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Cell centred discretisation of non linear elliptic problems on
general multidimensional polyhedral grids

R.EYMARD? T.GALLOUET! and R.HERBIN¥

Received May 30, 2001 Communicated by Yu. A. Kuznetsov
Received in revised form March 1, 2002

Abstract — This work is devoted to the discretisation of non linear elliptic problems on general
polyhedral meshes in several space dimensions. The SUSHI scheme which was recently studied for
anisotropic heterogeneous problems is applied in its full barycentric version, thus resulting into a cell
centred scheme written under variational form, also known as 'SUCCES’. We prove the existence of
the approximate solution and its convergence to the weak solution of the continuous solution as the
mesh size tends to 0. Numerical examples are shown fqu-ttegplacian.
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1. Introduction

We study the following problem: find an approximationwfweak solution to the
following equation:

—diva(x,0u) = fin Q,

u=00ndQ, (1.1)

where we denote byQ = Q\ Q the boundary of2, under the following assump-
tions:

Q is an open bounded connected polyhedral subsif'ofi € N*, (1.2a)
a : O xRY— RYis a Caratheodory function, (1.2b)

*Universie Paris Est, France
TUniversié Aix-Marseille, France

:tUniversié Aix-Marseille, France
This work was partially supported by Groupement MOMAS, CNRS/PACEN



2 R.Eymard, T. Galloét, and R. Herbin

(e.g. a function such that for ax.c Q, & — a(x,&) is continuous, and for any
& € RY the functionx — a(x, € ) is measurable)

Jac (0,4),pe (1,4+»); ax,&)-& > alé|P, fora.exec Q, VE e RY, (1.2¢)
(@ax,&)—ax,x))-(E—x) >0, foraexeQ, V€& x e RYwith & £ x, (1.2d)
JaeLP(Q), Ac(0,+w); |ax &) <ax)+A[E[P L foraexe Q, VE e RY,

(1.2e)

and

.

f € LP(Q) wherep' = (1.2f)

H.

p_

If the functiona satisfies (1.2b)-(1.2e), then the mapping- —diva(-,u) is
a Leray-Lions operator, a classical example of which isfgHeaplacian operator,
obtained by setting

a(x,&) = |E|P2E,VE cRY\ {0}, fora.exe Q,

a(x,0) =0, fora.exe Q. (1.3)

It is well-known [27] that under hypotheses (1.2), there exists a unique weak solu-
tion (1.1), that is a function satisfying:

{ ueW,P(Q)

a(x, 0U(x)) - V(X)X — /Q FOVOOdX, Vv e WHP(Q). (1.4)

Q

The numerical approximation of (1.4) has been the subject of numerous works:
finite element methods have been extensively studied [23,24,22,11,28,9,25,16]. Fi-
nite volume schemes have also been addressed, first on Cartesian grids [5,6]; more
recent works [10,8,7] are concerned with the DDFV (Discrete Duality Finite Vol-
ume) scheme for general two-dimensional grids, introduced in [26] and first anal-
ysed in [12] for linear problems; these schemes require the use of two dual grids
and sets of unknowns. In [13] the mixed finite volume scheme involving unknowns
at the faces of the mesh, first introduced and analysed in [14] is shown to converge
for general multidimensional grids.

In this paper, we study a numerical scheme which satisfies the following prop-
erties:

e It is a cell centred scheme, that is there is only one unknown associated to
each grid cell. The advantage of such method is that it can be more easily
extended to nonlinear coupled problems.

e It is defined for general, possibly hon-conforming, polyhedral meshes in any
space dimension.
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e The approximate problem has one and only one solution, so that the result-
ing nonlinear system of equations may be solved by an adequate (iterative)
method.

e The convergence of the approximate solution and gradient to the exact solu-
tion and gradient when the mesh size goes to 0 are proven.

The scheme "SUCCES” (Scheme Using Conservativity and Consistency error
Stabilisation) that we use here was first introduced in [21] for the discretisation
of the Laplace operator in the incompressible Navier-Stokes equations on general
multidimensional grids. Its numerical performance for the numerical simulation of
flow in heterogeneous porous media is demonstrated in [3]. Its convergence analysis
for linear problems is carried out in [19] in the more general framework of the
SUSHI (Scheme Using Stabilisation and Hybrid Interfaces) scheme, for which edge
unknowns may be present or not, according to the user’s choice.

