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Introduction

» Discontinuous Galerkin (DG) methods were introduced in the 70's

> hyperbolic PDE’s [Reed & Hill 73, Lesaint & Raviart 74]
> elliptic PDE’s [Nitsche 71, Douglas & Dupont 76, Baker 77, Wheeler
78, Arnold 82]

» General principles and motivations
> FE-based method using piecewise polynomials discontinuous across
mesh elements
> FV-based high-order method using numerical fluxes
» flexibility (non-matching grids, variable polynomial degree)
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Introduction

» For linear PDE's, the mathematical analysis is well-understood

> unified analysis for Poisson problem [Arnold, Brezzi, Cockburn &
Marini 01]
> unified analysis for Friedrichs’ systems [AE & Guermond 06-08]
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Introduction

» For linear PDE's, the mathematical analysis is well-understood

> unified analysis for Poisson problem [Arnold, Brezzi, Cockburn &
Marini 01]
> unified analysis for Friedrichs’ systems [AE & Guermond 06-08]

» For nonlinear PDE's, the situation is substantially different
> FE-based techniques require strong regularity assumptions on the
exact solution
> the analysis of FV schemes proceeds along a different path, avoiding
such assumptions [Eymard, Gallouét, Herbin et al., 00-08]

» Our goal is to extend the discrete analysis tools for FV to DG
avoiding any strong regularity assumption
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Outline

» Discrete functional analysis tools in DG spaces
» Poisson problem

» Incompressible NS

Alexandre Ern Université Paris-Est, CERMICS
Discrete functional analysis tools for DG



Discrete functional analysis tools in DG spaces

Admissible meshes {7},} <7 of bounded polyhedron Q c R¢

> non-conforming

v

shape-regular

v

. def
size(7p) = maxrer, ht

v

Example of admissible mesh
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Jumps and averages

» Mesh faces: Fj, = f,’; U f,’,’
» Jumps and averages: F =0T, NIT;

def def 1
[e] = o1 — i, {e} = E(Sﬂm +i1,)
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DG spaces

v, € 12(Q); YT € T, viyr € Pi(T)} norm

hllDa = [|VhVh ) h%,’}‘h,fl
Iallbe = IVavall T2y + 1val

with broken gradient V;, and jump seminorm (F = Fj or F})

def
2 5 aq Zhﬂ/ vl

FeF
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Discrete Sobolev embeddings

» non-Hilbertian setting (1 < p < +00)

Tof '
Il & S /T\Vvh|;:+ 3

TeT, FeF,

o
- Vv, P
= ,/Fm Al
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Discrete Sobolev embeddings

» non-Hilbertian setting (1 < p < +00)

Tof '
Il & S /T\Vvh|;:+ 3

1 .
1 [ lalp
TET, Fer, "FJF
» Main result: For all g such that
() 1<q<p = LLif1<p<d,
(i) 1<g<+4xifd < p<+oo;
there is 04 5 such that

Vv, € VK, [VallLa@) < op.qllvallD,p
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Discrete Sobolev embeddings

» Discrete Poincaré-Friedrichs inequality (¢ = 2, p = 2) [Brenner 03]
» g =4, p=2 [Karakashian & Jureidini 98]

» Discrete Sobolev embeddings with p = 2 [Lasis & Siili 03]
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Discrete Sobolev embeddings

v

Discrete Poincaré-Friedrichs inequality (¢ = 2, p = 2) [Brenner 03]
» g =4, p=2 [Karakashian & Jureidini 98]

» Discrete Sobolev embeddings with p = 2 [Lasis & Siili 03]
> Two key differences
> our technique of proof is much simpler: no elliptic regularity or
nonconforming FE interpolation = general meshes can be used
> embeddings are useful for DG spaces and not for broken Sobolev
spaces
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Discrete Sobolev embeddings

Principle of proof

» Inspired from [Eymard, Gallouét & Herbin 08]
BV estimate (321, sup{ fp. udig, ¢ € C(RY), [l i(mey < 1})

v

Vv € Vi, [vellev < Ivallpa S livellpa,e (p>1)

(vh extended by zero outside )

Classical result (1* e 755): IVl gey < 55 lviiBy

v

d—1
For 1 < p < d, use ||-[| 1+ (rey-estimate for |vy
and a trace inequality

v

@, Holder's inequality

» For p > d, simply use Holder's inequality
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Discrete Sobolev embeddings

» Main result for p =2 and d € {2,3}: For all g such that
(i) 1<qg<6ifd=3;
(i) 1<g<4o0ifd=2;
there is o4 such that

Vv, € Vi, [valla) < ogllvallpe
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Discrete gradients

» Let / > 0. Forall F € Fp, let rl: L2(F) — [V/]]¢ s.t.

