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Abstract. The topic of this work is the discretization of semilinear elliptic problems in two space
dimensions by the cell centered finite volume method. Dirichlet boundary conditions are considered here.
A discrete Poincaré inequality is used, and estimates on the approximate solutions are proven. The
convergence of the scheme without any assumption on the regularity of the exact solution is proven using
some compactness results which are shown to hold for the approximate solutions.

1 Introduction

The aim of this work is to study the discretization by the finite volume method of convection diffusion
problems on general structured or non structured grids; these grids may consist of polygonal control
volumes satisfying adequate geometrical conditions (which are stated in the sequel) and not necessarily
ordered in a cartesian grid.

Finite volume methods have been used for over twenty years in several engineering fields (see e.g. [26],
but its mathematical analysis has only recently been undertaken. We are interested here by the so called
?cell centered” approach, i.e. the discrete unknowns are located at some point in the control volumes.
For the ”finite volume element” and ”control volume finite element” approaches where the unknowns
are located at the vertices, see [5], [4], [15], [16] and [10], see also [25] for other types of finite volume
methods.

Error estimates and convergence results for cell centered finite volume schemes for the discretization of
linear elliptic equations have recently been studied. The one dimensional case and multi-dimensional
rectangular cases were studied in [23], [17] using a finite difference technique.

Error estimates for unstructured meshes were also obtained in [2] in the case where the control volumes
are constructed using a dual mesh of a triangular finite element mesh. Error estimates for the finite
volume method applied to diffusion operators may also be obtained for non structured triangular meshes
via finite element technique methods by writing the finite volume scheme as a mixed finite element scheme
with numerical integration [3], [1], [27].

A first order estimate for triangular meshes was obtained in [18] for a convection diffusion where the
diffusion operator is the Laplacian under C? regularity assumptions of the solution. It generalizes easily
to the case of Voronol meshes, see [11], to the case of a diffusion operator involving discontinuous tensor
diffusion coefficients and the time dependent case [19]. Error estimates assuming H? regularity of the
solution may also be obtained for linear convection diffusion equations for Dirichlet boundary conditions
[21], [22], [24], [11] and Neumann or Fourier boundary conditions [11]. Note also that the finite volume
scheme is well adapted to the discretization of hyperbolic systems (see e.g. [11] and references therein)
and 1is therefore a good candidate for the discretization of systems of equations of different types, see e.g.

[20], [28], [29].

We consider here a semilinear convection diffusion equation with non homogeneous Dirichlet boundary
conditions, for which no regularity of the solution is known. The case of a semilinear time dependent
convection diffusion equation is addressed in [13] where the convergence of a coupled finite element-finite
volume scheme is proven (see also [11] for error estimates in the case of time-dependent linear equations
and convergence results in the case of nonlinear equations). Here we consider a pure finite volume scheme
and prove the existence and convergence of the approximate solutions in the stationary case. The proof
uses the property of consistency of the numerical fluxes on regular test functions. This, together with



a compactness result on the set of approximate solutions allows to prove a subsequence of approximate
solutions (for which an a priori estimate is obtained) is a weak solution of the semilinear equation.

Let us consider the following semilinear elliptic equation:

—Au(z) +div(vg(w))(z) = f(z,u(z)), z€Q, (1)
with Dirichlet boundary condition:

u(z) = g(z), =€ dQ, (2)

where

Assumption 1
(i) Q is an open bounded polygonal subset of IR?,
(ii) f:Q — R is such that

f(z,s) is measurable with respect to @ € Q for all s € R 3)
and continuous with respect to s € IR, for a.e. x € Q,

1
There exist a < m and 3 € IR such that f(z,s)s < as® + 3

and |f(z,s)| < Bls|, for all s € R, for a.e. x € Q.

(iii) v € CY(Q,R?),divv = 0, and let V = max|v(z)|.
TEN

(iv) ¢ € CY(IR,IR) is such that ¢' > 0 and there exists ¢y € Ry such that |q(s)] < cqls].

(v) g € H'?(0Q,1R) is such that there exists § € H*(Q) such that () = g a.e. on 0.

Remark 1

(i) The bound o < m in assumption (ii) on f may be somewhat relazed if more restrictive assump-
tions on the mesh than the ones giwven below hold for the meshes. For instance using discrete Sobolev
inequalities, as in [11], it is sufficient to assume o < ﬁ

(ii) The Laplace operator is considered here for the sake of simplicity, but more general elliptic operators
are possible to handle, for instance operators of the form —div(a(u)Vu) with adequate assumptions on u.

(iii) Since divv = 0, we can assume, without loss of generality, that ¢(0) = 0. This assumption will
sitmplify the presentation of some proofs.

Here, and in the sequel, ¥ denotes the trace operator from H!(Q) into L%(0Q). Note also that “a.e. on
02 is a.e. for the one-dimensional Lebesgue measure on 09Q.

Let us introduce the weak formulation of problem (1),(2). A weak solution of (1),(2) under Assumption
1 is a function u = @+ § € H'(Q) satisfying

u =@+ g where & € H}(Q) and
[ (Fu@)Teta) + div(v2atute)))p(e)ie = 5

[ u(@)e(w)dn, Ve € (@),

Using Schauder’s fixed point theorem (see e.g. [8]) or the convergence theorem 2 which is proved below,
it is possible to prove that there exists at least one solution to (5).



2 The finite volume schemes

The finite volume scheme is found by integrating equation (1) on a given control volume of a discretization
mesh and finding an approximation of the fluxes on the control volume boundary in terms of the discrete
unknowns. Let us first give the assumptions which are needed on the mesh.

