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1 Introduction

Our aim here is to compare a ”classical” finite volume scheme and a ”weighted” finite volume scheme for
the discretization of partial differential equations and systems of p.d.e’s, using a triangular mesh. In order
to do so, we shall consider two problems, which arise in various engineering fields.
The first one is an elliptic equation which models a diffusion-convection problem :

—div(k(x)Vu(x)) + div(u(x)v(x)) + b(x)u(x) — f(x) = 0,x€Q, (1)
u(x) g(x),x € 99, (2)

where Q is an open bounded polygonal set of IR?, k a function from € into IR of class C!, such that there
exists k > 0 such that k(x) > &, Vx € Q, v a function from Q to IR? of class C', such that divv > 0, and
F€C(Q), g € C(OQ). In the case of a heat transfer problem, u represents the temperature, —kVu is the
conductive heat flux and uv is the convective heat flux.

The second problem is a system of equations which models a two phase flow in a porous medium :



si(x,t) — div(ki(s(x,1))Vp(x,1)) = fi(x,1),(x,t) € 2x]0,T], (3)
—s¢(x,t) — div(ka(s(x,1))Vp(x,t)) = fa(x,1),(x,t) € 2x]0,T], (4)
s(x,t) = si1(x,t),(x,t) € 99~ x]0, TJ, (5)

s(x,0) = sp(x),x €Q, (6)

p(x,t) = pi(x,1),(x,t) € 92x]0,T], (7)

p(x,0) = po(x),x€Q, (8)

where Q is an open bounded polygonal set of IR?, k1 and ks are two convex functions from IR into IR of class
C1, such that k] > 0 and k%, > 0, f1 and f5 are two functions of C°(2x]0, T[,IR) and s; € C?(9Q~ x]0, T[, R),
sg € C?(Q,R), u; € CL(00Qx]0, T[,IR), uo € CH(Q,IR) and Q™ = {x € 9Q / Vu(x,.).n(x) < 0} with n(x)
the outward normal unit vector to the boundary 9. In the case of a "petroleum engineering” problem, p
represents the pressure, k; and ks are the phase mobilities and s is the saturation of one of the phases.

Summing Equations (3) and (4) yields an elliptic equation. In the sequel, we shall in fact discretize the
following system :

si(x,t) — div(k1(s(x,1))Vp(x,1)) = fi(x,1),(x,1) € 2x]0,T|, 9)
_div((kl + k2)(3(x¢t))vl)(x=t)) = (fl + fZ)(Xat)¢ (X¢t) € QX]0¢T[¢ (10)

with boundary conditions (5)-(8).

Finite volume methods have been extensively used for industrial problems, in the case of hyperbolic equations
(1], [13], [10]), elliptic equations ([6],[7]) or coupled systems of equations ([8], [9], [6], [14]). The advantage of
finite volume schemes using triangular meshes is clear for convection diffusion equations. On one hand, the
stability and convergence properties of the finite volume scheme (using an upwind choice for the convective
flux) ensure a robust scheme for any mesh satisfying the assumptions (11) and (12) stated below, without
any need of refinement in the areas of a large convection flux. On the other hand, the use of a triangular
mesh allows the computation of a solution for any shape of the physical domain.

Let 7 be a triangular mesh of Q, satisfying the following assumptions :

For any angle @ of a triangle of 7, one has: 0 < f < g (11)

There exist a; > 0,2 > 0 and h > 0 such that V7' € 7, and for any edge a of the mesh,

arh? < S(T) < ash?, and arh < £(a) < ash, (12)
where S(T') denotes the area of triangle 7" and £(a) denotes the length of edge a.

s

Remark 1 If the geometry requires a mesh with angles equal to 5, a mizture of rectangles and triangles
may be used for the discretization; hence assumption (11) is not as restrictive as might seem.

Using this triangular mesh, a four point finite volume scheme will be defined in section 2.1 for the numerical
solution of problem (1)-(2), for which we shall recall an error estimate of order A which was proven in [11].

Equations (3) and (4) express conservation laws and therefore finite volume methods seem to be suitable for
a numerical solution (see e.g. [5], [9], [12]). In fact, Equations (9) and (10) form a system of a hyperbolic
equation coupled with and elliptic equation. The finite volume method is known to be well adapted to
the discretization of non linear hyperbolic conservation laws. Convergence results and error estimates were

derived by several authors [3], [16] and [5].

