Advances in Mathematics 426 (2023) 109107

Contents lists available at ScienceDirect

MATHEMATICS

Advances in Mathematics

journal homepage: www.elsevier.com/locate/aim

On the spectral theorem of Langlands n

Check for
Updates

Patrick Delorme

Aix Marseille Univ, CNRS, Centrale Marseille, I2M, Marseille, France

ARTICLE INFO ABSTRACT
Article history: We show that the Hilbert subspace of L2(G(F)\G(A))
Received 27 January 2020 generated by wave packets of Eisenstein series built from

Received in revised form 29
September 2022

Accepted 4 May 2023

Available online 24 May 2023
Communicated by Tristan Riviere

discrete series is the whole space. Together with the work of
Lapid [17], it achieves a proof of the spectral theorem of R.P.
Langlands ([16], [19]) based on the work of J. Bernstein and
E. Lapid [6] on the meromorphic continuation of Eisenstein
. series built from discrete data. I use truncation on compact
Dedicated to A. Chantal sets as J. Arthur did for the local trace formula in [2].

© 2023 Elsevier Inc. All rights reserved.

MSC:
22E45

Keywords:
Automorphic forms
Harmonic analysis
Spectral theorem

1. Introduction

Let G be a connected reductive group over a number field F' with ring of adeles A. We
fix a minimal parabolic subgroup P, of G defined over F' with a Levi decomposition Py =
MyUy over F. Denote by Ps; the set of standard parabolic subgroups of G (i.e., those
containing Py) that are defined over F'. Any P € Py admits a unique Levi decomposition
P = MpUp where Mp contains My. Set a}, = X*(P)®z R = X*(M) ®z R where X*()
denotes the lattice of characters defined over F'. Denote the dual vector space by ap.
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Fix a maximal compact subgroup K of G(A) that is in a “good position” with respect
to My. We let Hp : G(A) — ap be the left-U(A) and right-K invariant surjective map
on G(A) such that

e P> — |x(m)|,m € Mp(A), x € X*(Mp).

The surjective Hp admits a canonical section whose image is a connected Lie group,
A%, contained in the center of Mp(A).

Denote by Ap(G) the space of automorphic forms on U(A)P(F)\G(A) and by A%,
the space of “square integrable” elements ¢ of Ap(G) which satisfy in particular:

163 = / 6(g)Pdg < oo.
AP P(F)UA)\G(A)

For any ¢ € Ap(G) and A € a}, ¢ set dx(g) = ¢(g)e= 79> We have ¢y € Ap(G).
Consider the Eisenstein series defined by:

Ep(g,6,N) = Y.  oa(v9),9 € G(A).

YEP(F\G(F)

The series converges absolutely for Re(\) sufficiently regular in the positive Weyl cham-
ber of ap.

If P,Q are standard parabolic subgroups of G, let W(Q\G/P) be a set of represen-
tatives of minimal length of Q\G/P in the Weyl group W of G relative to My with the
order given by Py. Let W (P|Q) be the set of w € W(Q\G/P) such that wMpw™" = Mg.
For any w € W(P|Q), the intertwining operator M (w,\) : Ap — Ag is defined by

M (w0, ) lun(g) = / ox(w ™ ug)du.
(wUp(A)w=1NUq(A))\Uqg(A)

The integral converges in particular for Re(\) sufficiently regular in the positive Weyl
chamber of ap.

J. Bernstein and E. Lapid (cf. [6]) gave a short proof of the following results due to
R.P. Langlands when ¢ € A% (cf. [16], [19] Chapter IV):

Let P,Q € Ps;. When ¢ € Ap(G):

1) The Eisenstein series Ep(¢, A), which is absolutely convergent and holo-
morphic for Re()) sufficiently regular in the positive Weyl chamber of a¥p,

extends to a meromorphic function A — Ep(¢, ) on a}‘,)(c. Whenever reg- (1.1)
ular, Ep(¢p, ) € A(G). '
2) For any w € W(P|Q), the map A — M (w, \)@, taking values in a finite-
dimensional subspace of Ag, admits a meromorphic continuation to a;c

which is holomorphic around éa},. Moreover M (w, A) is unitary for A € ia}.
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When ¢ is cuspidal, the theorem was proved by Langlands ([16]) and he described the
discrete part of L?(G(F)\G(A)) in terms of residues of Eisenstein series for ¢ cuspidal
and used it to extend the theorem to the case where ¢ is square-integrable. When ¢ is
an element A%(G), E. Lapid ([17]) has given a short proof of:

For ¢ € A% the map \ — Ep(¢,)\) is analytic on iak, (1.2)

by studying the truncated inner product of Eisenstein series which is also due to R.P.
Langlands (cf. [16], [19]) for cuspidal data and was extended by Arthur ([3]).

Let P be a standard parabolic subgroup of G. Let Wp be the space of compactly
supported smooth functions on ia} taking values in a finite dimensional subspace of A%.
For ¢ € Wp, write:

16|12 = / I6N)][3dA, (1.3)

and let

Or.4(g) = / Ep(g,6(\), A,

which we call wave packets of Eisenstein series. Let L2 (ASM(F)\M(A)) be the
Hilbert sum of irreducible M (A)-subrepresentations of L?(ASSM (F)\M(A)).

If P is a standard parabolic subgroup of G, let |P(Mp)| be equal to the number of
parabolic subgroups having Mp as Levi factor.

Recall (cf. (1.1)) that M (w, ) is well defined and holomorphic for A around ia}
and unitary for A € a}. Consider the space £ consisting of families of measurable
functions Fp : iap — IndGEA L2 (ASSM(F)\M(A)) where P describes the set of
standard parabolic subgroups of G such that:

ICERIP= D [P(Mp)|HIEP|2 < oo
PePsy

and
Fo(wA) = M(w,\)Fp(X),w € W(P|Q), X € iap, (1.4)

the right hand side being well defined due to the properties of M (w, ).
Let L' be the subspace of £ consisting of those families such that Fp € Wp for all P.
We recall the statement of Theorem 2 of [17], also due to Langlands ([16], [19]). The
short proof of Lapid is based on a direct proof of the asymptotic formula of the truncated
inner product of Eisenstein series with square integrable data, independent of [16], [3],
simply using the results of [6].
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The map & from £’ to L*(G(F)\G(A))

(Fp) Z |P(Mp)|™*Op F, (1.5)
_ PcPst
extends to an isometry € from £ to L?(G(F)\G(A)).

The main result of the present article, which achieves a new proof of the Spectral Theorem
of R.P. Langlands ([16], [19]), is:

The map & is onto, i.e. it is an isometric isomorphism from £ to L*(G(F)\G(A)).
(1.6)
One uses the notion of temperedness of automorphic forms introduced by J. Franke [14]
(cf. also [20] section 4.4). We show that this notion of temperedness is equivalent to the
notion of temperedness introduced before by Joseph Bernstein in [5].

We introduce the notion of weak constant term of tempered automorphic forms. We
prove that for bounded sets of unitary parameters, the Eisenstein series are uniformly
tempered. One uses for this that the growth of an automorphic form is controlled by
the exponents of its constant terms and that the constant terms of Eisenstein series are
explicit.

The wave packets are in the Harish-Chandra Schwartz space (cf. [18]): this is due to J.
Franke [14], section 5.3, Proposition 2 (2) but his proof rests on the work of Langlands.
We give here a selfcontained proof (cf. Proposition 5.4) which uses the general scheme of
Harish-Chandra’s study of wave packets in the Schwartz space in the real case (cf. [15],
see also [4]).

From [5], one knows that only tempered automorphic forms can contribute to the
spectrum of L?(G(F)\G(A)). Then, one shows that if the image of & is not the full space,
there would exist a tempered automorphic form orthogonal to these wave packets: the
proof, by a measurability argument, is similar to what we did for real symmetric spaces
(cf. [10], [13]).

One can compute an explicit asymptotic formula for the truncated inner product of
this form with an Eisenstein series. Actually, here, we use “true truncation” i.e. truncation
on compact sets as in [2] and the weak constant term. This uses partitions of G(F)\G(A)
depending on the truncation parameter (cf. [1]).

By a process of limit, as in [13], one computes explicitly the scalar product of this
form with a wave packet of Eisenstein series.

Then one shows that it implies that this form is zero. A contradiction which shows
that £ is onto.
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2. Notation
We introduce the notation for functions f, g defined on a set X with values in R¥:
fl@)<<g(z),re X

if there exists C' > 0 such that f(z) < Cg(z),x € X. We will denote this also f << g.
Let us denote

f(@) ~g(a),x e X

if f << gand g << f.In that case we will say that the functions are equivalent.
If moreover f and g take values greater or equal to 1, we write:

if there exists N > 0 such that

g(@)N << flz) << g(@)V,z € X.
If V is a real vector space, we denote by V* its dual, by V¢ its complexification and if
v € V¢ we write v = Rev + /—1Imv where Rev, Imv € V.

