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Abstract

Models of two phase flows in porous media, used in petroleum engineering, lead to a system of two
coupled equations with elliptic and parabolic degenerate terms, and two unknowns, the saturation and
the pressure. For the purpose of their approximation, a coupled scheme, consisting in a finite volume
method together with a phase-by-phase upstream weighting scheme, is used in the industrial setting.
This paper presents a mathematical analysis of this coupled scheme, first showing that it satisfies some
a priori estimates: the saturation is shown to remain in a fixed interval, and a discrete L?(0,T; H*(Q))
estimate is proved for both the pressure and a function of the saturation. Thanks to these properties,
a subsequence of the sequence of approximate solutions is shown to converge to a weak solution of the
continuous equations as the size of the discretization tends to zero.

1 Introduction

Computing the flow of fluid chemical species in porous media takes an important place in the oil recovery
engineering. In several cases, the engineer should simultaneously represent the thermodynamical evolution
of the hydrocarbon components during the pressure drop due to the extraction of oil, and the multi-phase
flow (oil, water and gas) in the oil reservoir.

On the other hand, in the soil mechanics setting, engineers need to study the air-water flow in soils.
They mainly used in the past the so-called Richards model, which has unfortunately been proven to be
somewhat physically limited; thus, more and more engineers actually prefer the use of a two-phase flow
model.

The importance of both applications has motivated number of works on multi-phase flows in porous media.
The derivation of the mathematical equations describing this phenomenon may be found in [6] and [7]. A
review of the models for oil reservoir engineering may also be found in [10] and [30]. The mathematical
analysis of the resulting equations (with varying assumptions) has been developed for some time now,
see e.g. [1, 2, 3, 10, 9, 12, 14, 13, 25, 26, 23, 29, 31, 32]. Here, as in most of these references, we shall
deal with the simplified case where the two fluids are assumed to be incompressible and immiscible (the
petroleum engineering “dead-oil” model). Let us furthermore assume that the reservoir is a horizontal
homogeneous isotropic domain (thus leading to the disappearance of gravity terms). In the absence of
a volumetric source term, the conservation equations for such a two-phase flow in this particular case,
using Darcy’s law, may be written as :

ug — div(ky (w)Vp) = 0,
(1 —u)y —div(ke(w)Vq) = 0, (1.1)
q—p = pe(u),
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where u and p are respectively the saturation and the pressure of the wetting fluid (the other fluid is called
the non-wetting fluid), k1 and ko are respectively the mobilities of the wetting fluid and the mobility of
the non-wetting fluid and p.. is the capillary pressure. In System (1.1), the physical functions ki, k2 and
pe are supposed to only depend on the saturation u of the wetting fluid (in more realistic heterogeneous
cases, these functions should also depend on the rock type).

The numerical discretization of the above equations has been the object of several studies during the past
decades. The description of the numerical treatment by finite differences may be found in the books by
Peaceman [35] and Aziz and Settari [5]. Mixed or hybrid finite element methods were also extensively
studied in the past years see e.g. [4, 10, 19, 18]; they have the advantage of an amenable mathematical
setting. Their use with a Lagrangian-Eulerian formulation for the treatment of the convection term was
also studied [38]. However, finite volume type methods are often preferred in actual computational codes
because they are cheap (with respect to the programming and computational times), and because they
allow to define the discrete unknowns at the same location. This last property is important when dealing
with complex thermodynamics (in reservoir engineering for instance), where algebraic equations between
the discrete unknowns must be taken into account. Among the finite volume methods for two-phase flow
in porous media one may cite the control volume finite element method [28], [27] or the cell-centered
finite volume, an introduction to which can be found in [22]. A proof of convergence of these two schemes
to a weak solution of system (1.1) in the case ki(u) = u, ka(u) = 1 —u and p. = 0 is given in [20] for
the control volume finite element scheme, and in [37] (see also [22]) for the cell-centered finite volume
scheme. Let us also mention the earlier works [36], [8] on the convergence of a “phase by phase” upstream
weighting cell-centered finite volume in the one dimensional case, with p. = 0 and in presence of gravity
terms.

In the case of more general functions k;, k2 and p., the convergence of a cell-centered finite volume
scheme to a weak solution of system (1.1) is studied in [33]: System (1.1) is first rewritten as

up + div(fi(u)F) — Ag(u) = 0, (1.2)
(1 —u)e+div((l — f1(u)F) + Ag(u) = 0, (1.3)
F o (ha (1) 4 o () Vp + ka(w)Vpe(u) = O, (1.4)

fr(w) = k1 (u)/ (k1 (u) 4 ka(u)),
g'(u) = = (k1 (u)kz(u)pe' (u))/ (k1 (u) + k2(u)),

and the cell-centered finite volume scheme studied in [33] consists in a centered finite difference scheme for
(1.4), and an upstream weighting scheme for f;(u) in (1.2)-(1.3) coupled with a finite difference scheme
for the evaluation of Vg(u). Although this scheme could be generalized to more realistic physical cases,
a cell-centered finite volume scheme, written on the original nonlinear system (1.1), using a “phase by
phase” upstream choice for computations of the fluxes (namely Scheme (3.22)-(3.26) presented below) is
preferred in the industrial setting. It seems that at least two reasons can explain this preference: the
scheme (3.22)-(3.26) appears to be easier to implement and more robust [34]. However, its mathematical
analysis is more difficult because of the upwinding error terms, as we shall see below .

The aim of the present paper is to show that the approximate solution obtained with the finite volume
scheme (3.22)-(3.26) converges, as the mesh size tends to zero, to a solution of System (1.1) in an
appropriate sense defined in Section 2. In Section 3 we introduce the finite volume discretization, the
numerical scheme and state the main convergence results. The remainder of the paper is devoted to the
proof of this result: in Section 4, a priori estimates on the approximate solution are derived; in Section
5 we prove the compactness of sequences of approximate solutions. The passage to the limit on the
scheme, performed in Section 6 concludes the proof of convergence and some numerical examples show
the efficiency of the industrial scheme in Section 7. We end this paper with some concluding remarks on
open problems.



2 Mathematical formulation of the continuous problem

We now give a more complete formulation to System (1.1). Let {2 be an open bounded subset of R%(d > 0),
let T € Ry. The saturation u :  x (0,7) — R and the pressure p: Q x (0,7) — R of the wetting fluid
are solution to the following coupled system:

ug — div(k1(w)Vp) = fi(¢)5 — fi(u)s on Q x (0,T), (2.5)
(1 —u)y —div(ka(v)Vq) = fa(c)3 — fa2(u)s on Q x (0,T),
q—p = pe(u), (2.7)
with the following Neumann boundary conditions:
Vp-n=20 on 90 x (0,7T), (2.8)

Vg-n=0 on 99 x (0,7,
the following initial condition:
u(+,0) = up on £, (2.10)

and, since both fluids are incompressible, we prescribe the following arbitrary condition on p

/Qp(x, )dx =0 on (0,7). (2.11)

We recall that the functions ki (u) and ka(u) respectively denote the mobilities of the wetting fluid and
of the non-wetting fluid and the function p.(u) represents the capillary pressure. The functions s and s
stand respectively for an injection and a production volumetric flow rate. The composition of the injected
fluid in the wetting and non-wetting components is prescribed by the imposed input saturation ¢, whereas
that of the produced fluid depends on the saturation u, by the way of the function f; which is called “the
fractional flow” of the wetting phase i.e.:

kl(a)
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, Va € [0,1]. (2.12)

Similarly, we denote by f> the fractional flow of the non-wetting phase, i.e.:

kg(a)
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=1- fi(a), Ya € [0,1]. (2.13)

The data is assumed to satisfy the following assumptions:

) is a polygonal connex subset of R%, d =2 or 3, T > 0 is given, (2.14)
up € L(Q) and 0 < up <1 a.ein Q, (2.15)
ce L®(Qx (0,7)) and 0 < ¢ < 1 a.e in Q x (0,7), (2.16)
5,8€ L*(Qx(0,7)),5and s >0 ae.,
and (3(x,t) — s(z,t)) dedt = 0. (217)
Qx(0,T)

k1 (resp. ko) is a non-decreasing (resp. nonincreasing) nonnegative continuous function
from R to R, and there exists a real value a > 0 such that

k1(a) + k2(a) > « for all a € [0, 1], (2.18)
(0) and k2(a) = k2(0), for all a € (—o0,0],
(1) and ko(a) = ko(1), for all a € [1,+00).
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Pe is a nonincreasing continuous function from R to R
such that pci(o,l) € LY0,1), (2.19)
pe(a) = pe(0), for all a € (—o0,0], pc(a) =p.(1), forall ae€ [1,+00).
We show in figure 1 a typical behaviour of the functions k1, ko, (relative mobilities), f1 (fractional flow),
k1 + ko(total mobility) and p. (capillary pressure).

Relative mobilities Fractional flow
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Fig 1. Behaviour of the functions ki, ks, f1, D¢

Remark 2.1 The functions ki, ko and p. are defined on R, and not only on [0,1], in order to ensure
the discrete mazimum principle and thus the existence of a physically admissible discrete solution (see

Section 4).

Following Chavent [10]), in order to obtain a weak formulation (which will be shown to be the limit of
the numerical scheme), we introduce some artificial pressures, which are however not actually used in the
implementation of the scheme. These artificial pressures are denoted by p, and g, and defined by:

= ’ L(a) ! n — ’ ’ﬁi@b) /
pg(b) = /0 (@) + ka(@) pc (a)da and g4(b) = /0 (@) + Fala) pc (a)da, Vb € [0,1] (2.20)

(note that p+ py(u) = g — g4(u) because of the condition ¢ —p = p.(u)). Let us finally define the function
g from [0,1] to R by:

" k(@ks(a)
g(b) = —/O s p(@)da, € [0.1). (2.21)



Definition 2.1 (Weak solution) Under assumptions and definitions (2.12)-(2.21), the pair (u,p) is a
weak solution of Problem (2.5)-(2.11) if

u € L % (0,T7)), with 0 <u(x,t) <1 for a.e. (x,t) €Qx(0,7T),
p € L*(Q % (0,7)),

p+py(u) € L*(0, T; H'(2)),

g(u) € L*(0,T5 H' (%)),

and for every function ¢ € C*®(R% x R) such that p(-,T) = 0,
|l Dnant) = (b (w00 + 2y ) .1) = V(e ) - Violo. 0] dat +

T
/ / a(e(e, 1) 5@, 0) — fi(ule, 8)) s(x 8)] o, t)dadt + / wn(@)p(a, 0)de = 0,
0 Q

Q

T
/0 [ (1 — (e, £)) e () — (o, )V (p + py () (@, £) + Vg(u(z, 1)) - Veplar, )] drdt +
/ / [falc(x,t))5(x,t) — fa(u(z,t)) s(z,t)] @(x, t)dxdt + / (1 — up(a))p(x,0)dz = 0,
0 Q Q

/p(z,t)das =0 for a.e. t € (0,T).
Q

Remark 2.2 One may remark that in the above formulation, the fact that p € L?(Q x (0,T)) is implied
by the fact that p + py(u) € L*(0,T; H(Q)) and py(u) is bounded on  x (0,T). Also note that the
terms ki(uw))V(p + pg(u)) — Vg(u) (resp. ko(w)V(p + pg(u)) + Vg(u)) are formally equal to ki(u)Vp
(resp. ko(u)V(p + pe(u))). However, these last two terms are not properly defined under the regularity
assumptions of the above definition.