The contents of this paper is the following. In Section 2, we present the discreti-
sation scheme and a few basic properties. Some estimates (using discrete Sobolev
embeddings) are presented in Section 3, along with the proof of the existence and
uniqueness of the approximate solution. In Section 4, we prove the convergence
results, which are based on some “discrete functional analysis” tools, mimicking
classical functional analysis tools: the Kolmogorov theorem is used to get some
compactness results (strong convergence for the approximate solution, weak con-
vergence for the approximate gradient). Then the well-known 'Minty trick’ [27]
is used to overcome the problem of passing to the limit in a nonlinear monotone
problem under only weak convergence properties for the approximate gradient of
the solution. Finally, the Leray-Lions trick of [27] allows us to recover the strong
convergence of this approximate gradient. The numerical behaviour of the scheme
is shown on an example in Section 5.

2. The finite volume scheme

Let us first begin with the detailed description of the mesh under consideration in
this paper.

Definition 2.1 Space discretisation.Let Q be a polyhedral open bounded con-
nected subset &Y, withd € N\ {0}, anddQ = Q\ Q its boundary. A discretisation
of Q, denoted byZ, is defined as the triple¥ = (.#,&, &), where:

1. . is afinite family of non empty connected open disjoint subse® @he
“control volumes”) such tha® = Uk K. For anyK € ., let 0K = K\ K
be the boundary df; let |K| > 0 denote the measure Kfandhk denote the
diameter oK.

2. & is a finite family of disjoint subsets d® (the “edges” of the mesh), such
that, for allo € &, o is a non empty open subset of a hyperplanR4fwhose
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(d-1)-dimensional measute| is strictly positive. We also assume that, for

all K € ., there exists a subsék of & such thatdK = Ugsc 4 6. For any

o € &, we denote by#Z; = {K € .#,0 € & }. We then assume that, for all

o € &, either.Zs has exactly one element and thert JQ (the set of these
interfaces, called boundary interfaces, is denoted®y or .#, has exactly

two elements (the set of these interfaces, called interior interfaces, is denoted
by &nt). For allo € &, we denote b, the barycentre of. For allK € .#

ando € &k, we denote by  the unit vector normal ter outward toK.

3. Zis afamily of points ofQ indexed by.#, denoted by = (Xk )ke.~, Such
that for allK € .#Z, xx € K andK is assumed to bgg-star-shaped, which
means that for alk € K, the propertyxk,X] C K holds. Denoting byl . the
Euclidean distance betwe&r and the hyperplane including, one assumes
thatdg - > 0. We then denote bk » the cone with vertexx and basiss.

Remark 2.1 Non convex generalized hexahedra.

The above definition applies to a large variety of meshes. Note that no hypothe-
sis is made on the convexity of the control volumes; in fact, generalised hexahedra,
i.e. with faces which may be composed of several planar sub-faces may be used.
Often encountered in underground flow simulations, such hexahedra may have up
to 12 faces (resp. 24 faces) if each non planar face is composed of two triangles
(resp. four triangles), but only 6 neighbouring control volumes.

Let2 = (#,&,2) be adiscretisation d@ in the sense of Definition 2.1. The
size of the discretisatio® is defined by:

hy = sup{hx,K € #}.

LetHy, C L2(Q) be the set of piece-wise constant functions on the control vol-
umes of the mesh and leg denote the (constant) value wbn K.

A first simple idea to find a scheme that will approximate (1.1) is to use the
usual non conforming Galerkin method: assuming thatvfarH, we know how
to construct an adequate discrete gradiépt (expected to be an approximation of
the gradient of the exact solution), we then sagke Hg, such that

/Qa(x, D@u@(x))-D@v(x)dx:/f(x)v(x)dx, W e Hy. 2.1)

The construction of the discrete gradient is obtained from the values of the discrete
function on the cell and from its reconstructed values on the edges. These are con-
structed in the following way. FOK € .#, one choose&x € .# (this choice is
possible for any seéf which is “xk star shaped”). For any interior edge (interface)

o of ., choose some pointg, of the mesh close to and writex; (recall that

X is the barycentre of) as a combination of these pointe; = S vc./ BYXu.
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Note that there is no need for this combination to be convex. The coefficients of the
combination, however, should be bounded.
Then, for any € Hy, one sets:

S Bumif o € &,
MNeu={ M&” (2.2)
0if & € Sext

Next, denoting by Id the x d identity matrix, we use the following geometrical
relationship

1
K Y 1onKo (X% —X«)' =Id, VK € ., (2.3)

Gegk

which is an easy consequence of the Stokes formula, to define a consistent discrete
gradientd4v € Hy of a functionv € Hy as the piece-wise constant function equal
to its constant valuélku a.e. inK:

Ogu(xX) = Okufora.exeK,VK € .. (2.4a)
1
Oku= — Z |o|(MoU—Uk)NK 6. (2.4b)
’ ‘665}(

We may then try to findiy € Hy solution of (2.1); however, it is easily seen
that the problem lacks coercivity because of the definition of the discrete gradient.
Take for instancel = 1, Q = (0,1) and a uniform mesh with step sibe= 1/N.

