sum of the roots of a in u. Let us show that
Pq is trivial on ay .
As [N h-modules,

g/b=ue ([/INbh).

But the action of ay = anb on (/[N h) is trivial. Since Z is unimodular, the action of a;
has to be unimodular. Our claim follows.

Hence p, can be defined as a linear form on a,.

We have the notion of weight functions on a homogeneous space X of a locally
compact group G (cf. [3,Section 3.1]). This is a function w : X — R_, such that, for every
ball B of G (i.e., a compact symmetric neighborhood of 1 in G), there exists a constant
¢ = c(w, B) such that

w(@-x) <cw(x), geBxeX. (4.4)

One sees easily that, if w is a weight function, then 1/w is also a weight function.
Let Q@ C G be a compact subset in accordance with the polar decomposition in

Lemma 3. Then weight function v and w on Z are defined by

v(z) :=vol,(Bz) and w(z):=1+ sup I log(a)],

acAys.t.zeQaW zp

where B is some ball of G and || - || refers to the quotient norm on a, = a/ay. It is then

clear that v is a weight function and w is a weight function by [29,Proposition 3.4].
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Recall that the equivalence class of v does not depend on B (see op. cit. Lemma 4.1 and
beginning of Section 3 for the definition of the equivalence relation).

For any N € N, we define a norm py, on C.(Z) by

pu(f) == sup (W@ v@ 2l (2)]) - (4.5

zeZ

From the polar decomposition of Z (cf. (9)), one has

py() = sup (w(gaw . zo)_Nv(gaw . 20)1/2 If (gaw - zo)|) .
ge,acA, ,weW

From the fact that v and w are weight functions on Z and from [29,Propositions 3.4(2)

and 4.3], one then sees that:

The norm py, is equivalent to the norm

froau)= sup (a1 +]logal)VIf(gaw 7)) . (4.6)
ge,acA, weWW
Moreover, due to the fact that v and 1/w are weight functions on Z, one gets that G acts

by left translations on (C,(2), py) and, for any compact subset C of G, by changing z into

Z =g~ !.zin (4.5), one sees that:

There exists ¢ > 0 such that

pyLyf) =cpy(f), geC.feCl2). (4.7)

This is in essence what is needed to identify
Coompn(2) =1{f € C*(2) | pyx(f) < 00, k e N} (4.8)

as an SF-module for G. Here, the py , k € N, are as in (4.3), with p replaced by py and

(mr,E) by the SF-representation (L, ngmp v (2)). Further, we endow the increasing union
Coomp ) = UnenCiomp,n (), with the inductive limit topology. We call C7g, ,(Z) the space

of smooth tempered functions on Z.

Inside of C2°

temp(Z), We define Atemp(Z) as the subspace of Z(g)-finite functions.

Likewise we define Ay, y(2).



28 P. Delorme et al.
4.3 Z-Tempered functionals

Let (,E) be an SF-representation and E’ its strong dual. An element 5 € (E)? will be
called Z-tempered provided

There exists N € N such that, for all v € E, one has m, , € C,,), v(2). (4.9)

The Z-tempered functionals then define a subspace (E’)gmp of (E"). Frobenius
reciprocity then asserts for an SF-representation (7, E) the following isomorphism of
vector spaces:

Hom(E, Cp5p(Z)) =~ (E')ge (4.10)

temp 1

which can be established as in [36,Lemma 6.5] via the Grothendieck factorization
theorem for topological vector spaces.

In case E = V™ is an SAF-representation, we adopt the more common ter-
minology V=% := (V*°)’ and recall the finiteness result for real spherical spaces (cf.
[35,Theorem 3.2]):

dim (V") < . (4.11)
For a finite codimensional ideal 7 of Z(g), let
Atemp,N(Z J)={f e Atemp,N(Z) | f is annihilated by 7} (4.12)
and denote by A,,,,(Z : J) the subspace of A,,,,,(Z) annihilated by J.

Proposition 4.1.  There exists an N, € N such that A,.,,,(Z : J) = Ao i, (Z © J). In
particular, .Atemp(Z : J) is an SAF-representation of G.

The proof of Proposition 4.1 is preceded by two lemmas.

Lemma4.2. There exists a Harish-Chandra module V ; annihilated by J such that any
Harish-Chandra module annihilated by J is a quotient of a finite direct sum of copies

Proof. According to Harish-Chandra [14,Thm. 7], there exist only finitely many isomor-

phism classes V;,...,V,, of irreducible Harish-Chandra modules that are annihilated
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by J. We can find a finite set F C K of isomorphism classes of irreducible K-
representations such that, for each 1 < i < n, the (g,K)-module V; is generated by
its §-isotypic component for some § € F. Then every Harish-Chandra module, which is
annihilated by J is generated by the sum of its §-isotypic components for every § € F.
Let R(K) be the algebra (for convolution) of K-finite functions on K and Iy C R(K)
the ideal of elements, which acts by zero in § for any § € F. Let R(g,K) be the “Hecke
algebra” of Knapp-Vogan [22,Section 1.4], i.e., the algebra of K-finite distributions on
G, which are supported in K. Then R(g, K) is generated as a /(g)-module (either on the
left or on the right) by R(K) and moreover the category of (g, K)-module is naturally
equivalent to the category of non-degenerate (also called approximately unital by
Knapp-Vogan) R(g, K)-modules. Setting V; = R(g,K)/(R(g, K)Ir + R(g,K)J) we see that
V7 is a (g, K)-module, which is generated by any supplement subspace of I in R(K)
and annihilated by J. Hence, by another result of Harish-Chandra, Vs is in fact a
Harish-Chandra module, see [4,Th. 4.3] for a short proof. Moreover, it is clear that
any Harish-Chandra module annihilated by 7 is a quotient of a finite sum of copies
of V. |

Lemma 4.3. Let f € A, y(2) be a K-finite element. Set Ef := spani L(G)f, with
the closure taken in C;’gmpN(Z). Then Ef is an SAF-representation, i.e., E{K) is a Harish-

Chandra module.

Proof. We consider the (g, K)-module V/ := U(g)f. Since f is Z(g)-finite, the same holds
for 7. Now, as a finitely generated and Z(g)-finite module, v/ is a Harish-Chandra
module by a theorem of Harish-Chandra, see [4,Th. 4.3] for a short proof. Note that Ef is
an F-representation of G containing the Harish-Chandra module V/. Hence the closure
Vf in E is a continuous G-representation. On the other hand Ef was generated by the

G-translates of f. Hence v/ = Ef and thus V/ =(g,K) E(fK)‘ u

Proof of Proposition 4.1 Let E; = V7 be the SAF-globalization of V; where V is as
in Lemma 4.2. We will actually show that A,,,,,(Z : 7) is precisely the image of

E ) omp OE7 — Avemp(2) (4.13)
n®vem,,.

H

temp is of finite dimension (cf. (4.11)), the image of (4.13) is contained

Indeed, since (Efj)
in Aieppn,(Z 1 J) for some N, > 0 and, by unicity of the SAF-globalization, this
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image is closed in Ay, y(Z : J) for every N > N,. Hence, it suffices to show that
it is also dense in A, y(Z : J) for every N > N,. Let f be any K-finite function
f € Avempn(Z : J). By Lemma 4.3 E is an SAF-representation annihilated by 7 and as
such a quotient of finitely many copies of E ; by Lemma 4, i.e., there exists a surjective
morphism @, E; — Ef. Hence (F))LL,,, > DL, (E )L, , injects and thus every K-
finite function f' € A, y(Z : J) is in the image of (4.13). Since K-finite functions are

dense in A, y(Z : J), this completes the proof. u

We conclude this section with an illustration of invariant functionals for our

guiding example.

Example 4.4. (Triple space continued) In this case G = G, x G, x G, and Harish-
Chandra modules for (g, K) are of the form V = V; ® V, ® V; with V; Harish-Chandra
modules for (g,, K,). Likewise one has V>® = V*®@V°®VS°. We denote by V, the Harish-
Chandra module dual to V;. Note that

(V)Y = Homg, (V*®V5°®V5°, C)
and thus
(V)" =~ Homg, (V7°®V5°, V5°)

by a standard argument: First HomGO(Vf"@VgO@VgO,(C) ~ HomGo(Vf°®V§°,(V§°)’) by
Grothendieck’s theory of tensor products for nuclear Fréchet spaces, and then, by
the use of the Grothendieck factorization theorem, deduce that the image of some
T e HomGo(V‘f"@V"o,(Vsoo)/) lies in fact in some Banach completion of ?3. Thus we
see that H-invariant functionals are related to branching problems of tensor product
representation V{°® V3° for G,. There is a vast literature on this subject, see for instance
[38] or [5].

5 Ordinary differential equation for Z(g)-eigenfunctions on Z

Let f € Ayppp(2). The goal of this section is to show that f|AI gives a certain system of
ordinary differential equations on A;. In more precision, f is by definition annihilated
by an ideal J C Z(g) of finite codimension. We construct out of f a certain vector valued
function ®; on A; with values in a finite dimensional vector space Uy with dimension

bounded by dim Z(g)/J. The function f|A1 is then recovered by contracting ®, with a
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vector in Uy. The function @, in turn satisfies a first order linear differential system
recorded in (5.30).

This section starts with a basic estimate for functions f € Cfgmp,N(Z), which will
be crucial in the sequel: in a nutshell, we show that derivatives in direction of h; have
decreasing decay in direction of A; . After that, we have a short algebraic subsection
on invariant differential operators on Z, where we review in particular the contents
of Appendix C. With these preparatory subsections, we then derive the differential
equation (5.30) for <I>f. From the solution formula for be in Lemma 5.7, we then derive a

variety of basic growth estimates for ®,.

5.1 Differentiating tempered functions in direction of h;

Recall the basic notions about boundary degenerations related to subsets I C S of
spherical roots. Let us fix I C S throughout this section. We define a piecewise linear

functional on a; by

B;(X) = ;Iégéa(X), X eaqp, (5.1)

and note that §;(X) < 0if X € a; . If @ € A; with a = exp X, we set @’ = ef1®)

We begin this section with a crucial estimate:

Lemma 5.1. LetY € h; and NV € N. There exists a continuous semi-norm on CtogmpN(Z),

p, such that
(Lyf)@)] < a”*Pi(1+ | logal)"p(f), acA;™.feCnpn@.
Proof. On onehand,if Y €[N,
Lyf)a) =0, acA;.

Hence, the conclusion of the Lemma holds for Y € [N §.
On the other hand, from the definition of T; (cf. beginning of Section 3.1), [N}

and the elements

Y—a = X—ot + TI(X—a) € hI ’
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for « varying in ¥, and X_, in g%, generate h; as a vector space. By linearity, it then
remains to get theresultforY =Y_,,.
Let a € A; and @ = s(a) (cf. (2.2) for the definition of s). Then let us show that

Ad@)Y , =a "y

—a

One has Ad(@)X_, = @ *X_, and Ad(@)X,, 4 = @PX, ;. But @ + § € (I). Hence, @**# =1 as
a € A;. Our claim follows.

Let us get the statement for (Ly_ f)(a),a € A;~ and f € Ciemp,n(Z). One has:

Ty @ = L@y P)2g) = &Ly Lz1f)(Z) -

Recall that M is the monoid in Ny[X, ] defined in (2.8) and (I) denotes the monoid in
Ny[S] generated by I. Let us notice that:

Y., + > X, p€h.
BT, U{0}s.t. a+Be(I)

Hence one has:

Ly @ = a3 ges 0.t arpem Lx, s La—1)(Z0)
— > pesaui0)s.tatpem AP (Lg-1Ly, ,f)(20) -

But @**f = a**f asa € Ay C Ayand o + B € S. Then, as (Lz-1Ly, J)(z0) = Ly, f(@), one

has:

Ly @) =— > aF(Ly, @ . (5.2)

BeX, U{0}s.t. a+B¢(I)

If o + 8 ¢ (I) as above and an,ﬂf # 0, one has o + 8 € M\ (I) and, from the definition of
By (cf. (5.1)):

a®B <afl, ac A7
Then

Ly P@)] < a” > Ly, ,f)(@) .

BeX, U{0}s.t.a+B¢(I)
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Hence, we get the inequality of the Lemma for Y = Y_, by taking

D= Z AN x,p '

BESLUL0)s.t. atBe(I)

5.2 Algebraic preliminaries

For a real spherical space Z = G/H, we denote by ID(Z) the algebra of G-invariant
differential operators. We recall the deformations Z; = G/H; of Z, which were defined
with H; to be connected. In particular, we point out that Hg = H; and that Z; — Z is
possibly a proper covering. However, we have D(Z) C D(Zg) naturally by Remark C.2.
Next we describe D(Z;) as in Appendix C.

Let R denote the right regular representation of G on C*°(G). Differentiating R

yields an algebra representation of the universal enveloping algebra U/(g) of g¢:
R :U(g) - End(C*®(G)), u+~ R(u).

