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Specifications for the approximation of diffusion terms

be valid on 3D generalizations of such grids see 3D benchmark: R. Herbin, F. Hubert




Specifications for the approximation of diffusion terms

apply to anisotropic heterogeneous diffusion operators

—div(A(z) Vu)

examples

SNTEIEIEN A () = A\p(x) en(x) ® en(x) + Ay () ey(x) ® ey(x)

i — [

LTI Dl A(x) = (Af + pe|v(x)|)Id + v(z) ® v(x)

v ()|

matricial relative permeabilities



Specifications for the approximation of diffusion terms

provide conservative fluxes between control volumes

Frgr(u) + Frg(u) =0

used for transport of species Z wirFrr(u)
L

examples:
oil engineering
water resources management

nuclear waste storage simulation



Specifications for the approximation of diffusion terms

be exact on coarse mesh with heterogeneous anisotropic diffusion when affine solution
(cf. 2 point flux in 1D problems)

be precise on 2D and 3D meshes with one layer per rock type

with homogeneous control volumes

—Au=0

dyw — div(wVu) =0
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Specifications for the approximation of diffusion terms

use values as primary variables
elimination of any
SN My = {L € M,3u, Fgr(u) # 0}

for parallel architectures, 9-point in 2D, 27-point in 3D



Specifications for the approximation of diffusion terms

convergence properties

Z Fgr(u) = / J EHUMISN wu converges to continuous solution
K
L

resulting from coercivity properties

lullh <ad ) Frp(u)(ux —ur)

consistency properties

Z Z Fxi(u)(prx — 1) converges to / Vu:-AVp
K L «

symmetry properties (necessary for “convective nine-point scheme”)

; EL: Fip(u)(vk — vg) = ; EL: Fren(v)(ux — ur)




Specifications for the approximation of diffusion terms

satisfy a local maximum principle for solution of Z Fgr(u) =0
L

AMg, min ur < ug < max uy,
€

or less strong properties...

ensured by (non)linear schemes such that

Frp(u) =) Ty (w)(uk — upr) with Ty (u) > 0

ex: Le Potier’s works



Schemes and specifications

restricted on linear schemes

gen. gen. gen. exact coerc.
schemes 2D 3D diff. aff. stencil consist. max.
mesh mesh matrix o] symm.
2-point \ \ N Y Y YYY ) 4
P1 FE Y/N Y/N Y \ Y YYY Y/N
Mix.FE Y/N Y/N Y Y N YYY \
HMM Y Y Y Y \ YYY \
DDFV A 4 Y Y Y N YYY Y/N
MPFA Y Y Y Y Y NYN \
G-Scheme Y Y Y Y Y YYN \
SUSHI Y Y Y N/Y \ YYY \
YA9PS Y N Y Y Y YYY |

no scheme with only “Y"...




YA9PS: new scheme inspired from MPFA, HMM and SUSHI

first step: recall HMM
second step: use HMM and MPFA for YA9PS



Notations for HMM methods

AT TG —divAVau = f EIRVELE on 01

S Fro(a) = /K f(z)dz with Fr (@) = — /U A

find u € Xpyp s.t. Z Fgo(u) = / f(x)dx
o€k K
and Fg,(u) + Fgo(u) =0if M, = {K, L}

with

X’D,O — {(UK)KEMa (ua)o'eé’a Uy — 0 for o € gext}

U'Egint: MJZ{K,L},O'EgeXtI MJ:{K}




Construction of HMM methods

first step: write FV scheme under weak form
X’D,O — {(uK)KE./\/b (ua)0'657 Uy = 0 for o € gext}

