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ABSTRACTThis paper presents a review of recent finite volume scherhiet were developed
for the numerical simulation of the incompressible NawB¢okes equations on unstructured
meshes. Both a staggered scheme and a colocated schemenaéysed. The colocated
scheme, where the unknowasv and p are all located within the discretization cell, is easy
to implement ; moreover, it generalizes to 3D. A clusteetgmbilization technique is used,
which avoids a mass redistribution over the whole domainctvelude with the discretization
of the full viscous tensor for constant viscosity in the casgible case.

RESUME.Cet article présente des schémas volumes finis récemmegibpges pour la réso-
lution numérique des équations de Navier—Stokes incomsiptes. Un schéma sur maillage
décalé et un maillage de type localisé ont été étudiés. Lénsaltolocalisé, ou les inconnues
u, v etp sont toutes localisées dans les mailles s’est révélé ptitefa implanter ; de plus, il
se généralise a 3 dimensions d’espace. Une stabilisatioragaegats de cellules a été intro-
duite, qui permet d’éviter une trop grande redistributiom mhasse. Enfin, on termine avec une
proposition de discrétisation du tenseur visqueux, dars$ecompressible avec coefficients de
viscosité constants.
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1. Introduction

Numerical schemes for the incompressible Navier-Stokaatsans have been ex-
tensively studied: see [GIR 86, GUN 89, GLO 03, KWA 05] ancerefices therein.
An advantage of the finite volume schemes is that the unknawnapproximated by
piecewise constant functions: this makes it easy to takeantount additional non-
linear phenomena or the coupling with algebraic or difféiedequations, for instance
in the case of reactive flows; in particular, one can find inTBA] the presentation
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of the classical finite volume scheme on rectangular mesitésh has been the basis
of many industrial applications. Proofs of the convergeoicthe so-called “MAC
scheme" [HAR 65] were performed, for the Stokes equatiaes[BLA 05a] and ref-
erences therein. However, the use of rectangular grids sretkémportant limitation
to the type of domain which can be gridded and more recemijefiolume schemes
for the Navier-Stokes equations on triangular grids hawenh®esented, either stag-
gered [GUN 93], or colocated [BOI 00] where primal variakdes used with a Chorin
type projection method to ensure the divergence condition.

2. Staggered schemes on unstructured meshes

In [EYM 00], we introduced a finite volume scheme using theassical" FV4
scheme for the Laplace equation. Since staggered schemegHheareputation of
being the most stable schemes for incompressible flows,d®ar was to generalise
the MAC scheme to triangular meshes. Hence we considereHeangcwhere the
velocity unknowns were associated to the control volumele@Mmesh, and the "clas-
sical" four points cell-centred scheme was applied to diste the Laplacian of the
velocities, while a Galerkin expansion was introduced lh@r pressure, with the pres-
sure unknowns associated to the vertices of the mesh. Buaicinwe were able to
prove the convergence [EYM 00] and some error estimates [B4J\only in the case
of equilateral triangles, making use of the fact that theteeaf gravity is also the
circumcenter.

When trying to prove the convergence of this scheme on geniaragular meshes,
it became clear that the approximation of the divergenceatpeis an important prop-
erty. This motivated a new staggered scheme [EYM 03], obthfrom the previous
one by modifying both the coefficients of the discrete dieerce operator and the dis-
crete gradient (hence the discrete operators are dual tarmther) in order to obtain
a consistent approximation of the divergence. Let us enighdsat the coefficients
of this new staggered scheme are equal to those of the fochene in the case of
equilateral triangles, for which we could prove convergeinahe first place. In order
to obtain a well posed scheme, we use a penalisation ternedbtim involving the
pressure in the mass equation, which is the key to obtaimnfZaestimate on the
pressure, thus permitting the proof of the wdakconvergence of the pressure. We
also prove existence and uniqueness to the penalised anpgematised scheme. In
[BLA 05b], we also obtained an error estimate of ordgd , which was proved to
be non sharp by the numerical experiments. Indeed the ncahenider of conver-
gence were found to be equal to (roughly) 2 for the velociied 1 for the pressure.
Note that we also found in these experiments that the fornadégr&in-based scheme
did not converge well with respect to the pressure when refigieneral triangular
meshes (see [BLA 05b] for further details). This scheme wésneled to the Navier-
Stokes equations [EYM 04b], [EYM 05a]. However, our attesnat generalise this
scheme to the three-dimensional case have not been sudogssfHence we also
derived and studied a colocated scheme,
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3. The colocated scheme

Inthe three-dimensional case, itis much easier to dealvaithstaggered schemes,
since the geometrical conditions on the meshes are easieniply with. Hence we
turn to a colocated scheme, where all unknowns (velocitielspeessure) are located
in the control volumes. Note that this also makes it easy t fabssive convected
terms such as a concentration, or thermodynamics.