Let F' be a number field and A be its adele ring. If G is a linear algebraic group defined
over F', we denote its unipotent radical by Ng. Let X*(G) be the group of characters
of G defined over F. Let ag = Homz(X*(G),R) and a, = X*(G) @z R. We have a

canonical paring < . > between ag and af, and a canonical morphism:
Hg G(A) — ag

such that for all x € X*(G) and g € G(A), < x, Ha(g) >= log|x(9)].

Let G(A)! be the kernel of Hg.

From now on we assume that G is reductive and connected. Let Py be a parabolic
subgroup of GG defined over F' and minimal for this property. Let M, be a Levi factor of
Py. We will denote apz, by ap.

We have the notion of standard and semi-standard parabolic subgroup of G. Let K
be a good maximal compact subgroup of G(A) in good position with respect to M.

If P is a semistandard parabolic subgroup of G we extend the map Hp to a map

Hp : G(A) — ap
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in such a way that Hp(pk) = Hp(p) for p € P(A),k € K.

We have a Levi decomposition P = MpNp, where Mp is the Levi factor of P con-
taining My. Let Ap be the maximal split torus of the center of Mp and Ay = Ay, .

Let Gg be the restriction of scalar from F' to Q of G. We denote by Ap(R) the group
of real points of the maximal split torus of the center of Mpg and by A¥ the neutral
component of this real Lie group. The map Hp induces an isomorphism between the
neutral component A¥ and ap. The inverse map will be denoted exp or expp.

We define:

[Glp = Mp(F)Np(A\G(A),[G] = [Gla-

The map Hp goes down to a map [G]p — ap.
The inverse image of 0 by this map is denoted [G]}: and one has [G]p = A¥[G]%.

If P C @ are semistandard parabolic subgroups of G, we have the usual decomposition

ap = aIQD D ag.
This allows to view elements of a, as linear forms on ap which are zero on aIQJ.
Let Ad?, adjoint action of Mp on the Lie algebra of Mg N Np. Let pg be the element
of a%* such that for every m € Mp(A):

(det(Ad2 (m)| = exp(< 202, Hp(m) >).

If @ = G we omit () from the notation and we write p for pp,.

If P is a standard parabolic subgroup of G, let Al be the set of simple roots of Ag
in Mp N Py and Ap C a}, be the set of restriction to ap of the elements of Ap, \ A(I)D.
If Q@ C P, one defines also Ag as the set of restrictions to ap of elements of Ag} \ AL
One has also the set of simple coroots Ag C ag. By duality we get simple weights Ag
denoted w,,a € Ag. If Q@ = G we omit @ from the notation.

We denote by a(‘)*' the closed Weyl chamber and by a; (resp. a;"’) the set of X € ap
such that a(X) > 0 (resp. > 0) for o € Ap.

If P is a standard parabolic subgroup of G, we say that v € a};c is subunitary (resp.
strictly subunitary) if Rev(X) < 0 for all X € a}; (resp. if Rev = D acAp
T, < 0for all ). If v € a}, it is viewed as a linear form on ag which is zero on af’. Then

T, where

v € ap ¢ is subunitary if and only if one has:
Rev(X) <0,X € af. (2.1)

This follows from the fact that & € Ap is proportional to Zﬁezoﬂﬁ‘ﬂpza B where 2 is
the set of positive roots. In fact this sum is invariant by the Weyl group generated by
the reflections around roots which are 0 on ap.

Let W be the Weyl group of (G, Ag) and choose a scalar product on a§ invariant by

w.
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This determines a Lebesgue measure on a$ and a&* for every standard (2.2)
parabolic subgroup P. )

If P, Q are standard parabolic subgroups of G, let W(Q\G/P) be a set of representatives
of Q\G/P in W of minimal length. If s € W(Q\G/P) the subgroup MpNs~1Mgs is the
Levi factor of a standard parabolic subgroup P contained in P and Mg NsM ps~!is the
Levi factor of a standard parabolic subgroup Qs contained in Q. Let W (P, @) be the set
of s € W(Q\G/P) such that sMps™ C Mg. Let W(P|Q) be the set of s € W(Q\G/P)
such that sMps™! = Mg. Hence:

W(P|Q) = W(P,Q)nW(Q,P)"".
By a Siegel domain sp for [G]p, we mean a subset of G(A) of the form:
sp = QofexpX|X € ag,a(X +T) > 0,Va € AF}K (2.3)
where € is a compact of Py(A)!, T € ag, such that G(A) = Mp(F)Np(A)sp. Let
ag " = {X € agla(X) = 0,V € AF}.
Let us show

Any Siegel set sp is contained in Qu,{expX|X € ag’P}Q where €2 is a (2.4)
compact subset of G(A) and Qp, is a compact subset of Np(A). .

There is a compact subset, in fact reduced to a single element, expT’, Q3 C AF such
that

{expX|X € ag,a(X +T) > 0,Yor € A} C {exp X|X € afF10.

The compact set g is a subset of Qn,Qp,Arp, Where Q. (resp. Qpynnrp) is & compact
subset of Np(A) (resp. (Py N Mp)(A)). Then the conjugate by exp — X, X € aa“P of

S“P . The compact subset

Qp,nnmp remains in a compact set, 22, when X varies in a
Q = Q0 K satisfies the required property.

Let Z (resp. o) be the function on G(A) (resp. on [G]) introduced by Lapid in [18],
beginning of section 2 (resp. after the proof of Lemma 2.1 and denoted o there). From
[18] section 2 (9), one has:

There exists d € N such that:

E2(9)or(g) dg < 0. (2.5)
Py(F)\sc

If fis a function on G(A) with values in RT, we denote fg, the function on [G]p
defined by
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f[G]p(g) = infyeMp(F)Np(A)f(Wg)»g € G(A). (2.6)

We fix a norm ||.|| on G(A) as in [7], Appendix A.1. From [8] 2.4.1.2, one has:

lgll = llgllicrp- 9 € sp- (2.7)

Let us define:

a(g) =1+1og(llgl), g € G(A).

From (2.7), one deduces:

oiap(9) ~o(g) ~ 1+ |Ho(g)l, g € sp, (2.8)

where Hy := Hp,, the last relation being a consequence of the properties of sp (cf. (2.3)).
We normalize the measures as in [19], I.1.13.

If X is a topological space, let C'(X) be the space of complex valued continuous
functions on X. Let Q be a compact subset of G[A] and [Q] its image in [G]. Let
B be a symmetric bounded neighborhood of 1 in G(A) (a ball) and let Z[C¢lr(z) =
(voligy,xB)~1/2, g € [G]p.

The equivalence class of the function Z[¢) on [G] does not depend of the (2.9)

choice of B.

2.1 Lemma. One has:
(i)
=[G] (g) ~ eP(Ho(9)) 2(g9), 9 € sa.
(i)
a16)(9) ~ 1+ [Ho(9)ll ~ o1.(9), 9 € s¢
Proof. The first relation of (i) follows from [8], 2.4.2.3. and the second follows easily
from the definition of Z. The first relation of (ii) follows from (2.8) and the second From

[18], 2, after the proof of Lemma 2.1. O

One deduces from (2.5) and from the preceding lemma:

/ (1 + 06 (2) =9 (2)2d < oo, (2.10)
[G]
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Let Ay be the ring of finite adeles of F. Let C*°(G(A) be the spaces of functions which
are right invariant by a compact open subgroup of G(Ay), say J, and which are C* on
G(A)/J which is a smooth real differentiable manifold.

Let G be the product of G(F,) where v describes the Archimedean places of F' and
let U(goo) be the enveloping algebra of the Lie algebra go, of this real Lie group. We
have similar definition for subgroups of G defined over F'.

One has the Harish-Chandra Schwartz space C([G]), denoted S([G]) in [18], Corollary
2.6. From Lemma 2.1, it can be defined as the space of functions in C°*°([G]) such that
foralln € N and u € U(goo):

(Rud)(@)] << 01 ()2 (), z € G,
where R denotes the right regular representation of U(gu).
3. Tempered automorphic forms
3.1. Definition of temperedness

The space of automorphic forms on [G] = G(F)\G(A), A(G) is defined as in [19],
1.2.17. In particular they are K-finite.

If ¢ € A(G), it has uniform moderate growth on G(A) (cf. [19] end of 1.2.17, Lemma
1.2.17 and Lemma 1.2.5).

It means that there exists » > 0 such that for all u € U(goo):

[Ru¢(9)l << llgll", g € G(A).

