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Abstract

The aim of this review paper is to give some insight on some recent developments on the analysis of
cell centred finite volume schemes for incompressible fluid flows. We first recall the cell centred finite
volume scheme for convection diffusion equations, and give the mathematical tools which are needed for
the convergence study. We then turn to the study of a recent scheme which was developed for anisotropic
diffusion operators, and which is based on the construction of a discrete gradient. The third chapter is
devoted to a colocated cell cantered finite volume method for the approximation of the incompressible
Na-vier-Stokes equations posed on a 2D or 3D finite domain. We conclude with the discretization of
Navier-Stokes equations with the full viscous stress tensor thanks to the previously mentioned discrete
gradient.
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Chapter 1

Introduction

1.1 Finite volume schemes for conservation laws

The finite volume method is a discretization method which is well suited for the numerical simulation
of various types (elliptic, parabolic or hyperbolic, for instance) of conservation laws; it has been exten-
sively used in several engineering fields, such as fluid mechanics, heat and mass transfer, semi-conductor
technologies or petroleum engineering. Some of the important features of the finite volume method are
similar to those of the finite element method: it may be used on arbitrary geometries, using structured or
unstructured meshes, and it leads to robust schemes. This feature is classical for inviscid flows leading to
first order hyperbolic systems. The use of unstructured grids with finite volumes for viscous flows is more
recent. An additional feature is the local conservativity of the numerical fluxes, that is the numerical
flux is conserved from one discretization cell to its neighbour. This last feature makes the finite volume
method quite attractive when modelling problems for which the flux is of importance, such as in the fields
previously mentioned. The finite volume method is locally conservative because it is based on a “balance”
approach: a local balance is written on each discretization cell which is often called “control volume”; by
the divergence formula, an integral formulation of the fluxes over the boundary of the control volume is
then obtained. The fluxes on the boundary are discretized with respect to the discrete unknowns.

Let us introduce the method more precisely on simple examples, and then give a description of the
discretization of general conservation laws.

1.2 Examples

Two basic examples can be used to introduce the finite volume method. The analysis of the method for
the second example, which is an elliptic equation, will be developed in details in Chapter 2, since it is
one of the keys to the the analysis of the cell centred F'V method for viscous flows.

Example 1.1 (Transport equation) Consider first the linear transport equation

{ uy(z,t) + div(vu)(z,t) = 0,z R*tecR,, (1.1)

u(z,0) = ug(z), r € R?

where u; denotes the time derivative of u, v € C*(IR*,R?), and ug € L®(IR?). Let M be a mesh of
IR? consisting of polygonal bounded convex subsets of IR? and let K € M be a “control volume”, that
is an element of the mesh M. Integrating the first equation of (1.1) over K yields the following “balance
equation” over K:

/K ug(z, t)dx Jr/ v(z,t) - ng(x)u(z, t)dy(z) = 0,Vt € Ry, (1.2)

0K



where ng denotes the normal vector to 0K, outward to K. Let k € IR’ be a constant time discretization
step and let ¢, = nk, for n € IN. Writing equation (1.2) at time ¢,, n € IN and discretizing the time
partial derivative by the Euler explicit scheme suggests to find an approximation u(™ (x) of the solution
of (1.1) at time ¢,, which satisfies the following semi-discretized equation:

% /K(u<"+1>(z) —u™(z))dz + /M v(z,t,) - ng (@)u™ (z)dy(z) = 0,¥n € N,VK € M, (1.3)

where dvy denotes the one-dimensional Lebesgue measure on K and u(®(z) = u(z,0) = uo(z). We
need to define the discrete unknowns for the (finite volume) space discretization. We shall be concerned
here principally with the so-called “cell-centred” finite volume method in which each discrete unknown

is associated with a control volume, and which is widely used in industrial codes. Let (u(;?)) KeM,neN
denote the discrete unknowns. For K € M, let £k be the set of edges which are included in 0K, and for
o C 0K, let ng , denote the unit normal to o outward to K. The second integral in (1.3) may then be

split as:
v(z,t,) ng(x u(") E v(z, ‘NK o uw (z)d .

o€l
U%I)U :/v(x,tn)nK,g(x)dv(ac).

Each term of the sum in the right-hand-side of (1.4) is then discretized as

o { S i) 20,

for o C 0K, let

= 1.5
Fice U%L)Uu(;) if v(") <0, (15)

where L denotes the neighbouring control volume to K with common edge o. This “upstream” or
“upwind” choice is classical for transport equations; it may be seen, from the mechanical point of view,
as the choice of the “upstream information” with respect to the location of ¢. This choice is crucial in

the mathematical analysis; it ensures the stability properties of the finite volume scheme (see e.g. [24]).
We have therefore derived the following finite volume scheme for the discretization of (1.1):

K n n n
%(ugj” —ul)+ > F =0,VK € M,Vn €N,
c€€K (1.6)

ugg) —/ uo(x)dz,
K

where |K| denotes the measure of the control volume K and F ("l)j is defined in (1.5). This scheme is
locally conservative in the sense that if o is a common edge to the control volumes K and L, then
Fr,o = —FL . This property is important in several application fields; it will later be shown to be a key
ingredient in the mathematical proof of convergence. Similar schemes for the discretization of linear or
nonlinear hyperbolic equations are studied for instance in [24].

Example 1.2 (Stationary diffusion equation) Consider the basic diffusion equation

—Au = f on Q =]0,1[x]0, 1],
{ u =0 on 0. (1.7)

Let M be a rectangular mesh. Let us integrate the first equation of (1.7) over a control volume K of the
mesh; with the same notations as in the previous example, this yields:

> [ Vula) nxpdi(o) = [ s (18)

c€€K



For each control volume K € M, let xx be the center of K. Let o be the common edge between the
control volumes K and L. The flux — fa Vu(z) - ng -dy(x), may be approximated by the following finite
difference approximation:

Fr.o = *M(UL —uK), (1.9)

do

where (ug)kem are the discrete unknowns and d, is the distance between xx and zp. This finite
difference approximation of the first order derivative Vu - n on the edges of the mesh (where n denotes
the unit normal vector) is consistent: the truncation error on the flux is of order h, where h is the
maximum length of the edges of the mesh. We may note that the consistency of the flux holds because
for any 0 = ok, common to the control volumes K and L, the line segment [zxx] is perpendicular
to 0 = oxr. Indeed, this is the case here since the control volumes are rectangular. This property is
satisfied by other meshes which will be studied hereafter. It is crucial for the discretization of diffusion
operators.
In the case where the edge o is part of the boundary, then d, denotes the distance between the centre
xf of the control volume K to which o belongs and the boundary. The flux — [ Vu(z) - ng ody(z), is

then approximated by

Fro = L;Llu;(, (1.10)

Hence the finite volume scheme for the discretization of (1.7) is:

> Fxo=|K|fx,VK € M, (1.11)

oc€EK

where Fg , is defined by (1.9) and (1.10), and fx denotes (an approximation of) the mean value of
f on K. We shall see later that the finite volume scheme is easy to generalise to a triangular mesh,
whereas the finite difference method is not. As in the previous example, the finite volume scheme is
locally conservative, since for any edge o separating K from L, one has Fg , = —F, 5.

Chapter 2 below is concerned with the discretization of linear convection-diffusion operators by cell-
centred finite volume schemes. For the sake of simplicity, we shall only deal here with Dirichlet boundary
conditions, but indeed the analysis maybe extended to other types of boundary conditions, see [24], [41],
[40].

In Chapter 3, we propose a discrete gradient operator which allows to treat, in particular, the case of
anisotropic flows; it will be used in the next chapter to introduce the discretization of the viscous stress
tensor for the Navier-Stokes equations.

Chapter 4 is devoted to a co—located finite volume scheme for the Navier-Stokes equations. We first study
the convergence properties of the scheme for the linear Stokes equations, and then turn to the unsteady
incompressible Navier—Stokes equations. We present a new stabilization technique by “clusters” which
seems to be really efficient in applications. We end by the discretization of the viscous stress tensor in
the compressible case.



Chapter 2

Cell centered finite volume schemes
for convection—diffusion problems

2.1 Meshes and discrete functional spaces

Let us then turn to the discretization of convection-diffusion problems on general structured or non
structured grids, consisting of any polygonal (recall that we shall call “polygonal” any polygonal domain
of IR? or polyhedral domain or IH?’) control volumes (satisfying adequate geometrical conditions which
are stated in the sequel) and not necessarily ordered in a Cartesian grid. The advantage of finite volume
schemes using non structured meshes is clear for convection-diffusion equations. On one hand, the stability
and convergence properties of the finite volume scheme (with an upstream choice for the convective flux)
ensure a robust scheme for any admissible mesh as defined in Definition 2.1 page 5 below, without any
need for refinement in the areas of a large convection flux. On the other hand, the use of a non structured
mesh allows the computation of a solution for any shape of the physical domain.

We saw in Example 1.2 page 3 of Chapter 1 that a consistent discretization of the normal lux —Vu -n
over the interface of two control volumes K and L may be performed with a differential quotient involving
values of the unknown located on the orthogonal line to the interface between K and L, on either side
of this interface. This remark suggests the following definition of admissible finite volume meshes for the
discretization of diffusion problems. We shall only consider here, for the sake of simplicity, the case of
polygonal domains. The case of domains with a regular boundary does not introduce any supplementary
difficulty other than complex notations. The definition of admissible meshes and notations introduced in
this definition are illustrated in Figure 2.1

Definition 2.1 (Admissible meshes) Let (2 be an open bounded polygonal (polyhedral if d = 3)
subset of R?, and 90 = O \ © its boundary. An admissible finite volume discretization of €, denoted by
D, is given by D = (M, &, P), where:

e M is a finite family of non empty open polygonal convex disjoint subsets of (2 (the “control vol-
umes”) such that Q@ = Ugepm K. For any K € M, let 0K = K \ K be the boundary of K and
|KK| > 0 denote the area of K.

e & is a finite family of disjoint subsets of Q (the “edges” of the mesh), such that, for all o € &, there
exists a hyper-plane E of R? and K € M with @ = 9K N E and ¢ is a non empty open subset of
E. We then denote by |o| > 0 the (d-1)-dimensional measure of 0. We assume that, for all K € M,
there exists a subset i of € such that 0K = U,eg, 7. It then results from the previous hypotheses
that, for all o € £, either ¢ C 9 or there exists (K, L) € M? with K # L such that K N\ L =7 in
which case we shall write 0 = ok,



e P is a family of points of 2 indexed by M, denoted by P = (xx)ker. The coordinates of x i are

denoted by zy(), i=1,...,d. The family P is such that, for all K € M, xx € K. Furthermore, for
all o € £ such that there exists (K, L) € M? with ¢ = ok, it is assumed that the straight line
(xk,xr) going through xx and zy, is orthogonal to o . For all K € M and all o € &k, let y, be
the orthogonal projection of xx on 0. We suppose that, for any ¢ C 02, one has y, € o.

Furthermore, we define the following notations:
The mesh size is defined by: hp = sup{diam(K), K € M}.

For any K € M and o € &, |K| is the d-dimensional Lebesgue measure of K (it is the area of
K in the two-dimensional case and the volume in the three-dimensional case) and |o| the (d — 1)-
dimensional measure of o.

The set of interior (resp. boundary) edges is denoted by Eint (resp. Eext), that is &iny = {0 € &;
o ¢ 00} (resp. Eext = {0 € E; 0 C ON}). For a given control volume K, let Ex ext = Ex N Eexs-

The set of neighbours of K is denoted by Nk, that is Nx = {L € M; o € £k, 5 = K N L}. For
all K € M and o € £k, we denote by ng , the unit vector normal to o outward to K.

If o = ok, we set ngr, = Nk o, , and we denote by d, or d,,, the Euclidean distance between
xr and zy, (which is positive) and by dk » the distance from zx to o.

If 0 € Ex N Eext, let dy denote the Euclidean distance between zx and y, (then, d, = dk o).
For any o € &; the “transmissibility” through o is defined by 7, = |o|/d, if d, # 0.

In some results and proofs given below, there are summations over o € &, with & = {0 € &;

d, # 0}.

Figure 2.1: Admissible meshes

Remark 2.2 (i) The definition of y, for o € Ext requires that y, € 0. However, in many cases, this
condition may be relaxed. The condition zx € K may also be relaxed as described, for instance, in
Example 2.3 below.

(ii) The condition x ) # xp, if 0 = ok, is in fact quite easy to satisfy: two neighbouring control volumes
K, L which do not satisfy it just have to be collapsed into a new control volume M with x); = zx =z,
and the edge ox 1 removed from the set of edges. The new mesh thus obtained is admissible.

Example 2.3 (Triangular meshes) Let Q be an open bounded polygonal subset of IR% Let M be a
family of open triangular disjoint subsets of {2 such that two triangles having a common edge have also
two common vertices. Assume that all angles of the triangles are less than 7/2. This last condition is
sufficient for the orthogonal bisectors to intersect inside each triangle, thus naturally defining the points



zx € K. One obtains an admissible mesh. In the case of an elliptic operator, the finite volume scheme
defined on such a grid using differential quotients for the approximation of the normal flux yields a 4-
point scheme [47]. This scheme does not lead to a finite difference scheme consistent with the continuous
diffusion operator (using a Taylor expansion). The consistency is only verified for the approximation of
the fluxes, but this, together with the conservativity of the scheme yields the convergence of the scheme,
as it is proved below.

Note that the condition that all angles of the triangles are less than 7/2 (which yields zx € K) may
be relaxed (at least for the triangles the closure of which are in ) to the so called “strict Delaunay
condition” which is that the closure of the circumscribed circle to each triangle of the mesh does not
contain any other triangle of the mesh. For such a mesh, the point 2k (which is the intersection of the
orthogonal bisectors of the edges of K') is not always in K, but the scheme (2.13)-(2.15) is convenient since
(2.14) yields a consistent approximation of the diffusion fluxes and since the transmissibilities (denoted
by T4,, ) are positive.

Example 2.4 (Voronoi meshes) Let (2 be an open bounded polygonal subset of R%. An admissible
finite volume mesh can be built by using the so called “Voronoi” technique. Let P be a family of points
of Q. For example, this family may be chosen as P = {(kih, ..., kqh), ki,...kqa € Z} N Q, for a given
h > 0. The control volumes of the Voronoi mesh are defined with respect to each point = of P by

K,={yeQz—yl<l|lz—y|, V2 €P, 2z #z},

where |z — y| denotes the Euclidean distance between z and y. Voronol meshes are admissible in the
sense of Definition 2.1 if the assumption “on the boundary”, namely part (v) of Definition 2.1, is satisfied.
Indeed, this is true, in particular, if the number of points € P which are located on 0f2 is “large enough”.
Otherwise, the assumption (v) of Definition 2.1 may be replaced by the weaker assumption “d(y,, o) < hp
for any o € Eqxt” which is much easier to satisfy. Note also that a slight modification of the treatment of
the boundary conditions in the finite volume scheme (2.16)-(2.19) page 11 allows us to obtain convergence
and error estimates results (as in theorems 2.18 page 15 and 2.22 page 18) for all Voronoi meshes. This
modification consists in replacing, for K € M such that Ex N Eexy # 0, the equation (2.16), associated to
this control volume, by the equation ux = g(zx), where zk is some point on 9Q N IK. In fact, Voronoi
meshes often satisfy the following property:

gngext7é®:>$K€aQ

and the mesh is therefore admissible in the sense of Definition 2.1 (then, the scheme (2.16)-(2.19) page
11 yields ux = g(zx) if K € M is such that Ex N Eexs # 0).
An advantage of the Voronoi method is that it easily leads to meshes on non polygonal domains €.

Let us now introduce the space of piecewise constant functions associated to an admissible mesh and
some “discrete Hi” norm for this space. This discrete norm will be used to obtain stability properties
which are given by some estimates on the approximate solution of a finite volume scheme.

Definition 2.5 Let Q be an open bounded polygonal subset of RY, withd € IN,.. Let D = (M, E,P) be an
admissible finite volume discretization of 2 in the sense of definition 2.1. We denote by Hp(2) C L*(9)
the space of functions which are piecewise constant on each control volume K € M. For all w € Hp(Q)
and for all K € M, we denote by wx the constant value of w in K. The space Hp () is embedded
with the following Euclidean structure: For (v,w) € (Hp(2))?2, we first define the following inner product
(corresponding to Neumann boundary conditions)

1
(v, w)p =5 D> T (vn —vk)(wr — wi), (2.1)
KeM LeNK
and then another inner product (corresponding to Dirichlet boundary conditions)

[v,w]p = (v, w)p + Z Z d|0| VKW . (2.2)

KEM 0€ExNEaxy 17




Nezt, we define a semi-norm and a norm in Hp(Q) (thanks to the discrete Poincaré inequality (2.7)
given below) by

)1/2 )1/2.

lwlp = ({(w,w)p)"™,  [Jwllp = ([w, w]p
We define the interpolation operator Pp : C(Q) — Hp(2) by
(Ppo)x = p(xk), for all K € M, for all p € C(). (2.3)

Similarly, for u = (u(i))izl
(Hp(2))?, we define:

yeeey =1,..., =1,...,

d 1/2 d
lull> = (Z[u“%u(“b) C lp =) WO,

i=1 i=1
and Pp : C(Q)? — Hp(Q)? by (Ppp)kx = p(xx), for all K € M, for all ¢ € C(2)%.

Remark 2.6 Note that for u € Hp(2), one has:

lullp = (ZTG(DGU)2)%, (2.4)

el

where 7, = |o|/d, and

Dou=|ug —ur| if o € Ent, 0 = 0K,

Dou = |uk| if 0 € Eext N Ek,

where ug denotes the value taken by u on the control volume K and the sets £, Eng, Eext and Ex are
defined in Definition 2.1 page 5.

The discrete H} norm is used in the following sections to prove the convergence of finite volume schemes
and, under some regularity conditions, to give error estimates. It is related to the Hg norm, see the
convergence of the norms in Theorem 2.18. One of the tools used below is the following “discrete
Poincaré inequality” which may also be found in [66]:

Lemma 2.7 (Discrete Poincaré inequality) Let Q be an open bounded polygonal subset of R, d = 2
or 3, M an admissible finite volume mesh in the sense of Definition 2.1 and u € Hp(Q) (see Definition
2.5), then

[ullL2(e) < diam(€)]|ullp, (2.5)

where || - ||p is the discrete HE mnorm defined in Definition 2.5 page 7.
Remark 2.8 (Dirichlet condition on part of the boundary) This lemma gives a discrete Poincaré
inequality for Dirichlet boundary conditions on the boundary 0. In the case of a Dirichlet condition on

part of the boundary only, it is still possible to prove a Discrete boundary condition provided that the
polygonal bounded open set () is also connex, thanks to Lemma 2.7 page 8 proven in the sequel.