The colocated finite volume scheme is based on three basiediegts. First, a
stabilization techniqua la Brezzi-Pikéranta [BRE 84] is used to cope with the in-
stability of colocated velocity/pressure approximatipaces. The penalisation term
involves Ap, leading to aH'! estimate on the pressure, and therefore strong conver-
gence inL? (rather than the weak convergence which was obtained inase af the
staggered scheme). Second, the discretization of theyseegsadient in the momen-
tum balance equation is performed to ensure, by constrydtiat it is the transpose
of the divergence term of the continuity constraint. Fipathe contribution of the
discrete nonlinear advection term to the kinetic energgmed vanishes for discrete
divergence free velocity fields, as in the continuous cabesg features appear to be
essential in the proof of convergence.

We are then able to prove the stability of the scheme and theecgence of dis-
crete solutions towards a solution of the continuous probiden the size of the mesh
tends to zero, for the steady linear case (generalized Stiablem), the stationary
and the transient Navier-Stokes equations, in 2D and 3D.r€aults are valid for
general meshes, do not require any assumption on the rigwathe continuous
solution nor, in the nonlinear case, any small data conditie emphasise that the
convergence of the fully discrete (time and space) appratian is proven here, us-
ing an original estimate on the time translates, which wetdmbined with a classical
estimate on the space translates, a sufficient relative aomess property.

For the sake of simplicity, we start with the scheme for thek8¢ equations; the
discretization of the convective term is briefly stated iot®m 3.4. Consider the
generalised stationary Stokes equation$an R?, which read:

~vAu+Vp = f,
(o = g

wherev is the kinematic viscosity: = (u;);=1,... ¢ denotes the velocity field, is the
space dimension, andthe pressure field, with the following assumptions:

Qis a polygonal open bounded connected subs&ofd = 2 or 3 (2)
v G (07 +OO>’ 77 6 [0’ +OO)7 (3)
fe L2 (4)

If we consider homogeneous boundary conditionsifa@if2, we have the following
weak formulation of this problem:
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u e E(Q), pe L*(Q) with [, p(x)da
5 () - v(x)dx + V/QV@(JC) : Vo(z)dz— )

/ p(x)divi(z)de = [ f(z)-o(x)de, Vo € HE(Q)%.
) Q

3
I
o

3.1. Discrete spaces and operators

Let Q be an open bounded polygonal subsetR$t We consider admissible
mesheD = (M, &, P) in the sense of [EYM 00]:M is a partition ofQ2 by polyg-
onal (or polyhedral) convex subsetsf, £ the set of edges of these subsets, and
P = (zx)kem a set of points satisfying the usual orthogonality condi(gee Fig-
ure 1). The following notations are used. The size of therdiszation is defined by:

Figure 1. Notations for an admissible mesh

size(D) = sup{diam(K), K € M}.Forall K € M, ando € £k (the set of edges of
K), we denote by the unit vector normal te outward to/X. We denote bylx ,

the Euclidean distance betweep ando. The set of interior (resp. boundary) edges
is denoted by, (resp.Eext), thatis&ine = {0 € ;0 ¢ 90} (resp.Eext = {0 € &;

o C 9Q}). Forall K € M, we denote byV the subset of\1 of the neighbouring
control volumes. For alKk €¢ M andL € Ny, we setny; = ng x|z, we denote by
dr 1, the Euclidean distance betweep andz;. We shall measure the regularity of
the mesh through the functiangul(D) defined by

regul(D) = inf {5, K € M, 0 € Ex |
U{dK'—K‘L KGM,LENK}U{m,KEM}.

dxr

(6)

Next we define some functional spaces and norms:
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DEFINITION 3.1 LetQ be an open bounded polygonal subseRéf with d € N*.
LetD = (M, &, P) be an admissible finite volume discretizationfaf We denote

by Hp(2) C L*(Q2) the space of functions which are piecewise constant on each
control volumeK € M. For allw € Hp(2) and for allK € M, we denote byvx

the constant value af in K. The spacdip(2) is equipped with the following Eu-
clidean structure: fofv, w) € (Hp())?, we first define the following inner product
(corresponding to Neumann boundary conditions)

