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Stokes problem with smooth variable viscosity

» Problem
div(—2n(.)Du+ pld) = f in Q,

div(u) =0  in Q,
u=20 on 01, (S)

/ p(z)dz = 0.
Q
with Du = £(Vu+ ‘Vu),
» ) a polygonal open bounded connected subset of R2.
> £ e (L7(Q)7
» n € C%(Q) with B
0<C, <n(z)<Cy Vel

» Goals
» Write a wellposed DDFV scheme for (S).

» Prove error estimates for this scheme.






DDFV meshes

A
A Primal mesh 9% 4 ¢ Dual mesh 9™
Primal cells Dual cells
v u?t = (ux)cem ~ um: = (W) crem=
~u? = (U u?),

"~

L./ Diamond mesh ©

Diamond cells

P = (P )peo

T P Sy =T



DDFV meshes

N ~.
- S

A 3 N
A Primal mesh 9 4 ¢ Dual mesh 2™ L.\./ Diamond mesh D

Primal cells Dual cells Diamond cells

M = () cem o0 = (e )~ p® = (57)veo
u?, ),

~ U

N‘-}L‘[T:(

~ Discrete operators : V°u? and div” (£9).

T B T 5 T
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Constant viscosity 7

div(—=Vu + pld) = f,
div(u) = 0.

Velocity unknowns : centers and vertices
Pressure unknowns : diamonds cells.
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Constant viscosity 7

Velocity unknowns : centers and vertices div? (-V®u” + p®Id) = 7,
Pressure unknowns : diamonds cells. Tr(V2u®) = 0.

v

We do not know if the discrete problem is wellposed for general meshes.

v

The problem is wellposed for 7 :

» triangles : conformal meshes with angles <

ol 3

» rectangles : non-conformal meshes.

Delcourte & Domelevo & Omnes ’07

v

Existence of uniform discrete inf-sup inequality ?

v

Error estimates only for the velocity (when the problem is wellposed).
K. ’08



Constant viscosity 7

Velocity unknowns : centers and vertices div? (—~V®u” + p®1d) = 7,
Pressure unknowns : diamonds cells. Tr(VDuT) -0
What can we do?

» Stabilize the mass conservation equation with a term depending on the
pressure.

div” (—-V®u” + p®1d) = 7,
o o o (Stab)
Tr(VPu”) + 5% (p”) = 0.
» Existence and uniqueness for general DDFV meshes.
» Error estimates for the velocity and the pressure with a particular
stabilization term (inspired of Brezzi-Pitkiranta framework). K. °09

» Approximate the pressure on both centers and vertices of the mesh and the
velocity on the diamond cells, using A = Vdiv — curl curl.

» Existence and uniqueness for general DDFV meshes.

Delcourte & Domelevo & Omneés ’07
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Discrete operators

T
DISCRETE GRADIENT OF A VECTOR FIELD (R?)

I Tie,c
Ve () — (My(R))® TSR Ayt
T U,T DT :‘\
v (UT> = (V7u )Dei) e
t D, T N
b (V u ) Tpx
where VPu? = (t (v® ,UT)) Diamond cell
1 - © = U
Vo7 = — (”‘ DO 4 ﬁ,*,c) -
sin(ap) M= mg

VP07 (zp — Tc) = v — Uy

equivalent definition
4 {VDUT'(%* — Tx ) = Upr — Ugr.
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Discrete operators

DISCRETE GRADIENT OF A VECTOR FIELD (]Rz)T

—

v@ :(RQ)T _ (MQ(R))D o = kol
r_ [(u” DT

w = (") = (VT

t VP yu?
where VPu? = (t(VDvT)>

DISCRETE DIVERGENCE OF A TENSOR FIELD (M, (IR))®
div” : (Ms(R))® — (R?)”
1 . 1 S
K e M, o div(¢(z))de = — Z /Uf(s)n,,cds

m,
KK K scox

1
divee® = — > m, ¢ ik

Diamond cell
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Discrete operators

DISCRETE GRADIENT OF A VECTOR FIELD (]RZ)T

T <7 -
N Tk
V2 (R?)T — (My(R))® TSR e
u” = <UT> = (V7u?) e
== UT De® N\ 7
t D, T N
oo (V u ) zﬁ‘*
where VPu” = <t (VP UT)> Diamond cell

DISCRETE DIVERGENCE OF A TENSOR FIELD (M5 (IR))®

div” : (M>(R))® — (R?)

