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We address in this paper a parabolic equation used to moalphidse mass balance in two-phase flows,
which differs from the mass balance for chemical speciesmpressible multi-component flows by the
addition of a nonlinear term of the for@m- p@(y) ur, wherey is the unknown mass fractiop, stands for
the densityg(-) is a regular function such that0) = ¢(1) = 0 andu, is a (not necessarily divergence
free) velocity field. We propose a finite-volume scheme far tumerical approximation of this equa-
tion, with a discretization of the nonlinear term based omatone flux functions. Under the classical
assumption that the discretization of the convection dperaust be such that it vanishes for constant
y, we prove the existence and uniqueness of the solutionthiegeith the fact that it remains within its
physical boundsi.e. within the interval[0,1]. Then this scheme is combined with a pressure correction
method to obtain a semi-implicit fractional-step schenratie so-called drift-flux model. To satisfy the
above-mentioned assumption, a specific time-steppingitiigpwith particular approximations for the
density terms is developed. Numerical tests are performeddess the convergence and stability prop-
erties of this scheme.

Keywords Two-phase flows, drift-flux model, finite volume methods,matone schemes

1. Introduction

This paper addresses a class of physical problems whichecatated in the form of the Navier-Stokes
equations, supplemented by the balance equation of anendept unknown fielg:

ap-+0-(pu)=0, (1.1a)
a(pu)+0-(pueu)+Op—0-T=f, (1.1b)
a(dpy)+0-(pyw +0-(po(y) r) ( 0y), (1.1¢)
n(p.y), (1.1d)

wheret stands for timeu for the fluid velocity,p for the pressure ang for the fluid density. The tensor
T is the viscous part of the stress tensor, given by the fotigveixpression:

:u(Du—l—Dtu)—%u(Du)l, (1.2)
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wherey is the fluid viscosity andl stands for the identity tensor. For a constant viscositg, rislation
yields:

-O0.1=—-pu {Au+%DD-u} (1.3)

and, in this case, this term is coercive. The functigrvhich gives the density as an explicit function of
y and the pressure, is obtained from the equation of stateafdhsidered fluid. The nonlinear function
@ is such thatp € CY(]0,1],R) and ¢(0) = ¢(1) = 0; for physical reasons; is supposed to satisfy
0 <y <1, so thatp(-) can be extended by continuity B\ [0, 1] by 0 without altering the model. The
volumic diffusion coefficienD and the velocity fields, are known quantities. The problem is posed
over an open bounded connected polygonal suBseftRY, d < 3, and over a finite time intervaDd, T).

It must be supplemented by suitable boundary conditiondjmitial conditions forp, u andy. In the
sequel, we shall assume thfat L%(Q).

Several physical problems enter this framework. For irctataking fory the gas mass fraction,
and for p the mixture density of dispersed two-phase flows yields thealed drift-flux model, in
the isothermal case. In this casg,is the relative velocity between the two phases arid given by
¢o(y) = y(1—y). Dispersed two-phase flows and, in particular, bubbly flovesvéidely encountered in
industrial applications; one may think, in particular, aboubble columns and airlift reactors, where the
agitation due the gaseous phase is used to promote the tanthconsequently the chemical reactions
between chemical species in the flow. They are also of widearorin the framework of nuclear safety
studies, either for the modelling of boiling of water in thénpary coolant circuit in case of an accidental
depressurization or for the simulation of the late phasesooire-melt accident, when the flow of molten
core and vessel structures comes to chemically interalttivit concrete of the containment floor. This
is the context of the present work.

When designing a numerical scheme for the solution of sy¢le), one faces at least two difficul-
ties. First, the unknowm is expected, from both physical and mathematical reasorrgmain in the
interval [0,1]. Similarly, the unknowrp should remain positive at all times. This suggests to build a
numerical scheme that reproduces these features at thretdisevel. This is performed by discretiz-
ing the mass balance equation (1.1a) with an upwind finitermel scheme and combining a monotone
flux approach [13, section 21] for the term (p @(y)ur) in the advection diffusion equation (1.1c)
with the argument introduced by Larrouturou [18]: the ditercounterpart of the advection operator
dpy/dt + 0O - (pyu) satisfies a maximum principle provided that this operatgiiag to a constant
value ofy vanishesi.e. that a discrete version of the mass balance is satisfied. ¥fg@fove that, with
the proposed scheme, the variaplis kept within its expected rangé, 1]. By a topological degree
argument, this yields the existence of a discrete solutidrich is then shown to be unique by a duality
argument.

Now even if the model at hand represents a compressible fi@nljquid is in fact almost incom-
pressible, so that zones may appear in the flow where theityetif@acoustic waves is very large, and
the Mach number is accordingly very small. We thus need tgdesnumerical method which is stable
in the low Mach number limit, and therefore able to deal witbdmpressible flows. For this purpose,
we use a fractional step algorithm of the class from finitenglet projection methods, which are widely
used for incompressible flows, sea.[17, 19] and references herein. An extension to the barmtrop
Navier-Stokes equations of a scheme closely related tortkedeveloped here can be found in [14],
together with references to related works. For stabilisons, the spatial discretization must prefer-
ably be based on pairs of velocity and pressure approximagaces satisfying the so-called-sup
or BabuSka-Brezzi conditiore(g.[4]). Among these elements, nonconforming approximatiwits
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degrees of freedom for the velocity located at the centeh@fdces seem to be well suited to coupling
with a finite volume method for the advection-diffusionythis is the choice made here. The fractional
step approach is extended to the entire scheme, and the sdtafequations is thus solved in sequence.
As a consequence, to ensure both conservativity and theeahewtioned monotonicity condition for
the computation of, a particular time stepping must be developed.

This paper is organized as follows. The finite volume scheméhe transport equations (1.1a) and
(1.1c) are described and analysed in section 2. The fragtgtep algorithm for the solution of the
whole problem is presented in section 3, along with the nofazmning finite element discretization
of equation (1.1b). We show how the compatibility betweendrscretization of the different steps of
the algorithm allows one to prove the well-posedness andtiality properties of the fully discrete
algorithm. Numerical tests are reported in section 4; firgt@blem exhibiting an analytical solution
allows us to assess convergence properties of the disaietizthen a physical situation consisting of a
phase separation problem under gravity is addressed.

2. Afinite volume scheme for the nonlinear advection-diffugn equation

In this section, we present a finite volume discretizationthaf advection diffusion equation (1.1c).
More precisely, the problem that we address here is theWally: supposing that the velocity field
and the density are known and satisfy a discrete mass balance equation efieybar form, we build
a scheme for the computation pfvhich enjoys the property that the unknowistays in the interval
[0,1]. We thus obtain a "building block” of a fractional step alglom, which may be implemented for
the solution of a wide range of problems, and exhibits thetarally relevant property of keeping
within its physical bounds.

This section is structured as follows. We present in Pagggal the finite volume mesh and dis-
cretization space considered. In Paragraph 2.2, we giveisicestization of the mass balance equation
(1.1a) which is used in Section 3 for the solution of the cartgpproblem (1.1). It also serves as an
example of a general form of the mass balance equatiop ardu which is required for the stability
analysis of the discretization of the nonlinear advectiffusion equation (1.1c); in particular, we show
that it preserves the positivity of the density. We then adsdiin Paragraph 2.3 the stability analysis of
the finite volume discretization of the advection diffusidnlc) provided a specified general discrete
mass balance is satisfied.

2.1 Discretization mesh and spaces
In this section, we denote hy a set of nonintersecting convex subdomainQofuch that:
0 a=JK
Keo
(i) There exists a sef of bounded subsets of hyperplanes®dfincluded inQ, which are the edges
(in 2D) or faces (in 3D) of the cellK € 7. The set of boundary edges or faces.the edges
or faces included in the boundady? of the domainQ) is denoted bysex: and the set of internal
ones {.e. &\ éext) is denoted bysint. If K, L € .7, we suppose that eith&rNL =0, KNLis a

vertex orK NL € &, and, in the latter case, this common edge or fade ahdL is denoted by
K|L.

For the discretization of the advection diffusion equafibric), the following additional orthogonality
condition is assumed to hold:
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(iii) There exists a family?? = (xx ke Of points of Q such that € K for all K € .7 and, if
o =K|L, xx # x_ and the straight line passing throughandx is orthogonal tas.

Even though this condition is not needed in the present aizabecause we are only concerned here
with stability issues, it enables us to perform a consisappiroximation of the normal diffusion fluxes
at the boundaries of the cells, which in turn is known, in denpases, to yield the convergence of the
scheme (see e.g. [13, Chapter 2] for the convergence proafifioear steady diffusion problem).

The set of edges (in 2D) or faces (in 3D) of a delbf .7 is denoted bys’(K). For each internal
edge or face of the mesah = K|L, nk. stands for the normal vector @, oriented fromK to L (so
nkL = —Nnik). By |[K| and|g|, we denote the measure of the control volufnend of the edge or faae,
respectively. For ani € .7 ando € £(K), we denote byl s the Euclidean distance betwegnand
0. Foranyo € &, we defineds = dk o +dL 0, if 0 € &int (in which cased, is the Euclidean distance
betweerxk andx,) anddy = dk ¢ if 0 € ext.