Let © be a compact subset of G(A). Then one sees easily that this implies that for all
u € U(goo), one has

[RuRud(g)l <<llgl",9 € G(A),w € Q. (3.1)
If P is a standard parabolic subgroup of G, the space of automorphic forms on [G]p =
Np(A)M(F)\G(A) denoted A(Np(A)M(F)\G(A)) in [19] will be denoted Ap(G). The
constant term along P (cf. [19], 1.2.6), ¢p, of an element ¢ of A(G) is an element of
Ap(G). Similarly if @ is a standard parabolic subgroup contained in P and ¢ € Ap(G),

¢¢ is a well defined element of Ag(G). Let A% (G) be the space of elements ¢ € Ap(G)
such that:

plexpXg) = e’ Xg(g), g € G(A), X € ap.
If ¢ € Ap(G), and \ € a}, ¢ we define

Palg) = MHr@D)g(g), g € G(A).
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We view S(a%) as the space of polynomial functions on ap and S(a%) @ A%(G) as a
space of functions on G(A) by setting (p® ¢)(g) = p(Hp(g9))d(g). If ¢ € Ap(G), one can
write it uniquely as:

dlg)= > (g 3)(g), (3.2)

AeEp(9)

where Ep(¢) C apc, do,x is a non zero element of S(ap) ® AB(G). The set Ep(¢) is
called the set of exponents of ¢. We define also A% (G) as the subspace of elements ¢ of
A%(G) such that:

e B R
A% Mp(F)Np(A)\G(A)
We will need the following variant of [19], Lemma 1.2.10:

3.1 Lemma. Let P = MU be a standard parabolic subgroup of G. Let Ay be the ring of
finite adeles of F. Let K} be a compact open subgroup of G(Ay¢) and u € U(gso), ¢ > 0
andt > 0. Let n € N.

Then there exists two finite subsets {u;|i =1,... N} C U(goo) and {¢;li =1,...,N} C
R** such that the following property is satisfied:

Let ¢ be a smooth function (see [19] section 1.2.5 for the definition) on Uy(F)\G(A),
right invariant by K} Let v > 0 and X\ € a}, . Suppose that for all a € AF, g €
G(A)' Nsg, i€ {1,...,N}, we have the inequality:

| Ru,$(ag)| < cilal|"e*ro()
(resp.
|Ru,$(ag)| < ci(1+ | Ha(a)])) o) (14 || Hp, (9)[N)Y)
Then for all a € AZ,g € G(A)! Nsg, one has the inequality:
|Ru(6 — ¢p)(ag)| < cflal|"e*=FrHro(9)
(resp.
|Ru(6 — ¢p)(ag)| < c(1+ |Ha(a)|) e PrHn@) (1 4 || Hp, (g)|)Y)
where

X)= inf «aX),X € ap.
Br(X) oot . (X) 0
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Proof. The statement and the proof of [19], Lemma 1.2.10 remains true if one changes
P to a standard parabolic subgroup and, in the conclusion, one changes « to [p.
This gives the first statement. If one replaces m}\,o(g) in [19] in the hypothesis by
m}o (9)(1+]/log(mp,(g))||)™ for some n, one can replace mp, (g)*~** by mp, ()47 (1+
llog(mp,(¢))|])™ in the conclusion: one has to use that (1 + ||(logmp,(9))]])™ is Up(A)
invariant after (6) in the proof.

One can also replace in the statement ||a||” by (1 + ||loga||)" for a € Ag.

Altogether this gives the second statement. O

3.2 Lemma. Let P be a standard parabolic subgroup of G. Let d > 0. Let ¢ € Ap(G).
The following conditions are equivalent:

o)
|6()] << E" (2)o1y, (), @ € [G]p.
b) For all Siegel domains sp, one has:
|6(g)] << e?TD) (14 || Ho(g)l)? g € sp.
¢) For every compact subset Q of G(A), one has:
lp(ezpXw)| << "X (14 | XN weQ, X €al’.

Proof. a) is equivalent to b) follows from Lemma 2.1 and (2.9).

To prove ¢) implies b), we choose (cf. (2.4)), a compact subset Q of G(A) and a compact
subset, Qy, of Np(A) such that sp C Qn, A T7Q, where AT = {eapX|X €
al’”’}. One has for g € sp:

|X — Hy(g)| << 1,9 = wypexpXw, X € al'" wn, € Qnp,w € Q. (3.3)

Then c¢) implies b) follows.
Similarly b) implies ¢). O

3.3 Definition. Let us define the space of tempered automorphic forms on [G]p, A" (G),
as the space of automorphic forms satisfying, as well as its derivatives by elements of
U(go), the equivalent properties a), b), ¢) of the preceding Lemma for some d.

3.4 Remark. This notion was introduced by J. Franke in [14] (cf. also [20], section 4.4
where the space of tempered form is denoted A;oq(G)).

Let us recall some facts from [5]. With the notation there, one can take dmx (z) =
(2l (2)2dx where dz is the G(A)-invariant measure on X = [G], as it follows from the
proof of [5] Lemma 3.3(ii). From (2.10) and the Criterion in [5] Section 3.3 it follows
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that the weight a[al on [G] is summable. In this context, J. Bernstein introduced in [5],
the notion of [G]-temperedness for smooth functions on [G]:

A smooth function on [G] is said [G]-tempered if there exists d > 0 such that for every
of its derivatives by elements of U(g), ¢ verifies:

(1+01c) % € L*([G]).

3.5 Proposition. For ¢ € A(G) the following conditions are equivalent:
(i) ¢ is tempered.
(ii) ¢ is [G]-tempered.

Proof. (i) implies (ii) follows from the definition of temperedness, especially condition
a) in Lemma 3.2 and (2.10).

(ii) Let ¢ be [G]-tempered, i.e. there exists d > 0 such that all its derivatives by
elements of U(g) are in L2([G], (1 + o(g)) ~“dx).

Let us use the notation of [5], Lemma-Definition 3.3. From the proof of this Lemma,
one can take dmx (z) = v(x)dx where dz is the G(A)-invariant measure on X = [G] and
v = (2l¢1)2, as it follows from the proof of [5] Lemma-Definition 3.3 (ii).

Let k > dimG and f be a continuously k-times differentiable function on G(A). Fix
a basis dy, ..., d, of the space U(gs)¥ of elements of U(g.,) of degree < k and define:

Q(f) = Z|dif|2-

Let J be a compact open subgroup of G(A ). Let C([G])¥/ be the space of continuously
k-times differentiable and fixed by J. One has from the Key Lemma of [5], p. 686:

@) << / Q(f)dmy = / QUw(w)dy, x € [G), f € C(IG)™.
B xB
Let w = O'[dG]. Then

@) << / QU yrwwdy, z € [G).

zB

We use now that w is a weight, in the sense of [5], Definition 3.1, as well as v to get:

[f(2)]? << V(w)w(w)/Q(f)w‘ldw < V(w)w(w)/Q(f)w‘ld%x € [G].
«B [G]

As our hypothesis implies that f[G] Q(f)wtdxr < oo, this finishes the proof of the
Lemma. 0O
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3.2. Characterization of temperedness and definition of the weak constant term

3.6 Proposition. Let ¢ € A(G). It is in AS"P(G) if and only if the exponents of its
constant term ¢p along any standard parabolic subgroup P of G are subunitary.

Proof. Let us show that the condition is necessary. Let ¢ € A*™P(G). Let X € ag.
Then there exists d such that for all g € [G]:

|p(gexptX)| << (1+1)4t > 0.

It follows from [11], Proposition A.2.1, that the exponents of ¢ restricted to ag are
unitary. Let P be a standard parabolic subgroup of G. Let X € altJr C aar, where a;f
is the relative interior of af. Let g € G(A),t € R. From the property c) of the definition

of temperedness, applied to {2 = g, one gets:
|p(exptX g)| << ") (1 + 1)t > 0. (3.4)

Due to (3.1), one can apply Lemma 3.1 to the right translate by ¢ of ¢. Write X =
Xg + X% with X¢g € ag, X € a®. Applying the second statement of Lemma 3.1 for
the parameter ¢ large and with g equals to expt X% € s¢ N G(A)!, a equals to exptXg,
one gets, for k > 0,

|p(expt X g) — dp(exptXg)| << ePtX) ekt ¢ 5 0.

Together with (3.4) this implies that the exponential polynomial in ¢, ¢p(exptXg) sat-
isfies:

|pp(exptX g)| << e’ (1 + )% ¢ > 0.

There is a dense open set O in a?‘ such that different exponents of ¢p take different
values on any element of O. We use the notation of (3.2). Then [11], Proposition A.2.1
gives:

If ¢poa(g) # 0
ReA(X) <0,A€&p(), X € 0.

