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Plan of the talk

e S.N. Kruzhkov's compactness lemma for evolution problems
@ The statement of the lemma (“continuous”)
@ Three (?) applications
@ The standard method and its variant

e The Kruzhkov lemma adapted to FV schemes
@ Notation and example
@ The statement (“discrete”) and comments
@ Proof (sketched)

a A gradient reconstruction formula on the plane
@ The formula and its connection with FV discretizations
@ Applications: consistency + discrete duality



A COMPACTNESS LEMMA



Kruzhkov's lemma
000

Statement (“continuous”)

Moduli of continuity

A function w : Rt — R is called modulus of continuity , if
@ w is continuous , non-decreasing, and w(0) =0
@ w is sub-additive, i.e. w(r +s) < w(r) +w(s)

Moduli of continuity are used to “quantify” various continuity and
uniform continuity properties.
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Statement (“continuous”)

Moduli of continuity

A function w : Rt — R is called modulus of continuity , if
@ w is continuous , non-decreasing, and w(0) =0
@ w is sub-additive, i.e. w(r +s) < w(r) +w(s)
Moduli of continuity are used to “quantify” various continuity and
uniform continuity properties.
Remarks:

@ A modulus of continuity always has a concave envelope,
and therefore (the way we use it)
it can always be assumed concave and strictly increasing

@ Examples:
— power-like (or Holder) moduli of continuity

w(r) = constr®, a € (0,1] ;
— “log-Hdolder” moduli of continuity w(r) = ﬁ (for r small)
nir
Rg. Itis not possible to have a modulus of continuity
“better” than w(r) = constr
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The statement of the lemma (“continuous”)

The following lemma due to Kruzhkov ('69) is a sharp tool for proving strong
L! compactness of families of solutions of evolution PDEs.

It claims that a family of solutions of evolution equations

which possesses uniform space translates in L*(Q)

also possesses uniform time translates
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The statement of the lemma (“continuous”)

The following lemma due to Kruzhkov ('69) is a sharp tool for proving strong
L! compactness of families of solutions of evolution PDEs.

It claims that a family of solutions of evolution equations
which possesses uniform space translates in L*(Q)
also possesses uniform time translates , more exactly :
Lemma (the “continuous” statement)

Let Q be an open domaininR*, T >0,Q = (0,T) x Q.
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The statement of the lemma (“continuous”)

The following lemma due to Kruzhkov ('69) is a sharp tool for proving strong
L! compactness of families of solutions of evolution PDEs.

It claims that a family of solutions of evolution equations
which possesses uniform space translates in L*(Q)
also possesses uniform time translates , more exactly :

Lemma (the “continuous” statement)

Let Q be an open domaininR?, T > 0, Q = (0,T) x Q. Assume that
— families of functions (u"),, (F), .. are bounded in L*(Q)

—they satisfy 9iu" = Z‘ - D*F. in D'(Q)
al<m

— u" can be extended outside Q, and one has

sup // ", x+ax)—u(t,x)dxdt < w(A),

|ax|<a

where w(+) is a modulus of continuity that does not depend on h.
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The statement of the lemma (“continuous”)

The following lemma due to Kruzhkov ('69) is a sharp tool for proving strong
L! compactness of families of solutions of evolution PDEs.

It claims that a family of solutions of evolution equations
which possesses uniform space translates in L*(Q)
also possesses uniform time translates , more exactly :

Lemma (the “continuous” statement)

Let Q be an open domaininR?, T > 0, Q = (0,T) x Q. Assume that
— families of functions (u"),, (F), .. are bounded in L*(Q)

—they satisfy gu" = Z‘ - D*F. in D'(Q)
al<m

— u" can be extended outside Q, and one has

sup // ", x+ax)—u(t,x)dxdt < w(A),

|ax|<a

where w(+) is a modulus of continuity that does not depend on h.
Then (u"), is relatively compact in L*(Q).

An Lt . version follows easily.
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Statement (“continuous”)

Relation with

Lemma (Aubin-Lions, Simon, the  L! case)

Let E € LY(Q) C F be atriple of Banach spaces.
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Lemma (Aubin-Lions, Simon, the  L! case)

Let E € LY(Q) C F be atriple of Banach spaces. Assume that
@ (uM), are bounded in L*(0,T; E)
@ (5uM)y are bounded in L*(0,T;F) .
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Let E € LY(Q) C F be atriple of Banach spaces. Assume that
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Then (uh)h is relatively compact in Ll(Q) ,Q=(0,T) x Q.
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Lemma (Aubin-Lions, Simon, the  L! case)

Let E € LY(Q) C F be atriple of Banach spaces. Assume that
@ (uM), are bounded in L*(0,T; E)
@ (6uM), are bounded in LY(0,T;F) .

Then (uh)h is relatively compact in Ll(Q) ,Q=(0,T) x Q.

The Kruzhkov lemma can be compared to this statement.

Typical case:
- F =W ™1Q) (exactly the case of the Kruzhkov lemma)
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Lemma (Aubin-Lions, Simon, the  L! case)

Let E € LY(Q) C F be atriple of Banach spaces. Assume that
@ (uM), are bounded in L*(0,T; E)
@ (6uM), are bounded in LY(0,T;F) .

Then (uh)h is relatively compact in Ll(Q) ,Q=(0,T) x Q.

The Kruzhkov lemma can be compared to this statement.
Typical case:
- F =W ™1Q) (exactly the case of the Kruzhkov lemma)
- E=WY(Q)orBV(Q)
(the smallest “classical” Banach spaces compactly embedded in L*(Q)).
Yet this choice of E corresponds to the “trivial” case of w(r) = constr.
For general w, an “exotic” space should be used for E.
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e Aubin-Lions-Simon Lemma

Lemma (Aubin-Lions, Simon, the  L! case)

Let E € LY(Q) C F be atriple of Banach spaces. Assume that
@ (uM), are bounded in L*(0,T; E)
@ (6uM), are bounded in LY(0,T;F) .

Then (uh)h is relatively compact in Ll(Q) ,Q=(0,T) x Q.

The Kruzhkov lemma can be compared to this statement.
Typical case:

- F =W ™1Q) (exactly the case of the Kruzhkov lemma)
- E=WY(Q)orBV(Q)
(the smallest “classical” Banach spaces compactly embedded in L*(Q)).
Yet this choice of E corresponds to the “trivial” case of w(r) = constr.
For general w, an “exotic” space should be used for E.
Guess : in its full generality, the Aubin-Lions-Simon lemma would be difficult
to recast into the discrete framework .
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AUt + divf(u®) = eAUS, Ul = Up € L(RY)

(the Cauchy problem in the whole space RY).
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The origin : scalar conservation law in RN

The lemma was conceived for the passage to the limit in
AUt + divf(u®) = eAUS, Ul = Up € L(RY)
(the Cauchy problem in the whole space RY).
In this case, u® have a uniform L* bound
(= everything is bounded in L} (R xRY)).