1
<’U,’w>D:§ Z Z TKL(ULva)(U}Lf’wK). (7)
KeM LeNK
and then another inner product (corresponding to Diridideindary conditions)
[v,w]p = (v, w)p + Z Z TKeVKWEK - (8)
KeMoeEgNEext

The corresponding semi-norm and normfii» (£2) (thanks to the discrete Poincaré
inequality (10) given below) are

1/2 1/2

lwlp = ((w, w)p) Jwllp = ([w, w]p)
Let us define an interpolation operat®p : C(2) — Hp(2) by
(Ppy)k = ¢(zk), forall K € M, forall ¢ € C(Q). 9)

Similarly, foru = (u);=; 4 € (Hp(Q)?, v = (v);=1_ 4 € (Hp(R2))? and
w = (w);—1 4 € (Hp(Q))? we define:

d 1/2 d
lullp = (Z[u@,u%) o wlp =) @ e,

=1 =1
andPp : C(Q)¢ — Hp(Q)? by (Ppp)kx = ¢(zk), for all K € M, for all
o € C(N)%
We recall the discrete Poincaré inequality (see e.g. [EYI):00
lull 20y < diam(Q)[|ul|p, Vu € Hp. (10)

Let us note that for € Hp(£2), one has:

fulo = (S (Dow?)’. 1)

o€l

wherer, = m,/d, andD,u = |ug — ur|if 0 € &, 0 = ok, Dou = |ug] if
o € Eoxy N Ex, Whereu denotes the value taken layon the control volumey.
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A discrete divergence operatoivy (Hp(2))4 — Hp(Q), is defined by:
~ 1 1
divpulg = — > > myjr nkr - (uk +ur), (12)
mpg 2
LGNK

and setbp () = {u € (Hp(Q))4,divp(u) = 0}.

Note that in (12), the factor 1/2 may be replaced by some oi&ftia,;, > 0

such thatux;, + arx = 1. Such a choice, combined with the definition

—~ 1

divp(u)(z) = — Z (axr Mg|LNKL - UK — ALK MK|L LK UL),

mpg
LeNk

produces the same results of convergence as those whichoaenpn this paper. In
fact, on particular meshes, one can prove a better errana&®j choosing x; =
d(xL, UKL)/dKL (see [EYM 05b])

_ Let us now define a discrete gradient as the adjoint of theetisaivergence:
Vp : Hp(Q) — (Hp(Q))%:

~ 1 1
(Vpu)g = — Z =g ngr(ur —ug), YK € M, Yu € Hp(Q). (13)
K LeNk 2

The operatoR/p then satisfies the following properties.

LEMMA 3.2 Let (D“’”)meN be a sequence of admissible discretization® 0fuch
that lim hpm = 0. Let us assume that there exigis> 0 anda € [0,2) and a

sequencéu(™),,cy such thaw(™ € Hpo () and[u(™3, < C hpo, for all
m € N.

Then the following property holds:

lim (Ppm(p(l’)ﬁpmu(m)(iﬂ) + u(m)(ac)Vgo(:v)) dx =0, Vo € C*(Q),

m—+oo /o
(14)
and therefore:

lim [ Vp,u™(z)- Pp, ¢(x)dz =0, Vi € C(Q)INEQ).  (15)

m——400 Q

LEMMA 3.3 (DISCRETERELLICH THEOREM) Let (D("™),, <y be a sequence of ad-
missible discretizations ¢?, such thatlim hp~ = 0. Letus assume that there exists

C > 0 and a sequence:(™),,cy such that(™ € Hpm) (Q) and||ul™||p,, < C
forallm e N.

Then, there exists € H}(Q) and a subsequence @i™),,cy, again denoted
(u™),en, such that the sequence(™),,cn converges inL?(Q) to v asm —
+o0; the sequence also satisfieg;p,, u(™ weakly converges t&/z in L2(Q)? as
m — +oo and (14) holds.
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3.2. The finite volume scheme in the linear case

Let D be an admissible discretization Qf It is then natural to write an approxi-
mate problem to the Stokes problem (5) in the following way.

u € Ep(Q), p € Hp(Q2) with / p(z)dz =0
Q

77/ u(z) - v(z)de + vu,v]p (16)
Q -
—/p(ac)din(v)(x)dac = / f(x)-v(x)dz, Vo€ Hp(Q)<.
Q Q

As we use a colocated approximation for the velocity and ttesgure fields, the
scheme must be stabilised. Using a non-consistent statiiiliza la Brezzi-Pitkaranta
[BRE 84], we then look fofu, p) such that

