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Abstract. The existence of the solution to an elliptic system arising in electro-
chemical modelling is proven here. The elliptic system of interest here is composed
of two diffusion equations; one of them is posed with a Dirichlet condition which
couples it to the other equation on an interface, and a Signorini condition on one of
the boundaries. The other one is posed with Neumann conditions, which are also
coupled at an interface. The existence of the solution is proven by using Schauder’s
fixed point theorem, which requires some previous local regularity properties of the
solution to the “Signorini problem”.

1. Introduction. The modelling of an electrochemical reacting interface
[5] gives rise to the following system of equations posed over the physical
domain €2 represented in Figure 1. The domain €24 represents the electrode
and is defined by Q4 =]0, 1[x]0, 1], the domain Qg represents the electrolyte
and is defined by Qp =]0,27%*[x]z5" 0. Let Q = Q4 UIUQp, where
I ={(z1,0),z; €]0,1[}. The boundary 99 of Q is composed of seven parts:

[y = {(0,22), 25 €]0,1[}, % = {(z1,1), 21 €]0,1[},

% ={(1,22), 25 €0,1[}, [p = {(0,22), 25 €]25"", 0[},
[% = {(z1, 29,21 €]0,27°7[}, Th ={(27"*", 22), 25 €],0},
{(21,0), 21 €]1, 27"}
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Figure 1. Domain of study

The electrochemical phenomena which need to be modelled are:

— The diffusion of oxygen in the electrode €2 4; the oxygen concentration
in Q4 is denoted by w, and the oxygen flux is proportional to Vu.

— The conduction of electrical (ionic or electronic) current in both elec-
trode €24 and electrolyte Qp. The electrical current is given by Ohm’s law
with respect to the electrical potential ®. The conservation of the oxygen in
Q4 and the conservation of electrical current in Qp yield equations (4) and
(8) below. Theses equations are coupled by Faraday’s law, which states the
conservation of electric charges at the interface between 4 and Qp (con-
ditions (11) and (14) below). They are also coupled through Nernst’s law,
which expresses the potential jump at the electrolyte with respect to the
concentration. A Signorini boundary condition (see (7) below) is written on
one of the boundaries of Q4 to account for the fact that the transmission of
oxygen through the electrode wall is limited both for the concentration and
concentration flux. For reasons of symmetry, all fluxes are null at x = 0 and
x = z{"*" (conditions (5), (10), (13)).

Let a, ¢4, cp € Ry and b € H'(I%) such that b > 0 and 5(0) = 0.
In order to express Nernst’s law, let T be a function defined from L*(I) to
H?(I) such that

0<T(¢)(s) < a Yo € L*(I), foraesel, (1)
M e R*, T ()l 2y < M Vg € L*(D), (2)
T is continuous from L*(I) to H*(I). (3)

With these notations, the conservation equations, interface and boundary
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conditions lead to seeking u: Q4 — R and @ : Q — R satisfying

~Au(z)) =0, z€Qqu (4)
Vu(s)-n=0, sel’, (j=1,2) (5)
u(s) =T(®a), — Pp,)(s), sel (6)

u(s) <a
Vu(s) - m<b(s), s seTl (7)

(u(s) — a)(Vu(s).n = b(s)) = 0
~A(®;(z)) =0, z€Q; (i=A,B) (8)
Du(s) =0, seT? 9

Vd,s(s) n=0, sel (j=1,3) (10
VOo,(s)-nr=caVu(s) - n;, sel, (11

bp(s) =0, sclyh (12
Vdp(s) n=0 sely (j=1,3,4) (13
V&g(s) -nr=cpVu(s) -n;, sel, (14

)
)
)
)
)
)

where ®; denotes the restriction of ® to the domain Q; (i = A, B) and ny is
the unit vector normal to I external to the domain € 4.

Note that in fact, Nernst’s law, which is an experimental law, gives the
ideal potential jump for an electrochemical reaction with a chemical species
of concentration u as:

—T((I)A|I_(I)B|I) a.e. on I,

where T' is continuous from R to [0, a]. However, with an argument similar
to that of [duvaut], we may replace the pointwise dependency of u on ®
through a dependency of w at point z with respect to the values of ® in the
neighborhood of z. Such a model may be obtained by replacing, for instance,
T by T defined from L*(I) to H*(I) such that:

T()(s) = [ T pn(¥(o) - 1)y ae sel. (15)
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where py, is the classical mollifier defined by

1 =z
pr(z) = Ep(ﬁ) Vo e R,

with p € C°(R,R*) such that supp p C [-1,1], and [, p(2)dz = 1; thus
pr € CE(R,R), supppy C [—h,h] and [, pp(x)de = 1; and 4 is defined by
Y(z)=a —2hz+h Vzel

The function T thus defined clearly satisfies assumptions (1)—(3)). More-
over, we have

T()(0)=T(p)(1) =0 and T(¢)'(0)=T(g)'(1)=0.  (16)

The aim of this paper is to prove the existence of a solution to the system
(4)-(14). In order to do so, we need to define in which sense this solution
may be obtained. Let us first define the adequate functional spaces and
(bi)linear forms for ¢ = A or ¢ = B:

Hg,(9) ={ve H' (), Vs =0 a.e}, (17)
A (@, 0) :/ Vo (z)VV¥(z)dz, Yo, ¥ H'(Q), (18)
L, (V)= Ci/IVU(S) -n W, (s)ds, (19)

YU € HY(Q;), Yu € H'(Q4) s.t. Vu-ne L*(I),
K, ={veH" (), v, =T(p) ae, v, Saael, Vo€ L*(I),
A

L(v) :/F

Where v|, designs the image of v € H'(€;) (i = A or B), by the trace
operator defined from H'(€;) to L(I).
Consider the following variational problem:

{ ®; € Hy,() (i = A, B), satislying :
.AZ((I)“ \Il) = Luﬂ(q/), AUNS HOIJ(QZ) (l = A7 B),

(20)

b(s)vhz (s)ds, Yve H'(Qu). (21)

3
A

(22)

u € K, satisfying :
As(u,v—u) > L(v—u), Yvée Ky, (23)
with @Y = (I)A|1 — (I)B|I-
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We shall prove in the following section that, under some regularity assump-
tions, Problem (4)—(14) is equivalent to Problem (22)—(23).