In the case of Equations (9) and (10), Eymard and Gallouét [4] introduced a ”weighted finite volume”
scheme, which uses both the features of the finite element method and the ”classical” finite volume scheme.



A convergence result was obtained in the case where k1 + ks depends only on x. We shall also use in the
sequel the so called ”weighted finite volume scheme” (see also [5]) where the assumption (11) on the mesh
may be weakened to :

For any angle 6 of a triangle of 7, one has: 0 < 0 < (13)

M| =

Using the same triangular mesh, a four point finite volume scheme will be defined in section 2.2 for the
numerical solution of problem (9)-(10), (5)-(8) for which the convergence was proven in the case where the
function ki 4+ k2 does not depend on s [15].

We shall describe both schemes and compare them numerically.

2 The four point finite volume scheme

2.1 The diffusion-convection problem

The principle of the finite volume scheme is to integrate the conservation equation (1) on a control volume
T, which yields:

_/M k(x)Vu(x).n +/6Tu (x)do(x) +
/ b(x)u (xdx—/f )dx, VT €T, (14)

where n(x) is the outward normal unit vector to the boundary 07, and o is the usual one-dimensional
measure on J7'; next the fluxes need to be approximated on the boundary 97" of the control volume. Hence
we shall approximate the integral of —kVu.n + uv.n over each edge of the mesh. Before we define the
numerical scheme, some notations need to be introduced. For 7' € 7, denote by :

e S(T') the area of triangle T,
e x7 the intersection of the orthogonal bisectors of the three sides of triangle T,
o ¢;(T),i=1,2,3, the three sides of triangle T,
o d(zp,c;i(T)) the distance between x7 and the side ¢;(T), for i = 1,2,3,
o fr= S(T) Jr f(x)dx and by = S(T) S b(x)dx,
and define one discrete unknown per triangle, which will be denoted up (located at xr).

Let A be the set of the edges of the mesh; A = A,y U Acyy, where Ay = AN OQ and Ay = A\ 0Q ; for
a € A, we define:

e {u}, an approximation of u on the edge a ;

e x, the center point of edge a.

e n, a unit normal vector to the edge a such that fa v(x).n.do(x) > 0;
° v, = ﬁ fa v(x).n.do(x);

if a € Ajn:, define:



Figure 1: The triangular mesh

* T and T, the two triangles for which a is an edge; T;F (resp. 7T, ) is the upstream (resp.
downstream) with respect to the convection velocity v, i.e.: such that n, is exterior (resp. interior)
to Tt (resp. Ty).

* da = d(XT+ ; (1) + d(XT_ ) a)

* Then we can define the "exchange term” at interface a, E(T}, T, ), as the approximation of
[, k(x)Vu(x).n(x)do(x) + [ u(x)v(x)n(x)do(x), by:
Up- — U
BT ) = (oo =g = o va{udo) (o) (15)
where k, is the value of k at the center of interface a and {u}s = up+ (upstream choice), and
E(Ta_:T;_) = _E(T;_:Ta_)'
Expression (15) satisfies the two main finite volume principles :
1. Conservation principle : E(T},T;) = —E(T;,T.F),

. . Up—"Upt | . . ..
2. Consistency principle : —ka% is a first order approximation of fa kVu.n. This is the

consequence of the fact that the line (xp+,%xp-) is the orthogonal bisector of edge a.

o Ifa e Aoy, let

* ¢4 be the value of ¢ at the center of interface a,

* T, the triangle for which a is an edge. We then set {u}, as the upstream choice : {u}, = up+ if
T, = TF, that is if n, is exterior to T}, and {u}, = g, otherwise.

