Finite volume approximation of elliptic problems
and convergence of an approximate gradient
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Abstract : Using a classical finite volume piecewise constant approximation of the solution of an elliptic problem
in a domain €2, we build here an approximate gradient of the solution. It is then shown that this approximate
gradient converges in Ha;»(Q). An error estimate is given when the solution belongs to H?(Q).

1 Introduction

The finite volume method is a discretization method which is well suited for the numerical simulation of
various types (elliptic, parabolic or hyperbolic, for instance) of conservation laws; it has been extensively
used in several engineering fields, such as fluid mechanics, heat and mass transfer or petroleum engineer-
ing. Some of the important features of the finite volume method are that it may be used on arbitrary
geometries, using structured or unstructured meshes; and that it leads to robust schemes. An additional
feature is the local conservativity of the numerical fluxes, that is the numerical flux is conserved from
one discretization cell to its neighbour. This last feature makes the finite volume method quite attractive
when modelling problems for which the flux is of importance, such as in fluid mechanics, semi-conductor
device simulation, heat and mass transfer. ..

Finite volume methods for convection-diffusion equations were introduced as early as the early sixties by
Tichonov and Samarskii, see [37], [32] and [33]. The convergence theory of such schemes in several space
dimensions has only recently been undertaken. In the case of vertex-centered finite volume schemes,
studies were carried out by [34] in the case of Cartesian meshes, [18], [3], [5], [6] and [38] in the case of
unstructured meshes; see also [28], [36], [24], [29] and [35] in the case of quadrilateral meshes in two space
dimensions. Cell-centered finite volume schemes are addressed in [25], [15], [41] and [23] in the case of
Cartesian meshes and in [40], [19], [20], [22], [26] in the case of triangular (in two space dimensions) or
Voronoi meshes; let us also mention [8] and [9] where more general meshes are treated, with, however,
a somewhat technical geometrical condition. In the pure diffusion case, the cell centered finite volume
method has also been analyzed with finite element tools: [1], [4], [2] or Petrov-Galerkin tools [10]. The
convergence analysis has also been performed in some cases of nonlinear convection-diffusion problems;
see [14] with a combined finite element-finite volume method, [13] and [12] with a pure finite volume
scheme.

Since the approximate solution constructed with a classical cell-centered finite volume scheme is piecewise
constant, an approximation of the gradient of the solution may be seen to be more complex than with
a finite element method. Indeed, the convergence of a reconstructed gradient has been shown in [9],
for certain quadrangular meshes using a nine point scheme in two space dimensions. It has also been
shown on certain meshes by rewriting the finite volume scheme as a finite element scheme [1], [39] or
a Petrov-Galerkin scheme [10]. Here we show that one may construct an approximate gradient on all
”admissible” meshes by using some mesh functions which are very close to those used in mixed finite
element theory (see e.g. [31]); these include triangular meshes (with a four-points scheme), rectangular
meshes in two space dimensions, (with a five-points scheme) and Voronoi meshes in all space dimensions.
For the sake of clarity, we consider here the Laplace equation:

—Au(z) = f(z), fora.e. ze€Q, (1)
with a Dirichlet boundary condition:
u(z) =0, for a.e. z € 99, (2)

where



Assumption 1

1. Q is an open bounded polygonal subset of RY, d = 2 or 3,
2. feL?(Q).

Here, and in the sequel, “polygonal” is used for both d = 2 and d = 3 (meaning polyhedral in the latter
case). Note also that “a.e. on 9Q” is a.e. for the d — 1-dimensional Lebesgue measure on 9.
Under Assumption 1, by the Lax-Milgram theorem, there exists a unique variational solution u € H}(€)

of Problem (1), (2), which satisfies
[ vute) Vot = [ slapete)da, vo e i) (3)

1.1 Definition of the finite volume scheme

Let us first introduce admissible meshes in order to define the finite volume scheme; an example of such
a mesh is depicted in Figure 1.

Definition 1 (Admissible meshes) Let Q be an open bounded polygonal subset of RY d =2, or3.
An admissible finite volume mesh of Q, denoted by T, is given by a family of “control volumes”, which
are open polygonal conver subsets of Q (with positive measure), a family of subsets of Q contained in
hyperplanes of R?, denoted by & (these are the edges (2D) or sides (3D) of the control volumes), with
strictly positive (d — 1)-dimensional measure, and a family of points of Q denoted by P satisfying the
following properties (in fact, we shall denote, somewhat incorrectly, by T the family of control volumes):

(i) The closure of the union of all the control volumes is Q;
(ii) For any K € T, there exists a subset Eg of € such that 0K = K\K =Ugyee, 7. Let £ = Ugerék.

(iii) For any (K,L) € T? with K # L, either the (d — 1)-dimensional Lebesgue measure of K N L is 0

or KN L= for some o € £, which will then be denoted by K|L.

(iv) The family P = (zx)keT is such that xx € K (for all K € T) and, if o = K|L, it is assumed that
the straight line D 1, going through zx and z is orthogonal to K|L.

(v) For any o € £ such that o C 0Q, let K be the control volume such that o € Ex. If xx ¢ o, let
Dk o be the straight line going through zx and orthogonal to o, then the condition Dk o No # B is
assumed; let yo =D o No.

