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1. INTRODUCTION

Our concern is with a homogeneous real spherical space Z = G/H. We assume
that Z is algebraic, i.e. there exists a connected reductive group G, defined over R,
and an algebraic subgroup H C G, defined over R as well, such that G = G(R) and
H = H(R). Then Z is a G-orbit of the variety Z(R) where Z = G/H. We denote
by zo = eH € Z C Z(R) the standard base point and recall that Z is called real
spherical if there is a minimal parabolic subgroup P C G such that P - zp is open
in Z.

The goal of this paper is to develop the basic Plancherel theory for L?(Z7), i.e.
to establish the foundational Bernstein-decomposition of L?(Z) into different series
of representations. Although the main body of the text is written in terms of
Z, we focus in this introduction on Z(R) and the Bernstein decomposition for
L?(Z(R)), for which our results are easier to state. On a technical level we obtain
the information for Z(R) by collecting the data of all G-orbits in Z(R).

Real spherical varieties Z(R) have a well understood G-equivariant compactifi-
cation theory, which is constructed out of the combinatorial data of Z originating
from the local structure theorem. We recall from [28] that attached to Z there is a
torus A, = A/ANH, homogeneous for a maximal split torus A of G contained in P.
Let Az be the identity component of A,(R), and az its Lie algebra. Inside a one
finds a co-simplicial cone a,, called the compression cone, which is a fundamental
domain for a finite reflection group Wy [26]. In particular there is a set S C a%;, of
the so-called spherical roots, such that the faces of a, are given by a; :=az Na;
with I € S and a; := I+ C ay. For the simplicity of exposition we assume in this
introduction that S is a basis of the character group =z ~ Z" of the torus A4,, the
so-called wonderful case. A_

Now there exists a (wonderful) smooth G-equivariant compactification Z(R) of
Z(R) featuring a stratification in G-manifolds,

Z(R) = H ZI(R)u

Ics

parametrized by subsets I C S of spherical roots [26] and with Z(R) = Z s(R). The
strata Z;(R) for I C S arise as follows. For every element X in the relative interior
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a; ~ of the face a; of a, the radial limit

201 == tl_lglo exp(tX) - zp € Z(R)

exists and is independent of X. Then H;, the G-stabilizer of 20,1, is real algebraic,
i.e. Hr = H,(R), and Z;(R)
orbit G - Zp,;. The group H; acts on the normal space to the stratum ZI(R)
at Zo,7. The kernel of this isotropy action defines an algebraic normal subgroup
H, < H, with torus quotient A, = H,/H,;. The real spherical space Z;(R) :=
(G/H;)(R) is in fact canonically attached to Z(R), i.e. it does not depend on
the particular compactification. Geometrically Z;(R) is a deformation of Z(R)
which approximates Z(R) asymptotically near the vertex zp ;. We denote by A
the identity component of A;(R) and note that its Lie algebra is a; defined above.

We assume now that Z and hence also Z(R) is unimodular, i.e. it carries a G-
invariant positive Radon measure. As Z;(R) is a deformation of Z(R) for each
I c S, it follows that Z;(R) carries a natural G-invariant measure as well. On
Z;(R) the group G x Ay acts from left times right. The left G-action defines a
unitary representation L of G on L?(Z;(R)) given by (L(g)f)(z) = f(g~* - 2) for
g€ G, 2€ Z;(R) and f € L*(Z;(R)). The right action of A; on Z;(R) defines a
normalized unitary representation R(as) f(z) = a;”f(z-az) for a; € Ay and f, z as
before. The decomposition of L?(Z,;(IR)) with respect to R yields the disintegration
in unitary G-modules

[G-Zo,1](R) is the set of real points in the boundary

-~

WL®h[ﬁ@ﬂMMx
Ar

with A 1 the unitary character group of the non-compact torus A;. The space
L?(Z;(R), x) is the space of square integrable densities with respect to x and we
denote by L?(Z;(R), x)a the discrete spectrum of this unitary G-module. We define
the twisted discrete spectrum of L?*(Z;(R)) by

(2R = [ I(Zi(R). 04 dx.
I

The main result of this work (see Theorem [[T.1T] where B of (L)) is denoted by
Br res) is the construction of a G-equivariant surjective map

(1.1) B: P L*(Z1(R)w — L*(Z(R))
Ics

such that source and image have equivalent Plancherel measures, i.e. belong to the
same measure class. Further each By := B‘ L2(Z, (R))ea is a sum of partial isometries.
The latter property translates into the Maass_—Selberg relations, see Theorem [.0]
and will be explained in more detail below. The existence of such a map originates
from ideas of J. Bernstein, and accordingly we call B the Bernstein morphism. Let
us remark that in the main text we derive a more general (but more complicated to
state) result, namely a Bernstein decomposition for L?(Z) (see Theorem [T and
Theorem [IT.9) from which we derive ([II]) by collecting the data for the various
G-orbits in Z(R).

For absolutely spherical spaces of wavefront type over a p-adic field k a Bernstein
map for L2(Z(k)) with the same properties as above was constructed by Sakellaridis
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and Venkatesh in [42] under the assumption of certain properties of the discrete se-
ries, see [42], Conjecture 9.4.6]. A novel point of view in [42], which we have adopted,
is the observation that the decomposition of L?(Z(k)) into the various series of rep-
resentations is reflected in the boundary geometry of a smooth compactification
Z(k) of Z(k). Another new insight of [42] is that no explicit knowledge of the
discrete series is needed to derive the Bernstein decomposition: the bottom line is
the existence of a spectral gap for the discrete series. Since a spectral gap theorem
is established in full generality for real spherical spaces in [32], we do not have to
make any assumptions on the discrete spectrum as in [42].

With the implementation of the Bernstein decomposition the Plancherel theo-
rem for L?(Z(R)) essentially reduces to the understanding of the twisted discrete
spectrum for each Z;(R), and the determination of ker B. Since the Bernstein map
is isospectral and surjective, it follows that the measure class of the Plancherel
measure of L?(Z(R)) is given by countably many copies of the Haar measures on
the tori A;.

Let us consider the example Z = Z(R) = G x G/ diag G ~ G of a real semisimple
algebraic Lie group. Here the spherical roots S are identified with the simple roots
with respect to a, the Lie algebra of A of a maximal split torus of G. Recall that
subsets I C S parametrize the parabolic subgroups P; = L;U; of G. Then we
have H; = diag(L;)(U; x Ur) with Py = L;U; the parabolic opposed to P; and in
particular

Z[(R) =[G/Ur x G/Uj|/ diag(Lr) .

Write L; = MjAj as usual. Now, via induction by stages, we readily obtain

(1.2) L(Z®Ra =, Y | Toea@my,dA,
G'EJ/\ZI,disc o

where 7, ) = IndIGDI (A®0) is the unitarily induced representation of G with respect
to the unitary character of Ay defined by A, and o is a discrete series representation
of My. Via basic intertwining theory we then group the occurring representations
in (I2)) into equivalence classes and obtain Harish-Chandra’s Plancherel formula
up to the classification of the discrete spectrum of the inducing datum (see Section
[[4)). Likewise holds for the Plancherel theorem for symmetric spaces as obtained
by Delorme [9] and van den Ban-Schlichtkrull [3] and we refer to Section [I3l for the
complete account.

As in the work of Harish-Chandra on the Plancherel theorem for a real reductive
group, a constant term approximation [I7] lies at the heart of the proof. Let us
explain that. A Harish-Chandra module V' endowed with a linear functional 7,
such that n extends to a continuous H-invariant functional on the unique smooth
moderate growth completion V'°°, will be called a spherical pair and denoted (V7).
The continuous dual of V*° is denoted V~°°, and from [29] originates a natural
linear map

(1.3) (V=) = (Vo) i s

Attached to n are the generalized matrix coefficients m, ,,(9H) = n(g~'v) which
define smooth functions on Z for all v € V*°. Likewise we obtain smooth func-
tions m,, ,r on Zy := G/Hy C Z;(R). An appropriate notion of temperedness for
functions on a real spherical spaces was defined in [27], and accordingly 7 is called
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818 PATRICK DELORME ET AL.

tempered if all associated matrix coefficients are tempered functions. The map
([T3) then gives rise to a linear map of tempered functionals

(Vfoo)H N (V*OO)H[

temp temp *

The constant term approximation [I0] measures the differences
|y, (g exp(tX)H) — my, 1 (gexp(tX)Hy)|

for g € Q, a compact subset of G, and ¢ — oo for X € a; ~. We refer to Theorem
[Tl for the detailed statement.

In case of the group Harish-Chandra obtained in [I7] such an approximation for
a fixed representation. Using his strong results on the discrete series [16] it was
made uniform for all tempered representations in [I8]. For spherical spaces the
uniformity of the constant term approximation is obtained in [I0] via the spectral
gap theorem of [32] for the twisted discrete spectrum.

Let us mention that our constant term approximation is also uniform in the
category of smooth vectors so that there is no need for expansion of functions in
terms of K-types. On a geometric level this allows us to view Z; and Z in terms of
the orbit geometry of the minimal parabolic subgroup P. In more detail, we show
that there is a natural injective map of open P-orbits (P\Z;)open — (P\Z)open-
This in turn allows us to identify Z; inside Z, up to measure zero via the open P-
orbits. We refer to Section [§] for the analytic implementation of this P-equivariant
point of view. Let us point out that the auxiliary “exponential maps” of [42], which
allowed an identification of Z(k) and Z ;(k) near the vertex Zp j, are no longer
needed in our context of P-equivariant matching of Z; with Z up to measure zero.

For almost all irreducible Harish-Chandra modules in the spectrum of L?(Z;)

the multiplicity space (V*m)gfnp is a finite dimensional semisimple module for a;
Hy

and accordingly every n! € (V’Oo)temp decomposes into eigenvectors

nl = Z nt

Aeptiaj

Our Maass-Selberg relations are then expressed in the form that n — n’* is a
partial isometry, see Theorem Notice that the n’* reflect the asymptotics of
the matrix coefficients m,, , through the constant term approximation. Finally we
define the Bernstein morphisms spectrally via the technique of tempered embedding
developed in [29] Sect. 9].

As a corollary of the Bernstein decomposition we obtain a partial geometric
characterization of the existence of the discrete spectrum:

(1.4) inth, #0 = L*(2)q#0,

see Theorem [TZTl This formulation reflects the known geometric characterization
for groups and symmetric spaces, going back to Harish-Chandra [16] and Flensted-
Jensen [12]. Actually we expect that the converse implication in (I4]) holds as well,
and we provide a geometric analogue of the expected equivalence via moment map
geometry in Theorem [I3.11
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2. NOTIONS AND GENERALITIES

Throughout this paper we use upper case Latin letters A, B, C'... to denote Lie
groups and write a, b, ¢, ... for their corresponding Lie algebras. If G is a Lie group,
then we denote by Gy its identity component.

If M is a set and ~ is an equivalence relation on M, then we denote by [m] the
equivalence class of m € M. Often the equivalence class is obtained by orbits of a
group G acting on M. More specifically if X,Y are sets and G is a group which
acts on X from the right and acts on Y from the left, then we obtain a left G-action
on X xY by g-(x,y) := (x-g~1, g-y) whose set of equivalence classes we denote by
X X¢Y. We often abbreviate and simply write [x,y] instead of [(z,y)] to denote
the equivalence class of (z,y).

Given a group G and subgroup H C G we use for ¢ € G the notation H, :=
gHg™', ie. Hy is the G-stabilizer of the point gH € G/H.

For a Lie algebra g we write U(g) for the universal enveloping algebra of gc.
Further we denote by Z(g) the center of U(g).

If Z is an algebraic variety defined over R and k£ D R is a field, then we denote
by Z(k) the set of k-points. Since we only consider fields k¥ = R, C in this paper we
abbreviate in the sequel and simply set Z := Z(C).

Let now G be a connected reductive algebraic group defined over R and let
G := G(R). As a general rule we use the following notation: if R is an algebraic
subgroup of G and defined over R, then we set R := R(R) and note that R is
closed Lie subgroup of G. We regard G C G and then R=GNR. Welet H < G
be an algebraic subgroup defined over R, and define H < G according to this
rule. For intersections with H we adopt the notation R; := RN H and likewise
Ry = RN H = Ry (R). a

Set Z := G/H ‘and observe that Z is a smooth G-variety defined over R. Set
Z := G/H and observe that Z is a G-orbit of Z(R). In general Z(R) is a finite
union of G-orbits, but typically not equal to Z. For example if G = SL(n,C) and
H = SO(n,C) then Z(R) ~ [y, SL(n,R)/ SO(n — 2k, 2k) identifies with the real
symmetric matrices with unit determinant, whereas Z comprises the set of positive
definite symmetric matrices therein. In particular, in this case Z = G/H C Z(R).
This shows, when taking real points of the principal bundle

(2.1) 1-H—-G—~Z

we have to act with care, as the functor of taking real points in (1)) is only left
exact

(2.2) 1—-H—G— Z(R)

and extends to a long exact sequence of pointed sets [43] 1.5.4, Prop. 36] in Galois
cohomology

(23) 1— H—G— Z(R) - H(Gal(C|R), H) — H*(Gal(C|R),G).
In this context we recall from [26] Prop. 13.1] that:

Lemma 2.1. If G is anisotropic over R, i.e. G(R) is compact, then 22) is right
eract.

We denote by zg = H the standard base point of Z and observe the G-equivariant
embedding
Z—Z=G/H, gH—gH=g-z.
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If R is a unipotent group, then note that R is connected for the Euclidean
topology. This is because unipotent groups R are isomorphic (as varieties) to their
Lie algebras t¢ via the algebraic exponential map.

2.1. Real spherical spaces and the local structure theorem. Let P < G be
a parabolic subgroup of G which is minimal with respect to being defined over R.
We denote by N the unipotent radical of P.

We assume that Z is real spherical, that is, the action of P on Z admits an open
orbit. After replacing P by a conjugate we will assume that P-zg is open in Z. The
local structure theorem (see [28, Th. 2.3] and [26] Cor. 4.11]) asserts the existence
of a parabolic subgroup @@ O P with Levi-decomposition Q = L x U defined over
R such that one has o o

(2.4) Pz = Q'Zo
(2.5) Qy = Ly
(2.6) L, € Ly

where L, is the unique connected normal R-subgroup of L such that the Lie algebra
[, is the sum of all non-compact, non-abelian simple ideals of I.

Remark 2.2. In addition to [24)—(2Z6) we request from our choice of L that it is
obtained via the constructive proof of the local structure theorem. In case that
Z = G/H is quasi-affine, this means that there exists & € b C g such that

L=17¢(¢) ={9eG|Ad"(9)§ =&}

In case Z is not quasi-affine one uses a quasi-affine cover (cone construction) to
reduce to the quasi-affine case: extend G to G; = G x C* and let ¢ : H — C*
be a character defined over R which is obtained from a Chevalley embedding of Z
into projective space which is defined over R. With H; = {(h,¥(h)) | h € H} we
obtain a real spherical subgroup H; C G, such that Z, = G,/H, is quasi-affine.
The local structure theorem for Z; then descends to a local structure theorem for
Z.

With this choice of L it is then guaranteed that the slice L/L n can be extended
to suitable compactifications of Z which will be used later in this text.

In particular, we obtain from (24)—(23]) via the obvious multiplication map
(2.7) P-z~UXL/Ly

an isomorphism of algebraic varieties defined over R. If we take real points in (271
we get

(2.8) [P - 20](R) = U x (L/Lg)(R).

In the next step we wish to describe (L/Ly)(R) in more detail. For that let
A C LN P be a maximal split torus and set A, = A/A,. We also view the
torus A, as a subvariety of Z. Further we define Ay to be the identity component
of Ay (R).

The number r := rankg Z := dim A is an invariant of Z and referred to as the
real rank of Z.

Let K be a maximal compact subgroup of G. Note that K is algebraic, i.e. K =
K(R). Further we denote by 3(g) the center of g, and we fix with x : gxg — R a non-
degenerate Ad(G)-invariant bilinear form which yields an orthogonal decomposition
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of the center 3(g) = (3(g)Na)®(3(g)NE). In case g is semi-simple, the Cartan-Killing
form can be used for k. It is a standing further requirement for K that ¢ | a. Then
M := Zg(A), the centralizer of A in K, does not depend on the particular choice
of K with ¢ L a.

Notice that Zg(A) is a Levi-subgroup of P and as such connected. Moreover we
have Zg(A) = MA. Notice that (26]) implies that M A acts transitively on L/Ly.

In the next two paragraphs we recall some elementary facts from [10, Sect. 1
and App. BJ. Define

M\ﬂ:{meﬂhnwoeég}

and note that M\i is the isotropy group for the action of M on L/L QA' In particu-
lar, Eﬂ is an algebraic subgroup of G defined over R. Moreover, M\ﬂ contains M g
as a normal subgroup such that Fj; := M\E/Mﬂ ~ ]\/J\H/MH is a finite 2-group.
Here My = ﬂﬂ (R) C M by our notational conventions.

Now L/L p is homogeneous for M A and thus

(2.9) L/LEZMX@AZ:M/MﬂXFMAZ.

In particular, by [10, Prop. B.2]
(2.10) (L/Lp)(R) =M x5 Ay(R) = M/My xp, Ag(R)

where ~ refers to an isomorphism of real algebraic varieties.
From (27) and (2I0) we obtain the following form of the local structure theorem,
which we will use later on:

(2.11) [P 2)(R) ~ U x [M/MH X by, AZ(R)} .

Recall that A,(R) ~ (R*)", with r = rankg(Z), is a split torus viewed as a
subvariety of Z(R). Set
AZ,]R = A&(R) NnZ.

Then it is clear that Az C Azr C A,(R). In general however, Az is not a
group, but carries only the structure of an Az-set (see Example LIl for Z =
SL(3,R)/SO(2,1)).

Let Fp = {-1,1}" < A;(R) = (R*)" be the 2-torsion subgroup of A,(R).
Since Ay is defined to be the identity component of A,(R) we obtain the following
isomorphism of groups B

(212) AZ(R) :AzFRﬁAZ X F]R.

Let ' C Fgr be the subset such that Azr = AzF, ie. F = FrN Azr. Set
Ty = epr(ian) < A and note that Fr C Tz - z9 as Tz - zo contains all torsion
elements of A .

Since Fj; maps faithfully into Fr we view it in the sequel as a subgroup of Fy.
Note that Fj; C F' and that F; acts on F.

With this terminology we obtain from (2.1I0) that

(213) ZQ(L/LE)(R) EM/MH X Fu AZ,Ra
and accordingly from (ZITI)
(214) ZQ[BZO}(R)ZUX [M/MH X For AZ,R] .
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The set of open P-orbits in Z, resp. Z(R), is an important geometric invariant
and plays a dominant role in the harmonic analysis on Z, resp. Z(R). For a sym-
metric space it is known from [38] that the open P-orbits are parametrized by a
quotient of a Weyl group with a subgroup. Although no such parametrization is
known in general we denote

Wr := (P\Z(R))open and W :=(P\Z)open

motivated by the special case.

From (ZTI1) and (2I4) we deduce:

Lemma 2.3. The maps
FM\FR — Wgr, t=Fyt— Pt
and
Fy\F =W, t= Fyt~ Pt

are bijections.

It is often convenient to select representatives of W in G. For any t € Fi/\F we
pick a representative t € F' such that t = Fjyt. Then Pt €e W andt € Z =G - z
implies that there is a lift w = w(t) € G of t to G such that t = w - z. If
W = {w(t) | t € Fjy/\F}, then the assignment

W —=W, w— Pw- 2z

is a bijection.
Let w =w(t) € W and let ¢t € Tz be a lift of ¢, i.e. t- 29 =¢. Then

(2.15) w =th
for some h € H.

2.2. Spherical roots and the compression cone. Let ¥ = ¥(g,a) be the re-
stricted root system for the pair (g, a) and let

g=adm® @ g
aed

be the attached root space decomposition. Write (INh)Lt C [ for the orthogonal
complement of [Nk in [ with respect to k. From g=q+h=u® (INh)L @b and
g = q @ u we infer the existence of a linear map 7 : & — u @ ([N h)1* such that
h=(Inh)®G(T) with G(T) Cu®u® (INh)*t the graph of T.

Set ¥y :=X(u,a) CX. Forae¥,and X_,€g *let T(X_,) = Eﬁezuu{o} Xop
with X, 5 € g° for 8 € &, and X, € (INh)+. Let M C a*\{0} be the additive
semi-group generated by

{a+plaeX,,3X_o: Xop #0}.

Note that all elements of M vanish on agy so that we can view M as a subset
of a%. A bit more precisely the elements of M, seen as characters of A, are trivial
when restricted to Ay and therefore factor to characters of A,. Thus if we denote
by Zz := Hom(A,, (C_X) ~ 7" the character group, seen as a lattice in ay, we have
M CEz. N

Define

azp:={X€caz|(VaeM)a(X)=0}
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and note that M belongs to ajE C a},. Next, according to [26, Cor. 9.7], the con-
vex cone Rx>oM is simplicial in a%} - Generators of this cone, suitably normalized,
will be called spherical roots and denoted S.
The standard normalization of S is that a generator o of R>¢M belongs to S
provided it is integral and indivisible, i.e. 0 € Zz and TI—LO' Z Ey for all n > 2.
Next we define the compression cone by

a, ={X €az|Vael) a(X) <0}

Remark 2.4. The set of spherical roots S and the associated co-simplicial compres-
sion cone a, make up an algebro-geometric invariant of the real spherical space Z,
see [26]. This is important for this article, as the Bernstein morphisms defined later
have an inherent parametrization by subsets I C S, i.e. faces of a},.

Let us also mention that there is an alternative elementary approach to the
compression cone as a fundamental domain of a finite Coxeter group, see [36].

Let us define by az g = a, N (—ay) the edge of a, and record
#S = dimaz/azﬁE .

Following [29] Sect. 3] we define for I C S the boundary degeneration of h; of b
by

(2.16) br:=1NhoG(Tr)

where

(2.17) Tr(X_o)i= Y  Xag.
a+BEeNy[I]

Observe that hg =h and hy =uaNh.

We also set

(2.18) ar :={X €az| (Vael)a(X)=0},

(2.19) a; ={X €ar| (Va e S\I) a(X) <0},

(2.20) a;  ={X €ar| (Va e S\I) o(X) < 0}.

We recall from [29] Sect. 3] that for all X € a; ~

(2.21) br = lim etad Xy

Notice that az = a/ag is a quotient and not canonically a subalgebra of a. In
general it is convenient and notation saving to identify az as a subalgebra of a by
means of the identification az ~ aﬁ“. Then a; normalizes h; and we obtain with

b= a;+b;

a Lie subalgebra of g. It follows from (221]) that Ly normalizes each h;. Further
we define Az = exp(az) C A as a connected subgroup of A and set A, := exp(ay).

3. EQUIVARIANT SMOOTH COMPACTIFICATIONS OF Z(R)

In this section we explain and recall the principles of G-equivariant compactifi-
cation theory of Z(R) as developed in |26, Sect. 7].
The main idea is to use a partial toric completion of the torus A, via a fan

F supported in all of a; (in [26] these fans are called complete). Let us call this
partial completion A (F).
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Given a complete fan supported in a,,, we inflate (27) and form the P-variety
Zo(F):=U x (L/Lﬂ XA, Ag(f))-

Now it is the content of [26] Th. 7.1] that there exists a G-variety Z(F) of the
form Z(F) = G- Zy(F) containing Z,(F) as an open subset. Note that Z(F)(R)
is compact by [26] Cor. 7.12]. The compactifications Z(F) of Z just constructed
are usually called toroidal as they origin from partial compactifications of the torus
Ay

“For a cone C € F in the fan F we denote by intC its relative interior, i.e. the
interior with respect to a¢ := spany C C az. Now to every cone C € F corresponds
a radial limit Z¢ € A, (F) C Z(F) defined as follows. The limit

Ze = lim exp(sX) - zo
§—00

exists for every X € int C and is independent of X. Moreover, the G-orbits in Z(F)
are parametrized by the cones C € F by way of C — Zc =G - Z¢, see [26] Cor.
7.5].

]])eﬁne A. C A, as the torus which fixes z¢ and note that its Lie algebra is given
by the complexification of ac defined above. Hence if I = I(C) is the set of spherical
roots vanishing on C, then a¢ C ay. Further if we denote by E ¢ the G-stabilizer of
Zc, then we have the following relation for Lie algebras:

(3.1) be =br +ac
with by defined as in [221)). In case Z(F) is smooth we provide a simple argument
for (3] below.

For our purpose we need that Z(F) is a smooth manifold. By the construction
of Z(F) this is the case if and only if A,(F) is smooth. Let us now provide a
standard construction of a complete fan which yields a smooth partial completion
A, (F). For that we denote by 2z = Hom(A4,,C*) ~ Z" the character group of
A,. Likewise we let £} = Hom(C*, A,) be the co-character group and note the
natural identification az ~ Z} @z R.

Best results are obtained when S is a Z-basis for the character lattice 2. In
this case the standard fan Fg; obtained by the faces of a, is smooth and Z(Fy) is
the wonderful compactification of Z (see |20, Definition 11.4]).

Remark 3.1. In general S is not a basis of Zz. This can have several natural
reasons, for example if az g # 0 as #S :=dimaz/az g < r = rankg(Z) = dimay.
One might overcome this by passing from H to H = H - AZ,E. But even if #S =r
it might happen that there is torsion, i.e. Zz/Z[S] # 0 which destroys smoothness
of A, (F) for F the fan generated by a,.

One can overcome both issues indicated in Remark [B.1] simultaneously by sub-
dividing a, into finitely many simple simplicial cones C1,...,Cn such that
- N
®ay = Uj:l aj,
e ;N C; is a common face of both C; and Cj; for all 1 <1i,j < N,
e For each 1 < j < N there exists a basis (¢¥;;)1<i<r of Zz such that C; =
The existence of such a decomposition is a standard fact of toric geometry, see
[2T, Ch. 3]. Let us denote by F; the fan generated by C;, i.e. the set of all faces of C;.
Then define the fan F := Uivzl Fi. Notice that A,(F) is smooth and is obtained
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from gluing together the various open pieces A, (F;) ~ C". From a, = U;v=1 C; we
obtain a; = =J,_, Cj Na;~. Now for every I C S we let J; C {1,..., N} be the
set of indices j for which C; Na; ™ # 0. Then a; = = {J,c,,(C; Na; ™). Note that
in general J; is not a singleton as for example Jy = {1,..., N}.

We fix now a simplicial subdivision as above and the corresponding complete fan
F. To abbreviate notation we set ZO = Zy(F) and 7= Z(F). We denote by Z
the closure of Z in Z (R) which is then a manifold with corners |26, Sect. 14].

For every I C S we fix now an j; € Jr and let ¢; = C;, Na; C a;. We denote
by ¢; = the relative interior of ¢; . We recall zo = H € Z the standard base point.
Then for X € ¢;~ the limit

(3.2) 200 = lim exp(sX) - 20 € Ag(F;,)(R) C Zo(R)
s o0 -
exists and is independent of the choice of X € ¢; = (but depends on j;).

Remark 3.2. Our choice of j; € J; yielding ¢; can also be seen in the following
context. Set

(3.3) Fr={CeFlac=as}.

Then our choice of j; € Jr picks an element ¢, € F; together with an 1 < j; < N
such that ¢, C C;.

Let us denote by E} the stabilizer of Zp ; in G. Note that El is defined over R.
We claim that H; has Lie algebra

o~

(3.4) br =br+as
with b defined in (2I6). In order to see that we note that the G-stabilizer of
zi = exp(tX) - zp is H; := exp(tX)H exp(—tX). Moreover the fact that z; — Zo s
in the smooth manifold Z(R) implies that the stabilizer Lie algebra of the limit 20,1
contains the limit h; of (Z2ZI). Now the claim follows from [26] Th. 7.3].

We define ZI =G 2y ~ Q/EI. Proposition B.3] shows that this definition is
independent of the choice of ¢; € Fj.

Proposition 3.3. We have Ec = ﬁl for all C € F;. Moreover, EI does not
depend on the choice of the smooth complete fan F defining the smooth toroidal
compactification Z = Z(F) of Z. In other words, for every I C S the G-variety
Zz = G/H; is up to G-isomorphism canonically attached to the G-variety Z =
G/H.
Proof. We prove the first assertion by induction on n = #5. We start with n = 0,
the case of horospherical varieties, see |26, Sect. 8]. In this situation A normalizes
H and moreover H = (HNL)UP? with U°PP the opposite of U. In particular, A, =
A/Ay acts naturally on the right of Z = G/H. By the construction of the toroidal
compactification as the unique minimal G-extension of Z,(F) = Q/Qxa,Ay(F)
we obtain that -
Z(F)=G/H x4, Ay(F)

and hence Ec = HA for all C € Fg.

Let now n > 0 and I C S. We first treat the case for I = S. Then ag = az g
and we note for all C € Fg the natural isomorphism

Ag “Ze Ag/éz,E :
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Hence we obtain that

Q% =1Q/Q,) x4, Ay %]~ Q/(QNH)Ap.

This means for the G-extension Zc of Zy(C) =Q -z
Zc ~G/HAy g,

ie. EC =HAy .

