RAUZY FRACTAL OF THE SMALLEST SUBSTITUTION
ASSOCIATED TO THE SMALLEST PISOT NUMBER

by

Paul MERCAT

Abstract. — Up to words reversal and relabelling, there exists an unique substitu-
tion associated to the smallest Pisot number with a minimal number of letters. This
is the substitution s : 1 +— 2,2 +— 3,3 — 12. We study the Rauzy fractal of this sub-
stitution and show that it is the union of a countable number of Hokaiddo tiles and a
fractal of dimension strictly less than 2 which is completely explicit. We complete the
picture by showing that these Hokkaido tiles are arranged in three different manners
to form tiles which are all pairwise disjoint. We also give an efficient algorithm to
draw a zoom on a Rauzy fractal. And we show that the symbolic system of the sub-
stitution s is measurably isomorphic to a nice domain exchange with 4 pieces. The
tools used in this article, using regular languages, are very general and can be easily
adapted to study Rauzy fractals of any substitution associated to a Pisot number,
and other fractals associated to algebraic numbers without conjugate of modulus one.
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1. Introduction and main result

The smallest Pisot number S (also called the plastic number) is the greatest root of
the polynomial X? — X — 1. This number is approximately 1.3247179572447460260...
and has two conjugated complex conjugates of modulus strictly less than one. It is
easy to check that, up to letters permutation, the substitutions

1—2 1+—2
s: 2—3 and fs: 23
312 3—21

are the only ones on three letters to be associated to the smallest Pisot number 5. And
we get one of these two substitutions from the other one, by words reversal. Therefore,
the study of one of these two substitutions is enough to understand completely both.
In particular, they have the same Rauzy fractal, which looks like the following (see

figure .

Ficure 1. Rauzy fractal of the substitution s : 1+ 2,2+ 3,3 +— 12
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This Rauzy fractal is an interesting object that can be colored in order to define
a domain exchange (see figure which is measurably conjugated to a translation
on the torus T2, and which is also measurably conjugated to the symbolic system
generated by the substitution. A conjecture called the Pisot conjecture states that
such conjugacies exist for every Pisot irreducible substitution.

FIGURE 2. Domain exchange of s

A well-known fact about Rauzy fractals is that it always has non-empty interior.
But in this picture, we don’t see very well this fact. Let us zoom in this Rauzy fractal
in order to see what looks like the non-empty interior parts (see picture (3)).

FIGURE 3. Zoom in the Rauzy fractal of the substitution s: 1+~ 2,2 +— 3,3 — 12

The observation made by Timo Jolivet is that inside the Rauzy fractal of s, we
recognize a well-known fractal called the Hokkaido fractal, and which is the Rauzy
fractal of another substitution.

The Hokkaido fractal is the Rauzy fractal of the substitution

1—12
2—3
h: 3—4
4+ 5
51
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F1GURE 4. The Hokkaido fractal

The name Hokkaido has been given by Shigeki Akiyama in reference to the Japanese
island with the same name. This substitution h naturally occurs when we look at
[S-expansion for the smallest Pisot number 8. It is studied in various papers like
for example [AL], [EiIto], [EIR], and [Sieg. Thusw.|. There is a natural domain
exchange on the Rauzy fractal of h which is measurably isomorphic to the symbolic
system generated by h, and this domain exchange is exactly what we get if we induce
the domain exchange for s on one of the small Hokkaido tile that occurs in the Rauzy
fractal of s (see figure [10)).

In this article, we will prove the observation of Timo Jolivet and we will give even
a more precise description of the Rauzy fractal of s. The first step to do that will
be to show that we can decompose the Rauzy fractal of the substitution s as the
union of a fractal of dimension less than two and a countable union of homothetic
transformations of the Hokkaido fractal (see pictures [5 and [6)).

FIiGURE 5. Part of dimension < 2
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Fi1GURE 6. Countable union of Hokkaido tiles

We show more precisely that in the countable union of Hokkaido fractals, there are
three types of arrangements that are all pairwise disjoint.

F1GUrRe 7. Three types of arrangements of Hokkaido tiles

B v X

Moreover, these three arrangements are finite unions of homothetic transformations
of the Hokkaido fractal (see figure , and one of them is exactly a single homothetic
transformation of the Hokkaido fractal.

Ficure 8. Links between the three different shapes
The second is a disjoint union of three time the third, and the third is a
disjoint union of two times the first (up to a set of measure 0)

& *
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More precisely, what we show is the following.

Theorem 1.1. — Let Ry C C and H C C be respectively the Rauzy fractals of the
substitutions

1—12

1—2 2—3

s: 2—3 h: 3—4
33— 12 4+ 5
51

Then we have
Ry=MU|J(H LS UT)),
ieN
where for every i € N
— H; is a homothetic transformation of H,
— S; and T; are respectively homothetic transformations of S and T, where S and
T are finite unions of homothetic transformations of H,
— M is a fractal of dimension less than 2 (The exact Minkowski-Bouligand di-
mension is 22800 ~ 1.94643460326525... where v ~ 1.31477860592584... is the

log(B)
greatest root of 2% — 212 — 210+ 2° — 2% + 23 — 1 and B is the smallest Pisot
number. ),
— M C C\R;,

and H;, S;,T;,i € N are all pairwise disjoints.

FicURE 9. Rauzy fractal with the occurrences of the first type of
arrangement — o_(QB, ¢, 1, ) — in black, the occurrences of the second
type of arrangement — o_(QB,c,1,) — in purple, the third type of
arrangement — o_(QB,c,r, ) — in dark-yellow, and the part of
dimension less than two in gray
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The three types of shape appearing in the Rauzy fractal of s give three domain
exchanges when we induce the symbolic system of s on one of the occurrence in the
Rauzy fractal Rs:

F1Gure 10. Induction of the domain exchange of s on each type of arrangement

We will not prove this fact, but it can be achieved and computed using tools
of [Mercat2].

The domain exchange that we get on the first type of shape is the same as the one
we get from the Hokkaido substitution h. And it is interesting to remark that the
domain exchange that we get on the third type of arrangement is naturally measurably

isomorphic to a translation on the torus T? (in particular, this third shape tile the
plane). And this toral translation is the same as the one we get from s:

Proposition 1.2. — There is a domain exchange with four domains on the third
type of shape o_(Qr,), where L3 is defined in figure . This domain exchange
is measurably isomorphic to a translation on the torus T2, and is also measurably
isomorphic to the symbolic system of the substitution s.

Hence this gives a much simpler geometrical representation than the natural one
for the symbolic system of the substitution s.

And as for Hokkaido, we can get (using [Mercat2|) these domain exchange from
substitutions, but with more letters:
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a— ha
b+— hfdejhab
c— hfc
1—3
: : 4
So f’—)h(lb S3 3—3
g eifdg 415
h— hfdej b 32
i fdej
J fdg

In particular, the natural coloring of the Rauzy fractal of this last substitution ss
gives a decomposition of the third type of arrangement as an union of five Hokkaido
tiles that are disjoint up to a set of Lebesgue measure zero. We will show that
arrangements of the second type are also finite unions of Hokkaido tiles.