In the sequel, the following notations are used. The mesh size is defined by: size(T) = sup{diam(K),
K e T} Forany K € T and 0 € £, m(K) is the d-dimensional Lebesque measure of K (i.e. area
if d = 2, volume if d = 3) and m(c) the (d — 1)-dimensional measure of o. The set of interior (resp.
boundary) edges is denoted by Eins (resp. Eext), that is Eng = {0 € &; o ¢ 00} (resp. Eext = {0 € &;
o COQ}). Forany K € T and o € Ek, we denote by di o the distance from zi to o and set T o = %{%}.
Remark 1

(1) The definition of y, for o € Eex;; requires that y, € o. However, In many cases, this condition may be
relaxed. The condition zx € K may also be relaxed as described for instance in Example 1 below.

(ii) The condition zx € K may in fact be relaxed so long as two center points zx and zy do not get
“inverted”, see the example of triangular meshes. We shall keep to the condition zx € K here for the
sake of simplicity. Note that in particular, if for a given mesh the two center points zx and zp of two
neighbouring control volumes K, L happen to be equal and lying on the common edge, then these two
control volumes just have to be collapsed into a new control volume M with xy = g = zy, and the
edge K|L removed from the set of edges. The new mesh thus obtained is admissible.
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Figure 1: Admissible meshes

Example 1 (Triangular meshes) Let Q be an open bounded polygonal subset of IR?. Let 7 be a
family of open triangular disjoint subsets of €2 such that two triangles having a common edge have also
two common vertices. Assume that all angles of the triangles are less than 7/2. This last condition is
sufficient for the orthogonal bisectors to intersect inside each triangle, thus naturally defining the points
zx € K. One obtains an admissible mesh. In the case of an elliptic operator, the finite volume scheme
defined on such a grid using differential quotients for the approximation of the normal flux yields a 4-
point scheme [19]. This scheme does not lead to a finite difference scheme consistent with the continuous
diffusion operator (using a Taylor expansion). The consistency is only verified for the approximation of
the fluxes, but this, together with the conservativity of the scheme yields the convergence of the scheme,
as it is proved below (and in other recent papers, see e.g. [11], [13]).

Note that the condition that all angles of the triangles are less than 7/2 (which yields 2x € K) may
be relaxed (at least for the triangles the closure of which are in Q) to the so called “strict Delaunay
condition” which is that the closure of the circumscribed circle to each triangle of the mesh does not
contain any other triangle of the mesh. For such a mesh, the point g (which is the intersection of the
orthogonal bisectors of the edges of K) is not always in K, but the scheme defined below still behaves
well since it yields a consistent approximation of the diffusion fluxes and the discrete maximum principle

holds (see e.g. [19]).

Example 2 (Voronol meshes)

Let © be an open bounded polygonal subset of IRY. An admissible finite volume mesh can be built by
using the so called “Voronoi” technique. Let P be a family of points of Q. For example, this family may
be chosen as P = {(kih, ..., kqh), k1,... kg € Z } N Q, for a given h > 0. The control volumes of the
Voronoi mesh are defined with respect to each point x of P by

[{xz{yEQ,|I—y|<|Z—y|,VZEP,Z#&}

Recall that |« — y| denotes the euclidean distance between z and y.
An advantage of the Voronoi method is that it leads to meshes on non polygonal domains €.

Under Assumption 1, let 7 be an admissible mesh in the sense of Definition 1 and let (ug)xe7, (Uo)oece
be defined by:

1 -
fx = M/K f(x)dx, VK € T, 4)



— Z Tk,o(Ue —ug) = m(K)fx, VK € T, (5)

oc€efk
TK,G(UU - UK) + TL,U(UG - UL) = 0; Vo € (c/‘int; g = [{|L; (6)
Ug = 0, Yo € gext~

The existence and uniqueness of the solution (ug)kxeT, (Uo)oee to (4)-(6) are proved in [11] or [13]; they
result from a discrete Poincaré inequality and a discrete H} estimate, which we now recall for the sake
of completeness (see [11] or [13] for the complete proofs). Let us first introduce two equivalent forms of
the discrete H}! norm which we shall use here.

Definition 2 (Discrete H}! norm) Let Q be an open bounded polygonal subset of R, d =2 or 3, and
T an admissible finite volume mesh in the sense of Definition 1. Let X(T) denote the set of piecewise
constant functions on each control volume of the mesh, and let ug denote the value of u € X(T) on the
cell K.

For u € X(T), the discrete H} norm of s is defined by:

[Jull1,7 = ( Z %(UL—UKV_}_ Z ?(U)u%)%. (7)

int
o=K|L TCOKNOQ

where ug denotes the value taken by u on the control volume K and the sets £, Ene, Eext and Ex are
defined in Definition 1.