2.1 Meshes

Assume K and L to be two neighbouring control volumes of the mesh. A consistent discretization of
the normal flux —Vu - n over the interface of two control volumes K and L may be performed with
a differential quotient involving values of the unknown located on the orthogonal line to the interface
between K and L, on either side of this interface. This remark suggests the following definition of
admissible finite volume meshes for the discretization of diffusion problems. We shall only consider here,
for the sake of simplicity, the case of polygonal domains. The case of domains with a regular boundary
does not introduce any supplementary difficulty other than complex notations.

Definition 1 (Admissible meshes) Let Q be an open bounded polygonal subset of IR%. An admissible
finite volume mesh of Q, denoted by T, is given by a family of “control volumes”, which are open polygonal
conver subsets of Q (with positive measure), a family of subsets of Q contained in hyperplanes of R?,
denoted by & (these are the edges of the control volumes), with strictly positive one-dimensional measure,
and a family of points of @ denoted by P satisfying the following properties (in fact, we shall denote,
somewhat incorrectly, by T the family of control volumes):

(i) The closure of the union of all the control volumes is Q;
(ii) For any K € T, there erists a subset Ekg of £ such that 0K = K\K =Ugyes, 7. Let £ = Ugerék.

(iti) For any (K,L) € T? with K # L, either the (d — 1)-dimensional Lebesgue measure of K N L is 0
or KNL =7 for some o € £, which will then be denoted by K|L.

(iv) The family P = (zx)ke7 is such that i € K (for all K € T) and, if o = K|L, it is assumed that
g # xr, and that the straight line Dg 1 going through xx and xy, is orthogonal to K|L.

In the sequel, the following notations are used. The mesh size is defined by: size(T) = sup{diam(K),
K eT}. Forany K € T and 0 € €, m(K) is the area of K and m(c) the length of . The set of
interior (resp. boundary) edges is denoted by Einy (resp. Eexs), that is Eny = {0 € &, o ¢ 00} (resp.
Eext = {0 € & 0 C IN}). The set of neighbours of K is denoted by N (K), that is N(K) = {L € T;
do ek, 7= Fﬂf}. For any K € T and 0 € £k we denote by dk , the Fuclidean distance between xg
and o. For any oiné, we define do = dx o +dr o if 0 = K|L € &ng (in which case d, is the Euclidean
distance between xx and z1,) and do = dg o if 0 € Eext N EK .

For any o € &; the “transmissibility” through o is defined by 7, = m(o)/ds if dy # 0 and 7, = 0 if
d, = 0. In some results and proofs given below, there are summations over o € &, with & = {o € &;
ds # 0}. For simplicity, (in these results and proofs) £ = &y is assumed.

Example 1 (Triangular meshes) Let Q be an open bounded polygonal subset of IR?. Let 7 be a
family of open triangular disjoint subsets of €2 such that two triangles having a common edge have also
two common vertices. Assume that all angles of the triangles are less than 7/2. This last condition is
sufficient for the orthogonal bisectors to intersect inside each triangle, thus naturally defining the points
zx € K. One obtains an admissible mesh. In the case of an elliptic operator, the use of such a grid for
the finite volume scheme using differential quotients for the approximation of the normal flux yields a 4-
point scheme [18]. This scheme does not lead to a finite difference scheme consistent with the continuous
diffusion operator (using a Taylor expansion). The consistency is only verified for the approximation of
the fluxes, but this, together with the conservativity of the scheme yields the convergence of the scheme,
as it is proved below.



Note that the condition that all angles of the triangles are less than 7/2 (which yields 2x € K) may
be relaxed (at least for the triangles the closure of which are in ) to the so called “strict Delaunay
condition” which is that the closure of the circumscribed circle to each triangle of the mesh does not
contain any other triangle of the mesh.

Example 2 (Voronol meshes) Let Q be an open bounded polygonal subset of IRY. An admissible
finite volume mesh can be built by using the so called “Voronoi” technique. Let P be a family of points
of Q. For example, this family may be chosen as P = {(kih, ..., koh), (k1,k2) € Z?} NQ, for a given
h > 0. The control volumes of the Voronoi mesh are defined with respect to each point z of P by

I{x:{y69a|m_y|<|z_y|: VZEP,Z#&}

Recall that |« — y| denotes the euclidean distance between z and y.

Voronoi meshes are admissible in the sense of Definition 1 if the assumption “on the boundary”, namely
part (v) of Definition 1, is satisfied. Indeed, this is true, in particular, if the number of points z € P
which are located on 99 is “large enough”. Otherwise, the assumption (v) of Definition 1 may be replaced
by the weaker assumption “d(y,,o) < size(7T) for any ¢ € Eext N Ex” which is much easier to satisfy.
Note also that a slight modification of the treatment of the boundary conditions in the finite volume
scheme (8)-(12) allows us to obtain convergence results (as in Theorem 2) for all Voronoi meshes. This
modification consists in replacing, for K € 7 such that £x N Eex; # B, the equation (8), associated with
this control volume, by the equation ug = g(zx ), where zg is some point on 9Q NJK. In fact, Voronoi
meshes often satisfy the following property:

SKﬁfextiﬂéa:KeaQ

and the mesh is therefore admissible in the sense of Definition 1 (then, the scheme (8)-(12) page 5 yields
ug = g(zg) if K € T is such that Ex N Eexy Z 0).
An advantage of the Voronoi method is that it easily leads to meshes on non polygonal domains Q.

Note that cell centered finite volume schemes may also be defined on meshes which are not admissible
in the sense of the above definition [12], [7]. In this case, however, some more technical assumptions are
needed on the mesh to show the convergence of the scheme.

Let us now introduce the space of piecewise constant functions associated with an admissible mesh and
some “discrete H3” norm for this space. This discrete norm will be used to obtain some estimates on the

approximate solution given by a finite volume scheme.

Definition 2 Let Q be an open bounded polygonal subset of RY, d = 2 or 3, and T an admissible mesh.
Define X(T) as the set of functions from Q to IR which are constant over each control volume of the
mesh.