PROOF of Lemma 2.7

For o € &, define x, from R? x R? to {0,1} by xo(x,y) = 1 if 0 N[z, y] # 0 and x.(z,y) = 0 otherwise.
Let u € Hp(Q). Let d be a given unit vector. For all z € Q, let D, be the semi-line defined by its origin, z,
and the vector d. Let y(x) such that y(z) € D,NON and [z, y(z)] C Q, where [z, y(z)] = {tz+ (1 —t)y(x),
t €10,1]} (i.e. y(x) is the first point where D, meets 09).

Let K € M. For a.e. x € K, one has



] < 37Dy o (2, y(2)),

e

where the notations D,u and ug are defined in Definition 2.5 page 7. We write the above inequality for
a.e x € Q and not for all x € Q) in order to account for the cases where an edge or a vertex of the mesh
is included in the semi-line [z,y(z)]; in both cases one may not write the above inequality, but there
are only a finite number of edges and vertices, and since d is fixed, the above inequality may be written
almost everywhere.

Let ¢, = |d - n,| (recall that £ - n denotes the usual scalar product of £ and 7 in IRd). By the Cauchy-
Schwarz inequality, the above inequality yields:

lug|? < Z x,y(ac))ZdchxU(x,y(x)), for a.e. z € K. (2.6)

oe€ doCo oe€

Let us show that, for a.e. x € €,

> dooxo(z,y(x)) < diam(Q). (2.7)
oeé

Let 2 € K, K € M, such that o N [z, y(x)] contains at most one point, for all o € &, and [z, y(x)] does
not contain any vertex of M (proving (2.7) for such points x leads to (2.7) a.e. on €2, since d is fixed).
There exists 0, € Eoxt such that y(x) € o,. Then, using the fact that the control volumes are convex,
one has:

ng(x,y(x))d(ycg = |(rx — 25,) - d|.
oeé

Since zx and x,, € Q (see Definition 2.1), this gives (2.7).
Let us integrate (2.6) over §; (2.7) gives

Z / lug |2dr < diam(Q )Z(S;T:a) /ng(x,y(x))dx.

KeM oc&

Since [, Xo(#,y(x))dr < diam(Q)|o|c,, this last inequality yields

Z / lug|?dr < (diam(9 Z|D u|2| |

KeM e

Hence the result. ]

For the sake of completeness, we also recall the discrete Poincaré—Wirtinger inequality, and refer to [24]
or [41] for its proof:

Lemma 2.9 (Poincaré—Wirtinger discrete inequality) There ezxists Cq > 0, only depending on €,
such that

Hw||2Lz(Q) < Colwl|3, Yw € Hp(Q) with /Qw(x)(Sz =0. (2.8)

2.2 The convection—diffusion problem and its finite volume dis-
cretization

Let us consider here the following elliptic equation

—Au(x) + div(vu)(x) + bu(z) = f(z), x € Q, (2.9)



10

with Dirichlet boundary condition:
u(z) = g(x), x €09, (2.10)

where

Assumption 2.10
1. Q is an open bounded polygonal subset of RY, d =2 or 3,
2.b>0,
3. feL?Q),
4. v e CYQ,RY);divy > 0,
5. g € C(0Q,R) is such that there exists g € HY(Q) such that 5(§) = g a.e. on 9.

Here, and in the sequel, “polygonal” is used for both d = 2 and d = 3 (meaning polyhedral in the latter
case) and 7 denotes the trace operator from H' () into L?(99). Note also that “a.e. on Q" is a.e. for
the d — 1-dimensional Lebesgue measure on 0.

Under Assumption 2.10, by the Lax-Milgram theorem, there exists a unique variational solution u €
H'(Q) of Problem (2.9)-(2.10). (For the study of elliptic problems and their discretization by finite
element methods, see e.g. [17] and references therein). This solution satisfies u = w+ g, where § € H'(Q)
is such that 5(g) = g, a.e. on 9Q, and w is the unique function of H}(Q) satisfying

/Q(Vw(x) -Vi(z) + div(vw) (z)Y(x) + bw(x)z/)(x)) dx =

(2.11)
[ (=Vita) - Toia) ~ divtva)@hota) = bile)o(o) + Fla)i(o)) do. Vi < H(E).
Let M be an admissible mesh. Let us now define a finite volume scheme to discretize (2.9), (2.10) page
10.
Let

1
Ik = & /Kf(x)dx,VK e M. (2.12)

Let (ux)rxem denote the discrete unknowns. In order to describe the scheme in the most general way,
one introduces some auxiliary unknowns, namely the fluxes Fx ., for all K € M and o € £k, and some
(expected) approximation of u in o, denoted by u,, for all o € €. For K € M and o € &g, let ng ,
denote the normal unit vector to o outward to K and vk, = fa v(z) - ng dy(x). Note that dv is the
integration symbol for the (d — 1)-dimensional Lebesgue measure on the considered hyper-plane. In order
to discretize the convection term div(v(z)u(x)) in a stable way, let us define the upstream choice u, 4
of u on an edge o with respect to v in the following way. If 0 = ok, then us 4 = ug if vg, > 0, and
Ug,4+ = ug, otherwise; if o C K N9OQ, then uy 4 = uk if vg, > 0 and vy + = g(yo) otherwise.

Let us first assume that the points z i are located in the interior of each control volume, and are therefore
not located on the edges, hence dg , > 0 for any o € £k, where dk , is the distance from zx to 0. A
finite volume scheme can be defined by the following set of equations:

Y Fro+ Y vkoles +bKluk = |K|fk, VK € M, (2.13)
c€€K oc€EK
Fro = —Toy, (UL —uk), Vo € &y, if 0 = 0kp, (2.14)

Fro=—Ts(9(Ys) —uK), Vo € Eext such that o € Ek. (2.15)
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In the general case, the centre of the cell may be located on an edge. This is the case for instance when
constructing Voronoi meshes with some of the original points located on the boundary 0€2. In this case,
the following formulation of the finite volume scheme is valid, and is equivalent to the above scheme if
no cell centre is located on an edge:

Y Fro+ Y Vkoles +bKluk = |K|fi, VK € M, (2.16)
S5 o€€K

FKﬁgifFLyg,VO'GSim, if o =0k, (217)

FKygdeg:7|O'|(ugf’u,K),VO’GSK,VKGM, (218)

Us = g(ya)a Vo € Eoxs- (2.19)

Note that (2.16)-(2.19) always lead, after an easy elimination of the auxiliary unknowns, to a linear
system of N equations with N unknowns, namely the (ux)xenr, with N = card(M).

Remark 2.11
1. Note that one may have, for some o € £k, xx € o, and therefore, thanks to (2.18), u, = uk.

2. The choice u, = g(y,) in (2.19) needs some discussion. Indeed, this choice is possible since g is
assumed to belong to C(99Q,IR) and then is everywhere defined on 9€2. In the case where the
solution to (2.9), (2.10) page 10 belongs to H?(Q2) (which yields g € C(99,1R)), it is clearly a good
choice since it yields the consistency of fluxes (even though an error estimate also holds with other
choices for u,, the choice given below is, for instance, possible). If g € H 1/2 (and not continuous),
the value g(y,) is not necessarily defined. Then, another choice for u, is possible, for instance,

: /
uy = — | g(z)dy(x).
o] Jo
With this latter choice for u,, a convergence result also holds, see Theorem [24] or [41].

For the sake of simplicity, it is assumed in Definition 2.1 that i # xp, for all K, L € M. This condition
may be relaxed; it simply allows an easy expression of the numerical flux Fk , = —To., (ur, — ug) if
0O =0KIL-

Remark 2.12 (Weak formulation of the FV scheme) Assume here (for the sake of simplicity) that
g = 0. Then the scheme (2.16)-(2.19) (or equivalently (2.13)-(2.15) is equivalent to the following weak
form, closer to that used in the finite element setting:

u € Hp (Q),
(2.20)
[u, 0l + ep(u, @) + [ bu(x)p(x)dr = | f(z)p(z)dr, Ve € Hp(Q),
Q Q
where [-,-|p is an inner product on Hp defined in Definition 2.5, c¢p is a (non-symmetric) bilinear form

defined by:
ep(u, )= Y Y Uk juk — vk JuL)PK, (2.21)
KeMoelk
with U}g = max(vk,qs,0) and vy , = min(vg,qs,0).
Indeed, let ¢ € Hp (), mutiplying (2.13) by v, summing over K € M, and remarking that v}?’auK -

Vg JUL = VK olUg,4+ Yields (2.20). Conversely, taking ¢ = 1 the characteristic function of K (that is
Ig(x) =1 ifx € K, and 1x(x) = 0 otherwise) in (2.20), one immediately obtains (2.13). Note that a
similar weak formulation may also be obtained for non homogeneous Dirichlet boundary conditions.
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2.3 Existence and estimates

Let us first prove the existence of the approximate solution and an estimate on this solution. This estimate
ensures the stability of the scheme and will be obtained by using the discrete Poincaré inequality (2.5)
and will yield convergence thanks to a compactness result (see Theorem 2.16 page 13).

Lemma 2.13 (Existence and estimate) Under Assumptions 2.10, let M be an admissible mesh in
the sense of Definition 2.1 page 5; there exists a unique solution (ux)kem to equations (2.16)-(2.19).
Furthermore, assuming g = 0 and defining upq € Hp(Q2) (see Definition 2.5) by up(x) = uk for a.e.
z € K, and for any K € M, the following estimate holds:

[upllp < diam(Q)([f || L2(e) (2.22)
where || - ||p is the discrete H} norm defined in Definition 2.5.

PROOF of Lemma 2.13

Equations (2.16)-(2.19) lead, after an easy elimination of the auxiliary unknowns, to a linear system of
N equations with N unknowns, namely the (ux)xepm, with N = card(M).

Step 1 (existence and uniqueness)
Assume that (ux)rxenm satisfies this linear system with ¢g(y,) = 0 for any o € Eex, and fx = 0 for all
K € M. Let us multiply (2.16) by ux and sum over K; from (2.17) and (2.18) one deduces

b Z |K|u§< + Z Z Fy ouk + Z Z VK, oUg+UK =0, (2.23)

KeM KeMoe€x KeMoelk

which gives, reordering the summation over the set of edges

b3 Kk + S e (Dow)? + > v (u(,,+ - u(,,,)u(,ﬁ =0, (2.24)

KeM oceé e
where
|Dyu| = |lux —wuypl, if 0 = ok, and |Dyu| = |uk], if 0 € Ex N Eext;
vo = | [, v(z) - ndy(x)|, n being a unit normal vector to o;
Uq,— is the downstream value to o with respect to v, i.e. if 0 = ox, then u, - = ug if vg , <0, and
Uy, — = ur, otherwise; if 0 € Ex N Eext, then vy - = ug if v <0 and vy — = vy if VK > 0.

Note that vy, =0 if 00 € Eext.

Now, remark that

1
ngug7+(ug,+ — Uy ) = 5200 ((u,,,Jr — U, )%+ (Ul — ugf)) (2.25)

o€l ocel

and, thanks to the assumption divv > 0,

z:v,,(ufwr —ul )= Z (/ v(x) - anv(ac))u%( = / (divv(z))u% (z)dx > 0. (2.26)
oc€ Kem VoK @
Hence,
blun|Fa) + lupllf v =b Y |K|uk + Y 70(Dou)? <0, (2.27)
KeM oe&

One deduces, from (2.27), that ux = 0 for all K € M.
This proves the existence and the uniqueness of the solution (ux)xenm, of the linear system given by
(2.16)-(2.19), for any {g(ys), 0 € Eext} and {fx, K € M}.
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Step 2 (estimate)
Assume g = 0. Multiply (2.16) by uk, sum over K; then, thanks to (2.17), (2.18), (2.25) and (2.26) one
has

bluplizq) + llunlp < Y K| frus.
KeM
By the Cauchy-Schwarz inequality, this inequality yields

lunld < (Y 1K uz)?( Y 1KIf7)* < IIfllz2olunlliz o).
KeM KeM
Thanks to the discrete Poincaré inequality (2.5), this yields [lup|p < || f||£2(q)diam(Q2), which concludes
the proof of the lemma. n

Let us now state a discrete positivity property which is satisfied by the scheme (2.16)-(2.19); this is an
interesting stability property, even though it will not be used in the proofs of the convergence and error
estimate.

Proposition 2.14 Under Assumption 2.10 page 10, let M be an admissible mesh in the sense of Defi-
nition 2.1 page 5, let (fi)kem be defined by (2.12). If fx > 0 for all K € M, and g(y,) > 0, for all
0 € Eext, then the solution (urk)xem of (2.16)-(2.19) satisfies ux > 0 for all K € M.

PROOF of Proposition 2.14

Assume that fx > 0 for all K € M and ¢g(y,) > 0 for all 0 € Eext. Let @ = min{ug, K € M}. Let Ky be
a control volume such that ux, = a. Assume first that Ky is an “interior” control volume, in the sense
that Ex C &int, and that ux, < 0. Then, from (2.16),

Z Freg,0 + Z VKo,oUa,+ = 0; (2.28)

O'EgKU O'EgKU

since for any neighbour L of Ky one has ur, > ug,, then, noting that divv > 0, one must have ur, = u,
for any neighbour L of K. Hence, setting B = {K € M, ux = a}, there exists K € B such that
Ex ¢ Et, that is K is a control volume “neighbouring the boundary”.

Assume then that K is a control volume neighbouring the boundary and that ux, = a < 0. Then, for
an edge 0 € o N Ek, relations (2.18) and (2.19) yield g(y,) < 0, which is in contradiction with the
assumption. Hence Proposition 2.14 is proved. [

Remark 2.15 This positivity property immediately yields the existence and uniqueness of the solution
of the numerical scheme (2.16)-(2.19), which was proved directly in Lemma 2.13.

2.4 Convergence

Let us now show the convergence of approximate solutions obtained by the above finite volume scheme
when the size of the mesh tends to 0. One uses Lemma 2.13 together with the following compactness
theorem, which is a consequence of the Kolmogorov theorem (see [24] for its proof).

Theorem 2.16 Let ) be an open bounded set of R? with a Lipschitz continuous boundary, d > 1, and
{tn, n € N} a bounded sequence of L*(Q). Forn € IN, one defines iy, by i, = U, a.e. on  and @, =0
a.e. on R\ Q. Assume that there exist C € R and {hn, n € N} C Ry such that h, — 0 as n — oo
and

||’ﬁn( +n) — an||%2(md) < C|77|(|77| + hn),Vn €N, vpe R (2-29)

Then, {un, n € N} is relatively compact in L?(Q). Furthermore, if up, — u in L*(Q) as n — oo, then

u e HHQ).
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In order to use Theorem 2.16, one needs the following lemma, which gives an estimate on the translations
of the approximate solutions:

Lemma 2.17 (Estimate on the translations) Let Q be an open bounded set of R, d =2 or 3. Let
M be an admissible mesh in the sense of Definition 2.1 page 5 and uw € Hp () (see Definition 2.5). One
defines uw by w = u a.e. on 2, and u =0 a.e. on R \ Q. Then there exists C > 0, only depending on €2,
such that

(- +m) = @l 72 gay < lllf palnl(Inl + C hp), ¥y € R (2.30)

PROOF of Lemma 2.17

For o € &, define x, from RY x RY to {0,1} by xo(z,y) = 1if [z,y] No # 0 and x4 (x,y) = 0 if
[z,y]No =0.

Let n € IRY, 77 # 0. One has

|@(z +n) —a(z)] < ng(x,x +n)|Dou|, for a.e. x €
ce€

(see Definition 2.5 page 7 for the definition of Dyu).
This gives, using the Cauchy-Schwarz inequality,

D,ul?
la(z +n) — a(z)]* < ng(:c,:c + 7])&2)(0(:& z +n)dycy, for ae. xeRY (2.31)
ocE docs o€l

where ¢, = |n, - %L and n, denotes a unit normal vector to o.
Let us now prove that there exists C' > 0, only depending on €2, such that

> Xol@,x+n)doco < |y + C hop, (2.32)
o€l

for a.e. z € R%.

Let z € IR? such that ¢ N [z, z 4 7] contains at most one point, for all o € £, and [z, z + 7] does not
contain any vertex of M (proving (2.32) for such points z gives (2.32) for a.e. = € R?, since 7 is fixed).
Since (2 is not assumed to be convex, it may happen that the line segment [z, x + 7] is not included in Q.
In order to deal with this, let y, z € [z, z + 7] such that y # z and [y, 2] C Q; there exist K, L € M such
that y € K and z € L. Hence,

n

D Xo(y 2)docr = | = 20) - 7
oec& N

where y; = TK OT Yy with 0 € Eext NEK and z1 = xp, or ys with 6 € Eext NEL, depending on the position

of y and z in K or L respectively.

Since y1 = y + yo, with |ya| < hp, and 21 = 2z + 22, with |22] < hp, one has

(1 — 21) - %I <ly—z|+|ya| + 22| < |y — 2| +2hp
and
> Xo(y. 2)doco < |y — 2| + 2hp. (2.33)
oce€

Note that this yields (2.32) with C' = 2 if [x,2 + 7] C Q.
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Since 2 has a finite number of sides, the line segment [z, z + 7] intersects 9 a finite number of times;
hence there exist t1,...,%, such that 0 < t; <ty < ... <t, <1, n < N, where N only depends on ()
(indeed, it is possible to take N = 2 if ) is convex and N equal to the number of sides of ) for a general
) and such that

S Xo@z+n)decs = DY Xol@i, Tig1)doCo,

oe€ i=ln-1 ge&
oddi

with 2; =z +tm, fori=1,...,n, z; € 0Qif t; ¢ {0,1} and [z, z;41] C Q if i is odd.
Then, thanks to (2.33) with y = x; and z = 2,41, for i = 1,...,n — 1, one has (2.32) with C' =2(N — 1)
(in particular, if Q is convex, C' = 2 is convenient for (2.32) and therefore for (2.30) as we shall see below).

