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ABSTRACTThis paper deals with the numerical simulation of the diinsand assimilation by
photosynthesis af’O» within a leaf. An axisymmetric cell centered finite volumieesce is
proposed for the discretization of the problem. The resgltode enables the determination
of the diffusion coefficient in the leaf porous medium, froqmeeimental measurements of the
pointwise value of internaC’O» concentration, giving some insight on the relative roles of
lateral internal diffusion and assimilation.

RESUME.Ce travail porte sur la simulation numérique de la diffusiende I'assimilation par
photosynthése dd'O- dans une feuille. Un schéma volumes finis axisymétriqueéesiappé
pour la discrétisation du probleme. Le code résultant perlaalétermination du coefficient
de diffusion dans le milieu poreux de la feuille & partir desomes expérimentales des valeurs
ponctuelles de la concentration interne €2, ce qui permet dévaluer les roles relatifs de la
diffusion latérale interne et de I'assimilation.

kKeyworbsdiffusion, photosynthesis, porous media, finite volumes

MoTs-cLES diffusion, photosynthése, milieu poreux, volumes finis

1. Introduction

Green plants are able to use energy from light to synthekie éwn carbohy-
drates, {'H2O]n, from soil water {{,0) and atmospheric carbone dioxid€@®-).
This essential process, called photosynthesis, takee piabe so called mesophyll,
which consists of several layers of cells and makes up matteoteaf interior. The
mesophyll is surrounded by epidermal cells covered withrapermeable cuticle.
Consequently exchanges between the leaf and the atmospkerglace exclusively
through "pores" called stomata whose aperture may varyoapiericC'O- diffuses
through the stomata into the leaf, it then diffuses in thericellular airspace, made
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from the gap between cells, to reach the photosynthesiglg where it is assimi-
lated. There are essentially two important fluxes taking@through the stomata: a
flux of CO- from the atmosphere into the leaf and a fluxtofO from the leaf to the
atmosphere. Stomatal aperture constantly adjusts to teenak and internal condi-
tions to maximise the photo-synthetic rate and minintis€ evaporation. Under dry
conditions for instance stomata tend to close. In some sdsestal aperture is het-
erogeneous across the leaf surface. Groups of closed stearabe next to groups of
open stomata. It has been shown that such behaviour, réferees "patchy stomatal
closure”, can lead to heterogeneous photosynthesis atrdsaf due to heteroge-
neousC'O, supply in the mesophyll.

In this study we are interested @0, diffusion in the inter-cellular air space (for a
review of the work done on internélO- diffusion see [PAR 94]). Indeed we wish to
understand the extent to which inter-cellular diffusionynsampensate patchy stom-
atal behaviour. In other words, can cells under a group cerstomata still maintain
high photo-synthetic rate thanks to the), supply from "lateral diffusion™? There
are two major factors determining internal diffusion: piegsresistance to diffusion,
linked to the anatomy of the leaf, and sink strength (phattisssising cells consum-
ing CO- along the path). It is crucial to quantify the relative cdmition of these
two factors in limitingC'O-, diffusion in order to better understand the plant physiol-
ogy. To address these questions, experiments were peddiytée first author at the
Department of Plant Physiology at the University of EsseXOM05] onPhaseolus
vulgaris(the common bean), ar@ommelina communi&roups of stomata were arti-
ficially closed by applying circular patches of silicon ggeg4mm diameter). For the
patched area diffusion through the stomata is suppressadequently the supply of
CO5 under the patch solely comes from lateral diffusion fromshieounding tissues.
Combined infrared gas analysis and chlorophyluorescence imaging was then used
to mapC' O, molar fraction in the leaves to a high resolutioni(l 4mm x 0.114mm).

The object of the present work is to develop a mathematicalatto describe and
quantify the diffusion phenomena within the leaf tissudnlythese experiments. The
mathematical model which describes the biological phem@@der consideration is
a semi-linear diffusion equation (the nonlinearity arisethe assimilation function of
the photosynthesis) with mixed Neumann and Robin boundargliions. We choose
to discretize the equation with the finite volume methodh@athan the finite element
method) because it involves a direct discretization of timesft at interfaces which are
of crucial importance here, and it is well adapted to theyarimetric geometry under
consideration. Since the resulting discrete system isimeat, we adopt a monotony
method to solve it in a robust way.