Definition 3 (Discrete norms) Let Q be an open bounded polygonal subset of RY d=2o0r3, and T
an admussible finite volume mesh in the sense of Definition 1.
For uw € X(T), define the discrete H} norm by

1
2

lull7 = (370 (Dow)?) (6)

oc€ef

where, for any o € T, 7 = m(o)/d, and

Dou=|ug —uy| if ¢ € Ent, 0 = K|L,

Dyu = |UK| ZfU € Eext N gK;

where ug denotes the value taken by u on the control volume K and the sets £, Ene, Eext and Ex are
defined in Definition 1.




2.2 The schemes

Let 7 be an admissible mesh. Let us now define a finite volume scheme to discretize (1)-(2).
Let (ux)rxe7 denote the discrete unknowns and let

fr(ug) =

1

z,ug)de, VK € T. 7
7 L Fe ) (M
In order to describe the scheme in the most general way, one introduces some auxiliary unknowns namely
the fluxes Fg o, forall K € T and o € £k, and some (expected) approximation of u on an edge o, denoted
by u,, forall ¢ € £. For K € T and o € &k, let ng , denote the normal unit vector to o outward to
K and vk, = fo v(z) - ng ,dy(z). Note that dv is the integration symbol for the (d — 1)-dimensional
Lebesgue measure on the considered hyperplane.
We may now write the finite volume scheme for the discretization of Problem (1)-(2) under assumptions

1 as the following set of equations:

> Fro+ Y vkoq(uos) =m(K)fx(uk), VK €T, (8)

oc€efk o€l

where u, 4 is defined by

if o = K|L, then us 4 = ug if vg o > 0, and u, 4 = uy, otherwise;
if o C KNJQ, then up y = ug if vk » > 0 and u, 4+ = u, otherwise,

and Fg o is defined by

FK,o = _FL,o, Vo € &, if 0 = I{|L, (10)
Fk odk,o = —m(0)(us —uk), Vo € Ex, VK €T, (11)

and ]
Uy = m/ag(y)d'y(y), Vo € Eexi- (12)

Note that the values u, for o € &t are auxiliary values which may be eliminated so that (8)-(12) leads
to a nonlinear system of N equations with N unknowns, namely the (ug)ge7, with N = card (7). This
nonlinear system can be written, using some ordering of the unknowns and equations, as

AU + B(U) = C(U) + D(g), (13)

where:

U € IRY is the vector of discrete unknowns (that is the ug, K € T), N being the number of cells of the
mesh 7,

A is a linear application from IR™ to IR and AU corresponds to the discretization of —Au(z),

B is a continuous application from IRY to IR and B(U) corresponds to the discretization of div(vg(u))(z),
C' is a continuous application from IR” to IR" and C(U) corresponds to the discretization of f(z,u(z))
and D(g) is a vector of IRY which contains all the terms depending on g (note that D is and application
from L'(0Q) into RY.

3 Discrete Poincaré inequalities and trace inequalities

We give in this section some inequalities for piecewise constant functions.

Let us first prove discrete Poincaré inequality for the discrete H} norm of a piecewise constant function.
Note that a ”discrete mean value Poincaré inequality” may also be proven in order to deal with Neumann
boundary conditions (see [11])



Lemma 1 (Discrete Poincaré inequality) Let Q be an open bounded polygonal subset of RY d=2
or 3, T an admissible finite volume mesh in the sense of Definition 1 and u € X(T) (see Definition 2),
then

llullz2() < diam(Q)|[ull, 7, (14)

where || - ||1,7 is the discrete H} norm defined in Definition 3.

Proo¥ of Lemma 1
For o € &, define y, from IR? x IR? to {0, 1} by Xo(z,y) = lifoN[z,y] # 0 and x,(z,y) = 0 otherwise.

Let u € X (7). Let d be a given unit vector. For all # € Q, let D, be the semi-line defined by its origin, #,
and the vector d. Let y(z) such that y(z) € D,NIQ and [z, y(z)] C Q, where [z, y(z)] = {tz+ (1 —t)y(z),
t €[0,1]} (i.e. y(x) is the first point where D, meets 09).

Let K € T. For a.e. x € K, one has

fux| < 3 Doxo (2, y(2)),

oc€ef

where the notations D, u and ug are defined in Definition 3. Let ¢, = |d-n,| (recall that £ -7 denotes the
usual scalar product of £ and 7 in ]Rd). By the Cauchy Schwarz inequality, the above inequality yields:

(Do
lug |* < E Q) m,y(m))Zdacaxa(x,y(x)), for ae. z € K. (15)
oc€ef o Co oc€ef

Let us show that, for a.e. z € Q,

> docoxo(w,y(x)) < diam(Q). (16)

Let z € K, K € T, such that ¢ N[z, y(x)] contains at most one point, for all ¢ € £, and [z, y(z)] does
not contain any vertex of 7 (proving (16) for such points z leads to (16) a.e. on €, since d is fixed).
There exists o € Eext such that y(z) € o. Then,

> Xolz,y(@))doco = [(xx — o) - d.
c€ef

Since g, yo € €, this gives (16).

Integrating (15) over Q and using (16) gives

Z/ lug |*de < diam(Q )2(50:0) Axa(m,y(m))dm.

KeT o€e€

Since [, X0 (2, y(z))de < diam(Q)m(o)c,, this last inequality yields

Z/ lug|?de < (diam(Q Z|D |2H1

KeT o€e€

Hence the result. n

The following result will also be useful for getting estimates on the approximate solutions in the case of
non homogeneous Dirichlet boundary conditions.