w€ Xpost. Y Fo(u) = / f(a)da
o€l K

and Fx,(u) + Fgo(u) =0if M, = {K, L}

(u,v)p = Z Z (vKk — Vo) Fr o (1) Hpmo(z) = vk
KeMocéy if x ¢ K

u € Xpyp s.t.
(u,v)p = / f(x)Ipmv(x)dz, Vv € Xpy
Q




Construction of HMM methods

second step: use discrete gradient, defined thanks to magical formula

VG €RY, VK € M, |K|G = }  |o|(zs — zK) - G Ko
oc€yk

(u,v)p = Z | K| (VKu - ArVigu+ (RKu)TBKRKu)
KeM

where B symmetric positive definite matrix with side #Ex
and bounded eigenvalues

thm (DEGH2009): HMM coercive consistent symmetric



SUSHI scheme

elimination of selected interfaces unknowns by barycentric averaging

O v € Xp s.t. (u,v)p = / f(x)IIpv(x)de, Vv € X5
Q

where

K
setting [REa Z a rk foralloc € B
K

symmetric scheme

X ={u € Xpyo, u, = Zaf’uK for o € B}
K




Build 9-point scheme using MPFA and SUSHI ideas

Build gradient in K

using magical formula

with values at centers of edges
9

€ = [Tk, Yo [Yors 8] [5 Yo) [Tk Yo

values u%—,s for € = [y,/, s|[s, Y,

provided by flux conservation
(as in MPFA O-scheme)

values on u},s for € = [Tk, Yo ][TK;s Yol

provided by averaging expressions

(u, vb—ZZ > . A (uk,

S GegK GlegK



Build 9-point scheme using MPFA and SUSHI ideas

elimination of U},S for e = [y, s|[s, Y,]

provides

Uy, lin.comb. of four ug,
S

of eight u , for € =[xk, y,] .

. 1
Ukg,s = E(U’K + ’LLU)

PRI TN v, — aug + (1 — a)u;, B



Averaging on edges

first idea:

Yo = [T, xL] N [s, ']
then barycentric expression

does not respect specification !

second idea:
use “harmonic averaging” instead
of barycentric value...

Need two-point expression in



A problem which looks like optics...

Problem: find point y,
s.t., for all v affine in K and L
continuous at the interface

with AKV’LL|K *NKL = ALV’U,|L *NKIL

N u(y,) given by lin. comb. of u(xx) and u(xr)

Recall: Snell-Descartes law

ngsin@g = nrsinfy




Harmonic averaging points....

Ardi s + AkdrL o Ardi s + Akdr o

)\K = NkKr AK’I’LKL )\OI-{ = (AK — )\KId)nKL

(Akx — AL)

)\L = Ngkyg ALnKL )\% = (AL — )\LId)nKL

Ardk su(xr) + Axdr su(Tk)

uly,) = Ardi s + Akdr o

K~ Ys

I if A7 — A7 = 0 then Ag > ie. Ax tanfx = Az tan 6

K,o

. no optics



Resulting construction of (u, v)p

{(UK)KGMa (ua)aega (ua,s)a'eﬁs,sev
u, given by harmonic point averaging}

_uK—l_uT

if e =[xk, y,| and

U, if € = [s,y,] for 7 = o and o’

K| Vieu = ) lel(uf,, — ux)ng,
€€k, s

(u,v)p = Z Z | K| <AKVK,Su-VK,Sv—|— Z aKTR}{,SuRTK’Sv>

KGM SGVK

T=0,0"'

1
Wil oi- > 0, R, u= (ur —ux — Vigsu- (y, — xzk)), for 7 = o et o’
’ KTt

properties of scheme: coercive, symmetric, convergent



YA9PS: 9-point finite volume scheme

scheme can be expressed by

VK €M, 3 Fir(w)+ Y Fralw) = [ f@)da

oc=K|L oCofN2

where expression of can be deduced from

(wo)a= D D, AR (ug, —ur)(vig, —vk) = ) Fi (u) (vi, — vK)

EEgK,s GIEgK,S 6E‘gK,s

using conservation of fluxes and averaging expressions



Numerical results

u(x,y) = sin(7rx) sin(wy)

mesh 1 mesh 2 mesh 3 mesh 4 N R)
#M 62 302 1357 5363 21031
# hybrid edges 1 3 6 10 17
L?-error 9.15 1073 | 3.07 103 9.3010% | 2.66 107% | 6.89 10>




Conclusions
YAI9PS satisfies a few properties but not 3D extension

ideal scheme remains an open problem