Given the exchange terms, we can now simply define the flux term on an edge ¢;(T") for T € T and i € {1, 2,3}

o If CZ(T) ¢ 69,



+ —_
By Te o)

it =1t
o (c:(T)) ! ei(T)
Fri= By Tom) o _ - (16)
(c:(1)) L =Lam

o If ¢;(T) C 09, then

Joi(T)—UT e
—kei(m) d(xTT,c,(T)) + Uc,(T)“T::(T) if T = Tc,(T)

Fr;= (17)
) gci —-Uu . _ —_
—kei(T) iy~ Ve ery T =T
The numerical scheme for the discretization of equations (1)-(2) is thus:
3
> Prib(eT)) + S(T)brur = S(T)fr, VT €T. (18)
i=1

One can show that relations (15) (16), (17) and (18) uniquely define the discrete unknowns up, T € 7. The
numerical scheme thus defined converges, and the following error estimate holds :

Theorem 1 Let (ur)rer be defined by the numerical scheme (15)-(18), ur = u(xyp) for T € T, where
u denotes the exact solution to problem (1)-(2) and xp the intersection of the perpendicular bisectors of
triangle T'; define the error by : ep = up —uyp. There exists C' > 0 depending only on u, K, a1 and oy such

that (Ypeq h?ler|?)? < Ch.

Remark 2 This estimate shows that the L? norm of the error is of order h, since the area of each triangle
is of order h?.

Furthermore, the numerical scheme satisfies a discrete maximum principle, that is :

Proposition 1 If fr > 0, VI' € T, and g4 > 0, Ya € Az, then the solution (ur)rer of (15)-(18) satisfies
ur Z 0.

We refer to [11] for the proof of these results and for references concerning other techniques of proof.

2.2 The elliptic-hyperbolic system
Integrating Equations (9) and (10) over T yields :

/Tst(x,t)dx— /aT k1(s(x,1))Vu(x,t).n(x)do(x) = /Tfl(x,t)dx,VTE T, (19)
— /(’)T(kl + k2)(s(x,1))Vu(x,t).n(x)do(x) = /T(f1 + fo)(x,)dx,VT € T, (20)

where n(x) is the outward normal unit vector to the boundary 07, and o is the one-dimensional Lebesgue
measure on J7. We use an explicit scheme on s and an implicit scheme on u for the time discretization of
problem (19)-(20). Next the fluxes need to be approximated on the boundary 0T of the control volume.

Using the notations introduced in section 2.1, define the "exchange terms” at interface a and at time step
n+1:

o for Equation (19) :

un+1 _ un+1

EIE 1) =~k ({s)a)(0) g (21)

and EMHY(TH T7) = BT, TF)



o for Equation (20) :

n+1 n+1
Endl ot ey r ~ Yrr
E"TE Ta) = = (ko + k2)({s}a)l(a) ———— (22)
a
and E"HY(TF T ) = —E"Y(T; , T;F) (finite volume scheme conservation principle), where {s}, = S+
(upstream choice).
Let T € T and i € {1,2,3}, we define the following terms using the same notations as in section 2.1 :
o If CZ(T) ¢ 69,
— for Equation (19) :
gy (Tt "y Lery)
n+l _ Wi (D)) if T'= Tc «(T)
FT Ertip- (23)
SOMCICAERY if T=1T"
Wei(T) ci(T)
— for Equation (20) :
Byt 1y Leyry)
Pl _ es (T)) if 7'=TF «(T)
FT g Ertl T (24)
’ ( <T>’ so) e =g
e () ci(T)
o If ¢;(T) C 09, then
— for Equation (19) :
n ul,C,(T)_u;-H
) M)y T =Ty
Fri = ‘ sy —ul _ (25)
_kl(slyci(T)) d(aZT,c (T_)) T =171
— for Equation (20) :
n+41
1,c;(T)~ Y
Fnj_l (]fl + k?)( +) d(J;T7CZ(T’133un+1 lf T = Tc (T) (26)
— (k1 + k2)(s1,c,01)) Z’fx(TT,)c,(TT)) T = Tc_(T)
Where u; ., (7) is the value of u; at the center of interface e (T).
The numerical scheme for the discretization of equations (9)-(10) is then:
3
S(TY(sitt —shp) + ALY Fptie(e(T)) = S(I)At(fi)r, VT €T, (27)
i=1
3 ~
Yo Ue(n) = S(I)(fi+ f)r, VI ET, (28)
i=1

where :
e At is the time step,
o (fi)r = [; fi(x,t")dx with t* = nAt,
o (fi+ fo)r = [;p(fi + fo)(x,t")dx with t" = nAt,

e s7 € IR is an approximation of s on triangle T' at time ¢”.