Set b := a+ m + u and note that b C g is a subalgebra with g = b + h; for all I C S. Note
that bNbh; = ag + my for all I C S, where my = mNh. Let by 1= ay + my. With

Ur(b) :={u eld(b) | Xu e U(g)bh;, X € by}, (5.3)

we obtain a subalgebra of ¢/(b), which features U/(b)b;; as a two-sided ideal. Next, we

explain the natural isomorphism
D(Z;) >~ U;(b) /U(b) by (5.4)

from (C1). For that, we denote for f; € C®(Z;) byfl € C*°(G) its natural lift to a right H;-
invariant function in G. Then, with regard to the quotient map = : U(b) — U(b)/U(b)by,
we take & € U(b) to be any lift of u € U;(b)/U((b)by C U(b)/U(b)by. Then we can define

(Ry(Wf)(9Hy) = R@f)(©G), geG,

as the right hand side is independent of the particular choice of the lift @ of u and the

representative g of the coset gH;. With this notion of R;, the isomorphism in (5.4) is
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implemented by the assignment

U (b)/UB)by > u — Ri(w) e D(Z)). (5.5)

For f € C®(Z) C C*(Zs) and u € D(Z) C D(Zg), we use the abbreviated notation R(w)f
without specifying any further index.

In the sequel, we consider D(Z;) as a subspace of U(b)/U(b)by for any I C S.
Notice that U/(b)/U(b)by is naturally a module for A, under the adjoint action, which
yields us a notion of a,-weights of elements u € U/(b) /U (b)by.

Recall the center a;p = ag of Z, which has the property that A; ; normalizes
H and as such acts on Z from the right, commuting with the left G-action on Z. In
particular, we obtain a natural embedding S(a; ;) < D(Z). When applied to the real
spherical space Z; = G/H;, I C S, we note that a; = ay p and record the inclusion
S(ap) = D(Zy).

We rephrase Theorem C.5 from Appendix C as:

Lemma 5.2. ForI C S, the following assertions hold:

1. Forany u € D(Z) C U(b)/U(b)by and X € a; ~, the limit

pr(w) ;= lim ef3dXy
t—o00

exists in the vector space U(b)/U(b)by, lies in the subspace U (b);/U(b);by
and defines via R; (see (5.5)) and defines an injective algebra morphism
wr : D(Z) — D(Z;), which does not depend on X.

2. For any non-zero u € D(Z), the a,-weights of x;(u) and u are non-positive on

a, and the a,-weights of u;(u) — u are negative on a; —.

This Lemma shows that we can view D(Z;) as a subalgebra of D(Z;). Since h; =
[N+ uis of a particular simple shape, i.e., close to a parabolic, the algebra D(Z,) can
be described easily. For that, let My = exp(my) < M and keep in mind the standard

isomorphim

D(M/My) ~ U)MH /U (m)ymy N Um)ME) (5.6)
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Lemma 5.3. The natural map
®:S(ay) ® [U(m)MH JUm)ymg N U(m)MH)] — Uy(6) /UMDYy, U V> uv +Ub)by

is an isomorphism. In particular, via (5.4) and (5.6), we obtain a natural isomorphim of

algebras
D(Zy) ~ S(az) @ D(M/My) . (5.7)

Proof. In the absolutely spherical case, this is found in [24,Section 6] (what is called

Xj,, the horospherical deformation of a G-variety X, would correspond to our Z;). The

slightly more general case is an easy adaptation. In the following proof, we replace

from (5.8) onwards Hy by its algebraic closure, which is legitimate by Remark C.2(b).
Recall that

Uy(b) = {u eU) | [X,ul e U(g)hy, X € byl.
In particular, Uy(b) is ad a-invariant and we obtain a spectral decomposition

Up(b) = D Uy(b), .

rea*

For . = 0, we further have
Uy (6)g = Uy (B) NU(a +m) = U(a) UmMe 4 Um)my),

from which we easily derive that ® is injective.
It remains to be seen that & is surjective. For that, it suffices to show that
[Uy(b) /Ub)by), ~ D(Zy), = 0 for » # 0. To verify that, we pass to the graded level

and first note that the symbol map gives an embedding
grD(Z,) — Pol(T*Z,)°, (5.8)

with Pol(T*Z,) := CI[T*Z;] the regular (polynomial) functions on the quasi-affine variety
T*Z,. We identify the cotangent bundle T*Z, with G x# (g/h,)* and obtain Pol(T*Z;)¢ ~
Pol((g/by)*)™?. Thus we have grD(Z,) C Pol((g/h,)*)™ naturally. Recall the invariant
non-degenerate bilinear form « on g. This form yields a G-equivariant identification of

g with its dual g* and induces an Hy-equivariant identification of (g/h,)* with h@L ={Xe
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g|«(X,Y)=0,Y € b,}. The proof of the Lemma will then be completed by showing that

the restriction map

Pol(h;)H — Pol(bz™*)

is injective, where bé‘“*“ ={Xem+a|kX,Y)=0,Y € by}. This is now fairly standard.
Note that b = b;"‘*“ + 1. Nextlet X =X, + X, € a+mwith X, € a and X, € m. Suppose
further that o(X,) > 0 for & € X(a,u). Then, by a slight modification of [30,Lemma 2.5],

we have

AdDNX =X + X, 6] = X + .. (5.9)

Now U C Hy and the fact that Z (and hence Zj) is unimodular implies that there exists
an element X, as above which lies in alfl“ (see Lemma 5.4 below). It follows then from
(5.9) that any f € Pol(hj)Hw is constant in the u-variable of hé, i.e., the restriction map

above is injective. This completes the proof of the Lemma. |

Lemma 5.4. LetZ be a unimodular real spherical space. Then the following assertions
hold:

1. Zis quasi-affine, i.e., Z(C) = G(C)/H(C) is a quasi-affine algebraic variety.

2. There exists an X € aﬁ“ ~ a, such that «(X) > O foralle € Z,,.

Proof. [12,Example 12.6 and Lemma 12.7]. ]

Let us denote by 3(Zy) the center of ID(Z;). We then obtain from (5.7) that
3(Zy) ~ S(ay) @ 3(M/Mp) . (5.10)

We wish to describe the image of the natural map Z(g) — 3(Z;) C D(Z;) more
closely, i.e., derive a slight extension of [24,Lemma 6.4].

In order to do so, we have to recall first the construction of the Harish-Chandra
homomorphism and then relate it to the Knop homomorphism for 3(M/My).

We begin with a short summary on the Harish-Chandra homomorphims. The
natural inclusion Z(g) C U(a)Z(m) & U(g)n yields, via projection to the first summand,

an injective algebra morphism

Y0,a+m * Z(g) = U(a) ® Z(m).
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With t € m a maximal torus (which will be specified more closely below), we obtain with
j := a+ t a Cartan subalgebra of g. We choose a positive system of roots 7 (jc) of the
the root system of g with respect to jo such that the nonzero restrictions to a yield the
root spaces of n. Note that all roots are real-valued on j; := a + it and we denote by
p; € ji the corresponding half sum. Then, similar to what was just explained, we obtain,
by projection along the negative m-root spaces with respect to t;, an injective algebra

morphism y, ,, 1 Z(m) — U(t). Putting matters together, we obtain with

Yo = (Idg(q) ® Yo,m) © Y0,a4m

an injective algebra morphism y, : Z(g) — U(j). If we identify U(j)) = S(j) with the
polynomials Cl[i¢] on ji, the Harish-Chandra isomorphism y : Z(g) — UGYi is then
obtained by twisting y, with the pj—shift, ie, y@() = vo@( + p;) as polynomials on
j¢. For our purpose we are in fact more interested in the unnormalized Harish-Chandra
morphism y, : Z(g) — SG) = U().

Next we recall the Knop homomorphism for 3(M/My). Set ty = tNh and
t, = t/ty. Note that M/My is affine, i.e., the complexification M/(My)c is an affine
homogeneous space. We will request, from our choice of ¢, that the complexification of t,
is a flat for M/(My)c, i.e., compatible with the local structure theorem (cf. [25,Theorem
4.2] applied to Y = X = Mc/(My)c and k = C). Set p,,, = 'Oj|it and let Wy, be the little
Weyl group of the affine space My/(My)c. Then [24,Theorem in the Introduction part(a)]

yields the Knop isomorphism

k:3(M/My) — Clty ¢ + p ]V

For our purpose it is easier to work with the unnormalized Knop homomorphism, which

yields us an algebra monomorphism:

ko : 3(M/My) — S(t)/S(H)ty

The important thing to notice here is that the Knop homomorphism k; is compatible

with the unnormalized Harish-Chandra homomorphism Yom : Z2(m) — S(b) in the sense
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that the diagram

Z(m) — 3(M/Mn)

Wml kol (5.11)
S(t) ——=S(t)/S(t)t .

is commutative, see [24,Lemma 6.4]. To summarize, we obtain from (5.7), the just
explained construction of the Harish-Chandra homomorphism and (5.11) an injective

algebra morphism

Jo : 3(Zy) — SG)/SG)(ag + tg) (5.12)

together with the following commutative diagram

Z(g) 3(Zg)

WOl jol (5.13)

S(G) —=5G)/S0)(am + tu) .

In this diagram, the upper lower horizontal arrow is obtained from the natural Z(g)-
module structure of 3(Z,) and the lower horizontal arrow is the natural projection S(j) —
S0)/SO)(ag + ty).

Example 5.5. (Triple space continued) For the triple space Z = G, x G, x G,/ diag G, we
have g = g, x g, x g, and thus Z(g) = CIC,, Cy, C3] with C; the Casimir operator of the i-th
g,-factor in g. Also we have j = a and the Brion-Knop little Weyl group W, coincides with
the Weyl group W, ~ (Z/2Z)3. Thus, by the Knop isomomorphism, we have D(Z) ~ Z(g).
Now 3(Z;) = S(a) =~ Clz,, z,, z3] with z; the co-root coordinates and the above algebra

inclusion

Z(g) = CICy,Cy, C3] — 3(Zy) = Clzy, 2y, 24]

is given by the assignment

1
C;— 2% ~ 3%
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Note that D(Z;) is naturally a module for Z(g), the center of ¢/ (g). We define by
D(Z;) the commutative subalgebra of D(Z), which is generated by S(a;) and the image of
Z(g) in D(Z)).

Lemma 5.6. The Z(g)-module 3(Z,) is finitely generated. In particular, D(Z;) is a
finitely generated Z(g)-module for allT C S.

Proof. Since S(j) is a module of finite rank over S(j)%i (Chevalley’s theorem), we obtain
from (5.13) and imy = S()" that 3(Zy) is a finitely generated Z(g)-module. Since D(Z;)
is naturally a submodule of D(Zj) via the injective algebra morphism u; of Lemma 5.2,
the second assertion follows from the fact that Z(g) ~ S(G)%i is a polynomial ring (again

by Chevalley) and hence noetherian. |

Let us denote by Dy(2) the image of Z(g) in D(Z,) C D(Z). As we will see later,
some aspects become simpler if we work with the slightly smaller algebra D,(2). It
follows from Lemma 5.6 that D(Z;) is a finitely generated j;(Dy(Z))-module.

Fix now I C S. Since D(Z;) is finitely generated over u;(Dy(2)), there exists a

finite dimensional vector subspace U of D(Z;) containing 1 such that the map

uiMe@)) U — D(Z)p

vu — vu

(5.14)

is a linear surjective map.
Let Z be a finite codimensional ideal of D(Z) and let 7’ := p;(Z). Let C = C(Z) be a
finite dimensional vector subspace of u;(Dy(Z)) containing 1 such that ;(Dy(2)) = C+Z'.

Hence:
D(Z)=(C+IVWU=CU+T'U, (5.15)

where Z'U (resp. CU) is the linear span of {vu | v € 7/, u € U} (resp. {vu | v e C,u € U}).

Since 7’ is an ideal on D,(Z), we obtain that:
T'U=Tu;(Dy(Z)U =I'D(Z;) =DZ)T' . (5.16)
Hence, (5.15) implies that:

D(Z;)) =CU +D(Z)T . (5.17)
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In case T is a one codimensional ideal of D,(Z), one may and will take C = CI,
and then CU = U.
In general, we choose a finite dimensional subspace U; C CU, possibly

depending on Z, such that the sum in (5.17) becomes direct:
D(Z;) =Ur®DZ)T . (5.18)

Let s, resp. g7, be the linear map from D(Z;) to Uz, resp. D(Z;)Z’, deduced from this
direct sum decomposition. The algebra D(Z;) acts on Uy by a representation p; defined
by:

pr(Mu =sr(vu), veDZ),uels. (5.19)

In fact:

The representation (o, Ur) is isomorphic to the natural representation of D(Z;)
on D(Z;)/D(Z,)T .