Remark 2 In the above definition, if (us)oce are defined by (6), then one also has

m(o)

——————(ur —uL) = Tk o (UK — Us) = —TL o (UL — Us) for any 0 = K|L € &g
dK,a + dL,a

so that one also has:

lallr = (33 riwlur - un)?) 0

KeToelk

It is shown in [11] or [13] that for any mesh 7 if u € X (7) then the following discrete Poincaré inequality
holds:

llullL2(q) < diam(Q)|Julls, 7 (9)
In the same references, we also showed that if (ug)keT, (Uo)oece satisfies (4)-(6) or more precisely an
equivalent system where (5)-(6) is replaced by

> Fro=m(K)fx, VK €T, (10)
cefi
m(o) .
Fgo=——"—(ux —ur), Yo € &nt,0 = K|L,
dg,o +dLo (11)
m(o)
FK,o = —UK;VUEgextaUEgK;
dK,o

then the discrete HE(Q) estimate holds:

lurllf 7 < diam(Q)*[|fl|Z2(q) (12)
where ur is defined by ur(z) = ug for all € K where (ug)ger is the assumed solution of (11); hence
by Remark 2, if (ux)kxe7, (4s)oce denotes the solution to the finite volume scheme (4)-(6), one has:

Yo D Tkelus —uk)? < diam(Q)?| fI|Zs - (13)

KeToelk



Note that in the above form of the scheme, Fg , represents the numerical approximation of the flux

through an edge ¢ outward to K, and that for 0 = K|L € &, one has: Fx, = %(UK —ur) =

TK o (UK — Uo).
These two estimates yield the existence of a unique solution. For a given admissible mesh 7, we may
therefore define the finite volume approximation of the exact solution u by

ur = > uglk, (14)

KeT

where 1 is the characteristic function of K, that is 1g(z) =1 if z € K, 0 otherwise.
The convergence of the finite volume solution was already proven in [13] or [11]. The aim here is to
construct an approximate gradient and prove its convergence.

1.2 Definition of an approximate gradient

In order to define an approximate gradient of u, we introduce, for K’ € 7 and o € £k the variational
solution ¢x » € H'(K) of the following Neumann problem.
Aok o(z) = mﬂ(%, for a.e. z € K,
Jyc o (a)d =0, )
Voro(y) ngo=1,forae yé€o,
Voro(y) ngs=0,forae yes,oeclk,d#o,

where ng , denotes the unit normal vector to o outward to K. The function ¢x , € Hl(K) 1s therefore
the unique solution such that fK oK, o(x)dz = 0 of the variational formulation

m(o)

[ Voroo ez = -2 [ wdn+ [ian. v e ) (16)

where dvy denotes the integration with respect to the d — 1 Lebesgue measure on the boundary 9K.
Let us mention that in the case of triangular or rectangular control volumes, the functions ¢x , are the

usual basis functions for the flux in the classical mixed finite element approximation, see e.g. [31], the
gradient of which may be written explicitly (note that the expression of the basis functions themselves is
of no real interest):

e Let K be a triangular control volume, a be one of its vertices and o be the side opposite this

vertex, then
r—a

d(a,o)

where d(a, o) denotes the distance between a and o.

Voro(x) = for any z € K

e Let K be a rectangular control volume the sides of which may be assumed to be parallel to the
axis, and let o and ¢’ be two parallel edges of this rectangle, then

d(z,o')
d(o, o)

where d(z,0') (resp. d(o,0')) denotes the distance between # and ¢’ (resp. ¢ and ¢') and ng
denotes the unit normal vector to o outward K.

Voko(z) =

ng . for any z € K,

Note that in the general case, V¢g , can only be approximated.

Next we define the function Ux € H(K) by

Usg — UK
Uk = Y. %K (17)
oc€EfK ’



and we define the approximate gradient G7 € Hg;, (Q) = {v € (L?(R))%;divv € L2(Q)} by

Gr(z) = VUk(z), Yo € K,YK € T. (18)
It is clear from the definition of G+ that
Ug — UK -
Grngq(z) = P for any z € o, for any o € £k, for any K € 7.
K,o

(Recall that ng , denotes the unit normal vector to ¢ outward K.) The result G € Hg;,(€2) is then a
consequence of (6) which expresses the principle of conservativity of the finite volume scheme. Indeed,
Gr|lk € HY(K) for any K € T and the normal flux of G7 through and edge ¢ = K|L is continuous
thanks to (6). Furthermore, the restriction (divGr)|g of divG7 to any control volume K of the mesh is

constant: )
. . U — —u _
(divGr) |k = le( TVq/)K 0) E s {) = fk.

oc€fK oc€fK

2 Convergence of the approximate gradient

2.1 The convergence result

Theorem 1 Under Assumption 1, let T be an admissible mesh (in the sense of Definition 1). Let
(ur)keT, (Uo)oce be the unique solution of the system given by equations ({)-(6) and ur be the ap-
proxzimate finite volume solution to Problem (1), (2) as defined by (14), (4)-(6). Then ur — u and
lur|l,7 = ||Vull(L2(q))> as size(T) tends to 0, where u is the unique variational solution u € HY(Q) of
Problem (1), (2).

Furthermore, for a given admissible mesh T, let (7 € IR’_‘I_ and My € IN* be such that

diam(K)

7 > (7, and card(Ex) < M7, Vo € Ex, VK € T.
K,o

Let { > 0 and M € IN* be given and let us consider admissible meshes such that (7 > ¢ and M+ < M.
Let Gt be the approximate gradient which is defined by equations (16)-(18). Then G belongs to the
Hilbert space Haiy (Q) = {v € (L%(Q))4;dive € L%(Q)}, equipped with the norm defined by ||‘UH%Idiv(ﬂ) =
||‘v||(2L2 d+||d1vv|| (L2() and G converges in Hgaiy (Q) to the gradient of the unique variational solution
u € Hl( ) ofProblem (1), (2) as size(T) — 0.