Suppose now that I C S and let C,C" € Fr. We connect now C and C" in a; face
to face, i.e. we find Cy,...Cy, € Fr such that I(CNCy) = I, I(C;NCiy1) = I for
1<i<m-—1and I(C'NC,) = 1. Hence we may assume that I(CNC') = 1. Set
Co:=CnNC". Set

]:(CO) = {C e F | ac, C Clc}
and note that C,C" € F(Co). Set Z, := G - z¢, ~ G/H, and note that az, =
az/ac,. Moreover, Fy := F(Co)/ac, is a complete smooth fan for Z, featuring
Zy(Fo) C Z(F) as the Zariski closure of Z, in Z(F). Now Sy = S(Z,) =1C S
and we obtain by induction that Ec = :c'-

Finally we note that if 7; and F5 are smooth fans, then there exists a smooth
fan F3 containing both F; and Fa, i.e. Z(F1), Z(F2) C Z(Fs3). This completes the
proof of the proposition. |

For the purpose of this paper our interest is not so much with Z ; but with the
real G-orbit 21 =G -z~ G/ﬁl. Note that 21 cZ.

For I C S we denote by A; the subtorus of A, corresponding to a; C az. For
our fixed j = j; € Jr; with regard to ¢, we now set Yl = apy for 1 < i < 7.
Let k := r — |I|. We may order the basis (1)/)1<i<, then in such a way that
Q[I] = Q[wéﬂ, ...,%!] and then

¢ ={Xea | (Vi<k)¢](X)<0}.
With the basis (] ); we identify A, with (C*)" via

(3.5) Ay = (C), ars (@ )i<icr-
In these coordinates A; corresponds to the subgroup (C*)"=% ~ 1 x (CX)"=* C
(€.

Let us denote by (e!)i<i<, C az the basis dual to (¢!)1<i<,. We define the
AQ(R)—modules Vi o= @igk Re! ~ a; and V/- = D, Re!, which are both
diagonal with respect to the fixed basis (w{ )i<i<r of Zz. Via the coordinates of
([B5) we view A, as open subset of Ve = C" = Ay (F;;) and obtain in particular
that

(36) ZO(‘FJI) =Ux [M/Mﬂ X Fu VC]

where we view Fjy = ]/W\H/MH as a subgroup of {—1,1}" acting on V¢ by sign
changes in the coordinates. Set V = R".

Lemma 3.4. The real points of Zo(Fj,) = U x [M /My XF,, Vc| are given by
(37) Zo(F3)(R) = U x [M/Mp X1, V1.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



PLANCHEREL FORMULA 827

Proof. Let x = (u,[mMy,v]) € Zy(F;;) where u € U, m € M and v € V. Then
x is real if and only if £ = z, that is

(’EL, [mMﬂv 6]) = (uv [mMﬂv U])

and in particular w = u. Moreover, as Fj; has representatives in M g, we obtain
that mM ; € mMyM y. Now it follows from Lemma 2.T] that the polar map

M XMH mJﬁ — M/Mﬂa [gaX] = gexp(ZX)Mﬂ

is a diffeomorphism. Hence if y = mMy = [g, X] is such that y € m]\/ZHMH we
obtain § = [g, —X| = [¢gm~t, Ad(m) X] for some m € My. But this gives m € My
and thus § = y, i.e. X = 0. Therefore y = mMy = [g,0] and we may choose
m = g € M. This yields in turn that ¥ = v which concludes the proof of the
lemma. O

Let e; := 25:1 eJI- € Vi. Set Firr i= Far N A; and note that Fyy r is the Fiy-

stabilizer of e; € V;. Further put FJ{/[ := Fuy/Farr. Denote by VIL’X C Vi the
subset with all coordinates non-zero and observe that

Vig =Ay, ep~ Ay /A,

Then we obtain from 38 and B1) the isomorphisms
(3.8) P-Zoy = Ux [[M/MgFu] xpy Vi)
~ Ux UM/MQFMJ] XF [Ag/éf]]

and
(3.9) [P-201)(R) ~ U x [[M/MpgFa) xpr Vi

~ U x [[M/MpFu1] % g1, [Az(R)/A;(R)]]
which are given in coordinates as

(u, [mMyg Fprp,v]) =umv - Zo g .
3.1. Relatively open P-orbits in Z. The structure of the finite set of G-orbits in
Z is in general complicated and the G-orbits through the boundary points 2y ; C Z
do typically not give all G-orbits in Z (see Example [L.10] below).

In general, let us call a P-orbit P-Z C Z relatively open provided P-Z is open in
the G-orbit G - Z. The goal of this subsection is to describe the set of all relatively
open P-orbits in Z, denoted by (P\Z)rel—op in the sequel.

Recall from the end of Section 2] the set W C G which parametrizes (P\Z)open-
In addition we remind that elements w € W have a representation as w = th with
t € Tz = exp(iaz;) C A and h € H such that t := -z, € F where F = Fg N Z and
F the finite group of 2-torsion points of A, (R) C Z(RR) (see Subsection 2Tl for the

notation).
For w € W we now define the shifted base points:

Zwi=w-2=t-20=t€F CZ.
Likewise for I C S and X € ¢;~ we define in analogy to ([B.2)

Zw,l = slin;o exp(sX)-zy =1t 201
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and note that the second equality (immediate from the definitions) implies that
Zw,1 is independent of the choice of X € ¢; . As t-Zy is independent of the
chosen lift ¢ of ¢t we can define for ¢t € Fp

t'goJ Z:tw/?:\()’].

Since the limit defining z,, ; exists and z,, € Z we infer that z,, ; € 7. Moreover,
as Zw,1 € Fr-Zp,; with the notation defined above, we infer from the local structure
theorem as recorded in (B9) that P-Z, s is open in G - Z,, ;. With that we obtain
in fact all relatively open P-orbits in the wonderful situation:

Lemma 3.5. Suppose that Z is wonderful. Then the set of relatively open P-orbits
i Z is given by

(P\Z)rel—op = {P - Zw.s |weW,I C S}.

Proof. The 1nclu510n D was already seen above In the wonderful situation the
G-orbits in Z are premsely the G- Zzp1 ~ G/H H ; for I € S and accordingly every
relatively open P-orbit in Z(R) lies in some [P - % Zo,1](R). Hence any relatively open
P-orbit in Z is of the form Pty - Zp s for some t; € Fg by (89) and [2I2). Since 7
is G-invariant, and in particular P-invariant, it follows that ¢, - Zp 1 € Z. Further
the local structure theorem ([B.9) implies that t1 - Zp,; € 0Z is approached by a

curve in Z of the form exp(sX)ty € Z for some ty € F and X € a;~ = ¢, for
s — c0. In other words t1 - Zo,; = lims_o0 exp(sX)te = to - Zp, ;. With Lemma 23]
this concludes the proof. O
Remark 3.6.

(a) In the wonderful case we have a stratification Z(R) = chszl(R) of Z(R)

in real spherical G-manifolds with P - Z,,  C ZI (R) for each w € W. In particular
if I #J C S wehave P-Z, 1 # P2y j for all w,w’ € W. However, for fixed I it
can and will happen that P -2, 1 = P - 2, for some w # w'. The extremal case
is I = () where Zy = Z,, ¢ does not depend on w € W at all.

(b) In case Z is not wonderful, the assertion in Lemma [55 needs to be modified
as follows. For every cone C € F and w € W let us define
(3.10) Zw,c = lim exp(sX) - zy
5§—00

which does not depend on X € intC. Recall that the G-orbits in the toroidal
compactification Z are parametrized by C € F and explicitly given by G- z¢. Then
for each C € F the relatively open P-orbits in 0Z contained in ZC =G - Zc are
given by the P -2, ¢ with w € W.
(¢c) As every open G-orbit in Zc is open and contains an open P-orbit, we deduce
from (b) that
U G zuc.

wew

4. NORMAL BUNDLES TO BOUNDARY ORBITS IN A SMOOTH COMPACTIFICATION

Let X be a manifold and Y C X be a submanifold. We denote by T'X and T'Y
the associated tangent bundles of X and Y. The normal bundle of Y is then defined
to be

Ny =TX|y/TY.
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Note that Ny — Y is a vector bundle with fibers (Ny), = T, X/T,Y.

We are mainly interested in the case where X is a smooth G-manifold for a Lie
group G, and Y := G - y is a locally closed orbit. In this case we have a natural
action of the stabilizer G, on (Ny), and

(4.1) Ny =G xq, (Ny)y
reveals the G-structure of Ny.

4.1. Normal bundles to boundary orbits. After this interlude on normal bun-
dles we return to our basic setting with G a real reductive algebraic group, and
let X := Z(R) be a smooth G-equivariant compactification of Z as constructed in
Section Bl R

Fix I € S and let Y := Z; C X be a boundary orbit with base point y := % ;.
Recall the basis (¥])1<i<, of 2z, its dual basis (el); and V; := Di<k Re!. By
means of the basis it is often convenient to identify V; with R* where k = r — |I|.
Define V;* := @, R*e/ and V) C V;* by

V= EBIR+ I' (RT)F.
i<k

Set V :=V; @ V- and recall e; = Zle el e Vp.

Let Ups C M/Mp be an open neighborhood of the base point My € M/Mpy
such that Uy NUy -2 =0 for x € Fpy, x # 1.

Recall that VIJ"X = Az (R)/A[(R). According to (3.9) the mapping

Wy U X Upg x Vim™ = [P 20 1)(R) = U x [[M/MyFari) xpr Vi
given by
(u,mMp,v) — (u, [mMgFa,1,v])

is a diffeomorphism onto an open subset of [P - Zp ;](R) and hence also of Z,(R).
Set

Vi=074Y).
Thus we obtain two diffeomorphisms onto their images
Uo:V—=Y=2, (u,mMy,aA;(R))— uma-y
and R
U:VxV;=>Ux[M/Myg xp, V]CX=2Z(R),
the latter one being given by
(u,mMpg,aA;(R),vr) = (u,[m,a- ey +vp]).

Set Fr := F'N A;(R) and note that F; identifies with a subset of {—1,1}* upon
identification of A;(R) ~ (R*)¥. From the definition of ¥ we then get

(4.2) VY Z)=VxF- V.
It is worth to note that
(4.3) U(y,er) = 2.
With ¥ being diffeomorphic we record the following property of transversality
(4.4) d¥(z,0)(0x V))& T, Y =T, X (xeV).
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In the sequel we use (£4)) to identify the spaces Vi ~ (Ny), for y = Zy ;. On
Vi = (Nv), there is a natural linear action of G, = H 1, the isotropy representation,
which we call R

p: Hy — GL(V;).

The representation p is algebraic, i.e. it originates from the complex isotropy

representation R

p:H; — GL(Vic).
We write H; = ker p and note that Hy = H;(R) is given by H; = ker p. Observe
that H; < E rand Hy < H 1 are closed normal subgroups.

Theorem 4.1. The following assertions hold:
(1) The Lie algebra of Hy is given by by, as defined in 2I19).
(2) H;/H;~ A;.
The proof of Theorem [A.1] will be prepared by several intermediate steps. The
key is Lemma and the techniques contained in its proof.

Lemma 4.2. The Lie algebra of Hy contains by, as defined by (2.10)).

Proof. Let Y € by, then hy := exp(Y) € H as explained in Proposition B3l We
claim that p(h;) = 1.
For all X € ¢;~ NE} we consider the curve

vx :[0,1] = X = Z(R), s+ exp(—(log s)X) - 2,

which connects Zp 1 to 29. Note, that in coordinates of ([B.5) we have Ay (Fj,)(R) =~
R* (with j; € J; the selected element for ¢; ), and
vx(s) = (s™,...,s™) eV

for some m; € N. Notice that all tuples of m; € N occur for some X. Hence vx is
differentiable with vx (0) = y = Zp,; and 7% (0) = (d1,...,0,) with §; =1 if m; =1
and §; = 0 otherwise.

Since p(hr)(vx(0)) = 4 o—oh17x(s), the lemma will follow provided we can
show that d%|s=0h17X(s) = ~%(0) for all X as above. Now for hy € L N H this is
clear and thus we may assume that Y is of the form (see ([2I7))

Y = Z (X_a+ Z Xoa,p) -
aeX(a,u) a+B€eNy[I]
Set now for s >0
Vom 3 (Kot S e (setX X, ) € Ad(yx ().
acX(a,u) B

Note that Y; — Y for s — 0. Likewise we set hy s := exp(Y;) and note hy s — hy.
Now we use that M C =z in order to conclude that h; ; is right differentiable at
s = 0. The Leibniz-rule yields

% s:Ohl,s’YX(S) = d%L:OhIVX(S) + d% s:OhI’Sy
ET,Y
and thus we get
4 h =P 4 h (s)
ds ls=0 17x(5) ds lsmo  TTXNS
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with P the projection T, X — Vr along T},Y. Now observe that

hrsyx(s) = hrsexp(—(logs)X) -z
= exp(—(log s)X) exp((log s)X)hy s exp(—(log s)X) -zo
€H
= 7x(s)
and the lemma follows. O

4.1.1. Normal curves and the proof of Theorem A1l Recall the base points zg 1 €
2[ c 7. Now 20,1 € 0Z is a boundary point of Z provided that I C S or az g # 0
—in case az g = {0} we have 25 = Z and zZg = zg is not a boundary point.

The proof of Lemma contains an important concept, namely smooth curves
in Z which approach the point 2y € 2[ in normal direction. Let X; € a;~
correspond to —ey € V after the natural identification of a; with V;. Then we saw
that the curve

vr:[0,1] = Z(R), s~ exp(—(logs)X;) - 2o
is smooth with the following properties
i '71((07 1}) c z,
e 71(0) = Zo,1, R
° 7}(0) —erc Vi C TED,IZ(R)'

More generally, let v € V7. Then there exists a unique a(v) € A; such that

v =a(v) - er. If we consider now A; C Z, then we obtain a smooth curve

Yo i [0,1] — Z, s+ exp(—(log s) Xy) - a(v)

such that
b 7@((07 1]) CZ,
L4 PY’U(O) - EO,I, N
e 1, (0)=veVicCT; , Z

For g € G we now shift v, by g, i.e. we set
You(s) =g -w(s) €Z  s€(0,6).

Notice that v,.,(0) = g-Zo,r and v, ,(0) = dLy(Z0,1)v € Tg.gDJZ, where dL, denotes
the differential of the displacement Ly (z) = g-2. If v = ey we simply set v, 1 1= 7g,0-
Specifically we are interested when g € E, so that v,4.,(0) = Zo.7.

Next we recall the decomposition of the complex tangent spaces

Ts,Z=T5,2;9Vic
which identifies V7 ¢ with the complex normal space to the boundary orbit Z ;=
G - Zp,; at the point Zp ;. We denote by
P: TEO,IZ — ijc, U — Uy

~

the projection of a tangent vector u € Ty ,Z to its normal part u,. With this
notation we then obtain from the definition of H; = ker p that

(4.5) Hy={geH,|(VveV) [,(0) =0}
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Proof of Theorem 1l First recall that EI =b; + a; from [B4). As further Ay C
ker p we see that p induces a representation of A; on Vj ¢ which is given by the
faithful standard representation p(a)(v) = a - v. In fact, if we denote by @ € A
any lift of @ € A, for the projection 7 : A — A,, then for a € A; we have
p(a)(w) = @-+,(0) = a-v. Notice that p(Ar) ~ diag(k, C*) within our identification
Vic ~C*. It follows in particular that ay N Lie(H;) = {0} and thus b = Lie(H )
by Lemma A2 This shows ().

Moving on to () we first observe that PH PH for any spherical subgroup H.
In fact, since H normalizes H it follows that PH is a union of open right H-orbits.
Since G is connected the identity ﬂ = PH follows. Equivalently,

(4.6) H=(PnHH.
We apply this to the spherical subgroup H;. Now if p € PN EI then

(4.7) P 20,1 = 20,1 -
Let A, == 7T_1(AI) Then (1) and the local structure theorem in the form of (3.8)
1mphesp€MHAICHIAI,and hence H; = H,;A; by [G). O

In particular it follows from Theorem 1] that B(ﬂ ;) = diag(k, C*) and thus for

g € H, that p(g) = 1 if and only if p(g)(v) = v for some v € V;*. Thus we obtain
the following strengthening of (@A) to

(4.8) Hy = {geH;| [0 =er}
= {9 H; [, O =0v} (weVy).

4.2. The part of the normal bundle which points to Z. We denote by A;
the identity component of A;(R).
According to Theorem [Tl there is the exact sequence

(4.9) 1= H, —H — A —1.
In (£9) we take real points, which is only left exact, and obtain
(4.10) 1— H; — H; — A;(R).

The image of the last arrow in (£.1I0) is an open subgroup since taking real points
is exact on the level of Lie algebras. We denote this open subgroup by A(I) and
record the exact sequence

(4.11) 1— H; — Hy — A(I) = 1.
In particular,
(4.12) A(l) = ArF(I),

where F(I) < {—1,1}* C A;(R) is a subgroup of the 2-torsion group {—1,1}* of
A (R) ~ (RX)F.
Remark 4.3. R

(a) The non-compact torus A(I) ~ H;/Hy acts naturally on Zy = G/H; from
the right and thus commutes with the left G-action on Z;.

(b) Since A; C A, we obtain that A(I) is naturally a subgroup of A,(R). In

particular we stress that it is not possible in general to realize A(I) as a subgroup
of A=AR) C G.
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We return to the normal bundle of the boundary orbit Y = 7 I
Ny =G xg, VI:GxﬁI Vi.

From (I we obtain that
(4.13) p(Hp)er = A(I)-e; = F(I)- V2.

Recall the set Fr = F N A;(R) C {-1,1}* with F(I) C F;. We define an
A(I)-stable open cone in Vi by
(4.14) Vzi=Fr-V{ = Fr- (RM)*,
and we define the cone-bundle
(4.15) Ny =G xq, Vzr

as part of the normal bundle Ny which points to Z. To explain the term “points to
Z” we recall the curves 7, and note that v, ((0,€)) C Z if and only if a(v) € A(I),
that is a(v) -e; = v € F;V}.

Observe that the coset space Fy := F(I)\Fy identifies with the N¢ /G. For every
t= F(I)t € F; with ¢ € F; we now denote by

NZ* = G xq, [F(Dt- V7]

and note that
NG =[] M
teFy
is the disjoint decomposition into G-orbits.
Presently we do not have a good understanding of F(I) and the coset space
Fr = F(I)\F, except when G is complex, where Fr = F(I) for all I C S. Here are
two further instructive examples:

Example 4.4 (cf. [20, Ex. 14.6]).
(a) Let G = SL(2,R) and H = SO(1,1). We identify Z = G/H with the one
sheeted hyperboloid

7= {(@1,72,9) € B | 0} — 2 — 2} = -1},

We note that Z = Z(R) and we embed Z into the projective space P(R*). The
closure of Z in projective space is given by

7 = {[x1, 22, 23, 24) € P(RY) | 22 + 22 = 22 + 22} ~ S x S!

and coincides with the wonderful compactification Z (R). In the identification 7 =
St x St from above, the unique closed G-orbit is given by Y = {1} x S! and

Z=7ZUY.

In particular both directions of the normal bundle Ny point to Z. In our notation
above this means that F; = {—1,1}, F(I) = {1} and

Ny = N¢ = NZ Nzt

(b) The situation becomes different when we consider G = SL(2,R) with H =
SO(2). We identify Z = G/H with the upper component of the two sheeted hyper-
boloid Z(R), in formulae:

2

Z = {(w1,72,73) € R | 27 — 25 — 22 = 1,2, > 0},
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and

Z(R) = {(x1, 72, 23) € R® | 2? — 22 — 23 =1}.
We emphasize that Z(R) has two connected components, one of them being Z.
As before we view Z(R) in the projective space P(R*) and obtain the wonderful
compactification Z(R) as the closure

Z(R) = {[z1, 22, x5, 24) € P(RY) | 2? = 23 + 22 + 22} ~ S2.

The unique closed orbit Y = S! is identified with the great circle S! C S? which
divides Z(R) into the two open G-orbits. In particular, only one direction of the
normal bundle Ny points to Z. We obtain that Iy = F(I) = {1} with

Ny D NZ.
By this we end Example [£.4]

Define
Z] = G/H]

and write zo,; = H for its standard base point.

Let t = F; and fix with ¢t € F} a representative so that t = F(I)t. We then claim
that

G/Hr — Ny*, gH~ [g,t-e/]

defines a G-equivariant diffeomorphism for each t € F;. In fact, with A(J) ~
F(I)V? via a ~ a - ey, this follows from:

(4.16) NJY =~ G/Hr % ary (A(I) - t-e;) ~ G/Hy xa, VP ~ G/Hy .

4.3. Speed of convergence. Next we wish to describe a quantitative version of
the fact that H; asymptotically preserves normal limits, i.e. of ([£38]). For that recall
the curves v .

Lemma 4.5. Let g € El and v € V. Then there exists a smooth curve [0,€) —
P, s+— ps such that

Yg,0(8) = Ps 10 (8) (s€[0,¢))
and:
(1) po € A;.
(2) If g € Hy then po = 1.
(3) If g € Hr we can assume that ps € P.

Proof. Note that g-Zo ;1 = Zo,; by assumption, and hence v, ,(s) — Zo s for s = 0"
in a smooth fashion.

The local structure theorem gives us coordinates near zp s, see (8.8). In partic-
ular, it implies that we can find a smooth curve s — p; € P such that ps - v,(s) =
Yg,0(8). Note that po - Zo,1 = Zo,7 and hence po € A;(P N H) by [B8). With that
we obtain an element py € PN H such that p, := psppy satisfies ({). Here we used
the fact that v, =, , forallpe PN H.

We move on to ([2)). For that we recall the decomposition of the tangent space

T/Z\O’[Z = T/Z\O’[ZI @ VI,(C
and the normal part u, € Vj ¢ of a tangent vector u € T3, Z. Now if g € H;, then

20,1 =

by the definition of H; as the kernel of the isotropy representation, we obtain that
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[7g,0(0)]n = v. On the other hand, using the identity v, (s) = ps - 74(s) we obtain
[Vg.0(0)]n = po - v. As po € A;, this implies py = 1.

The last assertion (3] is proved using the real version of the argument for (I). O

Let dg be a left invariant Riemannian metric on G. Then the quantitative version
of ([@.]) reads as follows:

Corollary 4.6. Let X; € ¢;~ Ca; correspond to —er € Vi in the identification
Vi ~ay. Set a; :=exp(tXy) fort > 0. Let hy € H;. Then there exist constants
C,e,to > 0 and for each t >ty an element x; € P such that dg(z¢,1) < Ce™ " and

(4.17) hras - zo = xeay - 2o .
If further, hy € Hy, then we can choose x; € P.

Proof. Apply Lemma 3l to g = hy and v = ej. Set z; := p,—+ and use that pg = 1
and s+ p, is differentiable at s = 0. ([l

4.4. The intersection of H; with L. For later reference we record the following
fact, which is more or less immediate from (B.8]). Since it is crucial for the paper
we include a detailed argument.

Lemma 4.7. For all I C S one has
(4.18) LNH=LNH,.

Proof. First note that L = M AL and from L, C H N H; we obtain that HNL =
L, [(MA) N H] and likewise H; N L = L, [(MA) N H;]. Hence it suffices to show
that H (1 (MA) = H, 1 (MA).

We first show that H N (MA) C H; N (MA). For that we recall the isotropy
representation p which we view here as a representation of H 7 so that H; = kerp.
Recall the curves vx from the proof of Lemma Now for g € (MA) N H we
have gvx(s) = vx(s) and thus g7% (0) = v%(0). Hence g € kerp = H; and “C” is
established.

For the converse inclusion we first note that both H N (MA) and H; N (MA)
are elementary algebraic groups (see [26] or [10, Appendix B] for the notion “el-
ementary”). Together with [Nh = [N bh; (which we obtain from (2I6)) we infer
that H N (MA) and H; N (MA) have the same Lie algebra, namely [my + aglc.
Further as M A is an elementary group we obtain H,; N (MA) = (M N ﬂl)(AEI)O’
see [I0, Appendix B].

From anb = anb; again obtained from [2.I6) we derive (Ay )o = (Ag)o. Hence
we only need to show that M NH; C M N H. Let now m € M N H;. In particular
m e E, fixes Zp,; and thus we obtain from (B9)) that m € My Fis,;. Hence we may
assume that m € Fyr ;. From p(m) = 1 we then obtain that m € Fy;; € {—1,1}*
needs to have all coordinates to be 1, i.e. m = 1 and the proof is complete. O

4.5. The structure of Z;(R). From Theorem 1] and Proposition B3] we obtain:

Lemma 4.8. For any I C S, the G-isomorphism class of the variety Z; is canon-
ically attached to Z, i.e. independent of the particular smooth toroidal compactifi-
cation Z = Z(F) of Z.

In particular, it follows that up to G-isomorphism Z;(R) is canonically attached
to Z(R). However, for Z; the situation is different. We recall the shifted base
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points z,, = w - zp and Z,, 1 from Subsection Bl For I C S we then define the set
of G-orbits

Cr:={G Zyp1|weW}
and note that different orbits in C; may not be isomorphic, see Example .10l In
particular, the isomorphism class of Zy = G/H; is not canonically attached to Z.

In this sense only the collection of G-spaces {G/(Hy) | w € W} (where (fl;)] is
the stabilizer of Z,, ;) is canonically attached to the G-space Z = G/H.

Remark 4.9. In case Z is wonderful the set C; equals the set of G-orbits aZmZ, (R).
This follows from Lemma The general case is a bit more complicated, see
Remark B.6(b). Recall the boundary points Z,, ¢ from (BI0). Then
D; = {G-Zwcl|G ZweCZ;(R),weW,CeF}
= {G-/Z\w76|w€W,CE}—[}

yields all G-orbits in 92 N ZI(R).

For c € C; we set
We={weW|G Zys=c}
and obtain the partition
(4.19) W = H W .
ceCy
Given ¢ € C; we choose a representative w(c) € We. Incase c = G - Zp 1 = 21 we
make the request that w(c) = 1. We then define
HI,c = (Hw(c))I-

We will see in Lemma [5.T6] that the G-conjugacy class of Hj . is independent of the
representative w(c) used for its definition.

Example 4.10. Consider Z = SL(3,C)/SO(3,C) which is defined over R. We will
use the identification
Z = Sym(3 x 3,C)aet=1
with Sym denoting the symmetric matrices. Hence
Z(R) = G/K1G/H
consists of two G-orbits with K = SO(3,R) and H = SO(1,2), both real forms of

H = 80(3,C). Our interest is here with Z = G/H. If we identify A, with the
diagonal matrices in Z, then Fg, the 2-torsion group of A, (R), is given by

R={(1,1,1),(1,-1,-1),(=1,1,-1),(-1,-1, 1)} = {to, t1, ta, t3}

which in this case parametrize the open P-orbits in Z(R) — we have Fj; = {1} in
this example. Notice that tg € G/K whereas t1,ts,t3 € Z = G/H. In particular
F = {t1,ta,t3} is not a group. Let us denote by wi,ws, w3 € G lifts of ¢; to G so
that W = {wy, we, w3 }.

In this case the spherical roots comprise a system of type Ay. With I = {as}
we can take a; = diag(t~2,¢,t) for our ray.

Our example Z has a wonderful compactification which is given by the closure
of the image of its standard embedding into projective space

Z =Sym(3 x 3,C)get=1 — P(Sym(3 x 3,C) x Sym(3 x 3,C))
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X=C- (X, X,
Note H,,, = H and an elementary calculation in the above model for Z yields
Hy = (Hy,)r = S(0(1)0(2)Ur  and  (Hu,)r = (Huw,)r = S(O(1) O(1,1))U;

where
1
Ur=1|x 1 Cc@qG.
* 1

In particular, we see Hy ;1 := Hj is not conjugate to Hy o := (Hy,)1.

We further note that Z,(R) = dZNZ,(R) consists of two G-orbits 2[71 = G/ﬁl’l
and 2172 = G/ﬁLz, and accordingly C; ~ {1, 2} has two elements. Note that EI(R)
is G-isomorphic to the projective space of the rank two real symmetric matrices.
Within this identification Z 11 C Z (R) consists of the rank two symmetric matrices
(viewed projectively) with equal signature (i.e. 0++ or 0——), and 2172 C Z(R) of
the rank two symmetric matrices with signature 0+—. Finally note that Wy = {w;}
and Wh = {wg, w3}.

5. OPEN P-ORBITS ON Z; AND Z

Recall the set W C G of representatives for W = (P\Z)open. Let Wi =
(P\Zp)open, the set of open P-orbits in Z;. The objective of this section is to
obtain a good set Wy of representatives for W; which results in a natural injective
map m : Wy — W (or W; — W if one wishes), and thus matches each open P-
orbit in Z; with a particular open P-orbit in Z. This map is important for various
constructions of the paper.

In general the map m is not surjective and this originates from the fact that Z;
is only one G-orbit in Z;(R) which points to Z. We will show in this section that
the G-orbits in Z;(R) which point to Z are given by

(5.1) Zr=[] I Zree-

ceCrteFyr

Here Zjcx ~ Z;. = G/Hy for all t € F;. with Fy the set corresponding to
F; = Fy/F(I) when Z; is replaced by Zj.. For every pair c,t this then leads
to an injective matching map mc; : Wy — W with W a parameter set for
Wie = (P\Zr,c)open- The case of ¢ = t = 1 corresponds to the original map
m = my ;. The decomposition (5.1 then leads to a partition

(5.2) W= T I me:Wre)

ceCrteFr

refining (4.19).