For each celKi = ((i—1)h,ih) (i=1,...,N), takexx, =% = (i—1)h+ 2 A natural
combination to compute the interface valuesis » = %(xi +X41),i=1,...,N—1

(and the boundary conditions gi\x% =Xyl = 0). Then, the discrete gradient of
V= (V)i=1n has the valu%(viﬂ —vVi_1) oncellK; fori=2,...,N—1, the value
2(v1 +V2) on cellK; and the valuest (w_1 +vy) on cellKy. Takingy, = (—1)'

for all i leads to a discrete gradient equal O in all cells. This problem must be cured
to obtain the coercivity of the discrete problem and the uniqueness of its solution.

A remedy to this problem was found by using a stabilisation which uses a con-
sistency estimate [18,21,19]. Let us introduce, foramyHy, for anyK € .# and
o € &k, the valueRg sV defined by:

1
T(HGV—VK—DKU'(XG—XK))- (2.5)
K,o

RK,GV:

Using this value, we define the functi®y,v by the constant valulk sV in the cone
DK.G:

RyVv(X) = R sV fora.ex e Dk o, VK € 4, Vo € &k. (2.6)
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We now consider the following approximate problem:
find u € Hy such that

(u,v>@:/Qa(x,D@u(x))-D@v(x)dx+b(u,v):/f(x)v(x)dx, W e Ho.

(2.7)
with
b(u.v) = [ IR u(x)|”*sgriR,u(x)) Rov(x) . (2.8)
Q
introducing the function sgm) = 1 for all x €]0,+oo[, sgnx) = —1 for all x €
| — 0, 0[ and sgii0) = 0. We now define, for aK € .#, the function
: R - RY
&8 (2.9)

vE e RY,ak(§) = iy Jkalx. &) dx,
we can then write that

|o|dk,o
d

(Uvig = % <K|aK(DKU)'DKV+ > IRK,GUIp‘lsgr(RK,GU)RK,GV).

Ke.# €EK

Remark 2.2 An alternate scheme.We could also proceed as in [19]: define
Ok,sVin the coneDk 4:

DK,GV — DKV+ RK,cvnK,m

then defindJyv by the constant valuElk sV in the coneDk , and then define the
scheme by (2.1). This scheme presents similar properties of convergence to the one
which is studied here, under conditions of regularity on the mesh which ensure that
there exist two positive reats, f independent of the mesh such that

a|[Vl[pn < [02V]Lr) < BlIVIIpn,

where||-|| o, is defined by (3.5). This can be shown under more restrictive hypothe-
ses than those used here.

3. Estimates, existence and uniqueness of the approximate solution

We define the following discretelol’p norm onHy:

g = 33 lotdea (200 @3.1)
g9 = Ko | —3— s .
Lp KE# o€« do
luk —u | if #s={K,L} andDsu= |ux — O] if #Zs ={K}.

Let us first recall the following results, which are proven in [19].
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Lemma 3.1 Discrete Sobolev inequalitylLetd> 1,1 < p < « and letQ be a
polyhedral open bounded connected subs&l et 2 be a mesh o in the sense
of Definition2.1 Letn > 0 be such that) < dk ¢/dL s < 1/n forall o € &, where
M5 ={K,L}. Then, there exists g p only depending on p (& dpfdp for instance,

inthe casel < p< d, and g is any value ifp, o[ in the case & p) and there exists
C1, only depending on dQ, p andn such that

||UH|_q <C1|]u\|1p7 Yue Hgy, (3.2)

where||u[)} , ,, is defined byZ.1).

Lemma 3.2 CompactnessiiP. Letd> 1,1 < p < o andQ be a polyhedral
open bounded connected subsék®fLet.# be a family of meshes &fin the sense
of Definition2.1 Letn > 0 be such that, for alZ € .#, one hasy < dk ¢/dL 6 <
1/n forall o € &, where.Zs; = {K,L}. For Z € .#, let u; € Hy and assume that
i 2 < C. Then, the familyuy) < #
is relatively compact in B(Q) and also in IP(RY) taking u; = 0 outsideQ.