As ¢p.y is not identically zero, one has ReA(X) < 0 for X € O, hence also for X € a},
by density. This achieves the proof of (i).
The sufficiency of the condition follows from [19], Lemma I.41. O

3.7 Definition. Let ¢ € A*"P(G) and let P be a standard parabolic subgroup of G. We
define the weak constant term of ¢, denoted ¢'% as the sum of the terms for ¢p in (3.2)
corresponding to unitary exponents. It is an element of A%"”(G) from the preceding
proposition applied to Mp (see below Lemma 3.8 for a detailed proof). Let ¢ = ¢p— ¢
and let us denote £F(¢) (resp. £ (¢)) the exponents of ¢ (resp. ¢p).
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3.8. Transitivity of the weak constant term

Let @ C P be standard parabolic subgroups of G. If ¢ is a function on G(A) and
k € K, we define a function on Mg(A) by:

¢ Ma(mq) = emrelflelma) g(mqgk), mq € Mqg(A) (3.5)
where pg € ag is the restriction of p to ag, which can be extended to ag by zero on aOQ.
One has the following immediate properties, by coming back to the definitions:

If ¢ € A(G) one has:
(3.6)
6q = (0r)q, (9)"" = [((6p)M" ) grare] Mo k € K.
Notice that the function in bracket is a function on Mp(A), hence the upper index e-!
indicates that we multiply by e~?enMp (He(m)) the restriction of this function to Mg (A).

3.8 Lemma. Let Q C P be as above.

(i) If ¢ € A'S™P(Q) the exponents of g are subunitary and one can define ¢¢ as the
sum of the terms of ¢pg corresponding to unitary exponents.

If ¢ € A*™P(G) one has:

(i) % is in A™P(Q).

(i)

9 = (5)g-
(iv)
(@8)M" = [(B)M M) Eanp )Motk € K.

Proof. (i) is proved as Proposition 3.6 (i).

(ii) From (3.6) and Proposition 3.6 applied to ¢, one sees that the exponents of
(qﬁ}é’)k’M" are subunitary. Hence by this Proposition applied to Mp, one sees: qSl;’MP’k €
Atm?(Mp). Let Qpr, be a compact subset of Mp(A). Using K-finiteness, this gives that

there exists d € N such that:
|pp(expXwk)| << "1+ | XN X € al” we Qup k€ K.

Every compact subset of G(A) is contained in a set of the form Np(A)Q' K where ' is a
compact subset of Mp(A). Hence, recalling the definition of A%S™" (@) (cf. Definition 3.3),
the preceding estimate achieves the proof of (ii).

(ili) Write ¢p = ¢'% + ¢p. Then none of the exponents of (¢5)¢ is unitary. Hence as
oo = (¢p)o we get (iii).

(iv) follows from the second assertion of (3.6). O
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3.4. A characterization of elements of square integrable automorphic forms
It follows from [19], Lemmas 1.4.1 and 1.4.11 that:
A%(G) C C(G).
From this, (2.10) and Proposition 3.5, one has:

For all ¢ € A*™P(G) and ¢ € A*(G), for all X € ag, the integral

/ (grexpX)B(grexpX)dg,
[G]*

»n

is absolutely convergent. It is denoted (¢,1)&. Moreover X — (¢,1)& i
an exponential polynomial in X. One defines similarly for ¢ € A%(G), WP E
Aﬁfmp(G), an exponential polynomial, pp(¢$,1) on ap by pp(¢,¥)(X) =
(¢, 111)1}5, X € ap, where:

(3.7)

(6.0)% = e20r(X) / d(eapp Xm k) {eapp XmTR)dm’ d.

M(A)!xK

We denote by A*™P:¢(G) the space of 1) € A*™P(G) such that for all ¢ € A*(G), the
polynomial pg(¢,1)) is zero. We define similarly .Azfmp “(Q).

Then one has a direct sum: A'S™"°(G) @ A% (G) and one can define, for ¢ = ¢; + ¢ €
Al™P(@) @ AB(G) and ¢ € AX™ (@), an exponential polynomial denoted pp(¢, 1)
equal to pp(¢2,v).

3.9 Remark. If ¢ is moreover in S(a}p) ® AL(G), p(¢, ) is a polynomial.
With these definitions one has:

3.10 Lemma. (i) Let Q be a standard parabolic subgroup of G and let ¢ € ASmP(G) N
AL (G) (resp. ¢ € At™P (@) such that %% = 0 for any standard parabolic subgroup of
G with P C Q, Q # P, P standard then ¢ € AzQ(G) (resp. ¢ is a linear combination of
products of exponential polynomials on ag with elements of A%(G)).

(i) If ¢ € A*"P(G) and ¢ € ASmP’C(G) for all standard parabolic subgroup Q of
G, then ¢ = 0.

Proof. (i) We first prove the result for Q = G and ¢ € Athmp(G) N A (G). Let us show
that for any standard parabolic subgroup of G, P # G, the exponents of ¢pp are strictly
subunitary. Let v be such an exponent. From the hypothesis it is subunitary but not
unitary. If it is not strictly subunitary, there exists « € Ap such that:
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Rev = Z zgB,zg < 0.
BeAp\{a}

Let @ be the maximal parabolic subgroup of G, containing P, such that Ag = {/qa, }-
Then v|q, is an exponent of ¢q. But it is clear that it is unitary, hence ¢g) is non zero
which contradicts our hypothesis. Hence v is strictly subunitary. Then (i) for @ = G and
o€ ASmp(G) N AR (G) follows from Lemma 1.4.11 of [19]. For ¢ € .Athmp(G) NA(G),
(i) follows from Lemma 3.8 (iv) and what we have just proved for Mg instead of G.

If ¢ € A*™P(G), it is equal to a linear combination of products of exponential poly-
nomials on ag with elements of Agmp (G)NAE(G) to which one can apply what we have
just proved. (i) follows.

Let us prove (ii) by induction on the dimension on af. If it is zero the claim is clear.
Suppose now dimaOG > 0. By applying the induction hypothesis to Mp for a strict
standard parabolic subgroup P of G and Lemma 3.8, one sees that ¢)3 = 0. Hence by (i),
¢ is a linear combination of products of exponential polynomials on ag with elements of
A%(G). As ¢ is in A*™P¢(Q), one deduces from this that ¢ = 0. O

4. Uniform temperedness of Eisenstein series

4.1. Exponents of Fisenstein series

Let P be a standard parabolic subgroup of G. Let ¢ € A%(G). Let Ep(.,6,\) be
the Eisenstein series (cf. [6], (2.1)). Let P, @ be two standard parabolic subgroups of G
and w € W(P|Q). One has the operators M(w, ) : AB(G) — AZ(G) meromorphic in
A € aj ¢ when restricted to a finite dimensional space of A%(Q) (cf. [6], after (2.1) and
Theorem 2.3 (3).

One can define Eg(., ¢, A) which is, when defined, in Ag(G) and is characterized by:

Eg(a ¢7)‘)]‘/[ka = EPﬁMQ(W‘ﬁMQ’ka/\))k € K. (41)

They are analytic on the imaginary axis: this follows from [17], Proposition 1, as the
Working Hypothesis of this article follows from [6], Theorem 2.3 and Corollary 8.6. We
recall the formula for generic A (cf. [17], Proposition 4, with the notation there)

(Ep(-6,N)g= > EZ (.M(s,\)pp,,s\). (4.2)
SEW(Q\G/P)

The exponents of Ep(.,¢,\)q are given by [17], equation (13). Moreover they are sub-
unitary by [17] Lemma 6 for A unitary. Hence by Proposition 3.6, Ep(., ¢, A) is tempered
for ¢ € A%(G), X € ia} and the weak constant term is given by:

(Ep(L 6. )= > Eg (,M(s,\),5)) (4.3)
SEW(P,Q)
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which is holomorphic in a neighborhood of ia}. The same is true for Ep(., ¢, )\)E2 =
Ep(.,6,M)q — Ep(., ¢, A)§ whose exponents are contained in

EqN) = Usew @\ a/pnw(r,)15(EP,(9) + Njag }-
Hence, by analyticity, this inclusion holds for all A in {a},. This implies:

For A € iap, X — EP(GZ’PXQ, ®, )\)(5, X~€ ag is an exponential polynomial

with exponents in a set £ (A), where & (A) is built from &g (A) by some
repetitions, the multiplicities depending on the multiplicities of the expo- (4.4)
nents of ¢. Moreover the real parts of the exponents above do not depend

on \ € iap.

4.2. Uniform temperedness of Fisenstein series

Let A be a compact subset of ia}.

Let p € aft, neN. Let Fa,u,n be the space of functions F' on G(A) x A
which satisfy for every compact subset Q of G(A) and v € U(goo):

|R,F(expXw, \)| << (1+[|X[)"e*) X € af,we QN e A,
FlexpXg,\) = M F(g,)), X € ag,g € G(A), X € A.