The existence of the solution to the problem (22)-(23) will then be proven
by using the Schauder fixed point theorem. Our proof has been inspired by
the proof of the existence of the solution to another coupled problem (see
[4]). Here, however, the proof of the continuity of the fixed point operator
requires some previous regularity results on the solution of the “Signorini
problem”, i.e., Problem (23) with a given ¢; these results are proven in
Section 3. Section 4 is devoted to the actual proof of the existence result,
which includes the construction of the fixed point operator and the properties
which are to be satisfied in order that the assumptions in Schauder’s theorem

hold.
2. The variational problem.

Proposition 2.1. Let Q = Q4 UITUQpg, with Q4 =]0,1[x]0,1[, Qp =
10, 272" [x]a 7", 0], and I = {(z1,0),z1 €]0,1[}. Let a, ca, cg € R} and
be HY(T) such that b > 0 and b(0) = 0. Let T be a function defined from
L*(I) to H*(I) satisfying the assumptions (1)—(3) and (16). Assume that
® € L*(Q) is such that ®; in C*(Q;) for i = A, B; and u in C*(Q4), then
(u, ®) is solution to variational problem defined by (17)-(23) if and only if
(u, ®) satisfies equations (4)-(14).

Proof of Proposition 2.1. Assume u such that u € C?*(Q4), satisfying
equations (4)—(7). Thanks to equation (6) and to the first relation in (7),
u € K, with

=>4, — B,
Let v € K, with

p=24), — By,

from equation (4), we obtain

A Vu(z) V(v —u)(z)dz — o Vu(s) -n(v—u)(s)ds=0

Using equation (5) and the fact that u, v are in K, yields

A Vu(z) V(v —u)(z) de = . Vu(s) -n(v—u)(s)ds.
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Adding and subtracting b and «a in the right-hand side, yields

Vu(z) V(v —u)(z) dz = / (Vu(s)-n—1b(s)) (v(s) — a) ds

Qa rs

o)

Since v € Ky, v), —a < 0; from conditions (7) on u, it follows that
A

. (Vu(s) -n—>b(s)) (a—u(s))ds+ /F3 b(s) (v—u)(s) ds.

Vu(z) V(v —u)(z)dz > / b(s) (v—u)(s) ds.

Qa r3

Hence, u is solution to the problem (23). The proof that ® such that ®; €
C*(;) i = A, B satisfying the equations (8)-(14) also satisfies 922) is
straightforward.

Reciprocally, let (u, ®) satisfying the regularity assumptions u € C?(Q4)
®; in C?(Q;) for i = A, B and the variational problem defined by (17)—(23).
Let us show here that u satisfies the third equation in Signorini’s conditions
(7). Our proof is inspired by Baiocchi and Capelo’s one (see [1]), for a similar
problem with a Signorini boundary condition on the whole boundary.

Let ['; = {s € I'}; such that u(s) < a}. Notice that the third equation of
(7) is equivalent to Vu-n=1>0, on I';. Let g be a function in C°(I';), and
denote by § the extension by zero of g on I'} and ¢, a function of H'(Q4)
such that Py, = g a.e. and Pa|, = 0 a.e.

Let £ >0 be defined by
- infess(a B ’LL(S), 5 € Suppg)
sup(lg(s)], s € I'a)

Note that p is defined for any u € H(Q4).
Let v1 = u — pp,y and vy = u + pp,, then vy and vy € K, (with ¢ =
4|, — ®p),); taking vy (respectively vy) in equation (23), yields

ifg£0, u=0 if g=0.

/r— (Vu(s) -n—>b(s))g(s)ds <0

(respectively [.—(Vu(s)-n —b(s))g(s)ds > 0), and therefore,

[ (Vuls) -n—beg(s)ds=0 ¥y e ()
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which, in turn, yields conditions (7). The other equations (4)—(14) of the
strong formulation are easy to obtain. [

In order to use the Schauder fixed point theorem (see, for instance, [7]),
we have to study the continuity of a fixed point operator. This requires a
previous regularity result for the solution to the Signorini problem (4)—(7)
which are studied in the next section.

3. A regularity property of the solution of the “Signorini prob-
lem.” Let Q4 =]0,1[x]0,1[, « € Ry, b € H'(I%) such that b(z) > 0
Vo, € % and b(0) = 0. Let ¢ : I — R be defined by

Ve H*(I), 0<(zy)<a Vo, €1,

. y (24)
B(0) = (1) = 0 and ¥'(0) = /(1) = 0.
Let u be the unique solution to the following problem:
ue Ky={ve H (Q4), v, =¥ ae, v, <aae}, satislying :
A
(25)

Ja,Vul(z) - V(v—u)(z)de > fFi’x b(s)(v— u)lfi (s)ds, VYve Ky.