We introduce a measure of the regularity of the discretisation by

hK dKG

¥g = max
7= {dKG chr

Ke.M,0€ENEm Ms=1{K, L}} (3.3)

Note that if ¥ is bounded, the hypotheses of Lemmas 3.1 and 3.2 hold. We next
define:

M _ 2
S = max<199, { 2me.s ‘ﬁ‘fhyx“” X%l c.t,0c & msﬁm}> (3.4)
K

We then define the following discre\;ﬁfol*p norms onHgy, depending on the map-

pingsM: )
u = ol|d — 35
lulgn=3 3 | m( - (3.5)

Let us remark that the following inequality holds:
Iulf 5 < (14 B2) 1|8, Yu € Ha, (3.6)

using the following inequalities

/ /Y
Uk — U | p< Ok,o p+ dis 4 |I'Igu—u|<||°+|I'I(,u—u|_|p
o ) “\\do do k.o Ao )’

dK o P dL o d dK o dL c
A ) < J LA
<%>+<%>\do+% L
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andd_ s < 940k . We also have
1Bu[Pp gy <dPHullpn. Yu e Hy, (3.7)

using the inequality
p

oldk ¢ MgU— Uk
|o|dk.6 Mo <

K[ dko  °

O'Gézk

p/ P
z ‘G‘dK,Glp’ z ‘G‘dK,c “_IGU_UK|p
oEék |K‘ o EE&K |K‘ ’dK,0|p

Lemma 3.3 Coercivenesslnder hypothesed (2), let 2 be a discretisation in
the sense of Definitiod.1 Letd > ¥4 (defined by3.3)). Then there existsLConly
depending on dQ, p, aand® such that

Vue H@,CZ”UHBH < <U,U>9, (38)

where(u,u) is defined in2.7).
Proof. Thanks to (1.2c), we have
/ a(x,0su(x)-Ooux)dx>a 3 |K||Dkul".
Q Ke.#
We get, from (2.8),
|G|dK o

b(u,u) =
Ke# oeék

IRk,ou[P.

Using Holder's inequality, we have
Wy € R > 0, e < Xy < (L )P P+ 2y

We apply the above inequality o= Rg¢ ;U andy = <% Fv ~Uku- (X —X ), for a value
u which will be chosen later. We get

U\ P , (x. p
<ncu UK|> < (14 pP)P/P <\RK,GUI'°+ (‘DKU (Xo XK)|> >
dK,G .UdK,G

Y
We then choosg = P which ensures

_ p
(x")(K) <a VK e . #,Vo € 8.
/JdK,G
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We then get, for this value qf,

: Mou— P
ey ow 5 5 1o (Reamsd) ey,
K oSk K.o
which concludes the proof of (3.8). |

Lemma 3.4 Estimate, existence and uniqueness of the solution.

Under hypothesed (2), let Z be a discretisation in the sense of Definit@r1
Letd > ¥4 (defined by3.3)). Let u be a solution ofA,7). Then there exists{C> 0O,
only depending on d?, p, aand ¢ such that

p o
Hqu,I'I <C3H]CH|_p’(Q) (39)
Moreover, there exists one and only one solutianid to (2.7).
Proof. Letv=uin (2.7); applying (3.8) in Lemma 3.3, we get
Callullpn < [ FO9u(ax.

We now apply Hblder’s inequality: we get

[ 100 Ux) ) < 1] g Ul

We then use (3.1) in Lemma 3.1 and (3.6) to obtain that there e3istsnly de-
pending ond, p andQ, such that

[UllLr(q) < Callullpn-

The last three inequalities yield (3.9).
The existence of the discrete solution follows, for instance, by a topological
degree argument.

Let us now assume thatandU are two solutions of (2.7). Thefy,u—U)4 +
(U,U—u)y = 0, which yields

> [K|(ak(Oku) — ak (Ok)) - Ok (u—0)
Ke.#

+ 3y Yy okololdko(sgnRe.ow)Re.oulP
Ke.# oceék

—sgnRk,60)|Rk.cUP 1) Rk o (u— 1) = 0.

