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Abstract. This paperpresentsa new finite volumeschemefor the Stokesequationson generalnon-
structuredmeshesA corvergenceresultis presentedandan error estimates givenwhen
the solutionis regular enough. © 2002 Acacemie dessciencedditions scientifiqueset
médicalesElsevierSAS

Un schémavolumesfinis centréspar maillespour la résolutiondeséquationsde
Stokessur desmaillages2D généraux

Résumé. On présentdci un nouveauschémavolumesfinis pour la discrétisationdeséquationsde
Stoles sur un maillage 2D non structue. On présenteun résultatde cornvergence ainsi
gu’uneestimationd’erreur dansle casou la solutionestsufisammentéguliére. (©) 2002
AcacemiedessciencedZditionsscientifiquest médicalesElsevierSAS

We studythefollowing problems:find anapproximatiorof (u, v, p) € H(Q) x H3 () x L*(Q), weak
solutionto the Stokesequationsyhich write:

—vAu+p, = finQ,
—vAv+p, =ginQ, (1)
Uz + vy = 01in €,

with ahomogeneouBirichlet boundaryconditionon the velocity (u, v), andunderthe following assump-
tionsonthedata:

Q) is apolygonalopenboundedsubsebf R?, v € (0, +0), f,g € L*(Q). 2)
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Underhypothese$2), (u, v) is aweaksolution(seee.qg.[7]) of (1) if
(u,v) € B(Q) := {(v/,v") € (H5(R))? div(u',v") = ul, + v, = 0 a.e},
v [ (V) Vi) + Vo(ow) - Vo' (a,) dedy =
Q

léU@wW@wHw@wW@wDM@,VWWQGMW-

(3)

In this paperwe presentinew finite volumeschemdor thediscretizatiorof the Navier-Stokesequations
in two spacedimensionsin this schemethe velocity unknovnsareassociatedo the control volumesand
the pressurauinknavnsto the nodes,asin the schemeintroducedin [2] [1] (equilateraltriangulargrid).
It differsfrom the MAC schemd6] [5] (rectangulaigrids) by the factthat both velocity componentsare
associatetio thesamecell, andbecausdét maybewritten on generalunstructuredneshes.

1. Thefinite volume scheme

Figurel: Exampleof anadmissiblgriangulardiscretization

Definition 1.1 (Admissiblediscretization)We considera finite volumemeshM of Q satisfyingthe usual
conditions(see[2]), with thefollowing notations:

M is a finite family of nonemptyopenpolygonalcorvex disjoint subset®f 2 sud that Q@ = Ug e K.

Thesetof edgesof themeshM (resp.of a contmol volumek) is denotedoy € (respé k).

We assumehe existenceof a family of points? = (X ) ke, satisfyingthe usualorthogonality con-
dition: For anyedge o = K|L € € sepaating two contol volumesK and L the straightline (X x, X1.)
goingthrough X 5 and X, is orthogonalto K| L.

Forany K € M ando € g, weassumeéhat the orthogonal projection Z, of X on ¢ is sud that
Zs €0.

LetV (resp. V) bethe setof verticesof the mesh(resp. of the control volumeK). Forany S € V, we
denoteby x5 andys thecoorinatesof S andMg = {K € M, S € Vi }.

Thesizeof thediscretizationis definedby: h = sup{diam(K), K € M}.

Forall K € Mando € £k, wedenoteby ng , the unit vectornormalto o outwad to K. We denote

by dk » the EuclideandistancebetweenX x ando. We thendefinery , = %S(”), We shall measue the

regularity of the meshthroughthe measue angle(M) definedasthe minimum for S vertex of K anda, of
ofall anglesay s, = Zo XxS and 5 — ag,s,o.
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A finite volume scheme for the Stokes equations

The setof interior (resp. boundary)edgesis denotedby €y (resp. Eext), thatis &y = {0 € &;
o ¢ 00} (resp.ext = {0 € & 0 C 9N}). Foranyo € Eing,0 = K|L (resp.Eext, 0 € Ex), let X, be
thecenterpointof theline sgment{ X, X1 ] (resp.[ Xk, Z,]), andz,, andy, its coodinates.

Forall K € M andall S € Vg, leto; ando, betheedgesof K sudh that .S is thecommaonvertex of o
andoy andsud that (yo, — ys)(To, — 25) — (Yo — Us) (e, — s) > 0. Wethendefinethe coeficients

AKvs = Yo1r = Yoa> BK7S =Toy — Loy - (4)

For K € M andS € Vg let o; ando, betheelement®f € sud that .S is a commonvertex to o, and

o2: wethendenoteby Vi ¢ the polygonalsubsetof 2, whoseverticesare S, Z,,, Xk, Z,,, and we set
Vs = Ukems Vk,s-

DEFINITION 1.2. — Let (2 be an openboundedpolygonalsubsetof RV, with N € N,. LetM bean

admissiblefinite volumediscretizationof 2 in the senseof Definition 1.1. Let Hy(2) C L*(Q) bethe

spaceof functionswhich are piecaviseconstanton eat contol volumeK € M. For all u € Hy(2) and
for all K € M, wedenoteby ux theconstantvalueof v in K andwedefine(u, ),ce by:

TK,o(Uoc — UK ) + TL,o(Us —ur) =0, Yo € Eing,0 = K|L, andu, =0, Yo € Ecxs. (5)