The existence of a weak solution (u,p) to (2.5)-(2.11) in the sense of Definition 2.1 will be obtained as a
by-product of the convergence of the numerical scheme. Note that existence was also shown in [11] for a
system taking gravity into account. To our knowledge, no uniqueness result is known under the generic
assumptions of Theorem 3.1 below. In [12], uniqueness is proven under the condition that the inequality

[(k1+ k) ()] < Cpg(s)% holds for any s € [0, 1]2. However, this condition seems to exclude, for
instance, the simple (and physical) case where k;(u) = u?, kao(u) = (1 —u)?2, with §; > 1 and 65 > 1,

which is covered by the assumptions of Theorem 3.1.

3 The finite volume scheme

3.1 Finite volume definitions and notations
Following [22], let us define a finite volume discretization of Q x (0, T).

Definition 3.1 (Admissible mesh of Q) An admissible mesh T of Q is given by a set of open bounded
polygonal convex subsets of Q0 called control volumes and a family of points (the “centers” of control
volumes) satisfying the following properties:

1. The closure of the union of all control volumes is Q. We denote by my the measure of K, and
define
size(T) = max{diam(K),K € T}.



2. For any (K,L) € T? with K # L, then KN L = 0. One denotes by £ C T2 the set of (K, L) such
that the d — 1-Lebesque measure of K N L is positive. For (K,L) € £, one denotes K|L = KN L
and mr, the d — 1-Lebesgue measure of K|L.

8. For any K € T, one defines Nx = {L € T,(K,L) € £} and one assumes that 0K = K\K =
(KNo)UUpen, KIL.
4. The family of points (v ) ket is such that xx € K ( for all K € T ) and, if L € Nk, it is assumed

that the straight line (vx,xr) is orthogonal to K|L. We set dg |, = d(xk,xr) and Tk = 7;%;\;

)

that is sometimes called the "transmissivity” through K|L.

The problem under consideration is time-dependent, hence we also need to discretize the time interval
(0, 7).

Definition 3.2 (Time discretization) A time discretization of (0,T) is given by an integer value N
and by a strictly increasing sequence of real values (t")nefo,N+1] with t° =0 and tNT! = T. The time
steps are then defined by 6t = t"+1 — " for n € [0, N].

We may then define a discretization of the whole domain Q x (0,7") in the following way:

Definition 3.3 (Discretization of 2 x (0,7)) A finite volume discretization D of Qx (0,T) is defined
by

D= (Ta 65 (zK)KETa Na (tn)ne[[O,N]])v
where T, €, (xx)keT is an admissible mesh of Q in the sense of Definition 8.1 and N, (t"),e[o,n+1] 5
a time discretization of (0,T) in the sense of Definition 3.2. One then sets

size(D) = max(size(7T), (0t" ) nefo,N])-

Definition 3.4 (Discrete functions and notations) Let D be a discretization of Q x (0,T) in the
sense of Definition 3.3. We use a capital letter with the subscript D to denote any function from T x
[0,N+1] to R (Up or Pp for instance) and we denote its value at the point (K,n) using the subscript
K and the superscript n (Up for instance, we then denote Up = (Ug)ker neo,n+1])- To any discrete
function Up corresponds an approzimate function up defined almost everywhere on Q x (0,T) by:

up(z,t) = Ut for a.e. (z,t) € K x (t",#"T1),VK € T, V¥n € [0, N].

For any continuous function f : R — R, f(Up) denotes the discrete function (K,n) — f(URET). If L €
Nk, and Up is a discrete function, we denote by 5?(+L1(U) = UE"H — U}?‘l. For example, 5?(+L1(f1(U)) =

FIUPY) = f1(UE.

3.2 The coupled finite volume scheme

The finite volume scheme is obtained by writing the balance equations of the fluxes on each control
volume. Let D be a discretization of © x (0,7") in the sense of Definition 3.3. Let us integrate equations
(2.5)-(2.6) over each control volume K. By using the Green-Riemann formula, if ® is a vector field, the
integral of div(®) on a control volume K is equal to the sum of the normal fluxes of ® on the edges. Here
we apply this formula to &1 = k1 (u)Vp and P3 = kao(u)V(p+pc(u)). The resulting equation is discretized
with a time implicit finite difference scheme; the normal gradients are discretized with a centered finite
difference scheme. If we denote by Up = (Ug)ke7 nefo,N+1] and Pp = (Pg)ke7 nefi,n+1] the discrete
unknowns corresponding to u and p, the finite volume scheme that we obtain is the following set of
equations:

Uy = —/ ug(z)dz, for all K € T, (3.22)
mg Jk



O e S ek KA (P) = mac (SR — AR s, (323)
LGNK
1_Un+1 1-U n n —n n n
WO ) 020 e S b i@ = miclhale) 53 — U si), (3:20)
LeNk
WP = U, (3.25)

for all (K,n) € T x [0,N], and

> mg PRt =0, for all n € [0,N], (3.26)
KeT
where

e ¢! is the mean value of ¢ over the the time-space cell K x (t",t"*1),

e 5 and s denote the mean values of 5 and s over the time-space cell K x (", " +1),

. k:"KlL and k)t |1, denote the upwind discretization of k1(u) (or k2(u)) on the interface K|L, which
are defined by:

ki = k(U5 ) and k55, = ka(Ug 5 ), (3.27)
with

gt [ URTE (K L) € &7 gt [ URTE (K L) € €7,

LKIL ™ | Ut otherwise, 2KIL ™ Ut otherwise,

where £ and £ are two subsets of £ such that
{((K,L) € & o) (P) (=P — Pty <0} c &7F C {(K, L) € €, 637} (P) <0} (3.28)
{(K, )eE 5;?;( )<O}CE"+1C{(KL)65 SEQ) <0}

V(K,L) €&, [(K,L) € & and (L, K) ¢ &MY or [(L, K) € " and (K, L) ¢ £,

V(K,L) €&, [(K,L) e 5"“ and (L, K) ¢ &' or [(L, K) € 5"“ and (K, L) ¢ £7).

Remark 3.1 The formulae (3.28) express a phase by phase upstream choice: the value of the mobility
of each phase on the edge (K, L) is determined by the sign of the difference of the discrete pressure. Note
that, for all (K,L) € £ and n € [0, N] such that Ppt = PPt the choice between (K, L) € £ and
(L,K) € EM can be arbitrarily done, without modifying the equation (8.23) (the same remark holds for
the set EyTY, the equation (3.24) and all the pairs (K,L) € £ and n € [0, N] such that Q™ = Q71).
Thus, the scheme (3.22)-(3.26) does not depend on the choice of the pair of subsets (E7, E3TY) satisfying
(3.28) when there are more than one such pair (there exists at least one).

We show below (see Proposition 4.3)) that there exists at least one solution to this scheme. From this
discrete solution, we build an approximate solution (up,pp) defined almost everywhere on Q x (0,T) by
(see Definition 3.4) :

up(z,t) =Upt, Vo e KVte (", "),
pp(z,t) = PRt Vo e KVt e (1", ¢"h). (3.29)

Remark 3.2 The discretization scheme yields a nonlinear system of equations which is solved in practice
by the Newton method. Numerical experiments show that if the time step is adequately chosen, the Newton
procedure converges with a small number of iterations. Hence, although it is implicit, this scheme is
cheaper than the analogous explicit one, since (disregarding the problem of accuracy) the time step may
be taken much larger than the explicit time step given by the CFL condition.

We may now state the main convergence result.



Theorem 3.1 Under assumptions (2.14)-(2.19), let us furthermore assume that:

k1(0) = k2(1) = 0 and, fori=1,2, ki € L>°(0,1) and there exist 6; > 1 and ; >0
such that a1 < k| (b) < C%lb(’l*l and (3.30)
(1 —0)%271 < —kL(b) < 0%2(1 —b)%2=1 for a.e. b€ (0,1),

there exist ag > 0,080 > 0,081 > 0, such that

1
— b1 — b)) > —p,/ () > b (1 = b)A L, for ae. b e (0,1).
o
Let (Dm)men be a sequence of discretizations of Q@ x (0,T) in the sense of Definition 3.3 such that
lim size(D,,) = 0 and satisfying the following uniform regularity property:

m— 00

(3.31)

30 € Ry such that VK € Ty, Z myndn < 0mi. (3.32)
LeNk

Let (up,,,pp,,)men be a sequence of approximate solutions defined by (3.29) and the finite volume
scheme (3.22)-(3.28) for the sequence of discretizations (D, )men. Then there exists a subsequence of
(up,,,PD,, )menN, still denoted (up,,,pp,, )men, and a weak solution (u,p) of (2.5)-(2.11) such that up,,
tends to u in L™ (Q x (0,T)) for all v € [1,+00) and pp,, tends to p weakly in L*(Q x (0,T)), as m tends
to infinity.

Proof. Let (D,,)men be a sequence of admissible discretizations (D, )men such that 11111 size(D,,) =
m—-1+0Q0

0. Thanks to Proposition 4.3, of Section 4 below, there exists a sequence of approximate solutions
(up,,,PD,, )meN given by the finite volume scheme (3.22)-(3.28) for the sequence of discretizations (D, )men-
Thanks to the L* estimate which is established in Proposition 4.1 of Section 4, and to the compactness
properties given in Corollary 5.2 and Proposition 5.1 of Section 5, we find that the sequence (g(up,,))men
satisfies the hypotheses of Corollary 9.1 of Kolmogorov’s theorem (this corollary is given in the appendix).
Hence there exists a function § € L*(Q x (0,7)) such that, up to a subsequence, g(up,,) tends to g in
L*(Q2 x (0,T)) as m tends to infinity. Passing to the limit in (4.64) of Corollary 4.1 as m tends to
infinity, we get that § € L2(0,T; H'(Q2)). Since g is increasing and up,_, remains bounded, it follows that
up,, tends to u := ¢g7(g) in L"(Q x (0,T)) for all r € [1,400), and that py(up,,) tends to py(u) in
L™ (22 x (0,T)) for all r € [1,400), as m tends to infinity.