Remark 3 In the case of a triangular mesh, the condition that (7 > ( is equivalent to an angle condition
which is often encountered in the study of finite element schemes and which states that there must exist
B > 0 such that any angle of any triangle of the mesh lies between 0 and 3 — (3.

Proof

Step 1 We first prove that ur — w and |lur||i 7 — [|Vul|L2(q) as size(T) tends to 0. This result is
already contained in [13] or [11], but we give here a slightly different proof which prepares the proof of
convergence of the approximate gradient.

We use here the fact that the space CZ°(Q) of functions of class C* with compact support in € is dense
in the Hilbert space H}(2). Let ¢ € C2°(Q). Let K € T, from the Stokes formula we have that

/Aso )dz = Z/Vso ) o dy(y),

oc€efk
where ng , denotes the unit normal vector to o outward K. Hence if one approximates the norma
derivative Vp(y).nk » by the consistent choice d—(s% p(xzx)) where the values ¢, are defined for all
o €& by



TK,o (Yo —0(xK)) + TL,0(po —¢(2L)) =0, Vo € Ene, 0 = K|L,

Po = 0: Vo € gext:

one obtains

3 mioleo = plen)) = [ Apladr= 3 mio) R (20)

oc€EfK 0651\

where for any K € 7 and o € £k the value Rk, is the consistency error on the approximation of the
normal derivative or ¢ through o outward to K which is defined by

_po—plzx) 1 / .
Rk o = T m(o) UVsO(y) ng -dy(y).

Note that thanks to (19),if ¢ = K

int then Ri o+ Rr , =0 and

Rico = SO(xL)d;lf(:cK) _ m(la) /a Ve(y) -nk ody(y).

The regularity of ¢ is crucial here to control the consistency error R ,. We first note that since ¢ has a
compact support, if o € ¢, one has Rg , = 0 for size(7) small enough; furthermore, since ¢ € C*(Q),
a straightforward Taylor expansion yields that there exists C', > 0 depending only on ¢ such that

|RK,o| < Cypsize(T). (21)
We set, for all K € T, ex = ug — ¢(xk) and for all 0 € £, e, = uy — po. We may therefore write:
TK,o(€o —€K) + TLo(ec —er) =0, Vo € Ene,0 = K|L,

€ = 0, Yo € gext~
We then get, adding (5) and (20),

_ZTK“ es —ex) = m(K) fK—i—/ Ap(z)de — Em(U)RKU.

oEEK o€l

Multiplying this last equation by ex and summing on K € T gives

ZZTK,a(eo—eK)2:Z< (K) fK+/A¢ dr)eK+ZZ o) Rk o(ex — €o).

KeToelfk KeT KeToelx

1
By Young’s inequality, one has: Rk ,(ex — €5) < §dK70R§(70 + (ex — 60)2, so that

2dg o

%Z S rkolen—ex)? < Y < (K fK+/ Ap(x d:v) ex + = Z Y m(e)dko Ry, (22)

KeToelfk KeT KETGEEA

Using a compactness result which was proven in [13] or [11], the family {uy, where 7 is an admissible
mesh} is relatively compact in L? and any convergent subsequence converges to a function w € H}(Q)
as size(7T) tends to 0. Furthermore, the piecewise constant function 7 defined by ¢7(2) = px if 2 € K
converges uniformly to ¢ as size(7) tends to 0.

Hence passing to the limit as size(7) — 0, we get that E ( (K)fx —|—/ Ap(: )dr))eK converges to

KeT
L= [(f(z)+Ap(z))(w(x)—p(z))dz. From (3), we get that L = [, (Vw(z)—Ve(z))(Vu(z)-Ve(z))de.



Noting that E Z m(o)dk o = dm(Q) and thanks to (21), the quantity E Z m(a)deoR%o con-
KeToelk KeToelk

verges to 0 as size(7) — 0. Hence a passage to the limit as size(7T) tends to 0 in (22) and the discrete

Poincaré inequality (9) yield:

llw = @llZ2(q) < 2(diam(2))*[[V (u = @) [|L2() |V (w = @) |L2(5)-
Letting ¢ tend to u in the H' norm yields that w = u. Hence the approximate finite volume solution ur
converges to u as size(7) tends to 0.

From this convergence result and from (22) one obtains the existence of F1(2, ¢, T) > 0 which tends to
0 as size(7) — 0 such that

D tkoles —ex)’ < 2/ (Vu(z) — Ve(z))2dz + F1(Q, ¢, T).

KeToeEx £

Using the regularity of ¢, we have, for K € T, 0 € £k, and y € o,

2

o 2 .

<7u UK _ Vel(y) - nK70> < 5 (o — ex)? + Cysize(T)2.
dK,o deg

Using the two previous inequalities, we get the existence of F2(£2, ¢, T) > 0 which tends to 0 as size(7) —
0 such that

<uod;jK — Ve(y) ~nK,o) dy(y) < 4/Q(W(l‘) = V(@) de + Fa(Q.0, 7). (23)

P

KeToeEx 7

Step 2
Let us now turn to the study of the convergence of the approximate gradient, assuming (7 > ¢ and
M7 < M. Let ¢ € C°(Q) and for all K € T let

Ax = [ (Grla) = Velz)ds.