We notice that, for v € D(Z;) and u € Uz,

vu = pr(V)u + gz (vu). (5.20)

If (u;);_;,. , is a basis of U, then we obtain, from D(Z))Z' = 1;(Z)U = Up;(Z) (see (5.16)),

elements z; = z;(v, u,Z) € Z, not necessarily unique, such that:
n
ar(vw) = D u;ur(z). (5.21)
i=1

Moreover, we record from Lemma 5.2(ii) that:
uy(z;) — z; has a,-weights non-positive on a, and negative on a; ~. (5.22)

In order to use it later, we denote by 7 = F(Z) the (finite) set of all these a,-
weights that occur when v describes a; C D(Z;) and u describes Uz. Let us define a

piecewise linear functional on a, by:

pr(X) = max AX), Xea,. (5.23)
AEFUS\D)

Note that ;| - < 0and ] - <O.
Z 1
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5.3 The function ®f on Az and related differential equations

Fix N € N and Z a finite codimensional ideal in D,(Z). Recall the surjective morphism

Z(g) — Dy(2) and let J be the corresponding preimage of 7. Set
Atemp@ 1 1) 1= Ayory(Z 2 T)
with Ay,,,,(Z : J) defined in (4.12).
Recall that we identified for any I C S the algebra D(Z;) as a subspace of
U(b)/U(b)by. Now given f € C*(Z), we denote byf € C*®(G) its lift to a right H-invariant

smooth function on G. For u € U(b)/U(b)by we let further @ € U(b) be any lift. Then, for

all a; € A, the notion

(R,f)(az) = (R@)(@y)
is defined, i.e., independent of the lift & and the section s.
Recall that (o7, Uy) is the finite dimensional D(Z;)-module defined in (5.19) and
in particular Uz C D(Z;) C U(b)/U(b)by. For any f € Ay, n(Z @ 1), let us define a
function ¢, : A; — U7 by:
(Prlaz), u) = RNy, uelUra;ch,. (5.24)
Hence, for X € a; C D(Z;),
(Rx®p)(az), u) = Ry, faz), az€Azucls. (5.25)
Hence, by using (5.20) and (5.21) for Xu, one gets
Ry®p ="o7r(X)0p+ Vpx, X €A, (5.26)

where Wy y : Ay — U7 is given by:

(Wp x(az),u) =D Ry, @z, az€Azuelr, (5.27)

1

with z; = z,(X, u,Z) given by (5.21).



42 P. Delorme et al.

Since R, f = 0 as z; € 7 and f is annihilated by 7, one then has:
(Wrx(az),u) = Z(Rui(m(zl,)_zl,)f)(az), a, €Az uecUs. (5.28)
i

One sets:
I7(X) ="%;(X), Xeaq. (5.29)
Hence, we arrive at the fundamental first order ordinary differential equation:
Ry =T7(X)®r+Vpy, Xea. (5.30)

Notice that I'; is a representation of the abelian Lie algebra a; on U7.

For A € a;ﬁ,(c' one denotes by U%,x the space of joint generalized eigenvectors of Uy
by the endomorphisms I'7(X), X € a;, for the eigenvalue A. Let Q7 be the (finite) subset
of A € a}"(c such that U%,,\ # {0}. One has:

Uy =P us,. (5.31)
reQT

If A € Q7, let E; be the projector of U; onto U7, parallel to the sum of the other U}M’s.
Define, for A € Qr,

CDf,)» = .E’)L [e] qu .

We conclude this subsection with the solution formula for the system (5.30) (see
the next Lemma 5.7) and with two elementary estimates for ®; and ¥, y in Lemma 5.8

below.

Lemma 5.7. Letf € A, (Z: 7). One has,

(i) foralla,c A, teR, Xeaq
¢
®r(ay exp(tX)) = etrf(x)cbf(az) —1—/0 e(t_S)FI(X)\IIf,X(aZ exp(sX))ds,
(ii) foralla, €A, teR, Xea, re Qf,

t
¢, (az exp(tX)) = etrI(X)QDf'A(aZ) +/0 Eke(t_s)FI(X)\Iff'X(aZ exp(sX))ds.
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Proof. The equality (i) is an immediate consequence of (5.30). Indeed, we apply the
elementary result on first order linear differential equation to the function s > F(s) =

dr(az exp(sX)), whose derivative F'(s) = (Rx®r)(az exp(sX)) satisfies
F'(s) =T7(X)F(s) + W x(az exp(sX)) .
The equality (ii) follows by applying E, to both sides of the equality of (i). |
We recall the definition of g; from (5.23).

Lemma 5.8. Let N € N.

(i) There exists a continuous semi-norm on C‘t’gmp

~(2), p, such that

IL, ®r(az)ll < ay®(1 + [[log az )Y p(L,f)

forallveU(a), az € Ay and f € Ay, v(Z 2 D).
(ii) There exists a continuous semi-norm g on Ct";’mplN(Z) such that, for all

compact subset 2, C A,, there exists a constant C = C(2,) > 0 with:
1L, Vs x(@p)ll < Caf ™ (1 + |l logaz DY X11gL,f)
fora; € QuA;, X ea;and f € Ay y(Z: D).

Proof. (i) We first consider the case of v = 1. Let u — u! denote the principal anti-
automorphism of U(g).
Let u € D(Z;) C U(a; + m; + u). One has:

(Ruf)(az) = (L(Ad(az)u)tf)(az) .

Since Ad(ay) contracts the a,-weights of u (see Lemma 5.2(ii)), the assertion for v =1
follows from the continuity of the left regular action of U/(g) on Cfgmp,N(Z). The more
general case is obtained by the fact that the assignment f — &, is A-equivariant for the
left regular representation of A on functions on Z, resp. 4,.

(ii) We recall from (5.28) that:

(Wrx(az) u) = Z(Rui(uz(zl-)—zi)f)(“z)' a,€Azuclg,
i
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with z; = z;(X, u, 7). In particular, this identity readily reduces to the case of v =1 as
left and right regular representation commute.
Since the a,-weights of u; are non-positive on a, (see Lemma 5.2(ii)), we obtain

that u;(u;(z;) — z;) decomposes into a finite sum over F — (a;)* of a,-weight vectors:
u(ig(2) —2) = D vy
A
Here, (a;)* denotes the dual cone of a;. Then:
(Wrx(az),u) = 22, Ladayw,nS)@z)

= iY.aly fag.

Letk := maxueUI'XeaI(deg(vi,k)). Assume first that Q, = {1} and || X|| = 1. Then it follows

from the continuity of the left action of U/ (g) on Ctogmp,N(Z) and the definition of g; that

there is an appropriate Sobolev norm g = py ; such that the bound in (ii) holds for C = 1.

In general, if u € U(g), a € 2, and a, € A, one has:

(LuHaaz) = Lo-1(Lpge1yuf)(@z)

and the assertion follows from:

QL) <Cq(f), feChmpn@,acy.

5.4 The decomposition of ¢ into eigenspaces

We recall the representation I'z : a; — End(U7) of the abelian Lie algebra a; from (5.29)
and Q7 the set of its generalized a;-eigenvalues.

We endow U7 with a scalar product and, if T € End(U7), we denote by [|T| its
Hilbert-Schmidt norm. It is clear that, for any A € Q7, the projector E, defined just after
(5.31) commutes with the operators I'7(X), X € a;. For A € Qf, we set

E,(X) = e @ (EA ° erf(’ﬂ) , Xeaq.

AsE, o[I'7(X) — )L(X)IdU;] is nilpotent, one readily obtains that:
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Lemma 5.9. Let X € Q7. We can choose ¢ > 0 such that:
IE, Ol < c(1 + IXIDYZ, X e aqp,

where N7 is the dimension of Uz.

Next, we decompose Q7 into three disjoints subsets Q}, Q% and Qi as follows:

(1) 1€ QF if ReA(X)) > po(Xp) for some X; € a; ~,

(2) 1 e QY if ReA(X)) = po(X)) forall X; € a;

(3) reQFifa¢ QFUQY, ie., forallX; € a; ~, ReA(X)) < po(X;) and there exists
X; € a; ~ such that Re A(X;) < po(X).

The next two propositions will be central for the definition of the constant term
in the next section. We first state the results and then provide the proofs in a sequence
of lemmas. The proofs of these results follow closely the work of Harish-Chandra (cf.

[17,Section 22]): to see the analogy replace M; in [17] by A, and M, by Ag.

Proposition 5.10. Let 2 € Q% and f € Atemp(Z : I). Then, for X; € a; ", the following
limit
lim e "XV, (@, exp(tX)), ayz €Az,

t—+00

exists and is independent of X; € a; .

Forr e QY andf e Atemp(Z : 1), we now set
O, (a,):= lim e "TXDd. (a,exp(tX;), a,cA,. (5.32)
F.a,00l8z o rallz €XP(LXy)), Az € Ay
Further we define

Ppyo00@z) =0, azeAyzreQfUQLfeApmy,(Z:T). (5.33)
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Proposition 5.11. Let A € Q7 and f' € Ay, ,(Z : 7). Then there exists § > 0 such that

foralla, €Ay, X; €a;, " and t > 0:

@5 (az exp(tX))) — Pp; o (az exp(Xp)ll

<e! a0 (1B, (¢, Dp(ay)|

o0
+ / e St DD B, (¢ - )XWy x, (@z €xD(sX))| ds) -
0

5.4.1 Proof of Proposition 5.10
We say that an integral depending on a parameter converges uniformly if the absolute
value of the integrand is bounded by an integrable function independently of the

parameter.

Lemma 5.12. Let ) € Q7 and X; € a; ~ be such that Re A(X}) > (oq + B)(X;). Then
(i) The integral
oo
/ E, e STzX0 Wy x,(az exp(sX;)) ds

0

converges uniformly on any compact subset of 4,.

(ii) The assignment
o
aZ|—>/ Exe_SFI(XI)lIff'XI(aZexp(sXI)) ds
0

is a well-defined map on A,. Its derivative along u € S(ay) is given by

derivation under the integral sign.
Proof. One has
E, eI — g9 X | 8G(D-T2(X)) _ =+XDE, (_sX,).
Hence, from Lemma 5.9, one has:
IE, e~STZXD|| < ¢(1 + ||sX;|[)NT e SRe XD (5.34)

Using Lemma 5.8(ii), (5.34) and the assumption Re A(X;) > (pq + B)(X;), we obtain that

the integral in (i) converges uniformly on compact subsets of 4.
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The assertion from (ii) follows in the same way and using the theorem on

derivatives of integral depending of a parameter. |

Fix N € N such that f € A, y(Z : I) and A € Q7 and put, for X; as in
Lemma 5.12, i.e., X; € a; ~ such that Re A(X}) > (pq + B (X)):

P ,00(az,Xp) 1= lim e 1TV, (ayexp(tX)), az€Ay. (5.35)
It follows from Lemmas 5.7(ii) and 5.12 that this limit exists and is C*° on A,. Moreover
oo
O, ol@z, X)) = Oy, (ay) +/O Ee ST 0w, (azexp(sX)))ds, agz€Ay. (5.36)
Lemma 5.13. Let X;,X, € a;  and suppose that
ReA(X;)) > (pg + BD(Xp), 1=1,2.
Then
CIDf')\VOO(aZ,Xl) = @f')\'oo(az,XZ), a; € AZ .

Proof. Same as the proof of [17,Lemma 22.8]. We give it for sake of completeness. Let
a; € A,. Applying Lemma 5.7(ii) to a, exp(t,X;) instead of a,, X, instead of X and ¢,

instead of t, one gets:

e TNt g (ay exp(t) X)) exp(tyX,))

=e 117V, (azexp(t; X))

t2
+ / E,e "TX4s20) g, o (agexp(t) X, + 5,X,)) ds;
0

for t;,t, > 0. From Lemmas 5.9 and 5.8(ii) applied to X = t, X, + 5,X, and (X,a;) =
(X,,a, exp(t; X, + s,X,)) respectively, one sees that:

o
/ |E e~ T XFs22) | we (@, exp(t, X + 5,X5))]| ds,
0
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tends to 0 when t; — +oc0. Hence:

0 tlziLnJroo e TN @ (a,exp(t) X, + 1,X,))

= tllirfoo e_FI(tlxl)q’f,x (az exp(t,X;))

=CI>f')hoo(aZ,X1) .