Let us then remark that [, pp,, (z)dz = 0, that [, pg(up,,)(x)dz is bounded. Hence since Q is connex,
we may use the discrete Poincaré-Wirtinger inequality [22] to obtain from the discrete H! estimate (4.45)
given in Proposition 4.2 that pp,, + py(up,,) remains bounded in L?(Q x (0,7)); therefore there exists
p € L*(Q x (0,T)) such that pp,, + py(up,,) tends to p weakly in L2(2 x (0,7)) as m tends to infinity.
Thanks to the estimate on the translates of the pressure (5.65) given in Proposition 5.1 (in Section 5) we
then obtain, using regular test functions ¢, that fo(O,T) Pz, t)0p;i(x, t)dzdt < Cy @l L2(ax (0,1))- Hence
p € L*0,T; H'(2)). It follows that pp,, tends to p := p—p,(u) € L*(Q x (0,T)) weakly in L*(Q2x (0,T))
as m tends to infinity. In order to conclude the proof of Theorem 3.1, there only remains to prove that
(u, p) is a weak solution of Problem (2.5)-(2.11) in the sense of Definition 2.1. This is a direct consequence
of Theorem 6.1 given in Section 6. O

Remark 3.3 If uniqueness of the weak solution holds, then of course, by a classical argument, the whole
sequence (up,,,Pp,, )meN Of approzimate solutions can be shown to converge to the weak solution. An
error estimate might then also be obtained. However, as we earlier mentionned, uniqueness of the solution
under the present assumptions is still an open problem.

4 A priori estimates and existence of the approximate solution

In this section, we develop the first part of the proof of Theorem 3.1. The method used to prove these
estimates is quite different from the one used in the previous related papers ([33], [24]). Note that all of



these estimates hold even in the strongly degenerate case, that is if p./ = 0 on a nonempty open subset
of (0,1) (no other assumption than (2.19) is needed on the capillary pressure), except Corollary 4.1.
However, this corollary is essential for the convergence theorem 3.1.

4.1 The maximum principle

Let us show here that the phase by phase upstream choice yields the L stability of the scheme.

Proposition 4.1 (Maximum principle) Under assumptions and notations (2.12)-(2.21), we denote
DY Umin, Umax € [0, 1] some real values such that tumin < ug < Umax a-€. 0 Q and Umin < ¢ < Umax a.€.
in Qx (0,T). Let D= (T,&,(vx)ker, N, (t")nefo,n]) be a discretization of Q x (0,T) in the sense of
Definition 3.3 and assume that (Up, Pp) is a solution of the finite volume scheme (3.22)-(3.26) . Then
the following maximum principle holds:

Umin < Up < Umax, VK € T,¥n € [0,N +1]. (4.33)

Proof. By symmetry, we only need to prove the right part of Inequality (4.33). By contradiction, let
us assume that the maximum value of Up on 7 x [0, N + 1] is larger than tyax. Then this maximum
value cannot be attained for U?(, since the initial condition (3.22) clearly implies that U% < Umax. Hence
there exists n > 0 such that the maximum value of Up is U}yl. If n is chosen minimal, UI@H > Ug so

by using (3.23) and (3.24) we have:

Y TRk R LT (P) + mi (AT T = AURT) s >0, (4.34)
LGNK

= > TRk LR Q) — mi (e T = LU S > 0. (4.35)
LGNK

By definition of the upwind approximation (3.27), the terms TK|Lk?}1‘L(5?JL1 (P) and _TKILk;}l\L‘S%TLl (Q)

are nondecreasing with respect to Uf“ so that, Inequalities (4.34) and (4.35) remain valid replacing UEH
by U}?H. Thus we obtain:

ke (URT) Ym0 (P) + mu (fu(c ) 53t — AU sE) > 0, (4.36)
LeNk

k(U™ Y 105 Q) = muc (fa i) 53 = f(URH) 7 > 0. (4.37)
LeNk

And since p. is nonincreasing, we have §7-7}(Q) > 6%} (P), and therefore we also have

ko (UR)  min 03 (P) — muc (fa(cft ) 5 — (U 853 > 0. (4.38)
LGNK

Now let us multiply (4.36) by ka(Uptt), (4.38) by ki (Ur™) (one of these two nonnegative values is
necessarily strictly positive) and sum the two resulting inequalities. This yields:

(kQ(U;?_l)fl (C}?—l) — k1 (U;H)fg(c}’("'l))m;( §7Il(+1 > 0. (439)

Now, since ki is nonincreasing and ko is nondecreasing, the left hand side in Inequality (4.39) is non-
increasing with respect to U;é“ and is equal to zero if U;é“ = c’;(“. This is in contradiction with the
hypothesis U}?H > Umax SiNCE €

1
P < U O



4.2 Estimates on the pressure
The following lemma is a preliminary step to the proof of the estimates given in Proposition 4.2.

Lemma 4.1 (Preliminary step) Under assumptions and notations (2.12)-(2.21), let D be a finite vol-
ume discretization of 0 x (0,T) in the sense of Definition 3.3 and let (Up, Pp) be a solution of (3.22)-
(3.26) . Then the following inequalities hold:

K kL > a, V(K L) € €, Yn € [0,N], (4.40)

and
n+1 n+1 2 n+1 n+1 2 n+1 n+1 2
o (8L (P) + 03 (py(U))) < KL (03 (P) + kgt (9% (@)
V(K,L) € &, ¥n € [0, N] (4.41)
(recall that pg is defined in (2.20)).

Proof. For the sake of clarity, we first sketch the proof of the continuous equivalent of (4.40) and (4.41).
We then give in Step 2 the proof in the discrete setting, which is adapted from the continuous one.
Step 1. Proof of the continuous equivalent of (4.40) and (4.41).

The continous equivalent of (4.40) is k1 (u) + k2(u) > « which is the assumption (2.18) on the data.
Now the continuous equivalent of Inequality (4.41) writes:

a(V(p +py(u)))® < ki(u)(Vp)? + ka(u)(Vg)*. (4.42)
By definition, f1(u) + fo(u) = 1. Hence, thanks to the Cauchy-Schwarz inequality,
(Vip+pg(w))? = (fi(w)Vp+ f2(u)Vg)?

< F@)(VD) + folu)(Vg)? = k1 (u)(Vp)? + ka(u)(Vq)?

K1 (u) + k2 (u) ’

and (4.42) follows from the fact that kq(u) + ka(u) > .

Step 2. Proof in the discrete setting

In order to prove (4.40), we separately consider the exclusive cases (K,L) € &M n &y, (K, L) ¢
EMtugrtt (K,L) € &M and (K, L) ¢ 5, and the last case (K, L) ¢ P and (K, L) € 57,

If (K, L) € Ef n& o (K, L) ¢ &7 UE™ | then Ul = Uy L, holds so (4.40) is an immediate
consequence of (2.18).

If (K,L) € &M and (K, L) ¢ £, then we have Uf}'(llL = Ut U;}'(llL = Ut and 5?{11(%((])) =

§i Q) — 0% (P) = 0, which yields Ugt! > UP*!. Therefore

ke T ky g = k(UE™) + k(U > o

The case (K, L) ¢ £ and (K, L) € £ is similar. We may notice that if the upwind choice is different
for the two equations, then:

Ertl = max  k; and KT = max  ko.
17K|L n+1 n+1 2)K‘L n+1 n+1
[UK aUL ] [UK aUL ]

Let us now turn to the proof of (4.41). Let us first study the case (K, L) € &' and (K, L) ¢ £;7'. By
definition of p, there exists some ag € [U}T', U] such that (5?(+L1 (pg(U)) = f2 (a0)5?ﬁ1 (pc(U)); hence,
since f1 + fo=1and f1 <1, fo <1, we get

(0% (P) + 0512 (g (U)))* = (fia0)dR 'L (P) + fa(ao) 05T (P) + 657 (pe(U))))?
< filao) (OFTL (P))? + falao) (OKTL (P) + 057% (pe(U)))*.

10



Now, from 4.43, we have k;(ag) < kf}l‘L and ka(ag) < k;‘}l‘L so that we may write:

k_n+1 kn+1

(L (P) 4 3 (0o (U)) < b (3 (P))2 4 it (B (P) + 3 (pel0)2,

which gives a fortiori (4.41). The case (K,L) ¢ £ and (K, L) € E3! is similar.

Let us now deal with the other case. If (K,L) € &' and (K, L) € £yt then k?}l‘L =k (UE) and

k;’}r{l' L= kg(U}éH). We then remark that, since the function fs is nondecreasing and p. is nonincreasing,

the following inequality holds:

k2 (U057 (0e(U)) = (ki (URT) + ko (UET))0RTL (g (U)) =
urtt

(k1 (U + ko (UETY)) /UTLLH (f2(UEY) = fa(a))pl(a)da < 0.

One then gets:
6572 (P) + 05T e (U] [k2 (U057 (0e(U) = (ki (U + ko (U ) 05T (g (U))] = 0,
g (P) k2 (U )R (pe(U) — (R (U) + ko (UR)) 0% (g (U))] 2 0.
Adding these two inequalities leads to:
2k (U051 (P)ORL (pe(U)) + ka (U™ (057, (0
(k1 (U + ko (U [2057L (PRI (g (U)) + 057 (e (U)) O 1L (pg (U))] =
(k1 (U™ + ko (UR™)) (20551 (P)ORL (g (U 5 )
The previous inequality gives
kiU ERL(P)? + k(U)K (P) + 051 (pe(U)))?
> (ki(UE™) + ko (U0 L (P) + 0517 (g (U)))?,

which is (4.41) in that case. The case (K,L) ¢ £ and (K, L) ¢ E3 is similar. O

Proposition 4.2 (Pressure estimates) Under assumptions and notations (2.12)-(2.21), let D be a
finite volume discretization of Q x (0,T) in the sense of Definition 3.3 and let (Up, Pp) be a solution of
(3.22)-(5.26) .