Since

(sgn(R« o U)|Rk o U|P* — sgnR« ¢ 0) R oUIP ) (Re oU— Rk ol) = 0,
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and
(ak (Oku) —ak (OkU)) - Ok (u—u) >0,

we get that both terms vanish. Thii (u—0) = 0 andRk s (u— U) = 0. We then
get from the inequality (3.8) that— G = 0.
]

4. Convergence of the scheme

The convergence of the scheme requires a compactness property which extends that
of [19] proven in the case whepe= 2:

Lemma 4.1 Weak discreteNV1:P compactness.Under hypothesed (2), let.#
be a family of discretisations in the sense of Definitbh For any ¥ € .7, let
(Mg)ses be a family of linear mappings from4-to R defined by(2.2). Assume
that there exist® > 0 such that for allZ € .%, 199 < ¥, with ¥4 defined by3.3).
Let(uy)4cs be afamily of piecewise constant functions such that:

e Uy e Hy forall 7 € #,
e there exists C> O with |lug||pn <Cforall 7 € #,

e there exists « LP(Q) with hIimo||u9 —UllLpq) = 0.
59—

Then, the limit u belongs to (W(Q); moreover, definindlyuy by (2.4), the se-

quence(dyUy) g7 Weakly converges inA(Q)9 to Ou as h, — 0. Prolonging all
functions by 0 outside @, the convergence also holds iR(IRY)¢.

Proof. Thanks to (3.7), we get that, up to a sub-sequence, there exists some
functionG € LP(RY)9 such thatl,u, weakly converges inP(RY)9 to G ashy, —
0. Let us show thaG = Ou. Let y € C2(RY)9 be given. Let us consider the term

T, defined by
T7 = /R Oty (%) w(x)dx

this term may also be written:

, . 1
77 = 16] (Mol — UMk o - Wi, With :—/w(x)dx.
! KGZ%GGZ&( ’ © : : ‘K| K

Let us then comparg? with

1
TZ = I6](MoU— Uk )Nk o - W, Wherey :—/w(x)dy(x).
? Kz//zg ° o T ° "ol Jo
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We get that
T -T| <
1/p v
IMou—uk|P o
ofdk.c—p—— |o]dk.o| Wk — Yol 7
(KGZ/// G;gk dK,G KEZ/// Ggﬁ( ¢
which leads to lim(T;” — T;/) = 0.
_ﬁ/*}
Since
T ==5 Y lolkMke ¥, = —/ M.z ug (X)divy (x)dx,
Ke.# oceék Rd
we deduce tha;[1 IircpTZ@ = — [rau(X)divy(x)dx. This proves that the function
9 —

G c LP(RY)Y is a.e. equal tdlu in RY. Sinceu = 0 outside ofQ, we get that
ue Wol’p(Q), and the uniqueness of the limit implies that the whole farnilyuy,

weakly converges ihP(R%)¢ to Ou ashy, — 0.
O

For anyp € C(Q,R), we denote by, ¢ the element o, defined by:

Py¢ = (¢(Xk))ke.z (4.1)

and we prove a consistency result of the discrete gradient, which was already used
in [19] in the more general setting of the SUSHI scheme.

Lemma 4.2 Discrete gradient consistencylLet 2 be a discretisation of) in
the sense of DefinitioB.1 and let(Ms)sce be a family of linear mappings from
Hy to R defined by(2.2). Assume that* > ¥4 n (given by 8.4)). Then, for any

functiong € C?(Q), there exists €only depending on d¢ and ¢ such that:
102P2¢ — 0@||L=(q))s < Cshy, (4.2)
wherelly is defined byZ4.4), and
IR7P2¢|L=(q) < Cshg, (4.3)

where R, is defined byZ.5)-(2.6) and R, ¢ is defined by4.1).

Proof. From (2.4b), we have, for arly € .,

> 16[(MsPyo — ¢ (Xx))Nk o

ceo@K
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Using definition (3.4), we can write, far € &k,
INsPy¢ — ¢(Xs)| < Cpoh,

and on the other hand, we have

1
K13, 1910600~ 000 =
1 Y 101(09(Xc) - (Xo — %) + M pr.o )Nk o

| ‘ €Sk

where|pk | < Cy With C, only depending orp. Thanks to (2.3) and to the regu-
larity of the mesh, we get the existenceGgf only depending o, such that

|OkPz¢ — Do(X< )| < hkCeCy.

