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Abstract. This paperpresentsa new finite volumeschemefor the Stokesequationson generalnon-
structuredmeshes.A convergenceresultis presented,andanerrorestimateis givenwhen
the solutionis regular enough. c
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Un schémavolumesfinis centŕespar maillespour la résolutiondeséquationsde
Stokessur desmaillages2D généraux

Résum é. On présenteici un nouveauschémavolumesfinis pour la discŕetisationdeséquationsde
Stokes sur un maillage 2D non structuŕe. On présenteun résultatde convergence, ainsi
qu’uneestimationd’erreur dansle casoù la solutionestsuffisammentrégulìere. c
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We studythefollowing problems:find anapproximationof ����������	�

������ ����

������ ����
�����������
 , weak
solutionto theStokesequations,which write:

���! �#"#	%$'&)( in �*����! �'"+	-,�&/. in �*���$*"+��,0&21 in �*� (1)

with a homogeneousDirichlet boundaryconditionon thevelocity �3�
�4��
 , andunderthefollowing assump-
tionson thedata:

� is a polygonalopenboundedsubsetof 5 � � � �/��16�7"�89
���(-�4.���� � ����
�: (2)
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Underhypotheses(2), �3�
�4��
 is a weaksolution(seee.g.[7]) of (1) if

�3�
�4��

�<;0����
>=�&@?A�3�CBD���-B�
��<�4���� ����
E
��A�GF%HJIK�3�CBL�4�MB�
�&N��B$ "+�MB, &21 a.e.OP�
� Q �4RS�T��UV�4W�
�X!RS� B ��U
��W�
�"YRS���3UV��W�
KX!RS� B ��U
��W�
E
%Z[U
Z[W\&
Q ��(K�3UV��W�
3� B ��U
��W�
�"+.��3UV��W�
3� B ��U
��W�
E
-Z[U
Z[W��^]V�3� B ��� B 

��;_����
�:

(3)

In thispaper, wepresentanew finite volumeschemefor thediscretizationof theNavier-Stokesequations
in two spacedimensions.In this scheme,thevelocity unknownsareassociatedto thecontrolvolumesand
the pressureunknowns to the nodes,as in the schemeintroducedin [2] [1] (equilateraltriangulargrid).
It differs from the MAC scheme[6] [5] (rectangulargrids) by the fact that both velocity componentsare
associatedto thesamecell, andbecauseit maybewrittenon generalunstructuredmeshes.

1. The finite volume scheme
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Figure1: Exampleof anadmissibletriangulardiscretization

Definition 1.1(Admissiblediscretization)We considera finite volumemeshm of � satisfyingthe usual
conditions(see[2]), with thefollowingnotations:m is a finite familyof nonemptyopenpolygonalconvex disjoint subsetsof � such that �n&po f*qsr k .

Thesetof edgesof themeshm (resp.of a control volume
k

) is denotedby t (resp.t f ).
We assumethe existenceof a family of points uv&w� a f 
 f*qsr , satisfyingthe usualorthogonalitycon-

dition: For anyedge ` & k�x �@�@t separating two control volumes
k

and � thestraight line � a f � a�i 

goingthrough

a f
and

a�i
is orthogonalto

k<x � .
For any

k �Ym and ` �nt f , we assumethat the orthogonalprojection
c b

of
a f

on ` is such thatc b � ` .
Let y (resp. y f ) bethesetof verticesof themesh(resp.of thecontrol volume

k
). For any

l ��y , we
denoteby U e and W e thecoordinatesof

l
and m e &z? k �{m@� l �#y f O .

Thesizeof thediscretizationis definedby: |j&2}�~%�K? diam� k 
4� k �{mpO!:
For all

k �<m and ` �9t f , wedenoteby � fhg b theunit vectornormal to ` outward to
k

. We denote

by Z fhg b theEuclideandistancebetween
a�f

and ` . We thendefine� fhg b &��������E�
b7��s��� � � We shall measure the

regularity of themeshthroughthemeasure �P�%�A�J�A��mz
 definedastheminimum,for
l

vertex of
k

and ` , of

of all angles� f�g e g b &��c b a f l and � � � �
fhg e g b :
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A finite volume scheme for the Stokes equations

The set of interior (resp. boundary)edges is denotedby tA� ��� (resp. t ��� � ), that is tA� ���N&�? ` � tC¡`)¢£n¤ �¥O (resp. t ��� ��&n? ` �9tC¡ ` £¦¤ �¥O ). For any ` �YtA� ����� ` & k�x � (resp. t ��� � , ` �§t
f