4.1 Proposition. Let E : [G]x A — C be defined by: E(g,\) = Ep(g, ¢, ) for ¢ € A%(G).
Then there exists n € N such that
FE e fA,p,n'

Proof. We will need the fact that lemma 1.4.1 of [19] holds uniformly for a set of auto-
morphic forms which is bounded in a space of functions with given moderate growth and
whose constant terms uniformly satisfy the assumption of that lemma. This is easy to
see from the proof given in [19]. This applies to Eisenstein series from [6], Corollary 8.6,
from the holomorphy of Eisenstein series on the imaginary axis and from (4.1), (4.2). O

Let us show:
If P#G, Ep(.,0,)\) € A"P¢(G) for all ¢ € AH(G), )\ € iap. (4.6)

Let X € ag and us look to

I\ = / Ep(zexpX, ¢, N (vexpX)dr, X € iap
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for ¢ € A%(G). From the uniform temperedness of Eisenstein series, it is a continuous
function in A. Let z be an element of the center Z([goo, goo]) of the enveloping algebra of
[000s §oo)- Let us assume that z* is in the cofinite dimensional ideal of Z([geo, §oo]) Which
annihilates 1. One can assume that ¢ is Z(goo) eigen and let p. be the polynomial on
ia} such that R, Ep(.,9,A) =p.(A\)Ep(., ¢, ), A € iap. Then on one hand:

[ ReBreesnX. o 0B (erpX)ds = p.(NVIO). A € i
(G
and on the other hand, taking adjoint, this integral is zero.
Moreover by the cofinite dimension of the annihilator in Z([gs0, §co]) of 9, there exists

z as above such that p, in non identically zero. Then it follows, by continuity and density,
that I(\) is identically zero. This proves our claim.

5. Wave packets
5.1. Difference of a tempered automorphic form with its weak constant term
Let @ be a parabolic subgroup of G. For § > 0, we define:
ag ¥ ={X € af T |a(X) > 5| X||,Ya € Ag}.

5.1 Lemma. Let ¢ € A*"P(G). Let Q be a compact subset of G(A). Let § > 0. Then
there exists € > 0 and d € N such that:
(¢ — ¢8) (ngezpXexpYw)| << (14 || X)) er)er)=<IYl,
ng € No(A),X €af.Y €agf,weq.
Proof. Using that conjugation by exp — X and exp — Y contracts Ng(A) and as
No(F)\Ng(A) is compact, possibly changing €, one is reduced to prove a similar claim,
but without ngq.

Let Sg,s be the intersection of the unit sphere of ag with ag’}'. It is compact. Let us
look to the family of exponential polynomials in ¢ € R:

Py, x.w(t) = ¢q(expXerptYw) — ¢ (expXexptYw), X € ag,Y € Sgs,w € Q.

On one hand, from the definition of temperedness of ¢ and Lemma 3.1 one gets that
there exists d € N such that:

|pg(expXexptYw)| << (14 | X [P 1 +t)%e?Y) X € al,V € Sg.s5,w € Q,t > 0.
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On the other hand the temperedness of ¢ (cf. Lemma 3.8) and the definition of the
temperedness of ¢ implies a similar bound for ¢“Q’(ea:pX exptYw). Hence by difference
it follows that there exists d € N such that:

oy xo(®)] << (14 |X])%PXO 1 +1)%e?Y) X e al, Y € Sg5,weQt>0. (5.1)

Moreover the exponents of these exponential polynomials are equal to u(Y)+p(Y') where
p is an exponent of ¢ which is not imaginary. Hence its real part is equal to ) . Ag Cal
with Rec, < 0, with at least one Rec, non zero. Hence there exists ¢’ > 0 such that for
Y € Sq.5, Rep(Y) < —€'.

By applying (5.1) to €’ such that €' contains {exptY||t| < ", Y € S 5}, one gets
that the modulus of these polynomials restricted to the interval [—&” "] is bounded
by a constant times (1 + || X|)%e”X). Applying Lemma 3 of [17] to the polynomials
[(1+ | X|)% ) 1 py x o, One gets:

(6o — ¢Z’2)(nQepreprw)\ << (1+ \|X||)dep(X)ep(Y)_E”Y”,
ng € Ng(A), XGaO,YGaQ(;,wGQ

Then one uses Lemma 3.1 to have a similar bound for ¢ — ¢¢g|. By addition, this gives
the Lemma. 0O

5.2 Lemma. Let ¢ € A*™P(G). Let § > 0 and a0Q5 = {X € a§T|a(X) = 6| X|,Ya €
Ap, \Ago}. Let Q be a compact subset of G(A).
Let ¢ € A*™P(Q). There exists € > 0 such that

|p(nqerpXw) — ¢4 (ngerpXw)| << !X =ElX nn € No(A), X € ag’:aé,w €.

Proof. For X € af Q s+ let Y be the element of aQ such that a(Y) = a(X),a € Ap, \AjQJO
Then, looking at coordinates in aQ, one sees that there exists 6; > 0 such that §;[|Y]| <
0| X|. Hence Y € aQ5 Moreover as X € %Qaa X' =X —Y isin a§T. One gets the
required estimate by using the preceding lemma with X’ instead of X as:

Xl << X[+ 1Y << (1]
and if & € Ap, \Ag@
X < a(Y) << Y. O

5.3 Lemma. Let ) be a compact subset of G(A) and let 6 > 0. Let A be a bounded subset
of iay and ¢ € AL(G). There exists € > 0 such that:

|Ep(nqerpXw, d, ) — Ep(ngexpXw, ¢, \)g| << eP(X) =l Xl

ng € Ng(A), XEa0Q5,wEQ,/\€A.
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Proof. The proof is similar to the proof of the preceding lemma. One has to prove an
analogous of Lemma 5.1 for Eisenstein series by using Proposition 4.1, that the real part
of the exponents of Ep(.,4,\)g do not depend of A € ia} and the expression of the
weak constant term of Eisenstein series (cf. (4.3)). O

5.2. Wave packets in the Schwartz space

5.4 Proposition. Let a be a smooth compactly supported function on ia} and ¢ € A%(G).
Then the wave packet

B, = / a(N)Ep (., 6, A)dA

iap

is in the Schwartz space C([G)).

5.5 Remark. As already said in the introduction, this is due to Franke, [14], section 5.3,
Proposition 2 (2). His proof rests on the main result of [3] for which Lapid in [17] has
given a proof independent of [16]. We give below a more selfcontained proof.

Proof. We proceed by induction on the dimension of a§. The case where dimay® = 0
is immediate by classical Fourier analysis on aqg: the classical Fourier transform of a
compactly supported function on R™ is in the Schwartz space.

Now we assume dima§ > 0. Let ST be the intersection of the unit sphere of a§
with ag "+ Let Xy in St. Let Q be the standard parabolic subgroup of G such that
Xo € uéf As Xy € ST, Q is not equal to G. Let So(X) := infaeApo\Ago a(X), X € ap.

Then S¢(Xo) > 0. We choose a neighborhood Sy of Xy in ST such that

Bo(X) = q(X0)/2,X € So.

Let § = Bg(Xo)/2. Then

Let A be the support of a. We use the notation of Proposition 4.1. Let E(.,\) :=
Ep(.,¢,A). Then E(., ) is the sum of 2 terms: E(.,\) — E(.,A\)§ and E(,\)§. Let
us show that, for all £ € N one has:

| / a(NF (expXgeaptXw, NN << (1 + [ X)) 7H(1 + t) Fet),
ap

t>0,Xg€ag,X € Sg,weQNEA,

(5.2)

when F' is any of these two families of functions. The case where F' = E¢ follows from
the induction hypothesis, using the formula for the weak constant term of Eisenstein
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series (cf. (4.3), (4.1)) and the fact that in this formula M (w, \) is analytic in A (cf. e.g.
[17], after the Working Hypothesis). Let us treat the case where F' = E'— E¢§. One knows
from Lemma 5.3 that there exists € > 0 such that:

|Ep(expXgerptXw, ¢, \) — Ep(expXgexptXw, ¢, \)g| << etr(X)—et
Xg €ag,X € Sp,we Q€A

By multiplying by a and integrating on iap, we get (5.2) for F' = E—-Efand k=0. One
applies this to successive partial derivatives of a with respect to elements of ag. Then
using that E¢ transforms under ag by A and applying integration by part one gets the
result for all k. One can do the same for R, F, u € U(goo).

As a finite number of Sy covers ST this achieves to prove the proposition. O

6. An isometry

We recall the statement of Theorem 2 of [17].

Let Ps; be the set of standard parabolic subgroups of G. Let P be a standard parabolic
subgroup of G. Let Wp be the space of compactly supported smooth functions on ia}
taking values in a finite dimensional subspace of A%. Write:

612 = [ loIpar (6.1)

For ¢ € Wp, let

Orelg) = / Ep(g,p(N), A)dA.

o
iap

Let L2, (ASgM (F)\M(A)) be the Hilbert sum of irreducible M (A)-subrepresentations
of L2(ASM (F)\M(A)).