Lemma 2 Let Q be an open bounded polygonal subset of R?, § € HY(Q) and g = 5(§) (recall that 7 is
the “trace” operator from HY(Q) to HY?(0Q)). Let T be an admissible mesh (in the sense of Definition
1) and let :

~ _ 1 p - e e

9K = m(K) /Kg(x)dl, vReT,
~ _ 1 e -

Jo = m(o) /Crg(l)d'y(x)VU € Eext,

and

|Dglr = ( Z L (x — ) + Z To (9K (o) —50)2) :
0=K|LEEixns TEEext

dK o
Then there exists C € IR 4., only depending on { = min{%’(],), KeT,oc€&k}and M = max{card(ék), K €
iam(K
T}, such that

|Dglr < Cllglla (o) (17)

ProoF of Lemma 2

Lemma 2 is given in the two dimensional case, an analogous result is possible in the three dimensional
case. Let Q, g, T, ¢, M satisfying the hypotheses of Lemma 2. By a classical argument of density, one
may assume that § € C(Q, IR).

A first step consists in proving that there exists C; € IRy, only depending on ¢, such that

diam(K)
m(o)

where §g (resp. §o) is the mean value of § on K (resp. o), for K € T (resp. o € £). Indeed, without

loss of generality, one assumes that o = {0} x Jy, with Jg is a closed interval of R and K C R4 x IR.

Let o = max{z;, 2 = (z1,22)' € K} and @ = (a, 8)! € K. In the following, a is fixed. For all z; € (0, a),

let J(z1) = {z2 € IR, such that (z1,z,)" € K}, so that Jo = J(0).

For a.e. z = (z1,22)" € K and a.e., for the 1-Lebesgue measure, y = (0,9)" € o (with ¥ € Jy), one sets

z(z,y) = ta+(1—t)y witht = 2. Note that, since K is convex, z(z,y) € K and z(z,y) = (21, 22(z1,7))",

with z3(21,7) = 26+ (1 — 2)7.

One has, using the Cauchy Schwarz inequality,

(G — d0)2 < Cy / IVi(2)|2da, VK € T Vo € &x, (18)
K

(gK_!jo)2 < (A+B)a (19)

where
A= [ [ G- i) b,
and

p= [ [ Gete.s) - 36) i

Let us now obtain a bound of A. Let D;g, ¢ = 1 or 2, denote the partial derivative of g w.r.t. the
components of z = (21, 22)" € IR?. Then,

A:// / </ Dsji(x1,)ds)’ dydzadar.
0 JJ(x1)JJ(0) 22(1,7)



The Cauchy Schwarz inequality yields

A< diam(K)/ / / / (D2§(m1,5))2dsdyda:2dm1
0 Jr@ Ja) Jie)

AL diam([()S/K (Dzﬁ(r))zdm.

One now turns to the study of B, which can be rewritten as

and therefore

:A []( )/J(O) </0 1[D1§(3,z2(5’y)) —+ ?DQ‘J(S,Zz(sjy))]dS)QdydgL‘erl.

The Cauchy Schwarz inequality and the fact that o > {diam(K) give that

1
ab)

/ / / / D;g(s, z2(s y)))zdsdyd,mdrl, 1=1, 2.

First, using Fubini’s theorem, one has

Bi:/ / (Di§(5,22(5,§)))2/ / dzodzidsdy.
J(0)Jo s JJI(z1)

B; < diam(K / / D;g(s, z2(s y)))z(a — s)dyds.

Then, using the change of variables z3 = 2a(s, y), one gets

B < 2diam(K)(B; +

with

Therefore

dzads.

B; < diam(K) / / ngz2)2f_88

Bi gdiam(K)2/K (D;j(x)) " da.

Hence

Using the fact that m(K) > n(? (diam(K))2, (19), (20), (21) and (22), one concludes (18).

In order to conclude the proof of (17), one remarks that

1Dg5 <2>° > lix — §o)’

KeToelk
Since d, > (diam(K) for all K € T and o € £k, one gets, using (18), that

IDgF <2 > Cl/ Vg(z)|*de.

KeToelk
The above inequality shows that

- C -
Dil <2 [ Vi)
19

which implies (17).

(20)



4 Existence and estimates for the approximate solution

Let us first prove the existence of the approximate solution and an estimate on this solution. This
estimate will be obtained by using the discrete inequalities which were proved in the previous sections,
and will yield convergence thanks to a compactness theorem given in the appendix.

Lemma 3 (Existence and estimate) Under Assumptions 1, let T be an admissible mesh in the sense
of Definition 1, and let:

dk o . dig o
¢ = min((pip mip o () Pl R 27): )

then there exists a solution (ug)xeT to the system of equations (8)-(12).

Furthermore, let ur € X(T) (see Definition 2) be defined by ur(x) = ug for a.e. # € K, and for any
K € T, there exists C € IR, only depending on Q, ||§||a1(q), ¢, M = maxger card(Ex), f and q, such
that

izl < € and [lirlls < C, (24)
where )
ar(z) = g = ug — M /Kj(y)dy forallz € K and all K € T. (25)

Remark 2 In the case of homogeneous Dirichlet boundary conditions, the additional assumption (23) is
not required. This technical assumption is essentially needed for the proof of Lemma 2 whereas the proof
of the estimate (24) for homogeneous Dirichlet boundary conditions only requires the use of the discrete
Poincaré inequality (1) (see [11]). Similarly, if there is no convection (i.e. ¢ =0 or v =0), then (23) is
not needed. This latter assumption is used to obtain a bound on the convection terms in the estimate of
the approximate solution.

PrRooOF of Lemma 3

Equations (8)-(12) lead, after an easy elimination of the auxiliary unknowns, to a nonlinear system of N
equations with N unknowns, namely the (ug)xe7, with N = card(T7).

We shall first prove the existence and uniqueness of the solution to the linearized system which is obtained
from the numerical scheme. We shall then prove an estimate on any possible function ur of (8)-(12).
These two steps will allow to prove the existence of the solution to the numerical scheme by a topological
degree argument.

We assume (without loss of generality) that ¢(0) = 0.