We denote by » the space of piecewise constant functions on each contianeK € 7:
X7 ={qeL?Q) : glk = constantVK € .7 }. (2.1)

LetN = card 9); any functionq € X~ can be defined by the data of tNevalues ofg over the elements
of .7, and hereafter we sowewhat improperly identify the functiself and this family of real numbers,
therefore allowing such expressionsgs X~, = (gk ke~ The gas mass fractionis approximated

by functions fromXz, soy = (Yk ke -

Finally, we defineM = card éy;) and, throughout this paper, for any real numbgemwe define
at =max(a,0) anda- = —min(a,0), so thata=a" —a~ witha* > 0anda™ > 0.

2.2 Space discretization of the mass balance equdtiola)
We consider here a first-order backward Euler time disa#tin of the mass balance equation (1.1a),
which reads in the semi-discrete form:

P gtp +0-(pu)=0. 2.2)

Assuming a known velocity field and initial densityp*, we discretize the density field by a finite
volume method on the mesh described above. We assume that from the discrete velogitiuii we
are able to derive a family of values representing the velaei each internal edge or fages)scs,, €
RM*d (for the sake of simplicity, we suppose that the velocityysbleomogeneous Dirichlet boundary
conditions, and thus that its value over the external edgeiskes); note that these quantities are readily
obtained for instance when using a Crouzeix-Raviart or Raher-Turek discretization as in Section
3.2. Hence, for the known familigs* € X7 and (Us)ges,, € RM*9, we look forp € X that is a
solution of the following upwind finite volume scheme:

VK e m[ — P+ FP(p,u)=0 (2.3)

) ot P — Pk GZK‘L oK P, )

WhereFé_{’,’< (p,u) is taken to be the upwind mass flux with respectitinrough the interface and is
defined by:

VU= (Ug)oesy € (RM), ¥p = (px)kes €RV,

Fok(P,U) = (|o|ug-nki) " ok — (|o|ug-nkL) ™ pL, VK € .7, Vo =K]|L. (2.4)
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Note that (2.4) can be rewritten B§ % (0,u) = |0 ug - nkL pe", With

pk if ug-nkL >0,
po’ = , (2.5)
pL otherwise.

The flux thus defined satisfies the so-called local consertiygpiroperty, which is one of the key features
of a finite volume method, and which we can express here as:

Fok(0:U)+Ff (p,u) =0. (2.6)

Moreover, this scheme ensures that condition (2.8a) betddshi.e. that the density stays positive at
all times, as we now show.

LEMMA 2.1 Let(pg)kes € RN and(Ug)ges,, € RM*d he two given families such thag > O for any
K € 7. Then the linear system (2.3) has a unique solution thatfiegpx > 0 for anyK € .7.

Proof. With a natural equation ordering, the matrix of the lineasteyn (2.3) is of the fornh + A
wherel denotes th¢N,N) identity matrix andA = (&; j)1<i,j<n- It is easy to check that thanks to the
upwind choice (2.4), one has;; > 0for 1<i <N, a; <0forl<i,j<N,i#], andzi'\'zla;,j =0
for 1 < j < N (note that the sum is over the lines and not the columns). &lesd is an M-matrix.
This yields that the matrik+ A is invertible and that ip; > 0 for allK € .7 thenpk > 0. O

2.3 Discretization of the nonlinear advection-diffusion etjoa (1.1c)

We now turn to the discretization of the balance equatiohd)lin a semi-discrete form obtained by a
first order backward Euler time discretization, it reads:

PY=PY 40 (pyd) + - (pp)y) =0- (DY), in@x (0.T) @7)
where the density fields andp*, the beginning-of-step mass fractighand the velocity fields andu;
are supposed to be known quantities here. For the sake oliGity)pve assume in this section that both
u andu; vanish on the bounda@Q of the computational domain, and thabbeys a homogeneous
Neumann condition on the whole boundary; however, it isrdiean the subsequent developments that
similar results would hold for a Dirichlet boundary conditj provided the boundary datum lies in the
interval[0,1].

Now at the fully discrete level, we assume that ke~ € RN and(pk )ke7 € RN and a family of
fluxes(Fo k)ke 7, o=KL € R?M are given, and the following relations are satisfied:

VK € 7, px >0, px >0, (2.8a)
K
ez, Sl pi+ 3 Fox=0 (2.8b)
o=K|L
Vo =K]|L € &, Fox =—FoL. (2.8¢c)

This set of relations may for instance be derived by the ugviinite volume discretization of the
mass balance equation (2.3)-(2.5) withx = F;“’f((p,u), as in Section 3 below, thanks to (2.6) and
Lemma 2.1. However, this is by far not the only way (2.8) maybtained. For instance, the density
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p may be not a natural unknown for the problem: indeed, if mdtef considering a compressible
(gaseous) dispersed phase, we consider an incompressbteguspension) phase, the density is then
a function ofy alone, and its positivity is ensured from the expressiomefaquation of state, provided
that 0< y < 1; the complete problem essentially becomes an incompiessie, and the mass balance
may be seen as a constraint which requires the presence ghanfit) pressure in the momentum
balance to be satisfied, and for which a centered discristizé natural (see [1] for the treatment
of such a system). In some cases (and especially for incasipie flow problems where the mass
balancej.e. the divergence free constraint, must have a specific dizgatietn to ensure the stability
of the scheme), the finite volume mesh for the computatiopnrofly even be different from the mesh
used for the discretization of the mass balance; for ingtaoe will find in [5] a way to derive from

a (possibly high-order) mixed finite element solution of thementum and mass balance equations an
approximation for the velocity satisfying the mass conaton over a dual vertex-centered mesh.

With the previous notations, the discrete problem with wvkny = (yk ke > € RN considered in
this section reads:

VK € 7,
K N o
%(pKYK_pKW()"’ _Z Fok Yo+ _z Gok ®o(Yk,yL)+D _z %(YK_YL):Q (2.9)
o=K|L o=K|L o=K|L
where

® Yo =Yk if Fox = 0 andys =y otherwise (upwind choice),

o the quantityG, k stands for the mass flux.€. the analogue td¢ k) associated to the relative
velocity u;':

Gox = Po/ Uy - Nk
Ja

with any reasonable approximation for the dengigyon o; for instanceps; = %(pK +pL) (cen-
tered choice), ops = pk iIf Foxk = 0 andps = pL otherwise (upwind choice with respect to

FO',K)!

o Py (yk,yL) stands forg(yk,yL) if Gok > 0 and forg(y,yk) otherwise,g being a monotone
numerical flux function with respect in the sense of the following definition (see [13] for the
theory and some examples).

Definition 2.1 [Monotone numerical flux function] Let the functigne C(R?, R) satisfy the following
assumptions:

1. g(a, b) is nondecreasing with respecta@nd nonincreasing with respecthipfor any real num-
bersa andb;

2. gis Lipschitz-continuous with respect to both variablesrde
3. g(a,a) = @(a), for anya € R.

Theng is said to be a monotone numerical flux function with respethé functiong.
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Note that thanks to the definition &5 k @5 (Yk,YyL), the conservativity property holds, that is:
Vo =K|L € &nt, Gok Po(Yk,YL) = —Go.L Po(Yk,YL)- (2.10)

Moreover, it is easily seen th& k Ps(Yk,YL) is nondecreasing with respectye and nonincreasing
with respect toy,, Lipschitz-continuous with respect to both variables dRerand that, for any real
numbera:

Gok ®s(a,a) = Po/ ur - kL 9(a). (2.11)
I

The result proven in this section is the following.

THEOREM 2.2 (EXISTENCE, UNIQUENESS ANDL®” BOUNDS FOR A DISCRETE SOLUTIOW

Let (pk)kez € RN, (p¢)kez € RN and (@5 k)ke7, ok )L € R? satisfy (2.8). Leg be a monotone
numerical flux function such that(x) = g(x, x) vanishes fox < 0 andx > 1. Then, ifyi € [0,1], VK €
7, there exists a unique solution to the discrete problem),(&Bich satisfieyk € [0,1], VK € .

This theorem summarizes a series of lemmata, which arelettai the following subsections:
first (section 2.3.1), we prove ampriori L® estimate fory, more precisely, we show the inequalities
0<y(x) < 1,¥xe Q; then, on the basis of this bound, we apply a topologicaleetgchnique to obtain
the existence of a solution (section 2.3.2); finally, theioh is shown to be unique (section 2.3.3).

2.3.1 AnL® stability property From a physical point of view, for instance thinking of thddig as
mass fraction, it seems natural fpto satisfy an “L” stability property”, more specifically to remain at
any time in the interval0, 1]. The aim of this section is to prove that this property hotutstlie solution
of the scheme (2.9), provided that (2.8) holds at each tieye ahd the initial condition foy takes its
values in[0, 1].