If P is a standard parabolic subgroup of G, let |P(Mp)| be equal to the number
of parabolic subgroups having Mp as Levi factor. Consider the space L consisting of
families of measurable functions Fp : a0} — [ ndggﬁ)Lﬁlsc(AﬁM (F)\M(A)) where P
describes the set of standard parabolic subgroups of G such that:

ICERIP =D [P(Mp)|7HIFP|2 < oo
PePst

and
Fo(wA) = M(w,\)Fp(X),w € W(P|Q), \ € iap. (6.2)

Let £’ be the subspace of £ consisting of those families such that Fp € Wp for all P.
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6.1 Theorem. (c¢f. Lapid, [17], Theorem 2, for a short proof) The map & from L' to
L*(G(F)\G(A))

(Fp) = > |P(Mp)|"'Opr,
PePst

extends to an isometry € from L to L*(G(F)\G(A)).

6.2 Lemma. We take the notation of Proposition 5.4. In particular P is fized. Then E,
is in the image of £.

Proof. For this one has to define a family in £’ whose image by £ is a non zero multiple
of E,. Let ¥ be the map on ia} with values in A% (G) defined by:

P(A) = a(A)o.
FoN) = > M(s,s '\\y(s'\).
SEW(P|Q)

It is an easy consequence of the product formula for intertwining operators (cf. [6], The-
orem 2.3 (5)) that the family (Fg) satisfies (6.2). Moreover it is in £’ as the intertwining
operators are analytic on the imaginary axis (cf. [6] Remark 1.3). Then the functional
equation for Eisenstein series (cf. [6] Theorem 1.3 (3)), implies that the image of (Fg)
by £ is a non zero multiple of E,. O

7. Truncated inner product

If @ is a semistandard parabolic subgroup of G, let:

bo(N) = ] Ma) A€ age.

a€Aq

Let Lg be the cocompact lattice of ag generated by AQ and let Cg = vol(ag/LQ).

We fix a Siegel domain as in (2.3) associated to a compact set Qy C Pg(A) and to
Ty € ap that we might choose in —aar. We can choose 2y = Qn, 821 where Qp, (resp.
Q1) is a compact subset of No(A) (resp. Mo(A)") such that

No(A) = No(F)Qn,, Mo(A)! = Mo(F)Qy. (7.1)

If C is a subset of ag we define My(C) = {m € My(A) N G(A)}|Ho(m) € C} which is
right invariant by Mo(A)!. We take T" dominant and regular in a§. We let dp,(T) =
infoeap, a(T) and if @ is a standard parabolic subgroup of G, Ty is the orthogonal
projection of T on ag.
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If @ is a standard parabolic subgroup of GG, we define the convex set CTQ of a§ by

C2 = (X e a§|a(X —Tp) = 0,V € A, w(X —T) < 0,YVw € AT, B(X - T) > 0,
Vg e AQ}.

Notice that C¥ is compact.
Let T, = T —Tg, To.mg = To—To,q- Let C’%IQQ C ay'@® C a§ be defined as C% with

T, =T — T instead of T' and Tp 1y, instead of Tp. Let ag’++(T) =To+ ag’++. We
have:

CF = Cp? +ag (D). (7.2)
We define
¢ = G(F)Q, Mo(CF)K C [G]
which is compact. Using (7.1), one has:
¢F = G(F)No(A)My(CF)K.
Replacing No by No N Mg and G by Mg we define C?Q C [Mg] by:

¢ = Mo(F)(No N Ma)(A)Mo(Cy @) (K N Mq(A)), (7.3)

which is independent of the choice of .
We define

€ = Q(F)No(A) Mo(CF)K C QF)\G(A)". (7.4)
Then €% is No(A) invariant as
No(A)Q(F)No(A) = Q(F)Ng(A)No(A) = Q(F)No(A).
As No(A) = Ng(A)(No N Mg)(A) one has from (7.2):
€ = No(A)eap(ag " (T)er,? K C QFN\G(A). (7.5)

We say that a strictly Py-dominant 7' € a§ is sufficiently regular if there exists a suf-
ficiently large d > 0 with dp,(T") > d. We have the following result due to Arthur ([1],
Lemma 6.4).
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Let T be sufficiently regular.

(i) For each standard parabolic subgroup @ of G, viewing Q‘:? as a subset of
Q(F)\G(A), the projection to [G] is injective on this set. Its image is still ~ (7.6)
denoted Q:? .

(ii) The Q? form a partition of [G]!.

For a compactly supported function f on CCT? we have, using (7.5):

/ f(z)dz = / f(ngezpXmpk)e 202X dngd X dmg,dk,
e? (N(F)\Na(A)xa§ T (T)xer? xK
(7.7)
as follows from the integration formula on G(A) related to the decomposition G(A)! =
Ng(A)expaGMq(A)' K. Here dmy, is the measure on [Mq].
Let

af_ = {X € af |w(X) < 0,Yw € Ag}
be the cone generated by the negative coroots and
a§ _(T) ={X € a§|w(X - T) < 0,Yw € Ag} =Ty +ag Na§_.

Let p be an exponential polynomial with unitary exponents on ag and Z € ag. If
KE ag ¢ has its real part strictly Q-dominant, the integral:

/ M XD (X)X
ag _(T)

is convergent and has a meromorphic continuation in p. When it is defined, its value in
A € iag, ¢ is denoted:

*

/ A p(X)dX.

Z+ag (T)
Notice that
/ ACIX = Ca5 (). (7.8)
ag _(0)

We use the notation defined just before Remark 3.9 in order to define pg(¢, ¥)(X). We
define for ¢ € A% (G) @ Agmp’c(G), A€ajcand ¥ e Ang(G), Z € ag:
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Bonv? = [ @ Opgomxax. (7.9)

Z+u87_(T)
Let Z € ag. If p is a polynomial on ag, let pZ be the polynomial on ag defined by:
p?(X)=p(X +Z),X €ag
and pZ () its Fourier transform viewed as a differential operator on ag’*. More precisely,

let us define the Fourier transform F¢ of ¢ € C¢°(ag) by

Fo(\) = /¢(X)e<*’X>dX,>\ € iad", (7.10)
ag

where the measure on ag has been chosen in (2.2). Then p(9) is characterized by:

F(pg) = p(0)(Fo). (7.11)

Recall that Cg has been defined in the beginning of this section. Taking into account
the definition of ¥y, (cf. (3.2)), Remark 3.9 shows that po(¢, ¥o,,)? is a polynomial.
Using (7.8) and (7.11), one sees:

o600 =Co D Ipele, You)?(9)e=""27 05" (A — p), (7.12)
HEEQ(T)

where ¥ , is defined as in (3.2).
One can define r7 (¢, ¥) where 1) is a linear combination of ¢y. If ® is a function on
G(A) and Z € ag, one defines a function on G(A)! by:

<I>Z(gl) = @(glepoLgl € G(A)l.

7.1 Theorem. Let T € a§ be sufficiently regqular, Z € ag and A € tap. Let ® be an
element of A*"P(G) and ¢ € A%(G). We denote by E(., \) the function Ep(.,$, ). Let:

a% (E(\), @)% = / B, V)28 (2)da,
¢g

wh (BN, ®)7 = > r5(ENG, 28)7.
QEPst

(i) Let H® be the subset of A € i} where the summands of wh, (E(X, ®) are analytic
for all Z. From (7.12), this set contains the complementary set of a finite union of
hyperplanes. The function w}, (E(X), ®)Z on H® extends to an analytic function on ia}

denoted in the same way.
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(ii) Let 6 > 0. Let A be a bounded set of ia}. There exists k € N, € > 0 such that the
difference

AR (EQ), @) i= Op, (EQN), ®)7 = wp, (B(V), )
is an O(e~ 1M1 + || Z||*¥) for X € A, for T such that dp,(T) = 6||T||, Z € ag.

The proof is by induction on dima§. The statement is clear for dima§ = 0. We

suppose that the Theorem is true for all groups G’ with dimag < dimag .