In order to conclude the proof of Lemma 2.17, remark that, for all o € &,

[ el e < folealal
R

Therefore, integrating (2.31) over R? yields, with (2.32),

i . lo|
(- +n) = @l 72y < (Zd—lDUU|2) nl(Inf + C hop).

oeg 7

We are now able to state the convergence theorem.

Theorem 2.18 (Convergence, Dirichlet boundary conditions) Assume items 1, 2, 3 and 4 of As-
sumption 2.10 page 10 and g € H1/2(GQ). Let ¢ € Ry and M € IN be given values. Let M be an ad-
missible mesh (in the sense of Definition 2.1 page 5) such that d » > (diam(K) for all control volumes
K € M and for all o0 € Ek, and card(Ex) < M for all K € M. Let (ux)kem be the solution of the
system given by equations (2.16)-(2.18) and

Uy = ﬁ / g(x)dy(x), Vo € Eext. (2.34)
o g

(note that the proofs of existence and uniqueness of (uk)xeam which were given in Lemma 2.13 page 12
remain valid). Define up € Hp(Q) by up(x) = uk for a.e. x € K and for any K € M. Then, upm
converges, in L?(QQ), to the unique variational solution u € H'(Q) of Problem (2.9), (2.10) as hp — 0.
Furthermore, if g =0, [[umll1,m converges to ||ull g1y as hp — 0.

Remark 2.19
In Theorem 2.18, it is possible to prove convergence results when f(z) (resp. v(z)) is replaced by some
nonlinear function f(z,u(z)), (resp. v(z,u(z)) under adequate assumptions, see [25].

PROOF of Theorem 2.18
For the sake of simplicity, we only give here the proof of convergence in the case of homogeneous Dirichlet
boundary conditions, and refer to [24] and [25] for the general case.

Let Y be the set of approximate solutions, that is the set of up where M is an admissible mesh in the
sense of Definition 2.1 page 5. First, we want to prove that up tends to the unique solution (in H{}(f2))
to (2.11) as hp — 0.

Thanks to Lemma 2.13 and to the discrete Poincaré inequality (2.5), there exists C; € IR, only depending
on Q and f, such that |uamlli,m < Cr and [Jupml[z2(o) < Ci for all up € Y. Then, thanks to Lemma
2.17 and to the compactness result given in Theorem 2.16 page 13, the set Y is relatively compact in
L?(€2) and any possible limit (in L*(€2)) of a sequence (u4, Jnew C Y (such that hpn)) — 0) belongs to
H}(Q). Therefore, thanks to the uniqueness of the solution (in Hg(£2)) of (2.11), it is sufficient to prove
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that if (up, Jnew C Y converges towards some u € Hg(Q2), in L*(Q), and hpny — 0 (as n — c0), then u
is the solution to (2.11). We prove this result below, omitting the index n, that is assuming up — w in
L?(Q2) as hp — 0.

Let ¢ € C°(Q) and let hp be small enough so that ¢(z) = 0 if z € K and K € M is such that
OK NN # (). Taking » = Pppsi in (2.20) (or equivalently multiplying (2.16) by ¢ (xx) and summing
the result over K € M) yields

T+ Ty +T5 =Ty, (2.35)
with

T, =b Z |Klugy(rr),

KeM
Th = — Z Z Tokr (UL - UKW@K)’
KeM LeNKk
T5 = Z Z VKo Uo,+ (2K ),
KeMoe€k
Ti= Y |K[p(ex)fx-
KeM

First remark that, since uxq tends to u in L2(£2),
T — b/u(m)z/}(x)dx as hp — 0.
Q

Similarly,

T, — /f(x)w(ac)dx as hp — 0.
Q

Let us now turn to the study of Tb;

Ty =— Z Torp (ur —ur)(Y(rr) —Y(xL)).

oKk LEEint

Consider the following auxiliary expression:

= /(zuM(x)Az/J(x)dx
AN /K A (z)do

KeM
= Y (uk ) / Vib(e) - nxpd(a).
ok L EEint OKL

Since uq converges to u in L%(Q), it is clear that T4 tends to /u(m)Aw(ac) dx as hp tends to 0.
Q
Define
1 ry) — Y(x
Rk = _/ Vip(z) - ng pdy(z) — M,
|UKL| OKL dG'KL

where ng 7, denotes the unit normal vector to ok, outward to K, then
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T2+ T3] =| Z lorr|(ux —ur) R L
oKk LEEins ) ,
u —Uu 1/2
< [ > |0’KL|7( Kd 2 > |UKL|daKL(RK,L)2} ,
0Kk LEEnt TRL ok LEEnt

Regularity properties of the function 1 give the existence of Co € IR, only depending on 1, such that
|Ri, 1| < Cohp. Therefore, since

Z |JKL|dUKL = d|Q|

oK LEEint
from Estimate (2.22), we conclude that T2 —|— T — 0 as hp — 0.
Let us now show that T3 tends to — [, v( )Vip(x)dz as hp — 0. Let us decompose T3 = T4 + T4
where
= Z Z UK,U(UU,Jr —uk)Y(rK)
KeMoelk
and

Ty = Z Z Vi Uk Y(TK) = /divv(x)uD(x)z/Jp(x)dx

KeMoe€k

where vp is defined by ¥p(z) = ¥(zk) if v € K, K € M. Since up — u and ¢p — ¥ in L?(Q) as
hp — 0 (indeed, »p — 1 uniformly on 2 as hp — 0) and since divv € L>°(f2), one has

Ty — [ divv(z)u(z)y(x)dx as hp — 0.
Q

Let us now rewrite T4 as T4 = T4 + r3 with

1= 33 (e =) [ (o) mic vl (o)

KeMoelk

and

= 3 Y (o = k) [ (o) il = () )

KeMoe€k

Thanks to the regularity of v and v, there exists C3 only depending on v and 1 such that

[rs| < Cshp Z lux —ur||lokrls

oKL E€Eint

which yields, with the Cauchy-Schwarz inequality,

rs| < Cshp( D> Torylux —ur)( Y lokilde,,)?,

0K LEEint oKk LEEint

from which one deduces, with Estimate (2.22), that r3 — 0 as hp — 0.
Next, remark that

T ==Y uk Yy, / g (x -y uK/ div(v(z)(z))dz.

KeM oc€EK KeM

This implies (since up — u in LQ(Q)) that 73" — — [, div(v(z)¢(z))u(x)dz, so that T3 has the same
limit and T3 — — [, v(x) - Vip(x)u(x)dx

Hence, letting hp — 0 in (2.35) yields that the function u € H}(Q2) satisfies
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/Q (bu(@)(2) — u(@) A (z) — v()u(a) V() — f@)e() ) de =0, ¥ € C2(Q),

which, in turn, yields (2.11) thanks to the fact that w € H}(2), and to the density of C°(Q) in H}(Q).
This concludes the proof of up — u in L?(Q) as hp — 0, where u is the unique solution (in Hg(Q)) to
(2.11).

S Let us now prove that [lupl|1,a tends to [[ul[;71(q) in the pure diffusion case, i.e. assuming b= 0 and
v = 0. Since

||UDH%,M = /Q fo(z)up(z)der — /Qf(x)u(ac)dac as hp — 0,

where fp is defined from Q to IR by fp(z) = fx a.e. on K for all K € M, it is easily seen that

Junlfan = [ F@)uta)ds = ulfy ) a5 o — 0.

This concludes the proof of Theorem 2.18. [

Note that above convergence result (and more particularly the convergence proof of T5) also yield the
following result, which will be used for the Stokes problem in Chapter 4.

Lemma 2.20 Let (D™),.cin be a sequence of admissible discretizations of 0 in the sense of definition
2.1, such that lim hpmy = 0. Let us assume that there exists C > 0 and a sequence (u™) e such

that '™ € Hpm(Q) and |[u™)|p,, < C for all m € IN.
Then, there exists u € H}(Q) and a subsequence of (u'"™) e, again denoted (u'™) e, such that:

1. the sequence (u(m))mem converges in L2()) to u as m — +oo0,

2. for all ¢ € C°(Q), we have

lim [u™), Pp olp, = / Vu(z) - Vo(x)dx, (2.36)
m——+0o0o Q

Remark 2.21 (Consistency for the adjoint operator) The proof of Theorem 2.18 uses the property
of consistency of the (diffusion) fluxes on the test functions. This property consists in writing the
consistency of the fluxes for the adjoint operator to the discretized Dirichlet operator. This consistency is
achieved thanks to that of fluxes for the discretized Dirichlet operator and to the fact that this operator
is self adjoint. In fact, any discretization of the Dirichlet operator giving “L2-stability” and consistency
of fluxes on its adjoint, yields a convergence result. On the contrary, the error estimates proved in Section
2.5 directly use the consistency for the discretized Dirichlet operator itself.

2.5 FError estimate

Theorem 2.22 Under Assumption 2.10 page 10, let D = (M,E,P) be an admissible discretization
as defined in Definition 2.1 page 5 and up € Hp (see Definition 2.5 page 7) be defined a.e.in Q0 by
up(x) = uk for a.e. @ € K, for all K € M, where (ux)kem is the solution to (2.16)-(2.19). Assume
that the unique variational solution u of Problem (2.9)-(2.10) satisfies u € C*(Q). Let, for each K € M,
ex =u(rg) —uk, and ep € Hp defined by ep(x) = ek for a.e. x € K, for all K € M.

Then, there exists C > 0 only depending on u, v and §2 such that

lepllp < Chp, (2.37)

where || - || pm is the discrete HE morm defined in Definition 2.5,
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lepllz2) < Cho (2.38)
and
_ 1 2
3 |o|d0(u——/Vu(z)~nK70d’y(x)) T
0EEint do |U| o
T=OK
- ) ) (2.39)
3 |a|dg(g(yzl7“1@ = /vu(m-nK,Udy(x)) < Ch..
i
Remark 2.23

1. Inequality (2.37) (resp. (2.38)) yields an estimate of order 1 for the discrete H} norm (resp. L?
norm) of the error on the solution. Note also that, since u € C (), one deduces, from (2.38), the
existence of C' only depending on u and € such that ||u — up| r2(q) < Chp. Inequality (2.39) may
be seen as an estimate of order 1 for the L? norm of the flux.

2. The proof of Theorem 2.22 given below is close to that of error estimates for finite element schemes
in the sense that it uses the coerciveness of the operator (the discrete Poincaré inequality) instead
of the discrete maximum principle of Proposition 2.14 page 13 (which is used for error estimates
with finite difference schemes).

3. A similar result holds if u is assumed to be in H2(Q) instead of C?(£2), with some minor additional
assumption on the mesh. The proof is similar to the one given below, except for the consistency
part, which is a bit more technical. We refer to [24] of [41], where other boundary conditions are
also considered.

PROOF of Theorem 2.22

Let up € Hp be defined a.e. in Q by up(z) = ug for a.e. 2 € K, for all K € M, where (ux)kepm is the
solution to (2.16)-(2.19). Let us write the flux balance for any K € M;

ansK (FK,o + VK,o) + b/K u(x)dr = /K f(z)dz, (2.40)

where F o = — [ Vu(z) ng.dy(z), and Vg, = [ u(z)v(z) ng ,dy(z) are respectively the diffusion
and convection fluxes through ¢ outward to K.
Let F , and Vi  be defined by

Fr o = —Top, (u(rr) —u(rk)), Vo = oxr € Ex N Eins, VK € M,
Fg d(wr,0) = —|o|(w(ys) —u(zk)), Vo € Ex N Eext, VK € M,

Vi o = VK,ow(Zo+), Vo € E, VK € M,

where z, + = zx (resp. xp) if 0 € Eng, 0 = ok and vk, > 0 (resp. vk, < 0) and 2,4 = xx (resp.
Yo) if 0 = Ex N Eext and vk > 0 (resp. vk, < 0). Then, the consistency error on the diffusion and
convection fluxes may be defined as

1 —

Rio = H(FK,U - Fg,), (2.41)
1 —

Tkoe = —VKro— Vi) (2.42)

||
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Thanks to the regularity of v and v, there exists C; € IR, only depending on u and v, such that
|Ri.o| + |7K,0| < Cihp for any K € M and o € Ex. For K € M, let

px = ulek) — (1/|K]) /K w(z)d,

so that |px| < Cohp with some Cy € R only depending on w.

Subs tract (2.16) to (2.40); thanks to (2.41) and (2.42), one has

> (Gro + Wico ) + K e = 0Klox = > lol(Rico + i), (2.43)

o€l €€k
where
Gk.o = Fj . — Fi o is such that

Gr,o = —Top,leL —ex), VK € M, Vo € Eg N&int, 0 = 0KL,

G od(rk,0) =|olex, VK € M, Vo € Ex N Eext,

with ex = u(rg) — uk, and Wi , = VI*(,U —Vko =Vk,o(U(Te 1) — U +)
Multiply (2.43) by ek, sum for K € M, and note that

3 Y Groer = Y IDoel? T = el o

KeMoe€k oce€

Hence

lepllipm+ D Y vkoeorex +bllenllizo) <b D IKlpxex — Y > |0l(Rio +7r0)er, (2.44)
KeMoe€k KeM KeMoelk

where
ep € Hp, ep(x) = ex for a.e. x € K and for all K € M,
|Dye| = |lex —epl], if 0 € Ent, 0 = 0k, |Doe| = lex], if 0 € Ex N Eext,

ot = U(To+) — Uy +-
By Young’s inequality, the first term of the left hand side satisfies:

1 1
| > IKlprer| < 5llenllzi) + 505 (ho)* 9. (2.45)
2 @72
KeM
Thanks to the assumption divv > 0, one obtains, through a computation similar to (2.25)-(2.26) page 12

that
Z Z VK,0€o+€K = 0.

KeMoe€fk

Hence, (2.44) and (2.45) yield that there exists Cs only depending on w,b and €2 such that

1
len |l + gbl\eol\%zm) < Cs(hp)* = > > |ol(Rko + K0 )eK, (2.46)
KeMoelk
Thanks to the property of conservativity, one has Rg » = —Rp , and rg,, = —rp » for 0 € &y such that

o =o0kr. Let Ry = |Ri | and 1o = |rk | if 0 € Ex. Reordering the summation over the edges and
from the Cauchy-Schwarz inequality, one then obtains
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| Z Z |‘7|(RK,G +TK,G)6K| < Z|‘7|(Dae)(Ro +7"6) <

KeMoelk oc€e€

L 1 A7)
o] 2) 3 2\ 3 (2
(ZZ(D,,@) ) (Y loldo (Ry +7)%) "
oc€e€ oel
Now, since |R, + 75| < C1hp and since Z|0‘|d0 =d
=

vertQ)], (2.46) and (2.47) yield the existence of Cy € IR only depending on u,v and € such that

1
len e + §b||€D||2L2(Q) < C3(hp)? + Cahplle[1,rm-
Using again Young’s inequality, there exists Cy only depending on u, v, b and ) such that

lenlli m + bllenl 72y < Cs(hp)?. (2.48)

This inequality yields Estimate (2.37) and, in the case b > 0, Estimate (2.38). In the case where b = 0,
one uses the discrete Poincaré inequality (2.5) and the inequality (2.48) to obtain

lenllZz () < diam(€)*Cs(hp)?,
which yields (2.38).

Remark now that (2.37) can be written

Z |U|d0(uL d_UUK _ u(zr) —u(mK))2+

dy
cE€Eint
T=7KL 2.49)
9lye) —ur  ulys) —ulwx)\? ) (
— < .

5 (k) S
ocEEext
cEKNOQ

From Definition (2.41) and the consistency of the fluxes, one has

Z |0|d0(%0u(m — ﬁ/gVu(ac) . nKJdv(ac))Q—i—

o€€int
u(y,) - u(zk) 1 2
> el (T o1 |, V) micatnt@) = (2.50)
ocEKNON
> loldsR2 < d
oc€

vertQ|C?(hp)?.
Then (2.49) and (2.50) give (2.39). .



Chapter 3

Discretization of the gradient,
anisotropic diffusion problems

Most of the notions presented in this chapter are studied in a joint work with Robert Eymard and Thierry
Gallouét, which is submitted for publication [28].

3.1 Introduction

The approximation of convection diffusion problems in anisotropic media is an important issue in several
engineering fields. Let us briefly review four particular situations where the discretization of a non
diagonal second order operator is required:

1. In the case of a contaminant transported by a one-phase flow, one must account for the diffusion-
dispersion operator div(AVu), where the matrix A(x) = A(z)lq + p(x)q(z) - q(z)" depends on
the space variable 2 and q(z) is the velocity of the fluid flow in the porous medium. The real
parameter A\(x) corresponds to a resulting isotropic diffusion term, including dispersion in the
directions orthogonal to the flow, and the real parameter u(z) to an additional diffusion in the
direction of the flow [14]. The term q(z) is then given by q(x) = K(z)Vp(x), where p(z) is a
pressure and K () another non diagonal matrix (the absolute permeability matrix, depending on
the geological layers), and satisfies the incompressibility equation divg(z) = 0. In this coupled
problem, one must simultaneously compute this pressure and the contaminant concentration u(zx).

2. In the study of under saturated flows in porous media (for example, air-water flows), two equations of
conservation have to be solved, associated with two unknowns, pressure and saturation. These equa-
tions include nonlinear hyperbolic and degenerate parabolic terms with respect to the saturation
unknown. As in the preceding case, one must discretize such terms as divq(x) = div(K (z)Vp(x)),
where again K (z) is a non diagonal matrix depending on the geological layers.

3. In the case of the compressible Navier-Stokes equations, one has to discretize the viscous forces
operator, which can be written under the form aAu + bVdivu (a and b are deduced from the
dynamic viscosity coefficients and u is the fluid velocity). In this problem, the term Vdivu involves
all the cross derivatives 97 u.

4. Some problems arising in financial mathematics lead to anisotropic diffusion equations in high-
dimensional domains (dimension equal to 5 or more for example). Under some assumptions on
financial markets [54], the price of a European or an American option is obtained by solving a
linear or nonlinear partial differential equation, involving the second order anisotropic diffusion
matrix A = X3!, where ¥ is a real matrix.