Ve € V1%, /Q rh(9) = / o} vrd

» Support of r,’_- consists of one or two mesh elements
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Discrete gradients

v

Let / > 0. For all F € Fp, let rk: L2(F) — [V]]9 s.t.
Ve Vil [ H@rm= [Ambveo
Q F

» Support of r,’_- consists of one or two mesh elements

Let k > 1, define discrete gradient G/ : V& — [V1D1d 55

v

Yvhe Vi, Gh(vn) = Viave — > rE([val)

FeFy
» Usual values: = korl=k-1
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Discrete gradients

» Stability
Yy € VI, 1Gh(va) |20y S llvallpe

Alexandre Ern Université Paris-Est, CERMICS
Discrete functional analysis tools for DG



Discrete gradients
» Stability
Yy € VI, 1Gh(va) |20y S llvallpe

» Compactness and weak convergence

> let {vh}new be a sequence in V¥
> bounded in the ||-||pg-norm

Then, there exists a subsequence of {v,}ner and a function
v € H3(Q) s.t. as size(75) — 0,

v, — v strongly in [?(Q)
and for all / > 0,

Gi(vi) = Vv weakly in L2(Q)¢
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Discrete gradients

» Proof inspired from FV analysis [Eymard, Gallouét & Herbin 08]
Uniform BV estimate on space translates

va(- + &) = vallrey < €l llvallay < Cl€]n

v

v

Kolmogorov's Compactness Criterion in L}(R9)

v

Sobolev embedding: compactness in L2(R9)

» bound on discrete gradient: G}(v) — w in L2(Q)¢
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Discrete gradients

>
>

vV vyVvYyy

>

Proof inspired from FV analysis [Eymard, Gallouét & Herbin 08]
Uniform BV estimate on space translates

va(- + &) = vallrey < €l llvallay < Cl€]n

Kolmogorov's Compactness Criterion in L}(R9)
Sobolev embedding: compactness in L2(R9)
bound on discrete gradient: G}(v) — w in L?(Q)
For ¢ € C>(RY)9,

| aime= = [ w0 [ Rl o)
+ 2 /F{{‘/’_W2<P}}'VF[[VhH

FeF,

d

converges to — [o, v(V-)
Vv =w, ve H(R?), and v =0 outside Q = v € H}(Q).
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Poisson problem

» A basic formulation

» Convergence analysis
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A basic formulation

> Let f € L(Q) withr>2ifd=3and r>1ifd=2
> u € HYQ) s.t. for all v € HY(Q),

/Vu~Vv:/fv
Q Q
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A basic formulation

> Let f € L(Q) withr>2ifd=3and r>1ifd=2
> u € HYQ) s.t. for all v € HY(Q),

/Vu~Vv:/fv
Q Q

» DG bilinear form (disc. grad. with / = k or k — 1)

an(Vh, wh) o /Q Gh(vn)-Gh(wn) + jn(Vh, wp)

» Stabilization

i) S [ Q) re (Do) = | RiL)-Rof sl

FeFy
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A basic formulation
» Expanding the lifting operators yields

ap(vh, wp) = /QVth'VhWh+ Z H/S)fF([[Vh]])‘fF([[Wh]])

FeFy

-y /F (vr- AV v} [ws] + v nwn} [val)

FeF,

This is the IP-method of Bassi, Rebay et al. 97
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A basic formulation
» Expanding the lifting operators yields

ap(vh, wp) = /QVth'VhWh+ Z n/{sz([[Vh]])‘fF([[Wh]])

FeFy

-y /F (vr- AV v} [ws] + v nwn} [val)

FeFh
This is the IP-method of Bassi, Rebay et al. 97

» SIPG method [Arnold 82] and LDG method [Cockburn & Shu 98]

SR (v wy) 3 ni/:HVhHHWhH */QRh([[VhH)'Rh([[Wh]])

FeF,
. def 1
) S e [ [l
FeF, FJF
h
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A basic formulation

» Stabilization parameter 77 > Ny (max. number of faces per mesh
element)

» Stability result: For all v, € V,

1Ga(vi) 12y + (1 = No) > e ([val)ll72(ys < an(vi, vi)
FeFy

» Coercivity: Ja > 0 s.t. for all vy € V£,

O’HVhH%)G < ah(vhe Vh)
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Convergence result