Remark 1.3. — Computations and drawings have been done using the Sage mathe-
matical software (see http: //www. sagemath. org| for more details), with additional
tools developed by the author and available here: https://trac. sagemath. org/
ticket/21072. Unfortunately, these tools are mot easy to install and are not well
documented yet. A worksheet with the computations of this article is available here:
https: //old. i2m. univ-amu. fr/ “mercat. p/ SmallestPisotSubstitution. htm

The tools used in this article are very general and could be used to study Rauzy frac-
tals of a large class of substitutions. Similar tools are developed in [Sieg. Thusw.|,
where they are able to decide a lot of topological properties of the Rauzy fractal of a
given substitution. The computation of the dimension of the boundary of the Rauzy
fractal is done using ideas of [Lalley]. In his article, Lalley gives an algorithm to
compute the Hausdorff dimension of some sets by describing them by a finite graph.
The same can be done to describe the boundary of a Rauzy fractal and to compute
its dimension.

I thank Timo Jolivet to tell me about the observation that an Hokkaido tile appears
inside the Rauzy fractal of the substitution s, and I also thank him to ask me if there is
an efficient way to zoom in a Rauzy fractal. And I thank the referee [NAME 7] to ask
me questions about the induction of the symbolic system of s: it made me discover the
nice domain exchange with four pieces of the figure[I0] which is measurably isomorphic
to the symbolic system of s.

2. Definitions and notations

In this section, we present some tools and notations used to prove the main theo-
rem In particular, we recall what is a Rauzy fractal.


http://www.sagemath.org
https://trac.sagemath.org/ticket/21072
https://trac.sagemath.org/ticket/21072
https://old.i2m.univ-amu.fr/~mercat.p/SmallestPisotSubstitution.htm
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2.1. Substitutions. — Let A be an finite alphabet. We denote by A* := J,, .y A"
the set of finite words over the alphabet A. A substitution over the alphabet A is
a word morphism from A* to A*, for the concatenation of words. A substitution is
completely determined by images of letters of the alphabet.

2.2. Incidence matrix. — We call incidence matrix of a substitution s over n
letters {a1, as, ..., a,}, the matrix My € M, (Z) such that

Me; = (Is(ai)l,,)

where (e;)!_; is the canonical basis of R”, and |s(a;)],. is the number of occurrences
J

n

Jj=1

of letter a; in the word s(a;). For example, the incidence matrix of the substitution
s defined above is

00 1
My={1 0 1
010

2.3. Periodic points. — If we have a substitution over an alphabet A, we can
iterate the substitution starting from a letter of A. For example, for the alphabet
A =1{1,2,3,4,5}, for the substitution h: 1+~ 12,2 3,3 — 4,4+ 5,5+ 1, and for
the letter 1, we get the words

1, 12, 123, 1234, 12345, 123451, 12345112, 12345112123, 123451121231234, ...

This gives a sequence of words where a word contains the previous one as prefix.
Hence, it converges, for the usual topology on set of words, to an infinite word that
we call a fixed point of the substitution h. A periodic point of a substitution is
a fixed point of some power of the substitution. Such periodic point always exists.
For the substitution s defined above, we have three infinite words that are periodic
points:

1223233122331231212232331231212233121223. ..

2331231212233121223122323312312122312232. ..

3121223122323312122323312233123121223122. ..

If we consider bi-infinite words, there are 6 periodic points.

2.4. Broken line. — Take a periodic point u = wjusus... of a substitution over
n letters {ai,as,...,a,}. To a finite word v over the alphabet {ai,as,...,a,}, we
associated a vector of Z" called abelianisation: Ab(v) := (|v[, )i, where |v[, is
the number of occurrences of letter a; in the word v. We call discrete line associated
to the periodic point u, the set of points of Z™

D, = {Ab(v) ‘ v finite prefix of u} .
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Remark 2.1. — The discrete line D, associated to a fized point u of a substitution
s 1s Mg-invariant:
MD, C D,.

Proof. — For all word v, we have My Ab(v) = Ab(s(v)). If v is a prefix of u, then
s(v) also. O

2.5. Rauzy fractal. — A Rauzy fractal is a geometric object giving informations
about the substitution and its dynamical system. Let us give a precise definition.
Let s be a substitution over n letters such that M, have an unique eigenvalue 3 of
modulus greater than one. We call expanding space the eigenspace (which is a line)
associated to this greatest eigenvalue.

Proposition 2.2. — Let u be a periodic point of s, then D, is at bounded distance
of the expanding space.

The discrete line can be naturally mapped to Q(3), by taking a left eigenvector ‘w

of the incidence matrix M, for the greatest eigenvalue 3, and applying the application
R* — Q(B)

X — ‘twX

in the expanding space R: for any word v € A*, we have

@(Ab(s(v)) = (M Ab(v)) = Be(Ab(v)),

so the set p(D,,) is invariant by multiplication by § if u is a fixed point of s. We denote
by o4 : Q(8) — R the unique Galois embedding such that o, (5) > 1. We denote
by o_ the product of the other Galois embeddings, modulo the complex conjugation.

. It is a natural map to consider since it gives a self-similar tiling

The contracting space is the codomain of o_.

We call Rauzy fractal of s, and we denote by R, the adherence of a projection
on the contracting space of the discrete line D, for some periodic point u. More
precisely

Ry = o_(o(Du)).

For the substitutions s and h defined above, the contracting spaces are C, because
there is only one other embedding Q(8) — C, corresponding to the two conjugated
complex conjugates. Hence, we have Ry C C and S}, C C.

For an irreducible substitution for an unit Pisot number, the Rauzy fractal can be
seen as the adherence of a projection along the expanding space (i.e. the eigenspace
for the Pisot eigenvalue) onto some hyperplane. When it is not irreducible, we project
along a bigger space, in order to have something bounded.

2.6. Minkowski-Bouligand dimension. — We say that a set S C C has
Minkowski-Bouligand dimension ¢ if we have
§ = lim log(Ncoverirlg(€))

3 log(1/e)
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where Neovering(€) is the minimal number of balls of radius e necessary to cover S.
We denote by dimp,sp(S) the dimension of S if it exists. In this definition, we can
replace Neovering(€) by Npacking(€) which is the maximal number of disjoint balls of
radius € centered on points of S. This gives an equivalent definition since we have,
for all € > 0,

Neovering (2€) < Npacking (€) < Neovering (€/2)-

If we denote by dimg (S) the Hausdorff dimension of S, we have

. .. log(Ncovering(G))
< —_ e T
dimp (5) < hgi}élf log(1/€)

Hence, the Minkowski-Bouligand dimension is always greater than the Hausdorff di-

mension, when it exists. Contrarily to the Hausdorff dimension, the Minkowski-
Bouligand dimension has the following property

dimMB(S) = dimMB(g),

where S denotes the adherence of S C C.

3. Regular languages and efficient zoom on a Rauzy fractal

An alphabet X is a finite set whose elements are called letters. A language is a
set of finite words over an alphabet.
3.1. Regular languages and automata. — A language L over an alphabet ¥ is

regular if and only if the set of languages {u_lL ‘ u € Z*} is finite, where

uw 'L = {v e X*

quL}.

Remark 3.1. — This definition is not the usual one, but it is an useful characteri-
zation due to Myhill-Nerode.

An automaton is a quintuple (X,Q, T, I, F), where

— XY is a finite set called alphabet,

— (@ is a finite set whose elements are called states,

— T C @ x X xQ is the set of transitions,

— I C Q is the set of initial states,

— F C @ is the set of final states.
We say that a language L C X* is recognized by an automaton A = (X,Q,T, I, F),
or that the language of A is L, if words of L are labels of paths from I to F' following
the set of transitions. More precisely,

LZ{uEZ*

gty € QY g € 1, gy € F, and Vi € [L[ul], (gi-r,ui ) €T

1=

Theorem 3.2. — A language is regular if and only if it is recognized by an automa-
ton.
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A proof of this result can be found in [Carton|. An automaton is deterministic
if it has a single initial state and if for each state and each letter it has at most one
transition from this state labeled by this letter. Given a regular language, there exists
a canonical deterministic automaton recognizing this language. We call minimal au-
tomaton of a language L C ¥* the deterministic automaton recognizing the language
L and having the minimal number of states. This automaton exists, is unique, and
NS E*} \{0}.