Since the first limit on the above equality is symmetrical in X; and X,, one then deduces
that:

@ ,00(@z: X)) = Pp, (a7, Xy).
||

Proof of Proposition 5.10 If A Q%, the hypothesis of (5.35) is satisfied. Together with

the preceeding Lemma, it shows the proposition. |

5.4.2 Proof of Proposition 5.11
Lemma 5.14. For X; € a; ~ such that Re A(X;) > p,(X7), one has:

‘Df,)\,oo(QZrXI) =0, azcA,.
Proof. One has
le™ =D, (az exp(tX)))|| < e BV E, (—tX)) ||| @ (az expeX))] -
From Lemmas 5.9 and 5.8(i), one then has
le™ T2 ¥0 D ; (az exp(X))|l = Caf® (1 + [ log ag|)" (1 + |||V HVZ eeaReDED,

The right hand side of the inequality tends to zero as t — +oc0. Hence, the Lemma follows
from the definition (5.35) of ®¢, . (az X)) |

Lemma 5.15. Assume A € QJIr and X; € a; ~ such that ReA(X;) > (pq + B;)(X;). Then, for

any a, € Ay,

@f')hoo(az,XI) = 0
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and

o0
dp,(az exp(tXy) = —/ Eke(t*S)FI(XI)\Ilf'XI(aZ exp(sX;)ds, teR.
t

Proof. Since )\ € QJIr, there exists X, € a; ~ such that ReA(Xy) > pg(X,). Then, from
Lemma 5.14, @, . (az Xy) = 0, and, from Lemma 5.13, as ReA(Xy) > po(Xp) > (pq +
B (Xp), one has @, (az X)) = ®r, (az,Xy) for any X; € a;~ such that Rer(X;) >
(pq + Bp)(X;). This proves the first part of the Lemma. The second part follows from
(5.36) by change of variables and when we replace a, by a, exp(tX;). ]

Corollary 5.16. Let A € OF and X; € a; ~ be such that Re A(X}) > (pq + B;/2)(X;). Then,
fora, e A,andt >0,

o
1y, (azexpXp) < / eI Wath/2ED | |, ((t — )X || Wy x, (az exp(sXp)ll ds.
t

Proof. Since ;(X;) < 0 and Re A(X;) > (pgp+8;/2)(X;), one has, in particular, Re A(X;) >
(pq + Bp)(X;). Then one can see, from Lemmas 5.15 and 5.12, that:

o
@, (az exp(Xp)| < / eIRIED| B, ((t — )XW x, (az exp(sXp)l| ds .
t

Our assertion follows, since Re L(X;) > (pq + B;/2)(X;) implies that (t — s) Re A(X}) <
(t—98)(pg + B;/2)(X;) for s > t. |

Lemma 5.17. Let X; € a; be such that Re A(X;) < (pg + B;/2)(X;). Then

1@, (az exp(tXp)|| < etlrath/2ED (nEA(tX,) P s(az)l
o
+ / e SPatPDD| B, (¢ — )Xp) |11 x, (az exp(sXp) | ds),
0
t>0,a,€A,.
Proof. We use Lemma 5.7(ii) and the inequality (t — s)Re A(X;) < (t — s)(pq + B;/2)(X})

for s < t to get an analogue of the inequality of the Lemma, where f(;’o is replaced by fot

The Lemma follows. ]
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Like in [17,after the proof of Lemma 22.8], one sees that one can choose 0 < § <
1/2 such that:

ReA(X)) < (pq +BD(Xp), Xy€a; ,Ae Q7. (5.37)
Lemma 5.18. ILetX e QE and X; € a; . Then, fora, e A;, t > 0,

IPp,(azexpXp)ll < ePatdPnED (IIEA(tXI) ®s(az)l

o0
+ / e SWPatPAD | E, (¢ — )Xp) 1| x, (az exp(sX)| ds) :
0

Proof. This is proved like Lemma 5.17, using that ReA(X;) < (pq + 88;)(X;) and
0<d=<1/2. n

Notice now that, if A € Q%, it follows from Lemma 5.13 and the definition of §;
(cf. (5.23)) that:
For ay € Az, &5, (az, Xp) is independent of X; € a; ™ .

We will denote it by @¢, . (az).

Lemma 5.19. Assume A € Q% and let X; € a; . Then one has, fort > 0 and a, € Ay,

[®f 5 (az exp(tXy) — Pf; oo(az exp(EXy)ll
o

< eHPatdp e SPathDED | B, (¢ — )X))|[1Wy x, (az exp(sX)))|| ds.
0

Proof. From (5.36), one deduces:
o0
Qs 5 oo(@z€xp(tX))) = Pp ; (az exp(tX;)) —i—/t Eke(tfs)rf(xf)lllflxl(az exp(sX;)) ds.
The Lemma now follows from the fact that (¢t — s)8;(X;) > 0 whenever s > ¢. |
We recall that we have defined:
P 00(@z) =0, azeAyireQrUOT.
Proof of Proposition 5.11 If A € Q% U Q7, our assertion follows from Lemmas 5.18

and 5.19. On the other hand, if A € Q}, we can apply Lemmas 5.15 and 5.17, and
Corollary 5.16. |
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6 Definition and properties of the constant term

In this section, we define the constant term f; of a function f € A,,,,,(2) in terms of
the @, ., from the previous section. At first, f; is defined as a smooth function on
A, but then will be extended to a smooth function on Z; = G/H;. The main difficulty
then is to show that the function f; € C*°(Z;) is indeed tempered. For that, we need to
show certain consistency relations of f; with respect to the matching map m : W; - W,
see Proposition 6.7. The consistency relations are immediate from our strong results of
rapid convergence in Proposition 3.1. As an application, we characterize the functions
of the discrete series as those with all constant terms vanishing, see Theorem 6.12.

Throughout this section, we fix a subset I of S and a finite codimensional ideal
7 in Dy(2).

6.1 Definition of the constant term

For f € Ayepmp(Z : 1) let us define f; as the function on A, by:

filag) = D" (¥r, (az),1), az €Ay, (6.1)
)»EQOI

where ®;, ., has been defined in (5.32) and (5.33). From Lemma 6.2 and since the
eigenvalues of E, (I'z(X)), for any X € a;, are contained in p,(X) + iR if A € Q%, one
has that:

For any X € a;, themap ¢t — e_tpa(X)fI(eXp(tX)) is an

exponential polynomial with unitary characters. (6.2)

We will soon extend f; to a smooth function on G, which is right invariant under H, i.e.,
J; descends to a smooth function on Z;. This will be prepared with a few estimates in

the next subsection.

6.2 Some estimates

In this subsection, we establish some estimates analogous to the ones given in
[17,Section 23].
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Lemma 6.1. Let V € N. There exists a continuous semi-norm g on Cfgmp x(Z) such that,
forallhe Q7,a,€A;, X;ea;, ,t>0andf € Atemp,N(Z : D),

1, (az exp(tX))) — O, o, (az exp(EX)))|
< (az exp(tX;))PaetP1 XD (1 + || log a, DN (1 + t]1 X, )%™ Uz g(f) .

Proof. The assertion of the Lemma follows from Proposition 5.11, Lemmas 5.8 and 5.9,
and the fact that agl <1foray, cAj,. [ ]

Lemma 6.2. ForallX € aj,a; € Ay, A € Q7 and f € A, (Z : I) one has
®f; o(azexpX) = e TX o, (ay), .

Proof. According to (5.33), one may assume X € Q%. From Lemma 5.7(ii) applied with

t=1, one has, fora, € A,;, X € a;,
1
e_rI(X)CDA(aZ expX) = ®, (ay) +/ EAe_SFI(X)\IJX(aZ exp(sX))ds.
0
Let Y € a; ~. Replacing a, by a, exp(tY) and multiplying by e"'Z(¥), one gets:
e T1EHN @ (g exp(X +1Y)) = e T, (a,exp(tY))
1
+ / E,e TT6X+y (g, exp(sX + tY))ds.
0

Since A € Q%, we obtain, from (5.34) and Lemma 5.8(ii), that the integral in this equality
tends to 0 for ¢ — co. Recalling the definition of ¢, , (cf. (5.35)), one gets

e "X, (azexpX) =Py, (ay), X €ajaz€Ay.
|

Lemma 6.3. Let N € N. There exists a continuous semi-norm p on Ctoeomp,N(Z) such that,
for all f € Ay w(Z: D), 1 € QF,

1975 0@zl < a2 (1 + | log az, DY*A™ UZp(f), a, c A .
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Proof. We fix X € a; . Let a5, € Az, If t is large enough, a; exp(tX) € A;. More
precisely, if az, =expY with Y € agl, t has to be such that (Y +tX) <Oforall« € S\ I.

For this, it is enough that ¢ > |%| for all @ € S\ I. But |%| is bounded above by C||Y||

for some constant C > 0. We will take:
t=C|Y| (6.3)

and write az, = azexp(—tX) with a; = a, exp(tX) € A,. Since A € Q% and exp(—tX) =

aglazl, one has, from Lemma 6.2,
195 00@z)ll = B e T XD, (ay)ll = az’a,||E, (—tX) Py, (@)l (6.4)

We know from Lemma 5.9 that ||E, (—tX)| is bounded by a constant times (1 + t|X|HVz,
where N7 is the dimension of U;. Using (6.3) and as X is fixed, one concludes that there

exists C; > 0 such that:
IE, (—tX)]| < C, (1 + [ logag )" .

We remark that || logay|l < [[logag || +[/tX] is bounded by some constant times || logay ||
because t = C| Y| and || X|| is fixed. Then, using (6.4), the Lemma follows from Lemma
6.1 (applied with t = 0) and Lemma 5.8(i). |

We recall that de,A,oo = 0 for A € QJIr U Q7 (cf. (5.33)). We obtain then, from
Lemma 6.1, that:

Lemma 6.4. LetN € N. There exists a continuous semi-norm g on A, (Z) such that,

forany f € Atemp'N(Z :1),a; €A, , X;ea; andt >0,

|(az exp(tX;)) =" [f(az exp(tXp) — fr(az exp(tX))] |
< XD (1 4 || log az )N (1 + ¢ X; ) E™ Uz g(f) .

Note that the Lemma implies that:

tllglo (az exp(tX;)) °[f(ay exp(tX;)) — fi(az exp(tX;)] =0, a, €A, , X ea; . (6.5
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6.3 The constant term as a smooth function on Z;

Let us first start by the following general remark:

If an exponential polynomial function of one variable, P(t), with
unitary characters, satisfies: lim P(t) =0,
t—+00

then P = 0. (6.6)

We define some linear forms n and n; on Ay, (Z : ) by:

<'7!f> = f(z())r
(. ) fiZon), feAempZ:D).

Let us remark that n is a continuous linear form on Ay, y(Z : 7) for any N € N.
Note that we obtain from the definition (4.1) that:

mnllf(aZ) zfl(az), a, €Ay,

Lemma 6.5. Let N € N. The linear form 7, is the unique linear form on A, y(Z : 7)
such that:

(i) Foranyf € Ayppn(Z:7) and X; € a;

lim e*tpO(Xl)[m,]'f(exp(tXI)) — mmlf(exp(tXI))] =0.

t—o0

(i) For any f € Awppy@ : 1) and X € aj, t > e‘th(X)mmf(exp(tX)) is an
exponential polynomial with unitary characters.

(iii) Moreover, n; is continuous on Ay, y(Z : 7) and H;-invariant.
Proof. The assertion (i) is (6.5) and (ii) is (6.2).
To prove the unicity of such an #; satisfying (i) and (ii), we use (6.6). If 7} is
another linear form satisfying (i) and (ii), then, for any f' € A, (2 : 1),

m, #(exp(tXp) — m,’}'f(exp(tXI)) =0, Xyea ,teR.

This equality applied to ¢ = 0 implies that n; = ;.
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Let us show the continuity of 5;. By taking a, = 1 in the inequality of Lemma

6.4, one gets:

[f(zo) — f1(zo DI < Cq(f), i.e.l(n.f) — (np. ) < Cq(f).
Moreover 1 is a continuous map on Ay, y(Z : Z). This implies that 7; is continuous on

Atemp'N(Z 1 D).
It remains to get that »; is H;-invariant. From (6.5), for any X; € a; ~,

lim e~ tPaXD[f (exp(tX;)) — f;(exp(tX;))] = 0.
One applies this to Lyf, Y € h; and gets:
lim e~70 X0 [(Ly f) (exp (X)) — (Lyf);(exp(tX))] = 0. 6.7)
On the other hand, from Lemma 5.1, one has:
lim e e (1, £)(exp(tX;)) = 0. (6.8)
Hence, one gets, from (6.7) and (6.8), that:

tlglolo e PaXD(Lyf) (exp(tX;)) = 0.

But t > e oD (L, f) (exp(tX;)) is an exponential polynomial with unitary characters

(cf. (6.2)). Hence, from (6.6), it is identically equal to 0. This implies that:

WI(Lyf) =0.

Then 5; is continuous and h;-invariant, and hence H;-invariant. This completes the proof
of (iii). [ |

Let N € N be fixed. For f € Ay, y(Z : T), since 1y is continuous, we obtain with

g fi@) =m, (@, geG, 6.9)

a smooth extension of f; previously defined on A,. Note that, as 5; is H;-invariant, f;

defines a smooth function on Z; denoted by the same symbol. Further, note that the
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assignment f — f; is G-equivariant, in symbols:

(Lgf)r =Lgfr, g€G. (6.10)

Remark 6.6. As a consequence of Lemma 6.5 and the above equivariance relation
(6.10), forallg e Gand X; € a;

lim e~**a®D{f (g exp(tX)) — f;(9 exp(tX))] = 0.

and X > e 72X f;(gexp X) is an exponential polynomial on a; with unitary characters.

Moreover, f; is the unique smooth function on G with these two properties.

6.4 Consistency relations for the constant term

1 Consider the real

Let w; € Wy and w € W. Set H,,, = w;H;w; ! and H,, = wHW™
spherical spaces Z,, = G/H,, and Z;,, = G/H;,,, and put zj' = H,, € Z, and zy; =
Hpy, € Z1y, = G/Hp,, . Then (cf. [31,Corollary 3.8]) Q is Z,,-adapted to P and A, = A,
with A; =Aj.

For f € C*(Z), let us define fV by:

@9 zy)=fgw-z5), geG.
In the same way, one defines ¢"7 for ¢ € C*°(Z;). Then f% € C*(Z,,) and ¢™ € C* (Z1,yp)-

Proposition 6.7 (Consistency relations for the constant term). Let w; € W; and w =
m(w) € W. Let f € Ay, y(Z : I). Then f7 € Ayep n(Zy, : ) and

(" (ay) = (f)(ay), azcAy.

Here, f% € Awemp(Zy, + D), (f"); € C*(Zy, p, f7 € c®@Zp, fi" € €°(Z;,,,), and,
from [31,Proposition 3.2(5) and Corollary 3.8], one has:

AZW,I = AzW =Az,
AZz,w, = AZI =A,.