Then there exists C1 > 0, which only depends on ki, ka, pe, 2, T, ug, S, s, and not on D, such that the
following discrete L?(0,T; HY(Q)) estimates hold:

N

1 " n N

EZ& Z Z TK\Lkl,JIr(l\L((SKJE(P))Q <(C, (4.43)
n=0 KeT LeENk

L

520"y Y ik i (05 (@) < Cr (4.44)
n=0 KeT LeNKk

and

L

320" D > min (KL (P) + 051 (g (U)))* < Ch. (4.45)
n=0 KeT LeNKk

Proof. Before proving this estimate, we shall give in Step 1 a formal proof in the continuous case to
underline the main ideas.
Step 1. Proof in the continuous case

11



Suppose that u and p are regular functions that satisfy the coupled system of equations (2.5)-(2.11) and
let us multiply (2.5) by p and (2.6) by ¢. Then adding one equation to the other and integrating over
0 x (0,T) yields:

T
/0 [ [0, £) (—pe (e 1)) + I e £) (Yl )% + a(ua(e £)) (V. 1)?] dedt =

[ [titete0)5(e.0) - ftuto. ) st ) ol ) +
(fQ(C(xa t)) s — f2(u('r’ t)) §(l‘, t)) Q(‘Ta t)} dxdt (4'46)

Let g. be a primitive of —p.. Then /0 /Qut(x,t)(—pc(u(:c,t)))dzdt = /Q[gc(u(:c,T)) — ge(uo(x,t))] de

which is bounded, thanks to the maximum principle. Now, thanks to Lemma 4.1, the remainder of the
T
left-hand-side of (4.46) is greater than a/ /(V(p(z, t) + py(u(z,t))))*dzdt. Hence, we may obtain a

0Jo
bound for V(p + py(u)) in L2(2 x (0,T)) provided that we control the right-hand-side of (4.46). Let us
then remark that ¢ — ¢4(u) = p + py(u). Hence we may write:

(fi(e)5 = fi(w)s)p + (f2(c) 5 — fa(u)s)g = (f1(c)5— fi(u)s)(p + pg(u))

+(f2(e) 5 = fa(u) 8)(q — qg(u))

—(fi(e)5 = fi(u) 8)pg(u) + (f2(c) 3 — fa(u) 8)qq(u)
= (53— 3)(p+py(u)+

(f2()5 — fa(u) 5)qq(u) — (f1(c) 3 — fi(u) 8)pg(u).

Hence, by the Poincaré-Wirtinger inequality, using the fact that p, and g, are continuous functions of u,
and thanks the maximum principle (Proposition 4.1) and to assumption (2.17), we obtain:

|/ (f1(e)3 = fi(u) 8)p — (f2(c) 3 = fa(u) 5)q| < C1||V(p + py(u))lz2(q) + Co-
0Ja

Then we get a bound on V(p+pg)? in L*(Q x (0,7)) i.e. a L?(0,T, H'(£2)) bound on p+ p,. Analogous
bounds on k1 (u)Vp? and ko(u)Vg? may then be obtained from Equation (4.46). This completes the proof
in the continuous case.

Step 2. Proof of (4.43)-(4.45) (discrete case).

In the following proof, we denote by C; various real values which only depend on ki, ko, pe, Q, T,
ug, 3, s, and not on D. Let us multiply (3.23) by 6"Pi™! and (3.24) by §t"Q%H and sum the
two equations thus obtained. Next we sum the result over K € 7 and n € [0, N]. Remarking that

S N (Pptt? - Pptt?) = 0, we obtain:

KeT LENKk
Z > mi (Ut = Ui )pe(URE™) + Zét D> Tk S (PP (4.47)
n=0 K€T = KeTLeNK
+ —Z 0" D D ks SR QI < s £3 S s - s
KeT LeNk n=0 KeT

1
Let g. € C1([0,1],Ry) be the function defined by g.(b) = / pe(a)da, Vb € [0, 1]. Since p, is a decreasing
b

function, the function g, is convex. We thus get :

(U = UR)pe(UE™) 2 go(UE™) — 9e(U), YK € T, Yn € N. (4.48)

12



Let us now consider the right hand side. Let us remark that:

Zét > ma(S = P Zét > mac(5 = S (PR 4+ pa(UF)

= KeT = KeT
72 St Z mK n+1 - n+1)pg(Un+l).
KeT

Hence, by Proposition 4.1, Assumption (2.17), and by the discrete Poincaré-Wirtinger inequality, we get
that:

Zé‘t Z mK n+1 _ n+1)Pn+1 S

n=0 KeT

1/2
< Z(St Z ZTKIL KL P)+ 5n+1(Pg(U)))2> +Cy.

= KeT LeENk

Thanks to Young’s inequality, this implies the existence of C5 such that:

Zét”Z S - sk PR < 42&”2 S O (P) + 05 (0 (U)))? + s - (4.49)

KeT KeT LeENk

Inequalities (4.41), (4.47), (4.48) and (4.49) give (4.45). O

4.3 Existence of a discrete solution

We prove here the existence of a solution to the scheme, which is a consequence of the invariance by
homotopy of the Brower topological degree. This technique was first used for the existence of a solution
to a nonlinear discretization scheme in [21]. The idea of the proof is the following: if we can modify
continuously the scheme to obtain a linear system and if the modification simultaneously preserves the
estimates which were obtained in propositions 4.1 and 4.2, then the scheme has at least one solution
(since in the linear case, these estimates also prove that the linear system has a unique solution).

Proposition 4.3 Under Hypothesis (2.14)-(2.19), there exists at least one solution (Up, Pp) to the
scheme (3.22)-(3.26) .

Proof. We define the vector space of discrete solutions Ep by

Ep = RTXON+1] o g7 x[1,N+1],

Let Ky be a given control volume of the mesh. We define a continuous application F : [0,1] x Ep — Ep
by .7:(1:', (UD,PD)) = (AD,BD), where

A% = Uy — mLK /Kuo(:c)das, VK €T,
= U Uk S ke )
m (ft (:jl)t—"“LiAﬁ(U"“)ts"+1), V(K,n) e T x [0,N] (4.50)
By = UK &UK mi = D Tk L Ok (P) + 05 (0 (U))) -
m (ht (i)t —"+1LiA;Lt(U"+1))t§y(+1), VK € T\ Ky, ¥Yn € [0, N],
n+1l _ n+1
Byt = I;mKPK , Vne[o,N
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In (4.50), uf, k%, kb, f* and p.' are continuous modifications of ug, k1, k2, f1 and p. which preserve the
properties used to obtain the maximum principle and the pressure estimates. More precisely, we take
xo € [0, 1], we denote by H' the function defined by H'(x) = tz+ (1 —t)(x¢) and we choose ki = kj o H?,
kY = koo H', f* = fo H' and p.! = p. o H'. Then, the definition of ki(u)}’;ﬁ and ké(u)}’;ﬁ is the

analogue of definition of kz?}r(llL and k:;’}r(llL by (3.27) with kf, k% and Q! instead of k1, k2 and @, with

St (QY) = Ot (P) + 05 (! (U)).

Let us now complete the proof. First of all, (0, -) is clearly an affine function. Moreover F(t, (Up, Pp)) =
0 if and only if (Up, Pp) is a solution to the scheme with functions uf, k%, k%, f*, p.t, ¢35, and t s. Indeed,
thanks to assumption (2.17), we have that: Z (3 — s = 0. Therefore, the equation of (3.22)-

KeT

(3.26) corresponding to the finite volume scheme for the conservation of component 2 in the control
volume K = Kj may be obtained by summing all the equations of (4.50) corresponding to the other
control volumes. Hence, using the a priori estimates (4.33) and (4.43) and the discrete Poincaré-Wirtinger
inequality, we get a bound on Up and Pp independent of ¢. The function F is continuous. Indeed, the
terms corresponding to the phase by phase upwinding can be rewritten with the help of the continuous
functions z +— z¥ = max(z,0) and z — x~ = max(—=z,0) in the following way: kf?;lrLl(S?(JrLl(P) =
k:f(U;éJrl)((SErLl (P)t — kf(UZJrl)((S?JLl (P))” for i =1,2. If X is a ball with a sufficiently large radius in
Ep, the equation F(t, (Up, Pp)) = 0 has no solution on the boundary of X, so that

degree(F(1,-),X) = degree(F(0,-), X) = det(F(0,-)) # 0,

where "degree” denotes the Brower topological degree (see e.g. [15]). Hence by the property of invariance
by homotopy of the Brower degree, we obtain the existence of at least one solution to the scheme. O

4.4 Estimates on g(u)

The following estimate is first used below to prove a compactness property on Up, and then used for
the convergence result. The proof in the continuous case is not very difficult, but it strongly uses the
symmetry of the system. The discrete proof is somewhat more complicated because of the phase by phase
upstream weighting.

Proposition 4.4 Under assumptions and notations (2.12)-(2.21), let D be a finite volume discretization
of Q x (0,T) in the sense of Definition 3.3 and let (Up, Pp) be a solution of the finite volume scheme
(3.22)-(3.26) . Then there exists Cg , which only depends on ki, ka, pe, Q, T, ug, S, s, and not on D,
such that the following discrete L*(0,T; H*()) estimate holds :

N
6" ST e (U))SE (F(U)) < Ce (4.51)
n=0 KeT LENKk
Proof.
Step 1. Proof in the continuous case. Let us first sketch the proof in the continuous case, assuming

that (u,p) is a regular solution. The continuous estimate to (4.51) writes:

/OT /Q Vg(u(z,t))V f1(u(z, t))dzedt < C (4.52)
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To preserve the symmetry of the system, we multiply the first equation by f1(u) and the second equation
by f2(u). Summing the two equations we obtain:

/ / o, ) (fr (e, ) — falule,8))) — div(k (u(e, ) Ve, ) fi (u(z, )~
div (ks (u(, 1)) Va2, 1) fo (u(, 1))] ddt = / / Fr (a0 (fr(ela 1) 3, 1) — fr (ulr, 1) 5(, 1)
+ / / folu(, ) (foela, 1) 5, 8) — folula, 1)) sz, 1)).

Let us introduce the total velocity flow F' which writes: F = ki(u)Vp + k2(u)Vq. Remarking that
ka(u)pe' (u)Vu = (k1 (u) + ka2(u)) Vpg(u), one has: F' = (k1(u) + k2(u))V(p + pg(u)) and F' = (ki (u) +
k2(u)V(q — qq(u)), so that ki (u)Vp = fi(u)F' — ki(u)Vpg(u) and ky(u)Vq = fo(u)F + ka(u)Vag(u).
By definition of p,, g4, and g (see (2.20),(2.21)), one also has: ki(u)Vpg(u) = ko(u)Vgy(u) = —Vg(u).
Hence:

//utxt (fr(u(z, b)) — fo(u)(x,t))] dedt — //lefl (x,t))F(x,t)) f1(u(z, )+
div(folue, 1) F (z,£)) fo (u(z, 1)) dedt — / / Ag(ulz, 1)) (fr(u(z, £)) — folu(, 1)) dadt =

//Q (u( file(z, 1) 3(z,t) = fi(u(z,t)) s(z, 1)) +
1) (f (( 1) 5(x,t) — falu(z,t)) s(x, )] dadt.
(4.53)

The right hand side of this equation is clearly bounded. The first term in the left side is also bounded
(consider for example a primitive of f1(u) — f2(u)). Assuming that there exists a bound to the second
term, an integration by parts in the third term and the fact that Vf1(u) = —V fo(u) yield (4.52). Let
us then deal with the second term (and the third) of the left hand side, i.e. the term concerning F'.
By summing equations (2.5) and (2.6), we obtain that div(F) = 3§ — s, so that div(F) is bounded in
L?(Q x (0,T)). Moreover, one has: div(fi(u)F)f;(v) = 3div(fi(uw)*F) + 3 fi(u)?divF, for i = 1,2, and
since F'-n = 0 on 012, fQX(O,T) div(f;(u)?F) = 0 for i = 1,2. Hence we get a bound for the second and
the third term of the left hand side of (4.53). This completes the proof in the continuous case.