Let us first rewrite Ax as

AK:/K(VUK(:L‘)—Vgo(r))zdr:/K(V'wK(x))zdm

where wg is a function from K to IR defined by:

1

wi (v) = p(x) — m(K)

/ e(y)dy — Uk (z) for all z € K.
K

(Recall that Ug = Z M¢K,a~)
o€l dK,o

Integrating by parts, we get

Ak =) /'WK(y)(VsO(y) ng, — )y (y)

cEEx VO ( ) dK,o
m(o) us — ug
— Ap(z)wg (z)dz + / ),7/101(1‘5[;1:.
fiSeteputaiis 32 [ SEEE [ e
From the definition of wx and ¢x , one has fK wg (z)de = — fK Uk (z)dz = 0 and therefore one obtains



= 3 [ unTow) mwo ~ ) [ Ageunteis

dK,a
Using Young’s inequality, we get, for some non negative a and 8 which will be chosen later,

B

A < BK + —CK + DK + _EK; (24)
2 20
where
Bg = Z /wK Ydy (y
oc€efK
u
Cx =D / (Vely) nko — TK) dv(y),
Ko
oc€efK ’
DK:/ wi (z)de,
K
and

EK:/ (Ago(;b))2dm.

Since wg belongs to H'(K) and is such that fK wg (z)dx = 0, one may use the local trace inequality
(28) of Lemma 1 (which is stated and proven below) to state that there exists C¢ 4 > 0 depending only
on ¢ and d such that

/'w%((y)d’y(y) < C’gyddiam(K)/ (Vwg (z))?de.

K

Therefore, since the number of edges of each control volume K is uniformly bounded by M, one has:

BK S MngddiaHl(I()AK,

Using the same properties on wg and the Poincaré-Wirtinger inequality (29) of Lemma 1, one has:

DK S ngddiam(K)ZAK.
1 1

H hoosi = d = ——————————— in (24) yields that
ence, choosing a IV Cr adiam(E) and 3 20 sdiam(K)? in (24) yields tha
%AK < MC¢ qdiam(K)Ck + C¢ qdiam(K)?*Ek. (25)
Using (23) and dg » > (diam(K), we have
4 1
Z diam(K)Cg < = / (Vu(z) — V() 2de + = Fo(Q, 0, 7). (26)
KeT ¢ Ja ¢
Furthermore,
3" diam(K)? Eic < (size(T))* 3 m(K) [ AgZ, < (sire(T))*m(@) | Ag2. (27)
KeT KeT

From (25), (26) and (27), we get the existence of F3(2, ¢,(, M, T) > 0 which tends to 0 as size(7) — 0
such that

S Ak = [ (Gr(e) = Vel)ds < B | (Tule) - Voa))de + Fa(@p ¢ M. T),

KeT ¢



Since

(G (2) = Vu(x))* < 2(G7(2) = Vep(x))® + 2(Vep(x) — Vu(z))®

16MC; 4

setting Cpr,¢c.a = + 2, we get

/Q(GT(m) — Vu(z))idr < C’Mygyd/ﬂ(Vu(r) — Ve(z))2de + 2F5(Q, f,0,¢, M, T).

Let £ > 0 and let us choose ¢ such that

/ (Vu(z) — Vi(z)) de < e.
Q
We can now choose size(7T) small enough such that 2F5(Q, ¢,{, M, T) < &. Then

/Q(GT(‘Ji) — Vu(:v))Qd.z' < (Cwmca+1e,

which concludes the proof of the convergence of G7 to Vu in (L?(Q))?.

Since divGr(z) = fk, for all z € K, the convergence of divG to Au in L%(Q) is proved. This concludes
the proof of the convergence of G7 to Vu in Hgiy (2). =

Let us conclude this section by giving the trace result and Poincaré-Wirtinger inequality which we used in
the above proof. In the lemma below, the only novelty with respect to the usual trace theorems and the
usual Poincaré-Wirtinger inequality is that we give the dependency of the “constants” in the inequalities
on the geometrical parameters defining the control volume K: the knowledge of this dependency is crucial
when passing to the limit in the above proof of convergence and therefore we may not use the usual proof
by contradiction to prove these inequalities.

Lemma 1 Let Q be an open bounded polygonal subset of R®. Let T be an admissible mesh (in the
sense of Definition 1) such that, for some { > 0, the inequality dg , > (diam(K) holds for all control
volume K € T and for all o € £x. Let K € T be a given control volume and let g € HY(K), such that
S 9(x)dx = 0. Let us denote the trace of g on K by g. Let o € Ex. Then there exists C(d,() € Ry,
only depending on d and (, such that

[ W) < (. diam(x) [ (Vota)d (28)

K
and

/KgZ(x)dxgC(d,C)diam(K)Q/ (Vg(m))2dx, (29)

K

PrRooF of Lemma 1

We assume the hypotheses of Lemma 1. Again, by a classical argument of density, one may assume that
g € CY(K,IR). We have, for y € 0 and z € K,

9(y) = 9(y) — 9(x) + g(2).
We integrate the previous equation on € K, use that fK g(x)dz = 0. We get

Mme:L@@_mmn.