), let
a b

be
thecenterpointof theline segmenẗ

a f � a�i�© (resp. ¨ a f � c b © ), and U b and W b its coordinates.
For all

k �{m andall
l ��y f , let ` � and ` � betheedgesof

k
such that

l
is thecommonvertex of ` �

and ` � andsuch that ��W b�ª � W e 
E��U b¬« � U e 
 � �3W b¬« � W e 
E�3U bMª � U e 

­21 . We thendefinethecoefficients

® fhg e &/W bMª � W b¬« �*¯ fhg e &<U b°« � U bMª : (4)

For
k �<m and

l �Ny f let ` � and ` � be theelementsof t f such that
l

is a commonvertex to ` � and` � : we thendenoteby
d-fhg e

the polygonalsubsetof � , whoseverticesare
l � cVbMª � a�f � c
b¬« , and we setd e &po f*qsr�±-dMfhg e .

DEFINITION 1.2. – Let � be an openboundedpolygonalsubsetof 5³² , with ´µ�p¶�· . Let m be an
admissiblefinite volumediscretizationof � in the senseof Definition 1.1. Let � r ����
 £ ��������
 be the
spaceof functionswhich are piecewiseconstanton each control volume

k �+m . For all �/�/� r ����
 and
for all

k ��m , wedenoteby � f theconstantvalueof � in
k

andwedefine��� b 
 b-q¹¸ by:

� fhg b �3� b � � f 
�"+� i g b ��� b � � i 
�&º16��] ` �/tA� ����� ` & k�x �T� and � b &/16��] ` �ºt ��� �»: (5)

Let � r ����
 be the spaceof functionswhich are piecewiseconstanton the domains
d-e

, for all
l �§y .

Thediscretedivergenceoperator is definedby: F%H�I r =���� r ����
E
��\¼½� r ����
 , by: F%HJI r �������K
E�3UV�4WK
�&��������G�
e � f*qsr�± � ® fhg e � f "2¯ fhg e � f 
M� for a.e. ��UV�4W�
2� d-e

and for any
l �¾y¿: Let ; r ����
2&

?��������K

��� r ����
��P�EF¹HJI r �������K
�&º1�O , andfor ��������BL

�N��� r ����
G
�� ,
¨ �
�4� B © r & f*qsr b-q¹¸ � �

fhg b ��� b � � f 
G��� B b � � B f 
4: (6)

Thanksto the discretePoincaré inequality(see[2]), we maydefinethe following norm in � r ����
 by:x � x r &À�E¨ �
�4� ©�r 
 �ÂÁG� � andfor �������K

��� r ����
 � , wedefine:
x �������K
 x r &À�E¨ �
�4� ©�r "Y¨ ����� ©3r 
 �DÁG� :

Underhypotheses(2), let m be an admissiblediscretizationof � in the senseof Definition 1.1. LetÃ �<¨ 1¹�Ä"�8§
 begiven.Thefinite volumeschemewrites: find �3� r ��� r ��	 r 
 suchthat

�3� r ��� r ��	 r 

�<� r ����
T�\� r ����
T�+� r ����
��
� �G¨ � r �4� B r © r "§¨ � r �4� Br © r 
 � Q 	 r ��U
��W�
�F%H�I r ��� B r ��� Br 
E�3UV�4WK
4Z[U
Z[W�&
Q ��(K��U
��W�
�� B r �3UV�4WK
K"#.K��U
��W�
�� Br ��U
��W�
E
%Z[U
Z[W���]V��� B r ��� Br 

�/�4� r ����
G
 � �
F¹HJI r ��� r ��� r 
>& � Ã size��mÀ
M	 r �

(7)

whereÅ�Æ ± denotesthecharacteristicfunctionof
dMe

. In (7), the testfunctions ����Br �4�MBr 
 aresuccessively
takento beequalto �3Å f �E1C
 and ��16��Å f 
 , for all

k �+m , aneliminationof theunknowns � b and� b using
(5) yieldsa linearsystemof equationswith unknowns ��� f ��� f 
 f*qsr and ��	 e 
 e qsÇ . If

Ã ¢&º1 , thepressures
canthenbeeliminatedusingthelastequationof (7); thanksto thediscretePoincaŕe inequality, we getthat
this systemis invertible. In thecase

Ã &91 , it is still possibleto prove theexistenceanduniquenessof the
discretevelocities[3]. Note that if

Ã ¢&^1 , the scheme(7) is a finite volumeversionof the penalization
methodwhich wasstudiedin [4] in thefinite elementcase.