Step 2. The discrete counterpart : proof of (4.51). In the following proof, we denote by C; various
real values which only depend on ki, k2, pe, Q, T, ug, 3, s, and not on D. Let us multiply (3.23) by
St" f1 (U and (3.24) by 6t" fo(Upt!) and sum the two equations thus obtained. Next we sum the
result over K € 7 and n € [0, N]. This yields:

Y > me(UR —UR)(h(UE) = L(UF))

n=0 KeT

*Z‘”"Zf (UR™) D ik 0Kz (P)

KeT LeNk
—Zét Y BT Y mr kRO (Q) < Cr
= KeT LeENK

Adding (3.23) and (3.24) gives

S i FRh = me (5 - s, (4.54)
LeNk

where F}?Ll is the discrete counterpart of the total flux F', that is:

Filp = =k 0k (P) = ky ik (Q)
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—(k T + By )0k s (P) = by ) L0k 7, (pe(U)

= (kR L RS DT Q) + KR 05 (0 (U).

The first step of the estimate follows the continuous case; the total velocity flux F' and the function
g(u) are introduced by writing k1 VP as a function of F' and Vp.(u). In the discrete case, the values
of U{‘}l‘ ;, and U;';(l‘ ; may differ. Hence we shall need to decompose the numerical fluxes kznzl‘Lé}?FLl (P)
for i = 1,2, in the following way: Z;}La}fg(m = - fi(U;;;}L)F;f; + P + R, with @7 LY =
—fiU] 5 )k 5 L0 (pe(U), and R, = iU ) ki (U] 1) — ks (U 105 (P), with j = 1,2, 5 #
i. In order to deal with the time derivative terms, we once more use the inequality (b — a)G'(b) >
G(b) — G(a) for any functions G such that G’ = f; — fo (which is therefore convex since f; — fo is

nondecreasing), and get;:

N
=306 mae (U - UR(AWUET) ~ UE) < 3 ma(GUET) ~ GUR) < Cs. (4.55)
0 KeT KeT

Gathering by edges, and remarking that 6%+L1(f1(U)) + 6%+L1(f2(U)) = 0 (this is a direct consequence of
fi + f2 = 1), we then obtain:

N
Dot AURT) Y ki AU )FRY +
n=0

= KeT LeNK

N
DO LURTY Y i h U ) FR +
n=0

KeT LeENK

N

1 n n n n n n

52 ot Z Z TK|L((I)1,J’I_(1,L + (I)Q,J’I_(l,L + RI,J’I_}K + R2,J£}K)5KTL1(JC1(U)) < Cs, (4.56)
n=0 KeT LeNk

Since f1 + fo = 1, multiplying (4.54) by fi(Up™) + fo(Upt), summing over K € 7 and substracting
from (4.56) yields:

N
d0t" Y AWK Y min(AUT L) — AW +
n=0

KeT LeNk
N
5" Y fo(URT) Y mrin(fo(Up K — 2 (URTO)FRL +
n=0 KeT LeNK
1 N
520D Y T (@F R O R F RUL e+ RELSKL(A(U) < Co, (457)
n=0 KeT LENK
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Using the equality b(a — b) = —3(a — b)? + 3 (a® — b?), we get from (4.57),

N
—3 Y Y mp(AURT) - AU B
n=0

KeT LeNg
(K, L)gepTt

N
H0SY mn(PAURT - AR F
n=0

KeT LeENK
(k,Lygep Tt

N
oSN p(RUET) - LU (4.58)
n=0

KeT LENK
(K,Lygept!

N
+%Z 51&"2 Z i (WU — R (UFT)) FITéJrLl
n=0

KeT LENK
(K, LygerT!

N
1306 ST ST (@0, + 05 + R+ REVLOSEH(AU) < Co.
n=0 KeT LENK

If we denote by By and By the second and fourth terms in (4.58), we have:

N
1 n n mn n
I L T D S D I

KeT LeNg LeNE
(k. LygeP Tt (L, K)gen+t

But (L, K) ¢ &M < (K, L) € &M and Fg 1 = —Fp k, so that:

N
1 n n mn
By = 5 05t E (fLUE)? E TK\LFK:T < Cho,

n= KeT LeNk

and in the same way By < C11. Therefore if we develop all the terms, we obtain:

N N

n n n n 1 n mn
320" Y el AW + FRiD + 500t 3 mrnloiL (R O)P
n=0 n=0

n+1 n+1
(K,L)eeT (K,L)e€]

(K,Lyeer ™! (k,Lygep ™t
N
(Fiil + Fi)+ 300" 3 mqu(@R, + 955+ RIT e + R0k (1(U) < Caz.
n=0 (K,L)Egerrl
(4.59)
Since Fil + F1 it =0, (4.59) leads to:
N
Z at" Z TK\LD?(T]} <Ci3
n=0 (K,L)yegp™?
where
Dy = 16 (A U)PFRL + (®F 5 L + @55 + BTk + RoLi)0x i, (f1(D)),
Y(K,L) € &M (K, L) € 41 (4.60)
and
Dy = (®1Fr + 5%, + R + By )05 (f1(0),
V(K,L) € &MY (K, L) ¢ €31 (4.61)
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Let us first study D}?Ll for (K,L) € &Mt n &Y. Since UM = UM = U}}H, it is clear that

1,K|L 2,K|L
n+1l n+1l
R1,L,K = R27L7K = 0 and we have

n n n n ki (Ut ko (U n
Dyt = S O)ORE O — 27 e ety 87 (pelU).

If we assume that Upt! < UP*!) then (5}?21 (pc(U)) < 0 and F}?‘Ll > —kg(U}H)(é}?le (pc(U))), which
leads to

n+1 n+1
kf(légfl) ij(zl(]g}é*)l) ]5?(+L1(f1(U)>5?(+L1 (pe(U))

> (AU + AU k(U0 (A U))SRE (pe(U)).

And since fi(UE™) > 0, we get that:

DYt >~ (AU))k(UET) +2

k/’l(Un+1)k2(Un+l)
Dn-i—l > L K 5n+1 U 5n+1 (U
KL = kl(Ungl)Jrkz(UzHl) K,L(fl( ) K,L(p (0))

Y

6?(11(]01((])) /UZ k1(a)ka(a)

e m(—l?c/(a))da = SR (Ao (9(U)).  (4.62)

The same inequality holds in the case U}?H > UEH, and is obtained similarly, changing the roles of k;
and k2, and f1 and f2.
We now study Dyt for (K,L) € &M, (K, L) ¢ £+ We have 637} (P) < 0 and 63} (Q) > 0, which
yields (5}?21 (p(U)) > 0, and therefore Uit > UL, We have:
Dyt = =0x 2 (AU) [AUE k(U0 (pe(U)) + 055 (ka(U) 05 (P)
(UL ) (ki (U8 (pe(U)) + 857 (k1 (U))0RTL (Q))-

Now we use the symmetry of the problem in p and q. We can express 6%+L1(Q) as a function of (5?(+L1 (P)
or conversely. In the first case we obtain:

Dy = —l(hWU kUL + (UL k(UL TN (U)K (pe(U))
~[AUROKT (ka2 (U)) + fo(UL )R (ke (U))]0F L (F1(U))0R L (P).
In the second case, we obtain:
Dy = —(hUg kU + LU k(UKL (U)K (pe(U))
~[AUERTEL (ke (U)) + (UL )8R (R (U))]SRTT (LU))SRTT(Q)-
Since 5?(+L1 (P) <0 and 5?(+L1 (Q) > 0, one of the two terms,
[FLURTIRL (k2 (U)) + (UL TSR (R (U))]OFT (P)

AU (k2(U)) + f2(UL )83 (R (U))]65 72 (Q)

is non negative. Moreover, since one has:

k (UnJrl)kQ(UnJrl)
Un+1 I{/’ Un+1 Un-‘,—l k Un-‘rl > 1 K L
FilUE k(U™ ) + fo(UL T )k (Ug™) = (U 1 k(U

and

kl(Un+1)]{?2(Un+1)
Un+1 k Un+1 + Un+1 k Un+1 > K L ,
fl( K ) 2( L ) f2( L ) 1( L )— k1(U}§+1)+/€2(U£H)
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one gets

uptt
Dt 2 ey [ ) Sk

g (@) ko) P (@)da = G (9N (AW (463)

Using (4.61), (4.62) and (4.63) yields (4.51). 0
We now state the following corollary, which is essential for the compactness study.

Corollary 4.1 Under assumptions and notations (2.12)-(2.21) and under the additional hypotheses
(3.80)-(3.81), let D be a finite volume discretization of Q x (0,T) in the sense of Definition 3.8 and
let (Up, Pp) be a solution of the finite volume scheme (3.22)-(3.26) . Then there exists C14, which only
depends on ki, ks, pe, a1, 01, as, 02, ag, Bo, B1, 2, T, ug, S, s, and not on D, such that the following
discrete L*(0,T; HY(Q)) estimate holds :

N
SO D e (GR (9(U)))? < Cua (4.64)
n=0 KeT LeENk

Proof. Since the hypotheses of Corollary 4.1 include that of the technical proposition 9.1 (given in the
appendix), the following inequality holds:

S E(9(U))” < Crgdit L (g(UNIRL(A(U)), V(K L) € €, ¥n € [0, N].

It then suffices to apply Proposition 4.4 to conclude (4.64). O

5 Compactness properties

Using the results of [22], one may deduce from (4.45) the following property:

Corollary 5.1 (Space translates of the pressure) Under assumptions and notations (2.12)-(2.21),
let D be a finite volume discretization of Q x (0,T) in the sense of Definition 3.3 and let (Up, Pp) be a
solution of (3.22)-(5.26) .