T

. 1 _
keM, divee® = — E I T
UL
1 ocCOoK
Kr e M UM, dive'¢e® = § M E B e
My *

o*COK*

div™e® = ((divee?), ) div™e® = ((divee?) ).
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Discrete operators

DISCRETE GRADIENT OF A VECTOR FIELD (]Rz)T

Tk <

/‘af\ 7_")c,c
v (R — (Ma(R)® e b
T U,T v’D T ;'.\ *
b % = (VPu")pen N
t D, T Mo
oo (V u ) zﬁ‘*
where VPu? = (t(vp Ur)) Diamond cell

Fundamental tool (discrete duality)

—/Qdiv"(fg)-ufz/g(fg : VPu”).
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Discrete operators

T
DISCRETE GRADIENT OF A VECTOR FIELD (R?)

Tk <

/‘af ~ 7_")<,c
Vo (R — (Mo (R))® SIS e
T _ UT vD T ;\ *
u = T = ( u )De@ K\'f
t D, T M7
bz (v u ) ;cL‘*
where V7u”? = (t(vpvf)> Diamond cell

T
DISCRETE STRAIN RATE TENSOR OF (IR?)

D? :(R?)" — (M2(R))®
u” — (DPu”)pen
with

DPu” = (v%f + t(vﬁuf))

N | =



Discrete Korn inequality

PROPOSITION

For all u” € (RQ)T,
[ID®uT |z < |V uT .

[fu” €eEp:VeedM, uc=0, VkredM, ue =0,

div™ (tvi’uf) = div” (Tr(Vu7)Id) . (1)
THEOREM (DISCRETE KORN INEQUALITY, K. 09)

For all u™ € Ey,
[V2uT |2 < V2D u|,.

- 8/ B9



DDFV scheme 1/3

‘We note
Ny = 1(p).

» On the primal cell ©

/ f= / div(—2nDu + pld) = > / —2nDu + pld)ii,

oCOK
~ myediv® (—=27°D®u” 4 p®Id) := Z m, (—2n,D"u” + p”Id)n,«

ocCox

» On the dual cell c*

/ f—/ div(=2nDu + pld) =
.

~ mye-div® (=2n° D u”+p®1d) := Zm =21, DPuT+ pPId) 8w e x
o*COK*

Z / —2nDu + pId)id = e

o*COK*




DDFV scheme 2/3

» On the diamond cell

/0_/d1v /Tr(Vu)NmDTr(VD u”).

» We stabilize this equation like in Brezzi & Pitkiranta 84 :

Tr(VPu”?) =0

becomes
Tr(VPu”) — AhZAPp? =0

T

with A > 0 and
1 h:+hZ,
AP D _ = D D D' __, D
Po = > gz 07—,
5=D|D’'cOD

hp is the diameter of the diamond D.




DDFV scheme

Find u? € Eq and p® € R® such that,
div™ (=27°D*u” + p®1Id) = f™,
div™" (=27°D%u” + p®1Id) = £,

| (S-DDFV)
Tr(VZu”) — Mh2A®p? =0,
Z mpp =
DED
K. ’09

THEOREM (EXISTENCE AND UNIQUENESS)

Let T be a DDFV mesh.

For any value of the stabilization parameter XA > 0, the (S-DDFV) scheme
admits an unique solution.

T 75O



Error estimates

THEOREM (ERROR ESTIMATES, K. 09)
General and regular DDFV mesh T .

» 1 Lipschitz continuous :

In(2) —n(a)| < Cyle — @'l, Va,a’ € Q.

> (u,p) € (H%(Q))? x HY(Q) the pair solution of the exact problem (S),

» (u7,p®) ¢ (RQ)T x R® the pair solution of the scheme (S-DDFV)
There exists C >0 :

7

[u—u”|z + [[Vu—VZuT|y < C size(T)
and

lp—p®lla < C size(T)

This convergence rate is optimal.

12/ B9
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Main tool : Stability of (S-DDFV) 1/2

» Strategy for stability :

B(u”,p?;u”,7”) z/ﬂdiv’—(—217©D©uT +p°Id) -u”
+ /Q (Te(V2uT) = \h2A® )52
For 7 = u” and 7® = p®, we want
IV2uT 3 + 19713 < CGB(u™,p®;u7,57).

But we have

IVEuTl3 + 11p°113 < CB(u™,p®307,5°)+ o ([Ip°13 — [p®[7) -
No uniform con;;ol w. r. size(T)

where [p°[3 = > " (h2 +12)(p” —p°).
s€6
» Idea : construction of u%,p® (close to u?,p®).
Eymard & Herbin & Latché 06




Main tool : Stablllty of (S-DDFV) 22

PROPOSITION (STABILITY OF (S-DDFV), K. 09)

V (u%,p?) € Eg x R® with Z mpp” = 0.3 (U7, p°) € Eg x R® such that
DED
Ci>0and Cy >0 :

IVEaTllz + 17°ll2 < G (IV2u™[l2 + [Ip7]l2) ,

and —
IVou|I3 +11p°15 < C2B(u”,p?;u”,5?).

