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ABSTRACT. We consider a nonlinear system of elliptic equations, which arises when modelling
the heat diffusion problem coupled with the electrical diffusion problem. The ohmic losses which
appear as a source term in the heat diffusion equation yield a nonlinear term which couples
both equations. A finite element scheme and a finite volume scheme are considered for the
discretization of the system; in both cases, we show that the approximate solution obtained with
the scheme converges, up to a subsequence, to a solution of the coupled elliptic system.

1. INTRODUCTION

Let  be a bounded domain of R%, d = 2 or 3, made up of a thermally and electrically conducting
material. It is well known that the diffusion of electricity in a resistive medium induces some
heating, known as ohmic losses. Such a situation arises for instance in the modelling of fuel cells,
see e.g. [26, 27] and references therein. Let ¢ denote the electrical potential, and « the electrical
conductivity; then the ohmic losses may be written as kV¢ - V. Since ¢ is the solution of a
diffusion equation, it is reasonable to seek ¢ in the space H(f2), so that V¢ - V¢ € L. The heat
diffusion equation has a right hand-side in L', and its analysis falls out of the usual variational
framework. Our aim in this paper is to study the convergence of approximate solutions to the
resulting coupled problem obtained with both a linear finite element method and a cell centred
finite volume scheme.

An existence result for a weak formulation of the coupled system under consideration here was
proven in [30], using the tools developed in the last twenty years [3, 4, 6, 5, 1] for elliptic equations
with irregular right hand side. Let us remark that the transient case has also been studied: in [14],
the existence of the solution is proven in two space dimensions (using Meyer’s theorem, see Remark
2.1 below). Related systems appear in the theory of turbulent flows and related applications in
oceanography, see e.g. [33], where existence is proven, and references therein.

Note also that very recently (i.e. after the first submission of this paper), it was shown [7] that
under some rather weak assumptions on the data, the solutions are in fact of finite energy (i.e.
both u and ¢ are in H'). We shall comment on the perspectives of this new result in terms of
discretization in the sequel.

The discretization of such problems was undertaken in the last 10 years or so: convergence of the
finite volume scheme was proven in [31] for the Laplace equation with right-hand-side measure;
the proof was generalized in [18] to noncoercive convection diffusion problems. Convergence of the
finite element scheme, with irregular data, on bi-dimensional polygonal domains was proven for
Delaunay triangular meshes in [32, 28] and in [10] for three—dimensional tetrahedral meshes under
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geometrical conditions. Error estimates may be obtained using some some “suitable” negative
Sobolev spaces as in [37] or interpolation error, under regularity assumptions on the solution, as in
[15, 10]. Error estimates for the discretization of the transient Joule problem by the finite element
method were obtained in [19]. In the present work, we use some of the techniques introduced in
the above references to prove the convergence of both the finite volume and finite element methods
for the approximation of the above mentionned heat and electricity diffusion problem. The general
ideas of the proof for the finite volume method (resp. the finite element method) were presented
in [8] (resp. [9]).

The paper is organized as follows: in section 2, we present the continuous problem, its weak form
and the known result about existence [30, 35, 7]. In section 3, we recall some numerical results
which were obtained by the finite volume and finite element methods which will be analysed here
in the context of the numerical simulation of fuel cells [27, 26]. We write the schemes for the
simplified system under consideration here and prove the existence of a solution to the resulting
discrete system for both cases. The convergence of the finite element scheme is proven in section
4, and the convergence of the finite volume scheme in section 5. In both cases, the proof of
convergence is based on a priori estimates, compactness result and a passage to the limit in the
scheme. Some conclusions and perspectives are drawn in the last section.

2. THE CONTINUOUS PROBLEM

We wish to find some numerical approximation of solutions to the following nonlinear coupled
elliptic system, which models the thermal and electrical diffusion in a material subject to ohmic
losses:

=V (k(z,u(@)Ve(e)) = [flz,u(z), =€, (1)
p(z) = 0, x€0Q, (2)
~V- Mz u@)Vu(@) = wl@,u(@)|VeP (@), €, (3)
u(r) = 0, z €09, (4)

where € is a convex polygonal open subset of R?, d = 2 or 3, with boundary 09, ¢ denotes the
electrical potential and u the temperature; the electrical conductivity , the thermal conductivity
A and the source term f are functions from Q x R to R satisfying the following Assumptions:

Assumption 1. The functions k, \ and f, defined from 2 x R to R, are continuous with respect
toy € R for a.e. © € Q, and measurable with respect to x € Q for any y € 2, and such that:
Ja > 0; a < k(z,y) and o < \(z,y), Yy € R, for a.e. x € Q. (5)
The following existence result was proven in [30]:

Theorem 2.1. Under Assumption 1, there exists a solution to the following weak form of Problem

(1)~ (4):
(¢,u) € H3(Q) x N, _a W5 (Q),

[ rwyo-Vode = [ flude, vo e (@) ©)
/ A u)Vu - Vode = [ k(- u)|Vo|2vdz, Yo € Ups Wy " (Q).
Q Q

Note that the exponents del and d are conjugate, and that, for » > d the space Wol’T(Q) is
continuously imbedded in the space C(Q,R); therefore all terms in (6) make sense. In the case
d = 2, we have u € W, *(Q) for all p < 2, but in general, u ¢ H}(Q). Similarly, if d = 3,
u € WyP(Q) for all p < 3.
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The proof of this theorem relies mainly on the analysis tools which were developped for the
analysis of elliptic equations with irregular right—hand-side, see for instance [3] or [5].

Remark 2.1. In the 2D case, existence is in fact shown by Meyer’s theorem (this is also the case
in [14]). However, this is no longer the case in three space dimensions because of limiting Sobolev
imbeddings.

We shall not need to assume this existence result for our present analysis. Indeed, the existence
of a solution to (1)—(4) is obtained as a by—product of the convergence of the scheme. Nevertheless,
a large part of the convergence analysis of the schemes is inspired from the ideas developed in [30]
for the existence result, and we shall again use the ideas of [3] and [6] in our proofs.

3. THE DISCRETIZATION SCHEMES

In [27], the numerical simulation of solid oxide fuel cells led to a mathematical model involving
a set of semilinear partial differential equations, the unknowns of which were the temperature, the
electrical potential and the concentrations of various chemical species in the porous media of the
cell. System (1)—(4) is a sub—problem of this latter model, obtained by leaving out the chemical
species diffusion equations. In [27], three different discretization schemes were implemented and
compared, namely the linear finite element method, the mixed finite element method, and the cell
centred finite volume method. Because of interface conditions involving the electrical current [34],
a precise approximation of the electrical flux is needed at the interfaces, the linear finite element
method was found to be less adapted than the two latter methods, so that finally the mixed finite
element method and the cell centred finite volume method were numerically compared. The cell
centred finite volume method was found to be easier to implement and comparable to the mixed
finite element method as to the ratio precision vs. computing time, so that it was finally chosen
for the simulations of different three-dimensional geometries of fuel cells [26]. Let us recall that it
is well known that for regular solutions, both schemes are known to be of order 2 for the solution
of the Laplace equation on triangular Delaunay meshes, although this is still an open problem to
prove this theoretically in the case of the cell centred finite volume scheme.