The space translates of u® are controlled (either by the BV estimate, or
thanks to the space translation invariance + L! contraction).

Thus Lemma = strong compactness —- passage to the limit
(towards the entropy solution of the conservation law d;u + divf(u) = 0)
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Thus Lemma = strong compactness —- passage to the limit
(towards the entropy solution of the conservation law d;u + divf(u) = 0)
Rq: For finite volumes, this approach is not relevant :

— BV estimates not natural, at least not for all meshes

— in bounded domains or on non-uniform meshes,
space translation arguments do not apply.

(= nonlinear weak-* convergence, process solutions, weak BV estimates...)
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The origin : scalar conservation law in RN

The lemma was conceived for the passage to the limit in
AUt + divf(u®) = eAUS, Ul = Up € L(RY)
(the Cauchy problem in the whole space RY).
In this case, u® have a uniform L* bound
(= everything is bounded in L} (R xRY)).

The space translates of u® are controlled (either by the BV estimate, or
thanks to the space translation invariance + L! contraction).

Thus Lemma = strong compactness —- passage to the limit
(towards the entropy solution of the conservation law d;u + divf(u) = 0)
Rq: For finite volumes, this approach is not relevant :

— BV estimates not natural, at least not for all meshes

— in bounded domains or on non-uniform meshes,
space translation arguments do not apply.

(= nonlinear weak-* convergence, process solutions, weak BV estimates...)

Our technique in Finite Volumes will be,
discrete BV estimates in space + L' bounds = strong L' compactness
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lic-elliptic problems

General problem (Alt and Luckhaus ('83) :
ob(v) —diva(b(v),Vv)=f + BC + IC: b(v)|i=o = bo.

Here b is a continuous non-decreasing function
(= the pb. looks parabolic, but it can degenerate into an elliptic one);
the diffusion a can be of Leray-Lions type (non-Newtonian fluids).

Particular case: the Richards equation (one-phase flow in porous media).

Finite volume studies:
Eymard, Gallouét, Gutnic, Herbin, Hilhorst ... (quasilinear);
A., Gutnic, Wittbold (nonlinear: non-Newtonian flow).
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lic-elliptic problems

General problem (Alt and Luckhaus ('83) :
ob(v) —diva(b(v),Vv)=f + BC + IC: b(v)|i=o = bo.

Here b is a continuous non-decreasing function
(= the pb. looks parabolic, but it can degenerate into an elliptic one);
the diffusion a can be of Leray-Lions type (non-Newtonian fluids).

Particular case: the Richards equation (one-phase flow in porous media).

Finite volume studies:
Eymard, Gallouét, Gutnic, Herbin, Hilhorst ... (quasilinear);
A., Gutnic, Wittbold (nonlinear: non-Newtonian flow).

Technique (think e.g. of Galerkine approximations... but also of FV !):
- V""is estimated in LP, p > 1
— thus the space translates of b(v") are controlled
(by the modulus of continuity of b and the space translates of v)
— by the Kruzhkov Lemma , b(v") have uniform time translates
— passage to the (strong) limit in b(v")
— some further work (weak compactness of the gradients, Minty argument...)

= convergence of the approximations.
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Applications

A cross-diffusion system (squirrels’ war)
Consider the quasilinear, strongly coupled reaction-diffusion system
Ou — Au —div ((u + v)Vu 4+ uVv) = u(a; — byu — ¢1v),
v — Av —div(VWu + (U +V)VV) = v(az — bou — cpv).
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Consider the quasilinear, strongly coupled reaction-diffusion system
Ou — Au —div ((u + v)Vu 4+ uVv) = u(a; — byu — ¢1v),
v — Av —div(VWu + (U +V)VV) = v(az — bou — cpv).

Think again of Galerkine (for FV : A.,Bendahmane,Ruiz Baier ).
Take u" (resp., v") for the test function in equation one (resp., eq. two).
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Ou — Au —div ((u + v)Vu 4+ uVv) = u(a; — byu — ¢1v),

v — Av —div(VWu + (U +V)VV) = v(az — bou — cpv).
Think again of Galerkine (for FV : A.,Bendahmane,Ruiz Baier ).
Take u" (resp., v") for the test function in equation one (resp., eq. two).
— a uniform bound on u”,v" in L>(0,T; L*()) ; on Vu", Wv"in L*(Q);
— a uniform bound on / W'+ v vu"? + | V")

JQ
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A cross-diffusion system (squirrels’ war)
Consider the quasilinear, strongly coupled reaction-diffusion system
Ou — Au —div ((u + v)Vu 4+ uVv) = u(a; — byu — ¢1v),
v — Av —div(VWu + (U +V)VV) = v(az — bou — cpv).

Think again of Galerkine (for FV : A.,Bendahmane,Ruiz Baier ).

Take u" (resp., v") for the test function in equation one (resp., eq. two).
— a uniform bound on u”,v" in L>(0,T; L*()) ; on Vu", Wv"in L*(Q);
— a uniform bound on / W'+ v vu"? + | V")

JQ
Hence the diffusion terms are e.g. (u+v) Vu = y/u+v x (v/u+v Vu), etc.,
which is a product of L*(Q) fct by L?(Q) fct = bounded in L*3(Q) .
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Applications

A cross-diffusion system (squirrels’ war)
Consider the quasilinear, strongly coupled reaction-diffusion system
Ou — Au —div ((u + v)Vu 4+ uVv) = u(a; — byu — ¢1v),
v — Av —div(VWu + (U +V)VV) = v(az — bou — cpv).

Think again of Galerkine (for FV : A.,Bendahmane,Ruiz Baier ).

Take u" (resp., v") for the test function in equation one (resp., eq. two).

— a uniform bound on u”,v" in L>(0,T; L*()) ; on Vu", Wv"in L*(Q);

— a uniform bound on / W'+ v vu"? + | V")

Hence the diffusion telrnqws are e.g. (U+v)Vu =/ u+v x (yu+v Vu), etc,,
which is a product of L*(Q) fct by L?(Q) fct = bounded in L*3(Q) .