14/ B9



Main tool : Stability of (S-DDFV) 22

PROPOSITION (STABILITY OF (S-DDFV), K. 09)

V (u%,p?) € Eg x R® with Z mpp” = 0.3 (U7,p°) € Eg x R® such that
DED
Ci>0and Cy >0 :

IVEaTllz + 17°ll2 < G (IV2u™[l2 + [Ip7]l2) ,

and IV2uT 2 + 15213 < CoB(uT, p°; a7, 7).

COROLLARY
(u”,p®) € Eg x R® the pair solution of the scheme (S-DDFV), 3 C >0
IV2uT |3 + 122113 < ClIET 5.

14/ B9
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Case 1 - Green-Taylor vortex - Constant viscosity

os(4mz) sin(4ry),

1 sin(2mz) cos(2my)

— 3 cos(2mz) sin(2my)
1
p Z, y = §
1.

n(z,y) =

0
0 01 0z 03 04 05 06 07 08 03 1

Streamlines



e T TR e e P T L e R e R R R
Case 1 - Green-Taylor vortex - Constant viscosity

Mesh

lp = 2= ll2/llpll2

Error in LZ-norm of the pressure

Rate: 1.0417

Mesh size

Rate =1.04



Case 1 - Green-Taylor vortex - Constant viscosity

[w = u™| g /[l g

Error in H;-norm of the velocity

10
Rate: 0.98506
107 .
1073 3 -2 -1
10 10 10 10

Mesh size

Rate =0.99

[lu = u™]l2/[ull2

Error in Lz-norm of the velocity

2 Rate: 1.9608 |
10 10 10 10
Mesh size

Rate =1.96




Case 2

( ) 100022 (1—x)22y(1—y)(1—2y) M
uzr,y)= ) 5
—1000y%(1—y)?2z(1—z)(1—2x)

9 0
p($7y)=$2+y2_§a .

Streamlines



Case 2

Mesh lp = 2 12/llpll2

Error in L>-norm of the pressure

order : 1.9323

107 107" 10°
Mesh size

Rate =1.9




Case 2

[u—u™ || g2 /[[all g u—uZ|s/|ulls
Error in H(l)-norm of the velocity " Error in L’-norm of the velocity

10° "
107

107y order : 1.8308
107

order : 1.3232
107 10°
107° 107 10 10 107 10°
Mesh size Mesh size
Rate =1.3 Rate =1.8




Case 3

u(z,y) = 10%(y* — 0.5y) else. | = w

0 05
p(:E,y) =2z — ].,

(z.9) 1 fory>05
x,y) = :
n Yy 10—4 else. s 01 0c s 04 05 06 07 08 o0s 1

Streamlines



Case 3

Mesh

lp = p®2/lpll2

Error in L2norm of the pressure

order : 0.83124

-
10
Mesh size

Rate =0.83




Case 3

= g/l I = u7z/ull

Error in H;-norm of the velocity Error inL%-norm of the velocity

/ | o order : 0.82788

order : 0.33734

2 ] o 2 - 0
10 10 10 1o 10 10
Mesh size Mesh size

Rate =0.34 Rate =0.83
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The interface Stokes problem

» Problem
(div (—2n;Du + pld) = f,
div(u) =0,
u=0,

[u] =0
[2nDu — pId] i = 0,

)

A piecewise constant viscosity 7 :
np > 0,

= { n2 > 07
satisfying

> Qlﬁﬂgz(l)andﬁzﬁ_luﬁ_g,
> F:aﬂlﬂaﬂg,

in Qi;

in Qi,

on 89, 0, (SF)

/Qp(a:)dx

on I,

on I,

in Ql,

in QQ,

O<Qn§n(x)§@7, Vz e

» i is an unit normal vector to I' and [a]|, = (a,, — ajq, )



Derivation of the S-m-DDFV scheme 1/4

> V¥u” is constant on each quarter diamond cell

ViuT = Z 1o VEu™,

Q€D

1 1
Vi{,c,,c* u” - 5(% — ) = U, — §(u;c + wer ),

N T
VQKJC*U .

(ur + upc=).

N =

(Tp — T+ ) = oy —

N =

uaK:*

~ VSuT = VPu” + Bod”, Ve C p.