Then the value Cy > 0 given by Proposition 4.2, which only depends on ki, ks, pe, 0, T, ug, s, s, and
not on D, is such that, for any & € RY, the following inequality holds:

/0 / D+ £,1) + py(up) (& + E.8) — pp (. £) — pylup) (z, )] 2dadt < Cy [€](2size(T) + [€]), (5.65)

where Qe = {x € R, [z,z + &) C Q}.
Similarly, we deduce from Corollary 4.1 the following property :

Corollary 5.2 (Space translates of g(u)) Under assumptions and notations (2.12)-(2.21) and under
the additional hypotheses (3.30)-(3.31), let D be a finite volume discretization of Q x (0,T) in the sense
of Definition 3.3 and let (Up, Pp) be a solution of the finite volume scheme (3.22)-(3.26) . Then the
value C14 given by Corollary 4.1, which only depends on ki, ka, pe, a1, 01, as, 02, ag, Bo, 61, , T, ug,
5, s, and not on D, is such that

/O /Q (g(un(a + £,1)) — g(up(a, 1)) *dudt < Cua |€](2size(T) + €], (5.66)

where Q¢ = {x € R, [z, 2 + €] C Q}.
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In the proof of convergence below, an important argument is the strong compactness of the sequence
g(up,) in L2(2 x (0,T)). We already have an estimate of the space translates, we also need an estimate
on the time translates of g(up) to apply Kolmogorov’s theorem. This estimate is given in the following
proposition.

Proposition 5.1 (Time translates of g(u)) Under assumptions and notations (2.12)-(2.21) and un-
der the additional hypotheses (3.30)-(3.81), let D be a finite volume discretization of Q x (0,T) in the
sense of Definition 3.8 and let (Up, Pp) be a solution of the finite volume scheme (3.22)-(3.26) .

Then there exists Cy5 , which only depends on ki, ko, pc, a1, 01, ag, 02, ag, Bo, b1, Q, T, ug, s, s, and
not on D, such that, for all T € (0,T), the following discrete estimate holds

T—71
/ /Q [g(up(z,t + 7)) — glup(x,1))> dedt < C15 (1 + size(D)) (5.67)

Proof. Some of the techniques used in this proof were introduced in the nonlinear parabolic scalar case
in e.g. [22].

Step 1. Proof in the continuous case .

We give here the analogue of this proof in the continuous case. The main argument is that the functions
k1(u)(Vp)? and on (Vg(u))? are bounded in L'(Q x (0,7)) and that an expression of u; can be drawn
from Equation (2.5). Using the Fubini-Tonelli theorem, we have:

/Q /OT_T[g<u<x,t+r>>—g(u@,wdtdx _ /OT‘TA@)dt,

where A(t) = [,[9(u(z,t + 7) — g(u(z,t))]? dt dz. Since g is a Lipschitz function with Lipschitz constant
C1g, one has

A) < Cus [ (olutart+ 1) = glule, ) ule.t+7) = ule.t)ds
t+7
< Cls/( (u(z, t—l-T))—g(u(x,t)))/t ut(x,0)d dx
<o / (.t + 7)) — glu(w, 1)) [div (k) (u) V) (z, 0)

+f1(c)s(x,0) — f1(u(z,0)) s(x,0)] d dx.

Now if we develop and integrate by parts in x, we obtain:
Alt) < 016// (x,0))Vp(x,0)Vg(u(z,t + 7)) dl dz
Q
t+‘r
—Cls/ / u(z,0))Vp(z,0)Vg(u(z,t))dd dx

e [ / (F1(¢)5(z,0) — i (ulx, 0)) s(x.0)) (g, t + 7)) — glu(z, £))) db da.

Thanks to the Young inequality, we get:

At) < %(2141( t) + Ao(t) + Az(t) + 2A4(1)).

with

t+7
a0 = [ [ k. 0)(Voe.0)? o
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t+7
As(t) / / Vg(u(t)))? do d,

t+7
Ag(t) = k1(1)/t /Q(Vg(u(t—l—r)))Qdex,

t+1
Asl) = /t /Q(E(x,H)QJr§(x,9)2+0(g))d9dz.

Then using the Fubini theorem, and the bound obtained in the preceding propositions, we obtain that:

/O " A <on

Step 2. Proof in the discrete case . For ¢t € [0,T), let us denote by n(t) the integer n € [0, N] such
that ¢ € [t",¢"*1). We can write:

| [stunte ) - glunte. )i = [ A
0 Q 0
with, for a.e. t € (0,7 — 1),

At) = " mr(g(ufd™ ) — g(uii )2,

KeT

Since g is non decreasing and Lipschitz continuous with constant Cy¢ (thanks to hypotheses (3.30) and
(3.31)), one gets:

A(t) < Cis Z mK(g(uTIl((tJr‘r)Jrl) _ g(u?((t)+1))(u?((t+7—)+1 B u?((t)Jrl) _

KeT
n(t+7)
n T)+1 n 1 n n
Ci6 Y (gl ) = g™y Y mk(URT - UR) =
KeT n=n(t)+1
n(t+7) Z TKlLkl-}-(l 6n+1(P)+
n T n |L”K,L
o Y i gy S [
KeT n=n(t)+1 m (fi(c) s = AU si)

Gathering by edges, we get

IN

n(t+7)
Alt) Cie Z at" Z (Z TKLk?}lLé‘%ﬁ-Ll(P)(g(UTIz((tJrT)Jrl)_g(uz(tJr'r)Jrl)))

n=n(t)+1 KeT \LeNk

n(t+7)
- G D ) (Z Lk R (O (P ><g<u’}§““>—g<u’z“>“>>>

n=n(t)+1 KeT \LeNk
t+'r

+ G Y oY (m(Al) I — AURT) s g = i)

n=n(t)+1 KeT
Thanks to the Young inequality, we get

A < DA + Ast) + Ast) +244(0))
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with

n(t+7) 2
Al(t> = Z 515”2 ( Z 7_K|Lk1 JK|L (5n+1( )) ) ’

n:n(t)J,»l KeT LGNK

n(t+7)
Ao(t) = k(1) Y Y (Z )L (g(u?é””“)g(u’z““’“)f),

n=n(t)+1 KeT \LeNk

n(t+7) 9
As(t) = k(1) D Y (Zm (90 = glup @) )

n=n(t)+1 KeT \LeNk
n(t+7)

Aty = 3 > (B + () O ).

n=n(t)+1 KeT
Thanks to Lemma 9.3 given in the appendix, we may apply (9.98) to A; with
2
RS ( S ks (5 () )
KeT \LeNk
and using the estimate (4.43), and again apply (9.98) to A4 with
= 5 e () + (57 O
KeT

and using Hypothesis (2.17). We then apply (9.99) to As with ¢ = 7, defining

Z ( Z x| (9 (UL))2>
KeT \LeNk

and using (4.64), and to As, setting ¢ = 0 and with the same definition for o” and again using (4.64).
Thus the proof of (5.67) is complete. O

6 Study of the limit

Proposition 6.1 Under assumptions and notations (2.12)-(2.21) and under the additional hypotheses
(3.30)-(3.81), let (Dy,)men be a sequence of finite volume discretizations of Q x (0,T) in the sense of
Definition 3.8 such that liril size(Dy) = 0 and such that the O-regularity property (3.32) is satisfied.

Let us again denote by (Dp,)men some subsequence of (Dy)men such that the sequence of corresponding
approzimate solutions (up,,,pp,, )men is such that up,, tends to u in L*(Q x (0,T) and pp,, tends to p
weakly in L2(Q x (0,T), as m tends to infinity, where the functions u and p satisfy:

u € L*®(Q % (0,7)), with 0 < u(x,t) <1 for a.e. (x,t) € Qx(0,7T),
pE L2(Q x (0,7)),

p+pg(u) € L*(0,T; H(Q)),

g(u) € L*(0,T; H'(Q)).

Then (u,p) is a weak solution of (2.5)-(2.11) in the sense of Definition 2.1.
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Proof. Let ¢ € C*°(R? x R) such that ¢(-,7) =0 and Vi -n = 0 on 9Q x (0,T). Thanks to the fact
that € is a polygonal subset of R?, the set of such functions ¢ is dense for the norm of L2(0,T; H'(f2))
in the set of functions ¢ € C*°(R?% x R) which only satisfy (-, T) = 0, see [16]. We multiply Equations
(3.23) and (3.24) by p(z,t" ') and sum over K € 7 and n € [0, N]. Then there remains to show that
the discrete terms converge to the corresponding integrals terms. Using the results of convergence of such
terms, which can be found in [22] for example, there only remains to prove that the sequence of discrete
terms (Ch, )men defined, for all m € N, by

Z&t"z (@i, ") Y Tk 0K (P) = A + B

KeT LeENK
with
Zét S el ™) Y Tk R L ORI (P) + 6 (g (D))
n=0 KeT LeNk
and

=—Zét N wlar ") D mrnk L0 (pe(U)),

n=0 KeT LeNk

T
converges to / / (k1 (u(z, 0))V(p + pg(w))(z,t) — Vg(u(z,t))) - Ve(z, t)dedt (a similar result then holds
0o Ja

for the second equation). This proof can be achieved thanks to two lemmas. Lemma 6.1 applies to the
study of the limit of (A, )men as m — oo whereas Lemma 6.2 yields the limit of (B, )men as m — oo. O

Lemma 6.1 (Weak-Strong convergence) [33] Let §) be a polygonal connex subset of R, with d = 2
or 3 and let T > 0 be given. Let (Dp,)men be a sequence of finite volume discretizations of Q x (0,T) in
the sense of Definition 8.3 such that lim size(D,,) = 0 and such that the regularity property (3.32) is

m——+o0
satisfied. Let (vp,,)men C L2(Q x (0,T)) (resp. (wp,,)men C L?(2 x (0,T))) be a sequence of piecewise
constant functions corresponding (in the sense of Definition 3.4) to a sequence of discrete functions
(Vb,, )men (resp. (Wp,, Ymen) from Tp, x [0, Ny + 1] to R. Assume that there exists a real value C1g > 0
independent on m verifying

N
D0 D man (Ve = Vit < Cis,
n=0 KeT LENk

and that the sequence (vp, )men (Tesp. (wp, )men) converges to some function v € L*( x (0,T)) (resp.
w € L2(Q x (0,T))) weakly (resp. strongly) in L*(Q x (0,T)), as m — +o0o. Let ¢ € C®(R? x R) such
that o(+,T) =0 and Vo -n =0 on 0Q x (0,T). For allm € N, let A, be defined by