The Aubin-Lions-Simon argument can be used :  diu, dyv belong to
L4230, T; W 143(Q)) + LY(0, T; L2 /2(Q)) C LY(0, T; W —1:4/34 | 2+/2);
u,vinL%(0,T;HY(Q)), and H'eL'c W 2434 12/3(Q).
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Applications

A cross-diffusion system (squirrels’ war)

Consider the quasilinear, strongly coupled reaction-diffusion system

Ou — Au —div ((u + v)Vu 4+ uVv) = u(a; — byu — ¢1v),

v — Av —div(VWu + (U +V)VV) = v(az — bou — cpv).
Think again of Galerkine (for FV : A.,Bendahmane,Ruiz Baier ).
Take u" (resp., v") for the test function in equation one (resp., eq. two).
— a uniform bound on u”,v" in L>(0,T; L*()) ; on Vu", Wv"in L*(Q);
— a uniform bound on / W'+ v vu"? + | V")

JQ
Hence the diffusion terms are e.g. (u+v) Vu = y/u+v x (v/u+v Vu), etc.,
which is a product of L*(Q) fct by L?(Q) fct = bounded in L*3(Q) .

The Aubin-Lions-Simon argument can be used :  diu, dyv belong to
LY3(0, T; W ~143(Q)) + LY(0, T; L2 /2(Q)) c L}(0, T; W 1 4/34 1 2+/2);
u,vinL2(0,T;HY(Q)), and H'e L' c W H44127/2(Q).
Alternatively, use Kruzhkov: from the above estimates,

- L*(Q) bounds on everything are Ok
— space translates on u",v" are Ok (thanks to L?(Q) bounds on vu", vv")

— by the Kruzhkov Lemma, compactness of u",v".
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Applications

A cross-diffusion system (squirrels’ war)
Consider the quasilinear, strongly coupled reaction-diffusion system
Ou — Au —div ((u + v)Vu 4+ uVv) = u(a; — byu — ¢1v),
v — Av —div(VWu + (U +V)VV) = v(az — bou — cpv).

Think again of Galerkine (for FV : A.,Bendahmane,Ruiz Baier ).
Take u" (resp., v") for the test function in equation one (resp., eq. two).
— a uniform bound on u",v" in L°°(0, T;L?(R2)) ; on Vu", Vv"in L?(Q);
— a uniform bound on / W'+ v vu"? + | V")

JQ
Hence the diffusion terms are e.g. (u+v) Vu = y/u+v x (v/u+v Vu), etc.,
which is a product of L*(Q) fct by L?(Q) fct = bounded in L*3(Q) .
The Aubin-Lions-Simon argument can be used :  diu, dyv belong to
L*3(0, T; W ~143(Q)) 4+ LY(0,T;L>/2(Q)) c LY(0, T; W ~14/3412+/2);
u,vinL%(0,T;HY(Q)), and H'eL'c W 2434 12/3(Q).
Alternatively, use Kruzhkov: from the above estimates,

- L*(Q) bounds on everything are Ok
— space translates on u",v" are Ok (thanks to L?(Q) bounds on vu", vv")

— by the Kruzhkov Lemma, compactness of u",v".
The system is quasilinear + gradients weakly compact = convergence Ok.
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Applications

A system from electrocardiology

Look at the “simplified bidomain model of cardiac electric activity”:

Ov — div M (X)Vui + h(v) = lap, (t,x) € Qr,
— Vv — divMe(X)VUe — h(V) = —lgp, (t,x) € Qr,

with, say, Neumann boundary conditions
(Mie(X)VUie) -n=sie on(0,T) x 90,

and with initial datum: v(0,x) = vo(X), x € Q. Here:
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Applications

A system from electrocardiology
Look at the “simplified bidomain model of cardiac electric activity”:

Ov — div M (X)Vui + h(v) = lap, (t,x) € Qr,
— Vv — divMe(X)VUe — h(V) = —lgp, (t,x) € Qr,

with, say, Neumann boundary conditions
(Mie(X)VUie) -n=sie on(0,T) x 90,

and with initial datum: v(0,x) = vo(X), x € Q. Here:

@ Qs a time-independent Lipschitz domain in R® (the heart does not
move...); the space-time domainis Qr = (0,T) x Q;

@ Uu;, Ue is the intra- (respectively, extra-) cellular electric potential;
@ VvV := U; — Ue is the transmembrane potential;
@ lapp(t,X) is a given stimulation current;

@ Mi(x) and Me(x) are the intra- and extra-cellular conductivity tensors
(assumed symmetric, positive definite, but anisotropic).

@ h(v) is an ad hoc model for the transmembrane ionic current. We focus
on the case where h is close to a cubic polynomial.
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Applications

electrocardiology (cont %)

Assume thath : R — R is a continuous function, and there exist r € (2, +o0)
and constants C, L,| > 0 such that

1
ST < IVl < C (V[ +1),

h:zw h(z)+Lz +1 isstrictly increasing on R, with h(0) = 0.

In the known models, the appropriate value is r = 4 ; this means, the
nonlinearity h is of cubic growth at infinity. The assumptions are automatically
satisfied by any cubic polynomial h with positive leading coefficient.
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Applications

electrocardiology (cont %)

Assume thath : R — R is a continuous function, and there exist r € (2, +o0)
and constants C, L,| > 0 such that

1
ST < vl < C (V] +1),

h:zw h(z)+Lz +1 isstrictly increasing on R, with h(0) = 0.

In the known models, the appropriate value is r = 4 ; this means, the
nonlinearity h is of cubic growth at infinity. The assumptions are automatically
satisfied by any cubic polynomial h with positive leading coefficient.

In A.,Bendahmane,Karlsen we “make converge” 3D DDFV schemes
— for general r, for the fully implicit scheme ;
— forr < 4 (strictly ), for the linearized implicit scheme .

Well, there is some hope for attaining the critical case r = 4
(V.V. Zhikov's compensated compactness lemmas...)
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electrocardiology (cont %)

For the fully implicit scheme: standard DDFV convergence proof.

To see the difficulty with the linearized scheme, discretize the “continuous”
equations: v —yn—1 h(v"—1)
T — div Mi(X)VLIin + ppr vl = |gpp,

we've assumed that h(0) = 0, h(z) > 0 ; the general case is similar).
¥4
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electrocardiology (cont %)

For the fully implicit scheme: standard DDFV convergence proof.

To see the difficulty with the linearized scheme, discretize the “continuous”

equations: v _yn-1 h(vn—1
— div M; (x)Vul" + E/nil )Vn = 150>

At
(we've assumed that h(0) = 0, @ > 0 ; the general case is similar).

We need at least an L! estimate on the ionic current term hflvnn—:ll)v” , in order
to apply the (discrete) Kruzhkov Lemma.
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For the fully implicit scheme: standard DDFV convergence proof.
To see the difficulty with the linearized scheme, discretize the “continuous”

equations: v —yn—1 h(v"—1)
X — divM(x)Vu + e v =15,
(we've assumed that h(0) = 0, @ > 0 ; the general case is similar).