We shall prove here local H? regularity of the solution u to (25). Let us
start by proving the following estimate:

Proposition 3.1. Let Q4 =]0,1[x]0,1[, @ € R%, b € H(I%) such that
b(z2) > 0 Vay € I3 and b(0) = 0. Let ¢ be a function defined from I to R

satisfying the assumptions (24). Let u be the unique solution to (25), there
exists C' > 0 independent of uw and of 1, such thal

lullmn e < C (Il + bllzay) ) (26)
Proof of Proposition 3.1. Define, for a.e. (z1,22) € Q4, U?p(.fl,.fg) =

1/)(3135) Remark that, by assumptions (24), uy, € K. Taking v = uf, in (25),
yields:

/Q |V, - u)(z) | do

< YV, - V(u), — u)(z)de — / b(u), — u)|., (s)ds;

Qa rs 4
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since u?p —u € H&J(QA), by Poincaré’s inequality and by continuity of the
trace operator from H1(Q4) to L*(I'%), there exists C' > 0 such that
lug, = wllm(ea) < Cllugllm@a + 1bll2rs))-

which, in turn, yields (26). O

Let us now prove the following maximum principle on the solution u of
(25).
Lemma 3.1. Let Q4 =]0,1[x]0,1[, @ € R}, b € H'(['%)) such that b(z3) > 0
Vay € T3 and b(0) = 0. Lel ¢ be a function defined from I to R satisfying the

assumptions (24). Let u be the solution to Problem (25), then u(zq,z2) >0
for a.e. (z1,22) € Q4.

Proof of Lemma 3.1. Since —Au = 0 in L*(Q4), multiplying by «~ =
— infess(0, u), integrating the product and using the Green formula, yields:

Vu(z)-Vu™ (z)dz — / b(s)ul_r,, (s)ds =0,

QA 1_‘b
where ['y, = {(z1,23) € [, s.t. Vu(z1,22)-n = b}, (recall that u.=0on
L, = T/Ty = {(z1,29) € I}, s.t. u(zy,23) = a}, and that Vu-n = 0 on
L ury).

Since u~ € Hy ;(Q4), there exists C' > 0 such that

lu™[[rr(e) < _C/Fb b(s)up, (s)ds,

However, v~ > 0 and b > 0 a.e., hence u~ = 0 a.e. on 24, which concludes
the proof of Lemma 3.1. O

The following H? estimate on u holds:

Proposition 3.2. Let Q4 =]0,1[x]0,1[, Q4,2 =]0,1[x]0,1[, « € R} and
be HY (') such that b(zz) > 0 Vay € I’y and b(0) = 0. Lel ¢ be a function
defined from I to R satisfying the assumptions (24). Let u be the solution to
Problem (25), then u € H*(Q4,2), and there exists C' > 0 independent of u

and of ¥ such that
ez < C(lullm@n + [l + ). @)

This estimate and the continuity of the trace operator from H?(4,s) to
L%(I) yields the following estimate on the trace of the normal derivative of ,
which is crucial for the proof of the existence of the solution to the original
coupled problem.
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Corollary 3.1. Let Q4 = (0,1) x (0,1), T3 = {(1,22),22 € (0,1)}, I =
{(z1,0),21 € (0,1)}, @ € R} and b € H'(['%)) such that b(z;) > 0 Vo, €
I3 and b(0) = 0. Let ¢ be a function defined from I to R satisfying the
assumptions (24). Let u be the solution to problem (25), Let u be the solution
to problem (25), then Vu-n € L*(I), and there exists C > 0 independent of
u and of 1 such that

IV nllgzn < C(lulmaa + 19l + bl )

Proof of Proposition 3.2. The proof of Proposition 3.2 consists in two
steps. First, a symmetrization of the domain €4 is performed, in order to
deal with the corners (z; = 0,2z = 0) and (z; = 1,23 = 0). A function w
is constructed on the symmetrized domain, the restriction to €24 of which is
equal to u.

The local H? regularity of w on the symmetrized domain is then shown
by the method of the translations, due to Niremberg, see [2].
Step 1: Symmetrization. Let Q4 =]0,1[x] —1,0[ and define @ : Q4 — R
by

(z1,22) = —u(zy, —x2) + 2¢(z1) ae. (x1,22) € Qu;

note that, if u is regular enough, one has %(z,0) = u(z,0) and
Ju J0u
L (#1,0) = — (21,0
8.T2 (wlv ) 8$2 (xlv )

for a.e. z; €]0,1[.
Let Q =Q,4UQ4 UT and define w: Q +— R by

w(zy,x2) = u(z1,22) forae. (z1,22) € QuUI, and
. 28
w(zy,x9) = @(zy,22) for ae. (z1,22) € Qa. (28)

Let f?q ={(1,22), 22 €]-1,0[}and I® = Fiufiu(Lo)‘ Define b € L2(T?)
by

b(s) = b(s) for a.e. s € I'}; and 5(5) = —b(—s) for a.e. s € T%. (29)

Let f € L*(Q) such that f(z1,22) = 0forae. (21,22) € Q4 and f(z1,22) =
—2¢"(21) for a.e. (21, 23) € Q4. We shall now use the following result:
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Lemma 3.2. Let Q = Q4 UQ4 U I, with Q4 =]0,1[x]0,1[, Q4 =0, 1[x] —
1,0[ and I = {(z1,0),2, €]0,1[}. Let I® = T3 U T3 U (1,0), with T% =
{(1,29), 22 €]0,1[} and I3 = {(1,22), 25 €] — 1,0[}. Let a € R} and
b e L3(I'%) be defined by (29). Let ¢ be a funclion defined from I to R
satisfying the assumptions (24). Let w be the function defined by (28), then
w satisfies the following problem

we K={ve H(Q), v, <a, v, > -—a a.e}, salisfying :
A

3
1—‘A

/QVw(a:) V(v —w)(z)dz > /Fsb(s)(v —w)|.,(s)ds (30)
+ /Qf(ac)(v —w)(z)dz, YveK

Proof of Lemma 3.2. Let us first show that w € K. Since u(z1,0) =
u(z1,0) for a.e. x; €]0,1[, it is easily seen that w € H'(Q); moreover,
one has, for a.e. 3 €] — 1,0[: w(l,z3) = 4(1,z2) = —u(l, —z2). Hence
w|fi > —a a.e. and w € K. Let us now show that, for any v € K, w satisfies
(30). For v € K, define, for a.e. (z1,22) € Qa, 0(z1,22) = v(z1, —22).
Integrating by part and thanks to a change of variable, one has