2. Experimental data
Figure 1 represents a typical experimental result. It shwsp of internal’ O,

molar fractions ¢) for a 6mm wide square portion of a leaf. Theaxis givesc
in ppm. The circular patch of grease which artificially preventstenges with the
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Figure 1. Map of inter-cellular CO, molar fraction @, y axis : mm, z axis : ¢
in ppm. Ca : external CO, molar fraction ppm), Gs : stomatal conductance
(mmol.m~2.s~1) andCi mean Internal” O, molar fraction outside the patch given
by gas exchanges measuremetits: % oxygen in the air.)

atmosphere, is at the center of the image. Thendy axes give the distance of a
point from the center of the patch. Atmosphefi©); (c,) is free to penetrate the
leaf outside the patch area. In this exampleis set at364ppm, which is a little
above the natural molar fraction. We can clearly visualiseeapc gradient from the
outside of the patch, wherds quite homogeneous, to the center of the patch. We can
already conclude that'O, from the tissues surrounding the patch is unable to give
a sufficient supply to photosynthesising cells under thetpatowever at this stage
we cannot go further in the analysis: why doesdh@, not diffuse well? Is it due to
cell packing and physical limitation of the internal diffas? or is theC O, consumed

so rapidly that it is simply not available to distant cells?e&urements similar to
the example shown here were conducted at different extérokl partial pressure
(ca), from 50ppm to 2000ppm. This variety of measures helps us to characterise the
phenomenon and gives a good material to build and validatathematical model.

We study the phenomenon at a macroscopic scale considéengidmata to be
evenly opened and distributed at the surface of the leafdritke artificially patched
area. Therefore the incomirfgO; flux per unit surface of the leafif.,, in mol m =2
s~1) can be described by the following equation [GAL 05};02 = gs6CO2, Where
gs (in mol m~2 s7!) is the stomatal conductance which varies with the stomatal
aperture, andCO- is the concentration difference at the leaf wall.

The assimilation ratel is linked to the inter-cellular molar fractianwhich may
be determined from gas exchange measurements. Measudest dfifferentc yields
to an empiricalA — ¢ relation. The theoretical relation is then derived fromsthe
experimental curves. The equation used to fit the experimhelata is derived from
the chemical properties of the carboxylation enzyme Rubiscis therefore written
in a Michaelis-Menten form [FAR 80]. At the point whetebecomes non limiting
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this relation breaks intel = A,,., which is also empirically characterised. Under
the experimental conditions considered here, Zhe ¢ relation is described by the
following formulas [FAR 80]:

in(Apae, mazt — Ry)if ¢ > 0
A _ HllIl( mazs oL K, d ) 1
(c) { A(c) = —R, otherwise, @

whereV,, . is the maximal assimilation velocityr{ol m=2 s=1), K. the Michaelis
constant fpm) and R, the respiration ratengol m~—2 s—1). HereV,, . andK. are
apparent coefficients (for further details see [GAL 05]) tt#¢ so called compensation
point

Ry x K
R (2)
‘/cmaw - Rd
the carboxylation rate = Vc?r;;cc is equal to the respiration rafe;, so the netC O,

assimilation is zero. During experimentation the exte@, molar fractionc, has
always been maintained abowethereforec > ¢*; this physical bound will also be
satisfied by the solution of the model (see theorem 3.2 below)