7.2 Lemma. Let ko,d > 0. Then if A is a bounded subset of HE, there exists C > 0,
ke N, e >0 such that

AR (B, @)% = AR (E(), )7] < Ce=*ITl(1+ |1 Z])*,

forN€ A, Z € ag, forT, S strictly Py-dominant such that dp,(T) = 0||T||, ||S|| < kol|T|,
IToll < [I17°]-

Proof. Let us define:
Cfrsr = Cfis NCT, (7.13)
and
€%, 1 = G(F)No(A)Mo(CL, s 1)K

From (7.6), these subsets of [G] are disjoints. Moreover from (7.6), they cover €% .
Let us show that, for T),S as in the Lemma, there exists §; > 0 such that:

a(X) > 01| X[, X € CF, g 0 € Do \ AF. (7.14)

Let X € CQQJFS’T and a € Ap \ AOQ. The definition of C’? shows in particular that
X =T - X'+Y where X' = ZBE%Q dgf with dg >0 and Y € ag. Since a(f) < 0 for

each 8 € AOQ, from the properties of simple roots, one has
a(X) =z a(T) =2 96||T. (7.15)
Let us show:
IX = Toll < IIT+ 5], X € CF,s. (7.16)

As X € CF, 4, X =Ty = (T+S5)—Y' where Y is a linear combination with nonnegative
coefficients of coroots. Moreover T + S and X — T are in aa' . Hence
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(X —T0, X —To) (X —Tp, T+ S) < (T+5,T+S)
which proves our claim. Hence
IX1 < T+ 111+ 1 Toll < 2+ ko)lIT, X € CF
and
a(X) = 6| X]|

where §; = (2 + ko) ~16. This proves (7.14).
From (7.15) one gets:

Q
1X1[ >> [T, X € CF

if Q # G.

Hence from Lemma 5.2, one gets:

Let © be a compact subset of G(A). There exists ¢ > 0,k € N such that

(@ — @4)7 (ngeapXw)| << "I (1 Z])*,

(7.17)
ng € No(A),X €CF, g7 weNZEag
and T, S as in the Lemma.
Similarly one gets from Lemma 5.3 that there exists € > 0 and k € N such that:
((Ep(ngexpXw, d, \)? — Ep(ngerpXw, ¢, )\)f2 << erX)=elTl( 4| Z|F, (718)
7.18
ng € No(A),X € CF, g rweQANENZE ag.
One has:
The volume of €% and @%_&T is bounded by the volume of [G]'. (7.19)

Let us introduce:
Io(T, N = / E(e, N8 (2)dx, I5(T,\)7 = / E(z, Ny 78y (x)dr.
Q?JrS,T €?+S,T

Notice that:

I6(T, N)” = I§(T,\)? = QF (BN, 87), Y Io(T, N = Q¥ (E(V)7, 7).
QEPs¢
" (7.20)
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For C > 0,k € N and € > 0 let us consider the function of T" and Z:
Ce=ITI(1 41 z|)k. (7.21)

It follows from (7.17), (7.18), as well as the tempered estimate for ® and the uniform
estimate for Eisenstein series (cf. Proposition 4.1) that:

The difference of
(T, N7 — I3(T, 37| (7.22)

is bounded for A, T, S as in the Lemma, by a function of type (7.21).

Let us define

G, G,

ag T (T + S, T) = {To+Y|Y € aj ™", @a(Y - §) <0,Ya € Ag} C af.
Let us show

CRisr =g (T +5,T) +Cp2 . (7.23)
Let X € C?Q and To+Y € ag’++(T+S, T). Let us show that X +T+Y is an element
of C$+S7T. In view of (7.2), the only thing to prove is that it is an element C%, 5. One
has:

X+TQ+Y—S—T:Y—S+X—T]V[Q.

Let o € Ag \ A(?. Then @, (Y =S+ X —Th,) = wa(Y —5) which is less than or equal
to 0, by the definition of ag"H'(T +5,T). Let a € Ag'). The difference Y — Sg is a linear
combination with coefficients less or equal to zero of elements of AQ hence of AO. The
same is true for Y — S =Y — Sg — Sy, . Hence wo (Y — 5) < 0. The definition of Cé\qu
shows that @, (X —Th,) < 0. Hence wo (Y =S+ X —Tu,) = wa(Y = 5) <0,a € AOQ.
This achieves to prove X + T +Y € C%, s, as wanted. Hence

aG T+ 8,T) +Cp'° € CF g r. (7.24)

The reciprocal inclusion follows easily from (7.2) and of the definition of qu s This
achieves to prove (7.23).

We use that ®f and Ep(z,¢,\)§ are left No(A)-invariant and that the volume of
No(F)\Ng(A) is equal to 1. If P is a parabolic subgroup of G with Levi factor Mp and
k € K, we have defined (cf. section 3.3) for any function ¢ on G(A), the function ¢pM#-*
on Mp(A) by:
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M F(m) = e PP g(mk), m € Mp(A).

Thus, using (7.7) and (3.5), we get:

I5(T,\)? / E(z,\) 578 ()dx—
/ E(expXmgk, /\)g’zag’z(exp)(mbk)ed’m(X)ddebdk;

M
ag T H(T+8,T)xer @ xK

= [ R (B, )M Zdmfd Xk

ag TH(T+8,T)x K

Recall that by induction hypothesis, Theorem 7.1 is true for Mg if Q # G. Taking into
account (7.19) and the previous equality, one sees, using K-finiteness, that the difference
of the preceding expression with the same expression, where ng Mo is replaced by
wgomMQ, denoted Jg(T, \)Z, is bounded by a function of type (7.21).

One has:

@A = [ g (BN (@) X X dr

ag T (T+S,T)x K

-/ S (EN)E, (8]e,)SEax
aStH(T48,T)x K R1€Ps:(Mq)

If R, is a standard parabolic subgroup of Mg, let P; be the standard parabolic subgroup
of G contained in ) with P; N Mg = R;. Using Lemma 3.8 (iv), the definition (7.9), for
Mg and R, and integrating over K, one sees:

*

Jor N = 3 / pr (B, % )(X + Z)dX.

P1ePs(G),PLCQ M
oS+ (T+S,T)+aP1%MQ7_ (T)

We observe that Jg(T,\)? = wf (E(A\)?,®7) and one has seen that Ig(T,\)? =
Qf (E(\)?,®%). One writes:

0% (BN, 97) = A% (B, 87) + wh (BN, 37).

Using what we have just proved and (7.20), and (7.22), we get:
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The modulus of the difference

QL (BN, 07) — AL (B(V)?, 07)
= ATHS(BEONZ,07) + wh S (BN, 07) — AT (B(V)?, 87) (7.25)

with J(T,\)Z = >qer..c) Jo(T, A)Z is bounded by a function of type
(7.21).

Thus it is enough, to finish the proof of the Lemma, to prove:
J(T, N7 = w5 (BN, 7).

Using the expression of Jg (T, A)Z above and interverting the sum over @ and P;, one
sees that:

J(T, N

- ) / &2 X, (A, &) (X)X,

P1€P5t(G),Q€P5t(G),P1CQ M
aSrtt (T-&-S,T)-&-uPl%MQ_ (T)+Z

Let a]),@{%MQ’__ be the interior in a® of agl%MQ)_ and let ag’+(T + 5,T) be the closure

of ag’++(T +5,T) in ag. Let us show:

The union

G, M,
UQeP..,PicQbq (T +5,T)+ ap, Aarg,——(Thig) (7.26)
is disjoint and is a partition of af _ (T + 5).

Let us consider the projection of ap, on the closed convex cone aIGDI,_. By translating,

one sees, using e.g. [9] Corollary 1.4, that, if X € agl)_(T +5), there exists a unique
standard parabolic subgroup of G, Q with P C @ such that X = X' +Y, X' €

Oy (Thrg),Y € a3 (T). As X € af, _(T'+ ), one has Y € af) (T + 5, 7).

Hence the union in (7.26) contains agh_(T +.5) and is disjoint.
Reciprocally let us prove that for P, C Q:

a%%MQv__(TMQ) + ag’+(T + S7 T) - a]G317_(T + S)

To see this, by translation, it is enough to prove that if X € a%%MQﬁi (Thy), Y € agyf
one has X +Y € af _ which is clear by convexity. This proves (7.26).
Neglecting sets of measure zero, this implies that the sum J(T,\) is equal to

w;jS(E()\), ®)Z. This achieves to prove the lemma. 0O
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7.3 Remark. A similar decomposition than (7.26) without replacing ag’++7 a%% M.~
by ag’Jr, a%% Mo, —— respectively and that is a direct consequence of the Langlands

combinatorial lemma.

We will give below a proof of Theorem 7.1. It is done using first the argument of
[2], Lemma 9.2 and second using wave packets as in [13] Lemma 3 and end of proof of
Proposition 1 (see also the end of the proof of Theorem 1 in [12]).

One fixes § > 0 and one writes limT LN to describe the limit when ||T'|| tends to
infinity verifying dp,(T) > 6||T||. One deduces from the preceding Lemma, as in ([2],
Lemma 9.2) that the limit

AR (BN, ®)7 =lim,_ s AF (E()), @)

exists uniformly for A in any compact subset of H¢ and if A is a bounded set in H€, there
exists C,e > 0, k € N such that for A € A and T such that dp,(T) = 0||T||, Z € ag, one
has:

AR (B, ®)7 — AF (B, ®)7] < Ce eIl 1+ 2]))*". (7.27)

We prepare some Lemmas to prove that A% (E()), ®)Z is identically zero on H¢. Using
Proposition 5.4, we define a distribution T z on ia} by:
To.z(a) = / Ea(2)7®7 (2)dz, a € C(iab),
[G]*
where E, is the wave packet fia; a(N)E(X)dA.