Let Ly (92) be the spaceof functionswhich are piecavise constanton the domainsVg, for all S € V.
Thediscrete divergenceoperator is definedby: divae : (Ha(R2))2 — La(Q), by: divye(u,v)(z,y) =
S Lrents (Ax,s ux + Br,s vk), for ae (z,y) € Vs andfor any S € V. Let By(2) =

meas

{(u,v) € Hp(Q)2, divay (u,v) = 0}, andfor (u,u’) € (Hn(2))2,
[, o] = Z Z TK,o(Ue — urc)(ul, — up). (6)
KeMoelk

Thanksto the discrete Poincaré inequality (see[2]), we may definethe following normin Hy($2) by:
lulae = (Ju, ule)?, andfor (u, v) € Hy ()2, wedefine:|(u, v)|a = ([u, wlae + v, v]a) 2.

Underhypotheseg?), let M be an admissiblediscretizationof €2 in the senseof Definition 1.1. Let
A € [0, 4+00) begiven. Thefinite volumeschemenrites: find (ua¢, vae, pac) suchthat

(uM,’ij[,pM) S va[(Q) X vat(Q) X Lm(Q),
v ([uae, et + [vaes V) — | pove(z, y)divive (W, vy ) (2, y)dady =
Ja

/Q (f (@, y)une(z,y) + g(@, ) (2, y)) dedy, V(uye, vy) € (Hn(2))?,
divyy (UM, UM) = -\ SIZG(M) D,

(7)

whereyy, denoteghe characteristidunctionof Vs. In (7), the testfunctions(u),, v) aresuccessiely
takento beequalto (xx,0) and(0, xx ), for all K € M, aneliminationof the unknovnsu, andv, using
(5) yieldsalinearsystemof equationswith unknovns (u g, vi ) ke and(ps)sev. If A # 0, thepressures
canthenbe eliminatedusingthelastequationof (7); thanksto the discretePoincaé inequality we getthat
this systemis invertible. In the case\ = 0, it is still possibleto prove the existenceanduniquenessf the
discretevelocities[3]. Notethatif A # 0, the schemg7) is a finite volumeversionof the penalization
methodwhich wasstudiedin [4] in thefinite elementcase.

2. Convergenceand error estimate

PROPOSITION 2.1. — Underhypothese$2), let M be an admissiblediscretizationof € in the senseof
Definition1.1. Let X € (0, +o00) begiven.Let(u,v,p) € Hy(2) x Hy(€2) x L (§2) beasolutionto (7).
Thenthefollowing inequalitieshold:
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V|(u, v)lwe < diam(Q)[[(f, 9) |2« (8)
and
(v A sizeM) 2 [Ipl () < diam()(f, 9) 22 (o). (9)
An easyconsequencef theabove estimatess the existenceanduniquenessf asolutionto (7). We may
thenstatethefollowing convergenceresultanderrorestimatethe proof of which maybefoundin [3].

PROPOSITION 2.2. — Underhypotheseg2), let A € (0, +-c0) begivenandlet (M (™), beasequence
of admissibladiscretizationof  in thesenseof Definition1.1,sud that lim sizg M (™)) = 0 andsud that

ther existsa: > 0 with angle(M(™)) > o, forall n € N. Let(u(™, v, p(™) € Hyen) () X Hypony (Q) X
Ly () bethe solutionto (7). Thenthe sequencéu (™, v(™),, oy convergesin L?(Q)? to (u,v), weak
solutionof the Stolesproblemin the senseof (3).

PROPOSITION 2.3. — Underhypothesef?), let ussupposehatthere exists

(u,v,p) € (H3(2) N HA(Q)) x (Ha(2) N H3(Q)) x H(Q) solutionof (1). Let M bean admissible
discretizationof €2 in the senseof Definition1.1. Let A € (0,+o00) begivenanda > 0 sud thata <
angle(M). Let (u,v,p) € Ha(Q) x Hx(Q2) x Lo (2) bethesolutionto (7). We denoteby (u™, ™) €
Hy(Q)? thefunctionsrespectivelylefinedby u(z , yx ) andv(z g,y ) in K, for all K € M. Thenthere
existsC > 0, which onlydepend®n Q, v and «, sud thatthe followinginequalitieshold:

|(u — @™ M) <

. B B B 1/2
C(sized0)* (s + [0y + Il (VA+

,U— 0
1 >1/2 (10)
\/X )
and
(w0 — )| L2 <

- B B B 1/2 1 1/2
C(sized0)* (Il + 1ol + Iolen)  (VA+ )

The orderof corvergencel/4 which is obtainedin Proposition2.3 is clearly not optimal: it is a conse-
quenceof thefactthatthe pressuresave only beenweaklyestimatedusingthe artificial compressibility\.
Indeed,numericalresultsshav thatthe methodis efficientandthatthe orderof corvergencds greaterthan
1.5. Until now, we have only beenableto prove the convergencein the case\ # 0, althoughnumerical
resultssuggesthatit alsoholdsin the case\ = 0. This schemehasalsobeensuccessfullyimplemented
in the caseof the nonlinearstationaryNavier-Stokes equation,with a centeredversionand an upstream
weightedversion.In bothcasescornvergencetheoremsnaybe proven.
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