A nine-point finite volume scheme for the simulation of diffusion
in heterogeneous media

Léo Agelas?®, Robert Eymard 9, Raphaele Herbin ¢4
aInstitut Francgais du Pétrole, 1 & /4, avenue de Bois-Prau 92852 Rueil-Malmaison Cedez, leo.agelas@ifp.fr
b Laboratoire d’Analyse et de Mathmatiques Appliques, UMR 8050, Université Paris-Est, 5, boulevard Descartes
Champs-sur-Marne F-77454 MARNE LA VALLE CEDEX 2, robert.eymard@univ-mlv.fr
¢ Laboratoire d’Analyse Topologie et Probabilits, UMR 6632, Université Aiz-Marseille 1, 39 rue Joliot Curie 13453
Marseille, herbin@cmi.univ-mrs. fr
dWork supported by Groupement de Recherche MOMAS, PACEN/CNRS

Received *****; accepted after revision +-+++-+

Presented by Philippe G. Ciarlet

Abstract

We propose a cell-centered symmetric scheme which combines the advantages of MPFA (multi point flux ap-
proximation) schemes such as the L or the O scheme and of hybrid schemes: it may be used on general non
conforming meshes, it yields a 9-point stencil on two-dimensional quadrangular meshes, it takes into account the
heterogeneous diffusion matrix, and it is coercive and convergent. The scheme relies on the use of special points,
called harmonic averaging points, located at the interfaces of heterogeneity. To cite this article: L. Agelas, R.
Eymard, R. Herbin, C. R. Acad. Sci. Paris, Ser. I (2009).

Résumé

Un schéma a 9 points pour la diffusion en milieu hétérogéne. Nous proposons un schéma ayant ses
inconnues aux centers des mailles, combinant les avantages des schémas a flux multi-points et des schémas hy-
brides : il possede un stencil & 9 points en 2D, respecte les hétérogénéités de la matrice de diffusion, et présente
des propriétés de coercivité et de convergence. Le schéma est basé sur 'utilisation de points a l'interface entre
milieux de matrices de diffusion différentes, en lesquels la formule de la moyenne harmonique est utilisable. Pour
citer cet article : L. Agelas, R. Eymard, R. Herbin, C. R. Acad. Sci. Paris, Ser. I (2009).
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1. Introduction

The aim of this paper is to provide an approximation of the unique weak solution to the diffusion
problem —div(A(z)Vu) = f in Q with boundary condition u = 0 on 92, where we denote by 9Q = Q\ Q
the boundary of the domain 2. Hence we wish to find an approximation of the solution to the problem:

find u € H} () such that Vv € H&(Q),/
Q

A(x)Vu(z) - Vo(z)de = /Qf(m)v(a:)dzc (1)

We assume that  is an open bounded connected polygonal subset of R? (the adaptation of the present
paper to the three-dimensional case will be the subject of future work), A is a measurable function from
2 to M4(R) with d = 2, where we denote by M4(R) the set of d x d matrices, such that for a.e. © € Q,
A(z) is symmetric, and such that the set of its eigenvalues is included in [\, A}, with A and A € R
satisfying 0 < A < A, and f € L?(Q). Our quest is motivated in particular by the numerical simulation of
complex flows in porous media, which includes coupling with thermodynamics and/or chemistry; because
of these complex couplings, the discretization method is often chosen to be cell-centered in industrial
codes. Although several schemes were recently proposed see e.g. [7] and references therein, there is yet
no “ultimate” scheme, i.e. a centered scheme with small stencil, which respects the physical bounds and
yields good approximations even on non-conforming distorted meshes and with a sharp contrast in the
permeabilities (or diffusion coefficients).

The new scheme which we introduce here is designed in the framework of this quest, and has the
following characteristics:

(i) it may be used on any polygonal non-conforming mesh,

(ii) it provides the exact solution if A is piecewise constant in polygonal subdomains and u is affine
in each of these subdomains (this property is sought in the multipoint flux approximation schemes
given for instance in [1]),

(iii) it leads to a nine-point scheme in the case of quadrilateral meshes which are not too distorted (in
a sense involving the diffusion matrix A),

(iv) it is symmetric and coercive with respect to an adequate discrete norm, and therefore a convergence
proof holds.