Let {up}ner be the sequence of approximate solutions generated by
solving the discrete Poisson problem on the admissible meshes {7} pen.
Then, as size(7,) — 0,
up — u in L2(Q)
Gh(uh) — Vu in Lz(Q)d
Viup — Vu  in L2(Q)¢

|upls,7,—1 — 0

where u € H3 () is the exact solution
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Sketch of proof

» A priori estimate:

cllunlc < a(un ) = [ fun < [l unlr o
Q
and Sobolev embedding yields
lunlpe < C
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Sketch of proof

» A priori estimate:

@ llunll (@)

clluslc < a(unsun) = [ fun < [
Q
and Sobolev embedding yields

llunllpa < C

» Compactness: there exists a subsequence of {up}heyy and
u € H(Q) s.t. as size(7;) — 0,

up — u strongly in L?(Q
Gh(up) — Vu weakly in L?(Q)?
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Sketch of proof

» Identification of the limit: For all ¢ € C2°(Q),

ah(uh,whga)ﬂ/Vu-Vga
Q

so that
/fcp&/fﬂh@:ah(uh77rhgo)—>/Vu-V<p
Q Q Q
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Sketch of proof

» Identification of the limit: For all ¢ € C2°(Q),

ah(uh,whga)ﬂ/Vu-Vga
Q

so that

/fcp&/fﬂh@:ah(uh77rhgo)—>/Vu-V<p
Q Q Q

» By density of C>°(Q) in H}(Q), u solves the Poisson problem

» By uniqueness of the solution, the whole sequence converges
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Sketch of proof

» Owing to weak convergence
liminf || G (un) [ 2(0y¢ = [V ullf2(qe
» Owing to stability

IGatun)ay < anton ) = [ i

so that
limsup ||Gh(Uh)||%2(Q)d <lim SUP/ fup = / fu = ||vu||%2(ﬂ)d
Q Q

» Hence, ||Gh(un)lli2) — [[Vull12(q)e so that Gp(up) strongly
converges to Vu in L2(Q)¢
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Sketch of proof

» Owing to stability

(n=No) > e ([un])172(pe < an(un, tn) = | Gh(un)[IF2(e
FeFy

» Hence, |uply 7,1 — 0
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Sketch of proof

» Owing to stability

(n=No) > e ([un])172(pe < an(un, tn) = | Gh(un)[IF2(e
FeFy

» Hence, |uply 7,1 — 0

Remark. If the exact solution is smooth, the usual optimal a priori error
estimates are recovered

|u— upllpe < C(u)h*
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Incompressible Navier—Stokes

» Pressure-velocity coupling (Stokes system)
» Convective trilinear form for NS

» Convergence result
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Stokes system

> Let f € L"(Q)¢ withr > 2ifd=3and r>1ifd=2
> Let v >0

> (u,p) € HY(Q)9 x L3(Q) s.t. for all (v,q) € H}(Q)? x L3(R),

u/Vu-Vv—/pv.v+/qv.u:/f.v
Q Q Q Q
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Stokes system

> Let f € L"(Q)¢ withr > 2ifd=3and r>1ifd=2

> Lletv >0

v

(u, p) € HY(Q)9 x LE(Q) s.t. for all (v,q) € H}(Q)? x L3(Q),

u/Vu-Vv—/pv.v+/qv.u:/f.v
Q Q Q Q

Equal-order polynomial spaces for velocity and pressure

v

Uy v P vl XY u,x Py

» Pressure stabilization sx(qn, ) o ZF€H he [clan]lra]
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Pressure—velocity coupling

» Discrete divergence operator

Vv, € Uh, D,I,(Vh) = G,’,(vhJ)-ej

» Pressure—velocity bilinear form

br(Vh, Gn) o / qnDF (vh)
Ja

> (un, pn) € Xn st In((un, Pr), (Vh, Gn)) = Jo F-Vh, Y(Vh, gn) € Xa
where

In((un, pr); (Vs gn)) o van(un,i, Un.i)+bn(Va, pn)—bn(un, gn)+se(pn, gn)
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Convergence result

Let {(un, pn)}her be the sequence of approximate solutions generated by
solving the discrete Stokes problems on the admissible meshes {7, } e -
Then, as size(7,) — 0,
up — u in L2(Q)?
thh — Vu in Lz(Q)d'd
\un|3,7,-1 — 0
Ph — P in L2(Q)

|Ph\.l.ﬂ'$1 —0

where (u, p) € H}(Q) x L2(Q) is the exact Stokes solution
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Sketch of proof

v

Coercivity on velocity and discrete inf-sup condition on pressure

v

A priori estimate + compactness: uj, — u strongly in L2(Q)?,
Gh(up ;) — Vu; weakly in L2(Q)? and p, — p weakly in L2(R)