3. The mathematical model

The physical domaif? = {(r,0,2),0 < r < R,0 <0 <270 < z < H}
is depicted in Figure 2. It consists in a cylindrical sectadra leaf, the thickness of
which is denoted by7. The axis of the cylinder runs through the center point of the
patches, which are located symmetrically on both low&) @nd upperX,,) surfaces
of the leaf. The radiug of this cylinder is chosen large enough so that the diffusion
flux on its lateral side is negligible. We use cylindrical cdioates-, z, 6 to describe
the area of study. Le®) denote the boundary ¢i. One ha9)2 = Xz U X, U 3,
whereXp = {(R,2,0),0 < z < H,0 < 6 < 27} is the lateral boundary d?,
Y.={(r,H,0),0<r <R, 0<0<2r}(resp.X; = {(r,0,6),0<r < R,0,0<
0 < 2x}) is the upper (resp. lower) surface. The blue area desctiteepatches
Yp={(rz0),0<r<Rp,0,z=00rz=h,0<86 < 2r}. The anatomy of the
leaf is such that, at sufficiently large scale, it may be ade&r®d as an isotropic porous
media, with permeability depending only en For the problem under consideration,
we may therefore assume th&, molar fraction to be constant in tifledimension,
and consider the problem to be axisymmetric. The diffusioefficientDco, of the
porous media of the leaf is unknown. One of the goals of thehemaatical model
is to determine its value from the above experimental dataordler to do so, let us
first establish the mathematical equations which yield tihernal concentration as
a function of D¢, , ca, and A.

DerINITION 3.1 (Properties of the nonlinear sink term) Léte the assimilation of
C'O4 by photosynthesis, defined by (1), and fdbe defined as

max | —Ajaz, Rd — %) if ¢ >0,

. VeeR, (3)
A(c) = R, otherwise,

fle) = —A(c) = {
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Therefore,f is a bounded decreasing functionof Moreover,c, is assumed to be
higher than the compensation paifitdefined by (2), for whiclf changes sign. Hence
the functionf satisfiesf(c) > 0if ¢ < ¢* andf(c) < 0.if ¢ > ¢,.

The diffusion equation fo€ O, reads:
—Dco,Ac= f(c)inQ, (4)

whereA denotes the Laplace operator, with homogeneous Neumamubaoucondi-
tions on the lateral side &1 :

—Dco,Vec-n=0, 0nXg (5)

and Robin conditions due to the incoming flux @0, through the stomata of the
leaf :
—DCOQVC ‘N = flst =0, o0nXp (6)
_DCOQVC ‘n = flst = gs(ca - 0)7 onX, U3y \ Xp,

whereg, > 0 is the stomatal conductance defined in the previous sectih;,, is
the atmospheri€’ O, concentration.

The problem (4)—(6) is well posed, in the following senses (§8AL 05] for the
proof):

THEOREM 3.2 (WELL POSEDNESS Let f be defined by (3)gs > 0 ande¢, > ¢*,
wherec* is the compensation point defined by (2) There exists a uniguetion
c € H'(Q) such that:

/Q Dco,(z)Ve(z)-Vo(x)de +/

2R

ga(c(@) — ca)pla)d = / F(e(@))p(z)dz.

Moreoverc* < ¢ < ¢, a.e. in2.

4. The axisymmetric finite volume scheme

Assume that we know the diffusion paramefeso,, and we wish to find an ap-
proximate solutior of Problem (4)—(6). In order to compute an approximate gayt
we first discretize the diffusion equation by an axisymneefiriite volume scheme.
The finite volume strategy is very well adapted to the axiswtrim geometry, and in
particular, much more so than the usual finite differencesehon the Laplace oper-
ator written in cylindrical coordinates, where a term}imppears, which can yield a
bad condition number for the resulting discretization ixatr

DEFINITION 4.1 (Axisymmetric finite volume mesh) Lé¥, € N, N, € N, and let
(ri)i=o,..~. C [0,R] and(z;j)j=o,..n. € [0,H] suchthaty =0 < ry < --- <
i < Tip1oo- < ry, < Ryand0 < 23 < 20 < - < 25 < zjpr - <y, < H
We choose the values such that there exists a radial interface correspondinigeto t
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patch, that is, there exisiy € {1,..., N, — 1} such thatriPJr% = rp, where the

valuesr;, 1 andr;, . are defined by:

Ty + Tit1 .
Tigd = Tforz:l,...,N,.—l, andrNrJr% = R,

and similarly:

Zj + Zj41 .
i+ :%fonOf]:l,...,szl, andzNerE =H,

=0, z
The physical domaif defined in the previous section is discretized\Nin= (N, +
1) x N, annular control volumes defined, foe= 1, ..., N, andj = 1,..., N, by

Ko ={(r,2,0),0<7r <rs,z
KiJ = {(T,Z,H),T,L-il S rr,
2

417}

§Z<Zj+%,0§9§27T},j=1,...,NZ,
z §z<zj+;,0§9§2ﬂ'}.
2

The meshM is defined as the set of control volumes, el = (K ;) j)er, Where
I={(i,7);1<i<N,, 1<j<N.}, and byh, the size of the mesh, that is:

ha = max (max{p;),i =1,..., N, },max{h;,j =1,...,N,}),

wherep; = Tigd —Ti_1 fori =2,...,N,., p1 = 2rs, andh; = Zipl — %1 for
7=1,...N,.

Let us emphasise that the above defined mesh is not admissitile sense of
[EGH 00], because it is not made of convex polyhedra. Howavestill satisfies
the orthogonality condition which is crucial for the consigy of the fluxes, and
indeed, the proofs of convergence and error estimates magtdgged for this kind of
mesh. Furthermore, with the above choice of interfaces,ave brder 2 consistency
of the internal fluxes. Let us also note that the compatbdit the boundary of a
control volume with the boundary of a patch is not necessaefine the scheme,
nor to prove its convergence. This choice was made impleatientand visualisation
considerations.

In order to obtain the finite volume scheme, the diffusionagiun (4) is integrated
over each control volume. Using the Stokes formula, thiddea the following flux
balance equation:

/ (—=Dco,Ve(x) -n(x)de = / f(e(z))da. 7
0K, K j

Note that here and in the sequel, we somewhat abusively elbydt: the integration
symbol for an open bounded setl®t and for its boundary ilR?. We then decompose

OKij=%;_ 1 ;U%; 1 ;U%;; 1 UY,; 1 asshownon Figure 2, and write (7) as:

fi—%,j +‘Fl+%,] +‘¢i,j+% +‘Ti,j—1 = /I; ‘ f(C(IL'))d.’L',

2
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Figure 2. The physical domain (thick lines) of the model: a cylindrjmartion of the leaf, (the
blue area represents the patch) and a control voluifig (thin line) for flux balance

whereF; ;1 denotes the diffusion flux through the surfacg; 1 outward tok ;.
Let us now introduce the discrete unknowns;); )<, associated to the control vol-
umesk; ;, and which are expected to be approximate valuesinside the control
volumesk; ;; denote byFH%J- (resp. FM%) the radial interface (resp. horizon-
tal interface) numerical fluxes, which are expected to be@pmations of the real
quxes]—'H%J (resp.]—‘i_’j%) through the boundaries of the control voluidig ;. An
approximate equation to (7) is now:

Fiogjot T Fing ot T Fimg ey + Fipg ey = [Kijlf (i), (8)

where|K; ;| denotes the volume dk ;. In order to fully define the finite volume
scheme, we need to express the numerical fluxesin terms of the discrete un-
knownsc; ;. This expression depends on the interface through whicHukeF; ; is
defined. On internal faces, an easy discretization of theabgradient is obtained by
a centred finite difference scheme. On external faces, thadary conditions (null
flux under the patch and on the lateral boundaries, Robinitonan the upper and
lower surfaces outside the patch) are taken into accounthMgeobtain the following
expressions:

— Lateral internal interfaces:

Ci+1 — Cp . .
F;-‘r%,j :DCOQ|Z7’+%7J|m7 Z:O,...,N,.—l, j :17...,NZ. (9)
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— Horizontal internal interfaces:

Fi7j+% = DCOQ|Ei7j+l|M7 i = 07" ';NTv j = 07" ';NZ' (10)

2 Zjr1 T %
— Lateral boundary interfaces:
Fryo41;=0,j=1...,N;. (11)

— Horizontal boundary interfaces:

- interface outside the patch, foe ip :