22
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All these cases involve a term under the form div(AVu), where A is a (generally) non diagonal matrix
depending on the space variable and u is a function of the space variable in steady problems, and of
the space and time variables in transient problems. Finite element schemes are known to allow for an
easy discretization of such a term on triangular or tetrahedral meshes [65]. However, in engineering
situations such as the ones described above, one also has to discretize convection and reaction terms,
and avoid numerical instabilities. Unfortunately, finite element methods (and more generally centered
schemes) are known to generate instabilities on coarse grids, although some cures may be proposed, see
[38; 3]; therefore a great many numerical codes [1; 2; 38; 52; 53] use finite volume or finite volume - finite
element type schemes, which allow the implementation of discretization techniques (such as the classical
upwind schemes) which prevent the apparition of instabilities. Let us also note that finite volume schemes
are known for their simplicity of implementation, particularly so when discretizing coupled systems of
equations of various nature.

Besides, we saw in the previous chapter that finite volume methods are well suited and convergent for a
convection diffusion equation in the case where A(z) = A(z) I;. But the situation is quite different in the
case where the condition A(xz) = A(x) I; no longer holds: only few of the actual discretization methods
used for handling non diagonal second order terms on finite volume grids meet a full mathematical
analysis of stability or convergence. Let us briefly review some of them. A first one consists in adapting
the above orthogonality condition by stating that the line joining two cell centres is orthogonal to the
interface between the two cells with respect to the dot product induced by the matrix A~! (see [48] and
[24] section 11 page 815). In the case of triangular grids, this yields a well defined scheme under some
restriction on the allowed anisotropy for a given geometry, since the cell centre may be chosen as the
intersection of the orthogonal bisectors of the triangle for the metric defined by A~'. However, on meshes
other than triangular, the scheme is not easily defined anymore, since there is no straightforward way to
find the cell points satisfying the A~! orthogonality property. Another method consists in defining the
finite volume method as a dual method to a finite element one (for example, a P1 finite element [14] or
a Crouzeix-Raviart one, see e.g. [35]).

Another possibility to derive a finite volume scheme on problems including anisotropic diffusion is to
construct a local discrete gradient, allowing to get, at each edge o of the mesh, a consistent approximate
value for the flux [ (A(z)Vu(z)) - nydy(z) involved in the finite volume scheme (n, is a unit vector
normal to the edge o, and dy(z) is the d — 1 Lebesgue measure on the edge o ). In two space dimensions,
such a scheme was introduced in [18] on arbitrary meshes, but the proof of convergence was only possible
on meshes close to parallelograms. Still in 2D, a technique using dual meshes is introduced in [50; 21],
which generalises the idea of [59; 51] for div-curl problems to meshes with no orthogonality conditions;
however the use of a dual mesh renders the scheme computationally expensive; moreover it does not seem
to be easily extended to 3D. In [26], we used Raviart-Thomas shape functions, generalised to the case of
any admissible mesh (again in the sense precised of [24], see also Definition 2.1 below), in order to define
a discrete gradient for piecewise constant functions. The strong convergence of this discrete gradient was
then shown in the case of the elliptic equation —Au = f. A drawback of this definition was the difficulty
to find an approximation of these generalised shape functions in other cases than triangles or rectangles.

We therefore propose in this paper a new cheap and simple method of constructing a discrete gradient
for a piecewise constant function, on arbitrary admissible meshes in any space dimension (this method
has been first introduced in [27]). We prove that the discrete gradients of any sequence of piecewise
constant functions converging to some u € H{ () weakly converges to Vu in L?*(Q). Moreover, the
discrete gradient is shown to be consistent, in the sense that it satisfies a strong convergence property on
the interpolation of regular function. In order to show the efficiency of this approximation method, we
use this discrete gradient to design a scheme for the approximation of the weak solution u of the following
diffusion problem with full anisotropic tensor:

(3.1)

—div(AVa) = f in Q,
4 =0 on 01,
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under the following assumptions:
Q) is an open bounded connected polygonal subset of R, d € IN*, (3.2)
A is a measurable function from Q to My(IR),

where My(IR) denotes the set of d x d matrices,
such that for a.e. z € Q, A(x) is symmetric,

and the set of its eigenvalues is included in [a(x), B(x)] (3.3)
where a, § € L*°(Q) are such that
0 < ap <a(z) <pB(x) for ae. xe€Q,
and
feL*Q). (3.4)

We give the classical weak formulation in the following definition.

Definition 3.1 (Weak solution) Under hypotheses (3.2)-(3.4), we say that @ is a weak solution of
(8.1) if
u € Hy (),

/( A@)Vila) Vo@)de = | f@ds, e H(Q) (3.5)

Remark 3.2 For the sake of clarity, we restrict ourselves here to the numerical analysis of Problem
(3.1), however, the present analysis readily extends to convection-diffusion-reaction problems and coupled
problems. Indeed, we emphasise that proofs of convergence or error estimate can easily be adapted to such
situations, since the discretization methods of all these terms are independent of one another, and the
treatment of convection and reaction term is well-known (see [41] or [24]).

3.2 A discrete gradient

We present in this section a method for the approximation of the gradient of piecewise constant functions,
in the case of grids satisfying some orthogonality condition as defined below.

3.2.1 Discrete functional setting

We shall work here with admissible discretizations in the sense of Definition 2.1 page 5 (see Figure 2.1
page 6), for which we need some additional notions: first present the following notion of admissible
discretization, which is taken in [24]. The notations are summarised in Figure 2.1 for the particular case
d =2 (we recall that the case d > 3 is considered as well).

Definition 3.3 (Regularity of the mesh) Let Q be an open bounded polygonal subset of RY, and let
D = (M,E,P) be an admissible discretization of Q in the sense of Definition 2.1 page 5. Then, for all
KeMando e &g, let:

DK,U - {tzK + (1 - t)yvt S (07 1)5 Yy S J}v

For all 0 € &, let K, L € M be such that 0 = ok, let Dy = Dg,o U Dy .
For all 0 € Eox, let K € M be such that o € €k ; let Dy = Di .
Forallo € &, let

: /
To = — [ x dy(x). (3.6)
ol Jo
Finally let us define the regularity of the mesh D by the function Op defined by

. dK,a
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Using the same notations as in Chapter 2, we define, for (u,v) € (Hp)? and for any function o € L>°(2),
the following symmetric bilinear form:

[w,v]p,a = Z Toxr Qowr (UL — UR) (VL — VK) Z Z TK, o0 UKVEK, (3.8)

oKk LEEnt KeM o€k ext

where we set

x)dx, Vo € . (3.9)

o |D /o
Remark 3.4 One could also take, for a,, the harmonic averaging of the values in K and L when
0O =0KL-

Note that,
([w,u]p.2)""* = [Jullp
(where 1 denotes the constant function equal to 1), thanks to the discrete Poincaré inequality (2.7) page 8.

Let us now give a relative compactness result, which is also partly stated in some other papers concerning
finite volume methods [24; 49; 29], and which is useful in the proof of convergence.

Lemma 3.5 (Relative compactness in L%()) Let Q be an open bounded connected polygonal subset
of R, d € N* and let (Dn,yun)new be a sequence such that, for all n € IN, D, is an admissible finite
volume discretization of ) in the sense of Definition 3.3 and u, € Hp, () (cf Definition 3.6). Let us
assume that lim,, oo hp, = 0, and that there exists C1 > 0 such that ||u,||p, < Cy, for all n € IN.
Then there exists a subsequence of (Dy,un)nen, again denoted (Dp,un)nen, and @ € Hy(Q) such that
up, tends to @ in L*(Q) as n — +o0, and the inequality

/ |Vii(z)[*dz < liminf [|u, |3 (3.10)
Q n—oo

holds. Moreover, for all function o € L*°(Q), we have

n—oo

lim [un, Pp, @D, 0 = /Q a(z)Viu(z) - Vo(z)dz, Yo € C°(0Q). (3.11)

The proof of (3.11) is similar to the that of Lemma 2.20, that is, the term 7% in the proof of Theorem
2.18 page 15. The proof or (3.10) can be seen in [49; 29].

3.2.2 Definition of a discrete gradient

We now define a discrete gradient for piecewise constant functions on an admissible discretization.

Definition 3.6 (Discrete gradient) Let Q be an open bounded connected polygonal subset of R%, de
IN*. Let D = (M,&E,P) be an admissible finite volume discretization of Q in the sense of Definition 3.3.
The main idea of the definition of our discrete gradient is to remark that for any vector v e R and any
point xo € R?, one has:

v= K > lol(ze — 0) (ko -v), YK € M, Vap € RY, Vo € RY. (3.12)
| |U€€K

Hence, if we know the outward normal gradient i, = Vw -1 of a given function along the edges of a
control volume K, we may then reconstruct the whole gradient as:

Vw = |}(| j{: |U| @K'G

c€€K
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Note that for this reconstruction, one may use any point xg of the cell K. However, in order to obtain a
property of weak convergence of the discrete gradient, which will be crucial when using the discrete gradient
for anisotropic problems, we need some consistency of the discrete gradient applied to test functions; this
consistency holds if one chooses for xg a point i satisfying the usual orthogonality conditions, as we
shall see later. Hence we define, for all K € M, for all L € Nk, the following (vector) coefficients:

AK7L = TokL (:CU'KL - xK)a (313)

and for all o € Ek ext, we define
Ak o = To (60 — TK). (3.14)

and the discrete gradient Vp : Hp — H%, for any uw € Hp, by:

VDU(.T) = (VDU)K
1
= m Z AK,L (UL — ’LLK) — Z AK,a UK 5 (315)
LeNk 0EEK ext
for a.e. x € K, VK € M.

Let us first state a bound for the L?(2)? norm of the discrete gradient of any element of Hp, with respect
to the Hp norm of this element. We refer to [28] for the proof of this result.

Lemma 3.7 (Bound for Vpu) Let 2 be an open bounded connected polygonal subset of RY, d e N*,
let D be an admissible finite volume discretization of Q in the sense of Definition 3.3 and let 6 € (0, 0p].
Then, there exists Co , only depending on d and 6, such that, for all u € Hp:

IVpullr20)e < C2 [[ul|p. (3.16)
We now state a weak convergence property for the discrete gradient. We again refer to [28] for the proof.

Lemma 3.8 (Weak convergence of the discrete gradient)

Let Q be an open bounded connected polygonal subset of R?, d € IN*, let D be an admissible finite volume
discretization of ) in the sense of Definition 3.3. We assume that there exist up € Hp and a function
u € HY(Q) such that up tends to @ in L*(Q) as hp tends to 0 while ||up||p remains bounded. Then
Vpup weakly tends to Va in L?()? as hp — 0.

We now study, for a regular function ¢, the strong convergence of the discrete gradient Vp Ppp to V.
This is in fact a consistency property, which uses the identity (3.12).

Lemma 3.9 (Consistency property of the discrete gradient) Let 2 be an open bounded connected
polygonal subset of IRd, d € IN*, let D be an admissible finite volume discretization in the sense of
Definition 3.3 and let 6 € (0,0p]. Let u € C%(Q) be such that @ = 0 on the boundary of Q. Then, there
exists Cs , only depending on 2, 0 and u, such that:

||VDPD’CL — V’CLHLz(Q)d < C3 hp. (317)
(Recall that Pp is defined by (2.3) and Vp in Definition 3.6.)

Remark 3.10 (Choice of the points xx and z,) Note that in the proof of Lemma 3.8, one is free
to choose any point lying on o, instead of T, , in the definition of the coefficients A . However, we
need this choice in the proof of the strong consistency of the discrete gradient (Lemma 3.9). Conversely,
in the proof of Lemma 3.9, we could take any point of K instead of x in the definition of Ax . However,
the choice of xx is crucial in the proof of Lemma 3.8: indeed, one needs the property of consistency of

the normal flux, which follows from the fact that ng 1 = =",
KL
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Let us end this section on the discrete gradient by stating a convergence property which allows the proof
of convergence of the discrete gradient of the solution to the “classical” finite volume scheme presented
in Chapter 2, in the case of the Laplace equation.

Lemma 3.11 (A sufficient condition for the strong convergence of the discrete gradient)
Let Q be an open bounded connected polygonal subset of R, d € IN*, let 0 > 0 and let D be an admissible
finite volume discretizations in the sense of Definition 3.3, such that 0p > 0. Assume that there exists
a function up € Hp and a function u € HL(Q) such that up tends to u in L*(Q) as hp tend to 0.
Assume also that there exists a function o € L®(2) and ag > 0 such that a(x) > g for a.e. x € Q
and [up,up|p, tends to fQ a(z)Va(z)2dr as hp tends to 0. Then Vpup tends to Va in L2(Q)? as hp
tends to 0.

Again, we refer to [28] for the details of the proof of this result. Let us mention that it is a consequence of
the bound on the gradient obtained in Lemma 3.7, and of the relative compactness in L? (Lemma (3.5)).

Remark 3.12 Note that the proof of Lemma 8.11 does not use the weak convergence of the discrete
gradient, and therefore any point of K can be taken instead of xx in the definition of the coefficients
Ak .. We thus find that the average value in K of the gradient defined in [26] is also strongly convergent
(the average of this gradient, defined by the generalized Raviart-Thomas basis functions, is obtained by
replacing xx by the barycenter of K in the definition of Ak ). Note that the drawback of the generali-
sation of the Raviart-Thomas basis was the difficulty for computing approzimate values of the gradients.
This drawback no longer exists for an averaged gradient. Nevertheless, the properties of convergence of
the finite volume method shown here for non isotropic problems are only proven for the choice (3.13) in
the definition of Ak 1, and not for the Raviart-Thomas basis.

3.3 Discretization of anisotropic problems

3.3.1 The finite volume scheme

Under hypotheses (3.2)-(3.4), let D be an admissible discretization of  in the sense of Definition 3.3.
The finite volume approximation to Problem (3.1) is given as the solution of the following equation:

up GHD,

/ (A() — a(@)1)) Voup(z) - Vou(e)de + [up, v]p .« = / F(@)o(@)dz, Yo € Hp, (3.18)
Q Q

denoting by I, the identity application of IR?. The existence and the uniqueness of the solution up to
(3.18) will be stated in Lemma 3.14. Note that in this formulation, we use the discrete gradient on part
of the the operator only, while on a homogeneous part, we write the usual cell centred scheme. This
needs to be done in order to obtain the stability of the scheme, that is some a priori estimate on the
discrete solution. If we take o = 0 in (3.18), we are no longer able to prove the discrete H! estimate
(3.23) below. Taking for v the characteristic function of a control volume K in (3.18), we may note that
Equation (3.18) is equivalent to finding the values (ux)xeam (we again denote ug instead of (up)x),
solution of the following system of equations:

Z Frr + Z Fro :/ f(x)dz, VK € M, (3.19)
LeENKk TEEK ext K
where
Fri = Towy Qo (ux —ur) + ({ ALALk - Vpur — Ak Ak - Vpug ) Voxr € En, (3.20)
and

Fro = Tko0suix + Ak Ao - Vpug Vo € SK,ext- (321>
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In (3.20) and (3.21), the matrices (Ax)xem are defined by:
ij 1 ; j . .
A(KJ) = W/ (A(x) — a(@)y)e® -eWde, i=1,...,d,j=1,...,d. (3.22)
K

On can then complete the discrete expressions of Fi and F, using Definition 3.6 for Ax Ak, and
Vpug for all K € M, L € N and ¢ € k.
This is indeed a finite volume scheme, since

Frr = —Fri, Yok € &t

The existence of a solution to (3.18) will be proven below.

3.3.2 Discrete H'(f2) estimate

We now prove the following estimate:

Lemma 3.13 [Discrete H' estimate] Under hypotheses (3.2)-(3.4), let D be an admissible discretiza-
tion of QL in the sense of Definition 3.3. Letu € Hp be a solution to (3.18). Then the following inequalities
hold:

aollullp < diam ()| f](z2(0))2» (3.23)

PROOF We apply (3.18) setting v = u . We get

/Q(A(ac) — a(x)Iy)Vpu(z) - Vpu(z)de + [u, ulp,o = /Qf(x)u(x)dx,

which implies
ao[u,u]pg/f(ac)u(x)dx.
Q

Then the conclusion follows from the discrete Poincaré inequality (2.7).
We can now state the existence and the uniqueness of a discrete solution to (3.18).

Corollary 3.14 [Existence and uniqueness of a solution to the finite volume scheme] Under
hypotheses (3.2)-(3.4), let D be an admissible discretization of 1 in the sense of Definition 3.3. Then
there exists a unique up solution to (3.18).

PROOF System (3.18) is a linear system. Assume that f = 0. From the discrete Poincaré inequality
(2.7), we get that w = 0. This proves that the linear system (3.18) is invertible.

3.3.3 Convergence

We have the following result, which states the convergence of the scheme (3.18).

Theorem 3.15 [Convergence of the finite volume scheme] Under hypotheses (3.2)-(3.4), let D
be an admissible discretization of Q0 in the sense of Definition 3.3. Let up € Hp()) be the solution to
(3.18). Then

e up converges in L?(Q) to i, weak solution of Problem (3.1) in the sense of Definition 4.6,
e the discrete gradient Vpup converges in LQ(Q)d to Vua,

as hp tends to 0, under the condition that there exists 0 > 0 with 6p > 0.
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PrOOF We consider a sequence of admissible discretizations (D,,)new such that hp, tend to 0 as n — oo
under the condition that there exists § > 0 with 0p, > 6 for all n € IN. Thanks to Lemma 3.13, we can
apply the compactness result (3.5), which gives the existence of a subsequence (again denoted (D, )neN),
and of @ € HJ () such that up, (given by (3.18) with D = D,,) tends to @ in L*(Q) as n — oco. Let
» € C°(Q) be given, we choose v = Pp,_ ¢ as test function in (3.18). We obtain

/Q(A(:L‘) —a(z)lg)Vp, up, () - Vp, Pp,p(x)dx + [up, , Pp, ¢|D, .0 = /Qf(x)PDncp(:c)dz. (3.24)

We let n — oo in (3.24). Thanks to Lemma 3.8 and Lemma 3.9 (which provide a weak/strong convergence
result), we get that

lim | (A(z) — a(x)lq)Vp,up, (x) - Vp, Pp,o(x)de = /(A(z) — a(z)lg)Vu(z) - Vo(z)da.