This section has several parts. It starts with the construction of the injective
map m : Wy — W. For a better understanding of the matching map m we
then illustrate the case where Z is a symmetric space and relate m to Matsuki’s
description [38] of the open P x H-double cosets in G in terms of Weyl groups.
After that we derive the general partition of W in terms of the mc;. This last part
is a bit more technical and can be skipped at a first reading.

Throughout this section I C S is fixed.
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5.1. Relating W; to W. We recall from Lemma[2.3] the natural bijection of Wg =
(P\Z(R))open With Fp\Fgr where Fg = A,(R), denotes the 2-torsion subgroup of
A4 (R). On the other hand we recall from Lemma I7] that LN H = LN H,.
Intersecting this identity with A we obtain that AN H = AN H; and hence an
identity of homogeneous spaces

Ay =AJANH=A/ANH, = A,

In particular, A,(R) and AZI (R) have the same 2-torsion groups, namely Fg. In
addition LN H :_Lﬂﬂl imglies that the two open P-orbits P-zy C Z and Pz s
carry canonically isomorphic local structure theorems, see (2.7), (2.9) and (2.10).
Hence the group F}; is identical in both cases and we obtain a natural bijection
(the identity map)

mg : Wrr = (P\Z;(R))open = (P\Z(R))open = Wk -

Remark 5.1. On the one hand we have an identity of homogeneous spaces A, =
Az, but on the other hand we also view A, as a subvariety of Z and A, as a
subvarlety of Z;. In the latter picture the identity of homogeneous spaces ylelds a
natural identification of subvarieties of Z and Z;.

Proposition 5.2. One has mg(W;) C W.

In order to prove this proposition we first recall another natural map m : W; —
W which first arose in [29, Sect. 3]. We fix with W; C G a set of representatives
of W with elements w; € Wy of the form w; = t;h; where hy € H; and tr €Ty.
Upon the identification of varieties AZ(R) ~ AZI (R) we view t; :=t1-20.1 = w20
as an element of Fg.

Let now Pwr - 29,y € Wi be an open P-orbit in Z; with w; € W;. Next let
X €a; " and set

as:=exp(sX)€e A, CA (s>0).
It follows from [29, Lemma 3.9] that there exist sg = so(X) > 0 and a unique
w = th € W such that

(5.3) Puwras - 29 = Pw - z (s> s0).

Lemma 5.3. Given w; = trhy € Wy as above, the element w € W such that (5.3))
holds does not depend on the choice of X € a; ~

Proof. In order to record the possible dependence on X we write as(X) = exp(sX)
and w(X) for the corresponding w. Now we recall the argument of [29, Lemma 3.9]:
For fixed X we have lim,_, ., e**h = h; by ([ZZI). Thus there exists an so(X)
such that p + Ad(wy)e*2dXh = g for all s > so(X). In particular, we obtain that
Pwras(X) -z is open for all s > so(X). Since the limit (2.21]) is locally uniform in
X € a; 7, it follows that w(X) is locally constant. The lemma follows. O

With this lemma we obtain in particular a natural map
(5.4) m: W; - W, w; —w=m(wy).
With the identifications W; ~ W; and W ~ W we view m also as a map W; — W,
which by slight abuse of notation is denoted as well by m.

Since the choice of X € a;~ was irrelevant for the definition of m we may

henceforth assume that X = X; € ¢;~ C a;~ was such that it corresponds to
—e; € Vi under the identification V; ~ aj.
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Proposition will now follow from:
Lemma 5.4. mg|w, = m.

Proof. Let wy = trh; € W; and w = m(wy) = th. From Lemma 5] for g = h; €
H; we obtain a C'-curve [0,1] — P, u > p, with p, — 1 for u — 0T and

hras - 29 = pe-sas - 29 (s > sp).
Hence with p/, := flpefst?l we obtain that
wras 20 =7, t; € Z.

Since t; € Z and p), — 1 for s — oo we may assume that p/, € P is real as well (use
the local structure theorem of the form (ZII])). On the other hand the matching

property (B.3)) yields

wras 2o =pl -t
for some p” € P. Thus we get
P-tr=P-t
This implies the lemma, and with that Proposition O

In the sequel we adjust W C G (by possibly multiplying the previous w = th by
an element of F)r) in such a way that for each w; = t;h; € Wy one has

(5.5) t=tr when w = th = m(wy) .

We note that this adjustment of W depends on our fixed choice of W; and hence
on I.

Remark 5.5. Notice that we typically have m(W;) C W as the example of Z =
SL(2,R)/SO(1,1) with I = () already shows (cf. Example £4(a)). Here we have
Hy = MN and Hy = MAN and thus Wy = {1} while W = {1,w} has two
elements.

Proposition 5.6 (Consistency relations for stabilizers). Let wy € Wr and w =
m(wy) € W. Then

(5.6) (Huw)r = (Hr)w, -

Proof. Recall from (4.8) that H; is the subgroup of G which asymptotically pre-
serves the curves 7, in normal direction, i.e. is the group of elements g € G with
g [ (0)]n = [v5,(0)]n = v. Hence (Hy)y, C G is the group of elements g € G with
9 Moy 0(0)]n = [V, »(0)]n = tr - v. On the other hand we can characterize (H.,)s
as follows: define the curve

Oww(8) = a(v) exp(—(log s) X ) - 2z = a(v) exp(—(log s) Xp) - t

where a(v) € A is any lift of a(v) € A; with respect to the projection 7: A — A,.
Then (H.,); is the group of elements g € G with g - [o7, ,(0)]n = [07,,(0)]n =1 - v.

As t = tj, the desired equality of groups follows. O
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5.2. Symmetric spaces. The nature of the map m becomes quite clear in the
special case where Z is a symmetric space. In this special situation we can make
the matching map explicit in terms of certain Weyl groups.

For this subsection Z = G/H is symmetric, that is, there exists an involution
7 : G — G, defined over R, such that H is an open subgroup of the 7-fixed point
group G7. We choose our maximal anisotropic group K C G in such a way that
the Cartan involution 6, which defines K, commutes with 7. By slight abuse of
notation we use 7 and 6 for the induced derived involutions on g as well.

5.2.1. The adapted parabolic. With g = € @ £+, resp. g = h ® b, we obtain the
decomposition of g in eigenspaces of 7, resp. 6, with eigenvalues +1 and —1. We let
az C bt NEL be a maximal abelian subspace and extend az to a maximal abelian
subspace a C £+. Now, according to Rossmann, the root system ¥ = Y(g,a)
restricts to a root system

Yz =Xl \{0}
on ayz. The Weyl group of ¥z is denoted by W = W .

Let E}' C Xz be a positive system, and let ¥ C ¥ be a positive system such
that X% |,,\{0} = ¥}. Then PH C G is open for the minimal parabolic subgroup
P = MAN, for which n is the sum of the positive root spaces. The adapted
parabolic @ = LU D P is then characterized by L = Zg(az). It is the unique
minimal f#7-stable parabolic subgroup of G containing P.

5.2.2. The deformations H;. The spherical roots S C a, are given by the simple
roots in ¥z with respect to E}. Hence for any I C S we obtain parabolic subgroups
Pr D Q with Ly = Zg(ay). As before we realize ay C a so that A; = exp(ay)
becomes a subgroup of A. Then L; = MjA; ~ M; x A for a unique 7-stable
subgroup M; C L;. Now the deformations H; are given by

H; = (MIQH)VI

with M; N H C M; a symmetric subgroup, i.e. M;/M;NH C G/H is a symmetric
subspace. Note that the H,, w € W, can be treated on the same footing, i.e.
(Hy)r = (M;n Hy,)U; and My N H, C M; a symmetric subgroup. As seen in
Example .10 the subgroups M; N H and M; N H,, are not necessarily conjugate in
My.

5.2.3. Open double cosets. For later reference in Section [[5] (where we derive the
Plancherel formula for symmetric spaces) we consider here both (P\Zj)open and
(Pr\Z)open together.

Recall that for symmetric spaces the set W = (P\Z)open allows a description in
terms of Weyl groups. For that we identify W = Wz ~ [Nk (a) N Ng(az)]/M and
define a subgroup of W by Wy = [Nxrm(a) N Nxkam(az)]/M. Then Matsuki [38]
has shown that

(57) W/WH — (P\Z)open; ’LUWH — PwH

is a bijection. In particular, W ~W/Wg.
When applied to the symmetric space My/(M; N H), Matsuki’s result becomes

(5.8) W(I)/(W(I) NWg) ~ (PN M)\M/(Mr 0 H))open-
Now
(5.9) (P\Z)open = (P1\Z)open, Pz Prz
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is surjective. It follows from (5.8)) that the composition of (B.7) with (B.9) factorizes
to a bijection (see also [39])

W(I)\W/WH — (PI\Z)open
where W(I) < W = Wy is the subgroup generated by the reflections s, for a € I.

In particular we obtain an action of W(I) on W ~ W /Wy and record:

Lemma 5.7. For I C S the following assertions hold:
(1) (Pr\Z)open =~ W(I)\W.
(2) (P\Z1)open = Wi ~W(I)/(W(I) "W).

Proof. We have just shown the first assertion. For the second, recall first that
H; = (M;n H)U;. Hence the Bruhat decomposition yields that

(P\Z1)open == (PN Mp)\M/(Mr N H))open ;
so that ([2)) follows from (&.8]). O
Lemma 5.8. Upon identifying W(I)/W(I)NWg with Wy and W/Wg with W, the

map m : Wy — W corresponds to the natural inclusion map W(I)/(W(I)NWg) —
W /W

Proof. We recall the construction of the map m via considering the limits of the
double cosets PwrasH. Solet wy € W(I) and observe that W(I) keeps a; pointwise
fixed. Thus we have PwjasH = Pw;H and the lemma follows. [l

Also of later relevance are the open H x Pj-double cosets in G which we treat
here as well. Since the anti-involution

GG, ggPi=0g"

leaves H invariant and maps P; to its opposite P;, we obtain a bijection of double
cosets

P\G/H — H\G/P;, PrgH w— Hg °P;.
With Lemma [5.7] we thus obtain a bijection
(5.10) W(D\W — (H\G/Pr)open, W(Dw — Hw P;.

5.3. Relating W; to W\I. We now return to the setup of a general real spherical
space. In this subsection we provide some complementary material on the relation
of Wt to WI = (P\Zl)opcn. This will lead to a better geometric understanding of
what to come next.

Recall that A; is the connected component of A(I) = A;F(I) ~ A x F(I).
Notice that A(I) acts naturally on the right of Z; = G/H; and thus induces an
action of A(I) on Wi = (P\Z;)open. Lemma is then a consequence of the fact
that the connected group Aj acts trivially on the finite set Wj.

Lemma 5.9. The natural map
Wr = (P\ZI)open — W\I = (]D\Z\I)c.pen7 PwH; — PUJﬁI

is surjective and induces an isomorphism Wy /F(I) ~ WI.
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Proof. Let Pwﬁl C G be open for some w € G. We first show that PwHiA; =
PwH I According to m applied to the real spherical space Z; we may write
w = th with { € Ty and h € H,. Since H, = expg(arc)H; by [@J), we have

h= trh with h € H; and #7 € expg(arc). Let a € Af C A. Then
(aw)  wa = (att;h) " ‘ttrha = hta ' ha.

Now we observe that aw € G and a~‘ha € H;. Hence (aw) 'wa € Hy, and thus
PwHja :APwaHI = PwHj as claimed. R
Since Hy = H;A;F(I) we obtain that PwH; = UteF(I) PwH/t. In particular

PwHy is open. Hence the map W; — /VI71 is onto. The last assertion also follows.
O
Similar to W ~ Fy/\F (see Lemma [23)) we obtain with

FIl =FAR)/AR) C Ag(R)/AJ(R)
that

as a consequence of [B.9). We further recall that we view Fy C {-1,1}"NV; CV
and accordingly the group Fiy; N Fr = Fyy N F(I) acts on Fy. Thus we obtain an
exact sequence of pointed sets

(Far N F(I)\Fr — Fy \F — Fy\F}-

or, equivalently,
(Fy NE(D\F; — W — W;.

From the injectivity of m and Lemma 5.9 we thus obtain the commutative diagram:

Wi
(Far 0 F(D)\F(I)—— Wy —» W,
Remark 5.10. Let us emphasize that the upper horizontal sequence in (BI1)) is

exact in the category of pointed sets, but not in the category of sets, i.e. we do not
have W ~ W; x (Fy N F(I))\Fr as sets, see Example 518

This phenomenon disappears if we consider Wgr and W],R = (P\Z 1(R))open

instead of W and WI. In more detail, recall the basis (’(/JZI )i<i<r by means of which
we get a decomposition (see (B:1]))

(5.12) A7(R) = 4,;(R) x A7 (R) ~(R)"
= ~—— ——
Z(Rx)k :(Rx)r—k

analogous to the decomposition V = V; @ V/-. In particular, F, the 2-torsion
subgroup of A,(R), decomposes as Fr = Frp X F I{-R in self explaining notation.
Hence any t € F decomposes as t = tlt+ with t| € Fy g and t+ € Fig.

In this situation we obtain that the map

Fr = Fig, t—th
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induces an epimorphism
Wi~ Fy\Fr = Wig ~ Fy\Fig, Fute Fa -t
leading to a decomposition

Wgr ~ iﬁ},R X (IG}R F]I?AI)\fG}R.

5.4. The fine partition of W with respect to I. Our next goal is to explore
the issue of non-surjectivity of m.
We recall from Subsection the set C;, the partition

w= [ W
ceCyr

and the groups Hy . for ¢ € C;. Thus the understanding of W with respect to I
comes down to understanding the various W,.. Once we have fixed ¢ we will see
below that we obtain a natural geometric splitting of W, ~ Wc x (Fy N E)\Fy
contrary to what happens for W (see Remark [5.10l and (513))).

For expository reasons we start with ¢ = 1 € C;, by which we mean ¢ = Z 7=
G - Zp,;- Thereupon we consider the other cases by replacing H; with H; . and
adding a further index c to the notation.

Remark 5.11. Even in case C; = {1} and W = W it can happen that m(W;) C W.
As we will see below this is related to the set F; = F(I)\F; originating from the
normal bundle geometry in Subsection

5.4.1. The case c = 1. We assume that w € Wy, i.e. Zy 1 € Zr. Let Wy = {P-w]|
w € Wr}. Let Fy :={t € F | Pt € W1} C Fg. Then we can describe F; and thus
Wi ~ Fy\F1 geometrically as follows.

Recall from (512) that any ¢ € Fg decomposes as t = tlltt with th e Frr and
tt e FIL’R. Let w € Wy, write it as w = th, and decompose ¢ = £l#* such that
£l <20 = th and - zg = t1. Consider the curve s — as - 2z, = as -t where
as = exp(sX) with X € ¢; 7. Then, as tl € A;(R) fixes Zo 1, we obtain in the limit
for s — oo that f - Zog = tt- Zo,1, and as w € Wy this limit belongs to an open
P-orbit of Z I.

Furthermore the coordinate ¢l € F 7r tells us in which direction we approach

the limit ¢+ - 20,1, i.e. in which component of the cone Vz; = F IVIO we approach
the limit. With FIJ,-1 =FA;(R)/A;(R) ~ F1Frr/Frr we obtain the following.

Lemma 5.12. By restriction the map t — (tI,t+) yields a bijection Fy ~ Fy x Ff:l.

Proof. First we claim that F; = Fy N A;(R). The inclusion D is clear since by
definition F; = F N A;(R). Conversely, each t € Fy corresponds to a w = th € W
with ¢ € A;(R). Then 2, 1 = Zo,1, and hence ¢t € F; as claimed.

In particular it follows that (¢ t+) € Fy x FIJ,-1 for all t € Fy. Since t — (tl 1)
is injective by its definition in (BI2), it remains to see that t = tlt+ € Fy for all
pairs (tI,t+) € Fy x FIL)I. Since tl € A;(R) we know that t- 257 =t~ -2y € Z;
which is the limit of the curve v(s) = a -t for s — co. The coordinate tl € Fy
shows that - approaches the limit ¢ - 2y ; in a direction pointing to Z (see also the

end of the proof of Lemma for a more formal argument). Hence t € F and
Pt e Wy. O
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Lemma implies the splitting
(5.13) Wi ~ Wy x (Fy 0 F(I)\Fy
and we can rephrase Lemma [(.9] as:

Lemma 5.13. We have m(W;) C Wy and under the identification (513) we have

(5.14) m(W;) ~ Wy x (Fy N F(I)\F(I)
From (BI3) and (EI4) we obtain that
(515) Wy ~ l’l’l(W[) X Fr

Remark 5.14. It is instructive for the following to recall from Subsection the
part N = Hter Nf’t of the normal bundle Ny which points to Z. Here
Zpyi= NPt~ G/H;

by the isomorphism (ZI6), and F; = F(I)\F; parametrizes the components of NZ.

Note that F;r is a Zg-vector space and thus we can find a splitting Frr =
F(I) @ F}y of vector spaces. In particular, we obtain Fy = F(I) @ F} for a subset
F? C Fpg. In particular the map

FY = Fr, tet:=tF(I)

is a bijection.

Now, using the isomorphism (5I5) and the identification F; ~ F? we obtain
injective maps

m, : Wy — Wy ~m(Wy) x FY, w; — (m(wy),t)
which yields the partition
(5.16) Wi = [ meWr).
teF;

Let us explain the map m; more geometrically using the normal bundle, see
Remark 514l The subset m{(W;) C W; corresponds to those w = t,,h € Wy for
which the curve s — a5 - 2, = asty - 20 approaches the boundary point Z, ; =
tw 20,1 =t -Zo 1 in direction of tF(I)V? C Vyz ;. Let us emphasize that our initial
map m corresponds then to the case where t = F/(I) is the identity coset.

Recall that t € F; corresponds to a unique ¢ € F}. Further we let teTy bea
lift of ¢, i.e. £-29 =t. We assume that ¢t = 1 in case t = F(I).

Remark 5.15. Let wy = trh; and w; = m(wy) = t7h € W. Then note that
mt(wl) = {MtNtNIiL
for some )y € Fyy, depending on the choice of representatives for w := m(w;y) €

W, and he H. Thus by changing w = m(wy) € W to fywh € G for some b € H
we may assume that the compatibility conditions

mt(wl) = {{]h”
hold for some h” € H. In particular, we have

my(wr) - 2o = tm(wy) - 29 = tt
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for allt € Fr,wr € Wy.

Notice that this correction of choice of W (by harmless left displacements of
elements of Fyy) with respect to Wy depends on I. In general it seems to be not
possible to make a consistent choice of YW which would be valid for all I simulta-
neously.

Recall the notation H, = gHg™! for a subgroup H in a group G and g € G.
Then note that Hy is defined over R and H; := (H;)(R) is conjugate to H as t € Z.
Likewise we define z; 1 :=t- 201 € Z;(R) and note that G-stabilizer of 2, ; is H;
as we have (H;); = Hy as a consequence of the fact that t fixes the vertex 20,1-

We then obtain the following extension of the consistency relations from Propo-
sition

Lemma 5.16. Let w; € Wy, t € F; and w = m(w;) € Wy. Then
(5.17) ([[w)l ::(]11)w1'
In particular, (H,,) only depends on wr and is independent of t.
Proof. For w; = trhy we have w; := m(w;) = t;h/ for some b/ € H. Hence
my(wyr) = ttrh for some h € H. We further have
(Hw)l = ((Hw )E)I = (Hun)l
and now Proposition applies. O

5.4.2. The general decomposition of VW. In general we obtain a partition

(5.18) W= [[ me:Wr.o)

ceCrteFr
where Wy . are the open P-orbits for Z; . := G/H| . parametrized as in the previous
section with H replaced by Hy .. The set F; . is then F, but for H; replaced by
H; .. We define m.; similarly. Regarding our choices w(c) € W which defined Hr .
we normalize mc ; such that mc (1) = w(c).

Remark 5.17. If we let F, C F correspond to W, C W we define as before F7 . :=
F.NA;(R) and FIJ:C = FFrr/Frr. As in Lemma [5.12] we then obtain

o I .= FT.

o Fo~ Fj o x Fi under ¢t — (tl,+).
The first item tells us that Fj ¢ is independent of c. However F(I). does depend

on ¢ as Example 518 shows. In particular the dependence of F; . = F(I)\Fs on ¢
is caused by the c-dependence of F(I). only.

Further we denote by zy 1. = Hy . the standard base point of Z; ., and state the
general version of (5I7): let c € C; and t € Fy ¢ such that w = mcs(wy ) € Wk for
some wr,c € Wr. Then (H,)r does not depend on t and

(5.19) (Hy)r = (HI7C)wI,c (w= mC,t(wI,C)) .
If we define w(c,t) := mc (1) € W and set Zj ¢t = (Hy(cr))r, then Zr ot = Zp ¢
and the decomposition (G1]) follows.

Example 5.18. We continue Example of Z = SL(3,R)/SO(1,2) with W =
{w1, w2, w3} and H,, = H. We chose I = {az} and obtained C; = {1,2} with
Wi = {w1} and W, = {ws, ws}. Further we had Hy; = H;y = S(O(1) O(2))U; and
Hiyp = (Huw,)1r = (Huw,)r = S(0(1) O(1,1))Ur.
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Next we claim that both Wr; = {1} and W;, = {1} are one-elemented. In
fact this follows from the fact that the open P-orbits in G/H;; are induced: if
we denote by G ~ GL(2,R) the Levi for the parabolic defined by I, then the
open P-orbits on G/Hj ; correspond to the open P N Gy orbits in GL(2,R)/ O(2)
respectively GL(2,R)/O(1,1). Both cases feature only one open orbit for P N Gy
and establish our claim.

Finally we determine F;; and Fyp. Since F' = {ti1,t9,t3} with ¢;t; =t for all
i, J, k pairwise different, we readily deduce that Fr r = Fr1 = Fr2 =~ Zs is a group.
Recall that we described H 1,1 and H 12 already in Example From that we
deduce that ﬁj,l/Hm ~ Ay is connected and thus F(I); = {1}. In particular,
FI,l ~ ZQ.

On the other hand we have

1 0 0 R
u=|0 0 1] €H,
0 -1 0
as it preserves the diagonal quadratic form (0,1, —1) projectively (i.e. up to sign).

Since u ¢ Hjp and commutes with A; = {diag(t™%¢,t) : t > 0} we thus have
F(I)2 ~ Zy. In particular, F;, = {1}.

Remark 5.19. The above example shows that the group A(I) = A; x F(I) is
sensitive to the orbit type in C;. More explicitly, we do not have A(I) ~ Hy /H
for all c € C;.

6. ABSTRACT PLANCHEREL THEOREM AND TEMPERED REPRESENTATIONS

This section has several parts. We begin with a brief recall on Banach repre-
sentations and their smooth vectors, followed by a recap of smooth completions of
Harish-Chandra modules. Then we turn our attention to the abstract Plancherel
theorem for real spherical spaces. In fact there is no much difference to the case
of a general unimodular homogeneous space and “real spherical” only enters via
finite multiplicities. Finally we recall the basic tempered theory for homogeneous
spaces, initiated by Bernstein [4] in a general setup, and then made concrete for
real spherical spaces in [27].

6.1. Generalities on Banach representations and their smooth vectors.
We begin with a few facts on Banach representations of a Lie group G. By a
Banach (or a Fréchet) representation of a Lie group G' we understand a continuous
linear action

GxE—E, (g,v)— w(g)v

on a Banach (or Fréchet) space E. As customary we use the symbolic pair (7, E) to
denote the representation. Sometimes we abbreviate and use ¢ - v instead of 7(g)v.

Let now (, E) be a Banach representation. Further we fix with p a norm which
induces the topology on E. In case F is a Hilbert space and p originates from
the defining scalar product, then we say p is the Hermitian norm on E. As the
space E does not necessarily allow an action of the Lie algebra we pass to the
subspace E*° C E of smooth vectors. Here v € F is called smooth provided the
E-valued orbit map f, : G — E, g~ w(g)v is smooth. In this sense we obtain a
G-invariant subspace E*° C FE which is dense in E. The space E*° carries a Fréchet
topology for which the G-action is smooth. For further reference we briefly recall
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a few standard possibilities on how to define the Fréchet topology. To begin with
let B :={Xj,...,X,} be an ordered basis of g. For a multi-index o € N} we set

X*:= X7 ...- X% € U(g). For each k € Ny we now define a norm on E* by
1
pBE(V) 1= ( Z p(X“ -v)2> ’ (veE™®).
a€NY
lal <k

Notice that ppj is Hermitian in case p is Hermitian. If C is any other choice of
ordered basis we note that there exist constants Cj, = Cy(B,C) > 0, depending on
B and C but not on the space E and its norm, such that C%ﬂp,g);C <pecr < CrpB.i
for all £ € Ny. In particular the locally convex topology on E* induced from the
family (pgk)ren, does not depend on the particular choice of B. In the sequel we
fix a basis B, set p, := pg,i, and refer to p; as a k-th Sobolev norm of p. We denote
by Ej the completion of E°° with respect to the norm pg. Note that G leaves Ej
invariant and defines a Banach representation (my, Ex) of G. It follows that the
Fréchet representation (7°°, E°°) is of moderate growth (see [5, Lemma 2.10]).

A second possibility to define the Fréchet structure is by Laplace Sobolev norms.
Let

(6.1) Ai=—(X2+...+X2) eclUly)
be a Laplace element attached to the basis B, and set
(6.2) Arp=A+R*-1

for R € R. We recall the following from [I3] Cor. 3.3, Rem. 3.4].

Lemma 6.1. Let (7, E) be a Banach representation of a unimodular Lie group G.
Then there exists a constant Rg > 0 such that for all R > Rg the operator

dr(AR) : E*® — E*°

is an isomorphism of Fréchet spaces. Moreover, one can take Ry = 0 in case (7, E)
18 unitary.

From now on we assume that G is a unimodular Lie group. For a Banach
representation (7, E) and fixed R > Rp, we define Laplace Sobolev norms of even
order for any k € Z by

(6.3) APQk(U) = p(A’f%v) (veE™).

Strictly speaking “poi depends on R > Ry but we suppress this in the notation.
In case (7, E) is unitary we use R = 1 and thus “pa(v) = p(Afv).

For k > 0, it is clear that ®po; < ¢ - por for a constant ¢, > 0 which is
independent of p and FE.

Further, for k£ > 0 [I3] Prop. 4.12] yields constants Cy > 0 only depending on B
and not on E or p such that

(6.4) pax(v) < Cj - APan*(U) (ve E™)
where
(6.5) n* = min{k € 2N | 1 + dim G < k}

For the rest of this section we request that G is real reductive and G < GL(m,R)
for some m. In this situation we take the basis B = {Xy,..., X} such that the
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Laplace element A as defined in (6.0]) satisfies
A=—-Caq+2Ck
with Ci and Ck appropriate Casimir elements (unique if g and € are semisimple).

Lemma 6.2. Assume (m, E) is irreducible and unitary and let p be any continuous
K-invariant Hermitian norm on E°. Let R > 0. Then for each k € N there exists
a constant C' = C(k, R) > 0, independent of p and m, such that

p(ARv) < Cp(Afv)  (ve EX).

Proof. Tt suffices to prove this for ¥ = 1. Notice that any v € E*° admits a
convergent expansion v = _ ci Ur in K-types which is orthogonal with respect to
any K-invariant Hermitian norm on E*. Since Ag is K-invariant, the norm p(Ag-)
is K-invariant and Hermitian. Hence it suffices to show that p(Agv) < Cp(Av) for
v belonging to a K-type E[r]. Then both Cg and Ck act by scalars on E[r]|. Hence
Arv = (¢, + RQ)U for some scalar ¢,, which has to be > 0 as the representation 7
was unitary: use (Av,v) > 0 for all v € E* and (-,-) a unitary inner product on
E. Then

p(ARv) = (e + R*)p(v) < Cler + 1)p(v) = Cp(Arv)
for C' = max{1, R?} and the lemma follows. O

6.2. Smooth completions of Harish-Chandra modules and spherical pairs.
We move on to Harish-Chandra modules and their canonical smooth completions.
A useful reference for the following summary might be [5].

If V is a complex vector space and p is a norm on V, then we denote by V,, the
Banach completion of the normed space (V, p).

Let V be a Harish-Chandra module (with regard to a fixed choice of a maximal
compact group K of G). A norm p on V is called G-continuous provided the
infinitesimal action of g on V' exponentiates to a Banach representation of G on
Vp. Note that every Harish-Chandra module admits a G-continuous norm, as a
consequence of the Casselman embedding theorem.

The Casselman-Wallach globalization theorem asserts that the space of smooth
vectors V> is independent of the particular G-continuous norm p, i.e. if ¢ is another
G-continuous norm, then the identity map V — V extends to a G-equivariant
isomorphism of Fréchet spaces V>* — V. Stated differently, up to G-isomorphism
of Fréchet spaces, there is a unique Fréchet completion V*° of V' such that the G-
action on V*° is smooth and of moderate growth.