5 Vi(z) - V(v — a)(z)de
:/0 /0 Vu(zy, zg) - V(=0(z1,22) — u(1, 22) + 2¢(z1))derda,
2 [ [ e e

Therefore, defining T(z1,z2) = 5% (21, 22) + (1) for a.e. (zy,23) € Qa,
one has

/QVw(x) V(o - w)(2)da
:2/01 /01 Valer, a3) - V(S(a1, 02) — uler, 2))dorday

0 1
_2/_1/0 " (21) (v — @) (21, 22)dx dasy,
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since U, € Ky, inequality (25) with v = |, together with the above
equality yields

/Vw w)(z)dz
> 2/0 b(2) (T — ) (1, 23)day _2/ / " (1) (v — @) (21, 22)dwydas,

that is,
/Vw w)(z)dz > /ll;(xz)(v—u)(l 23)das
+/_ Bas) (v — @) (1, ) das _2/ / W (21) (v = @) (21, 22)dedas,

which concludes the proof of Lemma 3.2.

Remark. Note that, if w is regular enough, then it satisfies the following
problem:

—Aw =10, in €,
Vw(s)-n=0, secl T4, 1%,

(w(s) —a)(Vw(s).m—b(s)) =0, sel?,

s)-n > —b(s), sel3,
(w(s) + a)(Vw(s).m+b(s)) =0, s€Tl3,
with T = {(z1, —1), z; €]0,1[} and T* = {(0,2,), =3 €] — 1, 1[}.

Step 2: Method of translations. Let €/, =]0,1[x] - 1/2,1/2[; we now
show that w € H*(y ;) and give an estimate of lwllm2(q,,,)- We use here

the method of translations, which was developed by Brezis [2] to show the
regularity of the solution of the Laplace operator, and can also be found
applied to a problem with a Signorini boundary condition on the whole
boundary of the domain in [6].
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Let ¢ € C°(R?) such that ¢ = 1 on Q12,0 < p < 1 on R? and

suppy C Rx]— %, %[ Let o > 0 and H = (0,h). Let us show that, for h

small enough, there exists € > 0 depending only on H such that
v=w+eD_g(pDp(w)) € K, (32)

where
w(z +n) —w(z)
7]

Dy,(z)== Vn € R?, forae. z € Qy/2,

|n| denoting the Euclidean norm of . For A < 1, v is clearly in H'(Q). Let

us show that, for an adequate choice of €, v is such that V)., > —aa.e. Let
A
zy €] — 1,0], then

£

v(l,z9) +a = (w(l,z2) + a) (1 — h—2(g.9(17 z3) + (1,20 — h))
+ ;—2 (p(1,22 — h)(w(l,z9 — h) + a) + ¢(1, z2)(w(1, 22 + h) + a)).
Remark that (w(1,z3)+a)(1 - Z(o(1,22) + (1,25 — h)) is positive if

/’LZ

B2, _
€ < % hence, let ¢ = =%-.

As h >0,
e(l,z2 — h) (w(l,z, — h)+a) >0 fora.e. a;€]—1,0[

and
(1, z9) (w(l,z2+h) +a) >0 forae zy€]—1,—h[.

By Lemma 3.1, u(z1,z2) > 0 for a.e. (z1,22) € Q4, and therefore,
w(l,za +h)+a>0 Vay €] —h,0[.

Hence, U, 2 —aa.e; in the same way, one may prove that v, <aae.
M2 = 'a ™

Then, the function v, defined in (32) with A < i and ¢ = }3—2, is in K.
Hence it may be taken as a test function in (30)

€ /Q Vw(z)V(D_g(¢Dgw))(z)dx

ZE/FS b(s)D_h(c,oth|F3)(s)ds+5/Qf(x)(D_H(chHw))(m)dx,
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and therefore
/QV(DHw)(x) -V(eDgw)(z)dz
§/ @Dhi)(s)th|F3 (s)ds —I—/ oDy f(z)Dpw(z)de. (33)
r2 Q
Let 8 € C2°(R?) such that # > 0 and 6% = ¢, (33) becomes
/ |0V (Dgw)(z)|*dz + 2/ 0(z)Dpw(z)VO(z) - V(Dpw)(z)dx
Q Q

< 10D gw| 1) (CL0DRD| 2oy + 10D w f|| rr-1(0)) (34)

where C; is the continuity constant of the trace operator from H(Q) to
L*(I'®). noticing that

10Dmule = [ B@Drv@dr + [ V66 Dyw)lar (9
—}—/Q|0(:L‘)V(DHw)(x)|2dx—I—Q/QO(JU)DHw(x)VO(x)-V(DHw)(ac)d:L‘,
from (34) and (35), one has
10Dm e < | W@ Dav@dr + [ V6@ Dav()ldr (36)
10D 5w] @y (CHODHB o) + [10D5 i+ c20)) -

The right hand side of (36), will now be estimated thanks to the following
lemma, [2], p. 153.