Using Lemma 3.5, we get that

lim [up, ., Pp, D)0 = / a(x)Va(z) - Vo(x)da.
Q

n—oo

Since it is easy to see that
tim [ f(e)Po,ple)de = [ f@)e(@)ds,
Q Q

n—oo

we thus get that any limit @ of a subsequence of solutions satisfies (3.5) with v = . A classical density
argument and the uniqueness of the solution to (3.5) permit to conclude to the convergence in L?(Q) of
up to u, weak solution of the problem in the sense of Definition 4.6, as hp tends to 0, under the condition
that there exists § > 0 with 6p > 6. Let us now prove the strong convergence of Vpup to Vu. We have,
using (3.18) with v = up,

/(A(:c) —a(z)lg)Vpup(x) - Vpup(z)de = [ f(z)up(z)dz — [up, up|p,q- (3.25)
Q Q
Thanks to Lemma 3.5, we have

/ a(z)Vi(z)dr < liminflup, up]p.a,
Q

hDHO

and therefore, passing to the limit in (3.25), we get that

limsup/Q(A(z) — a(z)Ig)Vpup(x) - Vpup(z)dr < /Qf(z)uzj(z)d:c - /Qoz(z)Vﬁ(:c)de.

hp—0
We then have, letting v = @ in (3.5),
/ (A@) — a(e)Ta) Va(z) - Vi(z)ds = / F@)a(z)ds — / a(z)Vi(z)2dz. (3.26)
Q 9] Q
This leads to

lim sup/ (A(z) — a(z)Ig)Vpup(x) - Vpup(z)dr < /(A(:c) —a(z)lg)Vu(z) - Vu(z)de.
hp—0 JQ Q

Using Lemma 3.8, which states the weak convergence of the gradient Vpup to Vi, we get that

/Q(A(ac) —a(x)Iy)Vu(z) - Va(z)de < 1}};1315/9@(90) — a(x)Iq)Vpup(z) - Vpup(x)de.
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The above inequalities yield

hhmo (A(x) — a(x)1g)Vpup(z) - Vpup(x)de = / (A(z) — a(x)Ig)Va(z) - Va(zr)de. (3.27)
p—0 /O Q

From (3.25), (3.26) and (3.27), we thus obtain that

lim [up,up]p,a = / afx)Va(r)?dr,
hp—0 Q

Therefore we can apply Lemma 3.11. This completes the proof of the strong convergence of the discrete
gradient.

3.3.4 Error estimate

We now give an error estimate, assuming that the solution of (3.5) is in C?(2). Note that the same error
estimate also holds under the weaker hypothesis that the solution of (3.5) is only in H?(Q), if d < 3.

Theorem 3.16 (C? error estimate) Assume hypotheses (3.2)-(5.4) and that A and o are of class C*
on Q. Let D be an admissible finite volume discretization (in the sense of Definition 3.3). Let 6 € (0,0p)],
where Op is defined by (5.7). Let up € Hp be the solution of (3.18) and u € HL(Q) be the solution of
(3.5). We assume that u € C%(Q).

Let us first assume that

Vo € Eoxt, / Ax)npq(z) - (2o — Yo )dy(x) =0, (3.28)

where naq(x) is the unit normal vector to IQ at point z, outward to .
Then, there exists Cy only depending on Q, 0, ao, a, 3, A and ||il|c2(q), such that:

HUD — PD'E/HD < Cy hp, (329)
lup — 1l r2(0) < Cahp, (3.30)

and
HVDUD — V’ELHLz(Q)d < Cyhp. (331)

Let us then assume that (3.28) no longer holds, then there exists Cy, only depending on Q, 0, «, 3, A
and ||@|| g2(qy, such that (3.29), (3.80), (3.31) hold with Cs Vhp instead of Cy hp.

Remark 3.17 Let us give some sufficient (and practical) conditions for (3.28) to hold :

o [f the normal vector to 92 is an eigenvector of A(x) for a.e. x € 00, then (3.28) holds. Since this
property is always satisfied in the isotropic case, the error estimate on the gradient (3.31) holds for
the classical cell centred scheme, for any admissible mesh.

o [f for all 0 € Eoxy with o € Ex, the barycenter x, of o is equal to the orthogonal projection z, of
xx on o, then (3.28) holds. This hypothesis is naturally satisfied on admissible rectangular and
triangular meshes.

Note also that one could replace (3.28) by |25 — 25| < %diam(K)(hD)% for all 0 € Eoxs.

PrROOF In the proof, we denote by C; (i € IN), various quantities only depending on €2, 6, oo, a, 3, A
and ||1_1'HC2(Q)

Step 1. Let v € Hp. We first perform a computation of a consistency error, namely a bound for |T} (v)]
where T (v) is defined by:

/(A(:c) — a(z)lg)VpPpu(z) - Vpu(z)dz + [Ppt, v]p.q = / f(z)v(x)dx + T1(v). (3.32)
Q Q
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We first consider the second term of the left hand side of (3.32). Using classical consistency error (also
used in the proof of Lemma 3.5), one has:

[P, v]po =— /Q div(aVa)(z)v(x)dx + Ta(v), (3.33)

with

T2(0)] < Y lo|Ro |60,

oce€
where 0,v = |vg — vr| if 0 = ok is an interior edge, d,v = |vk| is 0 € Eext and |R,| < Cg hp. Using
the Cauchy-Schwarz inequality, this leads to:

IT3(0)] < Cr hollollo. (3.34)

We now consider the first term of the left hand side of (3.32). We have
/ (A(x) — a(x)Iq)Vp Ppiu(z) - Vpu(z)de = Ts(v) + Tu(v), (3.35)
Q

with
Ty(v) = / (@) — a(e)Tg) Vi(z) - Voo(r)de
Q
and
ITa(v)| < Cs [[VpPpu — Vil 12(0)a [V L2 ()a-
Using Lemma 3.9 and Lemma 3.7, we obtain

IT4(v)| < Co hpllv]|p. (3.36)

We now compute T5(v). For K € M and o € &, let ux and p, respectively be the mean values of
(A(x) — a(x)Ig)Va on K and o

i = |K|/ x)Ig)Va(z)de, uazl |/ — a(z)gVa(z)dy(x).

The regularity of @, A and « gives, for all K € M and all 0 € £k (recall that |- | denotes the Euclidean
norm in R%):

|,LLK - ,LLU| S ClO hD. (337)
Indeed, C1p only depends on the L>°-norms of A, o and Vu and on the L*-norms of the derivatives of
A, o and Va.

We now use (3.37) in order to give a bound of T5(v) as a function of hp. Indeed, the definition of Vpo
leads to:

Ty(v) = > px - |K|(Vpo)k =
KeM
Z Z pr - Arrn (v —vk) — Z pr - Ag VK | =
KeM \LeENk OEEK oxt
S Y. tors - Axn (vp—vk) = Y e Akovr | + Ts(v),
KeM \LeNk 0EEK ext

with

|T5(v)| < Ci0 hp Z Z | Ak Lllve — vk |+ Z | Ak ollvr] | <

KeM \LeNk OEEK ext

Cho hp Z (|Ar,n| + |AL, k|)|vr — vk | + Z Z | Ak o|lvK]

0=0K1EEnt KeM o€EK ext
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Since Ax 1 = Tow, (Tow, —2x) and Ax s = To(xs — Tx ), one deduces from the preceding inequality,
thanks to the definition of 6p (which gives d(z,,2x) < (dk,»/0) if 0 € Ex) and using Cauchy-Schwarz
Inequality:

T5(v)| < C11 ho|[v[|p. (3.38)

We now remark that:

Ty(0) = Ts(w) = Y | Y tows - Axp (L —vk) = Y o Axovk | =

KeM \LeNk TEEK oxt (3.39)
S e (@ — )L —vk) = Y, D> e (Te — TK)ToUK.
0=0K1EEnt KeMo€EEK ext

For o € &int, one has 0 = oxp, and (2 — 2k ) = dsng . where ng , is the normal vector to o exterior
to K.

For 0 € Eext, one has o € Ex. Thanks to the fact that under homogeneous Dirichlet boundary conditions,
the gradient of @ is normal to the boundary, using Assumption (3.28), we get that

to - (Lo — TK)Ty = /(A(x) — a(2)[zVa(x) - noq(x)dy(z).

Then, one deduces from (3.39):

Ts3(v) — Ts(v) = — /Q div((A — alg)Va)(z)v(z)de. (3.40)

Therefore, since —div(AVa@) = f, one has (3.32) with T3 (v) = Ta(v) + Ta(v) + T5(v). This gives, with
(3.34), (3.36), (3.38):
IT1(v)| < C12 ho|[v[|p. (3.41)

This concludes Step 1.
Step 2.
Let ep = Ppu — up be the discrete discretization error. Using (3.32) and (3.18) give, for all v € Hp:

/(A(x) —a(x)Iy)Vpep(z) - Vpu(z)dz + [ep, v]p,o = T1(v).
Q
Taking v = ep in this formula gives, with (3.41), [ep,ep]p.a < Ci2hp|lep|p and then, with Ci3 =
Ch2 /g (since apllep||% < [ep, ep]p.a):
lepllp < Ciz hp, (3.42)

which is exactly (3.29).
Using the Discrete Poincaré Estimate (2.7) and the fact that @ € C(), one deduces (3.30) from (3.29).

The last estimate, Estimate (3.31), is a direct consequence of (3.42), (3.17) and (3.16). This concludes
the first part of the theorem, i.e. assuming (3.28).

If D no longer satisfies the hypothesis (3.28), one has to replace (3.40) by:
Ty(v) — Ts(v) = — / div((A — aly) Vi) (z)o(z)de + Ts(v),
Q
where, recalling that by z, the orthogonal projection of xx on o (see Definition 3.3):

Ts(v) = Z Z to * (2o — To)ToVK -

KeMo€Ek ext
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Thanks to the Cauchy-Schwarz inequality, we get

L2 < Y Y mddamk)? Y Y e,

KeMo€e€K ext KeM o€k ext

which leads to n
D _
To(v)? < =2 (09| Vall, o]

1
where |09 is the d — 1-dimensional Lebesgue measure of 9. This gives (3.41) with h2 instead of hp.
Following Step 2, this allows to conclude the proof.

An error estimate also holds when the solution of (3.5) is in H?(f2) instead of C?(Q), in the case where
the space dimension is lower or equal to 3, with an additional assumption on the mesh (the number of
edges of a given cell must stay bounded as the mesh is refined). The proof of this estimate is similar to
that of Theorem 3.16, once the following consistency lemma has been proven (see [28]):

Lemma 3.18 (Consistency of the gradient, u € H?(Q2)) Under hypothesis (3.2), with d < 3, let D
be an admissible finite volume discretization in the sense of Definition 3.3, and let 0 € (0,0p]. Let
u € H?*(Q)N HF(Q). Then, there exists C14, only depending on Q, 6 and i, such that:

[Vo(Ppu) — V| L2)e < Cua hpllt] g2 (q). (3.43)
(Recall that Pp is defined in (2.3) and Vp in Definition 3.6.)

3.4 Numerical results

The scheme was tried for various academic problems, for which the analytical solution is known. For the
Laplace equation, we compared the classical cell centred scheme to the new scheme, which we shall call
the gradient scheme in the sequel. First note that in the classical cell centred scheme, the equation relative
to a given cell involves the neighbours of this cell, while in the gradient scheme, it involves the neighbours
of this cell and the neighbours of the neighbours. Hence in the case of a rectangular (resp. parallelipedic)
mesh, the classical cell centred scheme is a 5 points (resp. 7 points) scheme, while the gradient scheme
is a 13 points (resp. 24 points) scheme, Similarly, if one uses a triangular (resp. tetrahedral) mesh the
classical scheme is a 4 points (resp. 7 points) scheme, while the gradient scheme is a 10 points (resp.
at most 17 points) scheme. Hence the gradient scheme is more expensive in terms of time and memory,
although this is not so much, for example compared to the use of a Q' finite element in the case of a
parallelipedic mesh, which leads to a 27 points scheme.

We tested the gradient scheme for some real anisotropic problems, the number of cells varying from 100
to 6400 in the rectangular meshes case (in fact, rectangles are squares), and from 700 to 17500 in the
triangular meshes case. The convergence rates have been computed by fitting a less-square regression on
the logarithmic values of the errors and of the characteristic size of the mesh.

The first case is an anisotropic homogeneous problem with diffusion matrix
1.5 0.5
A= < 0.5 1.5 ) ’

The second case is a rotating permeability field, that is, the diffusion matrix is constant in the (r,6)
10 .2
.2 10
5)2 + (22 — 1.1)?), on the domain Q =]0, 1[x]0, 1[. The orders of convergence which were found are given
Table 3.1.

Next, we tested different values of a to see how it affected the discretization error, on the first anisotropic
case. Although the value of « does influence the resulting discretization error, the optimal value seems

coordinates and equal to A,y = ) . The exact solution is taken to be w(x1,2z2) = %111((1‘1 -
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h
Case 1 Case 2
homogeneous anisotropic heterogeneous anisotropic
Rectangles F'V 13 | Triangles VF10 | Rectangles FV 13 | Triangles VF10
u 2.00 2.0 2.2 2.0
Vu 1.00 1.0 1.4 1.3

Table 3.1: Rates of convergence of FV13 and FV10 in a homogeneous anisotropic case and in a hetero-
geneous anisotropic case

to be independent on the mesh, in both the triangular and rectangular cases, see Figure 3.1. Note that
in the case of the error on the solution itself, the numerical optimal values for « are beyond the interval
of convergence assumed in the theoretical analysis (0, 1).

These numerical tests therefore indicate that this use of an discrete gradient in finite volume schemes
leads to a correct numerical behaviour, indeed comparable with low degree finite element schemes on
similar problems.

Finally, we replaced the point 2k by the center of gravity of cell K in the definition (3.13),(3.14) of the
coefficients Ag . In this case, we recall (see Remark 3.12) that we obtain the discrete gradient based on
the generalized Raviart-Thomas basis functions of [26]. Indeed, the tests performed with this scheme for
Case 1 or Case 2 did not yield correct approximations of the solution nor of its gradient.

3.5 Conclusion

In this paper, we constructed a discrete gradient for piecewise constant functions. This discrete gradient
revealed several advantages: it is easy and cheap to compute, and it provides simple schemes for the
approximation of anisotropic diffusion convection problems. We showed a weak property convergence of
this discrete gradient to the gradient of the limit of the considered functions, together with a consistency
property, both leading to the strong convergence of the discrete solution and of its discrete gradient in
the case of a Dirichlet problem with full matrix diffusion.

Since this notion of admissible mesh includes Voronoi meshes, which are more and more used in practice,
and which seem to remain tractable even in high space dimension, applications to financial mathematics
problems are being studied [8]. Applications to finite volume schemes for compressible Navier-Stokes
equations are also expected to be successful, see chapter 4 and [67]. Further work includes a parametric
study, and the generalisation to meshes without the orthogonality condition.
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Figure 3.1: Diagrams of the errors on the solution (left) and its gradient (right) for various sizes of
triangular (up) and rectangular (bottom) meshes, with respect to the value of the parameter «



Chapter 4

A colocated scheme for the
Navier-Stokes equations

This chapter presents recent results obtained with Robert Eymard and Jean-Claude Latché [33]. We
are interested here in finding an approximation of the fields @ = (ﬁ(i))izl,___,d QA x[0,T] — R?, and
P :Qx1[0,T] — R, weak solution to the incompressible Navier-Stokes equations which write:

d
0 — vATYD + 0;p+ > aDo;al = fDin Q x (0,7), fori=1,...,d,
p =1 (4.1)
divie = > _0;u" = 0in Q x (0,T).
i=1

with a homogeneous Dirichlet boundary condition for @ and the initial condition

{ @(i)(-,()):ﬂi(r?i inQfori=1,...,d. (4.2)
In the above equations, @(?), i = 1,...,d denote the components of the velocity of a fluid which flows in
a domain Q during the time (0,7"), p denotes the pressure, v > 0 stands for the viscosity of the fluid. We
make the following assumptions:

Q) is a polygonal open bounded connected subset of R? d=2or 3, (4.3)
T > 0 is the finite duration of the flow, (4.4)
v € (0, +00), (4.5)
Uini € L2(Q)d, (46)
FD e L?(Qx (0,T)), fori=1,...,d. (4.7)
d
We denote by = = (2(V),—; 4 any point of Q, by |.| the Euclidean norm in R, i.e.: |z|> = Z(z(i))2
i=1
and by dx the d-dimensional Lebesgue measure dz = dz(V) ... §z(D.
The weak sense that we consider for the Navier-Stokes equations is the following.
Definition 4.1 (Weak solution for the transient Navier-Stokes equations)
Under hypotheses (4.83)-(4.7), let the function space E(Q) be defined by:
EQ) = {0 = (09)i=1..a € HY(Q)? divi = 0 a.e. in Q}. (4.8)
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Then 1 is called a weak solution of (4.1)-(4.2) if u € L*(0,T; E(Q)) N L>(0,T; L?(Q)?) and:

Vo € L2(0,T; BE(Q)) N C2(Q x (—o00,T))?,

/ / (x,t) - Opp(a,t) b 6t — /uml( ) - o(x,0)0x o)
+V/ /Vu x,t) : Vo(x,t) dx ot +/ b(a(-,t),a(-t), (-, t)) ot |

/ /f o(x,t) dx bt

where, for all i,v € H}(Q)? and for a.e. x € Q, we use the following notation:

d
Via(x) : Vo(x) = ZVU(Z)( ) - VU(Z)( )

and where the trilinear form b(.,.,.) is defined, for all 4 € (HL(Q)?, by
b(u,v,w) ZZ/ O (2)0;5™ (2)0® (z) d. (4.10)
k=1i=1

Remark 4.2 From (4.9), we get that a weak solution u of (4.1)-(4.2) in the sense of Definition 4.1
satisfies Oy € LY (0, T; E(Q)), and is therefore a weak solution in the classical sense, such that u(-,0)
is the orthogonal L%-projection of ti; on {v € L?(Q)?,divo = 0, trace(v - ngq, 92) = 0} (see for example

[66] or [12]).

Numerical schemes for the Stokes equations and the Navier-Stokes equations have been extensively stud-
ied: see [42; 62; 63; 64; 44; 43] and references therein. Among different schemes, finite element schemes
and finite volume schemes are frequently used for mathematical or engineering studies. An advantage
of finite volume schemes is that the unknowns are approximated by piecewise constant functions: this
makes it easy to take into account additional nonlinear phenomena or the coupling with algebraic or
differential equations, for instance in the case of reactive flows; in particular, one can find in [62] the
presentation of the classical finite volume scheme on rectangular meshes, which has been the basis of
many industrial applications. However, the use of rectangular grids makes an important limitation to
the type of domain which can be gridded and more recently, finite volume schemes for the Navier-Stokes
equations on triangular grids have been presented: see for example [45] where the vorticity formulation
is used and [11] where primal variables are used with a Chorin type projection method to ensure the di-
vergence condition. Proofs of convergence for finite volume type schemes for the Stokes and steady-state
Navier-Stokes equations are have recently been given for staggered grids [16], [45], [30], [31], [7], following
the pioneering work of Nicolaides et al. [60], [61].