Remark 3 In the case where k1 + ko depends only on x and t but not on s, it was recently proven (see [15])
that the numerical scheme thus defined is convergent.
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Figure 2: Control volume

3 The weighted finite volume scheme

Recent methods were developped to try and profit from the advantages of both finite element and finite
volume methods [4], [8]. We shall use here the method of ”weighted finite volumes” [4], which treats the
diffusion terms with a finite element method and the convection terms with a finite volume method.

3.1 The diffusion-convection problem

The principle of weighted finite volume scheme on a triangular mesh (see e.g. [4]), is similar to the linear
finite element framework, in that a weak formulation of Equation (1) is considered :

/ﬂk(x)Vu(x)Vgo(x)dx—/ u(x)v(x)V(x)dx

Q

+ /ﬂ b(x)u(x)p(x)dx = /ﬂ F(x)p(x)dx, Vo € C2(Q), (29)

Hence we shall approximate the integral of kVuVe —uv.Vp+buyp over Q. Before we define the numerical
scheme, some notations need to be introduced.

Assume that v satisfies the following assumption :
There exists p € C?(Q,R) such that ¥x € Q, v(x) = Vp(x) (30)
Denote by :

o 7 the set of the nodes of the mesh, Z.,.; = Z NIQ, Zine =T \ 09,

o M (resp. Meyt, Mint) the number of nodes in 7 (resp. Zegt, Zint),
e u; € IR an approximation of u at the node ¢, for: =1,---, M,
e p; € IR an approximation of p at the node i, for: =1,---, M,

@; the linear finite element shape function relative to the node ¢,

e x; the location of the node ¢,

fi = [o F(x)pi(x)dx,



o bij = [ob(x)pi(x)p;(x)dx,
o Kij = [, Vei(x).Ve;(x)dx,
. IN{M = [ k(x)Vpi(x).Ve;j(x)dx,

Remark 4 The linear finite element shape function i; relative to a node ¢ of T satisfies:

/Td;i o0 = %S(T) (31)

where T € T and S(T) is the area of triangle T.
We use a Galerkin decomposition of u and p on the linear finite element shape functions and define u; and

pr by:

un(x) = Y ujp;(x), (32)

1

o,
I

pr(x) =) pipi(x), (33)

i=1

<
I

where h represents the ”size” of the mesh 7, satisfying assumptions (12)-(13). A general interpolation result
yields for u; = u(x;), p; = p(x;), Vi €T (see e.g. [2]) :

[|u— Uh||L2(n) < Ci.h (34)
llp — Ph||L2(n) < Cs.h (35)
Using the Galerkin approximation of u in the terms fﬂ k(x)Vu.Vede, fﬂ bup;dz and fﬂ Foidz in Equation

(29) yields Zj f(iyjuj, Zj bijuj and f;. The convective term [, uvVe;dz is approximated by using the
Galerkin approximation of v = Vp. Note that no Galerkin development is used for u. Rather, remark that :

Y VeV = Y (b —pi)VeiVe;, Vi€ Tin (36)
JELint jeimt

Hence, the approximated convected term fﬂ > i€z (pj — Pi)VeiVp; may be seen as a sum of exchange

i

7
terms between nodes ¢ and j, and a reasonable choice for u seems to be the following ”upstream” choice :
o w ifpi—p]'>0
(s = {0 FEIB20 (37)

Hence,the following ” weighted finite volume” scheme :

DoowiKij— Y {ukii(py —p)Kij+ Y wibij = fi,Vi € Tine (38)
FELint jei,m J€EZLint

Note that in the case of a pure diffusion operator, i.e. v = 0, the above system is the discrete system
obtained by the classical piecewise linear finite element method.