Hence, both sides of the equality are well-defined on A4,.
The proof of Proposition 6 is prepared by a simple technical lemma. Recall the

elements a; = exp(sX;) for X; € a; .
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Lemma 6.8. Let (g;) be a family in G, which converges rapidly to g € G. Let f €
Atemp,n(Z). Then there exist C > 0 and & > 0 such that:

Ly 1£)(@g) — Lyaf)@g)| < Cafle™™, szs,.

Proof. As (gy) converges rapidly to g when s tends to +o0, there exists sg, C', ¢’ strictly

positive and (X,) C g such that, for all s > sp,
g, = gexp X,and||X,| < C'e™*". (6.11)

As L preserves Ay, y(Z), one is reduced to prove, for all f € Ay, y(Z), that there

exist C, ¢, sy > 0 such that:

If (exp(Xy)a,) — f(a,)| < Cas?e™**.

But, by the mean value theorem, if a € A, and X € g,
If(exp(X)a) — f(a)| < s[up] |(L_xf)(exp(tX)a)||I X]| .
tel0,1

From (6.11), one then sees that it is enough to prove that, if | X|| is bounded by a constant

C” > 0, there exists a constant C” > 0 such that:

sup |(L_xf)(exp(tX)a)| < C"a’?(1 + || logal)h, acAj. (6.12)
t<l0,1]

Decomposing —X in a basis (X;) of g and using the continuity of the endomorphisms Ly,

of Asepp,n(2), one sees that there exists a continuous semi-norm such that:

|(L_xf)(@] < a1 +|llogal)Vq(f), acAj.

But f' > supx<¢» 9(Lexp(—tx)f) is a continuous semi-norm on A, , y(Z). Hence, as L_x

and Ley,_sx), commute, (6.12) follows. This achieves to prove the Lemma. |

Proof of Proposition 6.7 If a € A, one has:

(L) = [L,(f"))jas(L )Y = L f™ .
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Hence, it is enough to prove the identity of the Proposition for a, = z,. Then, using (6.6)
and Remark 6.6, it is enough to prove that s — (f;)"’(a,) is an exponential polynomial

with unitary characters satisfying:
SETOO as "2l a,) — (f)"(ag)l = 0. (6.13)
But, from (3.7),
agw -z, = @by 'myuyH(umbw) - zy = gwia, - 2,
for s > s,, where g, = @b, 'm;'u;!. Then one has:

fW(as) = Lwl—lgs—lf(as) .

On the other hand, from [31,Lemma 3.5] for Z = Z;, as Az g =4 (cf. loc.cit., equation
(3.13)), one has:

&SWI . ZO,I = WI&S . ZO,I ' (6.14)
which implies that:
(LWI—I_]L‘I)(&S -zop) = (fp™(ay) . (6.15)
Now, according to Proposition 3.1 — this is the key ingredient! —, the sequence (g,w;)
converges rapidly to w;. Hence, we can apply Lemma 6.8 with g, = g,w; and find
C',¢',sy > 0 such that:
a5 "Ly, 151 (@g) — Ly, 1f) (@) < Ce™®S, s=>s). (6.16)

Using Lemma 6.4, one has, for some C”,¢’ > 0,
a; " |(LW;1f)(as) - (Lwl—lfz)(as)l <C"e®%, s=>s,.
Hence, from (6.15) and (6.16), one deduces (6.13). It remains to prove that:

s (™ (ay) = flaswy - 2 p)
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is an exponential polynomial with unitary characters. But, from [31,Lemma 3.5] applied

to Z;,
(fI)WI (ay) = fr(wiay) .
Hence, our claim follows from (6.14). This achieves the proof of the Proposition. |

6.5 Constant term approximation

Now we turn to the main Theorem of this section.

Theorem 6.9 (Constant term approximation). LetI C S and 7 be a finite codimensional
ideal of Dy(Z).
(i) Forall N €N, the map f — f; is a continuous linear map from A, y(Z : 7)
to Atemp,N+dim vy Zr t (D).
(ii) LetN e Nand(C; be acompact subset of a; ~. For w; € W, let w = m(w;) e W.
Then there exist ¢ > 0 and a continuous semi-norm p on Ctoeomp,N(Z) such that,
forall f € Asopp n(Z : D),

l(az exp(tX)) "2 (f(gaz exp(tX)w - zy) — fi(gaz exp(tXpw; - zy 1) |

< e (1 + || logaz " p(f), a; €A;, X €Cr,geQw; €W, t>0.

Proof. We first show (i). In view of (4.6), it suffices to prove that, for any w; € W,

there exists a continuous semi-norm p on Ay, y(Z : Z) such that:

sup  |a;"?(1+ ||logag, )" M UDf (ga, wp)l < p(f), f € AwmpnZ: D).
geQ,aZIeAEI

For w; = 1, one has w = m(w;) = 1. Our claim then follows from (6.10), (6.1) and Lemma
6.3 and the continuity of the left regular representation of G on C(t)eomp,N(Z) (see (4.7)).
For general wy, one uses Proposition 6 to get fi(az, wy) = (f");(az) and the above
inequality for H" instead of H. This shows (i).
Using Proposition 6, one is reduced to prove (ii) for w; = w = 1, by changing
H into H,,. Moreover, from (6.10) and (4.7), one is reduced to show (ii) for g = 1. In that
case, (ii) follows from (5.24) (applied with u = 1), (6.1) and Lemma 6.1 by choosing ¢ > 0

and p in the following way.
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Set Ny := dim Uz. Let us consider the continuous function ¢ : (X;,t) —
e®PrXD/2(1 + ¢ X;])¥T on a; x R, which is smooth on the second variable and positive
on a; x R_ (. Recall that §8;(X;) < 0 for any X; € a; ~. Since C; is a compact subset of a; ~,
by continuity, C := maxy, ¢, ¢(X;, —2N7/56;(Xp) — 1/11X;|) and e := —d/2[maxy ., (B;(X))]
exist and ¢ > 0. Moreover, ¢ has values < C on C; x R. Hence C > 0 and, by Lemma 6.1, ¢

yields the inequality in (ii) for ¢ > 0 by setting p := Cq. ]

Remark 6.10 (Statement for H, connected). Theorem 6.1 remains valid for H replaced
by Hy: exchange the expression fj(ga; exp(tX)wy - z, ;) by fI(gm;V} azexp(tX)wry - z, ;) for
certain my, € M, see Remark 5(b). Likewise, this will hold for Theorem 8.1 below, which

generalizes Theorem 6.1.

Remark 6.11. Reformulation of Theorem 6.1 in terms of representation theory
Let (7, V™) be an SAF-representation of G, for example V> = A, (Z : 7) (see

Proposition 4.1). Then Theorem 6.1(i) gives rise to a linear map

—_ —oo\Hj

and correspondingly, for every v € V°°, an approximation of the matrix coefficient g —
f(g-2zp) =m, ,(9) by g f1(g-2,) =m,, ,(9) as in Theorem 6.1(ii). In this language, the

consistency relations from Proposition 6 then translate into
(w-n)=wyp-ng w; € Wi, w =m(wy),

where, for an element £ € V> and g € G, we use the notation g- £ = £(g~!-) for the dual

action.

6.6 Application to the relative discrete series for Z

Let x be a normalized unitary character of A; p = exp(azp), i.e., dX|q,, = Pala, .-
We recall that, if a € A, p and w € W,

awH = waH (6.17)

(cf. [31,Lemma 3.5]).



The Constant Term of Tempered Functions 61

As ZZ'E normalizes H, there is a right action (a,z) > z-a of A; ; on Z. Let C*(Z, x)

be the space of C* functions on Z such that:
fz-a)=x(a)f(z), acAzpzeZ
and observe that
la™*f(z-a)| = |f(2)|, achAzpzeZ, (6.18)

as x was requested to be normalized unitary.
If feC®Z, x), uel(g) and N € N, then (6.17) and (6.18) allow us to define

GRS sup la=”2(1 + || log al)™ (L f)(gaw - zy)|,
geQ,achy [Azg,weW

with || - || refering to the quotient norm on a,/a; ;. Moreover, we set
CZ, x)={feC?Zx) |y, f) <oo,NeNuecly)}.

Since ZZ,E normalizes H, we obtain a closed subgroup H := HZlZ,E (not depending
on the section s) and a real spherical space 7= G/ﬁ . We extend y trivially to H and then
define a character of H still denoted x. Let us define 12(Z; x) as in [31,Section 8.1].

Let w € W. We recall that H,, = wHw~! and Z,, = G/H,,. Let f be in C®(Z, ).
Recall that f,, defined by f,,(9) = f(gwH), g € G, is right H , -invariant and defines
an element of C*(Z,,) and even of C*(Z,,, x) by using the relation (6.17). This element
will still be denoted f,,. Moreover, by “transport of structure”, if f is Z-tempered, f,, is
Z,,-tempered.

Let n be a Z-tempered H-fixed linear form on V*°. Let w € W. Then a; = a,
and w - n is H, -invariant and Z,,-tempered by “transport of structure”. By [31,Corollary
3.8], Q is Z,,-adapted to P. Moreover, the set of spherical roots for Z , is equal to S (see
[31,equation (3.2), definition of S in the beginning of Section 3.2 and Lemma 3.7]). Hence,

one can define (w - n);, w € W.

Theorem 6.12. Let (7,V*) be an SAF-representation of G, with V its associated

Harish-Chandra module, and 1 be a Z-tempered continuous linear form on V°°, which
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transforms under a unitary character x of A;p. Then the following assertions are

equivalent:

(i) ForallveV,m, € L2(Z: x).
(ii) For all proper subsets I of Sand w € W, (w - n); =0.
(iii) Forall v € V0, m, , € C(Z, x).

Proof. Letus assume (i). We may assume that V c L? (Z: x) via the embeddingv — m, ..
Let H be the unitary completion of V in L? (Z; x). Then V> = H* and this implies that
the statement is independent of the particular choice of the maximal compact subgroup
K. We choose now K as in [31,Sect. 6]. In particular we obtain an open neighborhood U,
of 1in A such that all m, ,, v € V admit absolutely convergent power series expansions
[31,(6.2)]

l
m, ,(aw) = Z Z aAf+°‘qa,j'W(log a) (aeUy -A;,weW), (6.19)
j=1 aeNolS]
where A; € aZ(c' 1 <j<I and dy jw are polynomials on a,. Let S = {oy,...,0,} and
wi,..., 04 € a; be such that:
O'i(a)j) _Si,j’ l,j: 1, , S
C()lJ_aZ’E, l—l, , S

Here we use the scalar product on a, defined before (2.7). According to [31,Theorem 8.5]

the condition that all m, ., € L%(Z; x) implies that
Re(Ag — po)(@)) > 0, j=1,...,s, k=1,...,1. (6.20)

Now (6.19) in combination with (6.20) imply the existence of an ¢ > 0 such that for all

v € V there exists a constant C, > 0 such that
Im, ,(@w)| < C,a’*%  (@edy). (6.21)

On the other hand by the constant term approximation (Lemma 6.5(i) applied to

Z,, and n replaced by w - ) we obtain that

lim efraXD (mw.nlv(eXp(tXI)) - m(wi,,),,v(eXP(tXI))) =0

t—o0
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for all X € a;~ C a;. Moreover ¢t M (., v (EXP (LX) is the unique exponential
polynomial with unitary characters having this approximation property by Lemma
6.5(ii). Hence (6.21) implies that this exponential polynomial is zero. In particular,
(w-n),v)= m(w,n)I'V(l) = 0 for all v € V, and hence, by density of V in V>, (w-n); =0,
that is (ii).

Let us assume that (ii) holds. Let Z be an ideal of Z(g), which annihilates V or
V. It is of finite codimension. Since 7 is Z-tempered, there exists N, € N such that, for
allve Ve m,, € Apppn,(Z : ) (cf. (4.9)). Let v € V™ and set f = m, ,. Then one can
apply Theorem 6.1 to Z,, and f;,, for w; equal to 1: Let I & S, C be a compact subset of a; —,
@, be a compact subset of G and u € U/(g). Then there exists a continuous semi-norm p
on C%®° ’NO(Z), & > 0 such that:

temp

|(az exp(tX)) "2 (L, f)(ga exp(tX)w - z)]
(6.22)

<e*'(1+||logaz)p(f), ayz€A,/A;pXeC,geQ,weW,t>0.

Note, as n transforms under a unitary character for Az g (see (6.17)), the left hand side
in (6.22) depends only on a, exp(tX) mod Ay 5.