Let us first review the proof for the continuous problem, asisig all functions to be regular enough
for the following calculations to make sense. Starting ftb@equation satisfied by

% (py)+0- (pyu) +0- (p@(y)ur) = O- (D Oy),
we first prove thay > 0. Multiplying the previous equation byy~ and integrating ovef yields:
—/ dt(py)y’—/ D-(pr)y’—/ O-(po(y)ur)y” —/ D Oy-Oy” =0. (2.12)
JQ JQ Q Q
Consider the first two terms of the previous relatios,the terms associated to the advection operator:
Tadv = —/ a(py)y” —/ O-(pywy .
Q Q

Expanding the derivatives, we obtain the so-called norseprmative form of the equation, and using the
fact that whery™ is non-zeroy = —y—, we obtain:

Taw= [ [dp+0- (o)l ly *= | [oy ady=(puy )-0y].
The first term vanishes because of the mass balance equatibthe second term reads:

— [ loy ay+(puy )0y = 5 [ [paty )2 +(pu)- Dy )2].
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Hence, integrating by parts and using once again the maasdméquation, we get:

T =3 [ P42 -6 )20 (pu)

3/, [P Ao 2 L] =3a(f et

Substituting the terri,gy in the relation (2.12) yields:

(2.13)

%at(/gp(yi)z)_/lej'(pqo(y)ur)y7+/(2D|Dy’|2:0

Since@(x) vanishes fox < 0, the second integral vanishes and we have:

%d(/ﬂp(y*)z) = —D/Q oy *<o0.

Thusy is nonnegative, provided that the initial condition as non-negative. Considering the equation
satisfied byy= 1 —y, one may prove similarly that< 1.

The proof we give in the discrete setting closely followssthalculation. The first step is thus
to obtain an estimate for the terms related to the advect@nator, which can be seen as a discrete
counterpart of relation (2.13); this is achieved by thedeihg lemma. As the mass balance plays a
central role in the continuous setting, it is natural thatdiscrete mass balance (2.8b) plays a similarly
important role in the discrete setting.

LEMMA 2.2 Let(pk)kes € RN, (p)kez € RN and(Fok)kes, g—k|L € R?M satisfyi (2.8). Then, for
any family (yk )xe.7 € RN, the following property holds:

1 K " _
KeszK pKYK_pKYIk() GZK FoxYo Z5 > ﬁ [ox (Ve )2 — P (i) )?], (2.14)
L Ke7

wherey, = yk if Fg x > 0 andys =y otherwise.

Proof. The left-hand side of (2.14) may be written as:

T=T+T withTy=— % |5t| Yk (PkYk —PrYk) andTp=— % yKl > FO—’KyO—].
KeT KeTs o=K|L

We first remark that wheyy is non-zeroyk = —Yy; hencel; may be written as:

Ty = z 5,[ Px Y (Y +Yk)-

Using the fact thapg vy Yk > — Pk Yk (Yi)~» we then obtain:

Tl/z% P—PK‘FZ&

KeT

(i)? (ox — p&) + z 5,[

I o e e — i)
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thanks to the fact thatb < %(a2 +b?), this yields:

Z 6t ()” (P — i) + 2 Z |(|5<t|PK [y )%= (k) ),

which in turn gives:
5 K e -pic(i0 2. @as)

Keo ot

1 K
ZKEJ 5‘[

NI =

2 (o — k) +

Ti1 Ti2

We now turn toT,. By conservativity (Relation (2.8c)), we have:

To=— ; (Yxk =YL )Fok Yo-
o€ [T=KL

Let us assume, without loss of generality that the orieomatif the edges = K|L is chosen so that
Fok > 0. Then, for anyo = K|L, we havey; = yk, and we get that:

To=— > Ok —YO)YkFox = S 0)Fok+ Y Yi¥kFok.
O€E&int (0=K]|L) 0E€&n; (0=K|L) o=KL

Let us then write/ yk = 3 (Y. +Yk)?— 3(¥ )? — 3(¥k)?, which yields:

1 B B 1
o= z ((YK)Z - )2) Fox + > z Y§ + (YL +Yk) ) Fok. (2.16)
0€éint (0=K]|L) 0E&int (U:K“—)

The term(y, )2 — Y2 + (y_ + Yk )? is always nonnegative; indeed:

(YL +¥K)? if yk <0,
2k + + (YL +yk)? =
(Y0 )>+2yky, otherwise
Hence, reordering the first summation in (2.16) and usirgp(2we get:
T2 ; Z Z (Yk)*Fox = -2 z ] (Yk)? (ox — p) = —T1. (2.17)
2vE7 o 5RIL ’ 2¢&7 Ot ’
Summing (2.15) and (2.17) then yields (2.14). 0

We prove in the next two lemmas thatemains in the intervgD, 1].

LEMMA 2.3 (LOWER BOUND ONY) Let(pk)kes € RN, (0% )kez € RN and(Fok)ke 7, -k € R?M
satisfyi (2.8). Letg be a monotone numerical flux function such tipét) = g(x,x) vanishes fox < 0.
Then, ifyg > 0, VK € .7, the discrete solution of (2.9) also satisfigs> 0, VK € 7.

Proof. As in the continuous case, the starting point is to multiply €quation by-y—, which, in the
discrete case, amounts to multiplying relation (2.9 and summing over the control volumes. We
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getTagy+ Tni + Tgif = O with:

K

Tadv = z —Yk [|5t| (K Yk — Pk Yk) + z Fo,KYo‘|a

KeT og=K|L
Tu =3 —yK[ > Gok Po(Yk:yL) |

KeT o=K|L
Tt =D ) —YK[ > ?(YK—YL)]-

Ker o=K|L 7O
By Lemma 2.2:
1 K N _
T2 5 S o2k ().

Ke7

Reordering the sum in the terfy by conservativity (2.10), we have:

Toi = > Tk  With Ty = —Gok Po(y,Y) (Y — YL )-
o€éint (0=K|L)

LetK andL be two neighbouring control volumes. If bogk andy. are nonnegative, the termiy x|,
vanishes. Ify. <0, we get from (2.11) thads (yL,yL) = @(yL) = 0, and thus:

Thixie = —Gok [@o (Y, Y1) — Po (YL, V)] (Y — YL )-

Since the functiorGs k @5 (-, ) is nondecreasing with respect to the first argument and thetitin
X X" is non-increasing, we obtain thgf k. > 0. Otherwiseyk is necessarily negative and we have:

TakiL = —Go k [Po (Vi Y1) — Po(Yic, Yk )] (Y — YL )5

which is also nonnegative, sinG k ®¢ (-, -) is nonincreasing with respect to the second argument.
Let us now turn to the third term. Reordering the sum, we have:

g, _ _
Tw=- Y D%(yK—yL)(yK—yLDO-
o€bin (0=K|L) 7

Finally, we have:

L5 M o7 pilivi) 17 <0

= = |PK — P Ik =Y

2Ke? ot “

o 1 < K|

and thus, ifyx )k > 0VK € 7, thenéKezJ 5t P (Yi)? <0. =

LEMMA 2.4 (UPPER BOUND ONy) Let (ok)ke7 € RN, (p)kez € RN and(Fok)ke s, o—k|L € R
satisfy (2.8). Leg be a monotone numerical flux function such tipéx) = g(x,x) vanishes fox > 1.
Then, ifyg <1, VK € .7, the discrete solution of (2.9) also satisfigs< 1, VK € 7.
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Proof. Thanks to (2.8b) and (2.9), we get the following discreteagigu for the variable 1 v:

oLy — k(1Y) ;
o

+ > |Fox(1=Y0) =Gok Po(1—(1-¥i), 1= (1-y1)) + D ~[(1-y) —(1-w)}| =0.
og=K|L o

Let §(-,-) be the function defined bg(a,b) = —g(1—a,1—b). This function is nondecreasing with
respect to the first variable and nonincreasing with resjoeitte second variable. Moreove(x;x) =
@(x) = @(1—x) vanishes fox < 0, as@(x) vanishes fox > 1. Thus the assumptions of Lemma 2.3
hold and VK € 7, (1—y)k is nonnegative, which concludes the proof. O

REMARK 2.1 (STRICT BOUNDS ONY) Strict bounds ory may also be obtained. Indeed¥K € 7,

Yk > 0, theny satisfies the strict inequalityk € .77, yk > 0. To prove this result, let us assume that

there existK € .7 such thayk=0. Replacingik by zero in the equation (2.9) of the scheme, we get:
K] o]

ﬁ(—Plelk()"‘ z —Fc;,KyL"'Go,K‘Do(QYL)‘i‘Dd—(—yL) =0
o=K|L o

The first term is, by assumption, negative, while, since: 0, the second and last terms are nonpositive.
Since the functiors — Gg k @ (0,) is nonincreasing andy(0,0) = 0, Gy k P (0,yL) < 0, and the
third term also is nonpositive, which contradicts the faettthe whole sum vanishes.

By applying this result to -y, we similarly prove that, iy < 1VK € .7, thenyk <1VK € 7.
Returning to the initial physical problem, this result slsavat, when using this scheme for the compu-
tation of the gas mass fractighmonophasic zones cannot appear in the flow if they are neeptet
the initial time.