2Dco,9s
Fy =835 28 (¢ - ),
22198 + 2D002 (12)
Finosr =18 .41 Deo.s: (en = ca).
E2 rEL 2 2(177,21\[)95JrQDCO2
- interface under the patch: for< ip :
E,%:E,Nz+%:05j:17"';NZ' (13)

THEOREM4.2 (WELL POSEDNESS AND CONVERGENCE OF THE SCHENELet M

be defined in Definition 4.1, there exists a unique solufian ); ;< to the system
(8)-(13). Furthermore,onehas < ¢; ; < ¢,, Vi=0,...,N,, Vj=1,...,N,. Let
cm € L*(Q) be the piecewise constant solution defined a.echy(x) = ¢; ;, YV €
K; ;. Thency converges inL?(2) to the unique weak solution to Problem (4)—(6)
(in the sense of Theorem 3.2) &g tends to 0.

5. Numerical solution of the discrete problem

The scheme (8)—(13) may then be written as:
MC =b(C), (14)

where M is a symmetric positive definite matrix of ordéf = N, x N, which
satisfies the discrete positive propertyfz > 0 = = > 0, C € R" is a vector
of RN with components;. (the unknowns of the system}, = 1,..., N, andb is
a (component wise) non increasing function fr& to RY. In order to solve this
nonlinear system, one could use Newton’s method, whichufeata local quadratic
convergence if sufficient regularity conditions are fudfill However, it is also well
known that Newton’s method may not converge at all if theahjuess is taken too
far from the solution of the equation. Hence we prefer to clecm more robust (even
though slower) method, based on the monotony of the constilsequence of ap-
proximations. We refer to [GAL 05] for the details. Let== %, the resulting
algorithm reads: ‘
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-CO eRN,
—fork >0, C*+1D ¢ RV is the unique solution to the following linear system:

MO+ L otk = F(C(k)) + wC )

6. Estimation of Dco,:

In the above section, we devised a mean to compute the iht@mneentration of
CO-, given the assimilation parameters, the conductapce¢he atmospheri€' O,
concentratiorr,, and the diffusion coefficienD o, within the leaf; this latter coef-
ficient is not precisely known. We shall therefore deterniirieom the experimental
data. Indeed, we choose the parameter which minimisesdabedgquare functional de-
fined by the computed values and the experimental values [GALIn order to solve
the direct problem, we average the 3D model over the thickagthe leaf. The main
reason for doing so is that the dependencoy both the porosity and assimilation (the
leading term in the model) are unknown. We also assume th@&perimental values
of the internal concentration is close to the mean value @fitkernal concentration
within the leaf. Under these assumptions, the 3D axisynmimetodel proposed in the
above sections simplifies into a symmetric polar model, wiily r as a variable (see
[GAL 05]. The results which we now present were obtained ik “pseudo—1D"
model.

The model produces a string of/alues. In order to compare this profile with the
experimental data we extract two transects perpendionkeath other centred in the
center of the patch. Since we choose the size of a discrietizzg|l in the model equal
to that of the measurement cell, the calculated and estitvalees of: may be easily
compared cell by cell from the center of the patch. Measurgsn@ere performed
on 6 different leaves foPhaseolus vulgarignd 2 different leaves foEommelina
communis An average of five measurements, each at different extéréal molar
fraction, is performed for every leaf. For each measuremmanhbered:, Df, . is
computed. We then calculated the mear¥f,, , D¢, , for each species. Figure 3
illustrates typical results obtained for the two studiedd@es. The table below gives
the corresponding computed internal diffusion coefficielt,, may be express as
a percentage of the diffusion coefficient in free ali]é(“o2 = 1.51105.m2.s~ % or
694umol.m~t.s~1 at101.3 kPa and20°C). Since the reduction is mainly due to the
anatomy of the leaf, especially the porosity of the mediumh #hwe tortuosity of the
pathways, the % of reduction also gives an insight on theoamabf the leaf.