Here we shall give a theoretical justification of the convergence of both the linear finite element
method and the cell centred finite volume method for the discretization of system (1)—(4). Let us
first start by introducing the finite element scheme.

3.1. The finite element scheme. Let M denote a finite element mesh of €2, consisting of sim-
plices and satisfying the usual conditions, see e.g. [12, p. 61], that is:

Definition 1 (Finite element mesh). Let M be a set of open triangular (in two space dimensions)
or tetrahedral (in three space dimensions) subsets of Q such that:

e O=Urep T
o Forany (T, T e M®, T#T = TNT = 0.

o For any (T, T") € M%, T NT =0 or TNT is a common edge (or a face in three space
dimensions), or a common vertex of T and T".

We define the mesh size of M by

ha = sup{diam (T"), T € M} where diam (T") denotes the diameter of T. (7)
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The set of vertices x; of the finite element mesh is indexed by V = Z U B, where Z (resp. B)
refers to the interior (resp. boundary) vertices, namely the vertices laying in Q (resp. on 992). For
any ¢ € V let & be the basis function associated with the vertex x;, defined by:

&eC), &l €Pyforall T € M,
&i(zi) =1, &(xj) =0, Vj €V such that j # 1,

where Py is the set of affine functions. Let us then consider the linear finite element space spanned
by the basis functions (&;);ez:

Vi ={u € C(Q);ulr € Py forall T € M and u = 0 on 9Q}. (8)
A finite element approximation of (1)-(4) may then be given by:
Find (ua, dam) € Vaqg X Vaq such that :

/Q/{(-,uM)V@V[-dex:/ﬂf(-,uM)wdx, Vi € Vg, )

/)\(-,uM)VuM-Vvdx:/ﬁ(-,uM)|V¢M|dex, Yu € V.
Q Q

To prove the convergence of the finite element scheme (9), we need the following assumption on
the mesh M, which are also required for the discrete maximum principle to hold, see e.g. [12, p.
148].

Assumption 2. Let M be a simplicial finite element mesh in the sense of Definition 1. We
assume that for all uypg € Vg,

Hi):j(uM) =— /Q A up)VE - VEjde >0, Y(i,7) € T XV such that i # j. (10)

In the case of the Laplace operator (i.e. A\(-,uprq) = 1), it is well known (see e.g. [10]) that in two
space dimensions, Assumption 2 is equivalent to the fact that M is Delaunay, i.e. for every edge
[z;z;] of the triangulation such that [z;2;] ¢ 02, the sum of the two opposite angles facing [z;z;]
is less or equal 7. In three space dimensions, this condition holds if every inner dihedral angle of
every tetrahedron is acute; however, there is to our knowledge no constructive way yet known to
build such meshes [2, 20].

Remark 3.1. Note that the condition (10) of Assumption 2 may be replaced by condition (1.14)
of [10], which we recall (abbreviating 0\ :(upq) to 0, ; for notational convenience):

i,j
Vi e T, 97;71'+Z|9i7j| <0. (11)
jeT
JFi

It is easily seen that (10) implies (11). Indeed, let i € I, thanks to the fact that 3.\, & = 1,
we get that 0;; = — 3¢y 4 05,55 using assumption (10), we then get that 0;; < — 37y, i 4; 0]
which implies (11).

Conversely, let us show that if condition (11) is satisfied, then condition (10) holds for any

(1,7) € Z\Ip xV, where Ip denotes the set of interior nodes which are neighbours to the boundary
nodes. Indeed, let i € T\ Ip, then 0; ; =0 for any j € B, and therefore:

D16l =) 16 =) 6= b

JET JEV JEV

J#i J#i J#i
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Hence we get that
0;i + Z 0,51 > 0,

JET
J#i
with equality if and only if 0; ; > 0 for all j € V, which shows that this latter condition must hold
in order for (11) to hold.
Hence condition (10) (which is the usual condition for the so called discrete mazimum princi-
ple, see e.g. [13]) is only slightly stronger than (11) and we prefer to use (10) for which some
constructive characterizations are known.

3.2. A cell centred finite volume scheme. To define a finite volume approximation, we intro-
duce an admissible mesh 7 in the sense of [23, Definition 9.1 page 762], which we recall here for
the sake of completeness:

Definition 2 (Admissible meshes). Let Q be an open bounded polygonal subset of R?, d = 2 or 3.
An admissible finite volume mesh of Q, denoted by T, is given by a family of “control volumes”,
which are open polygonal convex subsets of Q0 , a family of subsets of Q contained in hyperplanes of
R?, denoted by € (these are the edges in two space dimensions, or faces in three space dimensions,
of the control volumes), with strictly positive (d — 1)-dimensional measure, and a family (xx)ker
of points of Q0 satisfying the following properties:

(i) The closure of the union of all the control volumes is €.

(i1) For any K € T, there exists a subset Ex of € such that 0K = K \ K = Uyeg, 7. Further-
more, £ = UgerEK .

(iii) For any (K,L) € T? with K # L, either the (d — 1)-dimensional Lebesque measure of
KNLis0or KNL=c for some o € £, which will then be denoted by K|L.

(iv) The family of points (vx)xeT is such that xx € K (for all K € T ) and, if o = K|L, it is
assumed that xx # xr, and that the straight line going through xx and xp, is orthogonal
to K|L.

An example of two cells of such a mesh is given in Figure 1, along with some notations.

FIGURE 1. Notations for a control volume K in the case d = 2

Item (iv) of the above Definition will be referred to in the sequel as the “orthogonality property”.
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We refer to [23] for a description of such admissible meshes, which include triangular meshes,
rectangular meshes, or Voronoi meshes. Here, for the sake of simplicity, we assume that the points
rig € K.

The finite volume approximations ¢z and uz of ¢ and u solution to (6) are sought in the space
X (7) of functions from € to R which are constant over each control volume of the mesh, that is:

X(7T)={u € L*(Q);ulx € Py for all K € T}, (12)
where Py denotes the set of constant functions.

Remark 3.2. Any element ur € X(T) can be written as: ur =) cruxli, where 1 (z) =1
if v € K and 1x(x) = 0 otherwise, and ux denotes the value taken by ur on the control volume
K. We shall naturally identify the set R°Y7T) to X(T) and then we can write ur = (ux)KeT-

The finite volume scheme is classically obtained from the balance form of Equations (1) and (3)
on a control volume K, that is:

- [ wwvomcdite) = [ feowds (13)
OK K

[ MwTencare) = [ stwlveds, (14)
oK K
where ng denotes the unit normal vector to 0K outward to K and dy(x) is the integration
symbol for the (d — 1)- dimensional Lebesgue measure. Let i denote the set of edges or faces of
0K, decomposing the boundary of K into edges or faces, 0K = Uycg, 0, we may rewrite (13)-(14)
as:

=Y [ 56Te i diia)

cefx

- Z /)\(-,u)Vu-nK,g dry(x)

g€l V9

/ £ uydz (15)
K

/ () [ V[2de, (16)
K

where ng , denotes the normal unit vector to o outward to K. Let us write the sought approxi-
mations as ¢ = D e rOxlx and ur =) rukli (see Remark 3.2); we then set