Lemma 3.3. Let Q be an open set of RN, u € HY(Q), w an open subset of
Q and let n € RY such that Vx € w,  + 1 € w, then

1 DyullL2(w) < [[VullL2q)-

Noticing that

/|0($)DHw(:L‘)|2d:L‘§/ |DHw(JU)|2dJU7
Q sSuppgnQ
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with
suppf C Rx]— 2 3J.
and since h < i, applying Lemma 3.3 yields
[ Dau(e)Pde < Vol @7
suppeng
Similarly, one has
| 1V6(6) Diru(e) e < o[Vl (38)

with ' > 0 a constant depending only on 6. Since b € H(T3), be Hl(ff’q)
and b is continuous at 0, one has b € H(I'®). Thus, by Lemma 3.3,

/ 10102 () Dyb(t)|*dt < ||V 2(rs).- (39)
T3
Now, noting that

| fsuppe f(2)Dgip(z)de |

YEH(Q) 101l 5 (0

3

10Dw flla-1(0) <

and using Lemma 3.3, one obtains

10D fllz-12) < [1fllz2@)- (40)
Then, inequality (36) becomes, thanks to (37), (38), (39) and (40),

10D 5 w]E) < (1+ Co)[[ VL2

+leDswlmi@) (Cllblmws + 1/l ) -
Let
C = (14 C)IVwllzaa), B = Cillbllmre) + [1fll2@), X = [10Dmw]in -
Since X2 — BX — C < 0 one has

2 3
X < B+ (B* 4+ 4C)

<C*+B
< > <Ct 4B,
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and therefore,

10D 5w 1 (0) <((1+C)IVwllra@)® + Cillbllars) + 1/]l22(0)

using the definitions of w, b and f, yields

10D s w|| i) < ((1+Co)Cllullael + 19m1)) 2
+ 2C1[[b]| g2y + 2[|¥ ] 2 (1)

Thus, there exists C' > 0, independent of ¢ and u (C' = 3+ 2C; +2C4), such
that

1Dmelniay <C (Il + ¥l + Bl ). @)

Let us now show that w € H?(Qy3), i.e., there exists g; ; € L*(y/2) such
that

0% . .
/91/210(%) d.rz(?x] (.’E) de = /91/2 gz,](x)“fg('r) da VQ‘Q € Cc (Ql/Z)v 4] = 172

Let ¢ in C£°(82y/3), using the Green formula

[ w@p-a(GE)edi= [ Dalft)@ee)ds, i=1.2
Qi/2 g g

Q2

hence,

e Jw '
‘/Ql/g w(x)D—H(axz)( )d.f‘ < ”DH(a )HL2 91/2 HS@HLQ 91/2) 1= 1’2

Using (41) and letting A tend to 0, yields

‘/91/2 833 0y (x)dx‘

< C(lullman) + ¥l + 1Bl ) ol
Vo € C7(Qya); i=1,2. (42)
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Since —Aw = f in D'(€y ), one has

0%
- 22 (2)d
|, v g

92
= [ w@gEwdt [ J@etads, Ve e CE )
Qi Z2

Qi/2

hence, there exists C' > 0, independent of u and ¢ (C' = C' + 2), such that

‘/91/2 dx Ow]( )da:‘

< C'(HUHHl(QA) + 19l 2 + HbHHl(r;)) lell2(@,.)

Consider the application

0%
axzal‘]

Fii:ip— w(z)
Qi/2

from C2°(€24/2) to R. Since F; ; is continuous on Cg°(£2;/2), we can extend
by density this application to G; ; € (L*(€1/2)), such that

Fij(p) =Gij(e) Vo € CZ(Q)).

By the Riesz Theorem, there exists g; ; € LZ(Ql/Z) such that
Gl = [ as@etayis
1/2

for any ¢ € L*(€y;), and therefore

0% . .
/Ql/2 w(x)axiamj (z)dz = /{21/2 gij(z)p(z)dz Ve e C; (91/2), 1,j=1,2,

since g¢; ; = 82 payr W E HZ(Ql/Z) Moreover, the following estimate holds
0*w , .
Hax a HL2 (Q1/2) < C (HUHHl (Qa4) + "¢"Hg + ”bHHl(FZ)) y Ll = 172

(44)
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To conclude the proof of Proposition 3.2, we recall that w = w in €24, hence
u € H*(Q4/) with 4/, =]0,1[x]0, 1[, and there exists a constant C' > 0
independent of u and % such that

luallzre, < C(ullar@a) + el + 1Blles,) )

4. Existence of the solution.

Theorem 4.1. Let
Q=Q,UlIUQpg,
with Q4 =]0,1[x]0,1[, Q5 =]0,z7**[x]z5", 0], and I = {(z1,0),21 €
10, 1[_}. Let a,cq,cp € Ry and b € H'(I'%)) such that b > 0 and b(0) = 0.
Let T be a function defined from L*(I) to H*(I) satisfying the assumptions
(1)—(3) and (16). There exists (u, ®) salisfying (17)—(23).
This theorem is proven thanks to Schauder’s theorem (see e.g. [7]):

Theorem 4.2. Let E be a Banach space and F an application from E
to FE, continuous, compact and such that there exists R > 0 such that
F(Bg(0,R)) C Bg(0,R) (where Bg(0,R) = {u € E s.t. ||ul|lg < R}),
then F admits a fized point w € Bg(0, R), such that w = F(u).

In order to use Schauder’s theorem, let us first write problem (22)-(23)
as a fixed point problem.

4.1. Construction of the fixed point operator. For a given ¢ €
L%(I), there exists, by a theorem due to Stampacchia (see [2] p. 83) a unique
solution u, € H'(Q4) to

€K,
{ Uy ® ) (45)
As(up,v—uy) > L(v—u,), YveK,

with B
K,={ve H'(Q4), v, = T(p) a.e, v, <aael,
A

Aa(®, V) = V& (2)VV¥(z)dz V&, Ve H'(Q)),
Q4

and

L(v) = /F3 b(s)vy., (s)ds Vv € HY(Q4).