The set of regular languages Reg(X) over an alphabet 3 has a lot of properties:

there is a natural bijection between its set of states and the set {u’lL

Properties 3.3. — We have
— 0 € Reg(2),
— {e} € Reg(X), where € is the empty word,
— Va €%, {a} € Reg(X%),
— VA, B € Reg(X), we have AUB € Reg(X), ANB € Reg(X) and A\B € Reg(X),
— VA, B € Reg(X), we have AB € Reg(X), where AB = {uwv € £*
— VA € Reg(X), we have A* € Reg(X), where

A* = {U1U2...Un € x* ‘ (U1, U2, ...;tty) € A™, n € N},

— VL € Reg(X), o(L) € Reg(X'), where o : ¥* — X" is a word morphism,
— VL € Reg(Y'), 07 Y(L) € Reg(X), where o : ©* — ¥'* is a word morphism,
— VL € Reg(%), 'L={"'u ‘ u € L} € Reg(X), where ‘u is the word reversal of
u,
— If0e X, VL € Reg(X), Z(L)={ue¥* | 3neN, ud" € L} 0* € Reg(%),
— VL € Reg(X), Pref(L) = {u e x* ‘ u prefiz of a word of L} € Reg(X),
— VL € Reg(X), VA C %, SA(L) = {u eL ‘ Jv e AN, Vn € N, uv, € L} €
Reg(X), where v, is the prefix of length n of v.
Moreover, every of these operations on reqular languages are computable, and non-
emptiness, inclusion and equality of reqular languages are decidable.

Remark 3.4. — The operation Z increase the language by adding words with more
or less ending zeros, Pref(L) is the set of prefir of words of L, and S*(L) is the
sub-language of L of words that can be prolongated infinitely many times by adding a
letter of A and staying in L.

Remark 3.5. — These properties characterize the set of reqular languages. Indeed,
by the Kleene’s theorem, the set of regqular languages is also the smallest set of lan-
guages containing finite languages and invariant by union, complement, product and
star operation.

Proof. — Most of these properties of regular languages are very classical. See [Carton]|
for proof of these results. The two last properties can be shown using the character-
ization of regular languages by deterministic automata: we can construct automata
for the new languages by keeping the same set of states, the same transitions and the

(u,v) € Ax B},
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same initial state, but changing the set of final states. In the last property, we have
to keep a final state in the set of final states if and only if there is a path labeled in A
from this state to a cycle labeled in A and composed only of final states. This gives
an automaton recognizing the language S4(L). In the other property, we assume
that the automaton has only accessible and co-accessible states (i.e. there exists a
path from the state to a final state, and there exists a path from the initial state
to the state). This can always been achieved up to removing non-accessible and
non-co-accessible states. Then, we take the whole set of states as set of final states:
the new automaton recognize the language Pref(L). To compute the language Z (L)
from a regular language L, take an automaton recognizing L, with final states F', and
take as new set of final states {q eF ‘ 0* € Lq}, where L, is the language of the
state ¢, that is the language of the automaton where we change the initial state to
g- The concatenation of the language recognized by this automaton with 0* is Z(L).
Hence Z(L) is regular and computable from any regular language L C ¥*. O

For more details about regular languages, see [Carton| and [Khou. Nero.].

Notation . — In this article, initial states of automata are the bold circles. Final
states are represented by double circles.

3.2. Representation of Rauzy fractals using regular languages. — Given a
substitution s, we can naturally associate a graph, whose vertices are letters of the
substitution, and with an edge from letter i to letter j for each j appearing in s(7).
The data of this graph is equivalent to the data of the incidence matrix. If moreover
we add labels on these edges, we can completely encode a discrete line. For example,
the following automaton represent the union of discrete lines for the three periodic
points of s.

FicUure 11. Automaton representing the union of discrete lines of s

0 > @@

If we start with vector el = | 0 | and follow all the paths in this automaton, we

0
get all the points of the union of discrete lines. In order to represent Rauzy fractals,

we will project this to Q(3). The previous automaton becomes

FIGURE 12. Automaton representing the union of discrete lines of s
projected on Q(3)

o
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Remark 3.6. — This automaton is a variant of what we usually call the prefic au-
tomaton, with abelianized labels. It corresponds to the Dumont-Thomas numeration

(see [BS]).

In general, a discrete line of a substitution o is always represented in this way by
a regular language over the alphabet {Ab(u) ‘ u strict prefix of o(l) for a letter [ },
where Ab : u = (|u]))ietter ¢ is the abelianisation. We consider the consider the image
of this language under the natural mapping ¢ from Z* to Q(3) given by an eigenvector
of the incidence matrix for the Perron eigenvalue 8. If L is such regular language, the
mapping of the discrete line onto Q(3) is obtained by

o(D) =Qu = { S wip

We obtain the Rauzy fractal with o_(Q:1), where o_ : Q(3) — C is a chosen Galois
embedding. We also denote Q. = Z'ulo ! u;3*. And for an infinite word u € ¥V, we
will denote o_(Qy) = >, 0 uio_(BY)= j’og u;o_(B)%. There are several reasons to
consider the mirror L rather than directly the language L. One of them is that it

u€ tL}.

permits to zoom efficiently on a Rauzy fractal.

3.3. Efficient zoom on Rauzy fractals. — Using an automaton recognizing the
transposed of the language that we naturally get from a substitution, it is possible
to compute efficiently the zoom on a Rauzy fractal. Indeed, when we browse paths
in such automaton, we can know that this path « will not give a point in the chosen
drawing area for most of paths. Because for a word uv we have

qu = Qu + ﬁ‘u|Qv

and we have

< lo— (B)]™
T l=lo- (B tul—eo

o (8"1Q.) |

for any word v € 3*.
Hence, we can compute efficiently the intersection of the set

{o_(Qu) ‘ wel, lu <n},

with a given window, for any regular language L. And this set converges (for the
Hausdorff metric), when n tends to infinity, to o_(Q L) hence we can approximate
any Rauzy fractal and compute efficiently a zoom on it.

4. Relations language and countable union of Hokkaido

In this section, we present a natural decomposition of the Rauzy fractal of the
substitution 1 — 2,2 +— 3,3 — 12 as the union of a fractal of dimension less than
two, and a countable union of Hokkaido tiles (i.e. tiles obtained from the Hokkaido
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fractal by homothetic transformations). In order to do this, we need a tool: the
relations language.

4.1. Relations language. — Let § be the minimal Pisot number and ¥ = {0,1}.
We call relations language the following language over the alphabet ¥ x X.

Lrel — {(U,U) c (E ~ E)* Lilo_l uiﬂi — Z‘zvle_l ’Uzﬁl} .

Theorem 4.1. — L™ is a regular language.

This result is a particular case of a result of Ch. Frougny (see [Frou. Sak.|
and [Frou. Pel.]), and a more general version of this theorem is proven in [Mercat],
but we give a proof here for completeness. This language permits to know what are
the different [-expansions of one given algebraic integer. It will permits to know
what are the common points of two discrete lines described by two different regular
languages.