We take the square of the previous equation and apply the Cauchy-Schwarz inequality. We get

10



m(K)’g* () < m(K) [ (0(0) = 9(e)’ds. (30)

An integration of the previous equation with respect to y € o and the technical result which is stated in
the appendix (Lemma 3) give

m(K) [ @) < Pl Odiam(K) [ (Ta(2)” (31)

¢diam(K)
Vi

We now prove (29). Let y € K, € K. Using the convexity of K, we deduce from (30) that

d
Since m(K) > < ) , this last inequality yields (28).

m(K)g*(y) < / /K (Vole +0(y — 2)) - (y — 2))2dado.

We now integrate w.r.t. y. We get

(k) [ oWy < (@iam()” [ 1 [ [ Vot oty - 2))dadyas.

We make the change of variable z = y — = and remark that z € Ry with Ry = [~diam(K), diam(K)].
We get

m(K) [ )y < 2diam()* [ (Vo))

which gives (29). L]

2.2 Error estimate on the approximate gradient

Theorem 2 Under Assumption 1 let { > 0 and M > 0 be given values and T be an admissible mesh
(in the sense of Definition 1) such that the inequalities di , > (diam(K) and M > card(Ex) hold for all
control volume K € T and for all o € &k .

Let (ug)ieT, (Uo)oce be the unique solution of the system given by equations (4)-(6). Let (ur)kxeT,
(uo)oece be the unique solution of the system given by equations (4{)-(6). Let ur : Q@ — IR be the
approzimate solution defined in Q by ur(z) = ug for a.e. x € K, for all K € T and let G be defined by
equations (16)-(18). Assume that the unique solution u of (3) belongs to H?(Q). For each control volume
K, let ex = u(zg) — ug and let ex € X(T) be defined by er(x) = ex for a.e. x € K, for all K € T.
Then, there exists ¢, only depending on f,  and Q, such that

lerllyr < esize(T), (32)

and
ller|lL2(q) < csize(T) (33)
Furthermore, there exists C' > 0 which only depends on 2, f, {, M such that
[|G7 — Vul|L2(q) < Csize(T). (34)
Proof The proof of (32) and (33) may be found in [11] or [17]. We shall give here the proof of (34).

This proof strongly uses the hypothesis d < 3 and the assumption on dg o, necessary to make use of the
H?(Q) regularity of the solution (see [11]). Let us study the expression

11



Ag = /K(GT(I) — Vu(z))?dz.

We follow the same steps as in the proof of Theorem 1 with u instead of ¢; indeed here u is regular
enough to admit a normal derivative on the boundary. Hence we may write:

%AK < MCediam(K)Ck + Cediam(K)? / *(z)dz. (35)
K

where

Cx =2 /(V“(y) Mg — ) dy (y) (36)

d
cefk g Ko

)

Now summing (35) over K € T, using the fact that diam(K) < size(7) and diam(K) < dIZ"’ one obtains:

2MC Uy — U .
/Q(GT(;E)—VU(;L‘))‘?CZ;L‘ <= 5y dK,a/(Vu(y)~nK,a—TK)zd’y(y)—i—CgSlze(’T)‘?||Au||i2(m.
KeToEEk 7 <

(37)
In order to obtain a bound of the right hand side of (37), we write

3 3 dico [ (Vuly) nac — 2Py ) < 27 + 2), (38)

KeToe€x 4 Ko
with
_ 1 / Y2
V=3 Y dio [(Vuln) nus - s [ Vul) mods ) ()
KeToelk
and
7= 3 3 dkomlo) s [ Tul) naadi(y) - 25 (39)
: m(o) J, ’ di,o
KeTo€elx )
By Lemma 2 there exists ¢ 4 € IR4 only depending on ¢ and d such that
Y <cca, Y dodiam(K)|Jullfz ) < Meg asize(T)?||ullFs q (40)

KeToelk

where M is the uniform upper bound of the number of edges of each control volume K.
Now by (32) (which was proven in [11] or [17]), one has:

E m(U)do(uL —ug  u(er) — u(xK))2+

T€Eint do do

o=K|L (41)
u u(z 2 .

S mlod, (<45 4 M < (aaine(r))?,

cCoRAba

where K|L denotes the edge which is common to the control volumes K and L, do = dk,o + dr o if
o=K|Land dy =dg o if 0 € Ex N Eext.
Now if Rk , denotes the consistency error on the approximation of ﬁ fo Vu(z) -ng ody(z) which was

proven in [11] or [17] to be of “order 17. for the finite volume scheme (4)- (6) if u € H2(Q), one may
write that there exists C depending only on u, { and Q such that :

12



Z m(a)d0<u($L) ;au(lK) — m%o) /OVU(J:) -nKyod'y(l‘))z—l—

]
; m(a)do(—u;ffg) B mzo) /o Vulz) ~nK,od~y(m))2 _ )

> “m(0)d, R < dm(Q)Ci(size(T))?.

o€l
where for any 0 = K|L € &nt, Ro = |Rk,o|(= |RL,0|) and for any o € et N €k, Ro = |RK 0]
Reordering the summations in the expression of Z in (39) we have that:

7 ; m(U)d"(m(lcr) /o Vau(y') nkody(y')) - %ﬂr
B> —K 2 (43)
Z m(U)da(f - mio’) / Vu(z) -l’lead"y(l‘))

Hence from (43), (41) and (42) one obtains that there exists Cy depending only on u,¢ and Q such that

7 < Cysize(T)? (44)

Therefore, from (37), (38), (40) and (44), we may state that there exists C' € R4 depending only on
M,(, f,Q such that

/ (Gr(z) — Vu(z)) de < C*size(T)?.
Q
This concludes the proof of Theorem (2). [

We conclude this section by giving a trace result on the normal derivative on the boundary of a function
which belongs to H?2.