1
fr(ug) = M/Kf(x,uf() dz. (17)

Let &€ denote the set of edges (or faces in 3D) of the mesh, and &, (resp. Eext) the set of edges
laying in 2 (resp. on 02). Foro € &, let Fi§  (ut,¢7) (vesp. F}%U(UT)) be an approximation of the
flux — [ k(z,u(z))Ve(r) ng ody(x) (resp. — [ Az, u(z))Vu(z) ng ,dy(z)), and let Tk (ur, o1)
denote an approximation of the nonlinear right-hand-side ﬁ [y (@, u(x))| V| (z)dz.  With
these notations, a finite volume approximation may then be written under the form:

> Fi o (ur, é7) = m(K) fx(uk), VK €T,

oK (18)
> Fro(ur) =m(K)Jk(ur, é7), VK € T,

oelk

provided one defines the expressions Fg (ur, ¢7), F}%’U(UT) and Jk (ur, ¢7) with respect to the
discrete unknowns (¢ ) ke and (ux)xe7. The discrete fluxes FIK(’U(UT, o7), F;\(!U(UT) are given
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by the classical two—points formula:

. _ [ (o) (ur)(dK — b1) if 0 € Emi, 0 = KL,
FK,G(UT’ ¢T) - { m(J)Tg(U7)¢K ifoeéxn gextat (19)
R | m(o)) (ur)(ug —ug) if o € En, 0 = K|L,
FK,U(UT) - { m(g)’ré‘ (UT)(UK) 1f o e (C/'K N gextv (20)

where 7% (and, similarly 7)) is defined through a harmonic average, that is:

7 EK(UK)KCZL(UL) if o € &, 0 = K|L,
5 (ur) = Kokr(ur) +drokr (k) (21)

FK(UK) e oo ot N Exe,

dK,U

where the values ki (ug) and Mg (ug) are defined by (17), replacing f by x or A.

The discretization of the right hand side term [} £(-,u)|V@|*dz in the temperature equation
is not so straightforward: indeed, there is no natural discrete gradient defined on the control
volumes since the approximate finite volume solution is piecewise constant. A discretization using
an integration by parts was proposed in [27] (see remark 3.3 below). In [11], a similar term appears
and the discrete gradient is fully reconstructed by using the double mesh finite volume method
introduced in [36] and analysed in [17]. Here, we shall use a form which was suggested by a weakly
converging gradient introduced in [21] which provides a means for the numerical analysis of the
scheme. To this purpose, we define the right hand side Jx (ur, ¢7) of the discrete heat equation
in terms of the discrete unknowns in the following way:

Ik (ur, ¢1) = (k) > w(Dk o) T (ur, é7), (22)
cEEK
where, for K € 7 and o € £k, we define the half dual cell Dk , as the convex hull of zx and o
(see Figure 1), that is:

Di,o = {trx + (1 —t)z, (x,t) € 0 x (0,1)},

and

Jo(ur, ¢7) = TGEZUT) (ng5)2d, (23)
with
| o — oL if 0 € Eimy, 0 = K|L,
D, = { o] ifoc (24)

We show in Theorem 3.1 below the existence of (¢x)rxer and (ug)rxer solution to (18)—(23).
This entitles us to define the functions ¢7 and ur € X (7") with respective values ¢x and ux on
cell K, along with the function J7(ur, ¢7) € X(7) with value Jk (ur, ¢7) on cell K.

Remark 3.3. The above finite volume scheme may be seen as a slight modification of a scheme
which was first introduced in [27]; this scheme was based on the following integration by parts of
the right-hand-side of equation (3):

Kl-, U 2x Kl-, U n xT) — Kl-, U X
/K ()| V[2d /BK () V- nicddr(x) /KV((, Vo)sd

/ k(W) V6 - nicdd () + / Fou) da,
OK K
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where my denotes the unit vector normal to 0K, outward to K. This formulation suggests the
following approzimation Jk (ur,dr) to ﬁ Jx k(- u)|Vo|?dx:
- 1
Ticluz,67) = fr(ur)ox = o D Fito(ur,67)0, (25)

cEEK

where Fr: (ur, o) is defined by (19), fx(uk) is defined by (17), and ¢, is an auwiliary value
of ¢ on the interface, which can be written in terms of the unknowns (uk)ker by writing the
continuity of the discrete fluzes:

¢0’ B ¢ ¢0’ - ¢L

- Kt kp(up) 22— =0, Vo = K|L, and ¢y =0, Vo € Eoxt. (26)

I{K('LLK) dL

An easy computation shows that in fact,

_ 1 ~
jK(uTa ¢T) = m GGZgK m(DK,U)j(T(uT) ¢T)a
with
HL(U,L)dG
krp(up)di, o + ki (uk)dr o

~ 7 (uT)

j{T(UT; ¢T) = d ,UK,(T(D(T¢)2d and HK,oc =

Therefore, jK(uT, o1) = Tk (ur, d7) in the case of a homogeneous coefficient k.

3.3. Existence of a discrete solution. To prove the existence of a finite element solution
(pr, ur) to the Problem (9) and a finite volume solution (¢7,ur) to the Problem (18)-(23),
we use Brouwer’s theorem.

Theorem 3.1. Let (k, A, f) be three functions satisfying the Assumption 1.

1. Let M be a finite element simplicial mesh (see Definition 1), and Vg be the linear finite
element space defined by (8). Then there exists at least one solution (ua, drq) € (Vaq)?
to the problem (9).

2. Let T be an admissible mesh in the sense of Definition 2. Let X(7T) be the finite volume
space defined by (12). Then there erists at least one solution (ur,pr) € (X (T))? to the
Problem (18)-(23).

Proof. The proof is based on the fixed point theorem. In fact, the existence of a solution to (6) was
proven in [30] using Schauder’s fixed point theorem; here, since the spaces are finite-dimensional,
we need only use Brouwer’s theorem. The proof is a rather easy adaptation of that of [30] and we
only outline it.

1. For up € Vi, let tag = Faq(uag) be the unique solution (thanks to the Lax-Milgram
lemma) to

//\(x,uM(x))VﬂM(a:)-Vv(x) dx:/n(x,uM(x))|V¢M|2(x)v(x) dz, Vo € Vi,
Q Q

where ¢ g € Vaq is the unique solution to:

/Q (2, up () V() - Vibpa () dr = / Faupm(@)pm(a) dz, Yop € Var.  (27)
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2. Forur € X(7), let iy = F7(ur) be the unique solution (thanks to the classical techniques
of [23]) to

> me)y 2 (g —uk) = Y m(Dr o), stur) OL = Ok e 7,

cefi oc€k KI|L

where 72"7) and 75“7) are defined by (21), (Note that we have denoted o = K|L if
o€ &n and if o € Et NEK, (Ur, dr) = (0,0).), and let o7 € X(7) be the unique solution
to:

> m(o)ri T (¢ — dx) = m(K) fi(uk), VK € T. (28)

c€EK
It is clear that if upr = Fa(unm) (resp. ur = Fr(ugr)) then (up, daq) (resp. (ur, o)) is a
solution to (9) (resp. (18)-(23)), where ¢ (resp. ¢7) is defined by (27) (resp. (28)).