Proof. — The first observation is that we have
chl _ O_—l(LO)7
where o : (X x X)* — X", with ¥’ = {—1,0,1}, is the word morphism such that
V(a,b) € ¥ x %, o(a,b) = a—b, and L? is the language
0= {u ey | Yty g = 0}.
Hence, we have L™ is regular <= L is regular <= {u~'L® ‘ u € X"} is finite.
And we have for all u € ¥'*,
wiL? = {v ey ‘ uv € LO}
{vew | Sl i+ g S vg = o}
S g+ S gt = o
Hence v~ LY is completely determined by Z‘zilo_l u; Bl

For 8 the smallest Pisot number, let o1 : Q(8) — R and o_ : Q(8) — C be two
Galois embedding of the number field Q(3), with o, (8) = 8 and o_(3) = 3, where

[ is a complex conjugate of 5. Then, we have the following

= {UGE’*

Theorem 4.2. — (o4 x 0_)(Z[B]) is a lattice of R x C.

See [Lang] for more details about this theorem. We have S, = Z‘Zilo_l w31 €
Z[f3] because 1/ = B2 — 1. Let us show now that (o4 x ¢)(S,) is bounded, for every
relevant u. For all v € ¥'*, we have

lu|—1 lu]—1

oy (S = | Y wptlel) < 37 pitlel <
=0

=0

1
B—1
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If moreover we assume that u='L° # (), we have for some v € u=!L°

|v]—1 |[v]—1
) i 1
oSl = |0 [ S ] | < < L
i=0 i=0 1— ’ﬁ|

Therefore the set (04 x 0_)(S,,) is bounded in R x C, uniformly in u, as soon as
u~1L% # (. Hence, by the theorem the set {3, ‘ u € ¥'" such that u= L0 # 0}
is finite. This proves that the set {u‘lLO ‘ U € E’*} is finite. Hence L° is regular,
therefore L™ also. O

Remark 4.3. — The minimal automaton of the language L™ has 179 states.

We call projection of a regular language L C ¥* onto another regular language
L' C ¥*, the language
Proj(L, L) = Z(p2(L™' N Z(L) x Z(L))),
where Z is defined in properties and py : (X x X)* — ¥* is the word morphism
such that V(a,b) € ¥ x X, pa(a,b) = b.

Remark 4.4. — We call the language Proj(L, L") a projection onto the language L'
because it corresponds to describe the elements of Qr with words of the language Z (L")
(which is the language L' where we allow to add or to remove zeros at the end):

Proj(L,L') ={ue Z(L') | QueQr}.
Of course, L' may not be large enough to describe all the elements of L, and we have

Qproj(L,1) = QL N QL.

Proof of the remark. — We have
u € Proj(L, L) <= 3neN, ud" € po(L*' N Z(L) x Z(L'))
— dneN, e Z(L), (v,ud") € L' and wuec Z(L)
— Q.,€Qr and wueZ(L).
O
Lemma 4.5. — For all reqgular languages L C ¥* and L' C X*, the languages Z (L)
and Proj(L, L") are regular. We have the inclusion Proj(L, L") C Z(L'), and we have
the equivalence
Proj(L, L") = Z(L') <= Qr CQr.

Moreover, Z(L) and Proj(L, L") are computable from L and L.

Remark 4.6. — Hence, it is decidable to check if we have Q4 C Qp for any reqular
languages A and B over the alphabet 3.
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Proof. — The language Proj(L, L') is regular and computable from any regular lan-
guages L and L’ since it is obtained by computable operations on regular languages.
And we have Proj(L,L’) C Z(L') by construction. By the remark we have
Proj(L, L") = Z(L') <= QL N Qr = Qprojz,1) = Qz() = Q<= Qr C QL.

O

4.2. Countable union of Hokkaido. — The following theorem is a first step in
order to prove the main theorem [I.I] It says that the Rauzy fractal that we want to
study can be naturally decomposed into a fractal part of dimension less than two and
another part which is a countable union of Hokkaido tiles.

Theorem 4.7. — Let Ry C C and H C C be respectively the Rauzy fractals of the
substitutions

1—12

1—2 23

s: 2—3 h: 3—4
312 45
51

Then we have
R,=MU|JH,
€N
where for every i € N
— H; is a homothetic transformation of H,

— M is a fractal of dimension less than 2 (The exact Minkowski-Bouligand di-
mension is 22800 ~ 1.94643460326525... where v ~ 1.31477860592584... is the

log(B)
greatest root of x'3 — 212 — 10 4 2% — 2% 4+ 23 — 1 and B is the smallest Pisot
number. ),
— M C C\R;.

This last assumption says that the adherence of M is the boundary of Rs. Hence,
this decomposition of Ry is canonical in some sense.

Remark 4.8. — It can be shown that this countable union of Hokkaido tiles is exactly
the interior of the Rauzy fractal Ry, if we replace the Hokkaido tiles by their interior.

Proof. — Let L, be the language coming from the substitution s, and L, be the
language coming from the substitution h. We have Ly C ¥* and Ly C ¥* where
¥ ={0,1}.
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FIGure 13. Minimal automata of Ls and L;, respectively

We have Ry = 0_(Qr,) and H = 0_(Qy, ), where o_ : Q(8) — C is a Galois
embedding of the number field Q(8) (i.e. o_ is a field morphism with o_(8) = f,
where 3 is a complex conjugate of 3).

There are a lot of languages L C X* satisfying @1, = Q1. Let us construct such a
language L, with the property that L C Lj. But for that, we have to replace Ls by
03Ls in order to have Q. = 3°Qr. C Qy, -

Let

L = Proj(0*Ls, Ly,),

where Proj is defined in the subsection £.1] Then we have:
Lemma 4.9. — The language L is regular and we have Qr, = Qosy, and L C Ly,

Proof. — The fact that L is regular and included in Lj, comes from lemma The
same lemma permits to show the equality Q@ = Qgsr, by checking (by computer)
that we have Proj(L,03L,) = Z(03Ls) and Proj(03Ls, L) = Z(L). O

Remark 4.10. — The minimal automaton of the language L has 197 states.

Now that we have a language that describes Ry and which is included in Ly, the
decomposition of Ry as a countable union of Hokkaido tiles and a fractal of dimension
less than two will come from the following decomposition of the language L.

Lemma 4.11. — We have
L =Ly UZ(ALy) (where the union is disjoint),
where Ly and A are computable regular languages over the alphabet 3, with

log(7)
log(3)
where v ~ 1.31477860592584... is the greatest root of x'3 —x'? —x104-2% — 224423 -1
and B is the smallest Pisot number.

dimyp(o_(Qr,,)) =2 ~ 1.94643460326525...

Remark 4.12. — The regular language A describes exactly where are the Hokkaido
tiles: QQ 4 is the set of points where a Hokkaido tile appear in BgRs. For the languages
A and Ly constructed in the proof, the minimal automaton recognizing A has 197
states and the minimal automaton recognizing Lys has 191 states.
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FiGURE 14. Minimal automaton of the language L

19

]
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Remark 4.13. — It could be shown that 0_(Qar,) = o—(Qr) N R, and that
U,(QLM) = U,(QL) NOR;.

Proof. — This decomposition of L can be read on the minimal automaton Ay of L.
Indeed, this automaton has this form:

Lot of states

More precisely, there is a sub-automaton S of Ay which is exactly the minimal
automaton of Ly, (see picture , except that it has no initial state. And there is no
transition leaving from this sub-automaton, and the remaining of the automaton Ay,.
We get the language A by removing transitions from state sy which is the only state
of S having two leaving transitions, and by replacing the set of final states by {sg}.
In other words, we get an automaton recognizing A by replacing the sub-automaton
S by the one drawn on figure [I5]

FIGURE 15
OO OO0 0)

Then we get Ly as the complementary of Z(ALjy) in L.