Again, the only novelty with respect to the usual trace theorems on the normal derivative is that we give
the dependency of the “constant” in the inequality on the geometrical parameters defining the control
volume K.

Lemma 2 Let Q be an open bounded polygonal subset of RY. Let T be an admissible mesh (in the sense
of Definition 1) such that, for some { > 0, the inequality dg » > (diam(K) holds for all control volume
K e T and for all o € £. Let K € T be a given control volume and let u € H*(K). Let 0 € Ex. We
set g o = ﬁ [, Vu(y) -ng ody(y). Then there exists c¢(d, () € IRy, only depending on d and ¢, such
that

[ (Fu(0) nac = g0 0) < e(d,liam(K) (43

Proo¥F of Lemma 2 We assume that u € C’Q(K), which will be sufficient to conclude with a density

argument. Again, without loss of generality, one assumes that o = {0} x Jo, with Jy is a closed interval
of R and K C IRy xIR. Weset g = Dyu. Therefore g € C*(K,IR) and for ally € 7, g(y) = —Vu(y) ng,qo,
and gg,o = —ﬁ [, 9(y)dvy(y). Let y € 0 and x € K. From g(y) = g(y) — g(x) + g(z), one obtains

1

m(o)

—9K,oc =

/ (0(¥) — 9(@)dv (') + ().

Thus we get
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{ (906) + s1c0)? < 200(0) = 9(2))” + = [ 6l0/) = 9(2)) 20

m(o)

Integrating the previous equation with respect to y, we get

/ (9(9) + gx.0) dy(y) < 4 / (0(9) — 9(2))2dv ().

g

We integrate the previous equation on z € K and apply Lemma 3 (see Appendix). We get

m(K)/(g(y) + 9.0 ) dy(y) < 4F(d, ¢)diam(K)* /K (Vg(z))® dz,
¢diam(K) ) d'

which gives (45), using m(K) > m(Q) = < Nz

3 Numerical tests

The computation of the approximate gradient was implemented in a numerical code which uses the finite
volume method with triangles in two dimensions. The first case is the following. The domain is defined
by © = (0,1) x (0,1), and the right hand side is defined by f(z,y) = 27?sin(mz)sin(ry), so that the
exact solution is u(z,y) = sin(wz) sin(my). The mesh is initially built with coarse triangles each of which
is refined uniformly, see Figure 2. The advantage of this procedure is that the parameter ( is preserved
independently of the size of the mesh. In the case of Figure 2 the value { is about 0.1. The approximate
solution is represented on the right part of Figure 2, for a refinement involving ten divisions on each
coarse triangle (the darkest points correspond to u = 0, the whitest ones to u = 1).

Figure 2: Meshes with 1 and 10 divisions

Figure 3 represents the norms of the error on the solution and its gradient as function of the size of the
mesh. One observes the L2-error of the approximate solution and its gradient to be of order 1, and the
“discrete L? norm” of the error to be of order 2: the discrete L2 norm is the L? norm of the function
ur — U, where ur is the approximate (piecewise constant) function given by the solution of the finite
volume scheme and w7 is the piecewise constant function defined by ur(z) = u(zg) if € K, where zx
is the intersection of the orthogonal bisectors of K.
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The order 2 obtained for the discrete norm of the error confirms the theoretical error estimate. Indeed,
if the consistency error on the approximation of the flux is of order 2, then it is readily shown (see [11]
or [17]) that the order of convergence of the discrete L? norm is 2. Now in the present case, we may note
that the process of refinement leads to triangles which respect a similarity property. As a consequence,
for each refined triangle of a given coarse triangle, the edge o = K|L between two refined triangles K
and L is located on the orthogonal bisector of the line segment zg ;. Therefore, thanks also to the fact
that the intersection between the edge K|L and the line segment 2k zy, is the midpoint of the edge K|L,
a Taylor expansion shows that the consistency error of the approximation of the normal derivative to o
which is used in the finite volume scheme is of order 2 on such an edge. Now on the edges of the coarse
triangles, the consistency error remains of order 1; however, there are only O(1/h) edges located on the
edges of the coarse triangles while there are O(1/h?) edges parting two similar refined triangles. Hence
an easy adaptation of the error estimate which was given in [19] or [17] yields an error estimate of order

2.

Of course, this order 2 is never attained for the L? norm of the error since the approximate solution is
piecewise constant.