We need at least an L! estimate on the ionic current term hflvnn—:ll)v” , in order
to apply the (discrete) Kruzhkov Lemma. Fortunately,

@ The discretization is designed in such a way that it gives a uniform

estimate on ) . ,
//Qb(v (-~ a)) WO

where b(z) :=h(z)/zis > 0 , by the assumptions on h.
@ We also have a uniform L?(Qr) bound on v" .
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Applications

electrocardiology (cont %)

For the fully implicit scheme: standard DDFV convergence proof.

To see the difficulty with the linearized scheme, discretize the “continuous”

equations: yn _yn—1 h(v"—1)
B n

I~ — divM; (x)Vu" + =1

(we've assumed that h(0) = 0, @ > 0 ; the general case is similar).

n_ n
ARE

We need at least an L! estimate on the ionic current term hflvnn—:ll)v” , in order
to apply the (discrete) Kruzhkov Lemma. Fortunately,

@ The discretization is designed in such a way that it gives a uniform

estimate on ) . ,
//Qb(v (-~ a)) WO

where b(z) :=h(z)/zis > 0 , by the assumptions on h.
@ We also have a uniform L?(Qr) bound on v" .
@ Notice that the assumption r < 4 yields 0 < b(z) < const z2.

This allows to deduce an L*(Q) integrability estimate on the ionic current
term from the decomposition

b(V"(- — at)) V'(-)| < a b(v"(- — at)) + L b(V"(- — at)) V()|
This trick allows to bypass the difficulty and get strong compactness of (v")n.
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Applications

A parabolic-hyperbolic problem

Now, consider degenerate hyperbolic-parabolic problems of the form

ou +divf(u) —diva(VA(u)) =s inQ:=(0,T) x Q,
u=20 OnZ:(O,T)Xaﬂ, U|t:0:U0 in Q.

Here A is continuous, non-decreasing ; a is Leray-Lions, the data are L*°.
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Applications

A parabolic-hyperbolic problem

Now, consider degenerate hyperbolic-parabolic problems of the form

ou +divf(u) —diva(VA(u)) =s inQ:=(0,T) x Q,
u=20 OnZ:(O,T)Xaﬂ, U|t:0:U0 in Q.

Here A is continuous, non-decreasing ; a is Leray-Lions, the data are L*°.

The quantity to look at is A(u) and not u: we have the estimates

—on VA(u)inL°(Q) = space translates of A(u)
— on time translates of A(u).

Notice that the time translates estimate cannot be obtained by the Kruzhkov
Lemma (lack of the control of space translates of u !).
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Applications

A parabolic-hyperbolic problem

Now, consider degenerate hyperbolic-parabolic problems of the form

ou +divf(u) —diva(VA(u)) =s inQ:=(0,T) x Q,
u=20 OnZ:(O,T)Xaﬂ, U|t:0:U0 in Q.

Here A is continuous, non-decreasing ; a is Leray-Lions, the data are L*°.

The quantity to look at is A(u) and not u: we have the estimates

—on VA(u)inL°(Q) = space translates of A(u)
— on time translates of A(u).

Notice that the time translates estimate cannot be obtained by the Kruzhkov
Lemma (lack of the control of space translates of u !).

Here the technique (standard in the FV community, for problems “in L") is :

— integrate the equation betweent ett + a;
—take A(u)(- + a) — A(u)(-) for the test function, use Fubini and get

//Q u(t +2a) —u(t)||A(u(t + a)) — A(u(t))| < Const || .

— if Ais Lipschitz, we deduce L? translates on A(u) .
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Applications

A parabolic-hyperbolic problem
Now, consider degenerate hyperbolic-parabolic problems of the form
{au +div(u) — diva( VA(U)) =s inQ:=(0,T) x Q,
u=0 onX=(0,T) x99, Ult—o = Ug in Q.
Here A is continuous, non-decreasing ; a is Leray-Lions, the data are L*°.

The quantity to look at is A(u) and not u: we have the estimates

—on VA(u)inL°(Q) = space translates of A(u)
— on time translates of A(u).

Notice that the time translates estimate cannot be obtained by the Kruzhkov
Lemma (lack of the control of space translates of u !).

Here the technique (standard in the FV community, for problems “in L") is :

— integrate the equation betweent ett + a;
—take A(u)(- + a) — A(u)(-) for the test function, use Fubini and get

//Q u(t +2a) —u(t)||A(u(t + a)) — A(u(t))| < Const || .

— if Ais Lipschitz, we deduce L? translates on A(u) .

And if A is not Lipschitz ?



Kruzhkov's lemma
L Je]

Standard method

The standard method and its variant

As in the standard “L?" method, we start with the bound

(%) //Q [u(t 4 a) —u(t)[JA(u(t + a)) — A(u(t))| < Const |a|.
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and setI(r) =rT(r). Let# betheinverse of 1. Note that 7 is concave,
continuous, and 7(0) =0 .
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The standard method and its variant

As in the standard “L?" method, we start with the bound
() // lu(t + 2) — u(t)] JA(U(t + ) — A(u(t))| < Const || .
Q

Now, let = be a concave modulus of continuity for A, I be its inverse,
and set f1(r) = rMN(r). Let# be the inverse of [.  Note that 7 is concave,
continuous, and 7(0) =0 .
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The standard method and its variant

As in the standard “L?" method, we start with the bound
() // lu(t + 2) — u(t)] JA(U(t + ) — A(u(t))| < Const || .
Q

Now, let = be a concave modulus of continuity for A, I be its inverse,
and set f1(r) = rMN(r). Let# be the inverse of [.  Note that 7 is concave,
continuous, and 7(0) =0 .
Setv(t,x) =u(t + a,x) and y(t,x) = u(t,x). We have (Jenssen ineq.!)
1
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Since [A(v) = A(y)| < 7(lv —y[) , we have N(JA(v) — A(y)]) < [v —y| and

A(AV) = AW)I) = NIAW) = AYDIAV) = AWY)I< [V Y[ IAV) — AY)].
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Standard method

The standard method and its variant

As in the standard “L?" method, we start with the bound
() // lu(t + 2) — u(t)] JA(U(t + ) — A(u(t))| < Const || .
Q

Now, let = be a concave modulus of continuity for A, I be its inverse,
and set f1(r) = rMN(r). Let# be the inverse of [.  Note that 7 is concave,
continuous, and 7(0) =0 .
Setv(t,x) =u(t + a,x) and y(t,x) = u(t,x). We have (Jenssen ineq.!)
1

/Q\A(v)—A(yn:/Qﬁ(ﬁ(\A(v)—A(ym) SIQ\%(‘Q|/QI:'(IA(V)—A(V)\)>-

Since |A(v) — A(y)| < x(lv —y]), we have M(|A(v) —A(y)]) < |v —y|and
A(AV) = AW)I) = NIAW) = AYDIAV) = AWY)I< [V Y[ IAV) — AY)].
Therefore, estimate (x) implies
[ a0 - a0 < 101 (2 [ v-yiiaw) - A))
Q - IRl Jq