We extend a to an abelian subalgebra j = a 4+ it C g¢ with t C m a maximal
torus. Note that jc is a Cartan subalgebra of g¢ for which the roots are real valued
on j, i.e. 3(gc,jc) C j*. We denote by W; = W(gc,jc) the corresponding Weyl
group and let p; € j* be a half-sum with pj|q = p, where p is the half sum defined
by n.

Assume now that V' is an irreducible Harish-Chandra module and denote by Z(g)
the center of U(g). By the Schur-Dixmier lemma the elements of Z(g) act by scalars
on V and we thus obtain an algebra morphism yy : Z(g) — C, the infinitesimal
character of V. Via the Harish-Chandra isomorphism we identify Z(g) ~ S(jc)"’,
and consequently we may identify xy with an element of ji/W;.

Let V be an irreducible Harish-Chandra module and V*° its canonical smooth
completion. Further let V> := (V°°) be the continuous dual of V> and let
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n € (V=) be an H-fixed element. We refer to (V,n) as a spherical pair provided
n# 0.

Let now (V,n) be a spherical pair and v € V°°. We form the generalized matrix
coeflicient
Myy(g-20)=n(g" -v)  (9€G)
which is a smooth function on Z.

6.3. Abstract Plancherel theory. We denote by G the unitary dual of G and
pick for every equivalence class [r] a representative (w, H,), i.e. H, is a Hilbert
space and 7w : G — U(H,) is an irreducible unitary representation in the equivalence
class of [r]. We denote by (7, Hz) the dual representation. We recall the G-
equivariant antilinear equivalence

He = Hr, v=>7:=(,0)xn

™

which induces the G-equivariant antilinear isomorphism:

H = HZ™, ne=T1; 7(0) :=n(v)

and a linear embedding H>° — H_"°.
In this context we recall the mollifying map

C2(G) @ HZ® > HE CHZ™, [ @i 7(f)7 = /G f@yi() ™) dg.

The mollifying map restricted to H-invariants induces a map

C&(G/H) @ (M=) — HY

Fenw— T(F):= o fgH)(7(9)~") d(gH).

The abstract Plancherel Theorem for the unimodular real spherical space Z =
G/H asserts the following (see [41], [I1], or [35, Section 8]): There exists a Radon
measure [ on G and for every [rr] € G a Hilbert space M, C (H-°°)# depending
measurably on [r] (note that (H-°°)# is finite dimensional [30], [34]), such that
with the induced Hilbert space structure on Hom(Mz, H,) ~ M, ®H, the Fourier
transform

(&)
F.O®(Z) > /@ Hom(Ma, ) dpu(r)

Fio F(F) = (F(F)x) ey FE)=() :=7(F)) € HF

extends to a unitary G-isomorphism from L?(Z) onto fé‘? Hom(Mz, Hx) du(r).
Moreover the measure class of p is uniquely determined by Z and we call u
a Plancherel measure for Z. Unique are also the multiplicity subspaces M, C

(H-°°)H for almost all 7 together with their inner products up to positive scalar.

Note that by definition
(6.6) (F,myn)2z) = (F(F)<(),v)  (F eC2(Z)),

for all n € My, v € H®, and furthermore the Parseval formula

(6.7) 1P|z = /G Ho(F) du(m)  (F e C(2)),
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where H, denotes the Hermitian form on CS°(Z) defined by
(6.8) Ha(F) = ) II7(F)m; 13,
j=1

for 7y,...,7,, an orthonormal basis of Mz. Observe that H,(F) is the Hilbert-
Schmidt norm squared of the operator F(F), : Mz — H, and hence does not
depend on the choice of the particular orthonormal basis.

Remark 6.3 (Normalization of Plancherel measure). As mentioned, only the mea-
sure class of [u] of p is unique. With a choice of Plancherel measure p € [u] we
pin down uniquely the G-invariant Hermitian forms H, on H, ® M, for almost all
7. In particular, together with a choice of an inner product on H, (unique up to
scalar by Schur’s Lemma) we pin down the scalar product on M, uniquely.

Typically the H, are induced representations with a preferred inner product,
but in practice there are several meaningful choices for the inner product on the
multiplicity space (see Section [I4] and Section [[5l) A different choice of inner
product on M, then leads to a rescaling of y in its measure class.

Remark 6.4 (Fourier inversion). Let f € C°(Z) be of the form f = (F* x F)H
where F € C°(G), F*(g9) = F(¢g—") and the upper index H denoting the right H-
average of F* « F'. Then f(z) = ||FH||%2(Z). Hence we deduce from the Parseval
formula ([67) for all f € C2°(Z) the inversion formula

(6.9) feo) = 3 €4(1) dutm)

where ©¢ is the spherical character, i.e. the left H-invariant distribution
©L(f) =m@()m)  (f €CX(2)).

6.4. Tempered norms. We recall the standard tempered norms on Z. Using
the weight functions w and v from [27, Sections 3 and 4], the following norms on
C(Z) are attached to a parameter N € R:

an(f) = sup | f(2)|v(2)2 (1 + w(z))™
z€Z

1
2

(0= [ 1FOPA+w a)

Note that the norm py is G-continuous, K-invariant, and Hermitian. We recall
that the two families of Sobolev norms ¢y and py.i for (N, k) € R x Ny define the
dim G

same topology on C2°(Z), and specifically for k > <%= we recall the inequality

(6.10) gn(f) < Conie(f) (feCz(2))

for a constant C' only depending on k and N (see [35, Lemma 9.5] and its proof).

We denote by L?V;k(Z) the completion of C$°(Z) with respect to pn.. We wish
to define L3, (Z) and py.x as well for k € —N, and we do that by duality. Given
the invariant measure on Z, the dual L% (Z)’ is canonically isometric isomorphic
to L? \(Z) via the equivariant bilinear pairing

I3(2) x L2 5 (2) 5 €, (f.9) / f(2)g(2) dz.
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This leads to the definition

(6.11) L 4(2) = Ly (2)  (kEN)

with

(6.12) pvcnf) = s | [ ) dz)
weL? v () |VZ

P_N;k(#)<1

6.5. Negative Sobolev norms. The definition of the negative Sobolev norms
pn;—k for the norm py fits into a general pattern which we recall in this Subsection.
Given a Banach representation (7, E') and a G-continuous norm p on E we define
the dual norm p’ of p on the continuous dual E’ as usual:

PN = swp Av)| (e E).

p(v)<1

In the sequel we assume that p is a Hermitian norm. This guarantees in particular
that the dual action of G on E’ is continuous, i.e. (n’, E’) is a representation.
Further we retrieve p from p’ via p = (p’)’. For any k € Ny we write p} := (p')) for
the k-th Sobolev norm of the dual norm p’ and define the negative Sobolev norm
p—r of p by

(6.13) p—i(v) = (pr)'(v)  (vEE).

Recall that we define Laplace Sobolev norms 2poy, for all integers k € Z.

Lemma 6.5. Let (7, FE) be a Hilbert representation of G and p a corresponding
Hermitian norm. Then for all k € Ny there exists a constant Cy > 0 such that

Aok = (V) < Crp_or(v) (ve E™).

Proof. In view of the definition of the negative Sobolev norm p_s; in ([GI3]) this
follows from (4] applied to the dual norm p’ and the observation that

(4pis)" = 2p-an
for all £ € Np. O

Lemma 6.6. Let (V,n) be a spherical pair where V.= V, is the Harish-Chandra
module of a unitary irreducible representation w, and let N € R be such that
pN(Mmyy) < oo for all v € V. Then for each 2k > n* there exists a constant
C > 0, depending on k but not on (V,n) and N, such that

(6.14) PN (muy) < CpN;—2k4ns (mA’fv,n) (veV™).
Proof. In general we have for all f € E> = L3(Z)> and fixed R > Rg

pN(f) = PN(AE,kA]f%f) = APN;72k(A]1€%f) .
Upon applying Lemma we obtain that

pN(f) < CpN;—2k+n* (Allc%f) .

Specifically for f =m, , we arrive at
PN (Moy) < OpNi—2kgns(Maky ;) (VEV™).

Now ¢(v) := pn,—2k+n+ (My,y) defines a K-invariant continuous Hermitian norm on
V' and thus we may replace R by 1 according to Lemma [6.2 O
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6.6. Tempered pairs. We now define
1
(6.15) Nz :=2rankgp Z + 1 ky = 3 dim g.
Then for all N > Nz and k > kz it follows from [35, Prop. 9.6] combined with
[4, Th. 1.5] that for y-almost all [7] € G, the m-Fourier transform
Fr: CX(Z) - Hom(Mz, Hr)

extends continuously to L?\,; +(Z) and that the corresponding inclusion

52
(6.16) Ly (Z) — /@ Hom (Mo, Hr) du(r)

is Hilbert-Schmidt (in the sequel HS for short).

We wish to make this fact a bit more concrete in the context of the Hermitian
forms H,. For that purpose we fix N and k as above and denote by ||Hx|us n:k
the HS-norm of the operator F ® 77 — 7 (F)7 from L3, (Z) ® Mz to Hy, that is

||H7rH12{S,N;k = Z Hr(Fn)
neN

for any orthonormal basis (Fj,)nen of L?V;,C(Z). The fact that (6.10) is HS then
translates into the a priori bound

(617) JL I v ) < .
By (66) we further infer
My Moy
(6.18) Y ponik(mun,)® = LSup (F(E)r (), 0)* < Hallfis, v 10113,
i=1 e
for u-almost all [7] € é, all v € H®, and 11, ..., My, an orthonormal basis of M.
Hence it follows from (G.IT) that
(6.19) /A sup  sup P-N.—k(myy)? du(m) < oo.
ﬂn\lSTlr 1|)|1)||§7Tl

Consequently p_n,—i(myn) < cofor N > Nz and k > kz, forallv € H°, n € Mx,
and p-almost all [7] .

In particular with any k with 2k —n* > kz for N > Nz we obtain from Lemma
that

p-N(myy) = p—N(AJ_%kAI}C%mv,n) = AP—N;zk(A%mv,n)
< Op-Ni—2k4n= (Mpky ) < 00
for all v € HS° and p-almost all [r].

Definition 6.7 (cf. 27, Def. 5.3] and [10, Sect. 3.3]). Let (V,n) be a spherical
pair. We say that 7 is tempered or (V,n) is a tempered pair provided that

ponlmu) <00 (veV™)
for some N € R.

The tempered functionals make up a subspace of (V~°°) which we denote by
(V=) . We conclude that M, C (V=) for almost all .

temp* temp

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



PLANCHEREL FORMULA 853

Remark 6.8.
(a) (About the inclusion (V=>°){L =~ (V=>°)). For a tempered pair (V,7) the
inclusion {0} # (V=)L € (V=>)# can be strict. This already appears for the

rank one symmetric spaces Z = SOq(1,n)/SOq(1,n—1) when n > 4, in which case
there exists an irreducible Harish-Chandra module which has multiplicity one in
L?(Z) for p < n — 1 and multiplicity two for p > n — 1. For details of this example
we refer to [33].

(b) (Tempered Frobenius reciprocity). If we denote by C25,(Z)=U neg L3 (2)>
the G-module of smooth functions of moderate growth on Z, then we recall from
[10, 3.10] the following variant of Frobenius reciprocity for Harish-Chandra modules
V:

Hom(V>®, 02 (7)) ~ (V- >)H

temp temp
with Hom referring to continuous morphisms of G-modules.
(¢) (About the inclusion M, C (V=>°)). For symmetric spaces one has equality
(6.20) My = (V—)H for almost all 7.

temp

This was established by forming wave packets, which was a central technical step in
the proof of the Plancherel formula for symmetric spaces. Since we follow another
approach towards the Plancherel formula in this article, the equality ([G20) together
with an explicit description of (V=) is not an issue in the underlying treatment.
However, we do expect that in general M, = (V"”)gmp for almost all 7.

7. CONSTANT TERM APPROXIMATIONS

In this section we review the constant term approximation of [10] which is a
central technical tool for this paper. In fact, by using our geometric results from
Section on the stabilizer H;, and our combinatorial results on the open P-orbits
of Section [5l we are able to refine slightly the results from [10].

Recall from (BI8)) that the set of open P-orbits W of Z admits a combinatorial
decomposition W = [[.cc, [licr, , met(Wic). For the sake of readability we first
consider the part m(W;) C W corresponding to c = t = 1 and treat the notationally
heavier case later.

7.1. Notation. Let V be an irreducible Harish-Chandra module with smooth com-
pletion V*° and dual V—°°.

We recall that (V=) is a finite dimensional space for any real spherical sub-
group H C G. Also we recall that A; normalizes H;. Hence for any I C S we obtain
an action of Ay on (V=) by a; - ¢ = ¢(a;!) for € € (V)1 Accordingly we
can decompose & into generalized eigenvectors:

E= > &,

A€aj ¢
where £* has generalized eigenvalue A. We set
(7.1) Ee={Aeajc| & #0}.

For n € (V=°°) and w € W we set 1,, := w - £ and note that n,, is H,-fixed.
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7.2. Base points from m(Wy). We recall from (5.4) the injective map m : Wy —
W. Let now w; € W; and w = m(wy). Then, given £ € (V=) we note that
Ew, = wr - € is fixed under (Hy),, = (Hy)r, see [@6). Moreover Ay normalizes
(Hr)w, and we obtain from (a slight adaption of) [29, Lemma 6.2] that (£*),,, is a
generalized eigenvector for the aj-action to the same spectral value A.

We recall that p|q, = 0 by the request that Z is unimodular, see [27, Lemma
4.2]. This allows us to consider p as a functional on az = a/ay as well. In the
sequel if not stated otherwise we take N = Nz (see (GI3))).

Theorem 7.1 (Constant term approximation). Let Z = G/H be a unimodular
real spherical space and I C S. Then for all irreducible Harish-Chandra modules V
there exists a unique linear map

(V—OO)H N (V—OO)HI n— ,’7[

temp temp?

with the following property. For all compact sets Q C G and C; C a; ~ there exist
keN,e>0, and C > 0, such that

(72)  Imuglgarw - z0) = my i (garws - zo,0)| < Caf ™ p_yu(ma,,)
for all n € (V“’O)gmp, veEV® geQ ar € Ay with loga; € R>oCr, and

w=m(wr) € m(Wyr) C W. The constants k, €, and C can be chosen independently
of V.
Moreover, with xv € j&/W; the infinitesimal character of V one has

(7.3) Egr C (Play +107) N (p = Wi - xv)la; ,
where E,1 is defined by ([LI). Finally there is the consistency relation
(7.4) ()" = 0w, (w=m(wr) € W).

The constant term assignment

(Vo) oy = (V)L !

temp>»

is typically neither injective nor surjective. Let us illustrate that in two examples
before giving the proof of the theorem.

Example 7.2.

(a) Let H = K be a maximal compact subgroup of G and I = . Then
Hy = MN. Now let V be a K-spherical tempered Harish-Chandra module. Then
dim V& = 1. However, for generic V we have dim(V ~>°)MN = |W,| with W, the
Weyl group of the restricted root system X(g,a). This shows that the constant
term assignment is typically not surjective.

(b) Tempered pairs (V,n) of the twisted discrete series can be characterized by
the vanishing of the constant term assignments for I # S, see [10, Th. 5.12]. In
particular, if (V,7n) belongs to the discrete series of Z, then we have n! = 0 for all
I # S. Hence the constant term assignment is typically not injective.

Proof. The existence of an 7! € (V“’o)g{np satisfying (C2), (C3) and (T4) is
proved in [I0], with the exception that invariance of ! is only shown for the identity
component of Hy. In more precision, ((.2)) for H; replaced by (Hy)o is [I0, Th.
7.10] with the caveat that in [I0] the norms to bound the right hand side of ([T2])
are Sobolev norms of g_ and not of p_ . However, the passage between ¢q_y and

p_n is justified by the comparison of Sobolev norms in (610) which is valid for any
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N € R. The inclusion of exponents (73] is part of the general theory in [10] and
the consistency relation in ([C4]) is [I0, Prop. 5.7].

We turn to the uniqueness of the map n — n?. We recall that (V~>°)#1 is a
finite dimensional A;-module and thus (73] implies that for any fixed g € G and
v € V' the map

A S ar = my, gr(gar - 20,1) = My g, .01 (9 - 20,1)

is an exponential polynomial with normalized unitary exponents and hence unique
as constant term approximation of m, ,(ga - o), see Remark In particular, n’
is then uniquely determined by the approximation property (T2)).

Finally we will show that n’ is in fact Hj-invariant for all n € (V=>°)2 = We

temp-*
do this for the case of w; = w = 1, the more general case being an easy adaption.

We recall Lemma and the notation used therein.

Let X1 € ¢~ corresponding to —e; under the identification ar ~ V. Set a; :=
exp(tXy) for t > 0. First notice that both m,, 1 (ghras - 20,1) and m,, 1 (g2ias - 20,1)
approximate

Moy n(ghras - 20) = My (geas - 2o)
via (2), and thus we get

(7.5) a;p|mvmz (ghras - zo,.1) — My 1 (gTeas - zo,1)| < Ce ¢
for some C, e > 0. On the other hand, the coefficients of the exponential polynomial
ar = ayPmy, pr(gaiar - 20,1) = a; "Mige,)-10,a,91 (20,1)

with unitary exponents depend smoothly on gx;. Hence it follows, after possibly
shrinking e, from (I7) that

(7.6) la™Pmy, 1 (gza - z0,1) — a”Pmy, i (ga - z0,1)] < Ce™
for all @ € A;. Now the Hj-invariance of 5! follows from combining (7.5]) and (Z.6)

together with the before mentioned uniqueness. O

Remark 7.3 (Uniqueness of the constant term). Let f(a) be a function on A; and
F(a) =a’ Z qr(loga)a® (a € Ap)
reé

an exponential polynomial with unitary exponents, i.e. £ C iaj is finite and g, are
polynomial functions on a;. In case there exists an ¢ > 0 such that

(7.7) |f(a) = F(a)] < Ca™*”  (a€ A7),

then F' is the unique exponential polynomial with normalized unitary exponents
having the approximation property (7). This is a consequence of the following
basic lemma, which we record without proof.

Lemma 7.4. Let A C R be a finite set and for each A € A let g € CJt] be a
polynomial. If there exist constants ¢,C' > 0 such that

‘ 3 aa(t)e™ ‘ <Ce  (t>0)
AEA

then gy = 0 for all A € A.
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7.3. General base points. So far we have treated the constant term approxima-
tion through the base points z,, = w - zg for w € m(Wy). The general case is
obtained by adapting the notation to the partition W = [[.cc, [ier, . Mct(Wrc)
from (BIX). Y

Forc € Cy and t € Fy . we define w(c,t) := mc (1) € W and set 2.+ = w(c, t) - 2.
Further we set w(c) =mc1(1) € W and 2. = w(c) - z9. Let Hcy and H. denote the
G-stabilizers of 2. and z. respectively.

Define for ) € (V~°°)" accordingly 7 := w(c, t)-n. Notice that n!, is invariant
under (Hc);. From (5.19) we infer further that (Hct); = Hy does not depend on
t.

As before we obtain that Ay normalizes (Hrct)w, = (Hrc)w,, so that Aj
acts naturally on (Hj )y, -invariant distribution vectors ¢ and yields generalized
eigenspace decompositions £ = > Aars &*. Within the introduced terminology the
general case of the constant term approximation then reads as follows:

Theorem 7.5 (Constant term approximation - general version). Let Z = G/H be
a unimodular real spherical space and I C S. Fixc € C; andt € Fy .. Then for all
irreducible Harish-Chandra modules V' there exists a unique linear map

—00 —OOH‘C
(V72N emp = (V" iemipr 1 10

temp temp?

with the following property: There exist constants € > 0, k € N, such that for all
compact subsets Cr C a; ~ and Q0 C G there exists a constant C > 0, such that

(7.8) Moy (garw - zo) = my, 1, (garwrc - 2o0,1.c)| < Caglﬂ)prN;k(mv,n)

Joralln € (V=)L . veV>® geQ a € Ay~ with loga; € Rx¢Cr, and
w=mct(wre) € met(Wre) C W. The constants €, k, and C can all be chosen
independently of V.

Moreover, with xv € j&/W;j the infinitesimal character of V one has
(7.9) Epr, C (pla; +ia7) N (p = Wi - xv)la,-
Finally there is the consistency relation
(7.10) ()" = (ewre  (w=mece(wrc) € W).

Proof. By replacing Hr . with H; we may assume that ¢ = 1. Let then w € m(W7).
The passage to t = 1 is obtained via the material in Subsection .41l and via the
further base point shift zy — z. By this we obtain a reduction to Theorem [l [

8. THE MAIN REMAINDER ESTIMATE

In this section we derive an important uniform estimate which is the key technical
tool for the results in the next section. The estimate is based on the constant term
approximation of Section [7

8.1. Adjustment of Haar measures. We assume that Z = G/H carries a G-
invariant measure. Then, according to [29, Lemma 3.12], the same holds for Z; :=
G/Hj. Since LN H = L N H; by Lemma [L7] we see that the P-orbits through zg
and 2o,y are isomorphic as homogeneous spaces for @, i.e.

(81) P'ZQZQ~Z()EQ/LQH’:Q-ZO’]:P-ZO’[.
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We fix the normalizations of the G-invariant measures on Z and Z; such that on
these open pieces they coincide with a common Haar measure on Q/L N H, and we
denote these measures on Z and Z; by dz and dzj, respectively.

8.2. Right action by A(I). As A(I) normalizes H; we obtain a right action of
A(I) on functions f on Zr given by

(R(ar)f)(g - 20.1) := f(gar-201) (9 € G,ar € A(I)).
Lemma 8.1. Let f € L'(Z;) and ar € A(I). Then
(5.2) | ®RannG da =) [ fe) da
Zr Zr
In particular, the normalized action f — |a;”|R(ar)f of A(I) is unitary on L*(Z).
Proof. First note that |a”| = 1 for all a € Tz = exp(ia;) C A. Since elements of
F(I) have finite order it is sufficient to consider ay € Ay C A(I). The first assertion

then follows from [29, Lemma 8.4], and the second assertion is a consequence of the
first. O

Fix an element X € a; ~ and set a; := exp(tX) for t € R. Let f € L?*(Z;) and
define

(8.3) fo(2) =@} (R(a; ) f)(2), (2 € Zr).

Notice that the assignment f — f; is G-equivariant and unitary by Lemma Bl In
particular

(8.4) I felle2(zry = 12z (t eR)
and, in case f is smooth,
(8'5) Luft = (Luf)t (u € L{(g)) .

8.3. Matching of functions. We recall from Section [ the injective map m :
Wr — W which matches the open Q-orbit Quy - 29,1 = Pwy - 20,7 in Z; with the
open Q-orbit Qw - zop = Pw - zp in Z where w = m(w;). As in (8J]) we have

(8.6) Quw- -z ~Q/LNH~Quws- 271 -

Given a smooth function f on Z; with compact support in QWy - 20,1 C Z; we
define via ([B6]) a ‘matching’ smooth function F' = ®(f) on Z with compact support
in QmWy) - 2o C Z by

(8.7) F(qm(wy) - z0) := f(qwr - 20,1) (ge@).

Observe that the space spanned by the smooth functions on Z; with compact
support contained in the union of the open Q-orbits QW - 2o ; is dense in L?(Z).
Since the invariant measures on Z and Z; coincide on the open @Q-orbits we get

1®(N)IL2cz) = 1 f L2z
Together with (84) this implies for the function f; defined in (83

(8.8) I2(f)llz2(z) = I fllL2(zn)

for all £ € R.
The main result of this section now reads as follows. Let N = N from (6.15).
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Theorem 8.2 (Main remainder estimate). There exists € > 0 with the following
property. Let Q C Q be a compact set. Then for every s € R there exist C > 0 and
m € N such that for all f € C(Z;) with supp f C QWy - zo,1, all tempered pairs
(V,n), and all v € V> the following equality holds

(@(fe),moy)r2(z) = (fts My 1) 12(2,) + R(T) (t>0),
with the remainder bounded by
|R(t)| < Ce_tep—N;—s(mv,n)pN;m(cb(f)) .

Before giving the proof we observe Corollary[83l Recall from (6.8)) the Hermitian
forms H, on C2°(Z). We fix an orthonormal basis 11, . .., m, of M, and define a
preliminary Hermitian form HLP™ on C°(Z;) by

(©9) HEPe() = Yo IR, (F € C(2n).

Notice that HLP'® is independent from the particular choice of the orthonormal
basis 71, ..., Nm,, being the Hilbert-Schmidt norm squared of the linear map

Mz = He, T 7 ('
We derive from Theorem and the global a priori bound (EI7) that:

Corollary 8.3. Let € > 0 be as in Theorem and let f € C°(Zr) with support
in QWr - zo,1. Then there exists a constant C' > 0 such that

sz = [ HEP() dutm) + R(0)
with |R(t)| < Ce™ for all t > 0.
Proof. We first observe that by [838)) and (6.7)—(G.8])

(810)  [fI2s0z, = /GHw@(ft))du(w): /ézﬂnf@(ft))mn%ﬂ dy(r).
j=1

Hence we need to estimate the integral over m € G of

e

>~ (IF@f)m, 13, — I, )

Jj=1

Using the identity a? —b* = 2a(a —b) — (a — b)? together with Cauchy-Schwarz and
(BI0), we see that it suffices to show

s [ [ (@ ) ] < oo

From the dense inclusion HS° C H, and (G.6) we obtain that
7 (@(fe)n;ll, = sup. T(@(fe))nj, V), = sup. (@(ft), M, ) L2(2)
lol<1 lvli=1
and similarly

RO = S0 (Fym )1z
loll=1
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Let s > kz (see (6.15)). Now application of Theorem implies for all t > 0

IF(@UDT;ll2ee = IRl | < Ce™ sup pons(mn,)
ez
loll=1

where C' > 0 depends on f, but not on ¢ or 7. Hence (8I1)) follows from (6.I8) and
©.17). O
8.4. Comparing Haar measures. In the proof of Theorem B2l we will assume for
simplicity that supp f C € - zo9,;. The general case is obtained using the following
observation. Recall that the Haar measures of Z and Z; are both adjusted to agree
with a fixed Haar measure of Q/Q g on the Q-orbits through zy and zg .

Recall from the local structure theorem that

(8.12) Quw-20~Q/Quy ~U X L/Ly

and by (86 likewise Qur-zo,1 ~ Q/Qu. We claim that the Haar measures of Z and
Z; coincide on every open Q-orbit with the fixed normalized measure on Q/Qg.
Let us verify this for Z, the proof for Z; being analogous. We first implement the
Haar measure on Q/Qp via a density |wz| obtained from a top degree differential
form wz € A*P(q/qNh)*. As usual we decompose w = th with f € Ty and h € H,

see ([2I5). Then Ad(f) preserves (q/q N b)c and thus acts on A*P(q/q N b)E by a
unit scalar. Since the scalar has to be real, the claim follows.

8.5. Matching derivatives. Before we can give the proof of Theorem [R.2] we need
Lemma B4l
Lemma 8.4. Let Q C Q be a compact subset. Then the following assertions hold:

(1) Let w € U(g). There exist uy,...,u, € U(q) with degu; < degu and a
constant C' = C(,u) such that

(8.13) [[9(Lu(£) = Lu(@(f))(2)| < € max af Z | Luy (2(fi)(2)]

for all f € C(Z;) with support in QWr - zo.1, and all z € Z, t > 0.
(2) Let pg denote the L?-norm on L?(Z). Then for every k € Ny there exists a
constant C = C(Q, k) > 0 such that
(8.14) Po:k(®(f1)) < Cpor(2(f))
for all f € C(Z;) with support in QWr - zo.1 and t > 0.
Proof. Since the map
P O (QWr - 20,1) = CZ(QW - 20), [ = ©(f)
is @-equivariant we have
(8.15) ®(Ly f) = Ly ®(f)

for all Y € q.

For simplicity we consider the case supp f C Q-2 ;. We first calculate Lx (D(f;))
(gai - zo) and ®(Lx(f:))(gas - zp) for X € g.

For that we recall that g = u + q is a direct sum. More generally for all ¢ € @
the sum g = Ad(q)u + q is direct. Accordingly we can decompose any X € g as

X = ank )Ad(q)XE, +Y " dj(g)

J
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where (X)) is a basis of g7, a € 5, and (X;); is a basis of q. The coefficients
ca,k(q),d;j(q) € R depend smoothly on g.

Recall that X*_ + PP X§,5 € h by (ZI17) with I = S. Thus we get for every
smooth function F' on Z and every q € Q, a € Az that

LxF(qa- zp) Zd F(qa- z) — Z ca,k(q)ao‘+5LAd(q)X§ﬁF(qa - 2p) .
a,B.k

By expanding each Ad(q)Xa’ 5 In terms of the X; we can rephrase this identity as

(8.16) LxF(ga-z) = Z [dj(q) - Z cj,a,g(q)a‘wﬁ] Lx,F(qa - 2)

J

with coefficients ¢; .3 depending smoothly on q.
On the other hand by ([2I7) we also have X*  + D atpeln) Xféﬁ € b; which
then similarly yields for every smooth function f on Z;

Lxf(qa-zo0) = [ Z ¢ja,6(d +ﬁ} Lx, f(qa- z0,1)

J a+ﬁe<1>

with exactly the same coefficients as before, but for fewer o and 5. We apply @ to
this equation with f replaced by f;. With (8I8]) this gives

(817) ®(Lxf)(ga-20) =D |di(@) = D cias(@)a™| L, (@(f0))(ga- 20).
J atBED)

From this equation we subtract (810) with F' = ®(f;). With a = a; we obtain
(8.18)  [®(Lx(f)) — Lx(®(f:)](gar - 20) ch a,)[Lx, (®(f))(qaz - 20)]

with coefficients c;(g, t), each being a linear combination 3_ , ¢,,(q)a}’ of functions af’
with p € () \ (I), and with coefficients ¢, € C*>°(Q) supported in Q. In particular
B13) follows for degu = 1.