In this paper, we propose the mathematical and numerical analysis of a discretization method which uses
the primitive variables, that is the velocity and the pressure, both approximated by piecewise constant
functions on the cells of a 2D or 3D mesh. We emphasise that the approximate velocities and pressures
are colocated, and therefore, no dual grid is needed. The only requirement on the mesh is a geometrical
assumption needed for the consistency of the approximate diffusion flux (see [24] and section (4.1) for a
precise definition of the admissible discretizations).

As far as we know, this work is a first proof of the convergence, of a finite volume scheme which is of
large interest in industry. Indeed, industrial CFD codes (see e.g. [55], [4]) use colocated cell centred
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finite volume schemes; leaving aside implementation considerations, the principle of these schemes seems
to differ from the present scheme only by the stabilization choice. The main reasons why this scheme is
so popular in industry are:

e a colocated arrangement of the unknowns,
e a very cheap assembling step, (no numerical integration to perform)

e an easy coupling with other systems of equations.

The finite volume scheme studied here is based on three basic ingredients. First, a stabilization technique
a la Brezzi-Pikéranta [13] is used to cope with the instability of colocated velocity /pressure approxima-
tion spaces. Second, the discretization of the pressure gradient in the momentum balance equation is
performed to ensure, by construction, that it is the transpose of the divergence term of the continuity
constraint. Finally, the contribution of the discrete nonlinear advection term to the kinetic energy balance
vanishes for discrete divergence free velocity fields, as in the continuous case. These features appear to
be essential in the proof of convergence.

We are then able to prove the stability of the scheme and the convergence of discrete solutions towards
a solution of the continuous problem when the size of the mesh tends to zero, for the steady linear case
(generalized Stokes problem), the stationary and the transient Navier-Stokes equations, in 2D and 3D.
Our results are valid for general meshes, do not require any assumption on the regularity of the continuous
solution nor, in the nonlinear case, any small data condition. We emphasise that the convergence of the
fully discrete (time and space) approximation is proven here, using an original estimate on the time
translates, which yields, combined with a classical estimate on the space translates, a sufficient relative
compactness property.

An error analysis is performed in the steady linear case, under regularity assumptions on the solution.
An error bound of order 0.5 with respect to the step size is obtained in the discrete H' norm and the L?
norm for respectively the velocity and the pressure. Of course, this is probably not a sharp estimate, as
can be seen from the numerical results shown in Section 4.5. Indeed, a better rate of convergence can be
proved under additional assumptions on the mesh [34].

This paper is organised as follows. In section 4.1, we introduce the discretization tools together with some
discrete functional analysis tools. Section 4.2 is devoted to the linear steady problem (Stokes problem),
for which the finite volume scheme is given and convergence analysis and error estimates are detailed.
The complete finite volume scheme for the nonlinear case is presented in section 4.3, in both the steady
and transient cases. We then develop the analysis of its convergence to a weak solution of the continuous
problem. We give some numerical results in section 4.5, and finally conclude with some remarks on open
problems (section 4.7).

4.1 Spatial discretization and discrete functional analysis

Let D = (M, &, P) be an admissible discretization as defined in Definition 2.1 page 5. We shall measure
the regularity of the mesh through the function regul(D) defined by

regul(D) = inf {5, K € M, 0 € &k

4.11)
dK,o 1 (
U{TKKLL’ KeM, LeNK}U{m, KEM}.
We define a discrete divergence operator divp : (Hp(2))? — Hp(R), by:

—~ 1 1

divp(u)(z) = & > 5 loxr| nir - (ux +uz), forae z € K,VK €M, (4.12)

LeNk
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We then set Ep(Q) = {u € (Hp(Q))?, divp(u) = 0}.

Remark 4.3 In (4.12), we could replace the factor 1/2 by some coefficient axy > 0 such that axr, +
arx = 1. Such a choice, combined with the definition

1

divp (u)(x) = &

Z (aKL |JKL|nKL ‘UK — ALK |UKL| nrg 'UL);
LeNk

produces the same results of convergence as those which are proven in this paper. On particular meshes,
one can prove a better error estimate, choosing arxy = d(xp,oxr)/dixr (see [34]). Nevertheless, in
the general framework of this paper, other choices do not improve the convergence result and the error
estimate. Therefore, we set in this paper axy, = 1/2, which leads to the formula (4.12).
The advantage of this choice is that it leads to simpler notations and shorter equations.

The adjoint of this discrete divergence defines a discrete gradient V : Hp () — (Hp (€))%

(Vu)K::-ﬁ%T E: %|UKL|nKL(uL——uK),VKTE.NL VUGAHb(Q) (413)
LeNk

Note that this gradient operator is quite different from the one defined in Chapter 3 (except in the
particular cases of equilateral triangles and rectangles with edges bisecting the line segments xxx).
Indeed, the gradient defined by (3.13)—(3.14) is not well adapted to the Stokes problem because its adjoint
operator does not present enough consistency with the continuous divergence operator. Conversely, the
gradient defined by (4.13), which is used for the discretization of the pressure in the Navier—Stokes
equations, is not well adapted to the discretization of anisotropic problems such as the one presented
in Chapter 3, because it lacks convergence properties. Indeed, we shall see that all the convergence
properties will be proven on the discrete divergence, using the fact that the operators are adjoint one to
the other. B

The operator V then satisfies the following property.

Proposition 4.4 Let (D(m))mem be a sequence of admissible discretizations of Q) in the sense of Defini-
tion 2.1, such that lim hpmy = 0. Let us assume that there exists C > 0 and a € [0,2) and a sequence

m—00

(u™)men such that u™ € Hpom () and [u™]3, < C hpmy, for all m € IN.
Then the following property holds:

m——+oo

lim (PDm(,D(ZC)%DmU(m)(IL') + u(m)(x)Vgo(x)) dx =0, Yo € C°(), (4.14)
Q

and therefore:

lim [ Vp, u™(z) Pp v(x)dz =0, Yoo € C(Q)% N EQ), (4.15)

m——+oo Q

where E(Q) is defined by (4.8).

PROOF Let us assume the hypotheses of the above lemma, and let i = 1,...,d and ¢ € C°(£2) be given.
Let us study, for m € IN, the term

T7(m) = /Q (Ppmgo(x)ﬁpmu(m)(x) + u(m)(x)Vgo(ac)) dx.

From (4.13), we get that
= 3 @™ —uf x| REY.

0€Eint,0=0KL

where
1) = (3teter) +oton) - [ oot e
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Thanks to the Cauchy-Schwarz inequality,

2
TR < g, SRR loxeldic.

0€&int,0=0KL

One has > o lokrldikr < d|Qf. Thanks to the existence of C, > 0 which only depends on ¢
such that |R§?L) < Cyphpm) and since o < 2, we then get that
lim 7™ =0,

which yields (4.14).
Proposition 4.5 (Discrete Rellich theorem) Let (DU™),,cix be a sequence of admissible discretiza-
tions of §2 in the sense of definition 2.1, such that lim hpmy = 0. Let us assume that there exists C >0

and a sequence (u\"™) e such that u™) € Hpon (Q) and ||ul™||p, < C for allm € IN.
Then, by Lemma 2.20, there exists u € H} () and a subsequence of (™) e, again denoted (u'™) e,
such that the sequence (u(™),ew converges in L2(Q) to u as m — 4oo; the sequence also satisfies:

Vo, u'™ weakly converges to Vi in L2(Q)% as m — +oo and (4.14) holds.

ProoF Since we have [u(™|p < ||ul™|p, , we can apply proposition 4.4, which gives the result.

4.2 Approximation of the linear steady problem

4.2.1 The Stokes problem

We first study the following linear steady problem: find an approximation of 4 and p, weak solution to
the generalized Stokes equations, which write:

{Gaar—me (4.16)
For this problem, the following assumptions are made:
Q) is a polygonal open bounded connected subset of RY d=2or3 (4.17)
v € (0,400), 1 € [0,400), (4.18)
fe L) (4.19)

We then consider the following weak sense for problem (4.16).

Definition 4.6 (Weak solution for the steady Stokes equations) Under hypotheses (4.17)-(4.19),
let E(Q) be defined by (4.8). Then (u,p) is called a weak solution of (4.16) (see e.g. [66] or [12]) if
ue EQ), peL*(Q) with [,p(x)dz =0,

U/Qa(:c) v(z)x + v A Viu(z) : Vo(z)dz— (4.20)

/ p(x)divo(x)or = [ f(z)-o(x)dz, Yo € HE(Q)%
Q Q

The existence and uniqueness of the weak solution of (4.16) in the sense of the above definition is a
classical result (again, see e.g. [66] or [12]).
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4.2.2 The finite volume scheme
Under hypotheses (4.17)-(4.19), let D be an admissible discretization of 2 in the sense of Definition 2.1.

It is then natural to write an approximate problem to the Stokes problem (4.20) in the following way.

u € Ep(Q), p € Hp(Q) with / p(z)dx =0
Q

n /Q u(x) - U(J:)(ij v[u,v]p (4.21)
— /Qp(z)di\fp(v)(z)(;x = 5 f(x) - v(x)ox Vv € Hp(Q)4

As we use a colocated approximation for the velocity and the pressure fields, the scheme must be stabilised.
Using a non-consistent stabilization ¢ la Brezzi-Pitkdranta [13], we then look for (u,p) such that

(u,p) € Hp(Q)¢ x Hp(Q) with /Qp(x)éz =0

n /Q u(z) - v(x)dz + vu, v)

— 4.22
- /Qp(ac)din(v)(x)(Sm = /Qf(x) -v(x)ox Vv € Hp(Q)? (4.22)

| divnu)@a(ese = -x i (.a)n Vg € Hp(Q)

where A > 0 and « € (0, 2) are adjustable parameters of the scheme which will have to be tuned in order
to make a balance between accuracy and stability.

System (4.22) is equivalent to finding the family of vectors (ux)xeam C IR?, and scalars (px)xerm C R
solution of the system of equations obtained by writing for each control volume K of M:

o
n | K| uxg —v Z Town (UL —ug) — v Z d|—|(0—UK)
LeNk 1 0€EK NEext Ko
JrLEZNK 5 lokr| nkr (pr —pr) = /Kf(if)5$ (4.23)
1
> 5 loxelnkr - (uk +ur) = A hp > Towr(pr —pr) =0
LeNk LeNk
supplemented by the relation
> K| pk =0 (4.24)
KeM

Defining p, = (px + pr)/2 if 0 = okr, and p, = px if 0 € Euxt N Ek, and using the fact that

Y sce, lonK. o =0, onenotices that: Y-, ¢\ 5 [oxL| nixr (pL—pr) isinfact equal to Y- ¢ |o|pons o,
thus yielding a conservative form, which shows that (4.23) is indeed a finite volume scheme.

The existence of a solution to (4.22) will be proven below.

4.2.3 Study of the scheme in the linear case
We first prove a stability estimate for the velocity.

Proposition 4.7 (Discrete H' estimate on velocities) Under hypotheses (4.17)-(4.19), let D be an
admissible discretization of Q in the sense of definition 2.1. Let X € (0,+00) and « € (0,2) be given. Let
(u,p) € Hp(Q)? x Hp(Y) be a solution to (4.22). Then the following inequalities hold:

vljullp < diam(Q)[[ 12 ())e (4.25)
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and

v A% [plp < diam(Q)?[| fIIE2(qy)a- (4.26)

PROOF We apply (4.22) setting v = u. We get
[ u@Pse s vl - [ pe)dvo@ss = [ ) o
Q Q Q
Since n > 0, the second equation of (4.22) with ¢ = p and Young’s inequality yield that:

[ u()se + vjulls + X b o <

Q
diam(Q2)? . v )
5, I llCzagaye + m”uﬂ(m(n))d-

Using the Poincaré inequality (2.7) gives

diam(€2)

2
1%
vl + 3 % ol < S 1y + Sl

which leads to (4.25) and (4.26).
We can now state the existence and the uniqueness of a discrete solution to (4.22).

Corollary 4.8 [Existence and uniqueness of a solution to the finite volume scheme| Under
hypotheses (4.17)-(4.19), let D be an admissible discretization of Q in the sense of Definition 2.1. Let
A€ (0,400) and a € (0,2) be given. Then there exists a unique solution to (4.22).

PROOF System (4.22) is a linear system. Assume that f = 0. From propositions 4.7 and using (2.8), we
get that u = 0 and p = 0. This proves that the linear system (4.22) is invertible.
We then prove the following strong estimate on the pressures.

Proposition 4.9 (L? estimate on pressures) Under hypotheses (4.17)-(4.19), let D be an admissible
discretization of Q0 in the sense of definition 2.1 and let 0 > 0 be such that regul(D) > 0. Let A € (0, +00)
and o € (0,2) be given. Let (u,p) € Hp(Q)¢ x Hp(Q) be a solution to (4.22). Then there exists Cys ,
only depending on d, Q, n, v, A, a and 0, and not on hp, such that the following inequality holds:

Ipllz20) < Cis || fll(L2(e))e- (4.27)

PrOOF We first apply a result by Necas [57]: thanks to [, p(x)dx = 0, there exists C1¢ > 0, which only
depends on d and €, and ¥ € H}(Q)? such that divo(z) = p(x) for a.e. € Q and

[0z ()¢ < Cr6 [Pl L2(0)- (4.28)

We then set )
v = — / @(i)(x)év(x), VYoe& Vi=1,...,d.

7 ol

(note that o8 =0forall o € g and i =1,.. ., d) and we define v € Hp(Q)¢ by
. 1 .
v%) = —/ 6(1)(z)535, VK eM, Vi=1,...,d.
K] Jx

Applying the results given p 777 in [24], we get that there exists C17; > 0, only depending on d and 6,
such that
diam(K)

(U(i) — )2 < Cyp ———2
K o]

/ (Vo) (z))%6, (4.29)



and
[vllp < Cr7 |9 2 e)a-
We then have

—~ 1
/ p(z)divpv(z)dz = Z DK Z 3 lokr| nkr - (vk +vr) = Ts + Ty,
Q KeM  LeNk

where
Tz = Z DK Z 2AKL - Voy,
KeM LeNk
= > ok Z/ v(z) - ngroy(z)
KeM LeENK VOKL
= [ pardivate)is = 9l o)
and

1
Ty = > px Y loxil <§(UK+UL)%KL) ‘DKL

KeM LeENKk

1
= Z lorxr|(px —pL) i(vKﬁLUL)*UgKL NgL.

0=0K L EEint

We then have, thanks to the Cauchy-Schwarz inequality

1 2
Ts<lplp Y. loxcldke (5(vK+vL)ngL) .

0=0k 1, EEint
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(4.30)

Applying Inequality (4.29) and thanks to (3(vi + VL) — Vo, )? < 2((Vk = Vo )2+ (VL — Voie,)?), We

get that

d
T3 < |plp Z dxr.Ci7 hp Z(Vv(i) (z))*6z.

0=0K L EEnt KUL ;=

This in turn implies the existence of C1g > 0, only depending on d and €, such that
T3 < Cus hiplplp 19l 77 2y

Thanks to (4.28), we then get, gathering the previous results

/( p(@)divpo(@)sz = |Ipll7 ) — Cus holploCis [1p] 12(0)-
2

We then introduce v as a test function in (4.22). We get

/pr)dTvD(v)(x)sx —u

u(z) - v(x)dx + vju,vlp — | f(z)-v(x)dz.
Q Q

(4.31)

(4.32)

Applying the discrete Poincaré inequality, (4.30) and (4.31), we get the existence of Cg, only depending

ond, Q, f,n, v, A and 6, such that

11720y — Ci8 ho|ploCis 1l L2y < Cro (lullp + 11 fllz2()e) 1Pl L2(0)-

We now apply (4.25) and (4.26). Since h2, < h$diam(Q)?>~“, the condition o < 2 suffices to produce
(4.27) from the above inequality, a factor 1/ being introduced in the expression of Cy5 (it is therefore

not possible to let A tend to 0 in (4.27)).
We then have the following result, which states the convergence of the scheme (4.22).
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Proposition 4.10 (Convergence in the linear case) Under hypotheses (4.17)-(4.19), let (u,p) be
the unique weak solution of the Stokes problem (4.16) in the sense of definition 4.6. Let \ € (0,400),
a € (0,2) and 0 > 0 be given and let D be an admissible discretization of 2 in the sense of definition 2.1
such that regul(D) > 6. Let (u,p) € Hp()? x Hp(Q) be the unique solution to (4.22).

Then u converges to @ in (L?(2))? and p weakly converges to p in L*(Q) as hp tends to 0.

PROOF Under the hypotheses of the above proposition, let (D(m))mem be a sequence of admissible
discretizations of 2 in the sense of definition 2.1, such that lim,, .. hpm) = 0 and such that regul(D(m)) >
0, for all m € IN.

Let (u™), p(™)) € Hpm ()% X Hpm) () be given by (4.22) for all m € IN. Let us prove the existence of
a subsequence of (D(")),,cv such that the corresponding sequence (u("™),,en converges in (L?(R2))? to
@ and the sequence (p(™),,ew weakly converges in (L?(2))? to p, as m — oo. Then the proof is complete
thanks to the uniqueness of (4, p).

Using (4.25), we obtain (see [25], [24]) an estimate on the translates of u(™): for all m € IN, there exists
Cy > 0, only depending on €, v, f and g such that

Jo (™R (2 + &) — wlmb) (2))262 < Cog |€](|¢] + 4hpm)), (4.33)
for k=1,...,d, V¢ € R, ‘
where u("™*) denotes the k-th component of u(™). We may then apply Kolmogorov’s theorem, and obtain
the existence of a subsequence of (D™)),,e and of @ € HE(2)? such that (u(™),,cn converges to @ in
L?(Q)2. Thanks to proposition 4.9, we extract from this subsequence another one (still denoted u(™)
such that (p(™),,ew weakly converges to some function p in L?(Q2). In order to conclude the proof of
the convergence of the scheme, there only remains to prove that (@, p) is the solution of (4.20), thanks to

the uniqueness of this solution.