= \Q|7"r<‘61|J(A)>§Cfr(CA) — 0asa—0.
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Standard method

The standard method and its variant

As in the standard “L?" method, we start with the bound
() // lu(t + 2) — u(t)] JA(U(t + ) — A(u(t))| < Const || .
Q

Now, let = be a concave modulus of continuity for A, 11 be its inverse,
and setI(r) =rT(r). Let# betheinverse of 1. Note that 7 is concave,
continuous, and 7(0) =0 .
Setv(t,x) = u(t +a,x) and y(t,x) = u(t,x). We have (Jenssen ineq.!)
e (1 -
1) - a0 = [ #(figaw) - a0 <1017( g7 [ Aaw) - AmD).
Since |A(v) — A(y)| < w(Jv —y]|) , we have M(JA(v) — A(y)|) < |v —y]| and
A(AV) = AW)I) = NIAW) = AYDIAV) = AWY)I< [V Y[ IAV) — AY)].
Therefore, estimate (x) implies
. 1
[ At a00) = A < @17 (e [ v - yi1aw) - am)i)
Q QI Jo
= \Q|ﬁ(iJ(A)> < C#(Ca) — 0 asa — 0.

QI

Much more work (hyperbolic degeneracy) =—> convergence of DDFV on orthogonal
2D and 3D meshes (A. Bendahmane. Karlsen ).
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Standard method

One application: a two-phase flow model

Model (Eymard, Ghilani, Marhraoui and Eymard, Henry, Hilhorst ):
Ut — div(kw(u)Vp) = fu(c)sy — fu(u)s-
(=)t — div (uka(U)V(p+pc(u))) = (1—fu(c))ss — (1—fu(u))s-

two-phase flow, no gravity, particular structure of the source term.
Coefficient k, is degenerate at u = 1, ky is degenerate at u = 0.
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Model (Eymard, Ghilani, Marhraoui and Eymard, Henry, Hilhorst ):
Ut — div(kw(u)Vp) = fu(c)sy — fu(u)s-
(=)t — div (uka(U)V(p+pc(u))) = (1—fu(c))ss — (1—fu(u))s-

two-phase flow, no gravity, particular structure of the source term.
Coefficient k, is degenerate at u = 1, ky is degenerate at u = 0.

The following estimates can obtained:
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@ [o|Vpu[? < const,
® [, | V¢(uu)[? < const,

S
where ((s) = / VKka(r) pe(r)dr is the “quantity to look at”.
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Standard method

One application: a two-phase flow model

Model (Eymard, Ghilani, Marhraoui and Eymard, Henry, Hilhorst ):
Ut — div(kw(u)Vp) = fu(c)sy — fu(u)s-
(=)t — div (uka(U)V(p+pc(u))) = (1—fu(c))ss — (1—fu(u))s-

two-phase flow, no gravity, particular structure of the source term.
Coefficient k, is degenerate at u = 1, ky is degenerate at u = 0.

The following estimates can obtained:
O [lo Ka(Uu)| VPu+ Vpe(u,)[? < <t
@ [o|Vpu[? < const,
@ [lo | V¢(up)f? < const,
where ((s) = /S\/m pe(r)dr is the “quantity to look at”.
0

There is no particular reason to assume that ¢ is Lipschitz;
fortunately, one gets the time translates of ¢(u,.)
with the help of the above “moduli of continuity” technique .
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Notation

Notation and example

We consider a family of finite volume schemes written under the general
abstract form

usn" — u-:,(ml) .
(#) forn=1.N, — Q- div ¥ [FEM 45
A
The statement of the Lemma does not depend on the exact nature of the
finite volume mesh and the associated discrete divergence operator, but only
on a few structural properties shared by many known schemes.
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T is a mesh on a bounded domain Q c RY, at is a positive time discretization
step. We mean that ¥ and at are parametrized by a parameter h > 0.
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(defined per volume) associated with ¥ and at;
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Notation and example

We consider a family of finite volume schemes written under the general
abstract form
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(#) forn=1.N, = div S [FE" + 5"

At
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finite volume mesh and the associated discrete divergence operator, but only
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Notation and example

We consider a family of finite volume schemes written under the general
abstract form

usn" — u-:,(ml)

(#) forn=1.N, ———— =divF[F"] +f%".

At

The statement of the Lemma does not depend on the exact nature of the
finite volume mesh and the associated discrete divergence operator, but only
on a few structural properties shared by many known schemes.

Let us explain the meaning of notation and assumptions for the standard
“admissible schemes” of Eymard, Gallouét, Herbin .

T is a mesh on a bounded domain Q c RY, at is a positive time discretization
step. We mean that ¥ and at are parametrized by a parameter h > 0.

Thus in (#),

u = (u™")n—o..n and .= (f¥")n=1..n are “discrete functions”

(defined per volume) associated with ¥ and at;

Fo=(F=") _, | isa“discrete field”

(defined per interface between volumes);

and div * is a discrete divergence operator defined on the mesh <.
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A mesh ¥ consists of volumes supplied with so-called centers; and also of
the interfaces between adjacent volumes.

A generic volume is denoted by k, and its center is denoted by .

The interface between two neighbours k, L is denoted by «}.
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Notation and example (cont 9)

A mesh ¥ consists of volumes supplied with so-called centers; and also of
the interfaces between adjacent volumes.

A generic volume is denoted by k, and its center is denoted by .

The interface between two neighbours k, L is denoted by «}.

With each volume k, a value of a discrete function is associated;
any set of values (vi )«, denoted v ¥, is called a discrete function.

The volumes adjacent to the boundary 92 are marked “boundary volumes”;
a discrete function v * is said to be null on 99,
if the entry v is zero for all boundary volume k.

The d-dimensional Lebesgue measure of k is denoted by m;
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A discrete function v* is identified with ZK vk (x) € LY(Q),
where 1« (-) stands for the characteristic function of k.
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Notation and example (cont 9)

A mesh ¥ consists of volumes supplied with so-called centers; and also of
the interfaces between adjacent volumes.

A generic volume is denoted by k, and its center is denoted by .

The interface between two neighbours k, L is denoted by «}.

With each volume k, a value of a discrete function is associated;
any set of values (vi )«, denoted v ¥, is called a discrete function.

The volumes adjacent to the boundary 92 are marked “boundary volumes”;
a discrete function v * is said to be null on 99,
if the entry v is zero for all boundary volume k.

The d-dimensional Lebesgue measure of k is denoted by m;
the (d — 1)-dimensional Lebesgue measure of k. is denoted by my,.

A discrete function v* is identified with ZK vk (x) € LY(Q),
where 1« (-) stands for the characteristic function of k.