7.4 Lemma. The support S of Ts 7 is a finite set.

Proof. For A € ia}, the center Z(goo) of U(goo) acts on E(N) by a character denoted
X and @ is annihilated by an ideal I of Z(g,) of finite codimension. Let us compute in
two ways:

A= / (2Eq(2))2T” (2)dz, 2 € Z([goos §o)) € Z(goc), 2" € I,
(e

where z* is the adjoint of z.
On one hand, looking to the action of z on E(\) and differentiating under the integral
defining F, we get:

A= T@,Z(p(z)a)a

where p(2)(A) = xa(z), which is a polynomial in A. On the other hand:
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A= / (Bu(2)) 27707 (2)da = 0.
[G]*
From the equality above, if z* € I the distribution p(z)Tg, 7 is equal to zero. Let I* =
{#*|z € I}. As I is finite codimensional, the set of A € ia} such that I* C kerx, is

a finite set F. Hence if A ¢ F, there exists z € I* such that p(z)(A\) # 0. Hence To, 2
restricted to a neighborhood of A is zero. Hence S C F. O

7.5 Lemma. If a € C°(ia}) has its support in the complimentary set of S, one has:
11m / (NQE, (E(N), @)ZdA = 0.

Proof. From Fubini theorem and Lebesgue dominated convergence the limit is equal to
T z(a), which is equal to zero by the preceding lemma. O

7.6 Lemma. If a € C°(ia%) has its support in H one has:

lim [ a(Nwh, (E(N), ®)7dA = 0.
Tih)o. -
1ap
Proof. This follows from the definition of wf, (E(A),®)?, (7.12) and from the fact that
the Fourier transform of a C'¢° function on R" is rapidly decreasing. 0O

7.7 Lemma. If §¢ is the complimentary set of S in ia}p one has:
F(EN), )7 =0, € H NS

Proof. From the two preceding lemmas one has for all in C2°(ia},) with support in the
intersection H¢ N S

/ aNAE (E(A), 8)7dA = 0.

1ap
This implies the Lemma. O

Proof. Let us finish the proof of the Theorem 7.1. The vanishing property of the preced-
ing Lemma together with (7.27) shows that the bound of the theorem is true for A in a
bounded subset of H°NS¢. Recall that QF (E(X), ®)? is analytic in X. Hence, for any
in ia}, and any compact neighborhood of A, V, w}, (E(X), ®)Z is bounded on VNH*NS®.
But this meromorphic function has only possible poles along hyperplanes. It follows that
it is analytic on ¢a}. This proves the first part of the Theorem. The second part follows
from (7.27) by continuity and density. O
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Let A € a};, be strictly P-dominant. If () is a parabolic subgroup of G with Levi
factor Mg one will denote by 1/1(/;\, the characteristic function of:

={X € af|wa(X)A(d) >0,V € Ag}

that we look as a tempered measure on uP by our choice of Haar measures. Let BQ
be the number of elements & of AQ such that A(d) < 0. Then one has the following
proposition, whose proof is analogous to Proposition 2 in [13], using (4.2) and (7.12).
One has to remark that only terms with s € W(Q|P) due to Lemma 4.6.

7.8 Proposition. Using the notation of Theorem 7.1, the analytic function A
wgo (E(\, @)% is equal, as a distribution on ia’p, to the sum:

(a') on Q S Pst

(b) on s € W(Q|P)

(c) on p € EQ(®Q) of:

Calpo(M(s™, N6, 8% 4,07 © s~ )(O)(~1)%@ F(@. 1.) I\ = sp),

where Q° = sQs™!, Tg: = sTg and 1/J$S7TQS is the characteristic function of the translate
of Cés, Cgs — T and F indicates that we take the Fourier transform.

Proof. First w(\) := wf (E(A),®) is analytic on ia} from Theorem 7.1 (i). Then, w())
is the limit when ¢ to 07 of w(\ + tA) in the sense of distributions. Then one uses [12],
Lemma 11, for each term of the sum defining w(A + ¢tA). The Lemma follows. 0O

The following theorem is the main result of this article.
7.9 Theorem. The image of the map € of Theorem 6.1 is equal to L*(G(F)\G(A)).

We start with a preliminary remark. From [5], end of section 3.5, automorphic forms
which may contribute to the spectrum (see below for a precise meaning) are [G]-
tempered. Hence they are tempered, by Proposition 3.5.

7.10 Lemma. If the image of € is not equal to L*(G(F)\G(A)), there exists a non zero
tempered automorphic form @, transforming under a unitary character vg of ag and
orthogonal to all the wave packets E, of Proposition 5./, when P, ¢ and a vary.

Proof. The proof is similar to [10], Lemma 11. Let H be the orthogonal to the image of &,
which is assumed to be non zero. One considers the decomposition of this representation
of G(A) into an Hilbert integral of multiple of irreducible representations:

"= / Hpdp(m)
G
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The restriction £ of the Dirac measure at the neutral element to the space H> of C'*°
vectors, disintegrates:

5:/&wwx
G

where &, € (HZ>°)¢) ie. is a G(F)-invariant distribution vector on H..
Let

v = /vﬂd,u(ﬂ') € H™.
G

We assume that it is K-finite and non zero.
Let (g5,) be a dense sequence in G(A). For p,q,n € N, let:

Xpgn = {7 € G|| < &, m(gn)vx > | < PE(gn)(1 + 0(61(gn))?}

For all g € G(A), the map m —< &, m(g)vy > is p-measurable. Hence all X, ,,, are
measurable as well as X, ; = N,,en Xy q,n. Moreover, from our preliminary remark, just
after the statement of the theorem, U, ,en X, 4 is equal to G up to a set of p-measure 0.
Let ng be the set of elements m of X, ; such that g —< &, m(g9)v, > is non identically
zero. As v is non zero, one can find p, ¢ such that the set Xg)q is of non zero measure.
Let x be the characteristic function of Xgﬁq. Then one has for any § € L™ (G’, 1), going
back to the definition:

fo = /X(W)H(w)vwdu(ﬂ) € H™.
G

Hence by using the disintegration of &, viewing fy as a function on G(A), one has:

folg) = [ X(mO(m) < &n,w(gor > du(m). g € G(A).
G
Let us show that the map (7, 9) —< &, m(g)v. > is measurable. Let g = googs where
g € G(Ax) and g € G(Ay). As v is smooth the map is locally constant in gf. One
easily reduces to gy = 1 and look to the dependence on (7, goo) only. Then one uses the

argument given in [10], p. 96 which uses step functions.
Using (2.10), one can apply Fubini’s theorem to

[ Ea@tat@rte = [ o) [ Eule)< e m@on Sdadun).

(G X3, [G]

This has to be zero for all §. Hence for almost all 7 in Xg)q one has:
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/Ea(x) <&p,m(x)vy >dr =0
(Gl

for a given E,. Using a separability argument, one finds an element 7 of ng c G such
that it is true for all E,. One takes ® =< &, mo(2)vr, >. O

Let a = a1 ® az where a; € C°((ia$)*) and as € C°(ia})). Let vg € ia} which
describes the action of ag on 7. Then, using Fourier inversion formula for iaf,, one has:

E.(z)®(x)dz = a2(vg) / E. (2)®(z)dx
GF\G(A) GF\G(A)!

where F,, = fmg,* a1(A\)Ep(z, d, \)d\. We want to compute

I= E, (z)®(z)dzx
G(FON\G(A)*

using the preceding theorem.

7.11 Lemma.

I=Cp Z [P (6, ®p0.u)" (0)ar](pjag)-

HEEE ()

Proof. We can compute I as limit. Using Lebesgue dominated convergence and Fubini
theorems, one can write I as a limit. Let T be strictly Py-dominant. Then:

I =1limn s ioo / a1 (N)QEL(E(N), @)%
iaG*
From Theorem 7.1, one can replace 2 by w.

Then one uses Proposition 7.8 with Z = 0. One sees easily that unless Q° = P, the
characteristic function of Cé;\,s —nTgs tends to 0 in the sense of tempered distributions.
But in this case ) is standard and conjugate to P. Hence Q = P and s = 1. Using
Proposition 7.8, one computes easily the limit. 0O

Now we can finish the proof of the theorem. The hypothesis on ® above shows that the
right hand side of the equality of the Lemma is zero for all P, ¢, a1, as. One concludes,
by varying ai,as and ¢, that ®pg,, € AS™(Q) for all P and pu € £4(®). Then, using
Lemma 3.10 (ii), one concludes that ® = 0. A contradiction which finishes the proof. O
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