Step 1 (existence and uniqueness of the solution to the linear system)
Let (ri)xer be a given vector of R™ (with N = card(7)). Let us introduce the linear systems of
equations with unknowns (ux)xe7 consisting of the following equation:

Y Fxo=rk VK €T, (26)
oc€efK
where Fg o, for K € T and o € £ is defined with respect to the unknowns (ug)xe7 by (10) and (11),
and equation (12).
First assume that (ug)xe7 satisfies the linear system (26), (10), (11), (12) with rg =0 for all K € T,
and [ g(y)dvy(y) = 0 for any o € Ecxr. Let us prove that in this case (ugx) = 0 for all K € 7. This yields
the uniqueness (and thus the existence) of the solution to the linear system (26), (10), (11), (12).

Multiplying (26) by ug, summing over K, and using (10) and (11) leads to

Z E FKyouK = 0 (27)

KeToelk

Let us now perform a ”discrete integration by parts”, that is a reordering of the summations over the
edges of the mesh. We obtain:



ETU(DUU)2 = 0: (28)
oc€ef
where |Dou| = |ug — ur|, if 0 = K|L and |Dou| = |ug]|, if 0 € Ex N Eext.

Hence,

Jur[]i 7 =0, (29)
which yields ug = 0 for all K € T.

This proves the existence and the uniqueness of the solution to the linear system (26), (10), (11), (9),
(12) for any (wk)keT € IRY, and for any {fag(y)d’y(y), 0 € Eext}-

Step 2 (Eristence of a solution) Using the formulation (13) of the numerical scheme, let us prove the
existence of U solution to (13). From step 1, A is invertible and (13) is therefore equivalent to:

U=—-A"'B(U)+ A™'C(U)+ A™*D(g). (30)

In order to show that (30) admits at least one solution in IRY and therefore that (8)-(12) admits at least
one solution, we are going to use a topological degree argument (see also Remark 3).

Fort €[0,1] and U € R", let F(t,U)=—-A"1B(tU) +tA=1C(U) + A=1D(tg), so that F is continuous
from [0,1] x RY in RY.

Let us endow the space IRY with some norm; let us choose for instance the norm defined by U2 =
Z m(K)u%{, where the ug, K € T, are the components of U. We shall show in step 3 below that
KeT

3R > 0 such that if (t,U) € [0,1] x RY and U = F(t,U) then |U| # R. (31)

Assuming that (31) is satisfied, it is possible to define for t € [0, 1], the (Brouwer) topological degree
of the application Id — F'(t,.) with respect to Bg = {U € RN |U| < R} and 0, which is denoted by
d(Id— F(t,.), Br,0) (see e.g. [8] for the definition of the topological degree and its properties). Then,
thanks to the homotopy invariance of the degree and since F/(0,U) =0 (for all U € IRN), one has

d(Id — F(1,.), Bg,0) = d(Id, Bg,0).

Since d(Id, Br,0) = 1, this leads to d(Id — F'(1,.), Bgr,0) # 0 which proves the existence of U € Bg such
that U — F(1,U) = 0 i.e. that U is a solution of (30). This proves the existence of a solution to (8)-(12).

Step 3 (Proof of (31) and estimate on a possible solution) To conclude the proof of the lemma, it remains
to prove (31) and an estimate on the solutions.

Let U € RY and t € [0, 1] such that U = F(t,U) (where F is defined in step 2). Let (ug)rge7 be the
components of U, one has

> Fro+ Y vkoq(tusy) =m(K)tfx(ux), VK €T, (32)
o€l o€l
FK,o = _FL,oy Vo € &, if 0 = ]{|L, (33)
Fr odik,o = —m(o)(us — ug), Vo € Ex, YK € T, (34)
If o = K|L, then us 4+ = ug if vg o > 0, and uy 4 = ug otherwise; (35)
if o C KNJQ, then up 4 = ug if vg o > 0 and us 4+ = u, otherwise.
t
o= —— d , v Eext - 36
to = s [ swh (). o € o (36)

10



Let § € H'(Q) be such that the trace of § on 9Q is equal to g. One defines ﬁgf) € X(T) by:

aD ) = ) =y 1 G luNd . e K -
iy (x) = Uy’ = uk m(K) /Kg(y)dy for all z € K and all K € 7. (37)

Then (ﬂ(f?)KET satisfies

Y Fro+ Y vkoq(tuey) =m(K)tfx(ug) — Y tGko, VK €T, (38)
oEEK oEEK oEEK
Fre o = g (@) — @), Vo € &y, if o = K|L, (39)
Fr o = To(ﬂ(lp), Yo € Ext such that o € E. (40)
G (—1 / g(y)d ! / §(y)dy), Yo € &y, if K|L (41)
o = —T, K Yy— —77 K , VO int, 11 0 = 1A 3
K, K|L m(L) Lgy Yy m([&) Kgy Yy t
1 1 -
Gk.o = —Ta(m/ag(m)d’y(r) — m(K) /Kg(y)dy), Vo € Eext such that o € Ex. (42)

Multiplying (38) by '&(I?, summing over K € T, gathering by edges in the left hand side, using item (ii)
Assumption 1 and remarking that for any € > 0,

- . - 4.
a7 a0y < (a5 Nz + talle@)® < L+ )l e + (04 2)llallzee)

yields that, for any ¢ > 0, there exists C; > 0 depending only on £ such that

@213 7+ 30 3 vkcoqltus 4 )il <

KeTo€elk
a1+ )[[aP ]2 ) + Cet?[1d]120q + Bm(Q) + BllEP (|2 13l L2 + Bl3l22 0y + DG l7l|E7 11 7,
(43)
Let us give an estimate on E Z 'vaaq(tuay_l_)ﬁ(I?. Reordering the summation, we may write:
KeTo€elk

D > votltuo )i = D voaltus4) (@) —al))

KeToesx o€E i i (44)

= voq(tuo 1) (ot — o) + Y _Voq(to 1) (tdo,+ — tio-)

oge€ oce&

where the indexes o, + (resp o, —) denote the upstream (resp. downstream) choice of @ or g, in the same
way as for u (see (9)). Let G be a primitive of ¢(¢-). Then:

S tet(tto.4) eyt = 0-) = Svn(Galuo ) = Guluo, ) = [ volalts) = altue 4))ds.