3.2 The elliptic-hyperbolic system

Let us now consider a weak formulation of Equations (9) and (10) :

[ sbetietidx+ [ b0 Vo0 Vetdx = [ fitxnpx)x e e C (@) (39)

/ﬂ (ky + k2)(s(x, ) Vp(x, ). Vp(x)dx = / (i + J2)(x, Op(x)dx, Vg € C2(Q) (40)

We use an explicit scheme on s and an implicit scheme on p for the time discretization of problem (39)-(40).
Before we define the numerical scheme, some notations need to be introduced. Using the same notations as
above for the space discretization, define :

e At the time step,

e " =nAt, n €N,

¢ p?! € IR an approximation of p at the node ¢ and at time step n,fori=1,---, M,
e s € IR an approximation of s at the node ¢ and at time step n, for i1 =1,---, M,
o fI'=[o fui(x,1")pi(x)dx,

o J7 = Jolh+ R)(xt7)pi(x)dx,

o K;ij = [, Vei(x).Vp;(x)dx,

We use a Galerkin decomposition of p on the linear finite element shape functions and define p} by:

Ph(x) = ZP}%@;’ (x) (41)

where h represents the "size” of the mesh 7, satisfying assumptions (12)-(13). Similarly as in the convection-
diffusion case, let us define {s}; ; an upstream approximation of s, on the edge defined by the ¢ and j nodes,
by :

n st ifpl—pi >0
{S}i,j—{sy if p? — pl' < 0 (42)

Then, using the Galerkin decomposition (41) on p, the terms [, ki(s(x,t"))Vp(x,t").Vpi(x)dx of Equa-
tion (39) and fﬂ(kl + k2)(s(x,t"))Vp(x,1").Ve;(x)dx of Equation (40) ( ¢ € Z;;) are approximated respec-
tively by:

Fin+1 _ Z kl({S}Zj)(P?+l _ p?+1)](i,]': (43)
jeimt
By = 37 Gk + k) () = 0K ()
J€Tint
e

Therefore, using an Euler explicit scheme on s and relation (31), the following numerical scheme is obtained:

|Supp(@i)|(s7H — ) + BALFMYY = 3ALf, Vi€ Ling, (45)
FrMY = fr Yie T, (46)

where |Supp(p;)| denotes the area of the support of the test function ¢;.
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Figure 3: Mesh definition and local mesh refinement

Remark 5 In the case where ki + ko only depends on x and t but not on s, one can show that the numerical
scheme thus defined is convergent (see [4]).

4 Numerical results

We now describe a series of numerical tests which were performed in order to compare the two schemes.

Consider the following pure diffusion problem :

—Au(zy,22) = —471'2;7:252'71(271'1‘1), (x1,22) € Q, (47)
w(zy,x9) = wasin(2maxy), (x1, x2) € 09, (48)

where 2 is a parallelogram defined on Figure 3.

The domain Q is discretized with a triangular mesh (see fig 3).

We shall compare the performance of the finite volume scheme described in section (2.1) with the weighted
finite volume scheme which is, in the case of Equations (47)-(48), the piecewise linear finite element method.
First numericals tests are performed in order to study the behaviour of the finite volume scheme when some
of the angles of the mesh tend to 7 (recall that the condition 0 < § < 7 is necessary for the error estimate,
but that this error estimate does not depend on infs {(3 — 0)}).

It can be noticed from the results of Figure 4 that the approximation error increases as the maximum angle
of the mesh tends to . However, the error remains bounded. The condition number of the linear system to

2
be solved increases, which leads to numerical difficulties in the linear system solver.

Let us now define the discrete norms which will be used in the comparative tests:

e In the case of the finite element scheme; let u7 denote the piecewise linear finite element approximation
to the solution; then the approximation error e’ = u — ur is a function of H'(Q), and one may
therefore easily define its L2 and H} norm as :

le"F]le = (/Q(U(X)—UT(X))QdX)%, (49)

leFE g = ( /ﬂ | Vu(x) - Vur(x) | dx)?, (50)

e In the case of the finite volume scheme, the approximation error can be expressed as a piecewise
constant function eV from Q to IR where the value of ¢’V on a given triangle 7' € 7 of the mesh

10
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Figure 4: Finite Volume scheme behavior on a limit case, pure diffusion case, Problem (47)-(48).
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Figure 5: Finite Volume, Finite Element comparison, pure diffusion case, Problem (47)-(48).

is constant and given by: eXV = u(xy) — uy. The L? norm of the approximation error e’V is then
defined by:
[P IS CASES (51)
TeT
We define a ”discrete H}” norm as :
L
1PV [y = (S 1eEY) — eV )3, (52)

acA

The L? and H} norm of the approximation error are plotted vs the mesh size in Figure 5. As expected, the
finite element L2 norm of the error shows a quadratic performance, while the finite volume L? norm increases
linearly with the mesh size (this is in agreement with Theorem 1). The H} norm of the approximation error
of both schemes behaves linearly.

