RauzyFractalRandomSubstitution

October 31, 2024

[68]: # import tools for random substitutions
from random_substitution import x*

[61]: | # Random Tribonnacct
rs = RandomSubstitution({'a':['ab', 'ba'l, 'b':['ac'], 'c':['a'l})
rs

[61]: {'a': [word: ab, word: bal, 'b': [word: acl, 'c': [word: al}
[62]: rs.is_compatible()

[62]: True

[63]: rs.incidence matrix()

[63]: [1 1 1]
[1 0 0]
[0 1 0]

[64]: # BetaddicSet describing the Rauzy fractal of the random substitution
m = rs.rauzy_fractal()
m

[64]: b-adic set with b root of x°3 - x™2 - x - 1, and an automaton of 3 states and 3
letters

[65]: # automaton describing this BetaddicSet
m.a.plot()

[65] :



[66]: # plot the (projected) prefiz automaton
rs.rauzy_fractal (prefix_aut=True) .plot ()

[66]:

[8]: # the Rauzy fractal doesn't display well because many points have many
~dtfferents representations
m.plot()

[8]:



[9]:

[9]:

[10]:

[10]:

# compute a unique representation for points of the set
mr = m.reduced()
mr

b-adic set with b root of x™3 - x™2 - x - 1, and an automaton of 106 states and
3 letters

# 1t permits to get a nicer plot
mr.plot ()



[12]: | # compute a substitution whose Rauzy fractal is this set
s = m.substitution(verb=1)
s

pl = b-adic set with b root of x°3 - x™2 - x - 1, and an automaton of 3 states
and 2 letters

self = b-adic set with b root of x™3 - x™2 - x - 1, and an automaton of 51
states and 2 letters

k=1

*%k step 1 *%*
Exchange with 7 pieces
12 new pieces: computation to continue

*¥k step 2 *k*k
Exchange with 19 pieces
12 new pieces: computation to continue

*kk step 3 kx*k
Exchange with 31 pieces
6 new pieces: computation to continue



[12]:

[15]:
[15]:

[16]:

[16]:

[17]:

[17]:

**kx step 4 kkk
Exchange with 37 pieces
2 new pieces: computation to continue

**x step 5 kxkx
Exchange with 39 pieces
finished !

WordMorphism: A->1K, B->nI, C->zck, D->Hj, E->Jk, F->M, G->L, H->ofqdt, I->rzcp,
J->0Acp, K->qJp, L->ofqdter, M->phqJp, a->r, b->q, c->p, d->o0, e->ck, f->1b,
g->na, h->x, i->w, j->er, k->hq, 1->uh, m->vi, n->ue, o->G, p—>F, q—>E, r->D,
s->C, t—>A, u->z, v—>y, w->ter, x->phq, y—>mgsd, z->mBc

s.is_primitive()

True

# number of letters of the substitution
len(s.domain() .alphabet ())

39

# plot the Rauzy fractal with colors
s.rauzy_fractal_plot()



[18]:  # characteristic polynomial
m = s.incidence_matrix()
pi = m.charpoly()
pi.factor()

[18]: (x - 1)"3 * x™21 * (x"2 + x + 1)74 *x (x*3 - x"2 - x - 1) * (x°4 - 2*%x

[21]:  # roots of each factor
for p,_ in pi.factor():
print(p)
print([r[0] for r in p.roots(ring=QQbar)])

x -1

[1]

X

(o]

x2 +x +1

[-0.500000000000000007 - 0.8660254037844397*I, —-0.500000000000000007 +
0.8660254037844397*1]

x3 - x2-x-1



[1.8392867552141617, -0.41964337760708067 - 0.60629072920719937%1I,
-0.41964337760708067 + 0.60629072920719937*1]

x"4 - 2%x - 1

[-0.47462661756260567, 1.3953369944670737, -0.46035518845223387 -
1.1393176803019237*I, -0.46035518845223387 + 1.1393176803019237*I]

[22]: | # usual Tribonnacct
s = WordMorphism('a->ab,b->ac,c->a')

[24] : | # BetaddicSet describing the Rauzy fractal
ms = DumontThomas(s) .mirror()
ms.plot ()

[24] :

[25]: # plot it imside the Rauzy fractal of random Tribonnacct
mr.plot_list([ms.proj(mr)])

[25] :



[28]: # flipped Tribomnacci
t = WordMorphism('a->ba,b->ac,c->a')

[29]: | # BetadAdicSet describing the Rauzy fractal
mt = DumontThomas(t) .mirror()
mt.plot ()

[29]:



[30]: # plot it inside the Rauzy fractal of random Tribonnacci
mr.plot_list([mt.proj(mr)])

[30]:



[31]: | # plot both
mr.plot_list([ms.proj(mr), mt.proj(mr)])

[31]:
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[]:

[35]:

[35]:

[36]:

[36]:

[37]:

[37]:

# variant of Random Tribonnacci
rs = RandomSubstitution({'a':['ab'], 'b':['ac', 'ca'l, 'c':['a'l})
rs

{'a': [word: ab], 'b': [word: ac, word: cal, 'c': [word: al}

m = rs.rauzy_fractal()
m

b-adic set with b root of x™3 - x™2 - x - 1, and an automaton of 4 states and 3
letters

mr = m.reduced()
mr.plot ()
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[38]: = m.substitution(verb=1)

s
s
pl = b-adic set with b root of x™3 - x™2 - x - 1, and an automaton of 3 states
and 2 letters

self = b-adic set with b root of x™3 - x2 - x - 1, and an automaton of 54

states and 2 letters
k=1

*kk step 1 *kxx*
Exchange with 8 pieces
7 new pieces: computation to continue

**x step 2 kkxk
Exchange with 15 pieces
3 new pieces: computation to continue

***x step 3 kkxk

Exchange with 18 pieces
finished !
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[38]: WordMorphism: a->b, b->d, c->m, d->1, e->mb, f->cj, g->q, h->bcaf, i->bci,
j->bch, k->bef, 1->bo, m->gk, n->r, o->mbci, p->ngl, q->ngk, r->rp

[39]: s.rauzy_fractal_plot()
[39]:

[40]: s.is_primitive()

[40]: True

[41]: len(s.domain() .alphabet())

[41]: 18

[42]: 'm = s.incidence_matrix()
pi = m.charpoly()

pi.factor()

[42]: (x - 1) * x99 *x (x2+x+1) * (x3-x2-x-1) %«x (x3-x"2-1)
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[43]: for p,_ in pi.factor():
print(p)
print([r[0] for r in p.roots(ring=QQbar)])

x -1

[1]

X

0]

X2 +x + 1

[-0.500000000000000007 - 0.8660254037844397*I, -0.500000000000000007 +
0.8660254037844397*1]

x3 - x2-x-1

[1.8392867552141617, -0.41964337760708067 - 0.60629072920719937*1I,
-0.41964337760708067 + 0.60629072920719937*1]

x"3 -x2-1

[1.4655712318767687, -0.23278561593838417 - 0.79255199251544797%1,
-0.23278561593838417 + 0.79255199251544797%1]

[46] : = WordMorphism('a->ab,b->ca,c->a')

t
t
[46] : WordMorphism: a->ab, b->ca, c->a

[47]: mt = DumontThomas(t) .mirror()
mt.plot ()

[47] :
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[48]: # plot Rauzy fractal of s and t inside the Rauzy fractal of the random,
~substitution

mr.plot_list([ms.proj(mr), mt.proj(mr)])
[48] :
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[]:

[50]: # another wariant of Random Tribonnacct
rs = RandomSubstitution({'a':['ab', 'ba']l, 'b':['ac', 'ca'l, 'c':['a'l})
m = rs.rauzy_fractal()
m

[50]: b-adic set with b root of x°3 - x™2 - x - 1, and an automaton of 4 states and 4
letters

[61]: mr = m.reduced()
mr.plot ()

[51]:
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[562]: = m.substitution(verb=1)

s
s
pl = b-adic set with b root of x™3 - x™2 - x - 1, and an automaton of 3 states
and 2 letters

self = b-adic set with b root of x™3 - x™2 - x - 1, and an automaton of 96

states and 2 letters
k=1

*kk step 1 *kxx*
Exchange with 7 pieces
17 new pieces: computation to continue

**x step 2 kkxk
Exchange with 24 pieces
30 new pieces: computation to continue

***x step 3 kkxk

Exchange with 54 pieces
18 new pieces: computation to continue
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*xk% step 4 k¥x
Exchange with 72 pieces
2 new pieces: computation to continue

***x step 5 kkxk
Exchange with 74 pieces
finished !

[62]: WordMorphism: 0->35, 1->34, 10->33,4, 11->47, 12->46, 13->45, 14->7,44,
15->6,42, 16->5,17, 17->7,17, 18->8,41, 19->12,43, 2->32, 20->11,41, 21->12,16,
22->23,13, 23->24,10, 24->24,9, 25->36,11, 26->38,13, 27->37,8, 28->39,9,
29->36,6, 3->31, 30->68, 31->67, 32->66, 33->64, 34->62, 35->61, 36->60, 37->59,
38->58, 39->57, 4->30, 40->56, 41->51, 42->50, 43->49, 44->48, 45->35,6,32,
46->34,8,31, 47->35,11,31, 48->1,18,7,17, 49->4,40,7,21, 5->4,40, 50->1,52,14,
51->4,63,19, 52->8,41,1,18, 53->29,2,36,6, 54->25,3,67, 55->29,2,64,
56->25,3,51, 57->24,9,29,2, 58->22,9,33,4, 59->28,53,2, 6->0,20, 60->26,55,4,
61->25,70, 62->27,69, 63->56,1,18, 64->60,0,20, 65->61,0,20, 66->71,15,
67->72,20, 68->73, 69->31,4,35,6,32, 7->1,18, 70->31,4,65,30, 71->34,8,31,4,35,
72->30,54,4,35, 73->34,8,31,4,35,6,32, 8->25,3, 9->29,2

[63]: s.rauzy_fractal_plot()
[63]:
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[56]:

[57]:

[57]:

[]:

s = WordMorphism('a->ab,b->ac,c->a')

t = WordMorphism('a->ba,b->ac,c->a')

u = WordMorphism('a->ab,b->ca,c->a')

v = WordMorphism('a->ba,b->ca,c->a')

ms = DumontThomas(s) .mirror ()

mt = DumontThomas (t) .mirror()

mu = DumontThomas(u) .mirror ()

mv = DumontThomas(v) .mirror ()

# plot Rauzy fractal of s, t, u and v inside the Rauzy fractal of the random,

wsubstitution
mr.plot_list([ms.proj(mr), mt.proj(mr), mu.proj(mr), mv.proj(mr)])
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