Let ¢ € (C2(2))%. Let m € IN such that D™ belongs to the above extracted subsequence and let
(™, p(™)) be the solution to (4.22) with D = D™). We suppose that m is large enough and thus hpm)
is small enough to ensure for all K € M such that KN support(p) # 0, then 9K N 9Q = () holds. Let
us take v = Ppmyp in (4.22). Applying proposition 4.5, we get

lim [u™), Pp i) @] pom) = / Va(z) : V(x)ox.
Q

n—oo

Moreover, it is clear that

tim | f(@) - Pop(z)iz = | f(z)-ple)ie,

n—oo Q

and

lim n/Qu(m) () - Ppomyp(x)dx = 7]/ u(x) - p(z)dx.

n—oo O

Thanks to the weak convergence of the sequence of approximate pressures, to (4.26) and to the hypothesis
«a < 2, we now apply proposition 4.4, which gives

lim p(m)(z)divp(m)(PD(m)ga)(z)(;x:/ﬁ(z)divga(z)&s. (4.34)

n—ee Jq Q

The last step is to prove that div(z) = 0 a.e. in Q. Let ¢ € C2°(Q2) and let m € IN be given. Let us take
¢ = Ppemp in (4.22). We get T{{" = —T™ | where

Tl(g)n) = /Qdivmm (u(m))(x)PD(m)gp(z)&s.

and
T = X Wy (0™, Ppim ).
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On the one hand, the third item of proposition 4.5 produces

lim Tl(gn)*Z/ 8uz)5x
On the other hand, using the Cauchy-Schwarz inequality, we get:

T < M [0 [0 Ppon 0l

Therefore, thanks to (4.26) and to the regularity of ¢ (that implies that |Ppm)¢|p remains bounded
independently on hpmy) we obtain lim,, o Tl(I") = 0. This in turn implies that:

Z/ 2)0;u (x)0x = 0, for all € C(), (4.35)

which proves that u € E().

Remark 4.11 (Strong convergence of the pressure) Note that the proof of the strong convergence
of p to p is a straightforward consequence of the error estimate stated in Proposition 4.12 below, which
holds under additional reqularity hypotheses.

4.2.4 An error estimate

We then have the following result, which states an error estimate for the scheme (4.22).

Proposition 4.12 (Error estimate in the linear case) Under hypotheses (4.17)-(4.19), we assume
that the weak solution (u,p) of the Stokes problem (4.16) in the sense of definition (4.6) is such that
(u,p) € H>(Q)4 x HY(Q). Let A € (0,+0) and a € (0,2) be given, let D be an admissible discretization
of Q in the sense of definition 2.1 and let @ > 0 such that regul(D"™)) > 0. Let (u,p) € Hp(Q)% x Hp(N)
be the solution to (4.22). Then there exists Ca1 , which only depends on d, Q, v, n and 6 such that

H’(,L7’l_1,||%2(9) S CZI E()\a hDvﬁa 1_1’)5 (436)
A |pl3 < Care(\, hp, B, @) (4.37)
Ip = Pl F20) < Cor (X hp, b, @). (4.38)

where

{E()\,hp,p,u): max (Ah$, Thas ) (4.3

% (11 ) + N3z ) -

Proor We deﬁne (4, p) € Hp(Q)? x Hp(Q) by @ = Ppii, which means dy = u(xy) for all K € M, and
Pr = % Sy p(x)dz for all K € M. Integrating the first equation of (4.16) on K € M gives

/ QLR ({ an;(,azgvgl[)(”(h ) /f (4.40)

c€€K

We introduce, for K € M, €% = Gy — ‘K‘ S w(z)dz, and, for L € Ni:

RK,L: dUi{L (aL—ﬁK)—mfaVu I’IKU(S’Y( )

and for 0 € Eg N Eext, RK,0 = ﬁ(o UK) — o L [ Va(z) : ng,067(x);

moreover, we define for L € Ng: eb =~ = %(pK +pr) — \aTlL\ fom p(z)dv(z), and for o € Ex N Eoxts
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el = px — ﬁ [, p(x)dy(x). Using these notations and the relation lolng - = 0, we get from

c€€K
(4.40)
N N N o N
0 Kl — v ( St (i — i)+ 3 d'—'(()uK)> +
. LENK GEERNEany 1T
> 5 lowel nwr (o~ pa) = [ f@)os+ Rec
LeNKk K
with

{ R =n|K|e% —v ( Z loxkr|Rr, L + Z |J|RK,G> + Z lo] elng 5.

LeNk 0E€ER NEext ocE€EK

We then set du = & —u and & = p — p. We then get, subtracting the first relation of the scheme (4.23)
to the above equation,

o Su()o(e)da + vl oo ~ | la)divo(e) ()i =
Q (4.41)
Jo R(z)véz, Yv € Hp(Q)4,
and, setting v = du in (4.41),
/ Su(z)?0x + v||oul|% — / op(x leD 530—/ R(x
We now integrate the second equation of (4.16) on K € M. This gives
Z/ ) o 0y(@) = 0, VK € M.
o€k VY
Using @ € HE (), we then obtain
1 N N u
Z 5 |UKL| ngy - (UK +UL) = Z |UKL|€<7KL’ VK e M
LeENK LeENK
with )
EZKL = < (’LLK+’U,L) / (5’}/( )) ‘ngr, VK € M, VL GNK.
2 |UKL|
We then give, subtracting the second relation of the scheme (4.23) to the above equation,
[ divo(a)@)(@)ss = A1 (9.5 p)p + Tia
Q
with
Tio= Y loxcley,, (x — L),
oKL EEnt
Gathering the above results, we get
A hg <ppp+f9 ) - ou(x )5z+T12

Let us study the terms at the right hand side of the above equation. We have, using the Young inequality,

R 1 . 1 _
(p.5)p < Zlplp + Pl < 71PID + Co2 18] 711 (0 (4.43)



47

We then study [, R(x) - du(x)dx = T3+ Tig + T15, with

T = | &) -sulw)i.

Ty=v lokL|Ri,r + lo|Ri,o | - Ouk,
> (% > i )

KeM \LeNg 0 €EK NEext

and

Ty5 = Z Z lo| ePng » - duk.

KeMoe€lk

Thanks to interpolation results proven in [24] and to (2.7), we obtain

v
T13 < Ca3 h%HﬂH%ﬂ(Q) + Z”&L”%’ (4.44)

~ v
Tia < Coshpullz o) + 7 l6ulp, (4.45)

and y
T1s < Cos hp 1Pl 31 ) + ZH&LH% (4.46)

We then study Ti2. We have Tho = Thg — T17 with

Tig= Y loxrlet,, (bx —br),

oKL EEint
which verifies
Tio < Cas ho (1933 ) + Nl ) (4.47)
and
Tyr= Y loxrlet,, (px —pL),
oKL EEint
which verifies 1 1
Tz < 7A D p|% + Car Xh%_aHﬂH%ﬂ((z)- (4.48)

Gathering equations (4.42)-(4.48) gives
||6u’||2D + A haD |p|% < 028 5()‘7 hDaﬁv a)a

where (A, hp, P, @) is defined by (4.39). This in turn yields (4.36) and (4.37). We then again follow
the method used in the proof of Proposition 4.9. Using [, p(x)dxz = 0 and therefore [, dp(z)dz = 0, let
v € HE(Q)? be given such that divi(z) = dp(z) for a.e. z € Q and

0] 712 (90 < Ch6 |l L2 (4.49)

We again set
_ 1 .
v = ol / 7D (2)oy(z), Vo € €, Vi=1,...,d.
a (e

and we define v € Hp(Q2)? by

. 1 .
o) = _/ 79 (2)0z, VK e M, Yi=1,...,d.
K| Jk
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The same method gives

10125 / &p()divo (v >5x+018hp|p|p||vnm>d

i p(x)divp (v)(z)6z + Cag h3|pl5 + H5PH%Z(Q)-

We now use v as test function in (4.41). We get

/Qép(x)dTvD du = n/ du(x)v(x)dx + v[du, v]p +/ R(z)véz.

Q

Gathering the two above inequalities, (4.44), (4.45), (4.46) and (4.49) produces

1 _ _

{ 1800300y < 5101220y + Cs0 1 (1813 + i)

+Cs1 [|6ull + Ca0 B[P
Applying (4.36) and (4.37) gives (4.38).
Remark 4.13 In the above result, it suffices to let & = 1 to obtain the proof of an order 1/2 for the
convergence of the scheme. We recall that this result is not sharp, and that the numerical results show a
much better order of convergence.

4.3 The finite volume scheme for the Navier-Stokes equations

Before handling the transient nonlinear case, we first address in the following section the steady-state
case.

4.3.1 The steady-state case

For the following continuous equations,

d
nul —vAa 4+ 0,p+ Y uo;u" = 9 in Q, fori=1,....d,
p 7=l (4.50)
divii =Y “0;u" = 0 in Q.

i=1

with a homogeneous Dirichlet boundary condition, we define the following weak sense.

Definition 4.14 (Weak solution for the steady Navier-Stokes equations) Under hypotheses (4.17)-
(4.19), let E(Q) be defined by (4.8). Then (@, p) is called a weak solution of (4.50) if

u € E(Q), pe L*Q) with / p(x)dx =0,

77/9@(.1‘) -17(:5)53:—}—1// Vi(z) : Vo(x)dx (4.51)
*/Qf)(w)divv( )z + b(4, @, v) /f o(x)dr Vo€ Hy(Q)7,

where the trilinear form b(.,.,.) is defined by (4.10).
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We now give the finite volume scheme for this problem. Under hypotheses (4.17)-(4.19), let D be an
admissible discretization of 2 in the sense of Definition 2.1. We introduce Bernoulli’s pressure p + %uQ
instead of p, again denoted by p, and for any real value A > 0 and « € (0, 2), we look for (u,p) such that

(u,p) € Hp(Q)? x Hp(Q) with /Qp(x)éz =0,

1 2 7.
: /} u(e) - o(@)d + vu, ol + 3 [ u(2)divp (v)(z)dx s2)

- /Qp(ac)(ﬁ;fp(v)(ac)&x + bp(u,u,v) = ; f(x)-v(x)dz Vv e Hp(R)?

[ dvou))ate)sz = A1 b Vg € Hp(0)
Q
where, for u,v,w € Hp (), we define the following approximation for b(u, v, w)

b (11, 0, ) = % KZM LZN (% 0w | nicL - (e +ur)) (v — vic) - wic) (4.53)

System (4.52) is equivalent to finding the family of vectors (ux)xerm C IRY, and scalars (px)xkesm C IR
solution of the system of equations obtained by writing for each control volume K of M:

o
7]|K|’LLK71/ZTUKL(’U,L7UK)*V Z | |(07uK)
1 LeNK 1 CEERNEes 107
+ > (5 loxel nxr - (5(uk +ur))) (ur —ux)
LGNK
1 1 1 (4.54)
+ > sloxclnkr (pr—p) =5 Y 5 loke| nxr (uf —ufk) = [ f(x)dz
2 2 2 P
LeNk LeNk
1
D 5 lokel nkr - (uk +uL) = A hg Y Top (pr—pi) =0
2
LeNk LeNk
supplemented by the relation:
> K| px =0

KeMm

Defining px = px — u% /2 and p, = (Prc + pr)/2 if 0 = 0Kk 1, Po = Prc if 0 € Eext N Ex, and using the
fact that Y .. |olnk, = 0, one again notices that: >, -\, 3 loxr| ngr (r — Px) is in fact equal to
Y weey |0PonK o, thus yielding a conservative form for the fifth and sixth terms of the left hand side of
the discrete momentum equation in (4.54). Defining u, = (ux+ur)/2if 0 = ok, use = 0if 0 € EextNEK,
one obtains that the nonlinear convective term Y, o (5 loxr| nkr - (5(ux +ur))) (ur —uk) is equal

t0 Y geey [0l(ME o - Uuo)us — | K|uk (divpu) k5 one may note that (divpu)x = >, ¢, |00k, us. Hence
the nonlinear convective term is the sum of a conservative form and a source term due to the stabilization
(this source term vanishes for a discrete divergence free function ).

Let us then study some properties of the trilinear form bp. First note that the quantity bp (u, v, w) also
writes

bowvw) =3 S (5 lowel ner - (ure ) (vn — vie) - (wr + we) (4.55)

0K LEEint
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We thus get that, for all u,v € Hp(Q)4,

bp(u,v,0) = % > (% loxr| nir - (ux +ur))((vr)® = (vK)?)
oKk LEEint (456)
1 _
= 75/90(@2 divp (u)(z) ox

We get in particular, that, for all u € Ep(Q), bp(u,u,u) = 0, which is the discrete equivalent of the
continuous property.

Remark 4.15 [Upstream weighting versions of the scheme] All the results of this paper are avail-
able, setting Frr,(u) = % lokr| nir - (ux +wur) and considering, for u,v,w € Hp(S2),

ups 1
by (u, v, w) = bp(u, v, w) + 3 Z Orr|Frr(w)| (vp —vk) - (wp — wi),

oKk L EEint
with, for example, O k1, = max(1—2v7,,, /|Frxr(u)|,0). We then get, for all u,v € Hp(QY), the inequality

b (u,v,v) > —%/ﬂv(x)%ﬁ?@(u)(z)(k,

which is sufficient to get all the estimates of this paper, together with the convergence properties of the
scheme. The use of such a local upwinding technique may be useful to avoid the development of nonphysical
oscillations only where meshes are too coarse.

The following technical estimates are crucial to prove the convergence properties of the scheme.

Lemma 4.16 (Estimates on bp(.,.,.)) Under hypotheses (4.3)-(4.7), let D be an admissible discretiza-
tion of Q x (0,T) in the sense of definition 4.22, and 6 > 0 such that regul(D) > 6. Then there exists
Cso >0 and Cs3 > 0, only depending on d, 6 and §2, such that

bp(u,v,w) < Csz |ullpaya [[vllo [wlzi@ye < Css |lullp [[vlp lw]lp. (4.57)

The proof of this estimate may be found in [33]; it uses the following discrete Sobolev inequality, which
holds under the same regularity assumptions on the mesh (see proof in [19] or [24, pp. 790-791]):

lulla) < Csa |lullp. (4.58)

Remark 4.17 (Two dimensional case) In the case d = 2, it may be proven setting « =2,p=p =2

in the proof p 791 of [24], that
1/2 1/2
lull gy < Cs llull ot llulls

and therefore, that there exists Cs¢ > 0, only depending on d and ), such that

1/2
bp(u,v,w) < Csg [[vllp ([ullp lullrzi) lwlp WLz )

This is a discrete analogue to the classical continuous estimate on the trilinear form.

The existence of a solution to the scheme (4.52) is obtained through a so-called “topological degree”
argument. For the sake of completeness, we recall this argument (which was first used for numerical
schemes in [23]) in the finite dimensional case in the following theorem and refer to [20] for the general
case.
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Theorem 4.18 (Application of the topological degree, finite dimensional case) Let V' be a fi-
nite dimensional vector space on IR and g be a continuous function from V to V. Let us assume that
there exists a continuous function F from V x [0,1] to V satisfying:

1. F(-,1) =g, F(-,0) is an affine function.
2. There exists R > 0, such that for any (v,p) € V x [0,1], if F(v,p) =0, then ||v|]|v # R.
3. The equation F(v,0) =0 has a solution v € V such that ||v|v < R.

Then there exists at least a solution v € V' such that g(v) =0 and |jv||v < R.

Here g(v) = 0 represents the nonlinear system (4.52), and we are now going to construct the function
F and show the required estimates. Note that here, the use of Bernoulli’s pressure leads to simpler
calculations.

Proposition 4.19 (Discrete H}(Q2) estimate on the velocities) Under hypotheses (4.17)-(4.19), let
D be an admissible discretization of Q0 x (0,T) in the sense of definition 4.22. Let A € (0,+00) and
a € (0,2) be given. Let p € [0,1] be given and let (u,p) € (Hp(2))? x Hp(Q), be a solution to the
following system of equations (which reduces to (4.52) as p =1 and to (4.22) as p=0)

(u,p) € Hp(Q)? x Hp(Q) with /Qp(ac)éx =0,

77/Qu(ac) o(2)6z + v[u, o]p + 2 / V2 dvp (v)()5w

(4.59)
+p bD(u,u,v)f/Q ()leD 5z*/f (z)ox  Yov € Hp(Q)?

| divp(u)@a()ss = -x b (.o Vg € Hp(Q)

Then u and p satisfy the following estimates, which are the same inequalities as obtained in the linear

case (inequalities (4.25) and (4.26)):

V|ullp < diam(Q)|| f[l(z2(0))e
v A h [plp < diam(92) || f[[E2qy)e

PROOF The proof is similar to that of Proposition 4.7, using the property (4.56) on the discrete trilinear
form.

We are now in position to prove the existence of at least one solution to scheme (4.52).
Proposition 4.20 (Existence of a discrete solution) Under hypotheses (4.17)-(4.19), let D be an

admissible discretization of Q x (0,T) in the sense of definition 4.22. Let A € (0,4+00) and a € (0,2) be
given. Then there exists at least one (u,p) € (Hp(2))? x Hp(S2), solution to (4.52).

PROOF Let us define V = {(u,p) € (Hp(Q))? x Hp(Q?) s.t. [,p(x)dz = 0}. Consider the continuous
application F' : V x [0,1] — V such that, for a given (u,p) € V and p € [0,1], (@t,p) = F(u,p,p) is
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defined by

/Qﬂ(z) co(z)dxr = n/Qu(:c) ~v(x)ox + viu,v)p — / p(x)cﬁ;p(v)(z)&s

Q

o (% /Q (@) divp (v)(x)de +bp(u,u,v))

- /Q f(z) - v(x)dx Vv € Hp(Q)4

/ Px) - q(x)br = / dvo(u)(@)g(@)dz + A hS (g Vg € Hp().
Q Q

It is easily checked that the two above relations define a one to one function F(.,.,.). Indeed, the value
of 11([? and pg for a given K € M and i = 1,...,d are readily obtained by setting v = 1, v9) =0 for
j#i,and ¢ = 1.

The application F'(.,.,.) is continuous, and, for a given (u,p) such that F(u,p, p) = (0,0), we can apply
Proposition 4.19 and (2.8), which prove that (u, p) is bounded independently on p. Since F'(u,p,0) is an
affine function of (u,p) (indeed invertible, see corollary 4.8), we may apply Theorem 4.18 and conclude

to the existence of at least one solution (u,p) to (4.52).