26t Z .’L'K,tn+1) Z TK‘ngil(V£+1 _ VKnJrl),
n=0 KeT LeNK
where, for all (K,L) € £ and n € [0, N], W}}JrLl = Wf}l, and W}}JrLl is either equal to W}é“ or to

WPt Then v € L*(0,T; HY(Q)) and

T
lim Am:/ /w(x,t)Vv(x,t)Vga(z,t)dxdt.
0 Jo

m——+0o0

We now turn to the statement and the proof of Lemma 6.2.
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Lemma 6.2 Under assumptions and notations (2.12)-(2.21) and under the additional hypotheses (3.30)-
(3.31), let (Dy)men be a sequence of finite volume discretizations of Q x (0,T) in the sense of Defini-
tion 8.8 such that 111_1’_1 size(Dy,) = 0 and such that the regularity property (3.32) is satisfied. Let

(up,, Jmen C L2(Q2 x (0,T)) be a sequence of piecewise constant functions corresponding (in the sense of
Definition 3.4) to a sequence of discrete functions (Up,, )men from Tp, X [0, Np, + 1] to [0,1], such that
there exists a real value C9 > 0, verifying, for all m € N,

N6t Y S UG (A1) < Cao (6.68)
n=0

= KeT LENKk

Assume that the sequence (up,, )men converges in L*(Q x (0,T)) to some function u € L?(Q x (0,T)) as
m — +oo. Let o € C®(R? x R) such that ¢(-,T) =0 and Vi -n =0 on 92 x (0,T). Let (Bm)men be
the sequence of real values defined, for all m € N, by

N
By ==Y 0" parc, ") Y rie ki (U85 (pg (U)),
n=0 KeT LeENk

where, for all (K,L) € £ and n € [0, N], U}?‘Ll = Ufj(l, and U}?‘Ll is either equal to Upt" or to UPT!.
Then the following limit holds:

lim Bm:/o /QVg(u)(x,t)Vga(z,t)dxdt.

m——+0o0o

Proof. Gathering by edges, the term B,, can be rewritten as:

N

1 n n n n n

B = 52)515 (KXL; gTK\Lkl(UKTLI)(sKTLl(Pg(U))(sD(iELat ) = plzk, ).
n= ,L)e

Let

N
1 n n n n
Bim = 52 St TR g) (elan, ) — plak, ).
n=0  (K,L)ef

Following the conclusion of Corollary 4.1 which holds under the hypotheses of Lemma 6.2, one gets
g(u) € L?(0,T; H*(€)) and one can apply Lemma 6.1. This yields:

T
lim Blm:/ Vg(u)(x, t)V(z, t)dxdt.
0o Ja

m——+o0

We now study Bi.,, — Bp,. Thanks to the regularity of the test function ¢ and to properties (2.18) and
(2.19) on kq, ko and p., one gets the existence of a real value Coy > 0, which only depends on ¢, such
that:

N
|Bim — B | < Coo Z ot Z TK|LdK\LA7}(JfL1,
n=0  (K,L)eE
where A}’(JFL1 is defined, for all (K, L) € £ and n € [0, N], by:
Al = (U™ =k (U) (g (UL = pg(UET) -

We now apply the technical proposition 9.2 (proven in the appendix) with 0 = dg |z /diam(Q2), a = U}?H
and b= U}™!. This yields:

diam(2)

di|L

ait < 6, (B (o) - AOPNOOR) - g0 + ) (i)
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which leads, setting Ca1 = Cp max (diam(Q), diarln(Q)) diaHll(Q)'f’ to:

1
A3h < On (7 (RN = AL @R - o) + dice ) (e
Thus, thanks to Hypothesis (6.68) and thanks to the geometrical property %Z(K,L)eg mgLdg, < d

meas(Q), we get:
| B, — Bim| < Co1 (Cr9 + d meas(Q)) size(T)”

which shows that | By, — Bm| — 0 as m — oo. We thus have completed the proof of Lemma 6.2. O

7 Numerical tests

Let Q = [0,1]%, let us define D; = {(z1,72) € R?%;(x1 — 0.5)2 + (22 — 0.8)2 < .01}, D2 = {(z1,72) €
R%; (21 — 0.2)% + (22 — 0.2)2 < .01} and D3 = {(z1,22) € R?; (21 —0.8)? + (22 — 0.5)? < .01}. Define the
source term § by 5(z) = 10. if x = (z1,x2) € D1, 3(x) = 20. if z € D5, and 3(z) = 0 elsewhere and the

source term s by s(x) = 30 if if # € D3 and 0 elsewhere. Let p.(a) = .5,/1=%, ki(a) = %, ka(a) = (1—;)3,
for all a € [0,1], and ¢ = .8 everywhere and for any time. The initial condition is defined as uy = .5
everywhere.

We use a triangular mesh which is obtained by uniform refinement of a given initial coarse mesh. An
example of such a mesh is given in Figure 2. In this case, the control volumes are the triangles of the
mesh, which satisfies the Delaunay condition. Hence the points xx are the orthogonal bisectors of the

triangles.

D

AVAV/

TAVAYANAVAVAV/
ININININININ
NONINININININ

\VA

Fig 2. Meshes with 1 and 10 divisions

This numerical test shows the efficiency of this scheme on an example where the data entirely satisfy
the assumptions which were made for the mathematical study. In fact, the efficiency goes far beyond
this simple example since it has been used in the oil industry for several decades and for more complex
problems.
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Fig 3. Source and sink terms
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Fig 4. Saturation and pressure at date t=0.14
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Fig 5. Saturation and pressure at date t=2

8 Concluding remarks

In this work, we showed the convergence of the approximate velocities and pressure obtained by a finite
volume scheme for the solution of a coupled system of parabolic equations which describe an incompress-
ible two phase flow in a porous media. The question of weaker hypotheses in order to obtain the result
of convergence presented here arises. However, the technical assumptions (3.30) and (3.31) seem to cover
most of the actual engineering cases. Therefore one can consider other directions for further research;
the convergence result should be first extended to more realistic multi-dimensional case in presence of
gravity terms. It can secondly be studied in the compressible and compositional cases, but a number of
intermediate steps should probably be previously performed.

A first step could be the introduction of a compressible porous medium, that is an approximation of the
actual coupling between the flow in the porous media and the mechanical behaviour of the skeletton. In
such a case, one could expect that estimates on the time derivative of the pressure might lead to a result
of strong convergence for the discrete pressure (in the present paper, this convergence property is only
weak, since the time variation of the pressure cannot be controlled in the incompressible case).

A second step would be the introduction of the gravity terms. Some new problems arise, for example
in the proof of the discrete maximum principle, or in the proof of the discrete L2(0,7; H'(f2)) in the
multidimensional case (note that new results in this direction have been obtained, in the case of no
capillary pressure, in [17]).

9 Appendix: technical propositions

Proposition 9.1 Under hypotheses (2.18) and (3.80) on the functions k1, k2, and under the hypotheses
(2.19) and (3.31) on the function p., let fi and g be the functions respectively defined by (2.12) and
(2.21). Then there exists Cyq > 0, which only depends on ki, ka, pe, a1, 61, az, 02, o, Bo and b1, such
that:

l9(a) = g(b)| < Cyglfi(a) = f1(b)], ¥(a,b) € [0,1]%.

Proof. In the following proof, let us denote by C}, for any integer value ¢, various strictly positive real
values which only depend on k1, k2, p., a1, 01, as, 02, ag, o and (1. Thanks to the hypotheses of the

27



proposition, the following inequalities hold:

Cp b1 < ki (b) < Ca3 b, Wb € (0,1), (9.69)

Cas (1 —0)%2 < ky(b) < Cas (1 —1)%2, Wb e (0,1), (9.70)
Cas < k1 (b) + ko(b) < Cor, Vb € (0,1), (9.71)

Cag b171 < f1(b), for a.e. be (0,3/4), (9.72)

Cao (1 —b)%271 < f1(b), for a.e. be (1/4,1). (9.73)

Let (a,b) € [0,1]2. We can suppose, without loss of generality, that 0 < a < b < 1. Let us consider three
cases: case 1, (a,b) € D1 = {(a,b) € [0,1]%,a + 1/4 < b}, case 2, where (a,b) € Dy = {(a,b) € [0,1]%,a <
b<a+1/4and a+b < 1}, and case 3 where (a,b) € D3 = {(a,b) € [0,1]>,a <b<a+1/4and a+b > 1}.
Let us first consider the case (a,b) € D;. Let us define, since b — a > 1/4,

Cso = (a’I,il/?ng(g(b/) —g(a))

and, since fi is strictly increasing,

We thus get

(9(b) —g(a)) < —1(f1(b) — f1(a)). (9.74)

We now consider the case (a,b) € Dy. We then have 0 < a < b < 3/4 and therefore, thanks to
g'(c) < Csp 1501 for all ¢ € [0,3/4], we get

(9(b) — g(a)) < Cs3 (b— a)b? TH~1 < O35 (b — a)p? !

and, thanks to (9.72), we get
C
(F1(0) = fr(a) > = (0" —a™).

1
Let us consider the subcase (a,b) € Day = {(a’,V’) € D2,2a’ < b'}. Then

(9(b) — g(a)) < Ca3b™ (9.75)
and
(f1(b) = fi(a)) > %(1 - 2%)bel. (9.76)
Thus we get, from (9.75)-(9.76),
(9(b) — g(a)) < C34 (f1(b) — fr(a)). (9.77)

We now consider the subcase (a,b) € Dag = {(a’,V') € D3,2a’ > b'}. We then get
1 _
(9(b) — g(a)) < Cs3 F(b - a)a91 ! (9.78)
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and
(f1(b) = f1(a)) > == (b — a)a” . (9.79)
This yields

(9(b) — g(a)) < Cs5 (f1(b) — f1(a)). (9.80)

Let us now handle the case (a,b) € D3, with a similar method to the case (a,b) € Do, where 1 — b plays
the role of @ and 1 — a that of b. Since the inequality 0 <1 —b <1 —a < 3/4 holds, we thus get:

(g(b) — g(a)) < Cs6 (b—a)(1 —a)®~!

and

(f1(b) = fi(a)) = Cs7 (1 — @) — (1 = b)™).
Considering the subcases (a,b) € D313 = {(a’,V') € Ds5,2(1 — %) < (1 — o)} similarly to the case
(a,b) € Dy, and the subcase (a,b) € D3y = {(a’,V') € D3,2(1 =) > (1 — a')} similarly to the case
(a,b) € Do, we obtain the same conclusion. Gathering all the results for Dy, Day, Daa, D31 and Dsa,
we thus conclude the proof. O

Proposition 9.2 Under hypotheses (2.18) and (3.30) on the functions k1, k2, and under the hypotheses
(2.19) and (3.31) on the function p., let pg, f1, g be the functions respectively defined by (2.20), (2.12)
and (2.21). Then there exists Cp, > 0 and v > 0, which only depend on ki1, ks, pc, a1, 01, as, 62, ag, Bo
and (31, such that:

(1)~ s @)py ) ~ o) < Co” ((510) ~ A)(al®) — g(a) + ), Via0) € 0,11 3 € 0.1).