A
A
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Remark. The set K, is non empty, thanks to the property (1) of the
function T. Take, for instance, u%(z1,z3) = T(p)(z1), V(z1,z2) € Q4 then
u?p € K,.

Consider now the following problem:

®; € Hy,() (i=A,B), (46)
Ai(®:, W) = Ly, i(V), YV e Hi,(Q) (i=A4,B);
with
Ai(CD,\II):/ Vo(2)V(2)de, ¥, U e H (),
Q;
and

L,:(¥) = ci/Vu(s) -n\II|I(3) ds, YU € Hl(Qi)7 Yu € HI(QA)
I

such that Vu -n € L*(I).

Lemma 4.1. Let
Q=Q,UIUQpg,

with Q4 =]0,1[x]0,1[, Qg =]0,27**[x]z5" 0], and I = {(z1,0),z; €
10,1[}. Let ¢ € L*(I) and u, be the unique solution to Problem (45), then
Problem (46) has an unique solution.

Proof of Lemma 4.1. In order to apply Lax-Milgram’s Theorem, let us
show that u,, solution of (45), is such that

Vu,-n € L*(I).

This result is a consequence of Corollary 3.1. Indeed, thanks to properties
(1)-(3) and (16) satisfied by T, ¢» = T(¢) clearly satisfies the assumptions
(24); hence u, = u, where u is the solution to Problem (25) with ¢ = T(¢);
therefore, we can apply Corollary 3.1 with v = u,. O

Let = L*(I) x L*(R), and define the operator F' from FE into F such
that B L
F:(QO,(I))I—>((I)A|I—(I)B|I,(I)), (47)

where @ is the solution to Problem (46). Note that F(¢,®) is independent
of @. Let (¢,®) € F, we define [[(¢, )| = ¢l2p) + 1Bl2q- Let us
prove now that F is continuous and compact from F into a ball of . Hence,
Theorem 4.1 will be proven by Schauder’s Theorem.



EXISTENCE OF A SOLUTION TO A COUPLED ELLIPTIC SYSTEM 19

Proposition 4.1. Let
Q=Q,UlIUQpg,

with Q4 =]0,1[x]0,1[, Q5 =]0,27**[x]z5", 0], and I = {(z1,0),2; €
10,1[}. Let E = L*(I) x L*(Q) and F be an operator from E into E de-
fined by (47). There exists R € R}, independent of ¢ and ®, such that

[F(p,®)[[z <R V(p,®)€E.
Proof. By definition,
1F (e, @)1 = [1®a), = @5y, 1720 + [l 72(0)
and therefore,
1E (e, @)% < 201Pay, 7200y + 211®8, 112 + 1@ allire,) + 19817 @) -

Therefore, by continuity of the trace operator from H'(Q;) to L*(I), i = A,
B, there exist C'4 and C'p € R such that

1F (e, )| < Call®allfna,) + Coll®slEn ay)- (48)

Lemma 4.2. Let
Q=Q,UIUQp,

with Q4 =]0,1[x]0,1[, Q5 =]0,27**[x]z5", 0], and I = {(z1,0),2; €
10,1[}. Let E = L*(I) x L*(Q) and (¢, ®) € L*(I) x L*(Q). Let u, be
the (unique) solution to Problem (45) and ® the (unique) solution to Prob-
lem (46), then there exists R; € R7, independent of ¢, u, and ®, such
that

19:ll e,y < R (1= A, B).

Proof. Taking ¥ = ®; in (46) yields

/ V@ZVEZ:CZ/Vu@n@,
Q; I

and therefore, using Cauchy Schwartz’ inequality and the trace operator in
the RHS and Poincaré’s inequality for the LHS, there exists C; > 0 such
that

H(I)z”Hl(Q,) S CZ‘CZ‘”VU,@-IIHLZ([). (49)
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From Corollary 3.1 with ¢» = T(¢), there exists C; > 0 independent of wu,
and ¢ such that

Vg - nl| 2y < C4 <H‘%HH1(QA) + 1T ()l a2y + HbHHl(r;));

thanks to Proposition 3.1, there exists C'; > 0 independent of u,, and ¢ such
that

[Vug - nflr2n) < C2<HT(@P)HH2(I) + HbHHl(rg)>7 (50)

and since by Assumption (2), T is uniformly bounded from L2(I) to H*(I),
the result of Lemma 4.2 follows from (49) and (50). We deduce from (48)
and from Lemma 4.2, the result of Proposition 4.1.

Lemma 4.3. Let
Q=Q,UIUQp,

with Q4 =]0,1[x]0,1[, Qg =]0,27*"[x]a7" 0], and I = {(z1,0),2; €
10,1[}. Let E = L*(I) x L*(Q) and F be an operator from E into F de-
fined by (47). The operator F is compact from E to E.

Proof. Let (¢, ®,)nen be a sequence of F, let us show that there exists a
subsequence (¢, , ®,, )reny and @ € E such that F(g,,,®,,) > win £, as
k — Joo0.

Let " be the solution to the following problem

" € I3(Q), @, € H},() (i=A,B),
Ai(®], W) = Ly, (¥), V¥ eH, () (i=A4A,B),
where u,, is the solution to the following problem

{ UWn € I(Qpn7
AA(uwnvv - uwn) > L(v— uwn)a Vv e Ky,

and A;, Ly, i, L and K, are defined in (18)—(21).
From Lemma 4.2, one has

HEZ‘HHHl(Qi) <R; YneN (i=A, B);

hence there exists a subsequence (®;”)peny and w; € H'(€;) such that
5;% — w; in H1(£;) for the weak topology, as k& — +oco. By compact-
ness of the injection from H'(Q;) in L*(€;) and of the trace operator from
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Nk

H(Q;) in LY(I), @,
k — Jo0.