Let S; be the unit sphere in ay/a; ; and let X, €8, N a /az g. Let 4y be an open
neighborhood of X, in S; N a, /az g such that, for all X € Qp aX) < a(Xy)/2, « € S.
Let I be the set of @« € S such that oc()?o) = 0. One has I # S as we may assume that
S # (. Let X, € a; be a lift of X, and note that X, € a; . Let Y € Q, and ¢ > 0. Then
t(Y — X,/2) € a; /a, 5 and exp(tY) = expt(Y — X,/2) exp(tX,/2) € Ay/Ay . Using (6.22)
for X = X;/2 and a; = exp t(Y — )?0/2) € A, /A, one gets: For any N e N there exists a
¢ > 0, depending on N, ¢, f, Q, and €2, such that

|(exp(tY)) ™72 (L,f)(gexp(tY)w - zy)|
<e (1 +t|Y —Xp/2)Yp(f) <cl+ 17N, YeQ,geQ,weW,t>0,
One deduces easily from this that, for any u € U (g) and N € N:

sup a=*e(1+ | logal)M|(L,f)(gaw - zy)| < +oo.
geQ,weW,acexp(R+ Qo)

Using a finite covering of the compact set S; Na; /a; z, one deduces from this that f €

C(Z, x). This achieves to prove that (ii) implies (iii).
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To prove that (iii) implies (i), one proceeds as in the proof that (ii) implies (i) in
[31, Theorem 8.5]. [ |

7 Transitivity of the constant term

Recall that A,,,,,,(Z) consists of Z(g)-finite functions. In particular, for each f' € Ay, ,(2)
there exists a co-finite ideal J C Z(g) such that f € A,,,,,,(Z: J). Hence constant terms
fr are defined for all f € A,,,,,,,(2).

Proposition 7.1 (Transitivity of the constant term). LetI C J be two subsets of S. Then,
if f € Aemp(2),

Jfr=U0r-
Proof. By G-equivariance of the maps:

Atemp @ - Atemp (ZI) and Atemp (ZJ) - Atemp (ZI)

f= f= f
it is enough to show that, if f € Ay, (2), f1(2o ) = (f)1(2o 1)- Recall that a; = a; and
a; ={Xea:aX) <0,adecS\I}, ary = {Xea:aX)<0,aeJ\I}.
Asagy={Xeca;: aX)=0,aellanda; ={X €a;: a(X) =0,a € J}, one has:
ayCay, a Cag, da; Cay.
One remarks thata; ~ Ca;;.LetX €a;” andY €a; . Then X+ Y e€a; .
Using Theorem 6.1(ii) applied successively to (Z,I,f,X+Y,1), (Z,J,f,X,exp(tY))

and (Z;,1,f;, Y, exp(tX)) instead of (Z,I,f, X, a;), one gets that there exist C > 0 and ¢ > 0
such that, for all t > 0,

a,|f(exp(t(X + Y))) — fr(exp(t(X + Y)))| < Ce ",
a|f (exp(tY) exp(tX)) — f;(exp(tY) exp(tX))| < Ce™*t,

a|f;(exp(tX) exp(tY)) — (f;);(exp(tX) exp(tY))| < Ce™**,



The Constant Term of Tempered Functions 65

where o, = e"%72X+Y)_Hence, one concludes from the three inequalities above that:
alfy(exp(t(X + Y))) — (f (exp(t(X + V)| < 3Ce™, ¢=>0.

Hence, o, lf;(exp(t(X + Y))) — (fy);(exp(t(X + Y)))] tends to zero when ¢ goes to +oo. But,
each term of this difference is an exponential polynomial in ¢ with unitary characters.
Hence, according to (6.6), the difference of the two occurring exponential polynomials is
identically zero. It implies, taking t = 0, that f(zy ;) = (f;);(Zg )- |

7.1 Application: Tempered embedding theorem

From the constant term approximation in Th. 6.9, the consistency relations (Prop. 6.7)
and the transitivity of the constant term (Prop. 7.1) one can quite easily derive an
extension of the tempered embedding theorem [31, Th. 9.11] to all real spherical spaces.

The details are carried out in [12, Th. 11.12] and we record for later reference:

Theorem 7.2 (Tempered embedding theorem). Let V be an irreducible Harish-Chandra

. o
module contained in C7,,,,

of A; such that there is an (g, K)-embedding

(Z). Then there exists I C S, w € W and a unitary character x

Ve L2(Z)0 %) -

8 Uniform estimates

The goal of this section is to obtain a parameter independent version of the main result
Theorem 6.9: the bounds become uniform if we restrict ourselves to ideals Z of Dy(Z) of
codimension one. The crucial ingredient is a recent result that infinitesimal characters
of tempered representations have integral real parts (see [33] and summarized in
Lemma 8.8 below).

Recall the Cartan subalgebra j = a @ t C g with real form jp = a @ it C j¢,
associated Weyl group W; and half sum of roots p;. Note that ,oj|aH = ,o|aH = p0|aH =0
as Z was requested to be unimodular. In particular p; |Cl factors through a, and coincides
with pg.

IfA e j(*C/Wj, let x, be the character of Z(g) corresponding to A via the Harish-
Chandra isomorphism y : Z(g) — S()Wi. More precisely,

xa) = @W)H(A), ueZ().
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Further, we set J, := ker x,. We also recall the untwisted Harish-Chandra homomor-
phism y, : Z(g) — S() and set J, o 1= y(Jy)-
According to Chevalley’s theorem, S(j) is a free module of finite rank over S(j) ~

Yo(Z(g)). Hence, we obtain a subspace U, C S(j) such that the natural map:
Y (Z2@)®Uy— S(G), vQurvu

is an isomorphism. Thus, for any A € j(*C/Wj, we obtain with y,(Z(g)) = J, o + C1 that
S(G)/SG) T 0 = Uy as vector spaces. The natural representation of S(j) on S(3)/S()J, o =~

U, gives then rise to a S(j)-representation:
o, :S(G) — End(Uy) .
For A € j(*C/Wj, let us fix a representative A € ji: such that A = W; - A.

Lemma 8.1. The following assertions hold:

1. The representation (o,,U,) is polynomial in A, i.e., for all v € S(j), the
assignment A — o, (v) is polynomial.

2. One has Spec(o,) = pj + Wi - A.

Proof. @ We prove both assertions together. Consider the auxiliary S(j)-module
S()/S()J, and call the corresponding representation of S(j) by ¢ . We have Spec(c,) =
W; - &. Recall the complement U, C S(j) and let U; = Uy(- + p;) C S(j) obtained from
p;-shift. We model o, on U; and claim that v — o} (v) is polynomial in A. It suffices to

verify the assertion for v of the form v = y(z)u with z € Z(g) and u € U;. Now

v=u(y(2) — xp(@) + xp(@u

with the first sum in the ideal S()J,. The claim follows. It remains to relate the
representation o, to o), which is given by o,(v) = o} (v(- + p;y)) via the algebra
automorphism S(G) — S(), v — v(- + ;) obtained by the ,oj—shift upon identification
S() =~ ChEl. [ |

Recall that there is a surjective algebra morphism p : Z(g) — Dy(2). Given a
codimension one ideal Z in Dy(Z), its preimage J = p~1(Z) is of codimension one in

Z(g), hence, of the form 7,, for some A € jj‘é/Wj.
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Denote by X C j/W; the set of A’s obtained that way. For A € X, we set 7, :=
p(Tp).

Next we wish to describe the set X more closely. Since D,(Z) is a finitely
generated C-algebra without nilpotent elements, its maximal spectrum specmax(D,(Z))
is an affine variety and naturally identifies with X. The surjective algebra morphism

p: Z(g) — Dy(2) gives rise to the closed embedding:
D, : X = specmax(Dy(2)) — jé/Wj = specmax(Z(g)) .
We recall our choice of t and ty; before Lemma 5.6.

Lemma 8.2. The affine subvariety X C j¢./ W; is given by

X ={A €j5/W;|3u € A=W, such that (p; + )| 0} (8.1)

ag+tg

To prepare the proof of this Lemma, we need to develop a little bit of general
theory, which is used later on as well.

We recall that Lemma 5.6 implies that D(Z;) is a finitely generated C-
algebra without nilpotent elements and thus corresponds to an affine variety Y; =
specmax(D(Z;)). It follows from Lemma 5.2 that the algebra morphism u; : Dy(2) —
D(Z;) is injective, hence p;, : Y; — X is a dominant morphism of affine algebraic
varieties. Moreover, since D(Z;) is a module of finite type over Dy(Z), it follows in
addition that u;, is a finite surjective morphism with uniformly bounded finite fibers
(by the going up property in ring theory, see [1,Theorem 5.10] or [32,Proposition 3.2.4]).

Define yy, : Z2(g) = S(G)/S(G)(ag+1ty), obtained from the composition of y, and the
projection S(G) — SG)/SG)(ay + t). We recall from (5.12) the injective algebra morphism

Jo:3Zy) — SG)/SG)(ag + tg) .

Now j, composed with the natural inclusion D(Z;) — 3(Z;) gives rise the injective

morphism

tg : D(Zy) — SG)/SO)(ag + ty) .

Next, we recall that D(Z;) is naturally a subalgebra of D(Z,) via the monomorphism

D(Z;) — D(Zy) of Lemma 5.2 applied to Z = Z;. Composing this injection with ¢, we
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obtain a monomorphism
tr - D(Zp) — SG)/SO)(ag + ty) .

With (5.13), we thus arrive at the following commutative diagram of finite module

extensions

S(G) —=5()/S0G)(an + tg) ==S5()/SG)(an + ta)

| .| |
(

Z(g) —Dy(2) = D(Z;),

with the middle vertical arrow :; uniquely determined by the injectivity of u;. In
particular, ¢y is injective. On the level of affine varieties, this corresponds to the

commutative diagram

]EE (GH + tH)J‘ B (aH + tH)J'

’Yo,*l LO,*l LI,*L (8.3)

/W~ Xy,

where (ag + ty)= C j&. Since all vertical arrows in (7.2) are injective and represent
finite module extensions, it follows that all vertical arrows in (7.3) are surjective (by

application of the going down property as above).

Proof of Lemma 8.2 Immediate from the surjectivity of the vertical maps in the

commutative diagram (8.3). |
Recall the decomposition
D(Z;) = U, @ D(ZDT, ,
from (5.18), with U, := Uz, and T}, := p;(Z,).
Recall that Uy, C U (where U is the finite dimensional subspace of D(Z;)

independent of A satisfying (5.14)) and thus n := max, _xdim U, < dim U < oo. For

every 0 <j < n, we now set

X = (A e X | dim U, =j}
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and get X = ]_[;lzo XJ. Now, for every A € X/, the set
X, = {x € X| U, @ D(Z)T, = D(Z;)}
is a subset of X/.

Lemma 8.3. The following assertions hold:

1. For any 0 < j < n, the set ngj Xk is Zariski-open in X. In particular, ¥ is
locally closed in X.
2. For A € X/, the set X, is Zariski-open in X/.

Proof. Note that Dy(Z2) = O(X) is the coordinate ring of the affine variety X. For any
x € X, we denote by m, C O(X) the corresponding maximal ideal. Since O(Y;) = D(Z;)
is a finite module of O(X), we find a finite dimensional subspace U, C O(Y;) such that
OY;) = U, @ O(Ypm,. The Nakayama lemma implies that there exists an f € O(X) with
f(x) # 0 such that O(YI)f = O(X)fUX. In particular, we have, for all z € X with f(z) # 0,
that O(Y;) = U, + O(Y;)m,. This implies that:

X =Ny x> dim OY;)/OYpm,
is upper semi-continuous and, in particular, for any 1 < j < n, we have that ng Xk is
Zariski-open in X and (i) follows.
For (ii), we just saw that, for A € X/, we have, for z € X,, that there exists
f € O(X) such that f(z) # 0 and {y € XV | f(y) # 0} C X,. Hence, X, is Zariski-open

in X, [

As quasi-affine varieties are quasi-compact for the Zariski topology, it follows

that there exists finitely many A € X, say Ay, ..., Ag, such that:

N
X=JXy,-
j=1

For any 1 <j < s, we define a fixed finite dimensional vector space U; = UA], as above.

This gives us a direct sum decomposition

D(Z) =U;®D(Z)T,, A€X,, (8.4)
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and, upon the identification UJ ~ D(Z;)/T),, a representation
op  D(Zp) — End(Uj).

Lemma 8.4. The following assertions hold:

1. Fix1 <j <s. For any v € D(Z;), the map
XA], — End(Uj), A pp(v)
is regular, i.e., locally the restriction to XA], of a rational function on X. In
particular, there exists an open covering X = U;zl X; with X; € X Aj such
that, for all v € D(Z;), there exists a constant C, > 0 such that

loaI < C,(L+IADY (A eX), (8.5)

for some N € N independent of v. Here, || - || on the left hand side of (7.5) refers
to the operator norm of End(Uj).
2. With S(a;) C D(Z;), one has:

Spec, (Pr) C (pg + W+ Mg, -

Proof. Recall the terminology we introduced in the proof of Lemma 8.3. Since the
assertion is local, we may assume that X = XA],, for some j and U = U;, is such that
O = OX)U = U @ O(Ypm, for all x € X. This decomposition defines a projection

Py : O(Y;) — U for any x € X. Moreover, note that the natural map
OX)®U - 0, g®ur gu

is an isomorphism. Accordingly, every f € O(Y;) can be expressed uniquely as f =
> 9; ® u; for a fixed basis (u;) of U. Then

px(f) =D g:0u;

is regular in x € X. This proves the first assertion of (i) and the second assertion in (i) is

an immediate consequence thereof.
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(ii) Geometrically, it might happen that the fiber of the morphism y;, : Y; — X
over A € X is not reduced, i.e., D(Z;)Z) is not a radical ideal in D(Z;). However, the set
of A's, with reduced fibers, is open dense in X. In view of the continuity showed in (i), it
suffices to show that Specg, (pp) C (o5 + W - A)|a1 for generic A, i.e., A reduced.