We obviously have that Ljs and A are computable regular languages and that
L =Ly UZ(ALp) with a disjoint union. To check the remaining of the lemma, we
will use the following theorem.

Theorem 4.14. — Let B be a complex conjugate of the smallest Pisot number [,
and let L C ¥* be a language over the alphabet ¥ = {0,1} such that the elements of
o_(Qr) = {Ziﬂo_luzﬁ ‘ u € L} C C are uniquely represented for a given length
(i.e. Yu,v € L, (|u| = |v| and Zlilgl wiB = Zl”:‘al viBi) = u="u).

Then we have

' _log(y) _ log(v)
dimy (0 (Qr)) = log(1/ [3]) 21og(5),

where vy is the spectral radius of the minimal automaton of L.

Proof. — Let L, = {u el ‘ lu| = n}, and for allu € L, let x,, = Z‘lilo_l usz Then

we have 0_(Qr) = {z. ‘ u € L}, and we have the following
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Lemma 4.15. — There exists a constant C' > 0 such that for all n € N and for all
UFEVE Ly, |y — 24| > C’B‘n

Proof. — For all n € N, we have the inclusion

{an =2 | (wv) € (La)?} C{SI) 0B | ac{-1,01}"}.

Hence, it is enough to prove that the set S = {Z?:_(Jl aiBi_n ‘ a€{-1,0, 1}”} is

uniformly discrete to prove the lemma, thanks to the hypothesis that elements are
uniquely represented for a given length. This follows from theorem because

o4+(S) CZ[F], and the set 04.(5) = {Z?;Ol a; i ‘ a € {-1,0, 1}"} is bounded in
R (by ﬁ), where o is the Galois embedding of Q(3) such that o (3) = 3. O

Using this lemma, we have that the balls B(z,, %C’ ’B‘n), u € L,, are all pairwise
disjoints, hence we have

1 . 5mn
Npacking (20{5| ) > #Lna

where Npacking is defined of subsection applied here to the set o_(Qp). Therefore,
we have

1Og<Npa6king(€)) > lim IOg(#Lnfl) _ 10g<7)7

e—0 log(l/e) T n—ooo IOg <%|B|7n) 10g(1/ |ﬁ|)

To prove the other inequality, let’s consider for all n € N, and u € L,,, the open

ball B
B, = B| z,, 2|5L ccC.
1- 8|

Up to replace L by the language Pref(L), which is a regular language with the same
spectral radius, we have that for all n € N, the set of balls {Bu ‘ u € Ln} is a
covering of o_(Qp,), hence we have

Neovering 2 ‘B[ < #L
-8~
where Ncovering is defined on subsection And we have #L,, ~ C~" for some
constant C > 0. Therefore, we have

. 1og(Ncovering(€)) . IOg(#LTH-l) 10g(’Y)
limsup ——————=5~ 22 1 = .
NPT Tog(l/e) ik los (1—|B |5|n> log(1/ [A])

2

Hence, we have dimyp(c_(Qr)) = %. This ends the proof of the theo-

rem (.14 O
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We can check (by computer) that the spectral radius of the minimal automaton
of Ly is v ~ 1.31477860592584... which is the greatest root of the polynomial z!'3 —
22 — 219 + 29 — 224 4+ 23 — 1. And the language L), satisfy the hypothesis of the
theorem because it is included in L; which comes from a substitution. Hence,
we have

_— 1
dimyp(0—(Qr,)) = dimprp(o_(Qr,,)) = QIZEE;; ~ 1.94643460326525...
This ends the proof of the lemma O

The proof of the second property of the theorem [£.7] follows from this lemma [£.11]
Indeed, let

M = 3_30— (QLM)7 Va € A, H, = B_g (Qa + Bla‘Rh) .

We have that o_(Q4) € 0_(Qar), because Vu € A, Fv € Ly, u = v0. Hence we have

R, =M UUa ca Ha, where H, is homothetic to the Hokkaido tile, and A is countable.
And we have that M is a fractal of dimension 2{260) ~ 1.94643460326525... where
v ~ 1.31477860592584... is the greatest root of 13 — 212 — 210 4+ 29 — 224 4+ 23 — 1
and f is the smallest Pisot number. It remains to prove the last property. For this
we use the lemma We prove this lemma [6.6]later because it uses a new tool: the

extended relations language L. Using this lemma we can check that

o-(Qu) € - (Qu)\o-(@wr,) C C\F'R,
by computing
B = Ly\p1 (SO (L' 0 L,0% x Pref(0°L,0%)))
and checking (by computer) that
Ly C pi (STOPE(Lre1> 0 L,,,0% x Pref(B0¥))),

and this proves the wanted property. O

5. Extended relations language and three types of shapes

In this section, we do the second step of the proof of the main theorem We
have shown in the previous section that the Rauzy fractal R, that we want to study
is the union of a fractal of dimension less than two and a countable union of Hokkaido
tiles. In this section, we show that these Hokkaido tiles are organized in three different
manners that we will describe explicitly. In order to do that, we need a new tool: the
extended relations language.



RAUZY FRACTALS OF THE SMALLEST PISOT NUMBER 23

5.1. Extended relations language. — Let /3 be a complex conjugate of the min-
imal Pisot number 8 and ¥ = {0, 1}.

We call extended relations language the following language over the alphabet
2 x M.

(u,v) € (T x D)* | I/, v") € (L x )N, with (u,v) prefix of (u/,v)

and Y (u} —v})B =0
1=0

Lrel oo _

Theorem 5.1. — L' is a regular language.
The proof is very similar to the proof of the theorem
Proof. — The first observation is that we have
Lreloo _ U—l(Loo)

where o : (¥ x ¥)* — ¥'*, with ¥’ = {~1,0,1}, is the word morphism such that
Y(a,b) € ¥ x X, o(a,b) =a—b, and L™ is the language

L> = {u ex” ‘ Ju’' € TN extending u, > oy u;F = O} .
Hence, we have L™ > is regular <= L™ is regular <= {u71Loo ‘ u € E’*} is finite.
And we have for all u € X",
u'L>® = {vex” ‘ uv € L}
 Juewr | qwewn, -ty B +B" St 05+

lul—1 , [v]—1 ) oo ,
= {v ex™ | 3we ", Z uﬁh‘ul + Z v; B —&—B‘Ul Zwﬁl = 0} )
i=0 i=0 i=0

Hence v~ 'L is completely determined by S, = Z‘zilo_l uiﬁi_lul.
Let o4 : Q(B) — R and o_ : Q(B) — C be the two Galois embeddings of the
number field Q(3) such that o_(8) = 8 and o, (B) = B.

We have S, € Z[B] because 1/ = BQ — 1. Let us show now that (o4 x 0_)(S,) is
bounded, for every relevant u. For all u € ¥'*, we have

lu| -1 lul -1

o (Sl = | D wpile) < 37 il < 1

i=0 i=0 p-1
If moreover we assume that u='L>® # (), we have for some v € u~'L>® and some
we N,

[v]—1

oSl = |-o- | X oF + 3" wd || < 2 JF =

i=0 i=0 i=0 L- ‘B’ .
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Therefore the set (04 x 0_)(S5,) is bounded in R x C, uniformly in u, as soon as
u"'L>® #£ (). Hence, by the theorem the set {3, ‘ u € ¥'" such that u=1L> # 0}
is finite. This proves that the set {u=1L*> ‘ u € X'"} is finite. Hence L™ is regular,

therefore L™ also. O
Remark 5.2. — The minimal automaton of the language L™ has 179 states.
5.2. Description of the three types of shapes. — In this subsection, we de-

scribe the three types of shapes appearing in the main theorem [T} and we show
that these shapes are finite unions of Hokkaido tiles. These shapes are described by
automata of the figures and This means that the i*® shape is o_(Qr,)
where L; is the language of the i*" automaton. The figure [7| show the sets o_ (Q7, ).