2. Convergenceand error estimate

PROPOSITION 2.1. – Underhypotheses(2), let m bean admissiblediscretizationof � in thesenseof
Definition1.1.Let

Ã �N��16�7"�89
 begiven.Let ����������	�

�<� r ����
K�j� r ����
K�j� r ����
 bea solutionto (7).
Thenthefollowing inequalitieshold:
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� x �������K
 x r¾È F¹HJ�AÉ+����
°Ê¬��(-��.K
°Ê i « �
Q � � (8)

and � � Ã size��mz
G
 �DÁE� ÊD	>Ê i « �
Q � È F¹HJ�AÉ+����
°Ê¬��(-��.K
°Ê i « �

Q � : (9)

An easyconsequenceof theaboveestimatesis theexistenceanduniquenessof asolutionto (7). Wemay
thenstatethefollowing convergenceresultanderrorestimate,theproof of whichmaybefoundin [3].

PROPOSITION 2.2. – Underhypotheses(2), let
Ã �/��1¹�7"�89
 begivenandlet ��m �ÌË

� 
 Ë
qsÍ

bea sequence
of admissiblediscretizationof � in thesenseof Definition1.1,such that ��HJÉËÄÎ�Ï size��m �ÐË

� 
�&º1 andsuch that

thereexists ��­Y1 with �A�%�P���A��m �ÐË
� 
�Ñp� , for all Òº�+¶ . Let �3� �ÌË

� ��� �ÐË
� �4	 �ÐË

� 

��� r{ÓÕÔGÖ ����
��×� r#Ó Ô�Ö ����
C�� r{ÓÕÔGÖ ����
 be the solutionto (7). Thenthesequence��� �ÐË
� �4� �ÐË

� 
 Ë
qsÍ

convergesin ��������
�� to �3�
�4��
 , weak
solutionof theStokesproblemin thesenseof (3).

PROPOSITION 2.3. – Underhypotheses(2), let ussupposethat there exists�¬Ø���PØ���%Ø	�
Ù�)������ ����
�Ú+�Û�M����
E
Ù�N�4���� ����
KÚ+�j������
G
Ù�����¬����
 solutionof (1). Let m bean admissible
discretizationof � in the senseof Definition 1.1. Let

Ã �¦��1¹�7"�89
 be givenand �Ü­Ý1 such that � È�A�%�P���A��mz
 . Let ����������	�
Þ�/� r ����
Þ��� r ����
³��� r ����
 bethesolutionto (7). We denoteby �°Ø� r �PØ� r 
Þ�� r ����
�� thefunctionsrespectivelydefinedby Ø�T��U f �4W f 
 and Ø�K��U f ��W f 
 in
k

, for all
k �#m . Thenthere

exists ßÀ­Y1 , which onlydependson � , � and � , such that thefollowing inequalitieshold:

x �3� � Ø� r ��� � Ø� r 
 x r¾È
ß�� size��mz
E
 �ÂÁGà ÊPØ�áÊ � â « �

Q � "ÜÊÄØ�ÞÊ � â « �
Q � "ÀÊ�Ø	�Ê � â ª �

Q � �DÁE� ã Ã "
ä
ã Ã �DÁG� � (10)

and Ê[�3� � Ø����� � Ø�K
°Ê i « �
Q � È

ß�� size��mz
E
 �ÂÁGà ÊPØ�áÊ � â « �
Q � "ÜÊÄØ�ÞÊ � â « �

Q � "ÀÊ�Ø	�Ê � â ª �
Q � �DÁE� ã Ã "

ä
ã Ã �DÁG� : (11)

Theorderof convergence1/4 which is obtainedin Proposition2.3 is clearlynot optimal: it is a conse-
quenceof thefactthatthepressureshaveonly beenweaklyestimated,usingtheartificial compressibility

Ã
.

Indeed,numericalresultsshow thatthemethodis efficientandthattheorderof convergenceis greaterthan
1.5. Until now, we have only beenableto prove the convergencein the case

Ã ¢&n1 , althoughnumerical
resultssuggestthat it alsoholdsin thecase

Ã &À1 . This schemehasalsobeensuccessfullyimplemented
in the caseof the nonlinearstationaryNavier-Stokesequation,with a centeredversionandan upstream
weightedversion.In bothcases,convergencetheoremsmaybeproven.
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[5] R.A NicoläıdesandX. Wu, Analysisandconvergenceof the MAC schemeII, Navier-Stokesequations,Math.

Comp.65 (1996),29-44.
[6] S.V. Patankar, (1980),NumericalHeatTransferandFluid Flow, Seriesin ComputationalMethodsin Mechanics

andThermalSciences,Minkowycz andSparrow Eds.(Mc Graw Hill).
[7] R. Temam,Navier-StokesEquations,Studiesin mathematicsandits applications,J.L. Lions, G. Papanicolaou,

R.T. RockafellarEditors,North-Holland,1977.

4


