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Abstract

The aim of this work is to find a numerical approximation of the solution to an
elliptic problem arising in electrochemical modelling. The non-linearity arising from
the Signorini boundary condition is handled through an iterative procedure, for which
we prove the convergence on the discrete problem obtained by a discretization by the
finite volume method for a given ”admissible” mesh.
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1 Introduction

Signorini boundary conditions may be encountered in fluid mecanichs and heat transfer
problems when modelling, for instance, the flow through semipermeable boundaries. They
are also encountered in the contact problems in elasticity. The Signorini boundary condi-
tions, which we have to deal with, here arise from modelling the so called ”triple point” of
an electrochemical reaction (see [5]).

The first rigorous analysis of a class of Signorini problems was published in 1963 by
Fichera. Details of the mathematical analysis such as existence, uniqueness, and regularity
of the solution can be found in [1] and references therein. Signorini problems are classically
discretized by finite element formulated in [8]. The approximate problem can be solved by a
duality method [4], [9]. In [4], a point overrelaxation method with projection is also studied
and found to be cheaper in terms of computational than the duality method. Another
candidate for the resolution of the approximated Signorini problem is the penalty method
[8] and references therein.

In this work, we are interested by obtaining a precise approximation of the flux at the
boundaries, in order to couple the equation of interest here to another problem (see [5]); we
shall therefore discretize the problem by the finite volume method [2].

The discrete problem will then solved by an iterative algorithm which seems to be
computationnally efficient, and which is inspired from a procedure used for multiphase flow
modelling [3].
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2 The continuous and discrete problem

Let us consider the following problem:

-Au(x)) = 0, x€9Q, (1)
u(x) = 0, xelt (2)
Vu(x)-n = 0, xeTl? (3)

with the following Signorini boundary condition:

uw(x) > a,
Vu(x)-n > b, x € I, (4)
(u(x) —a)(Vu(x)n—b) = 0,

Assumption 2.1 Let Q be a bounded open polygonal subsel of R?, and 09, the boundary
of Q, is composed of three non empty, disjoint connex sets I't, T2 and I, such that I'T U
rZurs =a9Q. Leta <0 and b € IR and let n be the unit normal vector to 0Q outward to
the domain €.

Under some regularity assumptions, Problem (1)-(4) is equivalent to the following varia-
tional problem (see e.g. [5]):

ueK={ve H(Q), v, =00, >a a.e}, satisfying :
{ /QVu(x) V(v —u)(x)dx > - b(y(v) — v(u))(s)ds, VveK, (5)

with v, = y(v), (i = 1,3), where v is the trace operator from HY(Q) to L%(09). By
Stampacchia’s Theorem, Problem (5) admits a unique solution. In order to obtain a numer-
ical approximation of the solution to (5), let us define a discretization mesh over €, which
is assumed (following [2]) to be admissible in the following sense:
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Figure 1: admissible meshes

Definition 2.1 (Admissible meshes) Let Q be an open bounded polygonal domain of
IR2. Let us denote by T, an admissible mesh of Q, T is the set of control volums K, convez,
polygonal subsets of Q such that UKeTF = Q. Let us define £ the set of the "edges” of the
mesh, Eint = {0 € E; 0 ¢ 0N} (resp. Eext ={0 € E;0CIN}) and Ex ={o € &0 C OK}.
The transmissivity through o is defined by 7, = m(o)/d, if d, # 0.



Let us now define a ”discrete” functional space and a ”discrete” norm.

Definition 2.2 Let Q be an open bounded polygonal domain of R?, and T be an admissible
mesh in the sense of Definition 2.1. Define X (T) as the set of the functions defined a.e.
from QN T2 to R which are constant over each control volume of the mesh, and which are
constant over each edge in ey, inclued in I'3.

Let w € X(T), we shall denote by ug the value taken by u on the control volume K,
and by u, the value taken by u on the edge 0 € Eox, 0 C I3, Let us define the discrete
H(},Fl norm by HUH%,T = E 7'6,(Dgu)27 with |Dyu| = |ug — ur| if 0 € Eng, 0 = K/L,

oc€e&
Dyu=—ug ifc CTY, 0 € &k, Dou=0 if o CT?, and Dyu = u, —ug if o CI?, 0 € Ek.

A discretization by a ”classical” finite volume method yields the following ”discrete prob-

lem”:
Z FKJ =0 VKeT, (6)
o€EK
Fro = —To(up —uk) Vo € &neif 0= K/L, (7)
FI{,O’ = TsUK Yo C Fl, o€ g]{ (8)
Fr, = 0 Vo cI'? o€k 9)
Fro, = —To(u, —ur) Vo C % o€ ék (10)
and on the Signorini boundary:
u, > a Yo CI?, (11)
~Fg, > m(o)b Yo CI? (12)
FI{ o ) 3
o — ? b = . 1
(uy — a) <m(a) + 0 VocC (13)

In order to show the existence and uniqueness of U = ((uk)keT, (o) crs) Where (ug)xer
and (u,),cre is solution to (6)-(13), let us give an equivalent ”variational” formulation to

(6)-(13) (see [7] for the proof):

Lemma 2.1 Under Assumplions 2.1, Lel T be an admissible finite volume mesh in the
sense of Definition 2.1; and ur € X(T) (see Definition 2.2) defined by ur(z) = ux for
z €K, forall K € T and by ur(z) = u, for x € o, for all 0 € Eexy, 0 C 3.