Theorem 4.21 (Convergence of the scheme) Under hypotheses (4.17)-(4.19), let (D")),cx be a
sequence of admissible discretizations of € in the sense of definition 2.1, such that hpmy tends to 0 as
m — oo and such that there exists > 0 with regul(D"™)) > 0, for all m € IN. Let A € (0,400)
and a € (0,2) be given. Let, for all m € IN, (u™,p(™) € (Hpm) (2))* x Hpwm) (), be a solution to
(4.52) with D = D). Then there exists a weak solution (@,p) of (4.50) in the sense of definition 4.1/
and a subsequence of (’D(m))mem, again denoted (D(m))mem, such that the corresponding subsequence of
solutions (u™) e converges to @ in L*(Q) and (p{™ — L(u(™)?),,cv weakly converges to p in L*(S).

The proof of this proposition follows that of Proposition 4.10, once proven (see [33]) the following estimate
on the approximate pressure: if (u,p) € Hp(Q2)? x Hp(Q) be a solution to (4.52). then there exists Cs7,
only depending on d, €2, i, v, A, a and 6, and not on hp, such that the following inequality holds:

2
pllL2) < Cs7 (||f||(L2(Q))d + (Il r2())2) ) (4.60)

Hence we have the same estimates as in the linear case are available in the steady nonlinear case, the
proof of proposition 4.10 holds for all the terms of (4.51) which are present in (4.20). Thus there only
remains to prove that for a given ¢ € (C°(2))%, as m — +oc:

Tl(é") = / u™ (2)2div pom (Ppom @) (€)0x  tends to /ﬂ(z)Qdivgp(z)éx
Q Q
and
Tl(gn) = bp(u(m), u™ | Ppyomy ) tends to  b(4,a, ),
which are consequences of (4.5). We refer to [33] for the details.

4.3.2 The transient case

We now turn to the study of the finite volume scheme for the transient Navier-Stokes equations, the weak
formulation of which is given in (4.1).
We first give the definition of an admissible discretization for a space-time domain.
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Definition 4.22 (Admissible discretization, transient case) Let Q2 be an open bounded polygonal
(polyhedral if d = 3) subset of R%, and 00 = Q \ Q its boundary, and let T > 0. An admissible finite
volume discretization of Q x (0,T), denoted by D, is given by D = (M,E,P,N), where (M,E,P) is
an admissible discretization of Q) in the sense of definition 2.1 and N € IN, is given. We then define
& = T/N, and we denote by hp = max(h(a,e p), &) and regul(D) = regul(M, &, P).

Under hypotheses (4.3)-(4.7), let D be an admissible discretization of 2 x (0,7") in the sense of definition
4.22 and let A € (0,400) and o € (0,2) be given. We write a Crank—Nicholson scheme for the time
discretization, and follow the nonlinear steady—state case for the space discretization; the finite volume
scheme for the approximation of the solution (4.1)—(4.2) is then:

ug € HD(Q)d,

1
U i = —/ Uini(x)dx, VK € M, (4.61)
K| Jk

)

and, again using Bernoulli’s pressure p + %uQ instead of p, again denoted by p,
(Un+1,Pny1) € (Hp(Q))? x Hp(Q),
prnJr%(z)éx =0, Upil = %(unJrl + un),

(w1 (@) = wa()) - v(@)02 + vilfu, 3, 0]

— o 2 7.
—& /Q Pl (x)divp (v)(x)dz + 5 /Q Upy 1 (x)*divp(v)(z)dx (4.62)

(n+1)é
@D (11, 0) = / Flt) - v(@)ust,
2 2 not Q

[ () @ata)da ==Ah By alo.
Vo € Hp(Q)?,Vq € Hp(S), Vn € IN.

In (4.62), we consider the approximation of bp given by (4.53). We then define the set Hp (2 x (0,7))
of piecewise constant functions in each K x (nd,(n + 1)&), K € M, n € IN, and we define (u,p) €
HD(Q X (05T>) by

u(x,t) = u,p1(z), and p(x,t) =p,y1(x), forae. (z,1) € Qx (nd,(n+1)&), Vn e N. (4.63)

Remark 4.23 (Time discretization) It is well known that the Crank-Nicholson discretization is im-
plicit. If we use the 0 scheme: Up 1 = Otups1 + (1 — Q)uy, with 6 € [%, 1], the convergence proof which
follows applies with a few minor changes. Variable time steps may also be considered.

Let us now prove the existence of at least one solution to scheme (4.61)-(4.63).

Proposition 4.24 (Existence of a discrete solution) Under hypotheses (4.3)-(4.7), let D be an ad-
missible discretization of Q x (0,T) in the sense of Definition 4.22. Let A € (0,+00) and o € (0,2) be
given. Then there exists at least one (u,p) € (Hp(Q2x (0,T)))4x Hp(Qx (0,T)), solution to (4.61)-(4.63).

PROOF We remark that, for a given n = 0,..., N — 1, taking as unknown Upy 1, and noting that
Unt1 = 2U, 1 — Uy, Scheme (4.62) is under the same form as scheme (4.52), with n = 2 and with a
term in wu, included in the right hand side. Therefore the existence of at least one solution follows from
proposition 4.20.

We then have the following estimate.

Proposition 4.25 (Discrete L*(0,T; H}(2)) estimate on velocities) Under hypotheses (4.3)-(4.7),
let D be an admissible discretization of Q x (0,T) in the sense of definition 4.22. Let X € (0,+00) and
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€ (0,2). Let (u,p) € (Hp(2 x (0,7)))% x Hp(Q x (0,T)), be a solution to (4.61)-(4.63). Then there
ezists Csg > 0, only depending on d, 2, v, ug, f, T such that the following inequalities hold

1l oo (0,7:22()4) < Css, (4.64)
lull 20,75 (2)2) < Cis (4.65)
and
N-1 T
NI S oy =N b [ (0 < Cas. (4.66)
n=0 0

ProoOF Let p=1,..., N. We get, setting v = Upy1 In the first equation of (4.62), summing on K € M
and n =0,...,p— 1 in the first equation of (4.62) and using property (4.56),

p—1
_Z/ Upt1(x —un 5$+l/z& Upqdl,Uppl 1p—

n=0

p 1 (n+1)é8
Z& [ oy @il / [ 100y @)t

This leads, setting ¢ = Prii in the second equation of (4.62), to

1 Pl

2 / (up(@)” = o (@)*)07 + v Y #tsy s Uy lot
Q o
p—1 pét 0

1Y ol = [ [ 160 ute oo
n=0 0 Q

Setting p = N in (4.67) gives (4.65) and (4.66). The discrete Poincaré inequality (2.7) and the inequality
lluoll 2@y < ||tinillL2(0)e give

(4.67)

diam(£2)?
{ Mgl < S22 iz, e+ BBy, ¥ =1,

which proves (4.64), since [[u,, 1| z2()¢ < < $(Junllp2(0ye + luntal r2(qye) for all n =0,...,N — 1.

In order to obtain some compactness we use, as in the steady—state case, some estimates on translations.
But now, we also need estimates on the time translations. We refer to [24] for an introduction to
the estimate on the time translates for parabolic problems, and to [33] for the proof of the following
proposition:

Proposition 4.26 (Space and time translate estimates) Under hypotheses (4.3)-(4.7), let D be an
admissible discretization of Q x (0,T) in the sense of definition 4.22. Let A € (0,400), o € (0,2) and
0 > 0, such that regul(D) > 0. Let (u,p) € (Hp(2 x (0,7)))? x Hp(Q x (0,T)), be a solution to (4.61)-
(4.63). We denote by u the extension in R xR of u by 0 outside of 2x (0,T). Then there exists Csg > 0
and Cyy > 0, only depending on d, 2, v, A\, a, ug, f, 8 and T such that the following inequalities hold:

u(-+ &) = ullf2gmarxm) < Cso [El(1€] + 4hp), V¢ € R, (4.68)

and
Ju(, - +7) = ull g1 rszzray) < Cao |72, V7 € R. (4.69)

We now have all the tools for the convergence of the approximate solutions:
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Theorem 4.27 (Convergence of the scheme) Under hypotheses (4.3)-(4.7), let 0 > 0 be given and
let (D\"™),ev be a sequence of admissible discretizations of Q x (0,T) in the sense of definition 4.22,
such that regul(D"™)) > 6 and hpm) tends to 0 as m — co. Let X € (0,+00) and a € (0,2) be given. Let,
for all m € IN, (u(™, p(™)) € (Hpm (2 x (0, 7)) x Hpum (Q x (0,T)), be a solution to (4.61)-(4.63)
with D = D). Then there exists a subsequence of (DU™)),ew, again denoted (DU™),ew, such that
the corresponding subsequence of solutions (u™),,ew converges in L*(Q x (0,T)) to a weak solution i

of (4.1)-(4.2) in the sense of definition 4.1.

PROOF Let us assume the hypotheses of the theorem. Using translate estimates (4.68) and (4.69)
in the space L'(IRY x R), we can apply Kolmogorov’s theorem (see [24] for parabolic problems). We
get that there exists w € L'(Q x (0,T)) and a subsequence of (D™),,en, again denoted (D™),,en,
such that the corresponding subsequence of solutions (u(™)),,ew converges in L'(Q x (0,T)) to @ as
m — oo. Using (4.65), we get ||u(m)||L2(0_’T;HDm((2)) < Csg, for all m € IN, which gives, using the
discrete Sobolev inequalities, Hu(m) |21 0,m;04(0)) < Ca1, for all m € IN. Using a classical result on spaces
LP(0,T; L9(9)), we get that (u(™),,ew converges in L'(0,T; L*(Q)) to @ as m — oo. Thanks to (4.64),
we have Hu(m)HLoo(O,T;LZ(Q)d) < Csg, for all m € IN. The same result on spaces LP(0,T"; L9(Q2)) implies
that (u("™),,en converges in L2(0,T; L*()) to @ as m — co. We can therefore pass to the limit in
(4.68). The resulting inequality implies 4 € L%(0,T; Hi(Q)9) (see [24]). Passing to the limit in (4.64)
leads to w € L*°(0, T; L*(Q)9).

The proof @ is a weak solution of (4.1)-(4.2) in the sense of definition 4.1 is then obtained by passing to
the limit in the scheme, we refer to [33] for the details.

Remark 4.28 Using the above proof of convergence, we get the energy inequality for d = 2 or 3 from
inequality (4.67), since we have the property

N 1

T
(i) 2 .. (myi)  (m,i)
/0 /Q (V' (2,1))*626t < lim inf ;O &fu, ), o

4.4 Stabilization by clustering

The drawback of the stabilization used in system (4.23) is that it yields some redistribution of the fluid
mass over the whole domain. Moreover, in order to obtain convergence, one needs to let the stabilization
parameter tend to 0. For both reasons, we replace here the system (4.23) by:

o
n|K|ux —v Z Torr (UL — UK) —V Z o] (0 —uk)

LeNk 0 €EK NEext Ko

+ ) % loxz| nkr (P —px) = /Kf(w)&ﬁ (4.70)

LGNK

1
> 5 loxzl nkr - (ux +ur) - > AkLTows (Pr —pK) =0,
LeNk LeNk

where the parameters i are chosen according to the following method. The family of control volumes
M is partitioned into disjoint clusters of neighbouring control volumes. These clusters are chosen such
that the distance between two control volumes belonging to the same cluster is bounded by Chp, where
C'is a given constant. Then the stabilising parameter A\xr, is chosen equal to some A > 0 for any pair of
neighbouring control volumes K and L belonging to the same cluster, 0 otherwise. The value A is chosen
large enough to prevent instabilities.

An example of such an algorithm for partitioning M is the following:

e select an order for the control volumes K;, i = 1, M
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e for : =1 to M, if K; and all its neighbours do not yet belong to a cluster, initialise a new one by
K; and all its neighbours;

e for i =1 to M, if K; does not yet belong to one of the clusters, one of its neighbour does: include
K; in this cluster.

Figure 4.1: Voronoi mesh and clusters of controls volumes.

This stabilisation technique has been implemented with success for the transient Navier Stokes equations
with or without the energy equation [15]. We shall present in a further paper the mathematical study of
convergence of this stabilised scheme. Note that a crucial difference with the stabilisation of [13] is that
there is no need to let A tend to 0 with the size of the mesh, which means that the presence of a finite
stabilization does not decrease the quality of the approximation. The numerical examples given below
illustrate this kind of property.

4.5 Numerical results

An industrial implementation of a colocated finite volume scheme may be found in [4] for instance,
where complex applications are considered. Focusing in this paper on properties of convergence and
error estimates, some simple numerical experiments are described here to observe the convergence rate
of Schemes (4.22) and (4.61)-(4.62) with respect to the space and time discretizations. To that purpose,
we use a prototype code where the nonlinear equations are solved by an under relaxed Newton method,
and the linear systems by a direct band Gaussian elimination solver. This code handles Stokes or Navier-
Stokes problems with various boundary conditions, using non uniform rectangular or triangular meshes
on general 2D polygonal domains.

The linear Stokes equations are first considered in the case d = 2, Q = (0,1) x (0,1), » = 1, and f is
taken to satisfy (4.16) with a solution equal to

aM (M, 2?) = 9wz ()
4z 2?)) = 9gM (M), £(2)
p(zM), 2?) =100 ((x(l))2 + (x(2))2) ,

denoting by ¥ (2™, () = 1000 [z (1—2M))2?) (1—2()]2. The approximate solution (u, p) is computed
with the scheme (4.22). The observed numerical order of convergence, considering the norms |ju —
P’D'ELHLZ(Q) and |p — Ppﬁ”Lz(Q), is equal to 2 for the velocity components, and to 1 for the pressure in
the cases of non uniform rectangular and square meshes (from 400 to 6400 grid blocks). Note that in
these cases, there is apparently no need for a significant positive value of the stabilization coefficient \.
The observed numerical order of convergence is similar in the case of triangular meshes (from 1400 to
5600 grid blocks), but values such as A = 107%, o = 1 have to be used in order to avoid oscillations in
the pressure field. This confirms that in the case of triangles, the approximate pressure space is too large
to avoid stabilization. In fact, other tests were performed (e.g. the classical backward step) which show
that stabilization is also needed in the case of rectangles when more severe problems are considered. Note
that in industrial implementations, stabilization may be performed with other means, see [55], [4], (see
also [11] in the triangular case).
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We then proceed to a similar comparison in the case of transient nonlinear problems. Considering a
transient adaptation of the above steady-state analytical solution, the continuous problem is then defined
by zero initial and boundary conditions, " = 0.1, and the function f is taken to satisfy (4.1) with a
solution equal to

aM (M, 2? t) = —t 0PV (zM) ()

a@(zM 2® 1) =t oWz 22)

p(zM, 23 1) =100 ¢ ((x(l))2 + (x(Q))Q) ,
with the same function ¥ as above. We again observe an order 2 of convergence of the approximate
solution at times ¢t = .05 and ¢t = .1, when the space and the time discretizations are simultaneously

modified with the same ratio (from & = 0.01 to & = 0.0025 as the size of the mesh is divided by 4).
Similar observations are still valid for the classical Green-Taylor example.

4.6 Discretization of the full viscous tensor

Let us write the conservation of mass and momentum for a general compressible viscous flow:

{ Oip + div(pu) =0, in Q x (0,7T), (4.71)

O(pu) — divr + Vp + div(pu @ u) = pg in Q x (0,7T),

with an energy equation, which we do not state here, and where the viscous stress tensor 7 is defined by:
¢ 2. .
7= p(Vu+ (Vu)* — gdlvu 1) + &divuly,

where p and £ are respectively the shear (resp. bulk) viscosities.
If the coefficients 1 and £ are assumed constant, then the divergence of the viscous stress tensor maybe
written as:

divr = pAu+ (£ + %)V(divu). (4.72)

Let us then give a finite volume discretization of 7 with the discrete derivatives introduced in Chapter 3
(see definition of the discrete gradient (3.13)—(3.15)).
For a given function v € (HD)27 let divp € Hp be the function defined by:

1

ﬁ Z TaKL(UL_UK)'(xG_'TK)’ for aDyKEM- (473)

LENK

(divpv)|x =

Note that this discrete divergence operator is defined with the same discretization of derivatives as in
the discrete gradient (3.13)—(3.15). However, it is not the discrete dual operator to this latter discrete
gradient.

We may then define the discrete operator Vp ((Ti:/'p) by:

— 1
(Vo(divpv))lk = 7= Y Gxr, (4.74)
|K| LeNk
where
GKL = Toxs ((&D)U”K(zozq —rK)+ (Cﬁ?’D)U”K(zokL - ZEK)) (4.75)

The complete discretization of (4.72) is then obtained by using the classical cell centred finite volume
scheme described in Chapter 2 for the Laplace operator, and the formulae (4.73)—(4.75) for the discretiza-
tion of the term V(divu). We thus have an easy way of discretizing the full viscous tensor, using the
discrete gradient introduced in Chapter 3. This scheme has been implemented successfully on test cases,
and its convergence analysis is the object of ongoing work.
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4.7 Conclusions

The above numerical results show that the theoretical error estimate which is proved in Section 4.2 for
the linear Stokes equations is non optimal; a sharper estimate is currently being written [34] under more
regularity assumptions on the mesh.

The proof of convergence of the full space-time discrete approximation of (4.1) given by (4.62) uses
estimates on the time translates, which were introduced in the L?(Q x (0,7')) framework for the proof
of convergence of the finite volume method for degenerate parabolic equations [36; 24] and used for
several other cases, see e.g.[29]. A major difficulty which arises here is the handling on the nonlinear
convective term, as in the continuous case, which leads us to establish an estimate on the time translates in
LY(0,T; L?(Q2)). This new technique may be used for parabolic problems with other type of nonlinearities.
We remarked that industrial codes use other types of stabilisations than the one used here. Further works
will be devoted to the mathematical study of such stabilisations, for which, to our knowledge, no proof
of convergence is known up to now. The cluster stabilization which has been introduced in our numerical
code is also being studied.

Finally, let us mention ongoing work on the generalisation of the scheme studied here to the full transient
Navier-Stokes equations including the energy balance, under the Boussinesq approximation, where the
viscous stress tensor is discretized as shown in paragraph 4.6.
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