Reordering the summation and using the fact that ¢ is non decreasing yields that

D vod(tuo 4 ) (o — o) > Y Y vk o Giluk). (45)

oc€ef KeToelx

Hence, from (44), (45) and the fact that divv = 0, one has:

>3 vkoq(tuo )ik > > voq(tuo 1) (tdo,+ — tdo-) (46)

KeToelk oc€ef
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Since ¢ satisfies the conditions (év) in Assumption 1, using the Cauchy Schwarz inequality and the fact
that the mesh satisfies condition (23), one has:

> vod(tuo 4)(to+ — tdo-)| <

oc€ef

> Veqm(o)|uo +(tio,+ — o, )| < (47)
oc€ef

Vv -
2t(3)1/2|luT|lL2(n)|Dg|T
From (46) (choosing ¢ small enough) and (47), one has:

Z Z Uk 0q(to 4 )ik < Ct||lur||L2)|Dilr (48)
KeTo€elk

where C' depends only on ¢, €, v and f. Therefore, from (43) (choosing & small enough and (48), using
Lemma 2 and the discrete Poincaré inequality (14), there exists C; € IR, only depending on Q, ||[|z1(q),
¢, vand f, such that ||ir||;7 < Cy and |[ir||L2q) < Ci.
This gives (31) with R > C1+]|7||z2(q) and the estimates (24) on the solutions of (8)-(12). This concludes
the proof of the lemma.

n

Remark 3 Note that the topological degree argument which was used in the above proof may also be used
to show the existence of at least a solution to problem (1)-(2). In fact, the existence of a solution to
problem (1)-(2) is also an immediate consequence of the convergence theorem 2 given hereafter.

We now state a discrete maximum property of the scheme. Even though this property is not used in the
sequel, it is a very important feature when dealing with problems where positivity of the solution must
be ensured. This stability property is valid for the scheme (8)-(12) for any admissible mesh thanks to
the upwind approximation of the convection term; note that a centered approximation of the convection
term would still yield a convergent scheme, but that the scheme might become unstable for (that is the
maximum principle will not hold) if the convection term is large with respect to the size of the mesh.

Proposition 1 Under Assumption 1, let T be an admissible mesh in the sense of Definition 1. If f > 0
for all K € T, and if Dirichlet boundary conditions (2) hold with g > 0, then the solution (ug)keT of
(8)-(12) satisfies ug >0 for all K € T.

PrOOF A proof of this result is given in [18]. (see also [11]) in the linear case. It uses the strong
formulation. We use here the weak formulation. For any K € 7, denote by uj the negative part of
ug, that is uj = %(|UK| — ug) (note that contrary to its name, the negative part of ug is positive...)
Multiplying (8) by uj, summing over K € 7 and using the fact that f > 0 and g > 0 yields that:

D 7o (o —to Y(ug 4 —uy _) +voq(o 4 ) (ug 4 —uz_) >0
c€ef
Noting that |u, , —u, _| < [ug + — Uy —| and that (us 4 — ug —)(u, 4 — u, _) < 0 yields that
=Y ro(uy g —up ) 4 voq(ue ) (up 4 —uy ) > 0. (49)
oc€ef

Let G be a primitive of ¢ such that G(0) = 0, calculations similar to those of the proof of Lemma 3 (see
(45), (46)) yield that

St )05~z ) = Y 6ug) [ vieax(e)dre) + X [ (0l - a(s)ds 2 0

2=t KeT 0K o€eE “Ug—
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From (49), one obtains:
uy 4 —u; _ =0 forany o €¢&. (50)

GV

Hence ug > 0 for any K € T. Indeed, for any a € IR, let Q, be the interior of the union of the closures
of the control volumes such that ux = a. Let o € € such that o C 0Q,. Then, from (50), for any b # q,
o ¢ 0Qs, so that o C 0Q, which proves that a = 0 and concludes the proof of Proposition 1. [

5 Convergence of the scheme

In order to show the convergence of the scheme, we shall first show that for any C' > 0, the set {ur € X(T)
where 7 is an admissible mesh of Q} is relatively compact in L?(Q). In order to do so, we shall use the
following compactness result.

Theorem 1 Let Q be an open bounded set of R%, d > 1, and {u,, n € IN} a bounded sequence of L?(Q).
For n € IN, one defines u, by u, = u, a.e. on Q and u, =0 a.e. on R4 \ Q. Assume that there exist
C e and {h,, n € N} C Ry such that h, — 0 as n — oo and

1T (- + 1) = TallZagrey < Clnl(Inl+ ha), ¥n € N, ¥ € RY. (51)

Then, {un, n € IN} is relatively compact in L?(Q). Furthermore, if u, — u in L%(Q) as n — oo, then
u € HEH(Q).

Proor of Theorem 1

Since {h,, n € IN} is bounded, the fact that {u,, n € IN} is relatively compact in L*(Q) is an immediate
consequence of the Kolmogorov compactness theorem. Then, assuming that u,, — u in L%(Q2) as n — oo,
it is only necessary to prove that u € H(Q). Let us first remark that @, — @ in L2(]Rd), as n — 0o,
with 7 = u a.e. on Q and @ = 0 a.e. on IR%\ Q.