FI1GURE 16. Minimal automaton of the regular language L; describing

the first type of shape

FiGure 17. Minimal automaton of the regular language Lo describing
the second type of shape

Ficure 18. Minimal automaton of the regular language L3 describing
the third type of shape




RAUZY FRACTALS OF THE SMALLEST PISOT NUMBER 25

As we can see in figures and the three types of shapes are not trivially
unions of finitely many Hokkaido tiles, but we prove it now.

5.2.1. First type of shape. — The first shape is a Hokkaido tile:
Proposition 5.3. — Let L1 be the regular language recognized by the automaton of
the figure[16, We have
Qr, = 'Qr, +1.
Proof. — We have 8*Qr, + 1 = Qiooor,. Hence, by lemma the equality is

obtained by checking that we have Proj(1000Ly, L1) = Z(L1) and Proj(Ly,1000L) =
Z(1000Ly,). O

It gives us that o_(Qpr,) = B4H + 1, where H = 0_(Qy, ) is the Hokkaido tile.

5.2.2. Second type of shape. — The second type of shape is a disjoint union of three
homothetic transformations of the third type of shape, up to a set of Lebesgue measure
zero (see ﬁgure. The following proposition permits to prove that we have the union:

Proposition 5.4. — Let Lo be the regular language recognized by the automaton of
the figure[I7] We have

Ly = {e,0%,0°} Ls,
where L is the reqular language recognized by the automaton of the figure [18

Proof. — Easy verification. O

=3 —6
Hence, we get that 0_(Qr,) = 0-(Qr;)UB 0-(Qr,) UB 0_(Qpr,).
In order to prove the disjointness in measure of the union, we use the lemma [6.6]

For every A # B € {L3,03Ly,0°Ly}, we check (by computer) that we have
p1(STOPAOLE(preloe 0 AQ* x Pref(B0*))) = 0,

and it gives us that o_(Q4)No_(Qp) = 0. Hence, the tiles B'o_ (Qrs,), fori € {0, 3,6}
intersect only in their boundary. But we will see that the boundary of some homoth-
etic transformations of o_(Qr,) is included in the boundary of R, hence it has zero
Lebesgue measure. Indeed, it is known that boundaries of Rauzy fractals of primitive
substitutions always has zero Lebesgue measure, see for example [Milt. Thus.|.

5.2.8. Third type of shape. — The third type of shape is a disjoint union of two
Hokkaido tiles, up to a set of measure zero (see figure . We start by proving that
we have the union:

Proposition 5.5. — Let L be the regular language recognized by the automaton of
the figure[18 We have

L3 = Z(0000010000Ly,) U 100000000L .
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Proof. — Easy verification. O

Hence, 0_(Qp,) is the union of the two Hokkaido tiles BIOH—i—BS and BBH—l—Bg +1.

In order to prove the disjointness in measure of this union, we use the lemma [6.6]
like for the second type of shape. It permits to prove that the two tiles intersect only
in their boundary, but it is known that the boundary of the Hokkaido tile has zero
Lebesgue measure.

5.3. Construction of the three types of shapes. — The aim of this subsection
is to explain how the automata of the figures and [I8] have been obtained.
This is not clear from the construction that these shapes satisfy what we expect, but
we can check it after having computed them explicitly. Hence, this subsection is not
useful for the proof of the main theorem [I.1] since these automata have been given
explicitly. In order to describe the three types of shapes formed by Hokkaido tiles
glued together in the Rauzy fractal Rs, we need a way to know if the adherences
of two given Hokkaido tiles have a non-empty intersection. This is done using the
extended relations language. Let

(L) = ALy Npa(S¥*=(Z(L) x Z(ALy) N L*>))n*,

This application gives the union of Hokkaido tiles whose adherences intersect the
adherence of the set described by L. See lemma [6.10] for more details. Hence, the
idea to construct the languages L1, Ly and L3 is to choose an Hokkaido tile in the
shape that we see when we zoom in the fractal, and then apply the function ¢ until
it cover the whole shape. Unfortunately, this strategy doesn’t work: the set doesn’t
stop to grow when applying ¢. But we can get it work thanks to the following.

We define an equivalence relation on A by

u~" v uR,NvRy, #0,

and let ~ be the transitive closure of ~'.

Lemma 5.6. — If vowRy NuwRy # 0 and if for alln € N, wv"w € A, then
Vn € N, wo"w ~ uw.

Proof. — For all u,v,w € ¥*, we have uvR, NuwR), # 0 <= vR,NwR;, # 0. Hence,
we have for all n € N,
w" M rwRy NuwwwRy, # 0.

The result follows by transitivity of ~. O

Using the function ¢ and the lemma [5.6] we have found three different shapes
that are formed by Hokkaido tiles glued together, and that doesn’t intersect any
other Hokkaido tile. These shapes are drawn on the figure [7] and correspond to the

automata of the figures and We show in the following that no other shape
appears.
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6. Proof of the theorem [1.1]

In this section, we show that the countable union of Hokkaido tiles given by the
theorem [£.7] is organised as a pairwise disjoint countable union of homothetic trans-
formations of the three types of tiles described in the previous section. This will
terminates the proof of the main theorem [I.I] We want to show the following theo-
rem.

Theorem 6.1. — Let A be the regular language given by the theorem[]. 7. Then, we
have

Qar, = QB,C1Ly,UByC3L,UBsCsLis

where By, Bs, B3, C1, Cs, C5 are regular languages such that

Vi S {17273}7QCiLh = QLU

where Ly, Lo and L3 are respectively the language recognized by the automaton of the
figure and [18 And we have

— Vi€ {1,2,3}, Yu#v € By, 0_(Quc,r,) No—(Quc,L,) =0,

— Vi 75.] S {1,2,3}, Yu € B;C;,VYv € BjCj,O'_(QuL,L) N U—(Qth) = 0.
Moreover, everything is computable.

The language B; describes where are the tiles of type ¢, and o_(C;Ly,) is the shape
of type 1.

In order to prove this theorem, we start by constructing the languages B;, C;,
i € {1,2,3}, and then we show that these languages satisfy the required properties.