Let w € L*(Q) such that w), = w; (i = A, B) and @ = (w4, —wp,, w),
then F(p,,,®,,) > @in E, as k — 4o0.

The operator F maps F into a closed ball of E and is compact. We
shall show in the next section that it is continuous from E to F. Hence
by the Schauder fixed point theorem, there exists (¢, ®) € FE such that
(¢, ®) = (®a|, — ®p|,, ®), where @ is the solution to Problem (46). This
concludes the proof of Theorem 4.1.

— w; in L*(;), and 5;%'1 — wy), in L*(I), as

4.2. Continuity of the fixed point operator F. In order to prove
that F is continuous from F into F, let us first show the following result:

Proposition 4.2. Lel (¢n)neny C LA(I) be such that ¢, — ¢ in L*(I); let
u,, € H'(Q4) be the solution to the following problem

{ uLPn € Iﬁrﬁpn’

51
AA(uwnvv_uwn)ZL(v_uwn)v Vv e Ky, (51

with K,, = {v € H'(Q4), v, = T(¢n) a.e, v, < aaet and As, L
A

defined by (18) and (21). Then u,, — uy, in H(Q4), for the strong topology
(recall that u,, is the solution to problem (45)).

Proof. From the H! estimate obtained for the solution of the Signorini
problem (51) (see Proposition 3.1) choosing ¥ = T'(,,), yields the existence
of Cy € R7, independent of ¢,,, such that

g llmian < Cr(IT (@)l + [bllzy) )

and thanks to Assumption (2), there exists Cy € R} independent of n such
that
g, |1 (@) < Co V€N,

Hence, there exists a subsequence (uy, Jren C H'(Q4) and @ € H'(Q4)
such that

Uy, — U in H'(Q4) for the weak topology, as k — +oo0. (52)
Let us now show that @ is the (unique) solution to Problem (45), hence
@ = uyp, and that |luy, [[m1a,) = [[uellmr(,), which yields the strong con-

vergence of u,, ~towards u, in H'(Q4) as k tends to +o00. The convergence
of the whole sequence u,,, follows by a classical argument.
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For the sake of simplicity, let us from now denote by (u,, )nen the subse-
quence (uy, )ken. For any n € N, u,, satisfies to the following problem

{ u@n E I"‘Pn’

53
Aus(up, v, —uyp,) > L(v, —uy,), Yv, € Ky . (53)

In order to pass to the limit as n — 400 in (53) and obtain that @ is solution
to (45), one possibility is to construct, for any v € K, a sequence (v,)nen
such that v, € K, and v, — vin H'(4). This, however, does not seem
to be straightforward. We shall deal with this problem by showing that
Problem (45) is equivalent to the following (easier to deal with) problem

G, K,={ve K,, v<aa.ein Qy4},
{ ® ® { ® = A} (54)

Aalitg, v —1iy) > L(v—1i,), Yvée K,.

That is, if u, is the solution to (45) and 4, is the (unique) solution to
(54), then u, = i,. Indeed, let u, be solution to (45), since K, C K,
one only needs to prove that u, < a a.e. on €4, in order for @, to be
solution to (54). The proof of the maximum principle consists in taking
v =uy, — (u, —a)t € K, in (45), which yields ||V (u, — a)+HL2(QA) = 0;
since (u, —a)t € H&Fi (©4), this, in turn, yields u, < a a.e..

Hence Problem (45) is equivalent to Problem (54), and we only need to
show that @ is the solution to Problem (54).

From the equivalence of the Problems (45) and (54), u,, < a a.e. in Q4.
Therefore,

| @)@ e o) @ds 20,

and since u,, — @ in H' for the weak topology, ||(a — @) ||r2(a,) < 0,
therefore, 4 < a a.e in 4.

In order to show that A, (@, v — @) > L(v — @), Yo € K, let us state the
following lemma, the proof of which will be addressed further.

Lemma 4.4. For any ¢ € L*(I), let
K,={ve H (), v, =T(p) ae, v, <aae}
A
and K, = {v € K,, v < a a.e in Qa}. Let (¢n)nen C L2(I) such that

©n — @ in L*(I), then for any v € K, there exists a sequence (v,)nen C
K, such that v, — v in H'(Q4) as n — +o0.
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Let v € K, thanks to Lemma 4.4, there exists a sequence (v,,)nen C Ko,
such that v, — vin H'(Q4); since L is continuous, L(v, —uy,,) — L(v— 1)
as n — 400, similarly, it is easily seen that A4 (u,, ,v,) = Aa(%, v); passing
to the upper limit on 7 in (53), one obtains

Aa(t,v) > L(v—a) 4+ limsup A4 (uy, , ty, ), (55)

n—4oc
which holds for all v € K ; taking v = @ in (55)

Au(t,a) > limsup Aa(ug,,uy,). (56)

n—4+oo

Since

Ag(u,u) = / |Vul?(z)dz,
Q4
it is easily seen that

Aa(t,a) <lminf Ag(ug,,uy, ). (57)

n—+oo

Thus, from (56) and (57), it follows that A4 (u,, ,u,,) = Aa(t, @) as k —
+00. Hence @ is solution to Problem (54) and finally @ = w,, which concludes
the proof of Proposition 4.2 [

The continuity of the operator F is stated in the following proposition:

Proposition 4.3. Let (¢n)nen C L*(I) such that ¢, — ¢ in L*(I). For
n € N, let " be the untque solution to the following problem

3" € 1(Q), B € Hy, () (i= A, B), 58)
Ai(®,0) = Ly, (V). YV € Hi,(Q) (i=AB),
where u,, is the solution to Problem (51). Then, ®, — ®; in H' () for
the strong topology, where ®; is the solution to

P e LZ(Q)v P; € H&J(Qi) (i=A,B),
Ai (D3, V) = Ly, (), YU € Hi,(Q) (i=A,B);
and therefore, (B4, —Pp) ,®") = (P4}, ~Pp),,®) in E (= L*(I)x L}(Q)).