Then, for ¢ € C° (IRd), one has, for all € RY, n # 0 and n € IN, using the Cauchy Schwarz inequality
and thanks to (51),

'_n P _ '_n p C hn
[ et —me) ), VO
R4 In Il
which gives, letting n — oo, since h,, — 0,

/Rd et 7|7v)7|_ ) p(x)de < V|l Laray,

and therefore, with a trivial change of variables in the integration,

||80||L2(1Rd);

/m — 7|77)7|_ SO(I))U(x)dm < VClellama- o

Let {e;, i = 1,...,d} be the canonical basis of IRY. For i € {1,...,d} fixed, taking 5 = he; in 52 and
letting A — 0 (with h > 0, for instance) leads to

dp(x)
R al‘i

u(z)dz < \/5”90”L2(]Rd);

for all ¢ € C°(IRY).

This proves that D;u (the derivative of @ with respect to #; in the sense of distributions) belongs to
LZ(IRd), and therefore that @ € Hl(IRd). Since u is the restriction of @ on € and since @ = 0 a.e. on
IR?\ Q, therefore u € H}(Q). This completes the proof of Theorem 1. [

13



Lemma 4 Let 2 be an open bounded set of ]Rd, d=2 or3. Let T be an admissible mesh in the sense
of Definition 1 and v € X(T) (see Definition 2). One defines © by & = u a.e. on Q, andu =0 a.e. on
R? \ Q. Then there exists C > 0, only depending on Q, such that

[a(-+ 1) =l T2y < llullf 71nl(Inl + Csize(T)), ¥y € R (53)

Proo¥ of Lemma 4

For o € &, define y, from R® x R? to {0,1} by Xo(z,y) = 1if [z,y]No # 0 and xo(z,y) = 0 if
[z,y]No = 0.

Let n € R?, 5 # 0. One has

[u(z +n) —u(x)]| < Zxa(m, z+n)|Dou|, for a.e. z€Q
c€ef
(see Definition 3 for the definition of D, u).
This gives, using the Cauchy Schwarz inequality,

Doul?
[u(x +n) — H(l)|2 < E Xo (2, 2 + 77)' ou| E Xo (2, 2+ n)docy, for ae. xz€ ]Rd, (54)
doco
oef 1
where ¢, = |n, - |Z—||, and n, denotes a unit normal vector to o.

Let us now prove that there exists C' > 0, only depending on €2, such that

ZXU(% z+n)docs < |y + Csize(T), (55)
c€ef

for a.e. z € IR?.

Let z € IR? such that o N [z, 2 + 5] contains at most one point, for all o € £, and [z, z + 7] does not
contain any vertex of 7 (proving (56) for such points z gives (56) for a.e. z € IR?, since 7 is fixed). Since
Q is not assumed to be convex, it may happen that the line segment [z, z + 5] is not included in Q. In
order to deal with this, let y, 2 € [z, z + 5] such that y # z and [y, z] C Q; there exist K, L € 7 such that
y € K and z € L. Hence,

> Xo W 2)doco = (31— 21) - o,

o€l |77|
where y; = zg or y, with 0 € £yt NEK and z1 = xp or ys with ¢ € Eext N Ex, depending on the position
of x and y in K or L respectively.
Since y1 = y + ya2, with |ya| < size(T), and 21 = z + 23, with |z2] < size(7), one has

(g2 — 21) - %' < ly— 2|+ lys| + |22] < |y — 2| + 2size(T)

and

Zxa(y, 2)dgco < |y — 2| + 2size(T). (56)
oc€ef
Note that this yields (55) with C = 2 if [z, 2+ 5] C Q.
Since € has a finite number of sides, the line segment [z, z + 7] intersects 9 a finite number of times;
hence there exist #1,...,¢, such that 0 <t <2 < ... <, <1, n < N, where N only depends on Q
(indeed, it is possible to take N = 2 if Q is convex and N equal to the number of sides of Q for a general

Q) and such that
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n—1
ZXU (33’ x4+ ﬁ)doca = Z ZXU (l‘i, xi+1)doco;
oc€ef i=1 oc€&
with &; = 2 + t;n, for i = 1,...,n, and [z;, zi31] C Q. Indeed, one has z; € 9Q if t; & {0,1}.
Then, using (56) with y = ; and z = 2441, for i = 1,...,n — 1, yields (55) with C' = 2(N — 1) (in
particular, if Q is convex, C' = 2 is convenient for (55) and therefore for (53) as we shall see below).

In order to conclude the proof of Lemma 4, remark that, for all ¢ € £,

/ Xo (2, 2+ n)dz < m(c)eq|n|.
]R,d

Therefore, integrating (54) over IR? yields, with (55),

170+ 1) = ey < (32Dl + (7).

oc€ef g

We may now state the convergence result:

Theorem 2 (Convergence)

Assume items 1, 2, 3 and 4 of Assumption 1 and g € H1/2(8Q). Let ( € IRy and M € IN be given values.
Consider a family of admissible meshes of Q (in the sense of Definition 1) such that di , > (diam(K)
for all control volume K € T and for all o € £k, and card(Ex) < M for all K € T. Assume that size(T)
tends to 0 as n tends to infinity. Let (ug)ixe7 be the solution of the system given by equations (8)-(12).
For a given mesh T, define ur € X(T) by ur(z) = ug for a.e. # € K and for any K € T. Then, there
exists a subsequence of the sequence uy which converges in L?(Q) to a function u as size(T) — 0, where
u satisfies (5). Moreover, if there exists only one solution to (5), then the whole sequence converges to u.

Proo¥ of Theorem 2

For any mesh T of the family of admissible meshes which is considered here, let @ € X (7) be defined by
(37) with ¢t = 1; using Lemma 3 there exists C; € IR, only depending on €, [|g]|z1(n), (, M and f, such
that ||ar|1,7 < < Cy and [|tu7]|p2(q) < C1. Furthermore, since size(7) — 0, from Lemma 4 and Theorem
1, there exists a subsequence, stlll denoted by @7, and @ € H}(2) such that @7 converges to @ in L?(Q).
Let us now prove that u = @ + § satisfies (5). Since @ € H}(Q), there only remains to show that @
satisfies:

2) + div(v(2)g(i(z) + §(x)))e(z) =
f F(e, @(x) + §(2) ¢ (e)de — / (Vi(2)Ve())da, Vo € HY(Q).