(u,p) € Hp(Q)? x Hp(Q) with /Qp(x)d:r =0,

n/ﬂu(x) ~v(z)dx + v|u, v]p

_ . an
- /Qp(x)dlvD(v)(x)dw = ; f(z) - v(z)dz, Vv € Hp(Q)4,

[ dvpu)@(e)is = Ak (pa)o. Vo € Ho(@).

whereX > 0 anda € (0, 2) are adjustable parameters of the scheme which will have
to be tuned in order to make a balance between accuracy dilitgta

System (17) is equivalent to finding the family of vectéus;) ke C RY, and
scalars(px)kem C R solution of the system of equations obtained by writing for
each control volumé of M:

NMg U — V Z TrL(uL —ug) — v Z Tio (0 — ug)
LeNk o0 €EK NEext

1
+ S Mg ngr (pr — pr) = / f(z)dz
L;NK 2 K (18)
1
> 5 MK|L DKL (ur +up) =A% > mrr(pr — px) =0,
LeNk LeENK
supplemented by the relation
Z mg px = 0. (19)

KeM

Definingp, = (px +p1)/21f 0 = ok, andp, = pk if 0 € EextNEK, and using the
fact thatzaegk m,ng ., = 0, one notices thatzLeNK % mp | nir (pL — px) is

in fact equal to) |, ., m,ponk -, thus yielding a conservative form, which shows
that (18) is indeed a finite volume scheme.
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3.3. Convergence analysis

It is easily shown (see [EYM 04a] for details) thatif, p) € Hp(Q)? x Hp(Q)
is a solution to (17) (for a given € (0,+00) anda € (0,2)), then the following
inequalities hold:

vijullp < diam(Q)[[ fll(z2(a))a, (20)

and
v Ah |plp < diam(Q)* || f1I7L2(qy)e- (21)

From thesea priori estimates, one immediately gets the uniqueness of a discret
solution to (17).

Thanks to the penalisation term, using thechie technique, we then get the fol-
lowing strong estimate on the pressure:

Ipll2@) < Cillfllz2(@))es (22)

whereC; only depends od, 2, n, v, A, « andd, and not omp.

From these estimates, and thanks to some estimates on itis&tes which may
be obtained in a similar way as in [EYM 00], we obtain compasmproperties of
sequences of approximate solutions, as the mesh size te@dRassing to the limitin
the scheme, we then get the following convergence res@ESéM 044a] for details).

THEOREM 3.4 (CONVERGENCE Under hypotheses (2)-(4), Iét, p) be the unique
weak solution of the Stokes problem (1). Lete (0,+o0), @ € (0,2) andd > 0
be given and leD be an admissible discretization Qfsuch thategul(D) > 6. Let
(u,p) € Hp(Q)? x Hp(Q) be the unique solution to (17). Thenconverges tai in
(L%(Q))? andp weakly converges tp in L?(Q) ashp tends ta).

Note that the proof of the strong convergence td p is also a straightforward conse-
quence of the error estimate which we now state, under additregularity hypothe-
ses.

THEOREM 3.5 (ERROR ESTIMATE) Under hypotheses (2)-(4), we assume that the
weak solution(z, p) of the Stokes problem (1)e. satisfying (5) is such thdt, p) €
H2(Q)4 x HY(Q). LetA € (0,4+) anda € (0,2) be given, letD be an admis-
sible discretization of2 and letd > 0 such thatregul(D™) > 6. Let (u,p) €
Hp(Q)? x Hp(N2) be the solution to (17). Then there exiéts, which only depends
ond, €, v, n andf such that

||’u’_ﬂ’||%2(ﬂ) < 026()‘7h’Daﬁa ﬂ’)v (23)

Ah |plp < Coe(A, hp, P, ) (24)

Ip = PllZ2() < Coe(N, hp, . @). (25)
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where
€(\, hp,p, ) = max (A%, Thy )

26
e + o) - (20

Hence, fora. = 1 we get an ordet /2 for the convergence of the scheme. In fact, this
resultis not sharp, and the numerical results show a mucértetier of convergence.

3.4. Discretization of the nonlinear convective term

A colocated scheme for the Navier-Stokes equations is aedlin [EYM 04a].
The integration of the non linear convective tefm- V)u over a control volumey

yields the term:
Z/ ng o, )u(z)ds(z).

c€€K

Each integral over an edge ;. is approximated by the expression:

Ug +ur UL — UK
MKL 5 ‘DKL 5 )

Using an adequate penalisation term, convergence wasrpioyeYM 04a]. Now if
anH! penalisationterm k1 7 1. (pr, —px ) (With A\gc 1, > 0) is added to the discretiza-
tion of the convective flux, then this is equivalent to the sEvative formulation

Uk +ur, ‘n ur + uK
2 KL

MKT, + AkrTrL(PL — PK)-

Indeed, this latter discretization was implemented togjettith the cluster technique
described below, and found to be very effective [CHE 05]. pteof of convergence
in this case is the object of ongoing work.