The L? norm of the approximation error of both schemes are plotted vs the CPU time in Figure 6. The data

11
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Figure 6: Finite Volume, Finite Element CPU time comparison, pure diffusion case, Problem (47)-(48).

structure of the finite element code is more complex than that of the finite volume code for the solution of
the same problem. This explains the somewhat lower efficiency of the finite element code.

‘ —=— Finite Element ~—v— Finite Volume

0.0 0.025 0.05 0.075 0.1 0.125 0.15 0.175 0.2
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2*10° T T T T T T T T 2*10°
0.0 0.025 0.05 0.075 01 0.125 0.15 0.175 0.2

Approximation error in L2 norm

Mesh step

Figure 7: Finite Volume, Finite Element comparison on locally refined mesh, pure diffusion case, Prob-

lem (47)-(48).

Figure 7 shows the behavior of the approximation error on the finite element and finite volume schemes when
the first line and the last column of the mesh are refined (see Figure 3). When the refinement step tends to
zero, the two schemes behave similarly as seen on Figure 7.

Figure 8 shows the precision of the approximation of the fluxes for the finite element and finite volume
scheme with respect to the mesh size. It is clear from the results that the finite volume scheme gives a more
precise approximation of the flux. This may be of importance in certain coupled problems (see e.g. [7]).

12
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Figure 8: Finite Volume, Finite Element comparison on fluxes, pure diffusion case, Problem (47)-(48).

4.1 Four point finite volume scheme versus weighted finite volume scheme on
a diffusion-convection problem

Consider the following diffusion-convection problem :

div(u(z1, 22)VP(21, 22)) — Au(zy,22) = (6;1:% —2)e", (1, 2) € Q, (53)
u(zy, x2) = a7€2 (x1,32) €09, (54)
P(z1,22) = a3+ 9, (x1,2) €Q, (55)

where € is a parallelogram defined on Figure 3, which is discretized with an irregular triangular mesh.
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Figure 9: Finite Volume, Weighted Finite Volume comparison, convection-diffusion case, Problem (53)-(55).
Figure 9 shows the approximation error for the finite volume and weighted finite volume discretizations of

problem (53)-(55). The approximation error of the convection term is (theoretically) of order 1 with respect
to the mesh size for both methods. The diffusion term is better approximated by the weighted finite volume
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scheme. The quadratic behaviour is indeed observed for coarse meshes, whereas a quasi-linear behaviour is
found for fine meshes.

4.2 Case of a nonlinear hyperbolic equation

Consider the following nonlinear hyperbolic equation in two space dimensions :

ug(21, 29,1) + div(f(u)Vp(, x2)) = 26+ 2(w1 + @2)(w122 +17), ((21,22),1) € Qx]0,T[,  (56)
u(zy, ze,t) = x129 +1?, ((x1,22),t) € 02x]0,17, (57)
u(zy, 22,0) = wya9, (21,22) € Q, (58)

where Q C IR? is a parallelogram defined on Figure 3, discretized with an irregular triangular mesh, and f
and p are defined by:

flu) = o, (59)
pler,x2) = @1+ @9, (21,22) €Q, (60)
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Figure 10: Finite volume, weighted finite volume comparison, hyperbolic case, Problem (56)-(58).

Figure 10 shows the approximation error with respect to the mesh size for both finite volume and weighted
finite volume scheme. the behaviour of the error for both schemes is again of order h*/?. Note that the
theoretical error estimates give an order of h'/4

The schemes FV and WVF are similar when implemented on the one-dimensional Burgers equation; in fact,
they are similar if a unifom mesh is used. They were both implementd for a Riemann problem yielding a
shock propagation. Both schemes show an approximation error of order h%.