We now prove by induction on degwu that

(8.19) [Lu(@(f2) — ®(Lu(fi)](qar - z0) ch q,t (®(fe))(qaz - 20)]

for some u; € U(g) with degu; < degu and coefficients ¢;(g,t) of the same type
as required in ([BI8]). Note that the set of coefficients of this type is stable under
differentiation by elements from gq.

Let u = Xv with X € g and degv < degu. We write

Lu(q)(ft)) - (I)(Lu(ft)) =
X [Lo(®(fr)) = ®(Lofe))] + [Lx (Lo fr) = ®(Lx (Lo fr))]-

For the first term we apply ([8I0) to Lx in order to replace the differentiation with
X € g by differentiation with the X; € q. We then apply the induction hypothesis
@®I9) to [L,(®(f)) — (Lyfi))]. After the differentiations by X; we then obtain
for the first term an expression of the required form. For the second term we apply
(BIR) with f; replaced by (L, f): = L, fi. This gives

Z cj(q7 t)[LXj ((I)(vat))(qat ' ZO)}
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Once more we apply the induction hypothesis to v, which allows us to replace this
expression by

> i@ DL, Lu(®(f0))(gac - 20)

at the cost of additional terms. Since all these terms have the required form this
completes the proof of (819).

In order to complete the proof of (813) we need to replace the u; € U(g) in (819)
by elements from U/(q). By induction on the degree, similar to the one before, we
obtain from (BI0) for every u € U(g) a set of elements uy,...,u, € U(q) with
degu; < degwu such that

(8.20) Lo ®(f:)(qas - 20) = Zq(q,t)Luj@(ft)(qat - 20),

with coefficients e;(q,t), each being a linear combination -, ¢,(q)at’ of functions
ay with p € (S), and with coefficients ¢, € C*°(Q) supported in Q. This finally
implies (BI3]) and with that the proof of () has been completed.

For ([2)) we note that (820) and (BIH) imply:
Po(Lu®(f)) < Cu 3 po(®(Lu, (f1))).

j
If we denote by go the L?-norm on L?(Z;) we obtain from (85) and (B.8)

Po(@(Lu, ft)) = qo(Lu, [) = po(®(Lu, f)) = po(Lu, (2([)))-
Combining this with the preceding inequality, (2] follows. |

8.6. Proof of Theorem

Proof. In view of the consistency relations wy - n' = (1hm(w;))’ for all w € Wy (see
(74)), the assertion readily reduces to the case where supp f C @ - zo,;. Let us
assume that in the sequel.

Recall that a; = exp(tX) with X € a; ~ fixed. For simplicity we assume again
that supp f C Q- 20,1, and then supp ®(f;) C Qay - 2.

Recall the Laplace element Ay € U(g) from ([G2)). In what follows we will apply
the Sobolev inequality of Lemma to V, and for this we observe (see Theorem
[IT2) that V is unitarizable since (V,n) is tempered.

In the sequel we write (-, -) for (-,-) 12(z) and (-, -)1 for (-, -) 2(z,) to save notation.

Let n € N, to be specified at the end of the proof. It will depend on s, but apart
from that only on the space Z. We start with the identity v = ATA7"v which
yields

(8.21) (@(fe)smun) = (Lap®(fe)ymasn,,)-

Next we have to address the subtle point that @(LA? ft) does not necessarily
equal La»®(f;). However from Lemma B[ we obtain constants ¢ > 0, C' > 0,
and elements u; € U(g) of degree < 2n such that for all f supported by € - zo
(8.22)

[Lap®(fe)(2) — ®(Lap fo)(2)| < Ce™™ Z [Lu; (2(f))(2)]  (2€ Z,t=0).
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We rewrite (B2I) as

(.23) (@), o) = (@(Lasg fo)s iy )+ Ra(0)

with Ry(t) = (Lap®(f:) — (I)(LA?ft)’mA;"v,n>' We claim, after shrinking € to §,
that for 2n > n* where n* is the even integer given by (6.5

(R1) [Ri(t)] < Ce™ " prizn(®(f))p-Ns—2n4n+ (M0,9)

with a constant C' > 0 that depends on Q and n, but not on f. From (822) and
Cauchy-Schwarz we obtain

(8.24) [Ri(t)] < Ce™ " prizn(@(fe))p-n(mp-n, )
We obtain from [27] Prop. 3.4 (2)] that |w(z)| < C(1+t) for all z € supp D(f;)
for a constant C' only depending on 2. Hence it follows with Lemma BY[2) that
PNen(®(f1) < C(L+1)% poon(®(f1)
(8.25) < O(L+6) 7 poan(®(f) < C(L+1) 2 prvan(®(f)

with positive constants C' (possibly not equal to each other). Note that these
constants C depend on n.
Furthermore it follows from (6.14) that for 2n > n*

(826) p_N(mA;nv,n) < Cp—N;—2n+n* (mvm) .

If we insert (825) and ([B26) into (824) we obtain the claim (RI) by noting that
(1+t)2e % is bounded for all ¢ > 0.

We move on with the identity (823 and wish to analyze (®(Lay f), DN
further. By the definitions of ® and f;

o)

(@(Lap fr),mp=n, ) = /Q/Q (Larp f)(qas - 20,1)agma-n, ,(q- 20) d(qQn)
(8.27) = / (Lapf)(a - 20,1)a; “mip=n, ,(qac - 20) d(qQn) -
Q/QH
Likewise
(8.28)
(Lapfompcny g1 = /Q/Q (Lapf)(q- zo0,1)a; "mp=n, i (qar - z0,1) d(qQn) -

Next we wish to replace MA="ym by the constant term approximation LN
via Theorem [[.]l We then obtain constants € > 0,k € N, depending only on Z,
and a constant C' > 0 depending also on ) and n, such that with [ := k 4+ n* one
has for all g € Q and all v € V™

1
|mAf"vm(qat - 20) — mA;"u,mI(qat czoq)] < C’ag +e)

pp—NﬂC(mAf"v,n)
(8.29) < Ca"™p N on(myy) .

In the passage to the second line of ([829) we used (8.26]).
Now note that ([83]) implies

<(LA1Lf)t7mA;nU7771>I = <ft7mv7771>[7

and thus if we insert the bound (8:29) into the difference between ([827)) and (B28]),
we obtain the identity
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(8.30) ((Lagf)iman,,) = (Frsmoy)s + Ralt)
with
(8.31) |Ry(t)] < Ce " p_nyu—on(mon) | Lay fllL2(z)\/volz, (- zo0.1) -

Now, as in (B20) we convert derivatives,

Lapf(q-20.0) =Y ¢j(q)Lu, (g Z0.1)
with u; € U(q) of degu; < 2n and smooth coefficients ¢;. Hence

ILar fllz2(z) < Cpo2n(®(f)) < Conan(®(f))

with constants C' depending only on ). Hence we obtain

(R2) [Ra(t)] < Ce™"*ponit—on(mu.n)pvi2n(R(F))

Now the theorem follows from the two remainder estimates (RI)) and (R2), by
choosing the number n such that m =2n > s+ k + n*.

8.7. Matching with respect to Z 7. We conclude this section with a slight ex-
tension of the preceding results, when we consider instead of Z; the union of all
G-orbits in Z;(R) which point to Z, i.e. the space Zr = [[.cc, [lier, . Z1.ct from
(5.1) which gives rise to the full partition W = [ ., [licf, . mct(Wr o) from (B.2).

Observe that f € CEO(ZI) corresponds to a family f = (fci)er with for €
C>®(Zrct) and Zrcy = Zy as homogeneous spaces. Suppose now that supp fc+ C
Quwrc - 201c C Zrc = Zrcy for all c,t. With (5.2) the function f can then be
matched with a function F' = ®(f) € C°(Z) by requesting

F(qu,t(wl,C) : ZO)) = fC,t(qwl,c : ZO,I,C) (q € Q) .

Then Corollary B3] extends to all f € C’E’O(Z[) with supp fet C QWi - 20,1,c, and
yields constants C, e > 0 such that

(8.32) 1z = [, S M () () + ()

with |[R(t)| < Ce™ for all t > 0. Here Hfr"zrte refers to HLP™ for Z; replaced by
21 t; explicitly

(8.33) HERE (fer) = D IR (@)EF,  (fer € C2(Zicy))-

j=1

9. INDUCED PLANCHEREL MEASURES

In this section we show that the Plancherel measure of L?(Z7) is induced from the
Plancherel measure of L?(Z) in a natural manner, see Theorem A consequence
thereof is a certain variant of the Maass-Selberg relations as recorded in Theorem
Statements and approach are largely motivated by the reasoning in Sakellaridis-
Venkatesh [42] Sect. 11.1-11.4], which originates from ideas of Joseph Bernstein.
The main technical ingredient is our remainder estimate of Corollary
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Given a point [7] € G we denote by Uiz the neighborhood filter of [r] in G. Let
I C S and recall from (89) the definition of the Hermitian form HLP™. Attached
to the Plancherel measure y we define its I-support by

(9.1)  supp’(u) = {[x] € G | (YU € Uyy)) n({[o] € U : HZP™ # 0}) > 0} .

We denote by u! the restriction of u to supp?(u). In the sequel we let (7, H,) be
such that [r] € supp!(p). Define

(9.2) ML= span{a-n' :n € My,a € Ar} C (H; )

temp

where the latter inclusion is part of Theorem [T.11
The elements ¢ € ML decompose into generalized eigenvectors for the A;-action,

(9.3) =) &,

AEE:

and we recall from (73] that the generalized eigenvalues X satisfy
(9.4) & C (p = Wi - Xx)la; N (pla; +ia) .

It will be seen later that the A;-action is semisimple for almost all 7 € supp? (u).

Recall that the conjugation H;*° — H_"",n — 7 is a G-equivariant isomor-
phism of topological vector spaces. The conjugation map induces an antilinear
Ar-equivariant isomorphism ML ~ MZL. In particular, ML is semisimple if and
only if ML is semisimple.

9.1. Averaging. What follows is motivated by the techniques of [42, Sect. 10]. Let
X € a; " and set a; = exp(tX) as usual. Throughout this section we let (7, H)
be a representation occurring in supp!(u). We recall the notion f; from (B.3)).

Lemma 9.1 (Averaging lemma). Let X € a; . Then the following assertions
hold:
(1) Suppose that ML is X -semisimple. Then we have for all f € C>°(Z;) and
¢ € ML that
1 2n
. 2 _ A2
Tm S rGOER = Y In(e? +
t=n+1 )\655
(9.5) + 2Re 3 (w(HET(HE).

)\;é/\’Ef)&
(A=) (X)e2niZ

In particular, if (A — N)(X) & 2miZ for all \, N € E with A # X, we have

2n

.1 2 _ A2

(9.6) T = S (el = 3 In(HEN?
t=n+1 A€Ee

(2) Suppose that ML is not X -semisimple. Then for every & € ML which does

not belong to the sum of eigenspaces for X we have

2n
(0.7) T =S (Al = oo
t=n+1

for every f € C2°(Z1) for which (f)|az is injective.
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Proof. [l) Assume ML is diagonalizable for X and let ¢ € ML. It then follows
from ([@3) and ([@4) that
ra)e= 3 e,

A€ptiaj

In particular we obtain from Lemma Bl for all f € C2°(Z;) and t > 0 that

m(f)g= > a7’

AEp+ia*
and thus
Ie(FEl> = 1 Y @ m(H)EN?
x\€p+zu1
= Y ImHEIP+2Re Y ad N (m(HEN 7 (H)EY).
A€ptiaj AN €€

A#EN

Now for any v € R\27Z we have lim,, o, = Zt i1 € =0and (@) follows.
For [2) we remark that with the mentloned assumption on & we have for some
m € N and each A € p+ ¢ta* that

m tj .
(9-8) m(f)§* = @ tn(f) Y 56

§=0
where ¢M0 = ¢A ¢M A € ML Moreover we can assume €M™ # 0 for some

A. Now ([@7) becomes a simple matter on polynomial asymptotics: set

tOP Za? Pé‘)\ ,m (t Z 0)

and note that |a} ”| = 1 implies that the vectors £°P, t > 0, stay away from 0 in
the finite dimensional space MZ. Thus we obtain from (@8] and the injectivity of
()| that

Im ()l ~ " Im ()&
from which ([@.7)) follows. U

Suppose that X € a; ~ is such that (A—\')(X) & 2miZ for all \, ' € &, £ € ML,
with X\ # A'. Then we obtain from (83) and Lemma [0.1] that

(9.9)
PN Y . . ..
Lo PO Z)\GS . [7(f)ym |17 if ML is X-semisimple
; — I,pre — . .
nh_)rr;o - Z HZP(ft) = { 0o if otherwise and
t=n+1 __ e e . .
7T(f)| pmo is injective
where 71,...,7m, is an orthonormal basis for M.

This motivates the following definition of HZ. In case ML is a semisimple A;-
module we set

(9.10) HZ(f) ;:f: Yo IEOmE (feCx(Zn),

j=1 )\65771_
J
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and otherwise H. := 0. Observe that the Hermitian form HI is left G-invariant,
and normalized-right Aj-invariant. Set

suppfy, (1) := {[n] € supp’ (u) | ML is a;-semisimple} .

9.1.1. Mollifying on multiplicity spaces. Throughout this subsection we let V be an
irreducible Harish-Chandra module and V' its unique SF-completion. Let S(G)
be the Schwartz algebra of rapidly decreasing functions on G (see [5]) and recall
the following variant of the Casselman-Wallach theorem: if 0 # v € V, then

(9.11) S(G)xv =V
by [5, Th. 8.1], where for f € S(G) and v € V> we use the standard notation

f*v=/Gf(g)g-vdg

with the right hand side being a convergent integral in the Fréchet space V.
Assertion ([@.I1) can be strengthened further as follows. Let V be the Harish-
Chandra module dual to V. Then we first record the mollifying property S(G) *
V¢ C V> which in view of (@.11)) strengthens to

(9.12) S(G)xn=V> (0£neV =)

In fact, choose first a left K-finite function f € C°(G) such that 0 # fxn eV
and then apply (@II) with S(GQ) * C°(G) C S(G). Let now H C G be any
closed unimodular subgroup of G. Then we define S(G/H) as the space of right
H-averages of functions F € S(G), i.e. f € S(G/H) if and only if there exists an
F € S(G) such that

f(gH) = F¥(g) := / F(ghydh (g€ G).
H

With that we can define for n € (V=°)¥ and f = F¥ € S(G/H):
fxn:=Fxn

as the right hand side of this equation is independent of the particular lift I of f.
Then we have the following generalization of ([Q.12]).

Lemma 9.2. Let H C G be a closed unimodular subgroup and let E C (17_‘”)H be
a finite dimensional subspace. Then the map

Or: S(G/H) = Hom(E, V™), fr (n— fxn)
is continuous and surjective. Moreover E is uniquely determined by ker ® .

Proof. First of all it is clear that ®g is continuous. Next we observe that the
statement reduces to H = {1} which we will assume from now on.

Notice that @ is an S(G)-module morphism with S(G) acting on Hom(E, V°)
on the target V>, ie. for f € S(G) and T € Hom(E,V>) we set (f *T)(n) :=
[ (T(n))-

Suppose that &g were not surjective. Then im ®p C Hom(FE, V) would be a
proper S(G)-invariant subspace. Upon the identification Hom(E, V) = E* @ V°
we then derive from the fact that V'*° is an algebraically simple module for S(G)
(a consequence of ([@.I1])) that im ®x = F+ ® V> for a subspace 0 # F C E. This
then means

im®g = {T € Hom(E,V*>) | T|r = 0}
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which contradicts the fact that S(G) « F' = V> # {0} as F' # 0.

Finally from S(G)/ker &5 ~ E* ® V> we obtain the asserted uniqueness. In-
deed, suppose you have ker &g, = ker @p,. Then ker &g, = ker ®p, 4 g, for i = 1,2
and thus dim(E; + Eq)* = dim Ef for i = 1,2, i.e. E; = Es. O

We apply Lemma to the Hermitian forms HZ of (@.I0) as follows. Let E =
ML,
Corollary 9.3. Let [r] € suppl,(n). There exists a unique Hermitian form H on
Hom(ML, H) ~ HE @ ML

for which H(®g(f)) = HL(f) for all f € S(G/H). This form is G-invariant and
positive definite.

Proof. Clearly f € ker @ = HL(f) = 0. Moreover, since [r] € suppf,, (1) we have
E=ML= Span{ﬁjj-’)‘ [1<j<mg,\Epla, +ia7}
from which we deduce the converse implication. O

We use the symbol HL also for the form H introduced in the corollary. Now a
variant of Schur’s Lemma implies that HL viewed as a form on H® ® ML is given
by

(9.13) HE(v ® &) = (v, v), (6, ) aar

for a unique Hilbert inner product (-, ) gz on MZE.
We conclude this intermediate subsection with a simple observation of later use.

Lemma 9.4. Keep the assumptions of Lemma and let (fn)nen be a Dirac-
sequence in C°(G/H). Then there exists an N = N(FE) such that the map

Pr(fn): E—=V™® n— frxn

is injective for alln > N.

Proof. This is a special case of a more general fact. Let X be a locally convex
topological vector space and F C X a finite dimensional subspace. Let T, : E — X
be a family of linear continuous maps with lim, . T,,(z) = « for all z € E. We
claim that there exists N € N such that T,, is injective for all n > N. To see that we
choose a closed complement to ' and obtain a continuous projection pg : X — E.
With S, := pg o T,, we then obtain a sequence S, € End(F) such that S, — 1.
This proves the claim. The lemma follows with X = V= and T},(z) = f, *z. O

9.2. Induced Plancherel measure. Theorem was largely motivated by [42]
Th. 11.3].

Theorem 9.5 (Induced Plancherel measure). For all f € C(Z;) one has
(9.14) sy = [ WL dute).
supp? (1)

In particular, the Plancherel measure pur of L*(Z5) is equivalent to u restricted
to supp! (1), and ML as defined in (@2) and equipped with the Hermitian form
obtained from @I3) provides a multiplicity space for pr-almost all w. In other
words

(9.15) L*(Z;) ~ / He @ ML du(r),
GXAL Jsupp! (1)
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with the just described inner product on ML, is a Plancherel decomposition for Zr.
Finally, the complement of supph (1) in supp! (i) is a null set.

Proof. 1t is sufficient to prove this identity for test functions f with support in
PWr - 29,1 because PWy - zg,1 exhausts Z; up to measure zero. Let such a test
function f be given.

Fix X € a; ~. It follows from the exponential decay of R(t) in Corollary B3] that

(9.16) 1 Z / HEP™(£) dpa(m) = || 122

t n+1

as n — oco. Define

2n
—inv . 1 re
HEX () o= Tim - S HEP(f) € [0,00]
t=n-+1
Then ([@.I6) and Fatou’s lemma imply
(917) JHE ) dum) < 11 <

Next set

Gx = {[r] € G | ML # {0} and ML is X-semisimple} .
By choosing a Dirac sequence fi, fa,... of C°(Z;) which is supported in P - zg 1
we obtain from Lemma for each [n] € G that T(f;)| mr is injective for some
j. Hence by countable additivity it follows from (@17 togetﬂher with (@.9) and the

definition of supp’(x) in (@) that u(suppl(u)\éx) = 0. Further for [7] € Gx we
have HLX =1V () < 00 and from (@.5) we infer

LX) = SO ST R +

Jj=1 X€p+iaj

(9.19) + Y 2Re Y @mt RO

AFEN €€
A=XN)(X)e2niZ

Next we define
Gixreg = {[m] € Gx [ (VA £ N € (0= Wixa)la,) 1 (A= N)(X) & 2miZZ}
and deduce from ([@.I7), (O.I8), and (@.I0) that

(9.19) 1122 zry = [ HZ.(f) du(ﬂ)+/éx\éx HE XY (f) dp(r) .

Now we start iterating (@.I9) with finitely many X € a; . In more precision,
let X; := X and set Xy := v/2X;. Now the iteration of (I9) starts with a; :=
exp(tXz) while observing || f[172 4,y = | fill72(z,) and taking weighted averages as
before. Another application of Fatou’s Lemma then yields

ez = [ HE) dutm) +
U2y Gix, s

X,reg

+ / ~ - Hfr,{Xl,Xg}—inv(f) dlu/(ﬂ—)
(ﬂ?:l Gx; )\(U§:1 Gvareg)
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with
R G T D DR (¥ L
j=1 Xep+ia}
My ’
(9.20) LD I D DG AS CA
j=1 )\,)\’GSWI_

J
AAN (A=A)(X1)=0

as a result of making (@.I8) also invariant under X,. Here we used that (A —
N)(X;) € 2nZ for i = 1,2 means (A — X)(X;) =0.

Next take X3 € a; ~ linearly independent to X; and then X, := V2X5. This we
continue until X, X3,..., Xo,,—1 is a basis of a; contained in a; ~.

Notice that iterating (@.20]) yields that

HE (Yo Xm0 ) W)

and we finally arrive at
(9.21) 1z > [ WA du

together with the fact p(supp’ (u)\ suppZ, (1)) = 0 as supph, = N, éXj.
To conclude the proof we observe for X = X and any 7 € G that 7T <
Z)\esﬁl Hf(f)ﬁI’AH and thus

a1 < Wi D I (Hn"

)\GSEI

| 2

as |y < |W;|. Summing over ¢ and the 7} this implies via (@.IR) for all [x] €
suppf, p that

2n
LS HIYR(R) < W)

t=n-+1

for all n > 0. Thus by ([@.I7) and dominated convergence we can interchange limit
and integral in ([@I6) and obtain actual equality in (@.I7):

(9.22) JHEST ) du) = 17 -
The just described iteration applied to ([@22]) then yields
L HEC) dntr) = 111

and finishes the proof of the theorem.
The final statements follow from uniqueness of the Plancherel measure together

with (213). O

9.3. Extension to Z;. In view of Section B we can extend Theorem to all
f S CSO(Z[)

(9.23) 1912, =3 | HE e (Jes) da(m)
ot Usupplet(pn)
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where we put an extra index c,t when we consider objects, initially defined for Z;,
now for Z . Let us further denote by ML . C (H;>°)"1< the Hilbert space M}
(with the inner product obtained from (IEZ{I)) but for Z; replaced by Zy s = Zj ..
We then form the direct sum of Hilbert spaces

@ Mﬂ,c,t 9

and equip this space with the diagonal action of Ay, i.e. for £ = (Ect)ct € ./,\/lvfr we
have a - & = (a - &t)ct- Then we obtain the following extension of ([@I5) to
(9.24) L*(Z;) /H@Wﬂ@”
GXAI
9.4. The Maass-Selberg relations. The multiplicity space var is Aj-semisimple

for p-almost all [r] and thus admits a direct sum decomposition ML =
MIA wi
@x\ép—i—iﬂj 'A/l‘n'7 with

MIN ={¢e ML | (Va€ Ap) a-&=a €},
Since the normalized right action of A; on L?(Zr) is unitary it follows that the

Hermitian structure on /\/ll is such that this decomposition of ./\/lI is orthogonal
for p-almost all [r].

Theorem 9.6 (Maass-Selberg relations). Let A € p|q, +ia}. Then for almost all
[7] € Uctsuppérft( ) the map

A AL I\
1 My = M, e (0l e

is a surjective partial isometry, i.e. its Hermitian adjoint is a unitary isometry.

Proof. Let us denote by (-, -) the scalar product on ./,\/lvfr By definition it is given
by [@I3) (summed over all ¢, t) for almost all [r]. Now summation of ([@I0) over
all ¢, t implies for all z € ML that

(9.25) ||37HMI —ZZ Z » () ct ‘2~

ot j= 1)\651_
'

In particular, for x € /’\/lv,ITA this is condition (@.26]) so that Lemma 0.8 applies. O

Remark 9.7. Of particular interest is the case of a multiplicity one space, i.e. where
we have dim M, < 1 for almost all 7 € supp p. This is for instance satisfied in
the group case Z = G x G/ diag G ~ G, for complex symmetric spaces, and in the
Riemannian situation Z = G/K.

For a symmetric space the condition that dim M, < 1 for almost all = implies
W = {1}. To see that we first observe that there are [W|-many open H-orbits O C
G/Q, each isomorphic to H/Lpy as a unimodular H-space. Integration over these
open H-orbits yields at least |W|-many tempered functionals for representations
m with generic parameters in the most-continuous spectrum of Z, say 7, for
w € W. Now there is a subtle point that a priori we only have M, C (V;C’O)gmp.
But forming wave packets finally yields that these 7)., indeed contribute a.e. to
the L?-spectrum. For this one needs an estimate of 7, ,, which is locally uniform
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with respect to . For the case of a symmetric space Z such an estimate is given
in [2 Thm. 9.1]. The statement follows.

The statement above implies that ML = MV,I, Our Maass-Selberg relations in
Theorem then assert for € M, with ||| = 1 that (n7*)y is an orthonormal
basis of ML = ML (where we only count those A for which ML> # {0}). In
particular, for the group case this leads to the Maass-Selberg relations of Harish-
Chandra [19] p. 146].

We finish this section with an elementary lemma about finite dimensional Hilbert
spaces. It was used for Theorem

Lemma 9.8. Let J: M — N a linear map between two finite dimensional Hilbert

spaces. Assume that for some orthonormal basis 1y, . ..,n, for M one has
(9.26) (w,2) => @, Jn)l,  (weN).
j=1
Then the adjoint of J is an isometry.
Proof. Tt follows from (@.28]) that ||z||?> = Z?Zl [ J*z,n)|* = || Tz O

10. SPECTRAL RADON TRANSFORMS AND TWISTED DISCRETE SPECTRUM
The constant term assignments
T I
Mron—n" € M,

give rise to spectral Radon transform R; : L?(Z) — L?(Z;) which is the topic
of this section. With the help of this transform we can characterize the twisted
discrete series L?(Z)q of L?(Z) spectrally. The section starts with a brief recall on
the twisted discrete series, see also [32] and [28, Sect. 9.

10.1. Twisted discrete series. Let us denote by L?(Z)q the discrete spectrum
of L*(Z), i.e. the direct sum of all irreducible subspaces. Now in case az g # {0},
it is easy to see that L?(Z)q = 0, see [32, Lemma 3.3]. In particular, for I C S we
have LQ(G/HI)d = @ as az, g = ay 75 {0}

Recall that the subspace az p = as C az normalizes h and gives rise to the
subalgebra E =bh+azp. Hence Az p:= As C A normalizes H and acts unitarily
on L?(G/H) via the normalized right regular action

(R(a)f)(gH) =a™"f(gaH) (g€ G,a€ Azp, | € L*(Z)).
Disintegration of L?(G/H) with respect to the right action of Az g then yields the
unitary equivalence of G-modules

(10.1) L*(2) = / L*(G/H, ) dx,

Az e

where A\Z7 g denotes the unitary dual of the abelian Lie group Az g, and for each
unitary character x : Az g — S! the G-module L2(G/ﬁ,x) is a certain Hilbert
space of densities explained in [29] Sect. 8] or [32, Sect. 3.2]. A spherical pair
(V,n) which embeds into some L?(G/ H, x) will be referred to as a representation
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of the twisted discrete series of Z. Further we denote by LQ(G/ﬁ, X)d the discrete
spectrum and define the twisted discrete series by

(10.2) L*(Z)ia = /A L*(G/H,x)a dx
Az e
made more rigorous in Subsection

10.2. Spectral Radon transforms. For w € W we set Z,, = G/H,,. Note that
LX(Z) = L*(Zw), [+~ (gHw — f(gwH))

is a unitary equivalence of G-representations. Hence the abstract Plancherel formula
for L?(Z) induces one for L?(Z,,) with the same Plancherel measure and isometries
MTr — Mmun N Ny -

For every I C S and w € W we set Zy,, := G/(H,)r and keep in mind that for
fixed I, the various (H,)r need not be G-conjugate (cf. Example E.I0]).

Now given 7 € M, and w € W we note that nl = (w - n)! is fixed by (Hy)s
and we use notation M{nw for ./\/lfr with respect to (Hy ). In the sequel we assume
that [7] € supppu C G is generic, that is M{r)w is ar-semisimple for all I C S and
w € W. By Theorem with H replaced by H,, we obtain that the complement
of the generic elements is a null set with respect to u. We endow ./\/lfr’w with the
Hilbert space structure induced from M, via Theorem

Our concern is with the spectral Radon transforms induced from the constant
term maps:

r‘n’,l,w : Mﬂ' — Mfr)wv rTr,Lw (77) = 777{0 3
and for J C I their transitions:

(103) r711',(],71) : M7Ir,w - Mi,wa r711',(],71) (g) = fJ .
We recall the transitivity of the constant terms [I0, Prop. 6.1]:
Lemma 10.1. Letn € M, and w € W. Then for all J C I one has

(1) = 13-
The transitivity of the constant term maps then reflects in
(10.4) rfr’J’w Ofnlw = rJw (JcI).