2. Harmonic averaging points

Consider two domains K and L of R? with different diffusion matrices (or permeabilities) Ax and Ay,
separated by a planar interface o, and let xx € K and x € L. In order to obtain a scheme with smallest
possible stencil, we seek some point in o where the value of any piecewise affine solution u to (1) can
be expressed as a linear combination of u(x k) and u(x) only. We show in the next lemma that such a
point always exists in the hyperplane containing o.

Lemma 2.1 Let o be a hyperplane of R, with d € N* and let K, L be the two open half-spaces with
the common boundary o. Let Ax € My(R) and A, € M4(R) be two given symmetric definite positive
matrices, let ng, be the unit vector normal to o oriented from K to L, xx € K and xy € L be given
and di.o (resp. dr.) the distance from x resp. xr) to o (see Figure 1(a)). Let yy and y; € o such
that € = —dg oNKL + Y and T, =dp ok + Y. Let y, € o (called the harmonic averaging point)
be defined by

_ Adk oy + AkdL oYk dr,odr o

= A A? )
Yo )\LdK,g'f-)\KdL’g * )‘LdK,a'F)\KdLJ( K L)a ( )




% ks val nlvr =] L
. TR P (s -_ZL

Yx *I Yo "
\ KL VK, 1

\ 1

TR d , \ [sy,]
RN P S ol 5

N

~ 1 1

e L ; \ .

e 1 s 1

~ 1 1

-~
AN ’l 1
K j-dlw»_,__:_\ Ty e __} -
TN
L
M
(a) The harmonic averag- (b) Description of the mesh
ing point
Figure 1.

denoting by /\K = nKL'AKnKL, )\}T( = (AK—)\KId)nKL, )\L = nKL~ALnKL and )\% = (AL—/\LId)nKL-
Then the following averaging formula holds, for all functions u defined on R?, affine in K and L, such
that u is continuous on o, and such that AxVu g -nxrp = A Vu, -ngr:

. )\LdK’a-u(wL) —+ )\KdL’(,u(a:K)
“yo) = Adi,o + Akdr .« ’ ®)

Let us sketch the proof of the lemma. We denote by G the gradient of v in K, with Gx = gxknkr+G%,
G% nigrp =0and by G, = grnkr, + Gf, G} -nkr = 0 the gradient of u in L. The continuity property
of u on o first leads to G% = G¢ = g7 and then to dx ,9x +dr.o9r = u(xr) —uw(xrx) + (Y — Y1) - 97,
and the condition AxkGx.nikr = AL Gp.nky can be written gxAx — grAr = g7.(A] — A% ). Expressing
gx with respect to g7 and using u(y) = uw(zx) + Gk - (y — xk), for all y € o, allows us to write that

Ar(u(er) —w(er) + (Y —Yz) - 9%) +dro97 - (AT — A% -
) = ) + dy U T L Wi Yol 9D L dradT KLZN) (yy)g

The point y, is then defined as the unique point y € o such that the preceding expression no longer
depends on g7, and the resulting expression for u(y,) follows.

3. Definition of the scheme

We consider general polygonal, possibly non conforming, meshes of Q (as in [4]). Let 7 be the set of
control volumes, that are disjoint open polygonal subsets of € such that (J KETF = . We denote by
Ak the mean value of A in K € T. Let £ be the set of edges of the mesh; we denote by £k the set of the
edges of any K € T. Let P = {xx, K € T} be the set of the so-called “centers” of the control volumes,
which are the approximation points. We assume that, for all K € T, K is star-shaped with respect to
xi. Let V be the set of the vertices of the mesh, and let V, (resp. Vi) be the set of the vertices of any
o € & (resp. K € T). For any edge o C 02, we denote by vy, its center point. For any interior edge o, we
denote by y, the harmonic averaging point defined by (2) if this point is interior to o (we then denote
by & the set of such edges), and by the center of ¢ otherwise.