2.3.2 Existence for the approximate solutioThe existence of a solution to the scheme (2.9) is ob-
tained through a topological degree argument. We recallrrgult in the following theorem and refer
to [10, chapter 5] for the general theory and [12, 14] for #e in the case of other nonlinear numerical
schemes).

THEOREM 2.3 (APPLICATION OF THE TOPOLOGICAL DEGREEFINITE DIMENSIONAL CASE)

Let (V.|| - ||) be a normed finite-dimensional vector spacefgriet f be a continuous function frow
toV and letb € V. Let us assume that there exists a continuous func#oftomV x [0,1] to V, and
R > 0 satisfying:

0 7(.1)="F
(i) Forall a €10,1], if vis such that# (v,a) = b thenv € B(0,R) (that is||v|| < R);
(iii) the topological degree of? (-, 0) with respect td andB(0, R) is equal tody # 0.

Then the topological degree of (-, 1) with respect td and toB(0, R) is also equal talp # 0; conse-
quently, there exists at least a solutioa B(0, R) such thatf (v) = 0.

LEMMA 2.5 (EXISTENCE OF A DISCRETE SOLUTION Let (pk)kes € RN,  (pf)kesr € RN and
(Fox)kez, o=K|L € R?M satisfy (2.8). Leig be a monotone numerical flux function such tipéx) =
g(x,x) vanishes fox < 0 andx > 1. Then, ifyi € [0,1], VK € .7, there exists a solution to the discrete
problem (2.9).
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Proof. In order to apply Theorem 2.3, we consider the space X4 (recall thatX+ is the space of
functions which are piecewise constant.g1) equipped with the maximum norm, which we denote by
|- |o; we then introduce a functiof : X» x [0,1] — X, such that#(.,1) = f wheref is a function
from X5 to X4 such that any solution of the nonlinear system (2.9) is a@akfoFory = (yk ke s € X
anda € [0,1], this function.# is defined byZ (y, o) = (0k )kes € X, with:

K| o]

Ok = = (kYK =Pk Yk)+ Y |FokYo+a Gok Po(Yi: ) +D—(Yk —Yu) | -
5t Ay dy

The function.Z is continuous fronX» x [0,1] to X». We then remark that the lemmata 2.3 and 2.4
apply to the solution of the equatiof(y, a) = 0, for 0< o < 1. Hence, any solution to this equation
belongs to the open ball:

B(0,2) = {y € X7, such thaty|. < 2}.

Moreover, thanks to the estimate < 1, VK € .7, the linear systen (y, 0) = 0 has a unique solution,
which belongs td(0, 2) (indeed, if it had two solutions a classical argument wolllmhaus to conclude
that the set of solutions is bounded; existence follows foogueness since the dimension of the space
is finite). From the existence of a solution to the lineareyst” (y, 0) = 0, we get that the topological
degree of% (-, 0) with respect td(0, 2) and 0 is nonzero. Applying Theorem 2.3, we then deduce that
the topological degree oF (-, 1) with respect td(0, 2) and 0 is nonzero, which in turn yields that there
exists at least one solution to the nonlinear system (2.9). O

2.3.3 Uniqueness of the approximate solutiofihe uniqueness of the solution to the scheme (2.9) is
obtained through a duality argument. First, we introducetéthnique in the semidiscrete time setting.
Lety andybe two smooth functions satisfying (2.7). Then the diffeedy = y — ¥ satisfies:

%’+D-(p6yu)+m- (p%f@‘syw) = H-(bboy).

Multiplying by a (smooth) test functiogy and integrating ove®2, we get:

1y ' ' oy) — 9(9) ' _
a/ﬂpéyl[l%—/gD-(péyu)tp—l—/QD- <pT6yur> l,U—i—D/Q Ooy-Oy—=0. (2.18)

We then consider the following dual problem (with unknowand datay, ¥ and dy, and which is
consequently linear):

1/ _ : [ o(y) — o(¥) — " mvnw— [
vw,a/gpwa/gm-(pwu)yf/gD-(pTwur) y+D [ 0700 = [ eyp. 219)

Under some regularity assumptions, the dual problem (2s1)own to satisfy the maximum principle
(e.q.[16, chapter 8]), and then, by an application of the Fredhadternative, to admit a unique solution.
Taking as test functiogy = dy in the dual problem, we get:

1 _ _ — oy _ _
—/ py5y+/ D-(péyU)y+/ O- (pwéyu) y+D/ Dy-DrSy:/ (dy)?.
ot Jo Q Q oy Q Q
However, thanks to (2.18), the left-hand side of the previmiation is equal to zero, and therefore

Jo (6y)? = 0 so thatdy = 0, which proves the uniqueness of the solution. The prodftleagive for the
discrete problem is adapted from this technique.
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LEMMA 2.6 (UNIQUENESS OF THE DISCRETE SOLUTIONLet (pk)kes € RN,  (pf)kes € RN
and (Fok)kez, o=K|L € RM satisfy (2.8). Lety be a numerical monotone flux function. Then there
exists at most one solutigne X to the discrete equation (2.9).

Proof. Lety= (yk)kes € RN andy'= (Jk)kes € RN be two solutions of (2.9); thedy = (yk —
i )ke.7 € RN satisfies, for alk € .7:

IK]|
ot

. o o
POV + Y [FG,K 0o+ Go k (‘DG(YK,VL) - (DG(YKayL)) +D > |d_| (Oyk — 5YL)] =0.
— — g
o=K|L o=K|L
The quotient§ @, (a,-) — @5 (b,-)) / (a—b) and(®s(-,a) — Py (+,b)) / (a—b) may be extended to the
casea = b thanks to the fact thab, is Lipschitz-continuous; we may thus write the above systsm

K D (Y L) — Do
L Pk OYk + Z Fok 0Yo+ Ga k o (YY) o, y1) oYk
ot o=KL OYk 2.20)
(D y ) — (D Y ) Vi o '
+Gok ol t) = Pl ) oyL+ Du (Oyk — 5yL)} =0.
oyL do

We now introduce the following discrete dual problem (witiknowny € X4 and datay, y anddy €
Xg):

Findye RN such thatyy e RN,
Kl - — { ((Da(yKayL)— Do (Vi Y1)
= +yk |F +G
KGZ? 5t PrYK Wk + Yk |Fok Yo+ Gok Sk Pk 2.21)
Po (Jk Y1) — Po (Yk, 1) ) - o]
+ YL ) +Dyk — (k=) | = > [K|(dyk) k.
oy G:ZK\L do Kg9
If there existsy € X~ satisfying (2.21), then taking as a test functipr= dy we get from (2.20):
S K| (8yx)2=0,
KeT

which yieldsy = §. In order to conclude the proof of the lemma, it only remamstiow that there
exists a (unique) solution to the dual problem (2.21). Adte the matrix of the linear system (2.21),
obtained with the natural ordering: the lineAd&ssociated to the control volurieis obtained by taking
Y = 1k, where X is the characteristic function of the elemé&ntin this line, the diagonal entry is given
by the term of the sum associatedioand the off-diagonal entries are given by the terms of tme su
corresponding to control volumes sharing an edge WithDenoting byAxk this diagonal entry, we
have:

K 9 - y ) — y 9 - Vi 7~
Ack — IK] ot S |FirGix 9y, YL) — 9%k, L) G, 9(¥L, ¥x) — 9(¥L, ¥k)

ot o=K|L YK — )7K

9 +pl9l].
Yk — Yk do

Since the density is positive and the functigpis nondecreasing with respect to its first argument and
nonincreasing with respect to its second argumigy, is positive. The off-diagonal entries on the same
line are given by:

yKayL) - g(yKayL)

9(¥L.yk) — 9L, Ik) o lol
Yk — Yk

Yk — Yk do

+G,k

AkL = _F;,K - Gg,K o
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where, in this relationl. is a neighbouring control volume &f ando = K|L. By a similar argument,
these terms are nonpositive. Moreover, the sum of all coeffion a line reads:

_ K]
z AKL - EpKa

LeT

which is positive, sincek > 0. ThusAis a strictly diagonally dominant matrix; therefore it is@ntible
and problem (2.21) admits a unique solution, which compl#te proof. O

3. Afractional step algorithm for dispersed two-phase flows

In this section, we address the solution of the full systemi)(1 For this purpose, we build a nu-
merical scheme by complementing the discrete nonlineae@bn-diffusion equation (2.9) with an
incremental-projection-like algorithm.

Let us consider a partition & tg < t; < ... <ty =T of the time interval(0,T), which, for the
sake of simplicity, we suppose to be uniform. Ldtbe the constant time steft = t,, 1 —t, for
n=0,1,...,N—1. In a semi-discrete time setting, the proposed algoritbnsists in the following
three-step scheme:

1 - Solve fory™1:

n\n+l__ An—-1
p"y" 6tP y" +0- (p"y™ 1 un) 3.1)
+0- (p"y* -y ur) - 0- (0 Dy =0,
2 - Solve foru™t1 :
nantl _ An=1,n
P e &p WO (@ e p" U+ Op" — O 7(@™Y) = L, (3.2)
3 - Solve forp™1, u™ andp™t?:
un+1_ Gn+l
pr———+0(E" - =0, (3.3a)
n+1_ An
% +0-(p"t ™) =0, (3.3b)
Pt =n(p™ Y. (3.3¢)

After a computation of the unknown(step 1), step 2 consists in a semi-implicit solution of th@ m
mentum balance equation to obtain a predicted velocityp Stis a nonlinear pressure correction step,
which boils down to the usual projection step used in incaagible flow solvers when the density is
constant (e.g. [19]). Taking the divergence of (3.3a) anidgi8.3b) to eliminate the unknown velocity
u™t1yields a nonlinear elliptic problem for the pressure. Thisputation is formal in the semi-discrete
formulation, but, of course, is completely meaningful a #igebraic level, as described in section 3.3.
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Once the pressure is computed, the first relation yields pldated velocity and the third relation gives
the end-of-step density.