Recall that r, j,, is a sum of at most |W;|-many partial isometries by the Maass-
Selberg relations in Theorem Hence we obtain

(10.5) [Pzl < (W]
Proposition 10.2. Let I C S and w € W. The operator field
(idp, @rrrw) e s He @ Me = He @ My,

is measurable and induces a G-equivariant continuous map
@ )

Ryw: L*(Z) ~ /A He @ My dp(r) — L*(Z1 ) ~ /A Har ®M7{,w dp(m)
G G

Moreover
(10.6) IRrwll < Wi
We call Ry, the spectral Radon transform at (I, w).
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Proof. Since the r; 1, reflect the pointwise convergent asymptotics of matrix coef-
ficients, the operator field is measurable. With the upper bound in (I035]) we then
obtain that Ry, is defined and continuous with norm bound (I0.6). By definition
Rr,w is then G-equivariant, completing the proof. O

With (I0.3]) we obtain spectrally defined Radon transforms:

(10.7) Riw: L*(Zrw) = L*(Zs0w)  (JCI)
which then by ([I04) satisfy
(10.8) Riw=Ri,oRw (JCI)

Putting the data of the various (I, w) together, we arrive at the (full) spectral
Radon transform

R=&uRrw: LHZ) > P P L*(Z1w)-

ICSwew

10.3. Characterization of the twisted discrete spectrum. Next we want to
define L?(Z)q rigorously in terms of the spectral Radon transforms. Set

(10.9) Mera={eMy|Ix€Asp VeV mye e L*Z,X)a}
and likewise we define M{nwytd forweWandICS.

Then
(10.10) L*(Z)wa = () kerRy..

weEW
1S

defines a closed subspace G-invariant subspace of L?(Z).

Next we need a reformulation of the characterization of the twisted discrete series
from [29, Sect. 8] in the more suitable language of constant terms [I0, Th. 5.12],
namely:

Lemma 10.3. Let n € M. Then the following are equivalent:

(1) n € Mz a.
(2) nL =0 forallw eW and I C S.

With the characterization in Lemma [[0.3] we arrive at:

Proposition 10.4. We have
5]

(10.11) LA (Z)pq ~ /A He @ Mo ra du(r).
G

In particular L*(Z)yq C L?(Z) is invariant under the normalized right regular rep-
resentation R of Az k.

Proof. Both assertions follow from Lemma [[0.3] and the involved definitions (I0.9])
and (I0.I0) O

Since L?(Z)tq is Az g-invariant we obtain from (I0.IT) a rigorous definition of
[@0.2) with L?(Z,x)q equal to the x-spectral part of L?(Z)q under R.
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10.4. Restriction to the twisted discrete spectrum. Applying the preceding
theory with L?(Z) replaced by L?(Z; ,,) we obtain orthogonal projections

Prrwed P L2 (Zrw) = L2 (Zrw)
and define Ry ., = pry ,, 1q© Rrw. Note that

Rrw: L*(Z) = L*(Z1.0)

is a continuous G-equivariant map. The restricted spectral Radon transform is then
defined to be

R=®rwRrw: L*(2) > @ P L*(Zrw)a-
ICSwew

11. BERNSTEIN MORPHISMS

We define the Bernstein morphism B as the Hilbert space adjoint R* of the
restricted spectral Radon transform R. With By, := R}, we then have

B: P P L*(Zrw)a— L (2), (fraw)iw— Y Brw(frw).

ICSwew Iw

The main result of this section then is:

Theorem 11.1 (Plancherel Theorem — Bernstein decomposition). The Bernstein
morphism is a continuous surjective G-equivariant linear map. Moreover, B is
isospectral, that is, image and source have Plancherel measure in the same measure
class.

After some technical preparations we give the proof of Theorem [IT.Jl Then,
after applying the material on open P-orbits developed in Section Bl we derive in
Theorem a refined Bernstein decomposition, which agrees with the partition
W =Tlcec, Hier,  mce(Wr,c) from (E.I8).

Finally, by adding up the refined Bernstein decompositions for the various G-
orbits in Z(R) we obtain in Theorem [[T.I1] the statement for L?*(Z(R)) which is in
full analogy to the p-adic statement of Sakellaridis-Venkatesh [42, Cor. 11.6.2].

11.1. Proof of Theorem [I1.3l Denote by P(S) the power set of S. With regard
to n € M, we call a pair (I,w) € P(S) x W admissible provided that n% # 0.
Finally we call an n-admissible pair (I,w) optimal provided that the cardinality
1] is minimal, i.e. we have 1/, = 0 for all w’ € W and J C I. Notice that, by
definition, for every n # 0 there exists an n-optimal pair (I, w).

The embedding theory of tempered representations into twisted discrete series
from [29] Sect. 9] then comes down to:

Theorem 11.2. Let 0 # n € M, and (I,w) be an n-optimal pair. Then nl €
Mgr w,td "

Proof. Let (I,w) be n-optimal. Applying a base point shift we may assume that
w = 1. According to Lemma [[0.3] applied to Z; we need to show that (w;-n!)’ =0
for all wy € Wy and J C I. Let m(wy) = w € W. By the consistency relations
(T4) we have wy - nr = nl. Thus, by the transitivity of the constant term we have

(wr-n")" =ny =0
by the minimality of |I|. The theorem follows. O
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Let us denote for each [rr] € G andeach I C S ,wE W by & — £q the orthogonal
projection ML, — M£7w7td.
With that we define a linear map between finite dimensional Hilbert spaces by

I I
fr = @r rwid  Me = ) @ M wiar 1 (0 )10

ICSwew
: I . I
with nw,td = (nw)td'

Remark 11.3. Since £ — &iq is Aj-equivariant, we have the orthogonal decom-

g I _ I,p I
position My, 4 = @Mepﬂ-u; M - Thus every £ € M; ., decomposes as

€= &r with &4 € MLY% for i € pla, + ia} by (Z3).

For any A € &1 C pla, +ia} (cf. (Z3)) we denote by rr 1 u,1d,x the map rr 1. d

I
Taw,td

followed by orthogonal projection to the A-coordinate ./\/lfr”’l\u’td of M
Then Theorem yields the technical key Lemma:

Lemma 11.4. The following assertions hold:
(1) rp is injective.
(2) ForallI C S,weW and \ € &, the map

A I\
ENRIRT NS Mz — '/\/171',111,td7 n— Ty, td
is a surjective partial isometry.
(3) The assignment m — rp is measurable.

Proof. Let 0 # n € M,. According to Theorem we find an n-optimal pair
(I,w) such that nfmd # 0, establishing ([Il). Having shown (), assertion () is
obtained from the Maass-Selberg relations in Theorem we replace H by H,,
and observe that 7 — 7,, establishes an isomorphism of M, — M, ,, with M ,,
referring to M, with H replaced by H,,.

Finally (@) is by the definition of the measurable structures involved (see Section
and Proposition [[02]): The family of maps

. I I
M Iaw - Mﬂ' — Mﬂ')w7 n— Ths

as well as the projection to discrete parts ry 1., tq are measurable. O

by : @ @ Mgr,w,td - Mz

ICSwew
to be the adjoint of rz and note that b, being the adjoint of an injective morphism,
is surjective. Notice that the Bernstein morphism

B: P P L*(Zrw)ha — L*(2)

ICSwew

We now define

is defined spectrally by the operator field (bx)resupp p-

Remark 11.5 (Decomposition of B into isometries). For I € S and w € W we
denote by By, the restriction of B to L*(Z1 4 )ta-
We claim that there is an orthogonal decomposition

L*(Zrw)a = P L*(Zrw)ian
uEW;
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such that every restriction By, = B‘L2(Zl,w)td,u is an isometry. To construct
such a decomposition we choose for every [n] € supp(x) with infinitesimal character
X € j&/W;j a representative Ax € jc, i.e. x» = Wj - Ar. Let us denote by

Pu([r]) : ML, — Myl

the orthogonal projection. Our request for the choice A; € x, is then such that
the operator field

supp(p) 3 [7] = Py([n]) € End(M] )
is measurable. With
> @ L(p—u-An)ag
LA Zrw)tau = | He @ M7 14 dp(m)
G

we then obtain an orthogonal decomposition L?(Z7 4, )ta = @uewi L*(Z1 )td,u for
which By 4., is an isometry by Lemma [ITZ[2]).

The final piece of information we need for the proof of Theorem [II1.1] is the
following elementary result of functional analysis whose proof we omit.

Lemma 11.6. Let H = f)e? H. du(x) be a direct integral of Hilbert spaces. Let
further K = f;? Ky dp(z) and £ = ff L, du(z) be closed decomposable subspaces

of H. Suppose that K, + L, C H, is closed for every x € X. Then K+ L C H is
closed.

Proof of Theorem [I1.1l The surjectivity of the b, together with Theorem [3.5shows
that B is an isospectral G-morphism with dense image. To see that B is surjective
we note that B is a sum of isometries each one of which has closed range. Thus B
is surjective by Lemma O

Remark 11.7. In case W = {1}, i.e. there is only one open P-orbit, the Bernstein
decomposition becomes a lot simpler as the summation over W disappears in the
domain of B. We recall that W = {1} is satisfied for reductive groups G ~ GxG/G,
for complex spherical spaces, and for Riemannian symmetric spaces.

11.2. Refinement of the Bernstein morphisms. In the definition of the Bern-
stein morphism a certain over-parametrizing takes place in the domain. This will
now be remedied via the partition W = [[ ., HteFI,C mc(Wr ) from (GI8). We
recall the corresponding terminology from Subsection [73]

For n € My, c € Cr, t € Fy we recall the functional 7.+ = w(c,t) - n from
Subsection [[L3l Further we set nc{t := (net)! and given wr,e € Wy we define the
functional (0! )w, . = wr.c-nl,. Likewise for u € aj - we set (nc[&”)whc = w[’c-nc{’t".

Every w € W can be written uniquely as w = mc(w; ) for c € Cy, t € Fyc and
wr,e € Wrc. In this context we recall from (7I0) the consistency relation

(11'1) 7711u7>\ = (ncljt/\)wz,c (’LU = mC,t(wI,C) eW,\e 8771) .

Recall Hy o = (Hy(c))r equals Hr ot = (Hy(cy))r- Hence (Wg,EA)wI,C is fixed by
(Hr.¢)w,..- On the other hand n;* is fixed under (H,,);. We recall from (519) that
the two groups are in fact equal:

(Hw)r = (Hrc)uw,. -

In this context it is worth to record the following extension of [I0, Th. 5.12J:
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Proposition 11.8. The following assertions are equivalent for n € M:

(1) n S MTr,td-
(2) Forall1C S andce Cy,te Fyc one hasnl, = 0.

Proof. Let w € W and write it as w = mc¢(w;,). We recall (Z4) which asserts
that nl = wy .- nc{t. In particular n, = 0 if and only if nc{t = 0 and the proposition
follows from Lemma [[0.3] O

For c € Cr and t € Fy we set Z1 ¢t = Z1(ct) and note that Zy .. = G/Hj is
independent of t € Fy . by Lemma [5.16l The following is then a refined version of
the Bernstein decomposition, taking the fine partition (BI8]) of W into account.

Theorem 11.9 (Plancherel Theorem — Bernstein decomposition refined). The re-
stricted Bernstein morphism

Bres : @ @ @ L*(Zrci)a — L*(2)

ICSceCrteFy .

18 surjective.

Proof. Given the proof of Theorem [IT.1] this comes down to the fact that the map

T Mz — @ @ @ Mfmw(c,t),td? n— (nc{ntd)l,cﬂ

ICSceCrteFr
obtained from r, by restricting the target remains injective. Now we recall the
proof of Lemma [[T.4[I) and let 0 # n € M, with n{u’td # 0 for an n-optimal pair
(I,w). In particular, n{u)td # 0. Let w = mc(wy,) for wy. € Wy and t € Fy.
Then the consistency relation (IT.1)) yields n{md = (wr,c-nl )t and thus 17‘:[7t7td #0,
establishing the injectivity of r,. The theorem follows. |

11.3. Bernstein decomposition for L?(Z(R)). Recall that Z = G//H is only one
G-orbit of Z(R). To obtain the Bernstein decomposition of L?(Z(R)) we just need
to add the data of the various G-orbits in Z(R). We recall Wg = (P\Z(R))open =
Fr/F) and choose representatives Wg C G for Wy as we did with W for W. For
w € Wg we set Zr.,, = G/(Hy)r with (Hy)r the real points of the R-algebraic
group (H,,)r. Notice that the G-orbit decomposition of Z(R) yields a natural par-
tition of Wg by selecting for a given G-orbit in Z(R) the open P-orbits it contains.
Summing up the Bernstein morphism of all G-orbits then yields a G-morphism:

Br: P P L*(Ziw)a — L*(Z(R)).
ICS weWr
We then obtain from Theorem [ITT.T}
Theorem 11.10 (Plancherel Theorem for L?(Z(R)) — Bernstein decomposition).

The Bernstein morphism Bgr is a continuous surjective isospectral G-equivariant
linear map.

Recall from the beginning of Section Bl that Wi r = (P\Z;(R))open and Wr are
canonically isomorphic. In particular we obtain a generalization of (EI8) to

Wr =Wrr = H H mc(Wr )

ceCrrteFrc
with C[’]R = {G . /Z\wJ | w e WR} etc.
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The finer results in Theorem [I1.9] then yield the refined restricted Bernstein
morphism

(11.2) B yes : @D L*(Z;(R))1a — L*(Z(R))
Ics
with the same properties as in Theorem

Theorem 11.11 (Plancherel Theorem for L?(Z(R)) — Bernstein decomposition
refined). The restriction Bg res of the Bernstein morphism By is a continuous sur-
jective isospectral G-equivariant linear map.

12. ELLIPTIC ELEMENTS AND DISCRETE SERIES

As a consequence of the Bernstein decomposition in Theorem [IT.J] we obtain
in Theorem [I2.1] a general criterion for the existence of a discrete spectrum in
L?(G/H) for a unimodular real spherical space G/H. The main additional tool is
a theorem of [20], by which the wave front set of the left regular representation of
a unimodular homogeneous space G/ H is determined as the closure of Ad(G)h*.

12.1. Existence of discrete spectrum. As usual, we call an element X € g
semisimple provided ad X is a semisimple operator. Equivalently, X € g is semisim-
ple if and only if its centralizer 34(X) is a reductive subalgebra.

An element X € g is called elliptic if ad X is semisimple with purely imaginary
eigenvalues. If £ C gc we denote by Fg the subset of E consisting of elliptic
elements. More generally we call an element X € gc weakly elliptic if spec(ad X) C
iR and denote by Ey_ep the corresponding subset of F C gc.

Theorem 12.1. Let Z = G/H be a unimodular real spherical space. Suppose that
inth: ., #0. Then H = H is reductive and L*(Z)q # {0}.

Here int h:_;, refers to the interior of h1__,, in the vector space topology of h.

The proof is given in the course of the next two subsections.

Remark 12.2. In case Z = G is a reductive group or more generally Z = G/H
is a symmetric space, then Theorem [I2.I] comes down to the existence theorems
of Harish-Chandra [I6] and Flensted-Jensen [I2] about discrete series. It is due
to Harish-Chandra that L?(G)q # 0 if g admits a compact Cartan subalgebra.
Flensted-Jensen generalized that to symmetric spaces by showing L?(G/H)q # 0
if there exists a compact abelian subspace t C g N h* with dimt = rank G/H.

Remark 12.3. For the twisted discrete series an appropriate generalization of The-
orem [[2.] reads

(12.1) intﬁi_en #0 = (Vxe A\ZE) L2(G/ﬁ, X)a # 0

and will presumably follow from results on wavefront sets of induced representations
more general than what is obtained in [20].

12.2. The geometry of elliptic elements. To prepare the way for the proof of
Theorem [I2.1] we establish some foundational material on elliptic elements in h=,
and show that if the weakly elliptic elements in h have non-empty interior, then
b is reductive in g.

We consider the H-module h- C g and recall the canonical isomorphism (g/h)* ~
ht. In the sequel we view ay ~ aﬁ“ as a subspace of a and likewise we view
myz =m/mpy ~ mﬁ“‘ as a subspace of m.
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Lemma 12.4. (INh)L =pht ou.

Proof. Clearly b~ 4u C (INnh)+. Moreover b Nu = {0} because x(u,q) = {0} and
g = b+ g. The lemma now follows from dim h = dim(IN h) + dim u. O

Let Ty : (INh)* — u be minus the projection along h+. It follows that
(12.2) (az +mz)? = {X+To(X): X €az +my} Cht.

Similarly we set b° := {X + Typ(X) : X € b} for b C az + mz a subspace.
Lemma [I2.5] is motivated by [24] Th. 5.4 and Cor. 7.2] and [40, Th. 5 and Th.
6].

Lemma 12.5. Let Z = G/H be a real spherical space for which there exists an

Xo € az Nbt such that a(Xy) < 0 for all a € ¥y, Then the canonical map
®:Hx(ag+my)? = bt (h,X)— Ad(h)X

is generically submersive.

Proof. We first note that (az+mz)°+[h, X] C b for all X € (az+mz)°, and that
® is generically submersive if and only if there is equality for some X € (az +myz)°.
We will show that

(12.3) (az +mz)’ +[b, Xo] = b
For ¢t > 0 we set a; := exp(tXp). By conjugation (IZ3)) is then equivalent to
(12.4) (az +mz)§ + [bs, Xo] = b,

where (az+mz)? := Ad(a;)(az+mz)°? and b, := Ad(a;)h. Now note that by (I2.2))
we have for t — oo that (az +mz)? — az +myz in the Grassmannian of subspaces.

Moreover h; — by = [N h+u by 221).
On the other hand (hy)* = az +mz +u. As [Xy, 1] = U we obtain

az +mz + by, Xo] = (hy)™,
that is, (I24) holds in the limit. Hence it holds for ¢ sufficiently large. O

In analogy to [25, Sect. 3] we call Z = G/H non-degenerate provided that an
element Xy as in Lemma exists, and degenerate otherwise. Flag varieties
Z = G /P with P a parabolic subgroup of G are degenerate. But in many cases Z
is non-degenerate as Example shows.

Example 12.6 (cf. [25] Lemma 3.1]). Every quasi-affine real spherical space is
non-degenerate. Indeed, the constructive proof of the local structure theorem, see
[28, Section 2.1], yields an Xy € az N bt such that [ = 34(X,). Moreover, this
element can be chosen such that a(Xy) < 0 for all roots « € 3.

Lemma [I2.7] was communicated to us by B. Harris.

Lemma 12.7. Let G be an algebraic group defined over R and H C G be an
algebraic subgroup defined over R as well. Suppose that Z = G/H is unimodular.
Then Z is quasi-affine, i.e. Z = G/H is a quasi-affine variety.

Proof. Clearly Z is unimodular if and only if Z is unimodular. We assume first
that H is connected and treat the general case at the end. We recall the following
transitivity result, see [45, Lemma 1.1] and [6, Th.4]: If there is a tower H C
H, C G of subgroups, such that H,/H and G/H, are both quasi-affine, then
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G/H is quasi-affine. Now for d := dim H and Xi,...,X4 a basis of h consider
vy =X1AN...ANXgq € /\d gc. As H is supposed to be unimodular and connected,
we see that H fixes v1. Let H; be the stabilizer of v; in G. Then

d
G/H, — Noc, gH,g-n

is injective and exhibits G/H, as quasi-affine. Moreover, as H C H, is normal,
H,/H is affine and the transitivity result of above applies. This shows the lemma
for H = H, connected. As F' := H/H, is finite and acts freely on Z, = G/H,
the quotient Z = G/H ~ Z,/F is geometric and quasi-affine as well (average
polynomial function over F'). O

It is interesting to record the following (cf. [25, Th.3.2]):

Lemma 12.8. Let Z = G/H be a non-degenerate real spherical space. Then the
set b of semisimple elements in b has non-empty Zariski-open interior in h*.

Proof. Since ggs has Zariski-open interior in g, it suffices to check that there is
a non-empty open set of semisimple elements in h-. Now X, is semisimple and
for all elements X; € az + myz sufficiently close to Xy we have in addition that
X1 +u = Ad(U)X; by [28, Lemma 2.6]. In view of (I2Z2)) this implies that all
elements X7 + Ty (X1) are semisimple and belong to (az +myz)?. With Lemma [2Z5]
we conclude the proof. O

Corollary 12.9. Let Z = G/H be a non-degenerate real spherical space and E C
hL. Then the following are equivalent:

(1) int Fo # 0.
(2) int By _en 75 0.

Lemma 12.10. The following assertions hold:
(1) [AdH)(az +m2)2],_, = Ad(H) (a7 + m2)% N 3(gc) +ia +m).
(2) Suppose that Z is non-degenerate and assume that int hj;_eu # 0. Then
int (h* N Ad(H)(3(g) + iay +m%)) #0.
Proof. For () we first observe that it suffices to show

[(az +mz)g] = (az +mz)¢ N3(gc) +iay +my

w—ell
Let Y € (az + mz)c and X =Y + Ty(Y) € (az + mz)2 as in (I2.2). Then
spec(ad X)) = spec(adY).

Hence X is weakly elliptic if and only if Y € (az + mz)c N3(gc) + iaz + mz, that
is, if and only if X € (az +mz)2 N3(gc) + ia) + mY.

For ([2)) we note that Ad(H)(az + mz)2 is defined over R and Zariski dense in
h as a consequence of Lemma [[2.5 Now (&) follows from (). O

Recall the edge az g C az and az g C ng(h) with ng(h) the normalizer of b in g.

Lemma 12.11. Let Z be a non-degenerate real spherical space. If az g # {0},
then inth:_ = 0.

w

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



PLANCHEREL FORMULA 881

Proof. Let az = az g @ az,s be the orthogonal decomposition. Recall H =b+azg
with [az g, b] C b. Define a% 5, C ht as below ([[22). Then since a3 5N ht = {0}
we obtain by dimension count

(12.5) bt =btea) .
Next we claim
(12.6) Ad(W)X - X €bt  (heH X €alp).

In fact, as H is connected it suffices to show that x(eY X, U) = (X, U) for all
Y € bc and U € az . By the invariance of the form « this is then implied by
e Y eU+ hc as [az)E,f)d C be.

Suppose int b, # 0. According to Lemma 210 we thus find some subset
O Cia% g +iay g + mY such that Ad(H)O Nb* is open and non-empty.

Let X =iX) +iXo +Y € O with X; € a), p, Xo € 0% 5, Y € my and let h € H
be such that Ad(h)X € h+. With (IZ6) we get

Ad(R)X = iX1 + (Ad(h)(iX1) — iX1) + Ad(h)(iX2 + Y) € (ia% 5 + ) Nht.

eht €h,
From (IZ3F) we then deduce X; = 0. Hence O C ia} ¢ +mz. Now as a} 5 # {0}
we have

ar

dimb/INh+dimay s+ dimmy < dimb* = dimg/h

and therefore Ad(H )(a0Z7 s +m%)c C b has empty interior, a contradiction. This
concludes the proof. |

Proposition 12.12. Let Z = G/H be a unimodular real spherical space. Suppose
that int hvlv—ell £ () where the interior is taken in h. Then b is reductive in g.

Proof. First we note that Z is non-degenerate as Z is requested to be unimodular
(see Lemma [I2Z7 and Example [2:0). We argue by contradiction and assume that
b is not reductive. Then [26, Cor. 9.10] implies that az g # {0}. Now the assertion
follows from Lemma [T2Z.1T] O

Corollary 12.13. Let b be a real spherical unimodular subalgebra and I C S. Then
int ((b%)wfcll) =0.

Proof. Since by is a proper deformation of b it cannot be reductive in g. Hence the
assertion follows from Proposition [2.12] |

12.3. Proof of Theorem [12.1l

Proof. The first assertion, H = H reductive in G, repeats Proposition In
particular L?(Z)yq = L*(Z)q.

We recall that to every unitary representation (7, E') of G one attaches a wave-
front set WF(m) which is an Ad(G)-invariant closed cone in g* ~ g. If Z = G/H
is a unimodular homogeneous space, then the wavefront set of the left regular
representation of G on L?(G/H) was determined in [20, Thm 2.1] as

(12.7) WF(L*(G/H)) = cl(Ad(G)h™r)

with cl referring to the closure.
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For the second assertion we compare wavefront sets of unitary G-representations.
Recall that unitary representations with disintegration in the same measure class
have the same wavefront sets. Hence we obtain from Theorem [[T.T] that

(12.8) WF(L*(2)) c WF(L*(Z)a) U | | WF(Z*(Z1.)).-
ICScecr

On the other hand, we obtain from (I27) that

(12.9) WF(L*(Z1 ) = l(Ad(G)b7) (I CS,ceCy).

Let Y := Ad(G)h* C g and observe that Y is the image of the algebraic map
d:Gxbht =g (9,X)— Ad(9)X.

In particular, it follows that dimcl(Y)\Y < dimY. Likewise we have for Y; . =
Ad(G)f)fc that dim cl(Y7,c)\Y7 c < dim Y7 .. By assumption and Corollary 12.9] the
elliptic elements Yo have non-empty interior in Y. Since dimcl(Y)\Y < dimY we
also obtain that Y. has non empty interior intcyy(Yen) in cl(Y). On the other
hand it follows from Corollary 213 that Y7 c e has no interior in Y7 c when I # S.
From dimcl(Y7)\Y7,c < dimY; . we thus infer that (cl(Y7c))en has empty interior
in CI(YLC).

From (I2Z7) and (I2.8) we obtain

0 # inteyyy(Yen) C WF(L*(Z)q) U U [inteiyy (Yen) N WE(L?(Z1.0))],
ICS,c
and since Y7 . C cl(Y) it follows from (IZ9]) that
inteyy)(Yen) N WF(L*(Z1.c)) C inteygy, o (l(Yic)en) = 0

for all I # S and c. Hence L?(Z)q # 0. O
12.4. An example.

Example 12.14. We now give two examples of series of non-symmetric real spher-
ical spaces Z = G/H for which int b, # 0.

(a) Let Z = G/H = SO(n,n+1)/ GL(n,R) for n > 2. We realize g = so(n,n+1)
as matrices of the form

A B v
X = c AT w
—w? =T 0
with v,w € R" A B,C € Mat,x,(R) subject to BY,CT = —B,—~C. Then
h consists of the matrices X € g with B,C,v,w = 0. First we consider
the case where n = 2m is even. For t = (t1,...,t,n) € R™ we let Dy =
diag(Dy,, ..., Dy, ) € Mat,x,(R) with D, = (_(1 té) Further for s € R™
we set vg = (51,31,32,32,...,5m,sm)T € R™. Now consider the n-dimensional
non-abelian subspace
0 Dt Vs
= -Dy 0 ws||s,teR™ 3 Chy.
I =T 0

s s

It is then easy to see that the H-stabilizer of a generic element X € t° is trivial
with [h, X] +t° = h*. Thus the polar map H x t® — h= is generically dominant
and therefore int b}, # 0. For n = 2m+1 odd we modify t° as follows. We consider
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D; now as n x n-matrix via the left upper corner embedding. For s € R™t! we

further set vs = (81,51, -, Sm, Sm, Sm+1) € R™ and define
0 Dt Vs
0= -Dy 0 we||seR™LteR™ Chl.
—I —I 0

We now complete the arguments as in the even case.
(b) Next we consider the cases Z = G/H = SU(n,n + 1)/ Sp(2n,R) for n > 2.
Here g = su(n,n + 1) is realized as the trace-free matrices of the form

A B v
X = C —A* w
—w* —v* d

with v,w € C", A, B,C € Mat,x,(C) subject to B*,C* = —B,—C, and d € iR.
Further we realize h ~ sp(2n,R) as the subalgebra

h={X €g| A€ Mat,xn(R),B,C € iMat,xn(R),v =w=0,d =0}
For t = (t1,...,tn) € C" we let By = diag(t1,...,tm) € Mat,x,(C) and consider

Eit 0 S
U= X = oT Ei% s||s,teR"tr(X)=0p Ch.
—st —s' d

Now proceed as in (a) and obtain that int b, # 0.

Corollary 12.15. For Z = SU(n,n + 1),R)/Sp(2n,R) and Z = SO(n,n + 1)/
GL(n,R), n > 2, we have L*(Z)q # 0.

Proof. In Example [2.14 we have shown int b, # (. Apply Theorem [Z11 a

13. MOMENT MAPS AND ELLIPTIC GEOMETRY

We expect that Theorem 2] gives in fact an equivalence: L%*(Z)q # {0} if
and only if int ht_;, # 0. This section is devoted to Theorem [[3.1} which gives a
geometric version of this expected equivalence.

Theorem 13.1. Let Z be a non-degenerate real spherical space with a strictly con-
vex compression cone, i.e. az g = {0}. Then the following statements are equiva-
lent:

(1) el(Ad(G)b) = Urcs Ucec, Ad(G)by-

(2) inthg, = 0.