Remark 1 (Harmonic averaging points and meshes) The condition o € & generally holds for meshes
which are not “too distorted”. It holds in particular if [xx,xr] N o is an interior point to o in the case
of identical diffusion matrices A and Ar. It also holds if the orthogonal projections of xx and xyp on
o are interior points to o in the case of isotropic diffusion matrices Ax and Ap. We show in Figure 2
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below an example of a distorted mesh for which there exists one edge that does not satisfy o € & in the
case of a homogeneous medium.

Let X7 be the set of all families v = {ug,up,Uss, K € T,0 € E,58 € V,, with u, = uss = 0 for
o C 00}. Let Xg— be the subset of all uw € X7 such that, for any o € &, u, is defined by:

" — ALdi our, + Akdr s UK (@)
7 Ardg,o + Akdr.o

For u € X, we define by IIu the piecewise constant function defined on 2, with the constant value ug
in K € T. For all K € T and s € Vg, we denote by K the open quadrilateral domain, the boundary of
which is composed of the line segments belonging to the set: Ex s = {[Tk, Y|, K, Ys], [S, Us)s [S, Ysr]}
where o,0" € £k are the two edges of K with vertex s (see figure 1(b)). For all € € £k 5, we denote by
N , the normal vector to € outward to K. For any u € X7, we denote by uj , for any € € ks, the
values defined by:

U + Ur

Uge s = — if e =[xk, y,] and uf , = ur s if e = [s,y,] for 7 =0 or o’ (5)
We then define a piecewise discrete gradient Vu by its constant values Vi su € R? on the subcells Kj:
|KslVisu= Y lel(uf,s — ur)ni,s: (6)

€€E€K. s

This discrete gradient satisfies the following two fundamental properties, which are also those of the cell
piecewise constant gradient used in [6]:
(i) consistency of Vo7 with Vo for a class of regular functions ¢ and their interpolation ¢ in X,
(ii) weak convergence, as the size of the mesh tends to 0, of Vyu to Va such that u — @ under suitable
estimates on u € Xr.
Both properties follow from the choice (6) and the fact that, for any w € R?, one has: |K,|w = faK w
xnk s; property (i) is also a consequence of the choice (4). For all u,v € X7, we define a discrete inner
product, expected to approximate the bilinear form (u,v) — fQ AVu - Vu. A natural choice would be
[, 0] = Y ger Dsevy (W VK o » Where [u,v]p o = |Ks|Ax Vi su - Vi sv. However, this choice yields a
non-coercive bilinear form, and therefore, as in [6], we stabilise it by choosing rather:

(u,v} = Z Z (u,v)K,s, with <U7U>K,s = |Ks|AKvK,su . VK,s'U + Z aKTR}(,SURTK,sUa (7)
KeT seVk r=0,0'

where agr >0, R ju =u; —ux — Vi su- (y, — xk), for 7 = 0 and o’. The scheme is then defined by

find u € XﬁT7 such that for any v € Xg-, (u,v) = / f(x)rv(x)de. (8)
Note that (u,v)x s can be written under the form (u,v)x s = Z Z AKS uK s —UK)(Vik s — VK),
6681{,5 € EEK s
where the 4 x 4 matrix Ax s is symmetric. We may then define Fi  (u) = Z }{S(uK s — UK), and
€'€fk,s

write that (u,v) ks = > .ce,. . Fics(u) (Vi s — vi). We get from (8) for an edge o = K|L common to K
and L and for s € V,, setting Uo,s = 1 and all the other values of v to zero,

F;(,s(u)+F£,s(u>:Oifez[s>ya]' (9)

For a given s € V, denoting by & the set of all o € £ such that s € V,, one may show that the subsystem
with unknowns (us s)sce, is invertible, so that these latter unknowns can be eliminated from the system
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of equations (9) written for all o € &;: the values u, s may thus be written as linear combinations of the
values ug,u, for s € Vg and s € V,. Hence, in the case where all interior edges satisfy o € &, this
elimination provides a cell-centered scheme which has the nine-point stencil on structured quadrilateral
meshes (note that this elimination is also a feature of the O-scheme [2]).