Let ¢ € C(R) and let size(T) be small enough so that ¢(z) = 0if 2 € K and K € T is such that
OK NdQ # (. Taking ¢t = 1 in (38), multiplying by ¢(zk), and summing the result over K € T yields

(57)

Ty +Ty =T34+ Ty, (58)
with

- rm (i — iix) (2K ),

KeT LeN(K

= Z Z vagq(Ua,+)$0(l‘K),

KeToelx
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Ts = E m(K)e(zr) fr (uk).

KeT
T4—Z E TK|L9L—9K)( K);
KeT LeEN(K

where

= m(K) /I(j(m)dm,VI( eT.

First remark that, since u7 tends to u in L?(Q2) and thanks to the assumptions on f and g,

5 — /f z)dx as size(T) — 0.

Let us now turn to the study of T7;
Ti=— Y mw(in — i) (e(ex) - e(en)).
K|L€Eins

Consider the following auxiliary expression:
T = / ur(z)Ap(z)dx

= uK/A50

KeT

Y. (ax—ar) [ Ve(z) ngrdy(e).
K|L€Ent KL

Since @7 converges to @ in L*(Q), it is clear that 77 tends to /&(m)Ap(aﬁ) dz as size(T) tends to 0.
Q
Define

p(rr) —p(rx)

Ve(z) ng rdy(z) - e

1
RK7L = T
m(K|L) K|L

where ng 1, denotes the unit normal vector to K|L, outward to K, then

3

T +Ti =1 ) m(K|L)(ix — i) R,
K|LEEnt
B U — ur )2 B 1/2
S{ Z m(K )% Z m([&|L)dK|L(RK,L)2 ,

K|L€EEins K|L€EEins

Regularity properties of the function ¢ give the existence of C; € IR, only depending on ¢, such that
|RK,1| < Cisize(T). Therefore, since

Y m(K[L)dg|p < dm(Q),
K|L€Eins
using Estimate (24), we conclude that 71 + 77 — 0 as size(7) — 0.
The study of T} is similar. Let us introduce the function g7 € X(7) by

1

gr(z) = M/Kg(y)dy, Ve e K, VK €T,
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which converges to § in L%(Q), as size(7) — 0. Let

7= [ ir()As()ds

With computations similar to those carried out for 77, we obtain that

ar)2 1/2
Tty <[ Y m i EETIV S (K (i)
K|LEEims KIL  K|Lefim

Hence, thanks to Lemma 2, and the fact that |Rx | < Cisize(7), one deduces that T4 + T; — 0 as
size(7T) — 0, and since g7 — § in L%(0) as size(T) — 0,

Ty — / V§(z)Ve(x)dx as size(T) — 0.
Q

Let us now show that T tends to — [, v(z)q(u(z))Ve(x)dz as size(T) — 0. Let us decompose Ty =
T4 + T4 where

=3 > vkolaluos) —alur))p(ex)

KeToelk

and

7= 3 Y voatun)elen) = [ divv(alaur())er (a)ds.

KeToelk

where @7 is defined by ¢7(z) = p(zk) if 2 € K, K € T. Since ur — u and o7 — ¢ in L%(Q) as
size(T) — 0 (indeed, o7 — ¢ uniformly on Q as size(7) — 0) and thanks to the assumptions on ¢ and
the fact that divv € L*°(Q), one has

) — /ﬂdivv(m)q(u(r))g@(m)dm as size(T) — 0.

Let us now rewrite T4 as Ty = T4 + ry with

7= T 5 (attos) = ) [ v(6) m o) ()

KeToelk

and

= Y0 Y i)~ atun) [ Vo) nuolelen) - p@)d (o)

KeToelk

Thanks to the regularity of v and ¢ and the assumptions on ¢, there exists C5 only depending on v and
@ such that

|ro| < Cosize(T) > |ux —ug|m(K|L),
K|L€EEins
which yields, with the Cauchy-Schwarz inequality,
Ira| < Cosize(T)( D> txjzlux —ur|)3( > m(K|L)dg)®,
K|L€Eins K|L€Ent

from which one deduces, with Estimate (24), that r5 — 0 as size(7) — 0.
Next, remark that
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1 ==Y alun) Y [ Vo) miop(e)dn(e) = - 3 afux) [ div(vie)e(e)dz.
KeT oeEx 77 KeT K

This implies (since u7 — u in L%(Q2)) that 75" — — Jo div(v(z)e(x))q(u(x))de, so that T3 has the same

limit and Ty — — [, v(z) - V()q(u(z))de.

Hence, letting size(7) — 0 in (58) yields that the function @ € H}(Q) satisfies

/ﬂ (Vi) Ve(e) + v(@)a(u(@) Vo) - f(u(x)p(2))dx = /ﬂ Vi(2)Ve()dz, Yo € C°(Q),

which, in turn, yields (57) thanks to the fact that @ € H(Q), and to the density of C2°(Q) in H ().
Finally, the function ur converges in L%(Q), as size(7) = 0 tou = a4+ § € H(Q).
This concludes the proof of u7 — u in L?(Q) as size(7) — 0, where u satisfies (5).

Remark 4 (i) A more simple proof of convergence for the finite volume scheme with non homogeneous
Dirichlet boundary condition can be made if g is the trace of a Lipschitz-continuous function g§. In that
case, ( and M do not have to be introduced and Lemma 2 is not used. The scheme is defined with
us = ¢(yo) instead of the average value of g on o, and the proof uses §(z ) instead of the average value
of g on K.

(ii) Lemma 2 is given in the two dimensional case; a similar result holds in the three dimensional case,
but the proof is somewhat longer for technical reasons.
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