One may add a one dimensional Van Leer procedure for the computation of the fluxes in the direction
orthogonal to the edges of the mesh. This method was succesfully used in [1] for the Euler equations. When
implemented for the Burgers equation, a decrease of the error of up to 50 percent is obtained.
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4.3 Case of an elliptic-hyperbolic coupled system

Consider the following elliptic-hyperbolic coupled system, which models the flow of oil and water through a
porous medium, including the gravity effect:

se(x,1) — div(s(;;t) (Vp(x,1) — pud)) = 0,(x,1) € Qx]0,T], (61)
—s¢(x,t) — div(l_siix’t)(Vp(x,t) —p.d)) = 0,(x,t) € Qx]0,7], (62)
s(x,t) = si1(x,1),(x,t) € 92x]0, 7], (63)

s(x,0) = so(x),x€Q, (64)

p(x,t) = pi(x,t),(x,t) € 900x]0, 7], (65)

u(x,0) = wuo(x),x €Q, (66)

Homogeneous porous media

|:| Oil
N

T

1 and 2 are reference cells

X
Figure 11: Mesh definition for comparisons

where 2 is a parallelogram defined on Figure 11, § is the gravity acceleration vector and gy, p, (respective
viscosities of water and oil), p, and p, (respective densities of water and oil) are given constants. In this
case, (k1 +k2)(s) = =+ 1;:’, 80 (k1 + k2) depends on s. Note that s represents the water phase saturation
and p the two phases pressure. The domain © is discretized with an irregular triangular mesh (see Fig 11).
The ”exact” solution was computed using a very fine mesh and a Fujitsu supercomputer, using both schemes,

and the results are equal up to the machine precision.

In Figures 12, results for the upwind choice for both schemes are presented. The order of the approximation
is A1/? in both cases, but the finite volume scheme is somewhat more precise. Figure 13 shows the results
for a Van Leer approximation of the flux (as described in the preceding paragraph in both schemes. The
approximation error is much lower for both schemes; it can be noticed that the improvement is best for
the weighted finite volume scheme, which is in agreement with the fact that numerical diffusion of weighted
finite volume is larger than that of finite volume.

We now present a study of the saturation with respect to the time. We start with a discontinuous saturation:
we take s = 1 in the shaded cells of Figure 11 and s = 0 elsewhere. We shall study the values of the saturation
in cells 1 and 2 defined in Figure 11. Figures 14 and 15 show that the results given by both schemes are
comparable, and that the Van Leer approximation reduces the numerical diffusion.

15



—=— Finite Volume ~ —— Weighted Finite Volume

0.0 0025 005 0075 0.1 0125 015 0175 02
0.40 . . . . . . . . 04
0.38 Fo.38
0.36 £0.36
0.34 Fo.34
0.32 Fo.32

£ 030 0.3

2 028 0.28

N 0.26 T 0,26

£ 024 0.24

5 0.22 T F022

G 0.20] e Fo2

8 020 = = Fo.

§ 018 e Fo.18

g 0.16 0.16

§ 0.14 T F0.14

£ 012 5 Fo.12

£ 010 Fo.1
0.08 > Fo.08
0.06 F0.06
0.04 Fo.04
0.02 Fo0.02
0.00 ! ! ! ! ! ! ! ! 0.0

0.0 0025 005 0075 0.1 0125 015 0175 02
Mesh step

Figure 12: Comparison with an upstream scheme, coupled system case, Problem (61)-(66).
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Figure 13: Comparison with a Van-Leer scheme, coupled system case, Problem (61)-(66).

Figure 16 shows that the finite volume scheme is computationally cheaper for a given precision.

A local refinement of the mesh (in a similar as described on Figure 3) is then performed; the finite volume
scheme remains more precise in that case (see Figure 17).

In Figure 18 the error on the fluxes is shown. Again they are better approximation with finite volume.

Figure 19 and 20 show the distribution of the approximation error at final time 1" = T';,41 for both schemes.
It can be remarked that the error for the finite volume scheme is higher near the boundaries while it is more
uniformly distributed in the case of weighted finite volume.
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Figure 14: Saturation comparison with an upstream scheme, coupled system case, Problem (61)-(66).
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Figure 15: Saturation comparison with a Van Leer scheme, coupled system case, Problem (61)-(66).
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Figure 16: Finite Volume, Weighted Finite Volume CPU time comparison, coupled system case, Prob-
lem (61)- (66).
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Figure 17: Finite volume, weighted finite volume comparison on locally refined mesh, coupled system case,
Problem (61)-(66).
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Figure 18: Finite volume, weighted finite volume comparison on fluxes, coupled system case, Problem (61)-

(66).
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Figure 19: Approximation error for four point finite volume scheme, coupled system case, Problem (61)-(66).