Remark 13.2.
(a) From Corollary [2.T3] we obtain that

intei adayp ) [AA(G)b7Jen = 0

for all I C S (see also the proof of Theorem [[21]). Hence we get () = (@), which
is the geometric equivalent of Theorem [TZ.11

(b) Note that (@) is equivalent to inth:__, = 0 by the assumption of non-
degeneracy (see Corollary [[2:9).

(c) For fixed I C S we recall

{hrc:ceCr}={(bw)r:weW}.
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The goal of this section is to prove Theorem [[3.Il The proof is obtained via new
insights on the geometry of the moment map of the Hamiltonian G-action on the
co-tangent bundle 7" Z.

13.1. The moment map. In this subsection Z = G/H is a general algebraic
homogeneous space attached to a reductive group G = G(R) and an algebraic
subgroup H = H(R).

In the sequel we identify g* with g via our non-degenerate Ad(G)-invariant form
%. In this sense we also have (g/h)* ~ b+ C g and we can view the co-tangent bundle
T*Z of Z as T*Z = G xy h*. Recall that the G-action on T*Z is Hamiltonian
with corresponding G-equivariant moment map given by

m:T"Z =g, [9,X]— Ad(g)X.
Now for X € h* the stabilizer in G of £ :=[1,X] € T*Z is G¢ = Zy(X) whereas
the stabilizer of X = m(§) € g is Gpy(¢) = Za(X). It is then a general fact about
the geometry of moment maps (see [I4] p. 190]) that for the Lie algebras of Zg(X)
and Zg(X) one has
(13.1) n(X)a5e(X) (X ebt).

Let us call an element X € ht generic, provided that dim 3, (X) is minimal. Then
it follows from [14) Th. 26.5] that

13.2 X X) is abelian for X € h* generic.
(13.2) 3a(X) /30 g
A somewhat sharper version of (I3.2) is:

Lemma 13.3 ([24] Satz 8.1]). Assume that Z = G/H is an algebraic homogeneous
space defined over R attached to a connected reductive group G. Then for X in a
dense open subset of b one has

(1) Zu(X) < Zg(X).

(2) Zg(X)/Zu(X) is a torus.
In particular, Zg(X)/Zp(X) is an abelian reductive Lie group.

13.2. Ellipticity relative to Z. Moment map geometry suggests notions of ellip-
ticity and weak ellipticity of elements X € b which are more intrinsic to Z.

Let us call an element X € bt weakly Z-elliptic provided that Zg(X)/Zg(X) is
compact. A weakly Z-elliptic element X € bt will be called Z-elliptic if in addition
X is semisimple.

Lemma 13.4. Let X be a generic weakly Z-elliptic element and let (Zg(X))o =
Lx x Ux be a Levi-decomposition with Lx reductive. Let Ly x := Lx N H. Then
(Zu (X))o = Ly, x X Ux and there exists a compact torus Tx in the center Z(Lx)
of Lx such that Lx = Ly xTx and lx = lg x & tx orthogonal. Moreover,

(13.3) X €ty +uy

and X € tx if X is semisimple. In particular,
(1) Every generic weakly Z-elliptic element is weakly elliptic.
(2) Every generic Z-elliptic element is elliptic.

Proof. Let Gy := (Zg(X))o and G2 := (Zg(X))o. Then by (I31) and (I32), G2 <
G is a normal subgroup such that G; /G5 is compact, connected and abelian, i.e. a
compact torus. Furthermore G5 := G2Ux is a closed normal subgroup such that
G1/G3 = Lx/Lx N Gy is a compact torus. This implies that Lx = (G3 N Lx)Tx
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with T'x an (infinitesimally) complementing compact torus in the center of Lx. It
then follows that Go N Lx = G3 N Ly, as there are no algebraic morphisms of a
reductive group to a unipotent group. Now the compactness of G1/G2 implies that
Ux C G2 as well. Furthermore, since [y and [x z are both algebraic Lie algebras

Liy .
we see that ty = [Ht§ is the orthogonal complement.

Finally we decompose X € ht N3g(X) as X = Xo + X with Xy € [x and
X, € uy. Then X € bt implies that Xy € tx, that is (I33). If we further
observe X is semisimple if and only if 34(X) = [x is reductive, then we see that
the remaining statements of the lemma are consequences of (I33]). O

Remark 13.5. Notice that X = 0 is semisimple and elliptic but not weakly Z-elliptic
unless Z = G/H is compact. To see an example of a generic weakly Z-elliptic
element which is not Z-elliptic, i.e. not semisimple, consider H = N for an R-split
group G. Then h* = a + n. Now for a regular nilpotent element X € n we have
Zc(X) = Zn(X) and thus X is generic and weakly Z-elliptic.

Our notion of non-degeneracy for real spherical spaces now generalizes to all
algebraic homogeneous spaces Z = G/H as follows. We call Z = G/H non-
degenerate provided that m(T*Z) contains a Zariski dense open set of semisimple
elements. We recall from [25] Sect. 3] that all quasi-affine homogeneous spaces are
non-degenerate.

Proposition 13.6. Let Z = G/H be a non-degenerate homogeneous space. Then
the following assertions are equivalent:

(1) int b, # 0.
(2) int bz_oy # 0

Proof. Here we prove ([I)= (), as the converse implication follows immediately
from Lemma [I34I2) (in fact without assuming non-degeneracy).

Since Z is non-degenerate, the image m(«) is semisimple for o = [g, X] in a dense
open subset of T*Z = G xy h*. For those «, the centralizer L(«) := Zg(m(a)) of
m(«) is a Levi subgroup of G which is defined over R. Since there are only finitely
many conjugacy classes of such subgroups, there is a dense open subset T of T*Z
such that for each a € T, L(«) is a Levi subgroup of G and the G-conjugacy class
of its real points L(«) is locally constant on 7.

Let T be a connected component of T, and let ag € To and L = L(cap). Then
L(«) is G-conjugate to L for all o € Ty. Moreover, Ty is a Hamiltonian G-manifold
with moment map m|y, : To — g.

Set Too = m;-ol([). Then it follows from the Cross Section Theorem (cf. [15, Th.
2.4.1]) that Too is a Hamiltonian L-manifold with moment map m/|r, : Too — [ the
restriction of m to 7go.

Note that Zg(m(ap)) = L(ag) = L. In particular m(ag) € 3(I) is regular.
As m(Too) C ! we thus find an open neighborhood Uy of ap in 7o such that
L(a) = Zg(m(a)) C L for all @ € Up. On the other hand we know that L(«)
is conjugate to L. Thus in fact L(a) = L for @ € Uy. Hence by passing to a
dense open subset of Tgpo we may assume that L(a) = L for all a € Tgg. Since
Go C Gp(a) = L we then have G, = L, with L, the stabilizer of o € Too in L.

Let ¢ C [ be the R-span of m(7go). We claim that

(13.4) ¢ C3(l)
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with 3([) the center of [. In fact, we have just seen that G, () = L for all o € Too.
Thus m(a) € 3(1) for all o € Tgo.

Next we recall the basic equivariant property for the derivative of the moment
map [14] eq. (26.2)]:

(13.5) k(dm(a)(v), X) = U (Xa,v) (€ Too,v € TaToo, X € 1)

where ) is the symplectic form on 7o, X is the vector field on Too associated to
X and T,7q is the tangent space at a. Let g, = [, be the Lie algebra of the
stabilizer G4 = Lo of a € Too. We claim that ¢ C g,. To see that we first
note that dm(a)(v) € ¢ by the definition of ¢. Hence we derive from (I3.3]) that
Qa()?mv) =0 for all v if X | ¢. Since ) is non-degenerate one obtains )?a =0.
Hence ¢t acts with vanishing vector fields on Too and thus ¢t C go = l,.

Notice that the claim implies in particular that the L-action on Ty factors
through the group C := L/(exp(c¢*t)) with Lie algebra c.

On the other hand, by passing to a further open dense subset of Tpy we may
assume that Co = Giya)/Ga = L/Go4 is a real form of a complex torus for all
a € Too, see Lemma [[3.3] Notice that C, is a quotient of ¢ and likewise the Lie
algebra ¢, of C, is a quotient of c.

Via the non-degenerate form k we realize ¢, as a subalgebra of ¢ C [ and note
that C,, is compact if and only if c,, consists of elliptic elements. Further m(«a) € ¢,.

From Tg = G - Top we obtain that for all £ in a dense open subset of 7q it holds
true that m(7o) consists of elliptic elements if G, (¢)/Ge is a compact torus.

Finally, every a € T*Z is in the G-orbit of an element ¢ = [1, X] with X € h* for
which we recall G, ¢)/Ge = Za(X)/Zu(X). Now the implication (I)=-(Z) follows
from m([1, X]) = X. O

13.3. The logarithmic tangent bundle. Let Z — Z be a compactification cor-
responding to a complete fan F as in Section[Bl In particular we recall that 7 was
constructed as the closure of Z in the smooth toroidal compactification Z (R) of
Z(R) attached to F.

According to [26, Cor. 12.3], there is a unique G-equivariant morphism ¢ :
Z(R) — Gr(g) into the Grassmannian of g with ¢(z9) = h. Let & — Gr(g)
be the tautological vector bundle. Then the logarithmic cotangent bundle of 2 (R)
is defined by TlogZ(R) = ¢*E. Concretely

T'5Z(R) = {(,.X) € Z(R) x g | X € ¢(2)}.
Then T'°¢Z (R) is a smooth G-manifold containing 7*Z(R) as a dense open subset.
It comes with a projection to the first factor
p: TZ(R) - Z(R), (5X)
making it into a vector bundle. On the other hand, the second projection
m:TZ(R) > g, (2,X)— X

is called the logarithmic moment map since it restricts to the moment map on T*Z.
Since Z (R) is compact, the logarithmic moment map is proper in the Hausdorff
topology.

Next we recall from Section [3] that each cone C € F corresponds to a G-orbit
ZC =G % C Z We have defined A¢ C Az to be the subtorus with Lie algebra
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ac = spang C. Moreover for I = I(C) the set of spherical roots vanishing on C, we
have ac C a; and he = by + ac. Also recall Z, ~ G/A.H; = Z;/A,. Next we
recall from Remark B6l(c) that

(13.6) ZNZ:R) = |J G Zuc.
wew
Set T8 := p=1(Z). For all C € F we define T := p~'(Z, N Z) and note
that 77°¢ =[], » T8, Furthermore, for I C S we put T;°% :=|J cer Tx%. Since

1=I1(C)

M(Zw.c) = bw,c = (hyw)1 for all C € F with I(C) = I we obtain with Remark[I3.2](c)
and (I3:0) that

(13.7) m(T;%%) = | ) Ad(G)b7.
ceCy

13.4. Proof of Theorem [I3.1l As mentioned in Remark [3.2[(a) we only need to
show ) = (). Let o € T*Z be generic. Then m(«) is not elliptic by assump-
tion. Hence the torus A, := G, (a)/Ga is not compact and therefore contains a
1-parameter subgroup p : R* — A_(R). Consider the orbit A, -a C T*Z. Since
its projection into Z is closed (being a flat) also A, - a is closed in T*Z. The
limit «g = lim;_,o+ p(t)a exists in Z since m is proper. Since ag & T*Z we have
ag € T}Og for some I # S (here we used that the compression cone is strictly convex
which implies that T4® = T*Z.) Hence

m(a) = Ad(u(t))(m(a)) = (hm u(t)o )—m<ao> %) = | J Ad(@)bt,

t—0+t
ceCyr

by [I37). Thus we obtain for o € T*Z generic that

(13.8) e J U Ad@pi,..

ICSceCr

Since the right hand side in (I3.8)) consists of all proper deformations of Ad(G)h=,

hence is closed in cl(Ad(G)ht), we obtain () from (I3.8) and the density of the
generic elements. O

14. HARISH-CHANDRA’S GROUP CASE

In this section we apply the results of this paper to derive Harish-Chandra’s
formula for the Plancherel measure for a real reductive group [19]. The Plancherel
measure contains naturally the formal degrees of discrete series representations of
various inducing data. The formal degrees were computed by Harish-Chandra in
[16]. The explicit knowledge of the formal degree is treated as a black box in what
follows.

We are considering a real reductive group G’ together with its both-sided sym-
metries G = G’ x G', by which G’ gets identified with Z = G/H where H =
diag(G’) C G is the diagonal subgroup. Let us recall that the topological assump-
tion on G’ is that G’ = G'(R) for a reductive algebraic group G’ which is assumed to
be connected. If P’ = M'A’N’ C G’ is a minimal parabolic subgroup of G’ and P
is its opposite, then we obtain with P = P’ x P’ C G a minimal parabolic subgroup
of G with PH C G open and dense as consequence of the Bruhat decomposition.
In particular W = {1}.
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Next note that a = ¢’ x ¢/, ag = diag(a’) and az = aﬁ“ is the anti-diagonal
az ={(X,-X)| X €d'}.
The assignment
a —saz, X %(X, -X)
gives a natural identification. If we denote by X' = X(a’,g’) C (a/)*\{0} the
(possibly reduced) root system for the pair (¢, g’), and further by ® C ¥’ the set

of simple roots determined by the positive roots X/(a’, n’), then the set of spherical
roots S C a}, naturally identifies with ®’.

14.1. The abstract Plancherel theorem for L?(Z). Here we specialize the ab-
stract Plancherel theory of Section [6.3] to the case at hand. Recall that

(L, L*(Z)) ~ (/@w@id dﬂ(ﬂ),/@?‘[w ® My du(ﬂ))

with M, C (H;>)%.

Now any 7 € G has the form 7 = T ® my with m; € G’ Further, since H7° is a
nuclear Fréchet space (as a consequence of Harish-Chandra’s admissibility theorem)
we have H2® = HOQH ~ Hom(H 2, H22) together with H;>° = H X QM2 ~
Hom(H3°,H, ). Thus

TR

(H; )" ~ Homegr (K, H . >°)
We then claim
(14.1) dim(H,*)" <1
and
(14.2) (H)H £{0} <= m~m

with 7, the dual representation of 7.

We first show “=" of ([£2) and assume that (H,>°)# # {0}. This means that
Homeg (H32, H7 ) # {0}. On the level of Harish-Chandra modules this yields
Homgy (Vz,, V&,) # {0} and thus 7 ~ 7;. The same reasoning also shows (I4.]).

To see the converse in ([£2), we first supply some useful notation. Given a
Hilbert space H we denote by Bo(H) the Hilbert space of Hilbert-Schmidt operators
and note that By (H) ~ H@H with @ the tensor product in the category of Hilbert
space and H the dual to H. Further we denote by Bi(H) C Bz(H) the space of
trace-class operators.

Given a unitary representation (w, H,) of G', we set Hp = Ba(H,) and obtain
a unitary representation (II, Hyy) of G = G’ x G’ by

(g}, 95)T =7(g1) o Tom(gy) ™" (91,95 € G',T € Hi = Ba(Hn)) -

Notice that II ~ 7 ® T under the isomorphism Ba(H,) ~ H@H,, and that the
HS-norm on By(H,) does not depend on the positive scaling class of the Hilbert
norm which defines the Hilbertian structure of ..

Let us assume from now on that (7, H,) is irreducible. We remind that Harish-
Chandra’s basic admissibility theorem implies

H%O C 81(7‘[71—) .
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Together with (I4.1]) we thus obtain that
(Hp ™) = Ctry

with tr, denoting the restriction of the trace on Bi(H,) to HY. In particular, this
completes the proof of (IZ42).
From ([I42]) we then deduce

suppp C {[I1} | [x] € &'} ~ &
and
M = Ctrg ([7] € supp ) .
As the Hilbert-Schmidt norm on Hy = B2(H,) is independent of the particular
G'-invariant Hilbert norm on H, we obtain a natural Hilbert space structure on

the one-dimensional space My by the request || tr, || = 1. Then the natural left
right representation L = L' ® R’ of G = G’ x G’ on L?(Z) decomposes as

(@R, 12(2) =~ (/f I dp(m). ;Hn dum).

G'xG’ /

14.2. The Plancherel theorem for L?(Z;)iq. We recall from Theorem [T.1] the
Bernstein decomposition
=Y Bi(L*(Z1))

Ics

For I C S ~ @' we obtain a standard parabolic P; = M;A}N; D P’ and the

deformation H; of H as
Hy = diag(M7A})(N] x Np),
with R o
Hy = diag(Mp)(A7N} x ATN7).

Next we describe L?(Z)tq. As in Subsection [0.1l we decompose every f € L?(Z;)
as an Ar-Fourier integral

f=] JxdA

sk
war

where f € L2(Z,\) is given by
o) = [ a ety da (g€ 6

If we denote by R
En: L*(Z1,N)® = C, fe f(1)
the evaluation at 1, and write L) for the left regular representation of G on

Lz(ZI, A), then we can rewrite the Fourier-inversion in terms of spherical char-
acters (as in Remark [6.4)

(14.3) fzo) = [ E(L-x(f)E-x) dA
iay
with L_y = Ly the dual representation and £_y = €. Next note that we have by

induction in stages

L3(Zy,—\) = nd§, (\) ~ Indg,xfgj, (L2 (M}) @ N).

Thus L2(2 1, —A)a is induced from the discrete series of Mj.
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In more detail, let (0,H,) be a discrete series representation of M; and A €
i(a’)*. Then we denote by Ind%(a ® A) the Hilbert space of measurable functions
f: G — H, with the transformation property

flg'myamy) = o(mi) "M a) M f() (¢ € G miain] € P)
and endowed with the inner product (of which the convergence is an extra assump-
tion)

(od) = [ (0. ok

where K’ C G’ is a maximal compact subgroup of G’ with ¢ 1L a’. The left
regular representation of G’ on H, )\ := Ind%(a ® M) is then unitary and denoted
I

by T x = 1nd (0 ® A). Let us denote by d(o) the formal degree of the discrete

series representatlon of M} (with respect to a chosen Haar measure dmf), i.e. the
positive number for which we have

(14.4) d(a)/ I<a(m})u,u’><a(m’1)v,v’> dm’y = (u,v)(u',v")

for all v,v’, u,u’ € H,.
We now define a G’ x G’-equivariant linear map

B,y IndS, (a®/\)®lndc/(a®( N = L*(Z, =N

by

o\ (f1 ® f2)(91,92) = (f1(g1), f2(92))o »
with (+,-), referring here to the natural bilinear pairing of o with its dual repre-
sentation . The square integrability of the image follows from the fact that the

norm for f € LQ(Z\[, —)) can be computed by means of the Haar measures on K’
and M} (with the latter properly normalized) as

ez = [ ] 100w duy ai
I

In fact, with (IZ4) this calculation shows that d(c)'/2®, , is isometric.
With the operator Y [ @, d,\ we thus obtain a unitary G-equivalence

g e (—
(14.5)  L*(Z1)ea = @ /MI)*Ind o (0 @ \)@IndF, (7 @ (=A)) do

G
eMId:sc

where
de A = d(o) dA
with d\ the Lebesgue-measure on the Euclidean space i(a’)*, suitably normalized.
For any I C S we now denote by p/*d the restriction of the Plancherel measure
 to the closed subspace im By C L*(Z).
From Theorem we obtain from the uniqueness of the measure class of the
Plancherel measure for L?(Z7) that:

o supp pt = ([T, 5] | [mon] € G'y0 € My X € i(a))*},

. indgli (@ ® (—A)) is isomorphic to 7 , = ind% (0 @ A\)* for pltd

-almost all

parameters (o, A).
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Next we move to the subtle point on how to identify IndGI: (T ® (—=A)) with the
dual representation of IndG—:(a ® A). For that we first remark that the pairing
I

(14.6) Ind%(a ® ) x Ind%(a® (=A) = C, (f1,f2) — K/(fl(k"),fz(k’))a dk’

is G'-equivariant. Thus the dual representation of 7, ) = ind%(a ® A) is unitarily
I

equivalent to mz _\ = ind%(? ® (—A)).
I
Next, we consider the long intertwining operator

(14.7) Aoy : Ind%(ﬁ ® (=) = Indf, (7 ® (=)

(14.8) Asx(F)g) = . flgnp) dny (¢ €d).

Clearly, A, x(f) is defined near ¢’ = 1 for functions f with compact support in
the non-compact picture, i.e. supp f C QFI’ for Q& C N} compact. By standard
techniques of meromorphic continuation in the A-variable, summarized in Remark
[I4.1], we obtain that A, » is defined for generic A € i(a’)*.

Remark 14.1. Let us briefly recall the basic constructions leading to the definition
of Ay in terms of meromorphic continuation (originally obtained in [23]). In
the first step one embeds the irreducible representation & of M} into a minimal
principal series representation of M} via the Casselman subrepresentation theorem.

. _ . .M _
In formulae, we consider & as a subrepresentation of mdM{ (Tar ® Ng), where
I

NP
oM € M’ and Ao € (o' Nm’)E. Via induction in stages we then obtain that 7z _y is
a subrepresentation of the minimal principal series ind% (Tarr ®u) where = Ag— .
It is important to note that ,u|u/1 = —\ for this initial parameter u. In the sequel

Far € M will be fixed, but we will allow the parameter p € (a/)& to vary. For
Rep in a certain open cone this then leads to an intertwining operator

A(p) : ndS(Gar @ p) — Ind(G?/QM;) vy (o @ 1)
given by absolutely convergent integrals as in (T4.8]).

In the second step, via Gindikin-Karpelevic change of variable (i.e. by using a
minimal string of parabolics in the terminology of [23], Sect. 4]), one obtains that
the intertwining operator is a product of rank one intertwiners A, (¢) attached to
indivisible roots « € X(a’,n}). For these rank one operators one has well known
explicit formulae which show that they admit a meromorphic continuation via Bern-
stein’s p*. In this regard it is important to note that the u-dependence of R (1)
is in fact only a dependence on p, = pu(a¥) € C. Moreover, regardless of oy, the
operator A (p) is defined and invertible provided that ju, & +Z for an N € N only
depending on G’, see [32, Prop. B.1] which was based on [44] Th. 1.1].

If we now use that the roots o do not vanish identically on a’, we obtain A, »,
as in (I47), is defined and invertible for generic A € i(a’)*. In more precision we

define A, » as the restriction of A(p) to the subrepresentation IndIGD—:(E ® (=A)).
I
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The operator A, » is G'-equivariant and continuous, and hence we obtain from
Schur’s Lemma that

(14.9) A v oAgy =7(0,\)id

for a number 7(o, A) € [0, 00] which is positive for generic A € i(a})*. Here A7
is the Hilbert adjoint to A, . This implies in particular for all f € Hz_ =
Indg—;(ﬁ ® (—=A)) the following norm identity

(14.10) Ao FII* = 7(o, MIIFII? -

Remark 14.2. The numbers 7(o,\) are computable via rank one reduction, see

Remark I4.11

Recall that Ba(He ) = Ho o ® Hon and from (I40) that Hz _n = He y is the
natural (isometric) dual of H, ». By combining (IZ35]) and (IZI0) we thus obtain
that the operator

> / B, 0 (ids, , @A, ) (o, A) dX

provides a unitary G-equivalence

— ®
2 ~
(14.11) L(Zha =, Qj /i(a/)* Ba(Hon) pu(o, N)dA
UeM}disc !
where
_ d(o)
(14.12) w(o, ) == L

Next we want to keep track of the implied isomorphism in (I£I]]) with more
suitable language. For that we define a one-dimensional Hilbert space C, ) =
Céyn C (Ba(Hon) ™)1 with [|&,1]| = 1 and where &,  is defined by

(14.13)  &alfi @ f2) = (file), Ao (f2)(e)),  (fr € Ho f2 € HE ).
In this regard we note for g = (g4, g5) € G that

(14.14) Do (f1 @ Aga(f2))(9) = Eor(Mon (g™ ") (f1 ® f2))

so that with the extended notation

— (23}

(14.15) L*(Z1)a Ba(Hon) @ Con p(o, N)dA.

GG o)
Ue@disc Z(al)

We keep track also of the isomorphism from right to left. In view of (IZ3) and the
orthogonality relations for the discrete series, this isomorphism is the inverse of the

Fourier transform
Fra = o a(F)E, 5 € Ba(Ho )™

for F' € C(Zy), see (I43)) and Remark Here Fiq refers to the orthogonal
projection of F' € C°(Z;) C L*(Z1) to L*(Z;)ta-
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14.2.1. Grouping into irreducibles. The G = G’ x G'-representation in ([4.I3) is
not multiplicity free as different II, » can yield equivalent representations. These
equivalences are induced by Weyl group orbits. In more precision let W’ be the
Weyl group of ¥'. Then

1= A{wle, [w €W, w(a}) = dj}
gives rise to a subquotient of W' and finite subgroup of the orthogonal group of a’.

Remark 14.3 (Structure of W%). In general we are not aware of a criterion for
subsets I C ®' = S which characterizes those for which W/ is a reflection group.
Nevertheless we can describe a fundamental domain for the action of W} as a union
of simplicial cones as follows.

For o € ® we denote by s, € W’ the corresponding simple reflection and recall
that

W/(I) := (5o | € T)
is naturally a reflection group on
@/ (I) := spang{a"’ | a € I}

with simple roots given by I. Note that a’ = o' (I) & a) is an orthogonal decomposi-
tion. Next we recall the set D} C W’ of distinguished representatives for W/ /W'(I),
namely with
= {w e W () © (1))
we obtain a bijection
Dy - W//W'(I), ww [w] =wW'(I)
with w the unique minimal length representative of [w].
For I,J C S set
W/(I,J) = {w e W' |w(]) =T}
We claim that the map
R:W/(I,1) = W, w wlq,

is an isomorphism of groups. Let us first show that R is defined. In fact, if
w € W/(I,I), then w(I) = I implies that w preserves a’(I) and hence its orthogonal
complement a’. Hence R is defined. Let us show now that R is injective and assume
w|ﬂ'1 = id. In particular w fixes the face
()" ={X €a} | Va e S\I) a(X) <0}

of (a/)~, the closure of the Weyl chamber (a’)~~. Hence Chevalley’s Lemma implies
that w € W/(I), thus w = 1 as w(I) = I. Finally we show that R is surjective.
Let w € W’ such that w(a}) = a}. Hence w(a’(I)) = o/(I). From the description
of W /W'(I) ~ D} we find wy € W/(I) such that ww,(I) C (¥')*. Note that
wwi (a}) = wwq (a}) holds as well. Hence ww; (I) C (X')t Nspang I =W/(I)-1. In
particular we find wy € W/(I) such that wewws (I) = I. Hence woww; € W/(I,I).
Since w1|a/1 = wg\a/l = id, the surjectivity of R follows.

Recall that subsets I, J are called associated provided that W'(I,J) # (. This
defines an equivalence relation I ~ J among subsets of S. Next we record the tiling

(14.16) ga=U U w)"

J~T weW! (I,7)
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meaning that the union of interiors [, ; [T, ew (s 5 w(a))~" is disjoint. Now
note that W; ~ W’(I, ) acts on each W/(I, J) from the left. We pick for each orbit
[w] = Wiw € W/(I,J) a representative w (of minimal length). Then the cone

(14.17) cr = U w(a’y)”

JeoI [w] €W \W ()
is a fundamental domain for the action of W} on a’.

Let C7 be a fundamental domain for the dual action of W} on (a’)*, constructed
as in (IZI7). Let w € W}. Then for X € i(a})* we define A\, = w- A = ANw™1.).
Likewise one defines o, by o,(m}) = o(w™tmjw) where we tacitly allowed our-
selves to identify w € W, ~ (Ng (a})NNg(a’)) /M’ with alift to K which normalizes

Lemma 14.4. Let w € W. Then for generic X € i(a})*, the representation my, x
1s equivalent to Ty, A, -

Proof. We use the intertwining operator

’

(14.18) Ay Ind%,(a ®A) — Indgflﬁ/w(a ® A)

(14.19) Auw(f)(g) = flgz)dz (¢ €@)

/lez'w/wlﬁz’wﬂV/
which is, as a product of rank one intertwiners, generically defined by Remark [[4.7]

The desired equivalence of 7,  and 7, », is then obtained by composing A,, with
the right shift by w, i.e.

(14.20) Ru(f)g') = (Auf)(g'w)

yields the desired equivalence between 7, and 75, A, - O

w

Lemmal[IZ.H]is a generic form of the Langlands Disjointness Theorem (see [22], Th.
14.90]) for which we provide an elementary proof.

Lemma 14.5. Let 0,0’ € @disc and X\, X € iCy be such that the unitary repre-

sentations my x and T,y are equivalent. Then for generic X one has A = X and
/

oc=o'.

Proof. We first show that A = X\ for generic A. For that we consider the infinitesimal
characters 7, x. For the discrete series o a fairly elementary and short proof that
their infinitesimal characters are real is given in [32]. Now, from the standard
formulae for infinitesimal characters of induced representations, see [22] Prop. 8.22],
we deduce from 7, » >~ 7,y that

(14.21) W - (o +A) = W) - (s + X') .

Here i/ = @’ + t' is a Cartan subalgebra of g’ which inflates the maximal split
torus @' C g’ by a maximal torus ' C w'. Further, p,, tor € (it + ¢/ Nm,)* are
representatives of the infinitesimal character for o, resp. o’. Note that W;, leaves
the real form jp := a’ + it of j; invariant. Hence comparing the imaginary parts
(with respect to jp) in (IZ21)) yields for generic A, X € iC} that A = X.