We then remark that, thanks to Assumption 1, the mappings Faq and F7r map the spaces V/?A
and X (7) into a closed ball, and that they are continuous. Hence we may apply Brouwer’s theorem
which implies the existence of a solution in both cases. ([

4. CONVERGENCE OF THE FINITE ELEMENT APPROXIMATION

Let us start with the following easy result, which we shall use in the convergence proof:

Lemma 4.1. Under Assumption 1, let M be a finite element mesh in the sense of Definition 1.
Let upg = ) cqwili and vag = Yo7 vi&i be some functions of Va; then:

/ A ) Vung - Vorg dz = 37 0 (une) (s — 3) (v — v3), (20)
Q (i,5)eV?

where HA ;(urm) is defined in (10). Of course, the same equality is true replacing A by k.

Proof. By definition of ua, vaq and 0 ;(ua), one has:
/ Ay um)Vupag - Vo = — ZZHéj(uM)uwj.
Q i€T jeT

Since > 2 (um) =0 and u; = v; = 0, for all (i, ) € B2, we obtain:

/)\(-,uM)VuM~VvM = —ZZOU (up)ui(vy — v;).
Q

i€V jevy

JEV 7,]

Reordering the summations on 4, j as a summation on the pairs (7, j), we then get that:
//\ yupm )Vurg - Vo = Z 0” up) (w; —uj)(v; — vj), (30)
(i,5)eV?

which proves the Lemma. 1

Let us define the usual interpolation operator:

Definition 3 (Finite element interpolator). Let M be a simplicial finite element mesh of 0 in the
sense of Definition 1. The interpolation operator into the finite element space Vi is defined by:

Mau =Y ulw)&,

i€l
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for any u € C(Q) such that u = 0 on 9. Note that for any u € C(Q) such that u =0 on 0Q, one
has:

IMmll poe ey < [l oo @) - (31)

Lemma 4.2. Under Assumption 1, let M be a finite element mesh satisfying Assumption 2. Let
(dr;um) be a solution of (9). Then the the following estimates hold:

IVomllz20) < C1 (32)
l6(, urm)Vor - Vol L) < Co, (33)
where
€ = Ep”f”L‘”(Qx]R,]R)a
and

Cy = CF[|l| = (oxm.m);
and C), is Poincaré’s constant.
Let 1 € L*>®(R) be a non decreasing function which is abSOZutely continuous (that is almost every-
where differentiable and integral of its derivative). Define V(s fo V' (t)dt. Then the following
estimate holds:

C
9T ()220 < 229, (34)

where the interpolation Iz 1s defined in Definition 3.

Proof. Estimate (32) is clearly obtained by taking ¢ as a test function in the first equation of
(9). Using the fact that  is bounded, one immediately gets (33).

Then, noting that Iy (um) = Y e ¥ (um(zi))é € Vg, we may take it as a test function in
the second equation of (9), which yields:

/Q)\(x,uM(x))VuM(x)-VHMz/J(uM)(x)dx:/Q/i(x,uM(x))|V¢M|2(x)HMw(uM)(x)dx.

Noting that T (uam) = >2;cq7 ¥(ui)éi, where u; = u(x;) for any i € Z, and applying Lemma 4.1
yields

D 0 () (i —ug) (W(wi) — ¥(uy)) = / K@, un(2)) Vo] (@) (ung) () de.
(i,5)€V? @
Now since 1 € L*(R), we get from (33) and (31) that
D 03 (un) (i = ug) (W(us) = P(uy) < Callt]| oo ry
(i,§)€V?
Then, by the Cauchy—Schwarz inequality, we have:
(T(a) = ¥(b)* < (a—b)(¢(a) — (b)), Y(a,b) € R,

and therefore, since HA j(uar) >0 for any (4, j) € Z x V such that i # j (thanks to Assumption 2),
and ¥(u;) = ¥(u;) = O for all (i,7) € B2, we get that:

S0 ) (W(ui) — () < Col|l| ooy

(i,5)€V?
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Applying Lemma 4.1 once more, we finally get that:

/Q A 1) VT ® () Pl < Coll e (35)

which concludes the proof of the Lemma, since A is bounded by below. O

From the above Lemma, one deduces that (34) is true for the function v defined by ¢(s) =
fos # for some given 6 > 1; hence if one could get rid of the interpolator Iy in (34), then

one could apply the result of [6] to get that uag is bounded in WO1 P(Q) for every p with 1 <
p < d—fl. Note that the technique of [6] gives such an estimate for p < d—fl, and that there are
counterexamples to existence for p > d;il. However, this does not seem straightforward in general;
hence, in order to get some compactness, Casado et al. [10] adapt the technique of [3], to show
that (34) implies that ua is bounded in VVO1 P(Q). For the sake of completeness, let us give this
compactness result, which we shall use in our convergence result:

Theorem 4.1. [10, Theorem 2.1] Let Q be a convex polygonal open subset of R%, d = 2 or 3,
and K, \ and f be three functions satisfying Assumption 1. Let T} be the usual truncation function
defined from R to R by

Ti(s) = min(max(—k, s), k), Vs € R. (36)
Let (Mp)nen be a sequence of finite element simplicial meshes satisfying Assumption 2; we denote
by hyn (= ha,) the associated mesh sizes, as defined in (7) and by V(= Va,,) the associated finite

element space, and assume that h,, — 0, as n — 00. Let (v, )nen be a sequence of functions such
that vy, € V,,, satisfying:

Vk > 0,/ |V, Thovp|2de < EM (37)
Q

_d_
d-1°

||UW,HW01~P S C(daQ7p)M
with C(d, ), p) > 0 only depending on d,€) and p.

for some M > 0. Then, for every p with 1 <p <

Note that (37) immediately follows from (34) by taking ¢ = Ty, k > 0 (and then ¥ = 4 in this
case). From this compactness result, we get the convergence Theorem 4.2 (given below).

Remark 4.1. In the two dimensional case, under the assumption that the mesh M satisfies
Delaunay and “non degeneracy” conditions, it is possible to prove that upaq is bounded in Wol’p(Q)
by using finite volume techniques [32]. Indeed, in the two-dimensional case, the matriz obtained
from the discretization of the Laplace operator by the piecewise linear finite element method on a
Delaunay mesh is identical to that obtained by the cell centred finite volume scheme on the dual
Voronoi mesh.