The main difficulty in designing such an algorithm lies in #pproximation of the density. Indeed,
we have to meet two requirements: first, to satisfy the coibitit condition (2.8b) when computing
y (i.e. at Step 1 of the algorithm), second to ensure the conseityabif/the scheme. The first point
has been shown in Section 2.3 to be necessary for a reliabviputation of the unknowwy, and, in our
experience, a violation of this condition may be at the origfi strong instabilities, for the estimation
of y itself, but also for the whole algorithm. Still in our expemice, using a nonconservative scheme for
the approximation oy leads to large errors. This is especially important wheretgation of state is
strongly nonlinear, as for flows involving phases of veryeatiént densities. To meet both requirements,
we use here a time-shift of the density: in the advection seofrboth the computation gf (Equation
(3.1)) and the prediction of the velocity (Equation (3.2 density is taken one time step before the
unknowny. This technique shows remarkable stability propertiesjsaf course limited to first order
in time; this convergence property is assessed by nhumesigariments.

REMARK 3.1 (ON ANOTHER TIME DISCRETIZATION OF THE DENSITY) To satisfy condition (2.8b),
another way to proceed has already been proposed [1, 14jd&hés to use, as a preliminary stage of
the time step, the mass balance equation with a known vatubdorelocity (for instance, the velocity
at the previous time step, or any extrapolation of it) to @bseprediction of the density. If, for stability
reasons, the discretization of this equation is chosen tmpkcit, this preliminary step reads:

p—p"
5t

whereu andp are the velocity used and the density obtained in this sepectively. The first two
terms of the balance equation fp(step 3.1 of the present algorithm) are now:

andd- (p u).

Avn+1l_ AN _
PYT P 0 (py i)
ot
This approach can be easily modified to obtain a (formallgpad order scheme [1]. Unfortunately, it
seems difficult to consider as the end-of-step value for the density, as its computate@s not make
use of the equation of state; this scheme thus cannot bergatige. In the present context, it may
however be used at the first time step (and only at the first sitep), to initialize the density by the
following prediction step:
pP—pt
ot
wherep~! andu~? are suitable approximations for the initial density andvalcity, respectively.

+0- () =0,

In order to obtain the full space-time discrete algorithre,discretize (3.1) and (3.3b) by the finite
volume method as described in Section 2. There remains toetiize the steps (3.2) (Paragraph 3.2
below) and (3.3a) (Paragraph 3.3) This is performed withntiiteed Crouzeix-Raviart or Rannacher-
Turek finite elements, which we now describe. This choicauisecconvenient here since the discrete
velocities are located on the edges of the mesh while theadespressures are piecewise constant on the
cells; it is therefore compatible with the finite volume digization described in Section 2. Furthermore,
these elements are known to satisfy the inf-sup inequaldibich contributes to the stability of the
scheme, especially in the incompressible limit.
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3.1 The Crouzeix Raviart and Rannacher-Turek finite elements

Let us briefly describe the Crouzeix-Raviart element forgdioal meshes (see [9] for the seminal
paper and, for instance, [11, p. 83—85] for a synthetic prtagi®n), and the so-called "rotated bilinear
element” introduced by Rannacher and Turek for quadrétarhexahedric meshes [20].

In the following, we assume that the mesh®fwhich was introduced in Section 2 consists either
of simplices (triangles in 2D or tetrahedra in 3D) or, in ttese where the shape 6f allows it, of
rectangles or rectangular parallelepipeds. Note thatitond (i), (ii) and (iii) of Section 2.1 hold for
both types of mesh, taking foi the intersection of the orthogonal bisectors of the edgéds.ofhe
reference element for the Crouzeix-Raviart element is thiedasimplex and the discrete function space
is the spacé; of affine polynomials. The reference eleménfor the rotated bilinear element is the
unit d-cube (with edges parallel to the coordinate axes); theretisdunction space oK is Ql(lz)d,
where®;(K) is defined as follows:

For both velocity elements used here, the degrees of freederdetermined by the following set of
nodal functionals:

(Mos, 0€EK)i=1,....d}, moi(v)= |0|*1/ vi. (3.4)

The mapping from the reference element to the actual digatin cell is the standard affine mapping
for the Crouzeix-Raviart element, and the stand@rdnapping for the Rannacher-Turek element. Fi-
nally, in both cases, the continuity of the average valuagirdte velocitiesi(e., for a discrete velocity
fieldv, mgi(v), 1<i < d)across each face of the mesh is required, thus the dispate\s, is defined
as follows:

Vo= {vel?@)%: vk e®(K)Y VK e T;
Mg i(VIk) = Mg i(V|L), YO € &, 0 =KL, for 1 <i<d; (3.5)
ng(V) — O, VO- S éaext, 1< | g d }

For both the Crouzeix-Raviart and the Rannacher-Turekeligations, the approximation space for
the pressure is the spaXe- of piecewise constant functions defined by (2.1) while theragpimation
space for the velocity i¥5. Since only the continuity of the function average over eadbe of the
mesh is imposed, the velocity is generally discontinuousuh each edge; the discretization is thus
nonconforming iNH(Q)9. These pairs of approximation spaces for the velocity aedtiessure are
inf-supstable, in the usual sense for "piecewis¥ Kiscrete velocitiesi.e. there exists; > 0 which
does not depend on the mesh such that:

/ pll-v
Vpe Xz, supL

2 Gi —m )
VeV, ||V||1,b | || p (p)HLZ(Q)

wherem(p) is the mean value gb over Q, the symbol stands for Z / and || - ||op stands for
JQ.T Kez /K '
the broken Sobolev Hsemi-norm:

MEw = [ IovE= 3 [ o
Q.7 k&7 JK
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From the definition (3.4), each velocity degree of freedomlmauniquely associated to an element
edge. Hence, the velocity degrees of freedom may be indegxdtelnumber of the component and the
associated edge, and the set of velocity degrees of freeeladsr

{VO',ia O-E@ﬁnta 1< I <d}

We definevy = ¢, vgiel) whereel) is theit" vector of the canonical basis &. We denote by

¢g) the vector shape function associated/$q, which, by the definition of the Crouzeix-Raviart and
Rannacher-Turek finite elements, reads:

¢g) = ¢O'e(i)7

whereg, is the scalar basis function.

3.2 Space discretization of the momentum equatiohb)

As previously mentioned, we seek discrete approximatidns and p in the Crouzeix-Raviart or
Rannacher-Turek finite element spaces, which we again darV¥» andp € X». With the notations
of the previous section, we write the discrete functionsirmsar combinations of the basis functions:

u= Ef’:ligegim uo—’id)g) andp =S pk 1k, where k is the characteristic functiof.

A direct discretization of (3.2) with this finite element paiin fact not quite satisfactory for stability
reasons. Indeed, we slightly modify it in order to obtain d@divolume type scheme on a dual mesh,
which allows us to respect a discrete counterpart ofithstability of the advection operator for the
velocity,i.e. the discrete counterpart of the following relation:

7] d
/Q {%+D-(pu)} U= a/ﬂ%p|u|2, (3.6)

which is satisfied for any smooth functiops u satisfying (1.1a)-(1.1b). This discrete counterpart is
stated in theorem 3.1 below (see [14] for the proof). It istcarin the proof ofa priori estimatesé.g.
the kinetic energy conservation theorem for incompresgibWs) for the solution of the overall system,
and has been found to be essential for convection dominaws f2]. It is also one of the ingredients
used in [14] to derive a pressure correction scheme for cessiiyle barotropic flows which conserves
the entropy of the system. We state it below for the dual dizshmmesh.# which is constructed as
follows: for each internal edge = K|L, let Dk ¢ be the cone with basis and the center of mass of the
cell K taken as the opposite vertex. The voluBw = Dk ¢ UD_ ¢ is refered to as the "diamond cell”
associated t@ andDk ¢ is the half-diamond cell associateddoandK (see Figure 1). The diamond
cellsDy are naturally refered to by the primal edges &, and their edges by the letter

THEOREM 3.1 (STABILITY OF FINITE -VOLUME ADVECTION OPERATORY Let.#Z = (Dg)ges,, - Let
(Po)oe s €RM, (05)0e 6 € RM and(Fe.0)ge 4, cc £(Dy) € R™ (Wherek is the number of sides of
the diamond cells) satisfying:

Voedbin, pP;>0, po>0, (3.78)
D
vocdn  Dolip, gyt Y Fo=0=0 (3.7)
e€é&(Dg)

VE = 0|0/, Fg’g = _FS,O'/' (370)
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e &(Dg)

DK,o
ge&(K)

l/ oeé(K)

FiG. 1. Diamond-cells for the Crouzeix-Raviart and Rannadhaek element.