From this last inequality, using Definition 2.5, we get the existenc€;pfonly
depending on%, such that

1
ReaPool = g —IMePr@— @)~ DkPr@- (Xo —X«)|
Kej
which concludes the proof. |

Theorem 4.1 Convergence of the scheméJnder hypothesed (2), let.# be a
family of discretisations in the sense of Definitbd. For any% € .7, let (Mg )ges
be a family defined by2(2). We assume that,there exists> O with, for all 7 € .7,
¥ > ¥y n (see B.4).

Forall ¥ € %, let uy € Hy be the unique solution o2(7). Then, as b — O:

Uy — uce Wol’p(Q) for the strong topology of 1(Q), (4.4a)
where ue W017p(Q) is the unigue solution tdl(1); furthermore,

Oguy — Ou for the strong topology ofFl(Q)d and (4.4b)
a(-,0yuy) — a(-, 0u) for the strong topology of P (Q))°. (4.4c)

Proof. Step 1. Convergence of the approximate solutiofproof of (4.4a)).
Thanks to (3.9) in Lemma 3.4, the famifyfuy|| p.n) 2.z is bounded indepen-
dently of 2. Therefore, thanks to inequality (3.6), we may apply Lemma 3.2. Thus,
for any sequencé&Z,)nen Of discretisations in the family? such thahg, tendsto 0
asn — oo, there exisu € LP(Q) such that, up to a sub-sequenag, — uin LP(Q)

asn — oo, For short, we replace the index, by nin the remainder of Step 1.
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We then apply Lemma 4.1 and deduce thawol’p(Q) and thatl,u, — Ou
weakly in (LP(Q))? asn — «. Using Hypothesis (1.2e), we then get that the func-
tion x — a(x, Jnun(X)) is bounded ifLP (Q))%; hence, there exists a sub-sequence
of (Zn)nen, again denotedZn)nen, andA € (LP(Q))? such thata(-,0qu, ) — A
weakly in(LP(Q))d.

Let us now prove that prove that & — a(du)) = 0, and thatu is the weak
solution of (1.1).

Let y € CZ(Q). We introduceP,y as a test function in (2.7) (witR, = Py,
defined by (4.1)). We get

806 () - Doy () -+ b(un, Pay) = [ 100 Payr(x) e
Thanks to the estimate (3.9) op (in the|| - || p,» norm) and thanks to (3.7), the se-

quence Cnun)nen is bounded inLP(Q)4. Hence, the sequen¢Bau)nex is bounded
in LP(Q), which implies, using (4.3) in Lemma 4.2, that

Hence, using (4.2) in Lemma 4.2 and passing to the limit as + in (2.7), we
get that

/ A(X) - Oy(x) dx = / F(X) y(X) dx. (4.6)
Q Q
By density, this also holds for aly € W(,l’p(Q). It remains to prove that
/ A(X) - Dy (x) dx = / a(x, 0u(x)) - Oy/(x) dx.
Q Q

This is the object of the famous “Minty trick” [27]. Indeed, for agye CZ(Q),
sincea satisfies (1.2d), the following inequality holds for amy¢ N:

(@0 o)) ~ (%, Do (30)) - (Cotn(X) ~ CPaw () k>0, (4.7)

On the other hand, thanks to the positivitydti,, un) and because, verifies (2.7),
we get

/ £ (X)n(X) dx.
Ja
Passing to the limibh — +o (up to the considered sub-sequence), we thus get

limsup [ &(X, Ontn(X)) - Ontin(X) dX < /Q F(X)u(x) dx = /Q A(X) - Ou(x) dx,

n—oo Q
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thanks to (4.6) replacing by u.

Now, thanks to the continuity oa with respect to its second argument (as-
sumption (1.2b)) and to assumption (1.2e) , we obtain by the Lebesgue dominated
convergence theorem that

a(-, 0nPw(x)) — a(-, 0y) in LP (Q) ash — +o. (4.8)

Hence, passing to the limit as— o in (4.7) leads to
/Q (A(X) - a(x, 0y(x))) - (u(x) — Dy(x)) dx > 0.

By density, this last inequality remains true for amy Wol’p(Q). Takingy =u+te
with ¢ € CZ(Q) andt > 0, we get

(00 —a(x, 0u() +t09(x)) - Dp(x)dx > 0,
This gives, letting — 0,
/Q (AX) —a(x, 0u(x))) - Op(x) dx > 0.
Changinge in —¢, we get
~ [ (A —alx Du() - Dp(0 dx > 0.