4.1. Convergence result.

Theorem 4.2. Let Q be a convex polygonal open subset of R%, d =2 or 3, and r, \ and f be three
functions satisfying Assumption 1. Let (My)nen be a sequence of finite element simplicial meshes
satisfying Assumption 2, such that h, = hpapq, — 0, as n — oo. Then, there exists a subsequence,
still denoted by (Mp)nen and a solution (G, ,um, ) to (9), such that (pam,,,unm, ) converges to
a weak solution (¢,u) € Hg () x ﬂp<%W01’p(Q) of (6), in the following sense:

1. ¢am, converges to ¢ in HE()) as n — +oo.
2. upq, converges to u weakly in Wy (Q), for all p € [1, 4.
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Furthermore,

k(- upm, )\Vom, - Vom, — k(- u)Ve- Ve in L (Q) as n — +oo. (38)

Proof. Let us denote (¢n,un) = (¢, , U, ) & solution to (9) and V,, = V), the corresponding
finite element space. Let ¢ and v be two functions in C°(£2) (that is the space of infinitely
differentiable functions, with compact support in Q). Let 1, = I, ¢ and v, = M, v, (see
Definition 3). Since 1, € V,, and v, € V,, we may take them as test functions in (9) (for
M = M,,). Hence ¢,, and u,, satisfy:

/ Koy ) Vb - Vi dar = / ot da,
(9]

/ A Uun) Vg - Vo, dz = | k(- un)|[Vn|?v, dz.
Q Q

(39)

From Estimate (32), we get by Rellich’s theorem that ¢, tends (up to a subsequence) to some
function ¢ € H}(Q) in L*(Q) as n — +oo. From estimate (34) and Theorem 4.1, we get that w,
tends (up to a subsequence) to some function u € Wol’p(Q) weakly in Wol’p(ﬂ) as n — —+oo for any
p such that 1 < p < %. Furthermore, 9,, — ¢ and v, — v in W5*(Q), as n — +o0. Thanks
to Assumption 1, k and f are bounded, so that, by the Lebesgue dominated theorem, up to a
subsequence, (-, u,)Vh, — k(-,u)Ve in L2(Q), and f(-, un)tn — f(-,u) in LY(Q), as n — +oo
(these two previous convergences also hold in LP(2), for any p € [1,00)). We may therefore pass
to the limit in the first equation of (39), to obtain that u and ¢ satisfy:

/Q/i(-, w)Ve - Vipdo = /Qf(, u)tp de. (40)
Since 1 is arbitrary in (40), then, thanks to the density of C2°(Q) in H{ (), we get
/Q/i(-,u)v¢-V1/de:/Qf(-,u)wdx, Vi € Hy (). (41)
Now, by Assumption 1, & is bounded by below, and we get that:
o [1966n =0 dr < [ rw)V(6, = 0)-Viou =)o =T+ TH+ T (42)
with:

T = / Ky un) Vo, - Vo, dx,
Q

TS = —2/ K(y un) Ve, - Vodr,
and ’
% = /Q/ﬁ(-,un)V(b -Voda.
Since (¢n, up) is a solution to (9), one could take ¢, as a test function in the first equation of (9):
T = /Qf(-,un)qén dz — /Qf(-,u)(bda:, as n — +oo. (43)
Hence, since ¢ and u satisfy (41), the previous limit becomes as:

T — / k(- u)Veo-Vodr, asn— +oo. (44)
Q
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Furthermore, by Lebesgue’s theorem, k(-,u,)V¢ — k(-,u)V¢ in (L%(Q))?; since Vo, — Vo
weakly in L%(Q), one gets that

Ty — —2/ k(- u)V¢-Vodr, asn— +oo. (45)
Q

It is then clear that we also have T4 — [, £(-,u)V¢ - Vo dx as n — +oo, this with (42), (44) and
(45) imply that ¢, tends to ¢ in H}(Q) as n — +o0o. We then immediately obtain (38).

Let us then pass to the limit in the second equation of (39) to show that (¢, u) is a solution to
(6). From (38), we immediately get that:

/ (s 1) | Vb 2o da — / ()| Vo0 da. (46)
Q Q

Since wu,, converges to u weakly in VVO1 P(Q), again using the Lebesgue theorem, we may pass to
the limit (up to a subsequence) in the left—hand-side of the second equation of (39) and using (46)
obtain that:

/ A u)Vu - Vode = / K(-u) | Vo ?v da.
Q Q
This conludes the proof of Theorem 4.2. O

Remark 4.2. Note that our convergence result does not require the usual reqularity condition on
the mesh which assumes that the ratio suppe g Z—§, where hp and pr are respectively the diameter
of T and the diameter of the ball inscribed in T, be bounded independently on the mesh. This is
due to the fact that in the proof, we pass to the limit directly in the scheme, without using the
classical finite element error estimates which are known in the variational setting. However, this
condition is required in order to obtain error estimates by interpolation, see [15, 10]. Note also
that, as as was done in [19] for the transient case, under sufficient regularity assumptions on the
solution, one can obtain error estimates by using the classical finite element error analysis, which
requires the above regularity assumption on the mesh, but no longer requires Assumption 2.

5. CONVERGENCE OF THE FINITE VOLUME APPROXIMATION

5.1. The convergence result. In this section, we shall prove that a solution of (18)-(23) con-
verges, as hy = sup{diam(K),K € T} tends to 0, towards a solution of (6), as stated in the
following theorem:

Theorem 5.1. Under Assumption 1, let (T,,)nen be a sequence of admissible meshes in the sense
of Definition 2. Let (¢",u™) be a solution of the system (18)-(21) for T =Ty, and let T™(u™, ™)
be defined by (22)-(23). Assume that h,, = sup{diam(K), K € 7,} — 0, as n — oo, and that there
exists ¢ > 0 (not depending on n), such that:

de <(dg -, Yo €&, VK € T,. (47)

Then, there exists a subsequence of (T, )nen, still denoted by (7,,)nen, such that (¢™,u™) converges
to a solution (¢,u) € HE(Q) x ﬂK%WOl’q(Q) of (6), as n — oo, in the following sense:

6" — @ll2() — 0, as n — 400, (48)

d
lu™ —ullLr) — 0, asn — 400, for all p < FETY (49)

Moreover,

/ T, ") (x) dz — / (@, u(x))| V() dz as n — +oo. (50)
Q Q
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Proof. For the sake of clarity, we only list here the main steps of the proof and refer to the lemmata
proven below for the details.

Let (¢™)nen C L2(Q) and (u™),eny C L?(92) be such that, for any n € N, the pair (¢, u") €
(X(7,))? is a solution of (18)—(23), with 7 = 7,, (recall that this solution exists by Theorem 3.1).

(1) A priori estimates. We first show in Lemma 5.1 below that the sequences (¢™)nen and
(u™)nen are bounded for respectively, the L? norm and the LP norm, with p < d%.lQ' Note
that the condition (47) is required when using the discrete Sobolev inequality, see e.g. [16],
to obtain the uniform bound of (4"),ey in an L? norm from a discrete W0 estimate.

(2) Estimates on the space translates. Following [23, Lemma 9.3 page 770 ], [22, Lemma 4] or
[31], one may then easily, using (57) and (60), get some uniform estimates on the translates
of ¢ in the L? norm and of «™ in the L? norm.

(3) Relative compactness. We may therefore use a discrete Rellich theorem (see e.g. [22,
Theorem 1]) to obtain that the sequences (gb Jnen and (u™),en are relatively compact in,
respectively, L?(Q) and LP(Q), for p < d72. The estimates on the tranlations also yield
the regularity of the limit, that is, if ¢ is a limit of the sequence (¢™),en in L?(Q), then ¢ €
H{} (£2); similarly, if u is a limit of the sequence (u™),en in LP(Q2), then u € Ny 4 Wy ().