Therefore, the norm ||v*|| 1o, of a discrete function v*
is calculated as 3, Mg |V |.
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Notati example (cont 9)

Further, with each interface |, one can associate a value Fi,
Any set of such values (Fx. )., denoted F*, is called a discrete field.

The L* norm ||fT||L1(Q) of a discrete field F~
is the sum F 3", M da|Fi|, where di =[x« — Xi|.
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In particular, this norm is used for discrete gradients;

for a given discrete function v=,
its discrete gradient is a certain discrete field, denoted V*v* = ( ViV ® )« .
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Further, with each interface |, one can associate a value Fi,
Any set of such values (Fx. )., denoted F*, is called a discrete field.

The L* norm ||fT||L1(Q) of a discrete field F~
is the sum F 3", M da|Fi|, where di =[x« — Xi|.

In particular, this norm is used for discrete gradients;
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KL

where v, is the unit normal vector to k. pointing from « to L1 v, = =%
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Notati example (cont 9)

Further, with each interface |, one can associate a value Fi,
Any set of such values (Fx. )., denoted F*, is called a discrete field.

The L* norm ||fT||L1(Q) of a discrete field F~
is the sum F 3", M da|Fi|, where di =[x« — Xi|.

In particular, this norm is used for discrete gradients;

for a given discrete function v=,
its discrete gradient is a certain discrete field, denoted V*v* = ( ViV ® )« .

_— . VL —V,
For the case of standard “admissible meshes”, Vv~ = d L £

UKL,
KL

where v, is the unit normal vector to k. pointing from « to L1 v, = =%

Further, for a given discrete field =, its discrete divergence is usually

defined as the discrete function div * = = (div«F ¥ )« with entries
('jiVK]‘_:I = Z mK\L JTK\L VKL,

LE/\/

where the summation runs over volumes L belonging to the set (k) of all
the neighbours of «, and « is not a boundary volume.
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Notati example (cont 9)

For our purposes, the exact nature of div™® and V* is immaterial; we only
require that the following estimate hold:

‘Z Mk Vi divKﬁT) <C nl?x\(vai)m X IF [l
K

for all discrete function v= null on 69Q.
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require that the following estimate hold:
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for all discrete function v* null on 8Q. This property usually comes from the
summation-by-parts procedure and the consistency of fluxes. In the case of

. - LV — Ve L
“admissible meshes", ZK My div ¢ F= v = ZK‘L My A Fi - ( Ld KRL).
KL




Notation

An adaptation to FV
[e]ele] o}
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For our purposes, the exact nature of div™® and V* is immaterial; we only
require that the following estimate hold:

‘Z Mk Vi divKﬁT) <C nl?x\(vai)m X IF [l
K

for all discrete function v* null on 8Q. This property usually comes from the
summation-by-parts procedure and the consistency of fluxes. In the case of

. - LV — Ve L
“admissible meshes", ZK My div ¢ F= v = ZK‘L My A Fi - ( Ld KRL).
KL

We also need one property which ensures the W1! discrete Poincaré
inequality:

Vi —vi|

g = C|ViVvT,

(this is trivial for our case of “admissible meshes”)
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Notation and example (cont 9)

For our purposes, the exact nature of div™® and V* is immaterial; we only
require that the following estimate hold:

‘Z Mk Vi divKﬁT) <C nl?x\(vai)m X IF [l
K

for all discrete function v* null on 8Q. This property usually comes from the
summation-by-parts procedure and the consistency of fluxes. In the case of

. - LV — Ve L
“admissible meshes", ZK My div ¢ F= v = ZK‘L My A Fi - ( Ld KRL).
KL

We also need one property which ensures the W1! discrete Poincaré
inequality:

Vi —vi|

g = C|ViVvT|,

(this is trivial for our case of “admissible meshes”)

and a stability bound for discretization of functions in W(,1’°°(Q):
1,00 : .
forall v € Wq>(Q), setting vk = = [, v

onehas max|(Vv™)y| < C| VYV
KL

(this imposes a mild regularity assumption on the meshes ).



An adaptation to FV
[e]e]ee] }

Notation

Notation and example

Discrete functions and fields on Q = (0, T) x Q depend in addition on the
time discretization parameter at > 0 ;



An adaptation to FV

[e]e]ee] }

Notation

Notation and example

Discrete functions and fields on Q = (0, T) x Q depend in addition on the
time discretization parameter at > 0 ;

e.g. v = (v®" )0 is a discrete function on Q which consists in N + 1
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where QR := ((nfl)At, nAt] x k is the cylinder associated with the space
volume k and the time step n;
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Notation and example

Discrete functions and fields on Q = (0, T) x Q depend in addition on the
time discretization parameter at > 0 ;

e.g. v = (v®" )0 is a discrete function on Q which consists in N + 1
discrete functions v=" on Q with their entries denoted by v.

Such a discrete function is identified with the function >0, 5>, v Igp onQ,

where QR := ((nfl)At, nAt] x k is the cylinder associated with the space
volume k and the time step n;

the norm of v" in L*(Q) is therefore defined as SN, at 37, mi [v2|.

For a discrete field £ = (F*"),_y. n 0n Q,
its norm in L*(Q) is defined as "\, at 37, M di |74 |-

The discrete gradient and divergence operators act separattaly on each time
stepn,i.e, VvV = (VIvE"),y y and div TF" = (divEFT" )oop .
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Let Q be an open domaininR%, T > 0,Q = (0,T) x Q. Let ("), be a family
of meshes of Q and (at"), be the associated time steps.
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The statement (“discrete”)

Let Q be an open domaininR%, T > 0,Q = (0,T) x Q. Let ("), be a family
of meshes of Q and (at"), be the associated time steps.

Lemma (the discrete statement)

Assume that for some constant C independent of h,
the discrete gradient and divergence operators associated with " verify

@ the “summation-by-parts inequality”:

‘ZK mg (div = F* ) Vi

< € max|(VFvT)a| x 1 iy
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Statement (“discrete”)

The statement (“discrete”)

Let Q be an open domaininR%, T > 0,Q = (0,T) x Q. Let ("), be a family
of meshes of Q and (at"), be the associated time steps.

Lemma (the discrete statement)

Assume that for some constant C independent of h,
the discrete gradient and divergence operators associated with " verify

@ the “summation-by-parts inequality”:
‘ZK mg (div=FT) vk

@ the “key to the Discrete Poincaré property”

< € max|(VFvT)a| x 1 iy

Vk — V.
M — v < C[Viv=,
KL
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Statement (“discrete”)

The statement (“discrete”)

Let Q be an open domaininR%, T > 0,Q = (0,T) x Q. Let ("), be a family
of meshes of Q and (at"), be the associated time steps.