Proof. Let ¢, € L*(I), uy,, be the solution to Problem (51), L, ; be
defined by (19) and " be the solution to Problem (58). By continuity, if
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Ly, i— Ly,;in (HY(Q;))* as n — +oo, then 5: — @; in HY(Q;) as
n — +oo. Let us show that L,, ; — L, ; in (H(;))* as n — +o00; by
definition of L, ;, this is satisfied if Vu,, - n — Vug, -n in L*(I). Using
Propositions 3.1 and 3.2, taking ¢ = T(p,,) and thanks to Assumption (2),
there exists ' € R7, independent of n, such that

e, |2 (00/0) €C YR EN,
where € ,,, =]0, 1[x]0, %[ Hence there exists a subsequence, still denoted
by (g, )nen C H*(Q4y2) and ¢ € (H'(Q4/2))? such that Vu,, — q in
(H'(Q24/2))* for the weak topology. By Proposition 4.2, Vu,, — Vu,
in (L?(Q4/2))*, and therefore Vu,, — Vuy, in (H'(Q4/2))* for the weak
topology, since the trace operator is compact from H'(,,,) to L*(I), one

has Vu,, -n — Vu, -nin L*(I), and by a classical argument, the whole
sequence converges.

Proof of Lemma 4.4. For ¢ € L*(I) define ul(xy,z;) = T(p)(z1)
V(z1,22) € Qa. Let (¢n)nen and ¢ € L*(I) such that ¢, — ¢ in L*(I),
and let v € K,. For n € N, let v, = min(v — u) + u) ,a). Let us
show that v, € K, . Clearly v, € H'(Q4) and Unry < @ a.e; since

Un|, = min(u?pnll, a), and u?pnh < a a.e. from the property (1) of the func-

tion 7', hence v, |, = u, = T(pn) ae..
Let us now show that v, — v in H'(Q4) as n — 4o0; we shall use the
following Lemma, the proof of which is given below.

Lemma 4.5. Let Q be an open bounded reqular domain of R, w a function
of H'(Q) and (u,)nen @ sequence of H'(Q) such that w, — u in H'(Q),
then min (u,, w) — min(u, w) in H(Q), as n — +oc.

?pn — u?p in H1(Q4), applying this

uw = v and w = «a, one deduces that v, — v

Since, thanks to property (3) of T, u
0

. .0
result with u, = v g+ Uy,

in H'(Q4), as n — +oc.

Proof of Lemma 4.5. Let (u,)nen C H'(Q) such that u,, — uin H1(Q),
and w € H'(Q). First since | min(u,,w) — min(u,w) |<| u, — u | and
u, — uw in H'(Q), one immediately obtains that min(u,,w) — min(u,w)
in L*(2). Let us then show that min(u,,w) — min(u,w) in H'(Q) for the
weak topology. We note that

IV (min (i, )1 720) < NV ()220 + IV (@)1 720
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since u, — u in H'(Q), there exists C' € R% such that ||V (u,)||z20) < C,
hence, there exists a subsequence of (min(u,,w)),ex and g in H(Q) such
that min(u,,,w) — ¢ in H*(Q) for the weak topology, as k — +oo. By
uniqueness of the limit, min(u,,,w) — min(u,w) in H'(Q) for the weak
topology.

Let us now show that

V(min(u,, ,w)) = V(min(u, w))

in L?(Q) for the strong topology. Assume that there exists a subsequence of
(min(wn, , w))ken, which for the sake of simplicity, will still be denoted by
(min(wy,, , w))kren, which is such that V(min(u,,,w)) does not converge to
V(min(u, w)) in L*(Q). Therefore, since min(u,,w) — min(u, w) in H*(Q)
for the weak topology, there exists € > 0 such that

fim inf [V (min ()| 32(0) = |7 (min(u, )30 +=.

Since
| V(max(ug,, ,w)) |* + | V(min(u,, ,w)) *=| Vu,, [*+]Vw|?

passing to the limit in & yields

liminf/ | Vuy, |* d/\—I—/ | Vw |* dX
Q Q

k—+o0

= lim inf/ | V(min(un, ,w)) |* dX + lim inf/ | V(max(uy, , w)) |* dA,
where A denotes the 2D Lebesgue measure.

From‘the assumption HV(min(unk,w))Hig(m — ||V (min(u, w))Hig(Q) +e,
we obtain

liminf/ | Vu,, |? d/\—i—/ | Vw |* dX
Q Q

k—+o00

=€ —I—/ | V(min(u, w)) |* dX + lim inf/ | V(max(un, ,w)) |* dA.
Q Q

k—+ oo

Since min(un, , w) — min(u, w) in H*(Q) for the weak topology, (and simi-
larly max(u,, , w) — max(u,w) in H'(Q) for the weak topology), and since
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u, — u in H*(), one has

/|Vu|2d/\+/ |V |2 dA

Q Q

> 5—1—/ | V(min(u, w)) |* d/\—l—/ | V(max(u,w)) |* dA,
Q Q

and therefore,

/|Vu|2d/\—|—/|Vw|2d./\25—|—/|V(u)|2dA—|—/|V(w)|2d/\,
Q Q Q Q

which is in contradiction with € > 0. Hence, Lemma 4.5 is proven.
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