(4) Passage to the limit in the scheme. From step (3), for any sequence (7;,)nen of admissible
meshes satisfying (47) and such that size(7,) — 0, as n — o0, there exists a subsequence,
still denoted by (7;,)nen, such that:

(a) u™ converges to some u € ﬂK#WOl’q(Q) in LP(Q), for all p < 545, as n — oc.

(b) ¢™ converges to some ¢ € H}(Q), in L?(2), as n — oo.

As in the proof of [22, Theorem 2], we first multiply the first equation of (18) by ¥ (zk),
with ¢ € CDO(Q); thanks to a discrete summation by parts, we obtain:

uie) (P — oM (Wi — ) = > m(K) fre(ur)(ex), (51)

KeT, oe€k Ko KeT,

with ¢} = ¢(x k), where ¢ is defined by:

o = dx aw(TL)-i-dL o¥(TK) if o = K|L € &, (52)
¢”—01fo€€ext
and ¢7 is defined by:
i) e Pt = 03t = KL € (53)

O =0if 0 € Euy.

Now thanks to the assumptions on f , using the Lebesgue dominated theorem, we get that
Yoxer, M K) fr(ur)(errx) — [ f(u,-)ipdz. Then, by Lemma 5.2 given below (with
v, = 1), the left-hand-side of (51) tendb to [, k(u,)V¢ - Vipdx. Hence the function
¢ € HL(Q) is the (unique, for the considered function u) weak solution of the first equation
of (6), that is:

/ (e, u()) V() - V() de = / Fl,u(@))p(z) dz, Vi € HL(9).
Q Q

In order to prove (48) and (49), there now only remains to show that u satisfies the second equation
of (6). In order to do so, we proceed in a now classical way, that is, we multiply the second equation
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of the scheme (18) by ¢ (zx) where ¢ in C2°(£2) (the set of infinitely, we sum over K € 7,, and
obtain, after a summation by parts:

oY mo) W) (uk —up)d(er) = Y mE)TR (W, 6" ) (zx) (54)
KeT oe€k KeT
Let us now pass to the limit as n — +o00. Applying Lemma 5.2 given below with v = 1, we get
that the left hand side of (54) tends to [, Az, u(z))Vu(z) - Vi) (x) dz, as n — +o0. Moreover, we
show in Lemma 5.3 below that the right hand side of (54) tends to [, x(x, u(x))|Vo|*(x)¢(z) d x,
so that, by density of C2°(Q) in W, %(2), we get that u satisfies

/Q Mz, u(@)) V() - Vi(z) de = /Q (s (@) VOl ()b () da, V¥ o € UpsaWE9(Q).  (55)

The proof of (50) then follows by an adaptation of the proof of the convergence of the discrete
H} norm in [23] (Theorem 9.1, proof page 776): see Lemma 5.4 below. This concludes the proof
of the theorem. 0

In the following sections, we shall derive the estimates and the intermediate convergence results
which were used in the above proof.

5.2. Estimate on the approximate solutions and compactness. Recall that the approximate
finite volume solutions are piecewise constant; hence they are not, in general, in the spaces WP,
and we need therefore to define a discrete WP norm (see also [16, 23]) in order to obtain some
compactness results.

Definition 4 (Discrete WP norm). Let Q be an open bounded subset of R, d = 2 or 3, and let
T be an admissible finite volume mesh in the sense of Definition 2. For ur € X(7T) (defined in

(12)), ur =Y gequxli, and p € [1,+00),

luzllipr = <Z m(U)da(lzzu)p> :

ocel

with the notation

Dou— |UK—'LLL| ifUGgint,0=K|L,
7 |UK| if 0 € Eext NEK
To prove the convergence of (¢7,ur), we prove at first some estimates on ¢7 and ur.

Lemma 5.1. Under Assumption 1, let T be an admissible mesh in the sense of Definition 2, and
let (7 > 0 be such that:

de < (7 dg,s, Yo € €, and for any K € 7. (56)
Let (¢7,ur) be a solution of (18)—(23). Then there exists (C3,Cy,C5) € (Ry \ {0})3, only
depending on Q, || fllL<@xr,r); [|K]lL@xr,r) and a such that

o727 < Cs, (57)

o7 llL2) < Ca, (58)
and
| T (ur, ¢1)| L1(0) < Cs. (59)
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Moreover, for all p € [1, ddl) there exists a constant Cg € Ry \ {0} only depending on €,

I fllz=@xrr)s |6z @xrr), AL (@xR,R), (75 P and o such that

»7 < Co, (60)

l[urlly

and a constant C7 € Ry \ {0} only depending on Q, || f|lz~@xrr); [|K]lzo@xrR), AL @xR.R)
(7, p, o and d such that

lur|lLe~ < Cr, (61)

where p* = dedp

Proof. The proof of (57) follows [23, Lemma 9.2 page 768] and the estimate (58) is then obtained
by the discrete Poincaré inequality [23, Lemma 9.1 page 765]. Let us then prove the L' estimate
(59). Indeed, by definition (22)-(23) of Jr(ur, ¢7),

HJT(UT,QﬁT)”Ll(Q) = Z Z DKU j{f UT;¢T)

KeT ok
= Zm(DU)jﬂ(u77¢T)v
oe€l

where D, denotes the “diamond cell” around o, that is D, = Dk, UDp , if 0 = K|L € &y, and
D, = Di,o if 0 € Eext N Ex. From the definition of J,(ur, ¢7), noting that m(Dy) = m(o)ds,
and using Assumption 1, one then obtains that:

|Tr(ur, ¢ i) = Y m(o)rs (ur)|Dog|”

oeé

K2 o D
Zm(a)da Ill7 (QxR,R)( da¢)2
oef @ 7

15117~ (@,
< L LEEORE) e
which proves (59). Thanks to L' estimate (59), one obtains (60) by a straightforward adaptation
of [31, Lemma 1] (see also [18, Theorem 2.2]). The estimate (61) follows from a discrete Sobolev
inequality [16]. O

5.3. Passage to the limit. Let us begin by a technical lemma which is used for the convergence
of various terms in the passage of the limit.

Lemma 5.2. Under Assumption 1, let (T,)nen be a sequence of admissible meshes in the sense
of Definition 2, such that h, = sup{diam(K),K € T,} — 0, as n — oo. Let (u™,¢",v")pen C
L2(Q)3, with (u™, ¢",v") € X(7,,)3 Vn € N and let ¢ € H} (), v € L*(Q) and u € LP(Q), be such
that:

("™, 0™, u") — (¢, v,u) in L*(Q) x L*(Q) x LP(Q),Vp < as n — +00.

d
d—2
Moreover, assume that there exists C' > 0 such that ||¢"||1,7, < C, for alln € N. Let ¢p € C°(Q)
and Y™ = Pr,p; define I,(¢™, 0™, u™, ) by:

In(9™, 0", u" ) =

u) (05 = k) (s — VR)vk

KeT, UESK
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where Y7 is defined by (52) and @2 by (53). Then

I, (", 0™ u"™, ) —>/ w)Vo -V vdr as n — +oo.
%~ 9% gny on
K,o

the half diamond Dy ,. Let Vz, 9" € (L*(Q))? be the piecewise constant function equal to

gy — Vi
dK,U

to 0. Noting that m(Dg ) = %m(o)d;{,g, we may write I, (@™, v™, u", 1) in the following way:

Ln(¢" v"™ u™, ) = Lg"(¢"><x)-vfnw“'<x) K", u" () " (z)d @

(Recall that k™(-,u"(:)) € X(7T) and " (x,u"(x)) = kr(u}), a.e. x € K, for any K € T,,.)
By assumption, the sequence (p™"),en converges to ¢ € H(Q) in L*(Q) and is bounded in the
discrete H' norm; therefore, we get from Lemma 2 in [21]:

G"(¢") —n—too V¢ weakly in (L*(2))". (62)
Thanks to the definition (52) of 17, the differential quotient wK Y2 is a consistent approximation

Proof. Let G"(¢™) € (L?*(Q2))? be the piecewise constant function equal to

ng . + (V¢ - t,). t, on the half diamond Dk ., where t, denotes a unit tangent vector

(in the finite difference sense) of Vi - ng ; therefore, the functlon Vo, " converges to Vi in
(L>=())?. Hence, since u” — u in the LP norm for p < -% and since x is bounded, we obtain
from the Lebesgue dominated theorem that:

K (- u™) 0" Vo, " —k(-, u) v Vip in (L3(Q))? as n — +oo.
This, together with (62), concludes the proof of the Lemma. O

Lemma 5.3 (Right-hand-side of the heat equation). Under Assumption 1, let (T, )nen be a se-
quence of admissible meshes in the sense of Definition 2. Let (¢™,u™) be a solution of the sys-
tem (18)-(21) for T = T,, and let J"(u", ¢") € X(T,) be defined by (22)-(23). Assume that
hn, = max{diam(K), K € 7,} — 0, as n — oo, and that there exists { > 0, not depending on n,
such that (47) holds. Assume that

1. u" converges to some u € ﬁKﬁWOl’q(Q) in LP(Q), for all p < 7%, as n — oc.
2. ¢" converges to some ¢ € HE (), in L*(Q), as n — oo.
For any 1 € C(Q) let v™ € X(T,) be defined by:
" (x) =¢Y(eK), forae v e K, VK € T,.
Then:
[T en@in@ds = [ s u@)VoP @) doasn . (63

Proof. Noting that m(Dg ,) = m(0)dk,», one has:

[ = ¥ Y wodcar ) P )

KeT" o€k
Ty + T, (64)

where

n\2
=Y D m)drors(u )L‘ﬁ L (65)

KeT, cc€k
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and
Da n\2
= 3 3 mloddors ) P2 k) — ), (66)
KeT, o€k 7
where we have denoted 1(z1) = 0 if 0 € Eexe N Ex. Since [Y(zx) — Y(zL)| < 2ha|| VY| poo @)

ll<l|Z 00
Ky (2 XR,R)
and 77 (u") < —= 7=, we have

Tg| <2

6017 s (oxm.® n
— 2D Vel g gy 167 1R 2,7

Using (57) we then obtain that:

Tz | — 0, as n — +oo. (67)
We turn now to the term TY, reordering the sum on the edges in the right hand side of (65), we
get

T = ) m(o)7) (u")(De¢")?

o€l
where ¢ is defined by (52). We may then decompose T} = Tg + T, with
Tg == m(o)ry (u")(@f — 65k) (kb — OLYL), (68)

ocel

and

F=— > m(o)ry (") (0F — 0% )9k (U — ¥i) — (OF — %)L (W5 — ¥F)) - (69)
e
(where we have denoted % = ¢(vk), for any K € 7,). We shall show below that

T~ [ Ko@) VR @ + [ rle.u(@) Vo) - oo dn, asn— oo, (70
and that
T =~ [ ke, u()Vo(a) - Vi(a)o(e) do as n - +os (71)
Q

from which it is easy to see that

|7 @ @) = [ e u@)IVo s
which proves (63). To conclude the proof of the Lemma, there only remains to prove (70) and (71).

Let us first prove (70). Reordering the sum of the right hand side of (68) on the control volumes
and using the fact that ¢™ is the solution of the first equation of the finite volume scheme (18) |
we get

Te = — > > wm(o)7g,(w)(6f — ¢%)dkt(v)
KeT, cc€k
= Y m(K)fx(up) ki
KEZL

/ f,um(2)) 6" () o™ () da
Q

Now u™ converges to u € ﬂKﬁWol’q(Q) in LP(Q), for all p < d—fQ, as n — 00, so that, by the
Lebesgue theorem, f(-,u") — f(-,u) in L?(Q) as n — +o0o. Moreover, ¢" tends to ¢ in L2(€2).
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Finally, it is clear that ¥™ — ¢ in L*°(Q)). Hence we get that
T — / flz,u(x)o(z)v(x)dz, as n — oo.
Q
Since ¢t € H}(Q2), one may take it as a test function in the first equation of (6), which gives

/ f (@ u(@)d@)p(e)de = / (a, u(x)) V() - V () (z) da
Q Q
- / (@) |V (2) () da + / (a, u(2)) V(z) - Vop(@)d(x)dz,

Q
which proves (70). Finally, reordering the sum of T? on the edges of the control volumes, we get

T7 = uf) (95 — k) (Wi — ¥5)0k

KeT, UESK Ko

where ¢7 is defined by (53). Using Lemma 5.2 with v = ¢, we obtain (71), which concludes the
proof. O

For the sake of completeness, we then prove the convergence of the ohmic losses.

Lemma 5.4 (Ohmic losses). Under the assumptions of Lemma 5.3, let J™(u™, ¢™) be defined by
(22)-(23) for T =T, then J"™(u™, ¢™) satisfies (50), that is:

[ 7w @ e = [ o u@)IVoR @) de asn— o
Q

and therefore, J™(u™, ¢") — k(-,u)|Vé[*> as n — +oo for the weak % topology of (C(Q))’, where
C(Q) denotes the set of continuous functions on €.

Proof. By definition of J", and again noting that m(Dg ) = %m( )dk .o, one has:

/Qj”(u",(b”)(x)da: — Z Z dKaT )( Z;f)

KeT, o€k

> m(K) fr ()i

KeT,
- / f(,u" () 6" () da.
Q

Since u™ converges to u € ﬁKﬁWOl’q(Q) in LP(Q), for all p <
HL(Q) in L?(Q), we get that

/Q T (0", 6")(2) AT = poc /Q féda;

hence, thanks to the fact that ¢ satisfies (6), J™ (u™, ¢™) satisfies (50).
Now from Lemma 5.3, we get that

/ T (U™, ™) Az — st / (-, u)| V| dz for any ¢ € C2°(Q).
Q

This, together with (50), yields, by classical results in measure theory, that:

[ omde =i [ K(,0)[T0PY s for any v € CED,
Q Q

which concludes the proof of the lemma. O

. 2,asn—>oo,and¢n—>¢€
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6. WHAT IF THE SOLUTIONS ARE IN FACT MORE REGULAR 7

As we mentioned in the introduction, some recent work [7] showed that the solution of (1)—(4)
may, under some assumptions on the data, be found in H}(Q) x HZ(Q); in fact, in [7], the right-
hand-side f does not depend on wu, but the conditions on x, A and f are somewhat weaker than
those considered here; moreover, the dependence of f on u does not yield any additional difficulty
when f is assumed to be bounded as is the case here. Hence the result of [7] yields, in our particular
case, that there exists (¢,u) € HE(Q) x H}(Q) such that