6.1. Construction of the languages B;, By, B3, (7, Co and C3. — In this
part, we explain how to compute the languages given in the theorem This is not
clear from the construction that these languages satisfy what we expect, but we can
check it after having computed them explicitly, and this is what we do in the next
subsection [6.2] The first step is to consider the languages Ci, Cy and Cj5 recognized
by the automata of the figure
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FIGurE 19. Minimal automata of regular languages C1, C> and C3 respectively

These languages comes from the three different shapes computed and described in
the previous section. We can verify that we have

Vi € {17273}7 QC'.;L;L = QLi-
In order to compute languages Bi, By and Bs describing the occurrence in the
Rauzy fractal of tiles of each type, we do the following. Let Q4 be the set of states of
the minimal automaton recognizing the language A, and for a state ¢, let L, be the

language of the state (that is the language of the automaton where we replace the
initial state by ¢). Let’s consider the sets

F={qeQ, ‘ Proj(Ly, Ci) = Z(Ci)} = {qg € Qa ‘ Qc, € Qr,}

for i € {1,2,3}. Then, we define D; as the language of the minimal automaton of
A where we replace the set of final states by F;. The minimal automaton of D; has
192 states and the minimal automata of Dy and D3 have 191 states. These languages
are not yet the right ones, because they describe tiles that are not disjoint: there are
for example tiles of type 3 included in tiles of type 2. In order to get disjoint tiles,
we start by projecting the concatenation of these languages with L on ALy, and we
consider that tiles of type 2 are not included in tiles of other types and that tiles of
type 3 are not included in tiles of type 1 with this description. Let

Eg = PI‘Oj(DQCth, AL}J,
E3 = PI‘Oj(DgC’th7 AL}J\EQ,
E1 = PrOj(chth, ALh)\(EQ @] Ed)

Then FE; describes the union of tiles of type i occurring in the Rauzy fractal of s. We
can convince ourself of it by drawing it, and we can check that EyUE>UEs = Z(ALy).
The minimal automata of Fi, Fs and E3 have 205 states.
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Then, we compute regular languages A;, Az and As such that for all ¢ €
{1,2,3}, Z(E;) = Z(A;Ly). This is done in the same way that for the construction
of the language A from the language L: we recognize a sub-automaton of FE; corre-
sponding to Hokkaido. Minimal automata of A;, As and Az have 205 states. The
last step is done in the same way as for the construction of languages D;. Let Q, be
the set of states of the minimal automaton of the language A;, and let

Fy={qeQ; | Proj(LyLn,L:) = Z(Li)} ={q€Q; | Qr, CQr,z,}>
for i € {1,2}, and
Fs={qeQ, | Proj(Ly,C3)=2Z(C3)} ={q€Q; | Qc, CQu,}-

We get an automaton recognizing the language B; by replacing final states of the
minimal automaton of A; by F; deprived of its final states. Minimal automata of By,
By and Bj have 200, 191 and 191 states respectively.

Remark 6.2. — This construction is weird, but we can check in the following sub-
section that it works!

6.2. Proof of the theorem [6.11 — To prove the theorem we take the lan-
guages B1, By, Bz, C1, C5 and C5 constructed above and we check that these lan-
guages satisfy every of the wanted properties.

Checking that we have

Qar, = QB,C1L,UByCo L UB5Cs L s

is easy, using the lemma
The following lemma permits to show the disjointness of adherences of tiles of the
same type.

Lemma 6.3. — We have for all i € {1,2,3}, and (u,v) € B; X B;, 0_(Quc;L,) N

0 (Qucir,) # 0 if and only if

3/, v") € CiLyxCiLy, (uu',vv') € S¥** (L °N(B; Pref(Z(C;Ly)) x B; Pref(Z(CiLy,))))

Hence, if we check that

SEXE(Lreloe  ((B; Pref (C;Ly) x (B; Pref(C; Ly))\(((B; x B;)NA) Pref(C; L, xC; Ly,)))) = 0,
it shows that any two different tiles of the same type that appear in ) 47, have disjoint
adherences. This checking is done by computer. In order to prove the lemma [6.3

we will need the two following lemmas. The following lemma gives a characterization

of the adherence of o_(Q) for a regular language L. It will be useful to check
algorithmically if tiles have disjoint adherences.

Lemma 6.4. — For a regular language L C ¥*, we have

reo_(Qr) <= JuexXV 6_(Q,) =z andV¥n €N, u, € Pref(Z(L)),
where uy, is the prefiz of length n of u.
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Proof. — The right-to-left implication is easy: Let u € X" such that o_(Q,) = x and
Vn € N,u,, € Pref(Z(L)). Then, by definition of Pref(L), Vn € N, Jv, € *, u,v, €
Z(L). We have Qu,0, € Qr and 0_(Qu,v,) = 0—(Qu,) + B 0-(Qu,) —
therefore z € o_(Qr).

To prove the other implication, we use the fact that L is regular by considering an
automaton recognizing Pref(Z(L)). We can assume that all states of this automaton
are co-reachable (that is there exists a path from the state, to a final state), up to
remove the non-co-reachable ones. Then every state of the automaton is final since
the language is stable by prefix. Then, using the fact that every word of Pref(Z (L))
is extendable by 0 € 3, we have the identity

o (Qr.) = |J Bo_(Qr,) +1
i

where L; is the language of the state i of the automaton (that is the language of the
automaton where we take 7 as initial state). If we take the adherence, we get

U—(QLi) = U BU_(QLj) +t
iy

for all state i. Hence, if z € o_(L;), we can consider a transition ¢ iN J in the

automaton such that % € o_ (Lj). By recurrence, there exists for all n € N,

(t;)'=y € X" such that » = ZZ o lﬁ + B"y where y € o_ (QL ) for some state j.
Hence, we get an infinite word v € ¥V such that z = 0_(Q,). And for all n € N, we
have u,, € Pref(L) since every state of the automaton is final. O

Here is an useful corollary of this lemma.

Corollary 6.5. — For two regular languages A and B C ¥*, we have

HAES U QuB

u€A
— JucA e 6 (Qu) =z and Vn €N, v, € Pref(Z(B)),

where vy, is the prefiz of length n of u.
The following lemma permits to end the proof of the theorem [L.7]

Lemma 6.6. — For A and B regular languages over an alphabet ¥ C Z[S] containing
0, and for all u € A, we have the equivalence

0_(Qu) €o_(Qp) <= wuep (SO>I n A0* x Pref(B0*)))
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Proof. — For u € A, we have the equivalence

o_ (Qu) € a—(QB)

— FeXV 6. (Qu) =0c_(Q,) and
Vn € N, v, € Pref(B0*) (by lemma [6.4)
— eV vneN, JkeN, (u0* v,) € L™ N A0* x Pref(B0*)
— Fext, I exV vneN, (w0, v)) e L*°° N A0* x Pref(B0*)
— Fve¥, (u,v) e SOl n A0* x Pref(B0*))
— uep (SIOE(Lrl® N A0* x Pref(B0*)))
where v,, is the prefix of length n of v. O

The following lemma reduce the problem of knowing if the adherences of o_(Q )
and o_(Qp) intersect, where A and B are regular languages, to a calculation with
regular languages.

Lemma 6.7. — Let A and B be two regular languages. Then we have

e (Qa)No_(Qp) =0 = S™<T(L*1° A Pref(Z(A)) x Pref(Z(B))) = 0.

Proof. — We have the equivalences
(u,v) € SE*E(L'°° N Pref(Z(A)) x Pref(Z(B)))
— A,) e (ExD)N, VneN, (uul,vv),) € L' NPref(Z(A)) x Pref(Z(B))
— J(,v) e (ExD), vneN, Fu,v") € (E x ), Quusuwr = Quop v
and Vn € N, (uu,,,vv,,) € Pref(Z(A)) x Pref(Z(B))
= I, v) € (EXxD), Quur = Qu and
Vn € N, (uu,,,vv),) € Pref(Z(A)) x Pref(Z(B))

where u), and v}, are respectively the prefix of length n of u’ and v’. Hence, by
lemma [6.4] we have the wanted equivalence. O

Remark 6.8. — Hence, if A and B are reqular languages, we can test algorithmically
if we have 0_(Qa) No_(Qp) =0 or not.

The following generalization is also useful.

Lemma 6.9. — Let A, B, C' and D be four reqular languages. Then we have

(Uom)m(u(w):@

ucA ueC

—  S¥XE(L'° 0 APref(Z(B)) x CPref(Z(D))) = 0.