(note that this is the dual mesh equivalent of the primal nasstumptions (2.8)). LéV;)ges, and
(Vo)oes, be two families of real numbers. For any internal edge Dy|D,, we definev, either by
Vg = %(vg +Vg) (centred choice), or by, = vy if F¢ ¢ > 0 andv, = v otherwise (upwind choice).
In both cases, the following inequality holds:

D
Vo D] (PoVo — Py Vy) + FeoVel| >

5t >

Dge# &=Dg|Dy Dge#

Do

= [peB-psv?|. (38)

NI =

Let us then derive a discretization scheme for (3.2) for Whie are able to apply Theorem 3.1,
taking forv the velocity components. Let us first note that, for the CeixxRaviart element and, for
the rectangular (in two dimensions) or cubic (in three disi@ms) Rannacher-Turek element, one has
Jk 9o = |Dk 0|, Where|Dk ¢| is the measure of the half diamond cBl . Thus, a mass lumping
of the finite element discretization of the tepAu™* in Equation (3.2) associated with leads to an
expression of the forplul1, wherep? is defined by:

YO € &nt, IDo| p5 = [Dk.o| PR + IDLo| A" (3.9)

We also note that when the diffusion tefht 7(u) reduces to the Laplace operator, its 2D Crouzeix-
Raviart finite element discretization is identical to thaténvolume discretization on the dual mesh
consisting of the diamond cell¥,; [7, 6]. This property readily extends to the Rannacher-Ketement
and suggests that the advection tefim(G"™ ® p" u") in (3.2) be discretized on each edges & by

the termy cc s p,) Fe'o a1+, where& (D) is the set of the edges Bfy, (0" is a centred approximation
of "1 one andF, = || qf - ng, whereq) denotes an approximation of the momentafu on the
edges, |¢| is the measure of andn; is the normal tee outwardDy.

We then need to expreg8- n, in such a way that the discrete mass balance (3.7) holdsisTgdhl,
we use the following result [2] and give its (elementary)qgirior the sake completeness.

LEMMA 3.1 (MASS BALANCE IN A SUB-VOLUME OF A MESH) LetK € .7, let (p*,p) € (R, )? and
consider a familyFo k ) ges (k) C R¥ such that:

K| " _
S PP+ Y Fox=0. (3.10)
oeé(K)
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T

~ W-Ng = 0o

FIG. 2. sub-volume oK.

Let w be a momentum field o, such thafd - wis constant oveK and satisfies:

/D~w:/ W= S Fox. (3.11)
K oK '

oeé(K)

wheredK andn,k stand for the boundary & and the normal vector @K outward toK, respectively.
Let D be a subset df with boundaryD (see Figure 2). Then the following property holds:

Bl o4 f _
6t(p p)+'LDWnl7D_07

wheren,p stands for the normal vector &D outward toD.
Proof. Multiplying (3.10) by|D|/|K| and using (3.11) yields that:

D w , DI /
—(p—p )+ [ O-w=0,
which concludes the proof thanks to the fact thiatv is constant oveK. O

Now let us apply this lemma to obtain the mass conservatiopgsty on the diamond mesh. At
stepn, the discrete mass balance fot is obtained from the solution of (3.3b) at step- 1; its (finite
volume) discretization is (2.3) with = p", p* = p" L andu = u™:

K
s Pk—P+ Y Fok(phu) =0, vKe 7. (3.12)
geé(K)

We construct the momenta on the edges&’ (D) by building on each ceK a fieldw” with constant
divergence and such that:

Vo e &(K), / W ng = FYR (o, uM), (3.13)
: ,
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Assuming the fieldv" to be constructed, the valig', of the mass flux on the edge or fagef the
diamond cell is then computed by integratin- n; overe, i.e..

Ry = /E'w“-ng, (3.14)

which yields a discrete mass balance over both half-dianceiis; thanks to the fact thaf} is defined
by (3.9), summing the two discrete balance equations on aélfedilamondsDk ; andD s gives the
discrete mass balance oM@ = Dk ¢ UDy g, that is:

Do

¢ (Pe—pg N+ Y Flo=0;
eeé&(Dg)

Condition (3.7b) of Theorem 3.1 is therefore satisfied.

Let us then turn to the construction of the fieldl; such a field is derived for the Crouzeix-Raviart
element by direct interpolation of quantitié® u)3)scs (k) (i-. using the standard expansion of the
Crouzeix-Raviart elements):

WX =S ds(x)(ows
geé(K)
where(p u)} is such thatf, (p )} -ns = F,k (p",u"). With the chosen discretization for the mass
balance (see (2.4)), the natural choice fioru)} reads(p u)} = Pipo Us Wherepj, , is the upwind
density ong with respect tau". Indeed, thanks to the fact that the Crouzeix Raviart basistfons
satisfy [, ¢ = |0}, one has/,w"-ng = F3§ (", u").

For the Rannacher-Turek element, the divergence of descueictions is no longer constant, but
when the mesh is rectangular or cubic, we may use the folpwiterpolation formula:

wW'(x) = Y ag(x-ng) Fyk(P"U") Ny
oeé(K)

where theay are affine interpolation functions which are determineduohsa way that the relations
(3.13) hold. The extension to more general grids is underway

Finally, the standard (Crouzeix-Raviart) finite elemenpanxsion is used to discretize the terms
Op"— O- t(u™?) of (3.2), and we thus obtain the following discrete momenhaiance equation:

Yo € &n, for 1 <i<d,

Dol n - - 1 il |

T(tj (Pg ugiril_ p{} lug,i) + z ) Farjo (ugiril'i' Ugﬂ) (3.15)
e€é&(Dg),
£:D0‘Do-l

[ 098 aa(@ 98 = [ g
Q.7 Q
where
u/ {Dv: Ow+ :—3L O-vO ~W] if (1.3) holds (case of constant viscosity),
ag(V,w) = @7

/ T(v): Ow with T given by (1.2) otherwise.
Q.7
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3.3 Spatial discretization of the projection step

The discretization of the first projection step (3.3a) isgistent with that of the momentum equation
(3.2); a mass lumping is performed for the unsteady term astdradard finite element formulation is
used for the gradient of the pressure increment, yielding:

. D
YO € &y, for 1 <i < d, Do “'

pB (U3t —agh —/ (p"t—p") O- ¢ dx=0,

' Q.7
wherep] is defined by (3.9). Since the pressure is piecewise constentliscrete gradient operator
takes the form of the transposed of the standard finite volliswetization of the divergence (based on
the primal meshZ’, and not on the diamond mes#) and can be rewritten as follows:

D -
Vo€ b, o =KIL DT pB (a4 o (o B (o PR e =0 (3.16)

The mass balance equation (3.3a) is discretized as ded@niSection 2, which ensures that the density
stays positive at all times; taking = p™*1, p* = p" andu = u™! in the finite volume scheme (2.3)
yields:

VK € 7, |5| (ot —pR] + > FoR (M umh) =0, (3.17a)
o=KL
PR =R (3.17b)

The projection step therefore consists of findin§ ) g, and(pkt)ke 7 that solve of the nonlinear
system (3.16)—(3.17). Under some assumptions on the &mgti we now prove that this projection
step admits one solution.

LEmMMA 3.2 Let us suppose that the equation of statis such that for any € [0,1], the function
p — n(p,y) is defined and increasing 4@, +), n(0,y) =0 and limy_. ;& N(p,y) = +%. Then the
nonlinear algebraic system (3.16)-(3.17) admits at leastsolution.

Proof. The proof of this lemma consists of an application of the Breufixed point theorem (se=g.
[10, chapter 5]). Let™?! = () gc s € RMXA y+l = (o) 7 € RN, p" = (pR)kc 7 € RN and
P"= (PR )kes € RN be known families of velocities, mass fractions, densties pressures (calculated
at the previous iteration or at the prediction step), suett if > 0 for all K € 7. Let H be the
mapping fromVs x Xz into itself defined by(u, p) = ((Ug)oes,,, (Pk)kesz) — H(U,p) = (v,q) =
((Vo) o> (A )ke7 ), With (v, ) satisfying:

K
VK e 7, % ok —pcl+ Y F;"ﬁ’((p,u) =0, (3.183a)
o=K|L

VKeZ, pc=n(aYg™), (3.18b)

. D "
Vo =K|L € &, for1<i <d, |5;’| P (Vi —ugﬁl +/ (q—p") D-q)a' dx=0, (3.18¢c)
Q.7

whereF;’f( is defined by (2.4) ang@f} by (3.9); note thap} > 0 for any o € &. Equation (3.18a)
is linear inp, and by Lemma 2.1, it has a unique solutigi k<~ satisfyingpx > 0 for allK € 7.
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Thanks to the assumption an for eachK € .7, there exists a uniqugk such that (3.18b) is satisfied.
Finally, whenq is computed, Equation (3.18c) yields a diagonal systernv.fétence the system (3.18)
has a unique solution, so that the functidris well defined. We then note that any fixed point of the
functionH is a solution to the system (3.16)-(3.17). By conservatigit the finite volume scheme
(3.17a), we easily see thFk . |K| px = Ykes [K| pR, and therefore, there existg € R such that

0 < maxke7 Pk < Cp and again from the assumption gn also for the pressure: maxs gk < Cp.
Multiplying (3.18c) byvg ; and summing over € &y andi = 1,...,d, we get that:

5. Dl 5 el*< 5 D] p§valy 0t [ (a9 v
OECoint Q’y

O Ebint

Using the positivity ofpj and the fact that all norms are equivalent on a finite dimevadispace,
we get that there exists, > 0 such thaf|Vv||5 = Y cs, [Do| [Vo|? < ¢ By Brouwer's theorem, the
mappingH therefore admits a fixed point in the convex g&t= {(v,q) € Xs x V7 such that|v||> <
cy and maxez Ok < Cp}.