Then (ur)keT, (to)ocre is solution to Problem (6)-(13) if and only if ur is solution
to the following Problem:

{ ur € K7 ={ve X(T), s.t. v, > aVo C 3} such that : (14)

Alur,v—ur) > L(v—ur) Yv e K7,
with A(u,v) = Z To (Do) (Dyv) and L(u) = Z bu,m(o) Vu, ve K.
o€ oCI®

Lemma 2.1 and Stampacchia’s Theorem are used to obtain the following result:

Proposition 2.1 (Existence) Under Assumptions 2.1, let T be an admissible finite vol-
ume mesh in the sense of Definition 2.1; there exists an unique solution (ur)xeT, (Us)scre

to Problem (6)-(13).



Remark 2.1 Under regularity assumptions on the exact solution, we obtain an estimate of
order 1 for the "discrete” H' norm and L? norm of the error on the solution to (6)-(13).
From this result, we deduce the convergence in L%*(Q) of the approxzimale solution lo the
exact one (see [6] for the proof).

3 The iterative algorithm

This section is devoted to the construction of an algorithm which yields iterates which
converge, hopefully, to the (unique) solution of Problem (6)-(13).

Indeed, the continuous problem which we wish to solve is non linear because of the
Signorini condition (4). Hence the need for an iterative method, which we present now, and
which adapts an idea which was used for two phase flows in porous media [3].

Let us notice that the set {0 € Eex;, 0 C '} can be decomposed into two disjoint
sets & and &, where & = {0 € Eext, 0 C ¥ st. u, = a and —Fg, > m(o)b} and
& = {0 € Eext, 0 C ¥ st uy > a and —Fx, = m(o)b}. Hence, Problem (6)-(13) is
equivalent to the problem composed of equations (6)-(10) and :

u, = a Yo €&, (15)
—-Fg, = m(o)b Vo €&. (16)
The algorithm determines &, and & by the following steps:

e Initialization: EU(LO) = {0 € Eext, 0 C I3} and 5;0) =0

e step (j): Assume the sets £9) and Eb(]) are known.

let W) = ((U%))Ke% (U(]))UCFS) be the solution to the set of equations (6)-(10) and :

W) = o Voe &l (17)
FY) = —m(o)b Voeg&?, (18)

Let SG(HI) and SéjH) be defined in the following way:

for any o € 5z£j)7 if —Fgo >m(o)b then o€ 5,5”1),

else 0 € EéHl),

for any o € Eéj), if ugj) >a then o € 5£j+1),
else 0 € &S]“).
Remark 3.1 If there exists j such that —Fl(é)g > m(o)b for all o € Séj) and ugj) > a for

all o € Eéj), then the method has converged; in which case Séjﬂ) = Eéj), EEEHI) = Eb(j),

UUH) = UU) | hence we define £, = Séj) and & = Séj) and U = U, Then U satisfies the
set of equations (6)-(10) and v, = a, —Fg , > m(o)b for all o € £, and —Fg , = m(o) b,
Uy > a for all 0 € &, so U is the (unique) solution to (6)-(13).

Note that (6)-(10), (17) and (18) lead, after an easy elimination of the auxiliary unknowns,
() ()

to a linear system of NV equations with N unknowns, namely the (u}’)xer and (us’),crs
with N =cardT+card({o € Eexi, 0 C I3}). Let us write this system as:

AWpL) = B, (19)
where U() € RY is the vector with components (u%))Kef and (ugj))gcrs.
The following maximum principle holds (see [7] for the proof):



Lemma 3.1 Let 7 be an admissible finite volume mesh in the sense of Definition 2.1, and
AY) the matriz defined by (6)-(10), and (17)-(19). Let U € RY such that ADU > 0 then
U>0.

Corollary 3.1 This result immediately yields the existence and uniqueness of the solution

of the numerical scheme (6)-(10), (17) and (18).

Let us now state that U() is non decreasing, it is bounded and converges to the solution to

(6)-(16) (the proof of which may be found in [7]).

Theorem 3.1 Under Assumptions 2.1, let T be an admissible finite volume mesh in the
sense of Definition 2.1 and N =cardT +card({o € Eexe, 0 C I3}); let UY), j € IN denote the
vector of RY, the components of which are (U%))KET and (ugj))acps solution to (6)-(10),

(17) and (18). Then:
UV < gt gnd UUV <U VjeN, (20)

where U = ((uk)keT, (Uo)scrs) is a vecltor of the components of which, are solution to
(6)-(16); futhermore, UG converges to U as j tends to +oo.
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