3.5. Stabilization by clusters

The drawback of the stabilisation used in system (18) is ithgields some re-
distribution of the fluid mass over the whole domain. Morepvre order to obtain
convergence, one needs to let the stabilisation paranestértd 0. For both reasons,
we replace here the system (18) by:

NMg U — V Z TrL(up —ug) —v Z Tro(0 — ug)

LeNk o€(E)xcNEeut
+ Z —HlK|L ngr, (P — PK) / f(z)dx 27)
! LeNk
> 5 MK|L DKL (u +ur) — Y Axrmer(pr —px) =0,

LeNk LeNk



10 Finite volumes for complex applications IV.

where the parameteis,;, are chosen according to the following method. The family
of control volumesM is partitioned into disjoint clusters of neighbouring caht/ol-
umes. These clusters are chosen such that the distanceebetme control volumes
belonging to the same cluster is boundedblyy, whereC' is a given constant. Then
the stabilising parametevx ;, is chosen equal to some > 0 for any pair of neigh-
bouring control volumeds and L belonging to the same clustér,otherwise. The
value ) is chosen large enough to prevent instabilities.

An example of such an algorithm for partitionirlg is the following:

— select an order for the control volumgs, : = 1, M;

—fori = 1to M, if K; and all its neighbours do not yet belong to a cluster,
initialise a new one byx; and all its neighbours;

—fori = 1to M, if K; does not yet belong to one of the clusters, one of its
neighbour does: includg’; in this cluster.

Figure 2. Voronoi mesh and clusters of controls volumes.

This stabilisation technique has been implemented witleess for the transient
Navier Stokes equations with or without the energy equdt@HE 05]. Note that a
crucial difference with the stabilisation of [BRE 84] is thlaere is no need to Iettend
to 0 with the size of the mesh, which means that the presence oita stabilization
does not decrease the quality of the approximation.

4. Discretization of the full viscous tensor

Let us write the conservation of mass and momentum for a genempressible
viscous flow:

Op + div(pu) =0, in Q x (0,7,

O(pu) — divr + Vp+ div(pu @ u) = pgin Q x (0,7, (28)

with an energy equation, which we do not state here, and wihergiscous stress
tensorr is defined by:

2
7= u(Vu+ (Vu)' — gdivu 1) + &divuly,

wherey and¢ are respectively the shear (resp. bulk) viscosities.

If the coefficientg: and¢ are assumed constant, then the divergence of the viscous
stress tensor maybe written as:

divr = pAu + (€ + %)V(divu). (29)
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Let us then give a finite volume discretizationiofvith the discrete derivatives intro-
duced in [EYM 04c]. For a given functiome (Hp)?, letdivp € Hp be the function
defined by:

- 1
(diva)|K = — TKL(UL*UK)'(xafo), foranyKEM. (30)
mpg
LeNk

We may then define the discrete operﬂqy(cﬁm) by:

(Vpdivpo)|g = — Z TKL(dIVD’U)lK(mUKL—IK)+d1VDU)|K(IgKL—$K)).

m
K LeENK

The complete discretization of (29) is then obtained byaifiie classical cell centred
finite volume scheme described in [EYM 00] for the Laplacerapa, and the above
formula for the discretization of the terWi(divu). We thus have an easy way of dis-
cretizing the full viscous tensor, using the discrete gratlintroduced in [EYM 04c].
This scheme has been implemented successfully on test, Gagk#s convergence
analysis is the object of ongoing work.

5. Conclusions and perspectives

Staggered and colocated schemes for the incompressiblerN&tokes equations
were analysed and implemented on unstructured meshes.oldwated scheme gen-
eralises to the 3D case, while this seems not so clear fotdlggaered scheme. How-
ever, the colocated scheme was found to be more sensitivghideynolds numbers
on tests such as the backward step. The cluster stabitisatis then implemented
and improved dramatically the stability of the colocatedesne. Note that in fact,
this clustering is a sort of large scale staggering of thegree... Work is in progress
concerning the convergence analysis of the scheme wittecing, and of the viscous
tensor term in the compressible case. The case of non coni&eosity also needs to
be addressed.
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