REMARK 3.2 We know from Remark 2.1 that,yf > 0 (y" < 1), theny™** > 0 (resp.y™! < 1), and
thus, by induction, pure monophasic zones do not appeat dlready present at initial time. Hence, if
no monophasic zone exists at initial time, it is sufficiemttfee existence of the solution that assumptions
on the equation of state of Lemma 3.2 hold yoF (0, 1); this allows one to deal with cases where one
phase is supposed to be incompressible.

Let us now combine the two algebraic relations (3.16) anti7}Zo build a discrete elliptic problem
for the pressure. To this end, let us introduce the algelfoaiculation of this system:

%Mpn (un+1 _ Gn+1) + Bt (pn+1 _ pn) — O, (3.193.)
1
5RO Y™ ) =p") =B QR pat™ =0, (3.19b)

where:

e Mn stands for the diagonal mass matrix weighted by the dep§igtt" (at edges or faces center)
(i.e.thed diagonal entries of lgh associated to the edgeare given byDs| pg);

e B! is the((d M) x N)- gradient operator matrix (recall thit = card(&jn;)) andN = card(.7))
and B is the opposite of the divergence operator matrix.

. Q;ﬁH .1 IS @ diagonal matrix; its entry corresponding to an edge KI|L € &nt is p{}pf},, i.e.the
upwind density with respect ta"*! (see (2.5)). The matrix R is diagonal and, for aag .7,
Rk k = |K].

The elliptic problem for the pressure is obtained by mufiipd (3.19a) by B (gﬁH il (Mpn)*1 and
using (3.19b). The resulting equation reads: '

1 1 1 ~
L;ﬁ+1’un+1 pn+1 + WRH (pn+17 yn+l) = L;ﬁ+1’un+1 pn + W an + a BQ;&l’unH un+17 (3-20)
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where L;ﬁ+1 g = BQ;‘)E]’+1 1 (Mpn)~1B' can be evaluated through a finite volume type expression of
the Laplace operator [14]:

n+1

Pup,c |U|2
LUD n+1y P, n+1l A n+l VK € 7.
(Lpnsa P K X Pl Doy Pk —PL) VK E

Note that, even iVo € &, PL'H}; = pg, the operator lI;E’H 1 differs from the usual finite volume

Laplace operator (in the case of rectangles or cubes, bytarfae= 2 or 3 respectively [14]); this is
linked to the fact that the nonconformirigs, X~) finite element approximation is not consistent for
the mixed form approximation of the Laplace equation, regiih the Crouzeix-Raviart case nor if in
the Rannacher-Turek case. Provided {4t is known, (3.19a) gives the updated value of the velocity:

un+l _ Gn+1_ St (Mpn)fl Bt (pn+1_ pn) (321)

Note that contrary to usual projection methods, equati8riZ)j and (3.21) are not decoupled, because
of the upwinding of the density with respectud™*. We thus implement an iterative algorithm, which
reads as follows when the equation of state is linear witheeisto the pressure:

Initialization:  pj** = p" anduj™t = a"t.
Step 4.1 — Solve fopy/1 :

1

1
n, LnAup ~n+1
sz P T 5EQ

u
n+1 (n+1 )
P U

1
L;EH’UEH pﬂii‘f' WRp(pEflL’ Y =Lp"+

with pf ™t = n(pptty™ ),

Step 4.2 — Compute]}'{ as :

upt = 0"t — 8t (Mpn) 1B (pRti — p").

Convergence criterion:  ma{|pg i — R, Jugii—uf™|] <e.

When the equation of state is nonlinear with respecp,tavhich is in general the case, step 4.1 is
replaced by one iteration of a quasi-Newton algorithm wiwerly the diagonal ternp)(pﬂﬁ, y 1) is

differentiated with respect tpy 1.

3.4 The fully discrete algorithm
To sum up, we consider the following algorithm:

Initialization — Let (Y2)kes € [0,1], (U)kes € RY and (pct)kes C Ry, compute(p?)ke s that
solves: K
VK € 7, % [oR — Pt + z‘ Foh (p%.u0) =0, (3.22)
o=K|L

with Fy | defined by (2.4), and létp} )ke 7 be given byp? = n(p%,yR).-
Then, forn=0,1,2,...
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1. Computation of y— Compute(y&“)Keg by an upwind finite volume discretization, as explained
in Section 2:

K _
ez, Bloaptoorir Y R
o=K|L
+1 N1 o] ni1 +1 (3.23)
+ Z GO’,K(DU(K ,yE )+D Z d—(y{z —yE ):O
o=K|L o=K|L -9

2. Prediction of the velocity — Compute(d5™)seg,, by equation (3.15), withfp})ges,, defined
by (3.9) andr,, defined by (3.14).

3. Projection step— Computg(uj™)ges and(pE*l)Key from equations (3.16) and (3.17).

The following theorem gathers the properties of the progosenerical scheme.

THEOREM 3.2 (PROPERTIES OF THE NUMERICAL SCHEME Under the assumptions for the equation
of state of Lemma 3.2, there exists a set of fami(i@9>0, (P")n=0, (P")n=—1 and(y")n>1 given by
the proposed algorithm. Moreover, the following propertield, for alln < N:

(i) positivity of the density:
pgk >0, VKeZ;

(i) L stability property:
yk €10,1], VK € 7;

(iv) conservativity property:

> Kokt yk=Mjand 5 [K|p"=M°vn>1,
Ke7 KeZ

WhereM$ (resp.M?) denotes the initial gas mass (resp. total mas€).in

Proof. The existence, uniqueness and positivityp8katisfying (3.22) follows from Lemma 2.1, which
also gives thap? > 0 for anyK € 7. Thanks to the assumptions grand sincep® > 0 andy® € [0, 1],
p is uniquely determined by the equation of stafe= n(p%, (Y2 ).
Then, we get from Theorem 2.2 that there exists a unique Yaiyll)xc » satisfiying (3.23), and that
yi € [0,1]. Summing Equation (3.23) ové&f € 7 and using the conservativity of the fluxes (2.6) and
(2.10) yields thal k7 [K| pRyik = MY.
The predicted velocity*satisfies the set of linear equations (3.15). Multiplyind & byu}, summing
over the edges € &,y and using Theorem 3.1 (which we may use thanks to the carisfiratization of
the convection term) yields that there exiSts R, such that|d*|| < Cy|| f l[L2(q), Which in turn yields
the existence and uniquenessubf ~
We then obtain from Lemma 3.2 that there exigtsp® andp? satisfying (3.16)-(3.17), and from Lemma
2.1, thatp! > 0. Summing Equation (3.17a) ovérc .7 and using the conservativity of the fluxes (2.6)
yields thaty xc 7 |K| pg = MO.

The proof of theorem is then completed by an easy induction. O
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4. Numerical results

In this section, we present two numerical tests to assesbehaviour of the fractional step scheme
described above. In these tests, we compute the flow of ameisoal two-phase mixture of immiscible
liquid and gas; the model (1.1) is then the so-called dnifs-fhodel, that is a mixture model which takes
into account the relative velocity between the liquid and the gas phase (the so-called drifcitg),
for which a phenomenological relation must be supplied. nTpestands for the mixture density and
takes the general form = (1— ag)py + agpg(p) Whereag stands for the void fraction army(p) yields
the gas density as a function of the pressure. Introduciagthss gas fractionand using the relation
0gpg = pY leads to the equation of state:

1
“y/pg(P) + (1Y) /pr

In the perfect gas approximation and for a constant temperady(p) is simply proportional to the
pressure:

np.y) 4.1)

Pg(P) = R—pT, (4.2)
whereR is the gas constant anf is the absolute temperature. We further assume that thalliqu
phase can be considered as incompressible so that the tigasityp, is constant. In this section,
the nonlinear functiorp is given by @(y) = y(1—y) and the flux function byg(a,b) = a— b? with
x=max0,min(x,1)) for anyx € R.

4.1 Assessing the convergence of the scheme against an arsaligtion

We first assess the convergence rate of the proposed schémeesgpect to space and time discretiza-
tions through a model problem whose analytical solutiomigwn.