Next, we recall the diagram (8.3) with all vertical arrows surjective and all fibers
being finite. Now, as the fiber [LI_i (A) was assumed to be reduced, it has dim (U,)
elements as the corresponding affine algebra to this finite variety is just the a;-module
D(Z;)/Z, . In particular, MI_»: (A) consists of the a;-weights of U, ~ D(Z;)/Z),.

From (8.3), we obtain the the fiber diagram:
pi + Wi A<=—(p; + W; - X) " (ag + tu)" ~—2p (7, (A))

i (8.6)
W A=A A url(n).

Hence (ii) follows from the a;-equivariance of ;. n

The section s we use in the sequel is the one where we identify a, with the
subspace a#L C a;, the orthogonal being taken with respect to the form « introduced at
the beginning of Section 2.2. Let J(C) C G(C) be the Cartan subgroup with Lie algebra j¢
and £ := Hom(J(C), C*) be its character group. In the sequel, we identify £ with a lattice
in j*. We call a subspace V C j* rational provided that V = R(V N £). Likewise, we call
a discrete subgroup I' C (5%, +) rational if I' = I' N QL. Using the dual lattice £V C j, we
obtain a notion of rationality for subspaces and discrete subgroups of j as well.

Finally, we may and will request that « |jXj is rational, i.e., with respect to a basis

of j, which lies in £V, its matrix entries are rational.
Lemma 8.5. The following subspaces of j are all rational: ay, a; and a; for I C S.

Proof. The subspace ay is rational as it corresponds to the Lie algebra of the subtorus
(A; N H)y C J. Since the form /<|ij is rational, we obtain that a, C a C j is rational as
well. Finally, we obtain from (2.8) that S C Q£ and this gives us the rationality of a; for
any I C S. [

We recall that Q, denotes the set of a;-weights of p, and (cf. Lemma 8.4(ii))

Qp Cllpg + W), | we W}, (8.7)
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where we identify a; as a subspace of a as above. For A € Q,, we recall the projectors E; :
U, — U, , to the generalized common eigenspace along the supplementary generalized
eigenspaces.
In the sequel, we abbreviate and write Ay, (Z : A) instead of Ay, (Z 1 Jy).
The key to obtain uniform estimates for the constant term approximation is at

the core related to polynomial bounds for the truncating spectral projections E, .

Proposition 8.6. Let 1 <j < s. There exist constants C,N > 0 such that, for all A € Xj
with Atemp(Z : A) # {0}, one has

IE Il <CA+IADY,  2eQ,,
with || E, || the operator norm on the fixed finite dimensional vector space End(Uj).
The proof of the Proposition is preceded by two lemmas:

Lemma 8.7. Let0 <v <1, N € Nand A € Maty(C) with Spec(A) = {A;,...,1,} such
that ReA; < ... < ReA,.Forevery 1 <j <r, let V; C C" be the generalized eigenspace
of A associated to the eigenvalue A;. For every 1 < k <r welet E = @}‘:1 v; and
P, : CV — E, be the projection along @;:k-u V;. Suppose, for some 1 < k < r—1, that
Relp,; —Reip > v. Then there exists a constant C = C(v,N) > 0 such that

IP,Il < €1+ [JAIDY.
Proof. [34,Lemma 6.4]. |

Lemma 8.8. There exists a W;-stable rational lattice E; in the vector space j* such
that

ReA €&, (8.8)
for all A €j with Atemp(Z : A) # {0}.

Proof. Let 0 # f € Auypp(Z @ A) be a K-finite element that generates an irreducible
Harish-Chandra module, say V. According to Theorem 7.1 V embeds into a twisted
discrete series of some (Z,,);. Now, we apply [33,Theorem 1.1] and obtain a W;-invariant

lattice E, ,, called A ) in [33], with property (8.8). The lattice is indeed rational by
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[33,Theorem 8.3] combined with [33,Lemma 3.4]. The asserted lattice is then obtained by

taking the rational lattice generated by the rational lattices E; ,i.e.

E;=(VE€Ezy, : ICS,WeEW); o

Proof of Proposition 8.6 According to Lemma 8.5, a; is a rational subspace of a C j.
Now, we keep in mind the following general fact: if U C j is a rational subspace and
E C j* is a rational lattice, then E|U is a rational lattice in U*. In particular, it follows
that E;; := EZ|a1 is a rational lattice in aj. Next, observe that Lemma 8.8 combined
with (8.7) implies that Re Q, C p0|a1 + Bz for all tempered infinitesimal characters A.
Denote by Ey; C a; the dual lattice of '00|u, + Ez;. Since a; is a rational cone, we find

elements X, ..., X; of a; N E}; such that:

k
j=1

We identify U; with CV and define matrices A =T, X)) = N (X;). Let A € Q.
Write E, ; for the spectral projection to the generalized eigenspace of A; with eigenvalue
A(X;). Since the matrices A; commute with each other and the X; span a;, we obtain that:
E, =E,0...0E, . (8.9)

Hence, we are reduced to prove a polynomial bound for each E; ;. As

Spec(A) C (pg + W; - M)(Xy),

we get Re Spec(A;) C Z. Hence, we can apply Lemma 8.7 to the matrices A;, with v =1,
and obtain [|E, ;|| < C(1 + IA;IDY. Now, we recall from (7.5) that

ITACGON < CIXIIA + IADY,

after possible enlargement of C and N. This gives the asserted norm bound for |E, ;|
and then for E, via (8.9). [ ]
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For 1 € Q,, we recall the notation
E,(X) = e *ME, (" ¥), X eq;,
and recall, from Lemma 5.7(ii), the starting identity:

@, (azexp(tXy) = etFAEXI)(Df,A(az)
+/0 Eke(t_s)FA(XI)\Iff'XI(aZ exp(sX;)) ds,

ay, €Ay X ear,telR.

Lemma 8.9. Let N € N. There exist a continuous semi-norm g on Ctoeomp,N(Z) and m e N
such that, for all A € j¢/W; and f € Aspp n(Z 2 A),

[®f 5 (az exp(tXy) — Pf, oo(az exp(EXp)|l
< (az exp(tXp)) 21X (1 + | log az NV (1 + tIX; NI V(1 + | AID™q(f),

reQra; €A, Xr€a;,t>0.

Proof. The statement is a uniform version of Lemma 6.1, which rested on Lemma 5.8,
Lemma 5.9 and Proposition 5.11. Now Proposition 8.6 makes the bound in Lemma 5.8 for
the norm of the spectral projections E, uniform at the cost of an additional polynomial
factor, a power of (1 + ||A]]). This takes care of the uniform estimates for the E, in
Proposition 5.11. It remains to obtain uniform estimates for ®; and ¥, y in Lemma 5.8.
This Lemma was obtained for a fixed ideal Z and fixed complement U;. Now, by Lemma
8.4 we can in fact get by with finitely many choices of complements Uj,..., U at the
cost of another polynomial factor of a power of (1 + ||A|]). As a result the estimate in
Lemma 6.1 becomes uniform at the cost of a polynomial factor of the type (1 + ||A|)™,

which is recored at the right hand side of the asserted estimate. |

Having said all that, it is now clear that all bounds from Sections 5 and 6 become
uniform at the cost of an extra polynomial factor in || A||. Polynomial behavior in ||A|| can

be subsumed in raising the Sobolev order of the corresponding semi-norms. In more
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detail, if p is a continuous semi-norm on an SF-module V*° with infinitesimal character

A, then we claim that there exists C > 0,k € N independent of p, V and A such that
(I +[[AIDP(V) < Cpy(v) (veD), (8.10)

where p; denotes the k-th Sobolev norm of p with respect to a fixed basis of g. For that

we first note that

XA @)Ip(V) =p(2V) < C,Pgeg,(V), VvV EVT, (8.11)

for all z € Z(g) and a constant C, > 0. Now for any X € j- we define a W;-invariant
polynomial function on ji by fx(A) := ]_[Wew1 A(w - X). Note that for any A # 0 we find
an X € jc such that fy (A) # 0, i.e. choose X € jo \ Uyyew, ker A ow. By the homogeneity of

the fx and the compactness of the unit sphere in ji. we thus find finitely many X, ..., X,
such that
max |fy (A)] = cllA]™! (A €jp). (8.12)
1<j<sm Y

Let now z,,...,%,, € Z(gc) be such that xa(z) = fXj(A) for all A € ji.. Thus, combining
(8.11) and (8.12) we obtain the claim (8.10) for k = |W;1.
The preceding reasoning now implies the following parameter independent

version of Theorem 6.9:

Theorem 8.10 (Uniform constant term approximation). Let N € N, I C S and C; be a
compact subset of a; . Let w; € W; and w = m(w;) € W. Then there exist ¢ > 0 and a

continuous semi-norm p on C;’gmpN(Z) such that, for all f € Atemp,N(Z tA), A€ j(*C/Wj:

(az exp(tX))~*|f (ga, exp(tX)w - 2y) — fr(gaz exp(EX)w; - Zo )|
<e (1 +|logazD"p(f),  azeA; XeCLget=0.

Moreover, let N; := max, dim (D(Z;)/D(Z;)i1;(Z,)) € N and g be a continuous semi-norm

on C%°

tomp,N+N; (Z;). Then there exists a continuous semi-norm p on Cy; (Z) such that:

temp,N

q(fI) = p(f)r f € Atemp,N(Z : A),A € )TC/W] .
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A Rapid convergence

Definition A.1. Leta > 0 and (x,) be a family of elements of a normed vector space
with s € [a, +-ocol. One says that (x;) converges rapidly to [ if
there exist ¢ > 0,C > 0, s, € [a, +ool such that, for any s > s, ||x, — || < Ce™®5.

. . rapid
To shorten, we will write x, —— [.
S S§— 00

Lemma A.2. Leta > 0, E, F be two Euclidean spaces and [ € E. Let ¢ be an F-valued
map of class C! on a neighborhood U of I and such that the differential d¢ () of ¢ at [
e . . . . rapid

is injective. If (Xg)sc[q o0 1 @ family of elements of E such that ¢ (x;) = ¢ () and (x,)
' — 00

converges to [ when s tends to +o0, then

rapid

x,
S—> 00

Proof. Choose a left inverse A € Hom(F, E) to d¢ () and replace ¢ by A o ¢. In this way
we reduce to the case where E = F with d¢(l) an isomorphism. By the inverse function
theorem we may, after shrinking U, assume further that ¢ : U — E is diffeomorphic
onto its open image ¢ (U) C E. Applying the Taylor expansion of ¢! at ¢(l), one has for

s large enough such that x; € V:

Ixs =1l = llg~ P (x)) — o~ oD
< ld¢ LoD llpxy) —dD + ollp(x5) — d D).
Our claim follows from the rapid convergence of (¢ (x,)). |

Definition A.3. Leta > 0, X be a d-dimensional smooth manifold and (x;);c(, 100 P€
a family of elements of X. One says that (x,) converges rapidly in X if there existl € X
and a chart (U, ¢) around [l such that:

(¢ (x,)) converges rapidly to ¢ (I).

Remark A.4. This notion is independent of the choice of the chart (U, ¢). Indeed, let
(U, $) be another chart around . Then, from Lemma A.2, ((¢ o ¢~ 1)1 (¢ (x,))) converges
rapidly to ¢(I), which means that (¢(x,)) converges rapidly to ¢(I). Also if ¥ : X — Y is
a differentiable map between C*° manifolds and (x,) converges rapidly to x in X, then

W((x,)) converges rapidly to ¥(x) in Y.
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B Real points of elementary group actions

We assume that G is a reductive group defined over R and let H be an R-algebraic
subgroup of G. We form the homogeneous space Z = G/H and our concern is to what
extent Z(R) coincides with G(R)/H(R).

We say that G is anisotropic provided G(R) is compact and recall from
[25,Proposition 13.1] the following fact:

Lemma B.1. If G is anisotropic, then Z(R) = G(R)/H(R).

In the sequel, we assume that G is a connected elementary group (defined over
R), that is:

e G = MA for normal R-subgroups A and M,
e M is anisotropic,
A is a split torus, i.e., A(R) ~ (R*)".

Consider now Z = G/H, with G elementary. We set My := M N H and, likewise,
Ay = AN H. Furthermore, we set A; := A/Ay and M, := M/My, which we view
as subvarieties of Z. From Lemma B.1, we already know that M,(R) = M(R)/My(R).

Consider now the fiber bundle
A, > Z—> G/HA
and take real points
A;R) - Z[R) — (G/HA)R). (B.1)
We claim that the natural map
M (R) x Az(R) — Z(R) (.2)

is surjective. In fact, observe that G/HA ~ M/(M N (HA)) is homogeneous for the
anisotropic group M. Hence, (G/HA)(R) ~ M([R)/(M N (HA))(R) and our claim follows
from (B1).

We remain with the determination of the fiber of the map (B2). Since M and A

commute, we obtain with
My :={mecM|mHeA, CZ)

a closed R-subgroup of M, which acts on A; by morphisms (translations). The kernel

of this action is My and this identifies My as a normal subgroup of Z\zg In particular,
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we obtain an embedding MH/MH — A, and, taking real points, we obtain, as M is

anisotropic and Zﬁg is closed in M, a closed embedding
Fymy = My (R)/My(R) > Ay(R).