Identification of the limit and convergence of the whole sequence

v

v

Strong convergence of velocity gradient and jumps (as before)

v

Strong convergence of the pressure using Nelas velocity
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Sketch of proof

v

Coercivity on velocity and discrete inf-sup condition on pressure

A priori estimate + compactness: uj, — u strongly in L2(Q)?,
Gh(up ;) — Vu; weakly in L2(Q)? and p, — p weakly in L2(R)

Identification of the limit and convergence of the whole sequence

v

v

v

Strong convergence of velocity gradient and jumps (as before)

v

Strong convergence of the pressure using Nelas velocity

Remark. If the exact solution is smooth, the usual optimal a priori error
estimates are recovered [Cockburn, Kanschat, Schétzau & Schwab 02,
AE & Guermond 08]

[(u—un, p— pn)lls < C(u)h*
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Incompressible NS system

> Let f € L"(Q)¢ withr> 2 ifd=3and r>1ifd=2
> Let v >0
> (u,p) € HY(Q)? x L3(Q) s.t. for all (v,q) € H}(Q)? x L3(Q),

y/ﬂVqu—O—/gv-(V-F(U,p))+‘/QqV-u:/Qf-v

with incomp. Euler flux F(u,p) = u® u+ pl

» Existence of such a weak solution holds for d € {2,3}

v

Uniqueness under small data assumption
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Incompressible NS system

» For all ue H}(Q)4,

[evwen = [ w@(von =~ [ w9

» Temam's device for stability: add source term — [, 3(V-u)u

> non-conservative form
> source term vanishes at the limit for solenoidal velocity

» Modified Euler flux ®(u,p) =u® u+ %|u|2/ + pl with
p=p—3luP
> conservative form
> hinted to in [Cockburn, Kanschat & Schétzau 05]
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Discrete NS system

» DG methods for incompressible NS
> piecewise solenoidal velocity fields [Karakashian & Jureidini 98]
> nonconservative method based on Temam's device [Girault, Riviere

& Wheeler 04]
> conservative LDG method [Cockburn, Kanschat & Schétzau 04]

using BDM projection

» FV methods for incompressible NS
> nonconservative form [Eymard, Herbin & Latché 07]
> conservative form [Chénier, Eymard & Herbin 08]
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Discrete NS system

> (uh,ph) € Xp s.t. V(Vh, qh) € Xp,

In((un, pn), (i, Gn)) + ta(un, un, va) =/ f-vh
Q

with Stokes bilinear form /, and discrete trilinear form t,

» Design conditions on ty,
> Stability: th(va, va, vi) =0, Yvi € Uy
» Continuity on discrete space
> Weak continuity: ta(un, un, mhe) — t(u, u, )

» Existence of discrete solution using topological degree argument (no
small data assumption!)
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Convergence result for NS

Let {(un, pn)}her be a sequence of approximate solutions generated by
solving the discrete NS problems on the admissible meshes {75} ne-
Then, as size(7,) — 0, up to a subsequence

up — u in L2(Q)?
Vhup — Vu in L2(Q)%d
luply 7,—1 — 0
Ph— P in [2(Q)

|Ph\.l.ﬂ'$1 —0

where (u, p) € H}(Q) x L2(Q) is an exact solution
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Examples of DG trilinear forms

» Non-conservative, based on Temam's device

tn(w, u,v) = /Q(W.vhu).v_ > /F{W}.VF[[UH-{{V}}

FeF}

+/Q%Vh~w(u-v)— Z /F[[WH'I/F%{{U'V}}

FeFy
so that
th(Un, tn, Vh) = /Uh-gﬁk(uh,/)vhﬂr% > /ﬂuh,iﬂVF'[[UhMVh,i]]
Q FeF] F
+/ D*(un) S upivh,i
Q
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Examples of DG trilinear forms

» Conservative, based on Euler flux modification

th(w,u,v) = /Q(W® ): Vv + Z /VF {up{w}-Ivl

FeF]
/—vvhuw Z/I/F{{v}} [u-w]
FeF}
so that
th(un, un, vh) = —/ up it GRE(vhi) = 5 D /VF [un] [un,i][va,i]
@ Fer
—/ Sun,iuniDp* (vh)
Q
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Concluding remarks

» Uniqueness of discrete solution under small data assumption

v

Upwinding of convective term

v

Optimal a priori error analysis under strong regularity assumptions

v

Confirmed by numerical tests on standard benchmark problems

v

For higher Reynolds numbers, the artifical compressibility method of
[Bassi, Di Pietro & Rebay 07], yet to be analyzed mathematically,
yields better CV of nonlinear solver
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