We choose for the computational domah= (0,1) x (—0.5,0.5), and for the momentum and
density the following expressions:

p(xt)= 14—%r sin(mt) [cogTx1) — SiN(71X2)]

p(xt) u(xt) = —%COS(nt) [ sin(1mx;) }

cogq11xp)

The pressure and the gas mass fraction are linked to thetylegshe equation of state (4.1), where the
liquid densitypy is set atp, = 5 and the produdRT in the equation of state of the gas (4.2) is given by
RT =1 (sopg = p). We choose the following expression for the unkngwn

~25-05p(x,t)
yoxt) = 4.5 p(x,t)

The relative velocity is constant and is givenlpy= (0, 1)t and the diffusive coefficier is equal to OL.
The analytical expression for the pressure is obtained fhenequation of state. These functions satisfy
the mass balance equation (1.1a); for the gas mass fraajicetien (1.1c) and momentum balance
equation (1.1b), we add the corresponding right-hand sidethis latter equation, we also assume
that the divergence of the stress tensor is given by (1.3) wit 102 and we use the corresponding
expression for the bilinear foriy(-,-).

For the Rannacher-Turek element, computations are mad@@s 20, 40x 40 and 80< 80 uniform
meshes. For the Crouzeix-Raviart element, the meshes dtradéollows: the computational domain
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is first split in square subdomains, then each subdomaiditsrs@6 simplices, all having angles of at
most 80, according to the pattern given in [3, Figure 5 — bbbb], segifé 3. The first splitting of the
domain yields 20« 20, 40x 40 and 80x 80 uniform grids.

0.5

FiG. 3. Pattern used to split square cells into acute-angledies, for the Crouzeix-Raviart element.

Velocity, pressure and gas mass fraction errors obtained- &5 as a function of the time step are
drawn on Figure 4, Figure 5 and Figure 6, respectively. Tleesm's are evaluated in theé norm for
the velocity and in the discret& norms for the pressure and the gas mass fraction. For langesteps,
these curves show a decrease corresponding to approxymadiest order convergence in time, until a
plateau is reached, due to the fact that errors are boundeelby by the residual spatial discretization
error. The value of the errors on this plateau then showstéaspanvergence order close to one, which
is consistent with the choice of an upwind discretizatiartfie advection terms in the gas mass fraction
and mass balance equations. Finally, the numerical resegts to be significantly more accurate with
the Rannacher-Turek element.

le-l le-1
cle-2 cle-2 /
5] 5]
c c
S S
Wieg Wieg
— Mesh 20x2 — Mesh 80x8
— Mesh 40x4 — Mesh 20x2
— Mesh 80x8 — Mesh 40x4
_/] .
Lot Te3 _ 1e2 1e ‘%z 1e3 _ lez le
Time step Time step

FiG. 4. Velocity error as a function of the time step. Left: Ractrex-Turek element, right: Crouzeix-Raviart element
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1l.e-1 1.e-]
cle-2 cle-2
5] 5]
< <
S S
Wies Wies
— Mesh 20x2 — Mesh 80x8!
— Mesh 40x4 — Mesh 20x2
— Mesh 80x8 — Mesh 40x4f
Lo 1e3 _ le2 le LCi%a Te3 _ Te2 e
Time step Time step
FIG. 5. Pressure error as a function of the time step. left: RelveraTurek element, right: Crouzeix-Raviart element
le-l 1l.e-%
cle-2 cle-2
5] 5]
< <
S S
Wies Wies
— Mesh 20x2 — Mesh 80x8!
— Mesh 40x4 — Mesh 20x2
— Mesh 80x8 — Mesh 40x4f
-/ _
Lo 1e3 _ le2 le L%z Te3 _ Te2 e
Time step Time step

FIG. 6. Gas mass fraction error as a function of the time step.Refnnacher-Turek element, right: Crouzeix-Raviart eptn

4.2 A phase separation problem

We now present numerical results obtained for a phase depamroblem, with data inspired by a
classical benchmark test for the simulation of two-phasedlI8, 15, 21] with two-fields models.é.
models considering separate balance equations for eage)phBhe physical domain considered is a
vertical tube of length. = 7.5m, filled at initial time with a two-phase mixture of air and watwith

a =0.5,u= 0 andp = po wherepy = 10° Pais the ambiant pressure. Under the action of gravity (with
g=9.81m.s?), phases separate and the solution-atf is the superposition of a zone of pure water
and a zone of pure air, both at rest. In the original probldma,ihteractions between the two phases
are neglected; instead, we assume here that the relativeityels constant and given hy = 1m.s ™1,
which is clearly nonphysical (at small times, water dropletst fall with a constant acceleratig).



28 of 30 L. Gastaldo

However, even under this assumption, the solution of thelpro qualitatively reproduces the original
phase separation phenomenon.

The equation of state for the mixture is the same as in theiqusyest case and the densities, for
water and air respectively, apg = 1000kg.m 3 andpg = p/RT whereRT is such thapg = 1.2kg. m3
atp = 10°Pa. The diffusion coefficienD and the viscosity: are set to zero. At the top and the bottom
boundaries, both the velocity and the relative velocitymescribed to be zero.

For this test case, we use a regular mesh composed of retdangls (with the Rannacher-Turek
element); since this problem is one-dimensional, only aglkig used in the horizontal direction, and
200 in the vertical direction. Calculations with time stepstodt = 10~ shave been performed without
observing any instability. With respect to the time disizagion, the convergence for the void fraction
and the density is readily achieved, and profiles obtain#udti< 10 2sare all similar; the results with
ot = 10~?s are reported on Figure 7. However, probably because of tge iariations of the density
neary = 1, themselves due to the large difference of the densiti#isedfivo phases, convergence jor
is more difficult to reach, and variations in the profiles afetd are observed when decreasing the time
step down tadt = 5.10“s.

1000

t=1s o3 SF t=1s
t=2s S S t=2s N
t=3g srrereen H HINE 900 t=3g srrereen
t=4s : HERH t=4s
08 [ t=5s Lo 800 t=5s .
t=6s H t=6s
t=7s t=7s
=85 wrrere : HE 700 FH H 1=8G e er e
t=0g seesanees 5 & R t=0g seeanens
. 06 [ t=105 =— 1 : | 600 3 = t=10s ———
| st s . E = >
S /——“' S g 500 S =
0.4 Sd _: Q 400 3 e
02 i 200 .
/ : 100 3 i i
0 S 0 T

x (m) x (m)

FiG. 7. void fraction and density profiles for the phase sepamgtroblem.

5. Conclusion

In this paper, we first addressed a parabolic equation thdetathe phase mass balance in two-phase
flows. It differs from the mass balance for chemical speaiesompressible multi-component flows
studied in [18] by the addition of a nonlinear term of the formp¢ (y) ur, wherey is the unknown,

¢ (-) is a regular function such thgt(0) = ¢ (1) = 0 andu, is a general (in particular not necessarily
divergence free) velocity field. We proved the existence @amdueness of the finite volume approxi-
mation together with the fact that it remains within phystsaunds. As in [18], the necessary condition
for this L™ stability result is that the discretization of the conventbperator is such that it vanishes
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for constany, which amounts to demanding that some discrete mass batguegion be satisfied. The
second ingredient of this scheme is a discretization of trdimear term based on the notion of mono-
tone flux functions [13]. This work extends the theory depeldin [18] in two directions: it copes with
a new nonlinear term, and introduces different technigugshwvappear to be well-suited for nonlinear
problems: proof of an £ a priori estimate for the solution and proof of its existence (by @logical
degree argument) and its uniqueness.

In a second part of the paper, we proposed a discretizatiafiactional step method for the set of
equations (1.1). This algorithm decouples the resolutidch@phase mass balance from the resolution
of the Navier-Stokes equations and meets two essentiaresgents: it is conservative, and the discrete
mass balance needed for a stable computatigri®atisfied. To achieve this goal, the key ingredient
is a particular time-discretization of the density termbjck unfortunately limits the time accuracy of
the scheme to first order. This technique is now routinelglus¢he ISIS computer code [1] developed
at IRSN for the modelling of reacting flows; it demonstratespsatisfactory stability properties, even
in cases of large density variations for which numericdidifties are often reported in the literature.
Let us also mention that the proposed numerical scheme degfes to a classical projection method in
the incompressible limit.

As far as extensions of this work are concerned, first, (fdghsecond order in space discretizations
(typically using MUSCL-like techniques) should be deveddpSecond, the proposed algorithm is based
on the simplest and computationally cheapest fractioegpl approach (decoupling all equations) so that
it should be retained as far as it works. Unfortunately, i $pecific case of two-phase compressible
flows involving phases of very different densities, insliibs are observed, the cure to which seems
to be a drastic time step reduction. These instabilitiesapfo be linked to the fact that the present
algorithm does not preserve a constant pressure throughmgioierfaces between phaség (contact
discontinuities of the underlying hyperbolic system); &uon to this problem, still based on the same
essential ingredients for the evaluation of the densityngeand the discretization of the phase mass
balance but coupling this latter equation to the projectitap, is now under development and shows
promising results.
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