This proves that, (A(X) — a(x,du(x))) - Oe(x)dx = 0 and therefore, with (4.6),

thatu is the weak solution of (1.1). Then, using the uniqueness of the solution of
(1.1), a classical argument gives that the whole sequence converges and therefore,
this convergence holds for the whole fam# ashy, — 0 which proves (4.4a).

Step 2. Strong convergence of the gradier{proof of (4.4b)).

We now prove the (strong) convergencébfu, to Ouin (LP(Q))9 ashy, — 0.
We already remarked (thanks to the positivitypédi», U ) and using thati,; verifies
(2.7)) that:

limsup [ a(x, D@u@(x))-Dgu@(x)dxg/ F(X)u(X) dx =
/Q a(x, 0u(x)) - Du(x) dx.

Hence we get

limsup Q(a(x, Ogug (X)) —a(x,du(x))) - (Ogzugz(X) — Ou(x))dx < 0.
hgy—0 -
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Since(a(x,0yuy) —a(x,0u)) - (Ogyuy — Ou) > 0 for a.ex € Q, we then have
(a('v D?ﬂu.@) - a(‘v DU)) ’ (DO/U@ - DU) —0in Ll(Q)a (49)

and therefore a.e. for a sub-sequence. Then, Lemma 4.3, (which states the “Leray-
Lions trick” [27] and which we give below for the sake of completeness) shows that
Ogugy — Ou a.e. ashy — 0, at least for the same sub-sequence. Since the family
(OgUgz)ge# is bounded inLP(Q)Y, this a.e. convergence implies the convergence

in L9(Q)9 for anyq € [1, p). The convergence of the whole famil{l; Uy ) sc # to

Ouin L9(Q)¢ classically follows, for any € [1, p), ashy — 0. The boundedness

of the family (OguUg)2c# LP(Q)Y) also entails that:

Oguy converges tdlu weakly in Lp(Q)d ashgy — 0.

In order to obtain the strong convergencel®fu, in LP(Q)¢ (and not only in
L9(Q)¢ for g < p), we then remark that (4.9) gives:

lim [ a(x, Joug(X)) - Dots (X)dx = / a(x,0u(x)-Du(x)dx.  (4.10)
hy—0JQ Q

Next, we notice that, for any sequence of discretisations, we can assume, up to
a sub-sequence, the a.e. convergenca(ofiyuy) - Oyuy to a(-,0u) - Ou; thus,
sincea(-,0yuy) - Ogyuy > 0 a.e., we also have by Lemma 4.4 (which is again
classical [27] and which we give below for the sake of completergss)l,uy ) -
Oguy — a(-,0u) - Ouin LY(Q) ashy, — 0 (see Lemma 4.4). This-convergence
gives the equi-integrability of the family of functioag-, (»uy) - Oyug, which, in
turn, gives, thanks to (1.2c), that the family of functiofls;u|P is equi-integrable.
Finally, we obtain (using Vitali's theorem) the’(Q)¢ convergence dfl,u to Ou,
ashgy — 0.

Note that in the casa(x, &) = |£|P~2€, a simple proof is possible since (4.10)
gives the convergence of th&-norm of the approximate gradient to the&-norm of
Ou (which is sufficient, thanks to the a.e. convergence of “sub-sequences”, to obtain
theLP(Q)Y convergence).

Step 3. Convergence of fluxe§roof of (4.4c)).

Since dyuy converges tdJu in LP(Q)Y ashy — 0, the convergence of the
vector fielda(-, Jyuy) to a(-,0u) in LP(Q)9 (namely assertion (4.4c)) follows
classically from hypotheses (1.2b) and (1.2eaon

O

Lemma 4.3 The ‘Leray-Lions trick”. Letb be a continuous function frof¢
to RY such that(b(§) —b(y))- (6 —y) > 0if §,y € RY, § # y. Let (Bn)new be a
sequence iRY and B € R such that(b(B,) — b(B))- (Bn— B) — 0 as n— .
Then,, — B as n— co.
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Proof. We begin the proof with a preliminary remark. L&t RY, § £ 0. We
define the functioms from R to R by hs(s) = (b(8 +s8) —b(B)) - 6. The hypoth-
esis onb gives thaths is an increasing function since, fer> s, one has :

hs(s) —hs(s) = (b(B +s8) —b(B+56))-6 > 0.
We prove now, by contradiction, that lim. 8, = . If the sequencéB)nen does
not converge t@, there existg > 0 and a subsequence, still denotd)<n, such
that|B, — B| > €, for all n€ N. Then, we seb, = % and we can assume, up
to a subsequence, thd{ — & asn — «, for somes € RY with |6| = 1. Taking
Sh= |Bn— B|, we then have, sincg > ¢ :