1 —-—. . _ L2norm of the gradient e00r
1 e T —
L2 norm of the solution arror
Discrete L2 norm of the solution error
-10
-10

Figure 3: L? error as a function of the number of divisions (log scale)

The second case concerns a non convex domain for which the solution does not belong to H?(2). The
domain is defined by @ = (0,1) x (0,1) \ (%, 1) x (%, 1), and a nonhomogeneous Dirichlet problem is
solved, for which the solution if u(z,y) = r*/3sin(24/3), defining » and A as shown in figure 4. The
right hand side is then f(z,y) = 0. The meshes are again refined as desired, starting with a coarse mesh
presented on the left part of the figure 4 (in this case, the value ¢ is about 0.04). An example of the
obtained solution is presented on the right part of the figure 4 (the darkest points correspond to u = 0,
the whitest ones to u = 271/3).

(figure 4).

Figure 5 represents the norm of the error of the solution and its gradient as functions of the size of the
mesh. One observes the L? norm of the error of the approximate solution to be of order 1 with respect to
the mesh size, the L2 norm of the error of the approximate gradient to be of order 2/3, and the discrete
L? norm of the error (obtained by taking a constant value ugx — u(zx) in each control volume, as in the
above example) to be of order 4/3. These numerical results agree with the theoretical results, since in
the case of a solution which does not belong to H?, we no longer have an order 2 convergence for the
discrete L? norm of the error (nor an order 1 convergence for the continuous norm of the error). However
it may be shown that the order of convergence depends on the regularity of the exact solution, see e.g.
[11], [9] and [16]. Note that the scheme behaves well for both values of ¢ which were considered here.
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(X\,\y)

Figure 4: Coarse mesh and approximate result (with 10 divisions)

1 100
L2 norm of the gradient error
&

—_
. —

- —

L2 norm of the solution error

Discrete L2 norm or the solution error

-9
-5.10

Figure 5: L? norm of the error as a function of the number of divisions (log scale)

4 Appendix: a technical lemma

We give here for the sake of complteness the proof of a technical result which was itself used in the proof
of the “constructive” trace results and Poincaré-Wirtinger inequality of lemmas 1 and 2.

Lemma 3 Let Q be an open bounded polygonal subset of IRY. Let T be an admissible mesh (in the sense
of Definition 1) such that, for some { > 0, the inequality dg , > (diam(K) holds for all control volume
K eT and for dll o € Ex. Let K € T be a given control volume and let g € H*(K). The trace of g on
OK exists and is still denoted by g. Let o € Ex. Then there exists F(d,() € Ry, only depending on ¢
and d, such that

/ /K (9(6) (@) dedr(a) < F(d iam(K) [ (Vyla))?de, (46)

K

ProoF of Lemma 3
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Let us assume the hypotheses of Lemma 3. By a classical argument of density, one may assume that
g € CY(K,IR). Without loss of generality, one assumes that ¢ = {0} x Jo, with Jy C R Forz €
[0,diam(K), let J, = {y € R} (z,y) € K}, then K = {(z,y) € RxR*™*, 0 <z < diam(K), y € J.}.
Thanks to the hypotheses of Lemma 3, the ball B(zk,{diam(K)) is included in K. Hence the cube @
with center zx and side Cdiam([()/\/g is included in K. If we write @ = [a,b] x J, with J C R we

have
¢diam(K)

Vid
a > (diam(K)(1 —

b=a+

1
| Wg) (47)
m(@) = (L)

We can now write, for all z € @,

// Vdady(y <2// J2dady(y +2// )2dedy(y).  (48)

An integration with respect to z € @ leads to

// ) dedy(y) < 2m(K)A + 2m(o)B, (49)

/ / V2 dzdy(y), (50)

/ / )2dzdz. (51)
Let us first study A. By definition,

-/ D /] " (0. 9)) - o((z. 2)))* ded=dy, (52)

2

/Jo// (/ V((0z,y+0(z —y))) - (= Z—y)dﬁ) dedzdy. (53)

Using the Cauchy-Schwarz inequality, one gets

with

and

and therefore,

A < diam(K)? /J / /6/01 (Vg((0z,y + 0(z — v))))* dddzdzdy. (54)

which gives, remarking that z —y € Ry_1 with Ry = [~diam(K),diam(K)]?~! and using Fubini’s
theorem that

Agdiam(K)Z/Rd / /1 . (Vy((6z,v)))’ dydddzdz. (55)

We now change the variable 6 into ¢ = fz. This yields:
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A§diam(K)QQd‘ldiam(K)d‘l/ /:/J (Vg((t,y)))2%dydtda:, (56)

and therefore

9d=1diam(K)4+1 [
4 P [ [ (9gty)? dyds. (57
a a JK
Using (47) which gives b;a < 2\/3_1, we get
A< Fy(d)diam(K)* [ (T9(0))” . (58
K
. _ od
Let us now study B. We have
1
B< diam(K)Q/ / / (Vg(e +0(z — z)))* doded:. (59)
QJK Jo
Remarking that z — z € Ry with Ry = [~diam(K), diam(K)]? and using Fubini’s theorem, we get
B< diam(K)zf / (Vg(m))2 drdz, (60)
R4 JK
which gives
B< Qddiam(K)d+2/ (Vg(z))* dz. (61)
K

Thus, we get, using (49), (58) and (61), that

(@ [ [ (o) - a(@)drdr(o) < 2P () + 2 )dham(K) [ (Vo) de (62)

K
This concludes the proof of (46), using (47) for the value of m(Q).
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