Lemma (the discrete statement)

Assume that for some constant C independent of h,
the discrete gradient and divergence operators associated with " verify

@ the “summation-by-parts inequality”:
‘ZK mg (div=FT) vk

@ the “key to the Discrete Poincaré property”

< € max|(VFvT)a| x 1 iy

Vg — V,

M =vl o o gy,
KL

@ the property of stability for functions in Wol’°°(§2):

forallv € W, >(Q), setting v = e Je v

one has rrl?x|(VTvT)K‘L| < C || VVlso-
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Lemma (continued) (the discrete statement)

For all h, assume that u" = (u™" )n_y ., f" = (f¥" )n_1.n and
Fr = (F=n) , satisfy the discrete evolution equations
' usn — u~:,(wl)

n=1,..

forn=1.N, = divE[F=" 4

At

with a family (u§) of initial data, uf := u®=.
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The statement (“discrete”)

Lemma (continued) (the discrete statement)

For all h, assume that u" = (u™" )n_y ., f" = (f¥" )n_1.n and

Fr = (F=n )._, _ Satisfy the discrete evolution equations
o usn — u~:,(wl) B _
forn = 1..N, : =divI[F 45"
A

with a family (u§) of initial data, uf := u®=.

(i) Assume that for all h, , that the families (u")n, (f")n, (F™)n
and (V=u"), are boundedin L*(Q), and that (u})) is bounded in L*(Q) .

Then there exists a sequence (h;)ien such that (u"); is convergentin L*(Q).
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The statement (“discrete”)

Lemma (continued) (the discrete statement)

For all h, assume that u" = (u™" )n_y ., f" = (f¥" )n_1.n and
Fr = (F=n) , satisfy the discrete evolution equations

usn — u~:,(wl)

forn=1.N, ———— =div[F"] +f*"
at

with a family (u§) of initial data, uf := u®=.

(i) Assume that for all h, , that the families (u")n, (f")n, (F™)n
and (V=u"), are boundedin L*(Q), and that (u})) is bounded in L*(Q) .
Then there exists a sequence (h;)ien such that (u"); is convergentin L*(Q).

(ii) Assume that the family of discrete gradients ( V=u"),
is bounded in L, ([0, T] x Q) , i.e., for all h, for all Q' € Q,
N
Dl VI gy < M(@).

Assume that the families (u")n, (F"), and (f"), are bounded in
Lie ([0, T] x Q), and the family (u§)n is bounded in L ().

Then the claim of (i) holds with L*(Q) replaced by Lih.([0, T] x Q) .
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¢ Whenever a uniform estimate of (u"), in some LP(Q), p > 1, is available,
the Li,, compactness in Q implies readily the L*(Q) compactness ( extract an
a.e. convergent on Q diagonal subsequence and use the Vitali theorem).
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case where the L*(Q) compactness of (uM), holds true. The assumption that
u" is null on 8 corresponds to the case of the homogeneous Dirichlet
boundary condition on the discrete function u™.
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Statement (“discrete”)

Comments

In some applications, the general local result of the Lemma is not sufficient,
because one is interested in compactness of (u")y up to the boundary

(0, T)x09Q. Yet:

¢ Whenever a uniform estimate of (u"), in some LP(Q), p > 1, is available,
the L}, compactness in Q implies readily the L*(Q) compactness ( extract an
a.e. convergent on Q diagonal subsequence and use the Vitali theorem).

o If only L}(Q) estimates on (u"), are available, Lemma (i) is one particular
case where the L*(Q) compactness of (uM), holds true. The assumption that
u™ is null on &9 corresponds to the case of the homogeneous Dirichlet
boundary condition on the discrete function u™.

o For the case of other boundary conditions, different techniques of extension
of u" in a neighbourhood of Q yield compactness results analogous to
Lemma (i); one only needs to ensure a uniform L*(Neighb(Q)) bound on
(V=u"), (= a uniform space translation estimate on (u")).



An adaptation to FV

Proof

Proof (sketched)

@ from the L* bound on V*u", get L translates in space on u" (trivial ),



An adaptation to FV

Proof

Proof (sketched)

@ from the L* bound on V*u", get L translates in space on u" (trivial ),
then on the piecewise affine in t interpolation i" of u®

@ write the discrete equations as evolution equation 80" = div *[F"] + f"



An adaptation to FV

Proof

Proof (sketched)

@ from the L* bound on V*u", get L translates in space on u" (trivial ),
then on the piecewise affine in t interpolation i" of u®

@ write the discrete equations as evolution equation 80" = div *[F"] + f"
@ setw(t,x) = G"(t + 7,x) — G"(t, x)

@ integrate the equation to make appear w(t,x) in the left-h.side

@ try to take signw for the test function in the equation obtained.
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Proof (sketched)

@ from the L* bound on V*u", get L translates in space on u" (trivial ),
then on the piecewise affine in t interpolation i" of u®
@ write the discrete equations as evolution equation 80" = div *[F"] + f"
@ setw(t,x) = G"(t + 7,x) — G"(t, x)
@ integrate the equation to make appear w(t,x) in the left-h.side
@ try to take signw for the test function in the equation obtained. Namely,
@ introduce ¢ the regularization of signw by convolution with
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Proof

Proof (sketched)

@ from the L* bound on V*u", get L translates in space on u" (trivial ),
then on the piecewise affine in t interpolation i" of u®
write the discrete equations as evolution equation 8;i" = div *[F"] + f"
setw(t,x) := a"(t + 7,x) — G"(t,x)
integrate the equation to make appear w(t, x) in the left-h.side
try to take signw for the test function in the equation obtained. Namely,
@ introduce ¢ the regularization of signw by convolution with
parameter §; notice that || V| < const 9.
@ consider its space discretization ¢" and multiply (pointwise in t) the
equation in volume k by ¢«
9 ‘“integrate” on Q, use summation-by-parts , the L! bounds on fh,fh
and Fubini to get

/W(t,x)¢(t,x) < Cr(1+]|Volo)=Cr(1+5Y)
Q

e © 6 ¢

@ it remains to compare [[, w(t,x)¢(t,x) with [l w(t,x)signw(t,x) .
Here, the space translates of w enter the stage : the above difference is
controlled by the L* modulus of continuity w(3) of (G")p.
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An adaptation to FV

from the L* bound on V=u", get L* translates in space on u" (trivial ),
then on the piecewise affine in t interpolation i" of u®
write the discrete equations as evolution equation 8;i" = div *[F"] + f"
setw(t,x) := a"(t + 7,x) — G"(t,x)
integrate the equation to make appear w(t, x) in the left-h.side
try to take signw for the test function in the equation obtained. Namely,
@ introduce ¢ the regularization of signw by convolution with
parameter §; notice that || V| < const 9.
@ consider its space discretization ¢" and multiply (pointwise in t) the
equation in volume k by ¢«
9 ‘“integrate” on Q, use summation-by-parts , the L! bounds on fh,fh
and Fubini to get

/ W(t,X)é(t,x) < C7(1+ [ Vellw)=Cr(L+s 7).
Q

it remains to compare [[, w(t,x)¢(t, x) with [, w(t,x)signw(t,x) .
Here, the space translates of w enter the stage : the above difference is
controlled by the L* modulus of continuity w(3) of (G")p.

optimizing in § > 0 the bound C 7 (1 +§~%) 4 w(d),

we get a modulus of continuity for the L* time translates of (i" and u".
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A 2D reconstruction property
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Formula and motivation

The formula

Pol M, oriented by A LM . . .
ovgon ol oriened by n Let M be a plane in R® with a unit normal

vector i, and o C I be a polygon.
Let x; € I be a distinguished point .
Introduce the vertices x*, i = 1,...,l
(clockwise); and take x;;, the midpoints
of the edges .