(b(Bn) —b(B))- B”S: P _ hs,(sn) = hg,(€) = (b(B +€6n) —b(B)) - 6n.
Then, passing to the limit as— oo,
0= ,Liggo;(b(ﬁn) —b(B))-(Bn—B) = (b(B +€5)—b(p))-5 >0.
which is impossible.

a

Lemma 4.4. Let (F))nen be a sequence non-negative functions ). Let
F € LY(Q) be such that f— F a.e. inQ and [, Fn(X)dX — [, F(X)dX, as n— oo.
Then, k — F in LY(Q) as n— .

Proof. The proof of this lemma is very classical. Applying the Dominated Con-
vergence Theorem to the sequelie- F,) " leads tof, (F (X) — Fy(X)) Tdx — 0 as
n — oo. Then, sinceéF — Fy| = 2(F — F,) " — (F — Fy), we conclude tha, — F in
LY(Q) asn — oo,
]

5. Numerical results

We consider the particular ca€e=]0, 1/?, and f given by the following:f (x) = 1
for a.e.xin a sub-domain of2 and 0 elsewhere, as shown in the right part of Figure
5, anda s given by (1.3) forp €]1, +oo].

We then compute, fop = 1.3,1.6,2,3,6, an approximate solution of the solu-
tion of (2.7), using an under-relaxed fixed point method (consisting in computing
|04ulP~2 one iteration late). We then get the following results, on two meshes. On
one hand, we use the mesh shown in the left part of Figure 5, on the other hand, we
use a regular 88 80 square mesh. The results are provided in Figures 2, 3, 4, 5 and
6. We obtain the approximate solutions with a precision offMith a quite small
number of iterations (less than 60) thanks to the under-relaxed fixed point method
(we observed that without relaxation the method does not converge#d).
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Figure 3. Results forp = 1.6 on the irregular mesh (left) and on the regular mesh (right)

00

Figure 4. Results forp = 2 on the irregular mesh (left) and on the regular mesh (right)
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00

Figure 5. Results forp = 3 on the irregular mesh (left) and on the regular mesh (right)

L]

Figure 6. Results forp = 6 on the irregular mesh (left) and on the regular mesh (right)
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6. Conclusion and generalisations

We showed here the convergence of a cell centred scheme for the discretisation of
nonlinear elliptic equations of the Leray-Lions type and showed its numerical ef-
ficiency on an example. The convergence analysis is performed by mimicking the
functional analysis tools of [27] (such as the Minty-Browder trick and the Leray-
Lions trick) in the discrete setting. It may be generalised to the case of pseudo-
monotone operators, thatasof the formu— a(-, u, Ou) with adequate assumptions
ona(see[27]). The convergence result can also be extended, using the discrete func-
tional tools which are introduced here and the results of [15], to handle right hand
sidesf € W1 Both of these extensions are presented in [13] in the framework
of the mixed finite volume scheme.

Let us also remark that the SUCCES scheme which we applied here to the dis-
cretisation of the Leray-Lions operator is closer, in its formulation, to a low order
non conforming finite element scheme than a to finite volume scheme: indeed, even
though global conservativity of the fluxes is ensured, the scheme may not in general
be written as a system of discrete balance laws over the discretisation cells, such
as for the “classical” finite volume schemes, such as the two point flux scheme on
admissible meshes, [17] (Chapter 3), the previously mentioned DDFV scheme [12]
and mixed finite volume scheme [14], and the SUSHI scheme in its hybrid form
[18,19]. A scheme adapted from SUCCES, localising the fluxes on half edges as
in the O scheme [1,2] was recently introduced [4]: this scheme is a classical finite
volume scheme in the sense that it may be written as a system of discrete mass
balances and that local numerical fluxes are conservative. Nevertheless, it preserves
the main properties of the SUCCES scheme (cell centred unknowns, consistent gra-
dient, compactness properties) and therefore, the convergence theory which was
presented here should also extend to this latter scheme (which, at the present time,
is only written in the two dimensional setting).

Finally, we again stress that the tools used here essentially mimic the functional
analysis tools of [27]. Since the obtained results include the strong convergence of
the approximate solution, gradient, and fluxes, they may also be used for nonlinear
evolution problems such as the level set equation [20].
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