19



Approximation error
|| Above 4.0*10"
[ ] 3.7*10° - 4.010°
Bl 3300 3.7410°
[ ] 2.9*10° - 3.3410°
] 25%107 - 2.9+10”

217107 - 25%10°
= 1.7%10° - 2.1+10°
— 1.3+10%- 1.7*10°
[ 8.6*10” - 1.310"
] 4.5410° - 8.6*10°
] 5.0%10°- 45410°
] Below 5.0710"

Figure 20: Approximation error for weighted finite volume scheme, coupled system case, Problem (61)-(66).

20



5 Conclusions

We studied the numerical performance of two finite volume schemes using a triangular mesh for elliptic and
hyperbolic equations, and also for a system consisting of a hyperbolic and an elliptic equation. The first
scheme is a classical finite volume scheme which uses the othogonal bisectors of the sides of the triangle for the
definition of the numerical diffusion flux with respect to the discrete unknowns, located at the intersection
of the orthogonal bisectors. The domain of study is discretized with triangles with angles strictly less
than 7. The approximation of the convection flux is performed on each edge of the mesh by selecting the
upwind choice of the given unknown. This four point scheme is easy to implement for elliptic equations
and generalizes quite well to the case of parabolic equations (in fact, the error estimate proven in [11] for a
stationary problem is also expected to hold for a time implicit scheme of the associate evolution problem).
It was also implemented in the case of a nonlinear hyperbolic conservation law, and for a system consisting
of a Laplace-type equation coupled with a hyperbolic equation.

The second scheme considered is a ” weighted finite volume scheme” which was first introduced by [4] for
the system above mentionned. This scheme can also be seen as a finite volume scheme defined on a ”dual
mesh”. In the case of the Laplace equation, the weighted finite volume scheme is equivalent to the classical
piecewise linear finite element method.

Both schemes were tested numerically for the discretization of the above mentionned equations, in some
cases with a local refinement of the mesh. The approximate solution was compared to the analytical solution,
when known, and to a numerical solution obtained for a very fine mesh otherwise. The numerical results
show that both schemes are well adapted for the discretization of elliptic and hyperbolic equations, and also
for mixed problems. Denoting by h the ”discretization step”, the approximation error is of order h (resp.
h?) for the four point finite volume (resp. weighted finite volume) scheme, in the case of a pure diffusion
operator; this is in agreement with the theory. In the case of a nonlinear hyperbolic equation, both schemes
show an approximation error of v/A. This is in fact better than the actual state of the error estimates which
have been proven for triangular discretizations up to now, and which are of order h3 ([3], [16], [5]). Note
that in the case of a discretization with rectangles, theoretical error estimates are of order h=.

The four point scheme is somewhat computationally cheaper and it yields a better approximation of the
normal fluxes to the edges of the mesh. The difference between the approximation of the fluxes by the two
schemes tends to decrease when a higher order Van Leer scheme is used. This is due mainly to the fact
that the numerical diffusion of the weighted finite volume scheme is larger than that of the four point finite
volume scheme.

Further work concerns the study of the four point finite volume scheme when the condition on the angles
of the mesh is relaxed. In this case, the orthocenter, i.e. the intersection of the orthogonal bisectors, of one
given triangle may be located outside of this triangle. However, the error estimate of [11] should still hold
provided that the distance between the orthocenters of two neighbouring triangles are of order A, and that
no orthocenter lies outside of the domain of study. A preliminary numerical implementation for a simple
case suggests that the scheme behaves well even in the case of angles greater than 7.

Note that both four point finite volume and weighted finite volume schemes behave well in the case where
the scalar diffusion coefficient is replaced by a symmetric positive definite matrix. The case where this matrix
is discontinuous at interfaces of the domain (e.g. in the case of a heterogeneous medium) is under study.
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