Reordering the terms in (7) and using (5), we may write (u,v) = Zo_eg(T(l)(u v) + Tg(z)(u,v)), where
for an edge o common to control volumes K and L,

1 1
T (uv) = Y (FL Ul w) 5 (e — o) + F5 7 (u) 5 (0 — m) :

s€V,

and

TP (u,v) = Z (Fi[?;ga](u)(vms —vE) + Fﬁvsyo](u)(va,s — UL)) ,

scV,
and for an edge o of K located on the boundary 052,

ol 1 1 . 1 1 v
TV (uwv) = 3 BV ()5 (e —v) = Fi ) (wore with Fie) (u) = =5 3 FEi ),

SEV, s€EV,
and
T(Q) (u,v) Z Ff[(s’y"] ) (Vo s — UK ) = F[(?)U(u)v;( with FK Z FI[(s’y"]
seV, sEV,

Now, for an edge o common to control volumes K and L, thanks to (9),

T (u,0) = Fig ) (u)(vx —vp) with Fop (w) = — > Fie¥el(u) = 37 FP¥el().
s€V, sSEV,

Let us then turn to the term Tg(l)(u, v). In the case where o € &, we have from (4):

ALdi o Akdr o
Ardg,o + Akdr o ALdi .o + Akdr.«

Vg — VK = (v, —vk) and v, —vp, = (vk —vr),

which leads to

Ao FEY (u) + Apedp o FE 27 (1)
2(A\rdk o + Axdr o) .

Tél)(u,v) = F[((l)L(u)(vK —vr) with F1(<1)L(U) = Z
s€V,

In the case where o ¢ &, taking in (8) v € XﬁT such that v, = 1 and all other components set to 0, we

get that 3 D scv, (F}?‘:y"](u) + Fém;y”](u)) = 0, which leads to

Tél)(um) = Fi((l,)L( )(vix — vp) with FKI)L =—— Z F[wK’y" Z FwL’y"]
SGV SGV

Hence the scheme (8) is a finite volume scheme: indeed, taking v such that vx = 1 and all other
components set to 0 in (8), one has:

VKET Z FKL Z FKO’ :/Kf(ﬂl?)dl‘

oefk oefk
oc=K|L ocCoN

where Fi o(u) = Fl(ng(u) +F§§) (u) and Fg 1 (u) = F), () +F;(2)L(u) = —Fr K (u).
Finally, let us mention that he proof of convergence of the scheme (8) may be adapted from that of [6].
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Figure 2. Example of mesh

4. Numerical results

We tested the scheme for some of the cases described in the benchmark [5], in particular those with
anisotropy and heterogeneity such as tests cases 5 and 6 (geological barrier and drain), and, as expected,
the results are exact since the solution is piecewise affine in these cases. We have also run test case 5
(heterogeneous rotating anisotropy). An order 2 of convergence is then observed on the L2-norm of the
unknown. The finest mesh that we used for this test has 640 x 640 grid blocks, computed within a few
minutes on a PC. A direct solver could be used, with numbering the unknowns using classical methods
holding for 9-point stencils [3].

We also consider a test case with a mesh inspired form those used in geological studies (see figure 4).
We take A =diag(0.1,1) and f such that the exact solution be given by u(z,y) = sin(wz) sin(7y).

We get the following results when refining the mesh (mesh 1) depicted in Figure 2:

mesh 1 | mesh 2 | mesh 3 | mesh 4 | mesh 5

number of cell unknowns 62 302 1357 5363 21031

number of edge unknowns 1 3 6 10 17

L2 norm of the error (9.15 10~3|3.07 1072(9.30 10~%|2.66 10—%|6.89 10~°

These results confirm the expected numerical convergence.
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