_
Then mi 1 = 3 (A, X%, XX ) is the
(signed) area of the triangle x;"X; x;; -
Denote the area of o by m; we have

|
m = Zi:l miﬁiﬁ .

—_—

|
= - 1 - Tr A — %, ok
Forallr|n, r= = E (Fx"X) [A X X%

The proof combines two well-known simple formulae
(cf. in particular Eymard, Droniou ).
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Formula and motivation

The formula (con

Corollary ( )

Take (w;*)!_; C R, w/", := w;. Consider the expression

1 < = oer
— Zizl(Wiil — W) [ X X%,

If w* are the values of an affine function w at the vertices x* of the
polygon o, the above expression gives Vw.
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Applications

The “complementary volumes” schemes in 2D

The 2D “complementary volumes schemes” were proposed independently in
several works in the late 90th and early 00th (Afif and Amaziane ;
Handlovicova, Mikula, and Sgallari ; A., Gutnic and Wittbold , ..?).

The idea was to reconstruct the discrete gradient on a given triangulation
(affine per triangle) and then write the FV scheme on the dual mesh .

Thus the triangles play the role of “diamonds” of the DDFV schemes.

The structural properties of this construction are extremely similar (but
simpler !) to those of DDFV schemes.
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Applications

The “complementary volumes” schemes in 2D

The 2D “complementary volumes schemes” were proposed independently in
several works in the late 90th and early 00th (Afif and Amaziane ;
Handlovicova, Mikula, and Sgallari ; A., Gutnic and Wittbold , ..?).

The idea was to reconstruct the discrete gradient on a given triangulation
(affine per triangle) and then write the FV scheme on the dual mesh .

Thus the triangles play the role of “diamonds” of the DDFV schemes.
The structural properties of this construction are extremely similar (but

simpler !) to those of DDFV schemes.
diamond

X" X
N
i -,
1
*O- -6 |- G- - - @-- - - - - L ]
Xa sub- control volume'k*,

diamond S} X isits centre X«

We use the “median dual mesh” (="Donald dual mesh”).
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Applications

The “complementary volumes” schemes in 2D (cont
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1 oontrol volume K
dlamond 30»1 X isits centre X«

Here, we do not necessarily need ¢’s (the “diamonds”) to be triangles;
any polygon would do (in particular, quadrilaterals are welcome).
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Applications

The “complementary volumes” schemes in 2D (cont

)qliﬂ 7‘” ) oontrol volumeK

dlamond 30»1 X isits centre X«
Here, we do not necessarily need ¢’s (the “diamonds”) to be triangles;
any polygon would do (in particular, quadrilaterals are welcome).
We associate to each “diamond” a value of the discrete gradient
(reconstructed from the formula of the Corollary) .
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1 oontrol volume K
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Here, we do not necessarily need ¢’s (the “diamonds”) to be triangles;
any polygon would do (in particular, quadrilaterals are welcome).

We associate to each “diamond” a value of the discrete gradient
(reconstructed from the formula of the Corollary) .

We associate to the mesh the standard FV discrete divergence operator .
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Applications

The “comple ary volumes” schemes in 2D (cont d)

* -o-- --®
X ~ sub- control volumek*,
diamond S X! isits centre X

Here, we do not necessarily need ¢’s (the “diamonds”) to be triangles;
any polygon would do (in particular, quadrilaterals are welcome).

We associate to each “diamond” a value of the discrete gradient
(reconstructed from the formula of the Corollary) .

We associate to the mesh the standard FV discrete divergence operator .

Theorem (for 2D complementary volumes schemes)

These discrete gradient and divergence operators are linked by the discrete
duality (integration-by-parts) formula.

Rg.: a slight “ideological” difference wrt the Mimetic FD approach.
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Applications

A “DDFV” scheme i (

orientation
volume / diamond X,
D 82,
/ ey
X N //\ X

Xeoke &’%’ %

interface
KoKe

volume
Ko
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Applications

A “DDFV” scheme in (

volume

orientation
diamond
G s e

i T
X ANA
[ X

X Xeoke &2’
Xa¢ ’
subdiamond
i

LAY o
TN by
interface Xoko TNy X4

KokKe & -~ X

volume %o %

Ko
We associate to each “diamond” a value of the discrete gradient:

— its 1D projection on Xk X« is reconstructed from the difference %

— its 2D projection on the interface kokg is reconstructed using the Corollary.
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Applications

A “DDFV” scheme in 3D (

volume orientation

X5 Xeoke *«
X5
subdiamond
i
LAY ot
=™
interface Xk ,"/»\_, \ Xexg
KokKe & - = "X
volume % %

Ko
We associate to each “diamond” a value of the discrete gradient:
. . . L . UK, — UK~
— its 1D projection on Xk X« is reconstructed from the difference T
— its 2D projection on the interface kokg is reconstructed using the Corollary.

We associate to the mesh the standard (DD)FV discrete divergence operator.

Theorem (for the 3D DDFV schemes of the above kind)

These discrete gradient and divergence operators are linked by the discrete
duality (integration-by-parts) formula.
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Applications

A “DDFV” scheme in 3D (

volume orientation

X5
subdiamond
e K
LAY ot
[T
interface Kook ,"/»\_.\ X
KokKe & - = "X
volume %o %

Ko
We associate to each “diamond” a value of the discrete gradient:
. . . L . UK, — UK~
— its 1D projection on Xk X« is reconstructed from the difference T
— its 2D projection on the interface kokg is reconstructed using the Corollary.

We associate to the mesh the standard (DD)FV discrete divergence operator.

Theorem (for the 3D DDFV schemes of the above kind)

These discrete gradient and divergence operators are linked by the discrete
duality (integration-by-parts) formula.

Rq.: consistency + discrete duality — convergence proofs !
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Applications

And that’s all...

Thank you !
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