The image of Fy, is compact, hence, a 2-group of 4;(R) =~ (R*)k. In summary, we have

shown:

Proposition B.2. Let Z = G/H be a homogeneous space for an elementary group G =
MA with respect to an R-algebraic subgroup H. Then Fy ) is a finite 2-group and the

map
[M(R)/My; (R)] x"™® A,(R) - Z(R), [mMy(R),azl — may,

is an isomorphism of real manifolds.

Corollary B.3. Under the assumptions of Proposition B.2, the G(R)-orbits in Z(R) are
in bijection with Ay (R) o /Fypry where Az R), is the group of 2-torsion points in AyR).

The isomorphism is given explicitly by:

A;(R)y/Fywy > GRN\Z(R), Fyg)az > GR)ay.

C Invariant differential operators on Z and Z; (by Raphaél Beuzart-Plessis)

In the beginning we let Z = G/H be a general homogeneous space attached to a Lie group
G and a closed subgroup H C G. A bit later we specialize to real spherical spaces as in
the main body of the text. Our concern is with the algebra of G-invariant differential
operators ID(Z) and we start with a recall of the standard description of D(Z) in terms
of the universal enveloping algebra U/(g) of go. As usual, we denote the right regular
representation of G on C*°(G) by R and, by slight abuse of notation, the induced action

of the enveloping algebra U/ (g) by the same letter; in symbols:
R:U(g) - End(C™(G)).

Now, for an element u € U(g), the operator R(u) descends to a differential operator on Z

if and only if u € Uy (g), where
Ug(g) :={ucl(g) | Ad(h)u —u clU(g)h, hecH}.

Notice that Uy (g) C U(g) is a subalgebra of U/(g), which features U(g)h C Uy(g) as a
two-sided ideal. The following Lemma goes back to Helgason in case there exists an

Ad(H)-stable vector complement to h in g. The general case is an easy adaption and
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probably known to a larger part in the community. Since we could not find a reference

we include a proof.

Lemma C.1. The right regular action induces a natural isomorphism

D(2) >~ Uy () /U(9)b, (C.1)

Proof. (Compare [20,Proof of Lemma 16]) Let 7 : G — Z be the natural projection. For
every function f € C*(2), we set n*f = f o € C®°(G). The map f +— #*f induces an
isomorphism C®(Z) ~ C*(G)¥ with the space of H-right-invariant functions in C*(G).
Let u € Uy(g). Then, R(u) preserves C*(G)H and therefore induces an endomorphism of
C*°(Z) obviously given by a G-invariant differential operator. Thus, we have an algebra

homomorphism
u € Uy(g) — D, € D(Z) (C.2)
characterized by the property that
Rur*f = 7*(D,f) (C.3)

for every u € Uy (g), f € C*°(Z). It remains to show that this morphism is onto with kernel

Ug)h.
First we show that

{u € U(g) | Rw)n*C®(Z) = 0} = U(g)h. (C.4)

Note that this fact immediately implies that the kernel of (C2) is U(g)h.

Choose a complementary subspace m of h in g and let
Symm : S(g) — U(g)
be the symmetrization map. By Poincaré-Birkhoff-Witt, we have
U(g) = Symm(S(m)) & U(g)bh.

Hence, we just need to show that if u € Symm(S(m)) is such that R(u)7*C*>(Z) = 0 then
u = 0. Let u be such an element. It can be written as u = Symm(v) for some v € S(m). If

U is a sufficiently small open neighborhood of 0 in m, the map
Yv:XeUwr n(exp(X)) eZ
is an open embedding. Therefore,

Y*C®(Z) = C®°(U). (C.5)
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On the other hand, by a well-known characterization of the symmetrization map (see
[20,eq. (3.9)]), we have

RW7r*f)(1) = @)Y )(0)

for every f € C*°(Z) where d(v) is the differential operator with constant coefficients on
m associated to v. By (C5), this last equality implies v = 0 hence u = 0 and this ends the
proof of (C4).

It only remains to prove that (C2) is surjective. Let D € D(Z). As ¢ is an open
embedding, there exists v € S(m) such that

(DN (zg) = QWY *)(0)

for every f € C*°(Z) where z, = 7 (1) is the natural base-point of Z. Set u = Symm(v). As

before, the above identity can be rewritten as
(Df)(zp) = RW)T*f)(1).
Since D is G-invariant, it follows that
(Df)(92) = (DL(g™H)f)(2g) = R *Lg~ (1) = Lg HRW*f)(1) = RW)7*f)(9)
for all f € C*°(Z) and g € G. Otherwise said, we have
7*(Df) = Rw)rn*(f), f e C®2). (C.6)

Since R(h)n*(f) = #n*(f) for every h € H and f € C*(Z), we deduce that R(Ad(h)u —
u)r*C*(Z) = 0, hence Ad(h)u — u € U(g)h by (C4). This shows that u € Uy(g) and
comparing (C3) with (C6) we have D = D,,. Therefore, the map (C2) is surjective. |

For u € Uy(g)/U(g)h, we denote by Ry(u) € D(Z) the correponding invariant
differential operator. Suppose furthermore that there is a subalgebra b C g such that
g = b+ b (not necessarily direct). Then Poincaré-Birkhoff-Witt (PBW) implies that 2/(g) =
U(b) +U(g)h and setting Uy (b) = U(b) N Uy (g), we obtain from (C1) an isomorphism

D(Z) >~ Uy (b)/Ub)(H N Db). (C.7)

Remark C.2. (a) Recall that we expressed by H;, the identity component of H. It is then
clear that Uy (g) C Uy, (9). Hence, we obtain from Lie H = Lie H; and (C1) that

D(Z) ¢ D(G/Hy)
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naturally. Moreover, we record that

Up, (9) {ueU(g) | [X,ul eU(g)h, X €b}

= {uecl(g) | Xucl(gh, Xeb}.

(b) Assume that G = G(R) is the group of R-points of a linear algebraic group G
over R. Let H;, be the Zariski closure of H in G and assume that H,, and H have the
same Lie algebra (this happens, e.g., if H has finite index in the group of R-points of an

algebraic subgroup of G). Then, by (C7),

D(Z) = D(G/Hyg,) -

We now return to the spherical setup and request from now that Z = G/H is
real spherical and unimodular where as in the main body of the text, G = G(R) is the
group of R-points of a connected real reductive group and H is open in the R-points of
an algebraic subgroup of G. The topic of this section is then to study the relationship
of D(Z) to D(Z;) for I C S. Recall that the authors of this paper have defined H; to be

connected. We abbreviate notation and write R; for Ry, and U;(g) = Uy, (g) etc. With
b:=a+m+4u,

we obtain a subalgebra of g such that g = b + b; for all I C S. Further, we have b N h; =

ag + my =: by. In particular, we obtain an algebra isomorphism
Dy U (b) /U)oy — D(Z)), u+— Ri(u). (C.8)

Via this algebra isomorphism, we identify from now on D(Z;) with U;(b) /U (b)by.
Remark that, as A; normalizes H;, we obtain a natural inclusion S(a;) — D(Z;) induced

from the right action of A; on Z;. Note that Zg = G/H, and ag = a 5.
Lemma C.3. The symmetric algebra S(ag) embeds in the center of D(Z).

Proof. By slight abuse of notation, let us denote by H the algebraic closure of H; in G
and let H = H(R). In view of Remark C.2(b), we may replace H, by H in the following.
Let Z(C) = G(C)/H(C). Since Z is unimodular, Z(C) is a quasi-affine algebraic
variety (see Lemma 5.4) and there is a natural embedding
D(Z) = Endg(CIZ(©)) ~ P End(VH),
v
where the direct sum runs over all isomorphism classes of algebraic finite dimensional

irreducible G-modules. Moreover, the image of S(ag) in End(VH¥) by this morphism
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corresponds to the natural action of ag on V. Therefore, we only need to show that
this action is scalar for every finite dimensional irreducible G-module V. Set V(U) = uV.
Then V(U) is a proper Q-submodule of V and the quotient V/V(U) is an irreducible L-
module on which the split center a; acts by a certain weight u € a;. Identify ag with a
subspace of a; through the choice of a splitting of a, in a;. Then the claim would follow

if we can show that the only weight of ag in V# is the restriction of ;1. We have
vEnvw) =o. (C.9)

Indeed, if v € VH N V(U) then Q(C)H(C).v C V(U) and, as Q(C)H(C) is Zariski dense
in G(C), this implies that the G(C)-invariant subspace generated by v is included in
V(U) hence v = 0 since V is irreducible and V(U) # V. By (C9), the restriction of the
projection V — V/V(U) yields an injective ag-equivariant morphism V¥ < V/V(U). The

result follows. [ |

In the sequel, we view U;(b)/U(b)by as a subspace of U(b)/U(b)by, which is
naturally a module for A/A, hence for A,. In particular, we can speak of the a,-weights
of an element in U;(b) /U(b)by. Recall that ag =a, z C a; forallT C S.

Let I C Sand (aj)™ be the cone of elements A € a} such that
AMX)<0, Xea.

Let ug € Ug(b)/U(b)by and ug = eru; ug; be its decomposition (in U(b)/U(b)by) into
a;-eigenvectors. Let Wi(ug) be the set of A € af such that ug, # 0. Then there exists a

unique minimal subset W;(ug),,,.x 0f W;(ug) such that
conv(W;(Ug) pax + (@) = conv(Wy(ug) + (@) ™),

where conv(D) denotes the convex hull of a subset D C af (indeed, W;(ug),, 5 is just
the set of extremal points of conv(W,;(ug) + (a})*); this follows from a version of the

Krein—-Milman theorem for convex subsets invariant by a cone, see, e.g., [13]).
Lemma C.4. Let A5, € Wi(Ug) oy Then ug, € U (b)/U(b)by.

Proof. Choose, for every A € af, a lift ug, € Ug(b) of ug,, which is again an a;-

eigenvector of weight A and with ug, = 0if ug, = 0. Set

Ug = 2 Us

*
A€az
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(a lift of ug). Then we want to show that ug, € U;(b). By the choice of 1,,,,, there
exists X € a;  such that A(X) < A,,,,(X) for every A € af with Ug; # 0 and A # ;-

Therefore, we have

thmax(X) et ad X~

lim e Ug = Ugy, . -

t—00
Since tlim etadXy — b; in the Grassmannian Gr(g), we easily check that for every n > 0
—> 00

the limit tlim et ET‘dXLls(g)<n in the Grassmannian Gr(U(g),,) (which always exists) is a
— 00 = =
subspace of U;(g) <,,- Since Ug € Ug(g), this shows that asr)hmax e Ui(g) NUDb) =U;(b). N

Notice that, for every I C S, we have a morphism Z(g) — D(Z;) induced by the
“right” action of Z(g) on smooth functions on Z;. We can now state the main theorem of
this appendix.
Theorem C.5. For every ug € Ug(b) /U (b)by, the limit

u; = lim ef34Xy, (C.10)
t— 00

exists inU(b) /U(b)by for every X € a; ~ and is independent of X. The map u > u; induces

an injective morphism of algebras
Moreover, the following assertions hold:
1. a. the az-weights of ug are non-positive on a,,

b. the a,-weights of u; — ug are negative on a; .

2. The morphism p; fits into commutative squares

Zig)—Zig) and S(IS)—>S([‘1>7
D(Zs) —D(Z;) D(Zs) —D(Z;)

where the vertical arrows in the first and second diagrams are the natural

ones.

Proof. By Lemma C.3 (applied to Z; instead of Z) and Lemma C.4, we see that, for
any nonzero ug € Ug(b)/U(b)by, we have W;(ug),,,x = {0} (in particular, ug, # 0). This
implies that the limit in (C10) exists, is independent of X and is nonzero if ug # 0. This
readily implies that u; is a monomorphism of algebras. Moving on to (i), we deduce (a)
and (b) from the fact that the limit (C10) exists.



84 P. Delorme et al.

The second square of assertion (ii) is commutative since the image of S(ag) in
U(b)/U(b)by is obviously in the 0-weight space of a;. It only remains to show that the
first square of (ii) is commutative. Let z € Z(g). Let Zg € U(b) and 7% € U(g)h be such that
z=72Zg+ ZS. Then Zg € Ug(b) and through our identification D(Zg) ~ Us(b) /U(b)by, z gets
mapped to the image zg of Zg in Ug(b) /U (b)by. By (i), up to translating zg by an element

of U(b)by;, we may assume that the limit

= 1 tad X~
7= tl—lf&e Zs
exists in U/ (b) for every X € a; ~ and that it is independent of X. Moreover, z; € U;(b) and
its image z; in U;(b)/U(b)by coincides with the image of zg by u;. As z is fixed by any
inner automorphism, the limit

Z = lim e!2dXz5

t— 00
also exists in U(g) for every X € a; ~, is independent of X and z = z; +7Z. Since Z° € U(g)h
and tlim e!2dXy — . in the Grassmannian Gr(g), we have z! € U(g)h;. Therefore, by
—00

definition of the identification D(Z;) >~ U;(b)/U(b)by, z; is also the image of z in D(Z)).

The commutativity of the first square follows. |
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