(6,u) € HY(Q) x H(©),
[ rtvo:Vode = [ fewppds, vo € i@

fA(-,u)Vu -Vodzr = /Qn(-,u)|v¢|2v dz, Yv € C°(Q).
Q Q

This existence result is based on the remark that for any (¢, u) € Hg(Q)x H}(Q),if V- (k(-,u)Ve) €
L2(92), one may write that: V- (¢r(-,u)Ve) = k(-,u)|Vo|? + ¢V - (k(-,u)Ve) in D'(Q); hence, if
¢ is solution to (1) in D'(2), then

() |[VEI? = 6f(u) + V- (6k(-, ) V) in D'(Q) (73)
It is then shown in [7] that, under the present assumptions, ¢ € L°(€) (in fact in [7] the assump-
tions are weaker so that this estimate is only valid on a sequence of approximations). Therefore,
since ¢ € Hi(Q), the right-hand-side to the heat equation, x(-,u)|V¢|? is in H~1(Q) so that the
temperature u may be sought in H} ().

(72)

Let us remark that in the second equation of (72), we may take the test functions in H}(Q)
rather than C2°(£2), thanks to the following lemma. Note that this is not the case in [7] because of
weaker assumption on the diffusion coefficients (which may be unbounded, following the turbulence
model of [33]) and on the right hand side.

Lemma 6.1. Let Q be a bounded open set of R, and let g € L*(Q) N H~1(Q) such that g > 0 and
g=—V-F+h, where F € (L*(Q))? and h € L*(Q). Then for any p € H}(Q), gp € L' () and

/g(pdx:/F-Vgodx—i—/ hodz. (74)
Q Q Q

Proof. By definition of g, we have that (74) holds for any ¢ € C°(€2). Let us first show that this
equality also holds for any ¢ € HZ(Q2) N L>(2), by considering, for a given ¢ € H}(Q) N L*°(Q),
a sequence (¢n)nen C C2°(9), which converges to ¢ in Hi () and which is bounded in L°°().
Then, thanks to the dominated convergence theorem, we may pass to the limit in the equality
(74) written for ¢,,, and obtain that it also holds for ¢ € HZ(2) N L>°(Q). Let us then consider
© € HY(Q) such that ¢ > 0 a.e.; let ¢, = T,,(p), with T}, the usual truncation function defined
by (36). Then ¢,, € H(2) N L>(£), so that we may write (74) with ¢,, as test function. Passing
to the limit as n tends to infinity, noting that ¢,, converges to ¢ in H}(Q) and that ¢, < @ni1
almost everywhere, we get by monotone convergence that (74) holds for all p € H}(2) such that
¢ > 0 a.e.. We then conclude that it holds for all ¢ € H}(Q2) by considering, in a classical way,
the positive and negative parts of . O

Now that we know that in fact, we have existence in the usual variational setting for both
potential and temperature, one may wonder if the convergence analysis of the previous sections
was worth the trouble. But in fact, at first glance, it does not seem to be so easy nor useful to
transpose the above regularity trick to the discrete case. Let us have a look in the case of the finite
element scheme, which is somewhat simpler to analyse than the finite volume scheme. Let us first
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remark that in order to follow the same idea as that of [7] to show the convergence of the scheme
(9), we would need to show that the term (-, uxr)|Vpa|? be bounded in H~1(Q); this does not
seem straightforward. The equality (73) also suggests another scheme: replacing the right hand
side

Blz/m(-,uM)|V¢M|2vdx
Q

of the second equation of (9) by

32=/ngf(-,uwvdx—/Qm-e(-,umvw-wdx

yields a different scheme from (9). Indeed, in general prv & Vg and therefore we may not take
1 = ¢y in the first equation of (9) to obtain the equality between By and Bs. The study of the
convergence of this new scheme does not seem to be worthwile, for two reasons:

(1) The formulation of (9) is clearly more natural.

(2) In order to get some compactness, one needs a uniform L° bound on the sequence of
approximate potentials. Hence in order to apply the same idea as in [38], one needs
the discrete operator to be positive [29], and therefore the restrictive assumptions (10)
also seem to be necessary in this new formulation (recall that this assumption is quite
restrictive in 3D).

In the case of the finite volume scheme, we have the same problem ; indeed, there is no equivalent
to(73) for the approximate finite volume solutions, and therefore, there is no easy way to prove
the boundedness of the right hand side in H~1(Q). Let us also notice that replacing the right hand
side by (73) and discretizing this new formulation by the finite volume scheme (written as Petrov-
Galerkin method, that is taking the piecewise constant functions on each cell as test functions and
discretizing the fluxes as described in section 3) yields the technique which was used in [27], and
which results in a slightly different scheme than the one analysed here (see remark 3.3).

7. CONCLUSION AND PERSPECTIVES

We proved here the convergence of a cell centred finite volume method and the linear finite
element method for the coupled heat and potential equation; the condition on the considered
meshes is such that the discrete maximum priniciple holds. Indeed, the technique of proof mimics
the tools used for the existence the continuous case, which requires the monotonicity of the operator.
In the case of the cell centred finite volume, the scheme satisfies the maximum principle for any
admissible mesh. These include triangles and rectangles in two space dimensions, and Voronoi
meshes in any dimension.

In two space dimensions, the linear finite element method satisfies the discrete maximum prin-
ciple for triangular meshes under the Delaunay condition. It is easy to show that under this
condition, in the case of the Laplace operator, the matrix of the scheme is identical to that of
the cell-centred finite volume on the dual Voronoi mesh. Therefore, the convergence of the finite
element scheme may be obtained from that of the finite volume scheme, as explained in [32].

In three space dimensions, there is no known way to build a Voronoi mesh from a tetrahedral
one, and therefore one must proceed directly with the finite element interpolation operator, as in
section 4 above, and in [10] in the case of a linear diffusion operator. In the three—dimensional case,
a known sufficient condition for the maximum principle to hold on a tetrahedral meshes is that
all angles of all the faces be strictly acute. Unfortunately, there does not seem to be an easy way
to construct such meshes in practise [2, 20], so that our convergence result for the finite element
scheme in 3D remains quite academic.
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Let us also note that the proof of convergence for the finite element uses the strong convergence
in H! of the gradient of the approximate solutions (item 1. of Theorem 4.1), which is quite easy
to prove. In the case of the cell centred method presented here, we could also have used a discrete
gradient that converges strongly, as in [24], but the natural implementation which was performed
in [27] leads to a weakly converging gradient as introduced in [21].

Another open problem concerns anisotropic problems. Indeed, if the diffusion coefficients are
tensors, no practical sufficient condition is known for the maximum principle to hold, neither for
the finite element method, nor for the finite volume one: in fact, finite volume schemes built with
a strongly converging gradient exist, either for admissible meshes [24], or for general meshes [25].
However, the stencil of these schemes is wider than the one considered here, and they do not, in
general, satisfy the discrete maximum principle. Hence work is required to prove their convergence
for an irregular (L' or measure) right—hand-side.
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