Finally we show that o is equivalent to ¢’. Let F' be a finite dimensional repre-
sentation of G’ with strictly dominant highest weight A and highest weight vector
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fixed by M;. Hence A € (a})*. The translation functor moves for A generic the
representations 7, x t0 Ty a4 and 7y x 0 Mo 1A, see [A7), proof of Lemma 10.2.7].
We conclude that 7, ) is equivalent to 7,/ » also for a parameter A with Re A
sufficiently dominant. This allows us to apply Langlands’ Lemma [37, Lemma
3.12] for the asymptotics of (m,x(m}a})f1, f2) for fi, fo € H\, mf € M} and
a, = exp(tX’) for X' € (a})™~:
lim (at)*™ 7 (moa (azm]) f1, fo) = (o (m)[f1(1)], Ao a(f2) (1))

t—o0

see also ([4.26)). Notice that with f1, fo € H°, the vectors f1(1),.A(f2)(1) run over
all pairs of smooth vectors in V.>°. Likewise holds for ¢’ and we obtain that the
unitary representations o and ¢’ feature the same (smooth) matrix coefficients.
Now we recall the Gelfand-Naimark-Segal construction which asserts for an ir-
reducible unitary representation m of a locally compact group G on a Hilbert space
H that one can recover m by one matrix coefficient g — (7 (g)v,v) for v € H, v # 0.
Consequently o and ¢’ are equivalent, concluding the proof of the lemma. O

Remark 14.6. Let us stress that the only property of discrete series used in the
preceding proof of Lemma [[4.5] was that infinitesimal characters are real.

By applying Lemma [[44] and Lemma [[4:5] to the disintegration formula (IZ4.15])
we obtain the grouping in inequivalent irreducibles, i.e. the Plancherel formula for
L2 (Zl)td:

(14.22) LX(Z1)a =~  Bo(Hop) @ Mg\ u(o, N)dA,

where
I . I —co\H
M(T,/\ = MHUM\ = (BQ(HUQ\) oo)tefnp
is the multiplicity space. Moreover, for generic A we have also seen that
(14.23) MLy~ B Copn,
weW/
as ay-module. In particular, we obtain that

(14.24) Specqr MLy = Play —W7- XL

14.3. The Maass-Selberg relations. From Theorem [3.5 we obtain that the mul-
tiplicity space M{T y is endowed with the Hilbert space structure induced from the
one dimensional space M, := My, , = Ctry_ .

Set g, = try, , € Mg and recall from (IE{I) the orthogonal decomposition

I I,
770,)\ = Z na,i
Ee(waiX)‘uI

with x the infinitesimal character of I, .
Upon our identification of a; with a} we obtain for A generic from ([IZ24) that

1.5 # 0if and only if £ € p' + W/ - A and accordingly

I _ z: Lp' —wA
Nox = 7757)\ .
weW/
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Further, our Maass-Selberg relations in Theorem give
(14.25) L= [|7g,x

ISR IY
T, MU,/\

for any ¢ with nif\ # 0.
In order to proceed we need an elementary result on the asymptotics of the
matrix coeflicient

(e (9)(f1 ® ¢ f2)) = (Tonlgr V1 monlgs V) (f1,f2 € Hon)

-1
forg=a=(Va',va' )€ A; " witha' € (A})” . In other words we are interested
in the asymptotics of

a' = (1o (@) ") f1, f2)
for o’ = a} = exp(tX’) with X’ € (a7)~~ and ¢ — oco. Then we have the following
variant, observed in [32], of [37, Lemma 3.12].
Lemma 14.7. Let A € ia} and suppose that f1, fa € H®\ are such that supp f; C
QFI’ for some Q C N} compact. Then

(14.26) tlggo ay P (man (@) 1, f2) = (A1(1), Ao (f2) (1))

Proof. We use the non-compact model for 7, » and realize fi, fo as o-valued func-
tions on Nj:

(mra((a) Vi o) = (@) [ (e ™). fah
Observe that
a9 {1}

for all Q C N} compact. By the compactness of supports we are allowed to inter-
change limit and integral and the asserted formula follows. O

The Maass-Selberg relations (I4.25) then yield the following key-identity:

Lemma 14.8. For generic A € iC] we have &, = ni’f\lf)‘ together with C, \ C

M;)\ as Hilbert spaces.

Proof. First note that &, and ni”)’\LA have to be multiples of each other as they
have the same aj-weight. Let us show that this multiple is indeed 1 by computing

the asymptotics of the matrix coefficient: Recall that for a = (\/Z Nad 71) €A~
with a’ € (A})~~ we have

(Mo (a)(fi @ (-, f2))) = (mer((@) ) f1, f2) -
Now for fi, fo as in Lemma [[4.7] we obtained in (I426])

(Mo (@) ) f1, fo) ~ (@) fr(e), Alf2) (@)

Comparing with (IZ13]) we then get indeed that &, )\ = ni:f\/_)‘.

Finally, as ||, 1|l = 1 we obtain from the Maass-Selberg relations (IZ.25]) that
C,,» C M! , as Hilbert spaces. This completes the proof of the lemma. (]
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14.4. The Plancherel theorem for L?(Z). From the fact that source and target
of the Bernstein morphism have equivalent Plancherel measures we obtain

(14.27) supp u = U supp p!td
Ics

with
supp /“LLtd = {[HU7)‘} € é | A€ iC;’J € M}disc}

In the union ([I4.27) a certain overcounting takes place, which will be taken care
of in Lemma [IZ0

Lemma 14.9. Let I,J C S. Then the following assertions hold:

(1) If I and J are associated, i.e. there exists a w € W' such that w(I) = J,
then supp p!td = supp p’td.
(2) Otherwise supp u’*4 N supp ' has p-measure zero.

Proof. (1) Basic intertwining theory (assuming no particular knowledge on the
discrete spectrum) as used above implies that

spec L*(Z;)wq = spec L2(Z )i C G

if I and J are associated.
(@) As the infinitesimal characters for the discrete series of M} and M), are real
(see [32]), we obtain that the infinitesimal characters of the induced representations

~

in L2(Zr,A\1)q and L2(2J, Ay)a for generic A7, Ay € ia’; are different if 7 and J are
not associated, see (I4.2I]) and the text following it. O

We are now ready to phrase the Plancherel theorem of Harish-Chandra in terms
of the Bernstein morphism. For this let

HI = Z / 32 (Hm)\) ® (CEO',)\ ﬂ(ga A)d/\’
iCr

v
UEMI(“SC

viewed as a subspace of L?(Z1)q as in (I£22).
Let B} be the restriction of By to . Select a family 7 of representatives of
subsets of S modulo association and set

B = B;.
Iez
Theorem 14.10. The map
B :PH — L*(2)
IeT

s a bijective isometry, hence the inverse of a Plancherel isomorphism. In particular
we obtain the explicit Parseval-formula:

(14.28) 13 =3 S /C* o (Dl (o, A)dA

fez “EX/Edisc

for all f € C&(Z).
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Proof. By Lemma [I4.9] both sides have the same support in G and moreover have
multiplicity one. Next B is isometric by Lemma [[4.8 and the spectral definition
of the Bernstein morphism (compare also to Remark [[TH). Since for different
I # J € T the spectral supports are disjoint by Lemma [I4.9] the images of the
various B} are orthogonal. The theorem follows. O

To obtain the original Parseval formula of Harish-Chandra in its standard form
we unwind ([IZ28) via ia} = W/ - z'C’}k and average over association classes

1429) e = 3 T Z/ o) o, )

ICS
M7 giac

where [I] is the equivalence class of I C S under association.

Remark 14.11. Regarding the knowledge about representations of the discrete se-
ries, let us stress that in the above derivation of the Plancherel formula for a real
reductive group we only used the results of [32] on the infinitesimal characters of
discrete series. These are valid for general real spherical spaces and when special-
ized to the group case comparably soft and elementary opposed to the usage of the
difficult classification of the discrete series by Harish-Chandra.

As byproduct of his classification of the discrete series Harish-Chandra obtained
the following beautiful geometric characterization of the discrete spectrum

(14.30) L*(G)q # 0 <= g contains a compact Cartan subalgebra .

Let us emphasize once more that we obtained “<” in this paper in the full generality
of real spherical spaces, see Theorem [12.1]

For a general real spherical space a description of the (twisted) discrete spectrum
in terms of parameters is currently out of reach. Therefore, regarding the discrete
spectrum of a real spherical space, the emphasis is to obtain “=" of (I430) in
general. Now for the group case, there is an economic way to obtain that: one first
characterizes the discrete spectrum as cusp forms and then relates cusp forms to
orbital integrals, see the account of Wallach [46l Ch. 7]. This idea, as well as all
other known methods for the group, fails to generalize to a real spherical space.

Finally, Harish-Chandra determined with the parameters of the discrete series
also their formal degrees. In the group case we saw that there is a canonical
normalization of the one dimensional space of H-invariant functionals M, = Ctr,,
namely by the trace. Now for a general real spherical space the space of H-invariant
functionals M yq for a (twisted) discrete series is no longer one-dimensional nor is
it clear whether there is a canonical normalization of the inner product on My 4.
The only known general result beyond the group case is the case of holomorphic
discrete series on a symmetric space [31].

15. THE PLANCHEREL FORMULA FOR SYMMETRIC SPACES

In this section we apply the Bernstein decomposition to symmetric spaces and
derive the Plancherel formula of Delorme [0] and van den Ban-Schlichtkrull [3].
The account is rather parallel to the group case. The only needed extra tool is
the description of a generic basis of H-invariant distribution vectors for induced
representations in terms of open H-orbits on real flag varieties G/ P, see [1], [1].

For this section Z = G/ H is symmetric and we use the notation and results from
Subsection
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15.1. Normalization of discrete series. This small paragraph is valid for a gen-
eral unimodular spherical space Z = G/H. Let [r] € G and (m, %) be a unitary
model of [r]. We write M, q C (H°°)# for the subspace of those n for which
My € L?(Z) for all v € H>®. We define an inner product on M 4 by the request
that the Schur-Weyl orthogonality relations hold true:

(15.1) / oy (2) 1007 (2) 2 = (0,0 )30, )t

Notice that the norm on M, 4 depends on the unitary norm of # which is only
unique up to positive scalar.

Remark 15.1. Given a pair of normalizations of (-,-)3 and (-, -) s, , one obtains a
notion of formal degree d() analogous to (IZ4]) by requiring

() / (2 () dlz = (0,0 301, Y6 -

The normalization of (-,-) s, , by (I5I) therefore amounts to setting d(r) = 1.
Without a canonical normalization of (-,-) ¢, , this is the best we can offer.

15.2. The Plancherel formula for L?(Z;)iq. Recall that H; = (M; N H)Ug is
contained in Py = M;U; with P;/Hy ~ M;/M;NH. Hence L?(Z;) is parabolically
induced from L?(M;/M; N H), and hence we obtain

@
(15.2) L(Zija=~ Y, | Hop®MgadA.
UEM\I zu’j

Here Hy ) = Ind% (c®A) and M, 4 is the space of M;N H-invariant functionals on
HS°, which are square integrable for the symmetric space My/M; N H, as defined
in Subsection [5dlfor G/H and m = o.

The space Hqx ® My q embeds into L?(Zr,—\)q isometrically (by our normal-
ization of the discrete series) by

Do Hop @Mga — L*(Z1, =N

defined by linear extension and completion of

Pon(f@Q)(9Hr) :=C((f(9))  (fE€HINCEMoa,gE€G).

For ¢ € M, q let us also define an Hy-invariant functional &, 5 ¢ on HS, via

(15.3) Sonc(f)i=C(fle))  (f € HZN)
and record
o n(f®C) = Eonc(manlg™) )

Recall the little Weyl group W = Wy of the restricted roots system X(g,az)
from Subsection 211

The decomposition ([[5.2)) is not yet the Plancherel formula for L?(Z;)q, since it
is not a grouping into irreducibles as different 7, 5 may yield equivalent represen-
tations. Similar to the group case this possibility is governed by the subquotient

W; = {w|aI | w e W7 w(az) = Cl[}

of W= Wz and a cone C} C aj as fundamental domain for the dual action of Wy
(see Remark [[4.3)). As in the group case we identify elements w € W with lifts to
K which normalize M.
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As in Lemma 44 and (IZ20) we obtain for every w € Wy, o € M; and generic
A € ta} a G-intertwiner

Ru} : Ho‘,)\ — Hcrw)\w
with o, and A\, defined as before. Next in full analogy to Lemma [I4.5] we obtain:

Lemma 15.2. For A\, X' €iC} generic and 0,0’ in the discrete series of L*>(Mj/M N
H) (i.e. both M, q and My g4 are non-zero) one has

oA = Tor v <= A=Nando~o'.

Proof. We recall that the proof of Lemma only requires that the infinitesimal
character of the inducing data ¢ and o’ are real, see Remark By [32] this is
the case in the current situation as well.

Next we recall that the root system ¥z = ¥(g,az) C a}, is obtained from the
root system X(gc, jc) C jx as the non-vanishing restrictions. In particular, the faces
a; of a, are contained in the faces j; with respect to our lined up positive systems.
This allows us now to argue as in ([£21]) and conclude that A = .

The rest of the argument is then fully analogous. ]

By grouping equivalent representations in (I5.2]) we then obtain the Plancherel
formula
®
(15.4) L*(Z1)4a ~ Z Hop @ ML dA
UEI/\/I\I iCI*

with generic multiplicity space MZ

_ I . .
oA = ./\/lm/\)td of dimension

(15.5) dim ML\ = |W;| - dim Mgq.

For w € Wy let us denote by M, 4 the space M, q with M; N H replaced by
w(M; N Hyw™* = M; N H, and o replaced by o,. Since L2(M;/M; N H)q =~
L?(M;/M; N Hy,)q we infer that Mq and My, 4 are canonically isomorphic.
Now for each w € Wy and ¢ € M, q we can define an Hj-invariant functional of
ar-weight p — Ay, via

ow it Hon = € [ C(Ruw f)(1))
I,p—Xy

This functional yields an embedding of H2°, into L*(Z1)sa, i-e. Eopruc € MG
Moreover, by varying ( we obtain for each w € W a linear injection

I,p—Aw
(156) Ma'w,d — Mo',g\7td ) é' = 50'1;)1)\1“1( .

We now count dimensions. With M/ , = D.cpria; M{y:,;\,td and (I5.3]) we obtain
for generic A that the inclusion (I50) is an isomorphism, that is

(15.7) MEEA = {Eouruc | CEMo,a},  (weW).

15.3. Support of the Plancherel measure. Previously we defined for o € M, T
and w € Wy the multiplicity space M, 4. We now also need a notion for every
w € W. For w € W we write M, ,, 4 for the space of M; N H,-invariant function-
als on H2°, which are square integrable for the symmetric space M;/M; N H,, ~

w™tMpw/wtMrw N H.
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Then, by the isospectrality of the Bernstein morphism we obtain that
IcCS, AeiCy,
06]\//.71 st.3weW: Mgupa # {0} ’

~

(15.8) supp p = {[WU,A] €eG

Let us introduce the notion that o € J\//?] is cuspidal provided M, , a4 # {0} for
some w € W.

15.4. Generic dimension of multiplicity spaces. To abbreviate matters let
us set My = My, for [Ts2] € supp p. The next goal is to obtain a precise
description of M, » for generic A. This is related to the geometry of open H x Pr-
double cosets in G which we recall from Section 523l From Lemma 5.7 there is an
action of W(I) on W with identifications (Pr\Z)open =~ W(I)\W and (P\Z;)open =
W(I)/W(I) N Wg.

For what to come we need to interpret the quotient W(I)\W in terms of the
geometric decomposition W = [[ccc, [lier, . mee(Wr,c) from (E.I8).

Lemma 15.3. With regard to W = [[ ¢, [licr, . mct(Wrc) the action of W(I) on
W acts on each subset mc (W) C W transitively and induces a natural bijection

(15.9) WI\W = [T Fre

ceCy

Proof. Let us fix ¢, t, and to save notation, assume first c =t = 1. Then Z; . = Z;
and W; = Wr1. Lemma ET@) implies that W(I) acts transitively on W; ~
Wi = (P\Z1)open- We claim that this holds for every Z; . ~ Zy ¢, i.e. W(I) acts
transitively on (P\Z7 ct)open. 10 see that we recall the identifications W ~ W ~
F\Fg with Fg the 2-torsion subgroup of A,(R). Further we need the splitting
Fr = Frg % FIJ:R derived from (0.I2). Now the W(I)-orbits on W ~ Fj/\Fg
correspond exactly to the F I%R-orbits on Fps\Fr. Now the claim follows from the
definition of Z; .+ and the fact that (P\Zrct)open =~ Wi c is mapped under m.; in
a W(I)-equivariant way into W, see Lemma 5.8 applied to Zc; = G/Hy(cr) ~ Z =
G/H.

The reasoning above implies further that the W(I)-action on W respects with
regard to the decomposition W = [] ., HteFI,c mc (Wi ) the disjoint union and
is trivial on the fibers F; .. The lemma follows. O

15.4.1. The description of My x. We wish to relate H-invariant functionals on the
induced representation H, » = IndIGD—I(U ®\) with regard to the open H x P;-double
cosets in G. Recall from (GI0) the bijection

W(I)\W = (H\G/Pr)open, W(I)w — Hw Py .
Now we define for each [w] = W(I)w € W(I)\W a subspace
oalw] = {f € HZ | supp f C Huw™"Pr}
and for each 7 € (H;f\o)H we define the restrictions
n[w] =1l fw) -

These functionals have now a straightforward description. Notice that n[w] only de-
pends on the double coset Hw~?P;. This allows us to replace W(I)\W by W(I)\W
and since elements w € W have representatives in K have w™% = w™! for w € W.
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Let now w € W. Notice that the H-stabilizer of the point w='P; € G/Pr is
given by the (symmetric) subgroup H Nw~*M;w of w™ ' Mw. Allowing a slight
conflict with previous notation we let o, be the representation of w~!M;w induced
from the group isomorphism M; ~ w™' M;w.

Frobenius reciprocity then associates to each n and [w] a unique distribution
vector

Cylw] € (M, o0)fnw Mrw

such that
nlw](f) = / Gylw](f(hw™1)) dh(H Nw™ ' Myw) — (f € He\[w]).
H/HnNnw—'Mpw

For each [w] € W(I)\W we pick with w € W a representative. As W(I) normal-
izes My via inner automorphisms, it follows that o, depends only on [w], up to
equivalence. Set

(1510) V(O') = @ (HfoO)HﬁwflMIw

O"U)

[w]EW(I)\W

and consider then the evaluation map
(15.11) €Vg  : (H;,KO)H = V(o), n—= (Glw)wewmw

This map is a bijection for generic A by [1I, Thm. 5.10] for the case of P; = @ and
[T, Thm. 3] in general. Sometimes it is useful to indicate the choice of the parabolic
P; above M;A; which was used in the definition of the induced representation
Hor = Ind% (c ® A). Then we write evp, .. instead of evy . Further, for A
generic we recall the standard notation of [I] and [7]:

(15.12) iPron G = el (O ()T (CeVio).

Next we define a subspace of V(o) by

V(O’)g = @ Mg'w’d
[w]EW(I\W
with Mg, a4 C (’H;fo)Hﬂwflew referring to M, q C (H, )" M1 for M replaced
by w™t Mw.
In the sequel we assume that A\ € ia} is generic, i.e. j(Pr, o, () is defined
(the obstruction is a countable set of hyperplanes) and the representation 7, » is a
generic member in supp’*? ;1 C supp u, see Subsection [[0.2l Recall that our request

is that o is cuspidal, as defined in Section [5.3l
The main result of this subsection then is:

Theorem 15.4. Let o be cuspidal. Then for Lebesgue-almost all A € ia} the image
Of MU,A by €Vas, A 18 V(O’)Q, 7.€e.

evr t Moy — V(0)2
is a bijection. In particular we have

(15.13) dmMoy= Y dimM,, 4.
[w]eW(I)\W
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The proof of this theorem will be prepared by several lemmas. The first lemma
is valid for a general unimodular real spherical space Z = G/H with Plancherel
measure p. In the sequel we consider L?(Z) as a unitary module for G x Az and
recall that the twisted discrete spectrum L?(Z)iq C L*(Z) is a G X Az p-invariant
subspace. Define the essentially continuous spectrum by L*(Z)ec :== L*(Z)5. We
write ptd and pe for the Plancherel measures of L2(Z)iq and L?(Z)cc.

Lemma 15.5. Let Z = G/H be a unimodular real spherical space with Plancherel
measure p. Then

1 (supp p'4) = 0,
i.e. the Plancherel supports of L*(Z)ta and L*(Z)ec do p-almost not interfere.

Proof. The proof goes by comparing the infinitesimal characters of the representa-
tions occurring in x4 and p°¢. For that we recall that the map

@:@—)jE/Wj, T = Xr

is continuous. Next the Bernstein decomposition of L?(Z) implies that u°© is equiv-
alent t0 37, ey Drcs phwtd with plwtd the Plancherel measure of L2(Zf ). In
this regard we note moreover that p/'**d is built up by the Lebesgue measure on
ia} and counting measure over each fiber A € iaj. Now the main result of [32]
asserts that for each pair I, w there is a Wj-invariant lattice A = A(I,w) C jj such

that

D(supp u/44) [ U@ +z’Ad<s>a§>] W,
seW;

Now the continuity of ® and the aforementioned structure of the various j!*:td

with regard to Lebesgue measures imply the lemma. O

A further important ingredient in the proof of Theorem [[5.4] is the long inter-
twiner, which we also used in treatment of the group case ([I4.7):

Ao IndG, (0 ® X) = IndG(0 @ \)

Ny

Ao (u)(g) = / W(gnT) diF (g € G)

which is defined near g = 1 for all u with suppu C QP; for Q C N; compact, and
for general u and g by meromorphic continuation with respect to .
We wish to compute the asymptotics of m,, , for n € M , for certain test vectors

v € Hg°\. In more precision, let u € IndIGDI (0 ® A\)*° with suppu C QP; with  as
above. Our test vectors v are then given by v = A, x(u). Now with

(15.14) n=mno0Asx
we obtain the tautological identity
M,y (9) = M (9) -

The advantage of using the opposite representative Indgl (c @A) for [m,,5] is that it
allows us to compute the asymptotics of m, ;(a) for a = a; = exp(tX) € A;~ on

rays to infinity. In more precision, we have the following symmetric space analogue
of Lemma [[4.7] Let

(15.15) ¢ =evp, (1) € V(o).
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Lemma 15.6. With the notation introduced above we have for all my € Mj:

(15.16)  lim a; " myp(mrar) = (o (mp ) (A (w)(1))) = ay(o(my H)(v(1)))
for the [1]-component {1y € (H,; )M of (.

Proof. Tt is sufficient to prove the assertion for m; = 1. Next, since a; 'Qa; — {1}
we may assume in addition that suppu C QP; N H P;. Hence
M g(ar) = muy g (ar) = (Tex(ad) (7[1])) (u)
by the support condition of u. It is then easy to verify (see the proof of [8, Lemma
16]) that
Jim a; " (moa(ar) (1)) = () - dny

as a distribution. The lemma follows. O

Note that for generic A the intertwiner A, » induces a natural linear isomorphism
box : V(o) = V(o),
defined by

bor(&) = evp, o (J(Pr, o, M, 6) 0 As )
In this regard we recall from [8 Th. 2J:

Lemma 15.7. For generic A one has
(15.17) boa(V(g)2) =V (0o)2.

Proof of Theorem [[5.4l Let n € (’Hioo)H and ¢ = ¢, = evy (1) € V(o). The task
is to show that ¢ € V(o) if and only if n € M, . Recall that ¢ = (Cpu) fwjew()\w
is a tupel in accordance with the definition of V(o) in (I5.I0]).

Assume first that n € M, . The proof goes by comparing two different expres-
sions for the constant term m,, ,r for certain test vectors v € H°\. According to

Lemma [I5.5] applied to Z = ZI we may assume that MU N = M{T’)\’td.
Hence nl*=* ¢ ./\/ll T Mi”;\’té. By [I&T) we then have n/*=* = &, o for
some ¢’ € M, g4, that i 1s

(15.18) A (w(mr)v) = ¢(o(mp (1)) (v € M, mr € My).
On the other hand we can compute the asymptotics via Lemma[[5.6l Comparing
[I5T18) with (I5I8) and using Theorem [l yields
¢'(o(my)(v(1)) = Cuy(o(my Y(u(1))  (ms € My)
for our test vectors v = A(u). Thus we have

(15.19) M (1) = M, (1)

as functions on M;/M; N H. We claim that 5[1] € My q and 5[1} = (’. To see that
we first observe that there exists at least one v with v(1) # 0. This is because

v(1) # 0 translates into [+ ~;w(mr) dny # 0 which can obviously be achieved for
one of our test vectors u. Now recall that ¢’ € M, q. Hence (I519) implies that
5[1] € M, 4, since for 5[1} to yield an embedding into L?(M;/M;N H) only one non-
zero matrix coefficient MEy (1) has to be square integrable. With that (' = sz
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follows from the orthogonality relations ([I5J]) and ([I5I9): For {, = ¢’ — 5[1] we
have

0 = lImgy o) 122t atinmry = 10, 10034, , -

Next we let w € W ~ W vary. Analogous reasoning via transport of structure
Z — Zy, yields that () € My, 4. Thus we arrive at

(15.20) ¢ = () wlewmnw € V()2

Now observe that by (¢) = ¢ € V(o) in view of (I5.14), (I5.15), and (I5.20),

and from Lemma [I5.7 it then follows that ¢ € V(o)s, i.e. we have shown the
implication evp, (Mo 1) C V(0)2 of the theorem.

To complete the proof of the theorem we remain with the converse inclusion
evp, 52 (Mon) D V(0)a. For that let ¢ = ((ju])jw) € V(0)2. Forming wave pack-
ets via n = j(P,0,),¢) for varying A\, we finally deduce with [§ Thm. 4] that
j(Pr1,0,),¢) contributes to the L2-spectrum of Z. Hence n = j(Pr,0,\, () € M5
for Lebesgue almost all A\, completing the proof of the theorem. |

In the course of the proof of Theorem [[5.4] we have shown the following identity:

Lemma 15.8. Let A be generic and n € Mg\ such that n = j(Pr,o,\,() for

some ¢ € V(0)2. Then i) = no Ay x is of the form i = j(Pr,0,\, () for a unique
¢ e V(o) and

(15.21) =g
with 5[1] =7[1][1] € My and o defined as in ([I53).

Let us now transport the structure from Z = G/H to Z,, = G/H,, for w € W
and write j,, and V (o), for the j-map (I5.12) and multiplicity space for Z,,. Note
that V (o), =~ V(o) by permutation of coordinates.

Then 1 = j(Pr,0,\,() for ( = (Cru)) ujewmw € V(o) will be moved to n,
which then can be written as 1, = j.,(P1, 0, A, (*) for some (% = (Cﬁ])[u]ew([)\w €
V(0)w. By the construction of j-maps which relates invariant functionals to open
H-orbits we then obtain from 7, = now™! the transition relations

(15.22) CBy = Clul -

Theorem 15.9. For generic A € iC} and m = 7, for o € M\I cuspidal the map

(15.23) Me— @ MR 0= (07 ) wjewnw
[l eW(I)\W

is a bijective isometry.

Proof. First note that both target and source have the same dimension by Theorem
[[54] and equation ([I5.7) applied to all spaces Z,, via transport of structure. Now
Lemma [I5.8] together with (I5.22]) implies that the map is bijective. Finally that

the map is an isometry follows from the Maass-Selberg relations from Theorem [9.0]
~ for that we use W(I)\W =~ ., Fr.c from Lemma 5.3 O
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15.5. The Plancherel formula. As in the group case we select now with Z C §
a subset of representatives for the association classes. Let us describe in terms of
(I523) the inner product on the multiplicity space M, for [r] = [7,, 1], where o is
cuspidal with respect to M; and I € 7.

For that observe that the map

I.0o—
Moa = MEPTA Cs €00 ¢

is a linear isometry by ([5.7) if we request that the Plancherel measure for L?(Z)q
is the Lebesgue measure d\ times the counting measure of the discrete series, i.e.
we request the normalization (I5.4]).

Via Theorem we can now normalize the Plancherel measure pu such that we
have an isometric isomorphism:

@ Mﬂ"fﬂ til = @ MU w,d
DA\

[w]eW(I\W [w]eW(I)\W

where M, 4, q refers to the M; N Hy,-invariant square integrable functionals of the
symmetric space My/Mr N Hy, ~ w™*Mpw/w=*Mpw N H. We now define

(&)
Hi= P D | Hoa®Moyad
[W]EWI\W ser, ” 1O

considered as a subspace of L?(Z)tq. Let B} be the restriction of B to H;. Then
with Theorem [I5.9 we obtain with the same reasoning as in the group case the
Plancherel formula for symmetric spaces:

Theorem 15.10 (Plancherel formula for symmetric spaces). Let Z = G/H be a
symmetric space and let its Plancherel measure be normalized by unit asymptotics.

Then
B =@ B PH— L*(Z)
Iez Iez
is a bijective G-equivariant isometry and is the inverse of the Fourier transform.
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