We can now prove the lemma [6.3
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proof of lemma[6.3 — Let (u,v) € B; x B;. We have

J(u',v") € C;Ly, x C;Ly,

(un/,v0') € S¥*F(LF'°° N (Pref(Z(B;C;Ly)) x Pref(Z(B;C;Ly))))
— JW,) € (Ex DN, Quur = Quur (by proof of lemma [6.7)

and every prefix of (uu',vv’) is in Pref(Z(B;C;Ly)) x Pref(Z(B;C;Ly))
— 0_(Quc,r,) No—(Qucir,) # 0. (by lemma

O

Now it only remains to prove that tiles of different types always have disjoint
adherences. This is done by checking (by computer) that we have

Vi € {1,3}, Z(o(B; Pref(Z(CiLy)))) = Z(BiCiLn),
and
Z(p(B2C2Ly)) = Z(B2CoLy),
where ¢ is defined by
@(L) = ALy Np2(S¥*¥(Z(L) x Z(ALp) N L™'*))s*,

where A = B1C7 U B>Cy U B3(C'3. This gives the wanted disjointness thanks to the
following lemma.

Lemma 6.10. — For every regular languages L1 and Lo C X*, we have

u € p(Ly Pref(Z(Ls)))

< JacA ueal, and o_(Qur,) N Uo_(uQLZ) # 0.
uelq

Hence, the equality ¢(B; Pref(Z(C;Ly,))) = B;C; Ly, proves that a copy of Hokkaido
in the set {aLh ‘ a € A}, whose adherence intersect the adherence of a tile of the
set {bCiLh ‘ be Bi}, is necessarily in {aLh ‘ a € BiCi}. Therefore, the adherence
of tiles of type i doesn’t intersect any adherence of a copy of Hokkaido which is in a
tile of an other type. And the equality ¢(B2Cy Pref(Z(Ly))) = BaCy Ly, proves that
the adherence of a copy of Hokkaido which is in a tile of type 2 doesn’t intersect any
adherence of copy of Hokkaido which is in a tile of an other type. As tiles of type
2 and 3 are described as finite union of Hokkaido copies (i.e. the languages Cy and
Cs5 are finite), this proves that the adherences of two tiles of different types doesn’t
intersect.
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Proof of lemma[6.100 — We have

=
—

u € (L)

Ja € A, u € aLy, and u € py(S¥**(Pref(Z(L)) x Pref(Z(ALy)) N L >°))x*
Jda€e A, u€aly and Jv € X", Jw € ¥*, w prefix of u,

(v,w) € S¥*E(Pref(Z(L)) x Pref(Z(ALy)) N L)

Ja € A, u € aLy, and Jv € ¥*,Fw € ¥, w prefix of u, I(v',w’) € (L x L),
0 (Quv) = 0—(Quw) and Vn € N, (vv,,ww),) € Pref(Z(L)) x Pref(Z(aLy))
Ja€ A, u€al, and 0_(Qur,) No_(Qr) # 0.

O

The theorem [6.1] almost finish the proof of the main theorem [I-1] In order to have
the equality

RS:U—(QLM)U U U—(QuLl)U U U—(QuLz)U U O_(Qu[,3),

u€ By u€ By u€EDB3

we need to check that o_(Qp,uB,uB,) € 0-(Qr,,)- This is true up to replace M

by M U By U By U B3. We can verify (thanks to theorem applied to By, to Bs

and to Bs) that doing this doesn’t change the dimension of o_(Qp,,). Hence, the
theorem is proven.

FIGURE 20. Zoom in the countable union of Hokkaido tiles, with
arrangements of type 1 in black, arrangements of type 2 in red, and

arrangements of type 3 in yellow
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7. Proof of measurable conjugacies

The aim of this section is to prove the proposition The proof is based
on [Aky. Me.], following ideas of [Arnoux Tto 2001]. Let’s start by proving that
we have the domain exchange that we see in the figure[I0]on the third type of shape.

Lemma 7.1. — There is a domain exchange with four domains on o_(QL,), where
L3 is the language defined in ﬁgure for the translations {36,37,38,36(1 +Efﬁ2)}.

Proof. — We consider domains (Uf(QMi))ie{l,ng,‘L} where the languages My, Mo,
M3 are defined in the figure

FiGUurE 21. Minimal automata of the languages My, M2, Mz and My

We can check that we have M7 U My U M3 U M, = L3, so the domains cover the
third type of shape o_(Qr,). And we can check that the domains are disjoint up
to a set of measure zero using the lemma we can check (by computer) that the
language

p1 (SOOI (Lreloe 0 A0* x Pref(B0*)))

is empty, so 0_(Qa) No_(Qp) =0, for every A # B € {M;, Mo, M3, My}.

The domain M; corresponds to the translation Bﬁ = Bg + 34, the domain M,
corresponds to the translation BS, the domain M3 corresponds to the translation
36(1 +58- BQ) = 3% and the domain Mj corresponds to the translation 37 = 32(1 +

8+ BQ) It is not difficult to see that the languages N1, No, N3 and N, defined in
the figure R3] satisfy Qur, + 5° + 5 = Qny, Qary + 8* = Quay Qury + B = Qv and
Qum, + 8" = Qn,-
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FIGURE 22. Zoom in the Rauzy fractal, with arrangements of type 1 in
black, arrangements of type 2 in purple, arrangements of type 3 in

dark-yellow, and the part of dimension < 2 in gray

We can check (by computer, using lemma that @n,uN,uNsuN, = QLs, SO
the domains still cover the shape after translations. And we check that the domains
after translations are pairwise disjoint, like for the domains not translated. The only
difference is that one of the language computed is not empty but contains a finite
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number of words (corresponding to the point 3°): this is because 35 €o_(Qn,)N

o— (QN3) O

Lemma 7.2. — Let Ty be the discrete additive subgroup of C generated by {Bﬁ(l —
3)736 (B — 52)} The natural quotient map my : C — C/Ty gives a measurable conju-

gacy between the domain exchange described in the previous lemma and the translation
by 3% on the torus C/Ty ~ T?.

Proof. — Let us show that I'g is a fundamental domain for the action of the group
[o. The fact that To+0_(Qr,) = C can be obtained by checking that Qr,, — 3% comes
from the substitution s3 defined in the introduction. And this also gives the fact that
the boundary has zero Lebesgue measure. And the fact that the various translates of

the tile are disjoint in measure can be checked as above, using the lemma O

To end the proof of the proposition [I.2] it is known that the substitution s sat-
isfy the Pisot conjecture, and it suffices to remark that the toral translation that
we naturally get from the substitution s is the same as the one we consider here
(see [Arnoux Tto 2001] for more details). Indeed, the translations of the domain
exchange of s are 1, § and 32, so the group of differences is the group 76T, so we
get the translation by 1 on the torus C/y =T, which is equivalent to the translation
by 3% on the torus C/T'g. This ends the proof of the proposition

Figure 24. Tiling of C with the third type of shape, for the action of I'g

i

Pierre Arnoux tolds me about an observation of Julien Bernat that a big Hokkaido
tile appears inside the union of three translated copies of the substitution associated
to the minimal Pisot number. The tools used in this article allow us to prove this
observation, and we can decompose the union as set of dimension less than two union
a countable union Hokkaido tiles, like in theorem [£.7]
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FIGURE 25. Three translated (by 0, Bz — 1 and § — 1) copies of the
Rauzy fractal of s, with the countable union of Hokkaido tiles
corresponding to the union in black.
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