The values found for the two species are coherent with tlespective anatomy.
Commelina communiBas a more open structure thRBhaseolus vulgarignd thus
its diffusion coefficientD¢o, is higher. The standard deviation (see [GAL 05] for
the calculation) oiD’g’;O2 around its mea¢,, partly reflects biological variability.
Measurements have been made on different leaves thus teiavestigated do not
have identical anatomy. The mean punctual relative errtwédsen the experimental
data and the model is aroud% (see [GAL 05]). As well as reflecting experimental
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300

250

Ci (ppm)

Figure 3. Experimental and calculated profiles for Phaseolus vulggleft) and Commelina
communis (right).The doted lines representalues from experimental measurements for two
perpendicular transects across the patch, the solid lirteésprofile calculated with the model,
using theDco, given by the best fit with the experimental data. The patciusaid equal to
2mm. ExternalCO- molar fraction, ¢,, and stomatal conductances, are the value given
by gas exchange measurements. One may observe that towhrd, hbutside the patch, The
calculated profile deviates from the experimental data.r& hee essentially two reasons: firstly
there are veins in the mesophyll tissues that punctualtydighe determination of, secondly

at highc,, around300ppm, the limit of the experimental determinationc«i reached.

meanD¢,, | Stand. dev| Dco, Lm
Phas. v. | 13% D[, 3.8 81 | 0.248
Com. com.| 38% D[, 3.2 243 | 0.164

Table 1. EstimatedDco, (in wmol m~! s~1), and mean relative error £,y,)

and biological variations, this error can be explained tg/ Itk of precision of the
fit in the » dimension due the measurements and discretization prasisindeed the
radius of the experimental patch can vary by 0.1mm and theecesr border of the
patch, do not necessarily match with the center of a measmmecell. It is interest-
ing to note that the elasticity of the theoretical profile ange inDco, is relatively
low, 0.35 and 0.37 foEommelina communandPhaseolus vulgarisespectively (for
the detail of the elasticity calculation see [GAL 05]). Thasv sensitivity suggests
that CO, depletion under the assimilation data considered here islyndriven by
consumption. At a given, the assimilation rate used heE®@mmelina communis
higher that that oPhaseolus vulgarisThis explains why the profile obtained for the
two species do not appear so different even thoiighy, is nearly 3 times higher
for Commelina communidt is worth noting that he sensitivity of the profile to as-
similation strength depends dbco,. The higherDco, the higher the sensitivity
to assimilation strength. Similarly sensitivity of the fil®to Do, depends on the
assimilation strength. If assimilation is low, sensitMid Do, will be high.
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7. Perspectives

We used the finite volume method for the simulation of theudifin of CO2
through the leaf tissue, using an axisymmetric geometrymétical tests were per-
formed and allowed to derive from experimental data the cditiateral diffusion
within the leaf tissue. The interest of this work is two-foftbm the point of view of
numerical analysis, it shows that the finite volume metholl agapted to cylindrical
meshes, and that convergence the convergence analyss fegtpolyhedral meshes
may be extended to cylindrical meshes. From the biologioaitpf view, we were
able to infer that the diffusion process is not sufficientwigspect to assimilation to
supply enouglt”’O- under the patch. Hence, under moderate to high light, if atam
close in patches, the photosynthesis will be affected thgss of the anatomy of the
leaf.

Ongoing research concerns a more precise study of the poreds itself, and
“real" axi-symmetric tests in order to see the influence efdepth of the leaf tissue.
This requires that a better analysis of the porous mediumeofgaf, and in particular
of the variation ofD¢, in z. It also demands the analysis of the location to which the
measured internal concentration corresponds within thfetiesue. Another interest-
ing problem to solve numerically is the sensitivity of thefile to Do, as a function
of the assimilation strength and reciprocally the senigjtiof the gradient to assimi-
lation strength as a function dd-o,. Future experimental measurements should be
conducted for the same species with different sink strertbth can be achieved by
modifying Rubisco content or its affinity t6O5. On one hand these experiments are
necessary to verify that the estimatBgo, by the model is independent on assimi-
lation rate, which it should be. On the other hand it will pvexperimental data to
test sensitivity of the gradient to the assimilation sttarfgr a givenDco, .
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