Proof. In the following proof, let us again denote by Cj;, for any integer value 4, various strictly positive
real values which only depend on ki, k2, pe, a1, 01, asz, 02, ag, Bp and B1. We apply the same method as
that is used in the proof of Proposition 9.1.

Let (a,b) € [0,1)2 and 6 € (0,1). We again suppose, without loss of generality, that 0 < a < b < 1. Let
us again consider the same three cases: case 1, (a,b) € Dy = {(a,b) € [0,1]%,a + 1/4 < b}, case 2, where
(a,b) € Dy = {(a,b) € [0,1]2,a <b<a+1/4 and a +b < 1}, and case 3 where (a,b) € D3 = {(a,b) €
0,12, a<b<a+1/4and a+b>1}.

Let us first consider the case (a,b) € Dy. Let us define, since b —a > 1/4,

Cas = max  (kx(b') — ki(a’))(pg(a) — pg ("))

(a’,b")eDy
and
C39 = (a/g}%ng(fl(b/) = fi(@)(g() —g(a’)).
We thus get
(2 (8) = (@) pafa) = s0) < GE05(A(8) = Fi@))(9(b) - gla). 0.81)

We now consider the case (a,b) € Ds. We then have 0 < a < b < 3/4 and therefore, thanks to
—py'(€) < Cyo P for all ¢ € [0,3/4], we obtain

(k1(b) — k1(a))(pg(a) = py(b)) < Cur (b — a)?pn 72
and, thanks to the inequalities f](c) > Cagc” ™1 and g¢'(¢) > Cyz 1T~ for all ¢ € [0,3/4], we get

(f1(0) = f1())(g(b) — g(a)) = Cuaz (b™ — ™) (b7 +70 — aPr400),
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Let us consider the subcase (a,b) € Day = {(a’,V’) € D2,2a’ < b'}. Then

(k1(b) = k1(a))(pg(a) — pg(b)) < Car b7+

and

(f1(b) = f1(a))(g(b) — g(a)) = Cus (1 — 2%)(1 . 2911%0 Jp261-+60.

Let € > 0, the value of which will be chosen later on. In the case where b < ¢, then

(k1(b) = k1(a))(pg(a) — pg(b)) < Car ™™,

else, from (9.82)-(9.83),

(k1 (b) = k1(a))(pg(a) = pg(b) < Caa (f1(b) = f1(a))(9(b) — g(a))e~"",

It now suffices to choose ¢ such that
591+f30 5

) g’

that is e = §2/(201150)  to obtain either, from (9.84),

(k1(0) = k1(a)(pg(a) = pg(b) < Cuy 6 6%/ ENF50),

either from (9.85)

(F1(b) = k1(a))(pg(a) = pg(b)) < Caa %(fl (b) = f1(a))(g(b) — g(a)) &7/ ZNFF0),

We now consider the subcase (a,b) € Dag = {(a’,V') € D3,2a’ > b'}. We then get
(k1(b) = k1(a))(pg(a) = pg(b)) < Car 2F7072(b — a) e+ =2
and
(f1(6) = f1(@)(9(b) = 9(a)) > Cuz (b — a)®a®" 702,
Let € > 0, the value of which will be chosen later on. In the case where a < ¢, then
(k1(b) = k1(a))(pg(a) — pg(b)) < Cag 271 FF0—201 40,
else, from (9.88)-(9.89),
(k1(b) = k1(a))(pg(a) = pg(b) < Cus (f1(b) = f1(a))(9(b) — g(a))e™",
It now suffices to again choose e such that e = §2/(2¢1+50) to obtain either, from (9.90),
(k1(b) = k1(a))(pg(a) = pg(b)) < Caz § 570/ B+,

or, from (9.91)

(k1(b) — k1(a))(pg(a) — pg(b)) < Cus %(ﬂ (b) — f1(a))(g(b) — g(a)) 670/ ¥r+bo),

(9.82)

(9.83)

(9.84)

(9.85)

(9.86)

(9.87)

(9.88)

(9.89)

(9.90)

(9.91)

(9.92)

(9.93)

Let us now handle the case (a,b) € D3, with a similar method to the case (a,b) € Dy, where 1 — b plays

the role of a and 1 — a that of b. Since the inequality 0 <1 —b <1 —a < 3/4 holds, we thus get

(k1 (b) = k1(a))(pg(a) = pg(b)) < Cur (1 —a) = (1= b)*(1 — @)
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and
(f1(6) = fi(a))(g(b) — g(a)) > Cag (1 — @) — (1 = b)*)((1 — @)™ — (1 —b)"+7).

Considering the subcase (a,b) € D31 = {(a/,V’) € D3,2(1-b") < (1—a')} similarly to the case (a,b) € Doy,
we let € be defined by

592+51+1 )
5 I
and we obtain either, if (1 —a) < e,
(k1(b) — k1(a))(pg(a) — py(b)) < Cuag & §F2/20t00), (9.94)
(F1(b) = 1(a))(pg(a) — pg(b)) < Cso (fl( ) = f1(a)(g(b) — g(a)) §1P ¥/ EOx0), (9.95)

In the subcase (a,b) € D3y = {(a/,¥') € D3,2(1 =) > (1 — a’)}, we obtain, similarly to the case
(a,b) € Dag either, if (1 —b) < e,

(k1(b) — k1 (a))(pg(a) — py(b)) < Cs1 6§ 2/ 2000, (9.96)

(F1(b) = k1(a))(pg(a) — pg(b)) < Cso %(fl (b) = f1(a))(g(b) — g(a)) g +2)/COxtE), (9.97)
Gathering (9.81), (9.86), (9.87), (9.91), (9.93), (9.94), (9.95), (9.96) and (9.97), we thus complete the
proof letting v = min(1, 8o/ (261 + Bo), (81 +2)/(202 + 1)) (since 6 € (0,1)). O

Proposition 9.3 Let (t"),cz be a stricly increasing sequence of real values such that 6t" = t"t1 — "
is uniformly bounded, lim t" = —oo and lim t" = co. For all t € R, we denote by n(t) the element

n——oo n—oo
n € Z such that t € [t",t"T1). Let (a")nez be a family of non negative real values with a finite number
of non zero values. Then

t+'r
/ > (Gttamdt =1 (5t"a™t), Vr € (0,+00), (9.98)
n=n(t)+1 nez
and
n(t+7)
/ Z ot" | a1 g < (1 + max 5t"™) Z(ét" Y vr € (0,+00), V¢ €R. (9.99)
R ne
n=n(t)+1 nez

Proof. Let us define the function x(¢,n,7) by x(¢t,n,7) =1if t <t"™ and t + 7 > t", else x(¢t,n,7) = 0.
We have

n(t+7)

/ Z (6t"a"TYdt = /Z (6t"a™ M x(t,n, 7))dt = Z (5t"a”+1/x(t,n,7')dt).
R

n=n(t)+1 nez nez

Since [ x(t,n,7)dt = ft" dt = 7, thus (9.98) is proven.
We now turn to the proof of (9.99). We define the function x(n,t) by x(n,t) = 1 if n(t) = n, else
xX(n,t) = 0. We have

n(t+7) n(t+7)
L1 X ar)aeona= [{ 5 o | S amwim e+ e
R n=n(t)+1 R n=n(t)+1 MEZ
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which yields

n(t+7) tm+1_< n(t+7)

/ > oot | a0 =y " gt / > st at. (9.100)
B\ n=n(t)+1 mez tm—¢ n=n(t)+1
Since we have
n(t+7)
n __ n+l _ 4n n
> oott= P ) <7+ maxot”,
n=n(t)+1 n€Z, t<tn <t+r

we can write from (9.100)

n(t+1) tmFl_¢
/ Z 5t" | a™HO)FTGE < (7 + max 6t™) Z aerl/ dt = (7 4+ max 6t"™) Z a™ st
R nes tm—¢ nez
n=n(t)+1 MEZL me7Z
which is exactly (9.99). O

We have the following corollary of Kolmogorov’s theorem.

Corollary 9.1 (Consequence of Kolmogorov’s theorem) Let Q be a bounded open subset of RY,
d € Ny, and let (w,)nen be a sequence of functions such that:

for allm € N, w,, € L*(Q) and there exists a real value C, > 0 which does not depend on n such
that ||wn||LOO(Q) <,

there exists a real value Cx > 0 and a sequence of non negative real values (n)nen verifying

lim p, =0 and

n—oo

/ (wn (2 + €) — wn (2))%dz < Cic (€] + 1n), Vn € N, V¢ € R%
Q¢

where, for all ¢ € R, we set Qe = {x € R, [z, 2 + &) C Q}.

Then there exists a subsequence of (Wn)nen, again denoted (wp)nen, and a function w € L (Q) such
that wy, — w in LP(Q) as n — oo for all p > 1.

Proof. We first extend the definition of w,, on R? by the value 0 on R?\ 2. We then prove that

. 27, _
lgl}go iléll\)l/ugd (wp(z + &) — wp(z))*dx = 0. (9.101)

Indeed, let € > 0. Since Upso{x € Q, B(z,n) C Q} = Q, then there exists 77 > 0 such that
meas(\ {x € Q, B(z,7) C Q}) <e.
Thus, for all ¢ € R? verifying |¢| < 7, we have
{r e, B(z,7) CQ} C Q:UN_ C N

and therefore meas(Q2 \ (2 UQ_¢)) < e. Let ng € N such that, for all n > ng, p, < e. Thanks to
the theorem of continuity in means, for all n = 0,...,ng, there exists 7, > 0 such that, for all £ € R?
verifying [£] < 7, we have [, (wn(z + &) — wp(2))?de < e.

We now take ¢ € R verifying |¢| < min(7, (9, )n=0.....n, ). We then get that, for all n = 0,...,ng, the
inequality [o,(wn(z + &) — wy(x))*dz < e holds, and for all n € N such that n > ng, then

/ (wn (& + €) — wn(2))2dx < ACPe + / (w1 €) — wa(2))’da,
Rd

Qe
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and

/Q (wn (& + €) — wn(2))2dz < Cre(€] + ) < 2Cxce.

Gathering the previous results gives (9.101). Then applying Kolmogorov’s theorem gives the conclusion

of Corollary 9.1. 0
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