Boyer & Hubert ’08



Derivation of the S-m-DDFV scheme 1/4

> V¥u” is constant on each quarter diamond cell

ViuT = Z 1o VEu™,

Q€D

%(u;c j— I{;*) Uo e
Lo [« 1 1
e Vg)CIC* '5(%_$’C):u5)c* _§(UK+UK*),
S 1 1
o ooy TP Vg;c o U u” - 5(% = Tx) = Uoy — §(UK + u+).
-

~s Viu® = VPu” 4+ B,d”, Vo C .

> B, is a matrix 2 x 4 which only depends on the geometry of o.
> 07 = (0x,0pr, 5,@ d.+)t are 8 artificial unknowns to be determined.
> BQ,C S inC (mo';cnlc woey 0, Mg nlCLvo)

~ DYu” = 5 (Vgu" ~|—tVAquT) , Vo C D.



Barycentric dual mesh

Here :
Diamond cells supposed to be convex.  Case of non-convex diamond cells.
Tyc*
/ fa—:\ K| e
N N
K4 ’\‘
./ N
/ N
. / o N
o S - AN
7 ~.
.7 - -0
Ra - pt
ot L
o e
T
= K* |£*

Problem in the quarter diamond definition

Alternative — Barycentric dual mesh :

Hermeline ’00, Delcourte & Domelevo & Omnes 07



Barycentric dual mesh

Alternative — Barycentric dual mesh :
Hermeline ’00, Delcourte & Domelevo & Omnes ’07

Classic dual mesh Barycentric dual mesh



Barycentric dual mesh

* Ty *
’ji]C K
RIS I
B ‘o - D KA
'ﬁ "‘ §' ié
. ., K4 ‘.‘
S ;?- “ « ,
I"————-———:‘oz i' (K&w *,
., J K4 L ’ 1 XP -,
0 o 4 < 7 N (N
., L, ¢, N .
., * 5 Qe N s,
~ R4 R ~ (N
’ P ’ s ~ 0
5’ " '~ 7 N ‘,
» 4 . ~ s
Ty s -~z S, N
!// “¢‘ L ~.~,.'. Y T
K "‘\ l: L
L _—--—-—"

O = Q¢ Oéic?éac




Derivation of the S-m-DDFV scheme 2/4

» CONSERVATIVITY OF THE FLUXES

Assumption : p € HY(Q).

The conservativity of the fluxes through o is

/g,c Mg e ()P Ui () s = /g,c My = (5)DU g (8)e - d.




Derivation of the S-m-DDFV scheme 2/4

» CONSERVATIVITY OF THE NUMERICAL FLUXES
‘We note

Ne = N(7g)-
We determine 67 matrix 4 x 2 such that

Mo o (2D7UT + B 07 + (Boy . 07))Hge s

P s (07)

=170, .. (2D"uT + By 0"+ (Boy . 07))ge e

-

Py (07)



ProrosiTiON (K. 09)

For all D € ® and all D”u” € My 2(R), there exists a 6" (D”u”) € My, 2(R)
ensuring the fluzes conservativity.

TmeT BRI STTERD



Examples
Z’C*
/'/'/"\‘
a:,Q: 7 \\
S S
/N
RN/ S~ = 67 =0 and D¥u” = D?u”
n >rL
\ s
.\, /'/‘
\ '/'
'/
Tp*
Tyc*
.- /‘\‘
ol |
“ Tl 2
N/ RN = §c=0, 0,=0 and g+ = .=.
\ 772 -
\, -
\ s
N
Tp*

DY is completely determined by

DYu” =D”u” + Bod”(D”u”) + ‘67 (D”u”)" B,.



=

Comparisons between the new and old operators

ProposiTioN (K. 09)

There exists a constant C > 0, such that for all u” € (]Rz)T :

[ID®uT 2 < IDYu” |2 < CID°u” ..

Thanks to the definition of D} u”, we have

) , 1 - .
> mollDYuT |5 = mo||D7uT |3 + 1 > mall Bod” + 67 Boll
Q€D Q€9

The second inequality comes from the following estimate

3" moll Bod” + 167 Bol3 < Cmy|ID"uT 3.
o€eNp

29/ B9



Recall of the S-DDFV scheme 4/4

Find u” € Eq and p® € R® such that,
div™ (=2n°D%u” + p®1d) = f™,
div™" (=27°D®u” + p°Id) = £,
Tr(Vou”) — A2 AP p® =0,

Z mpp” = 0.

DED

(S-DDFV)

We will replace, in the S-DDFV scheme, the discrete viscous stress tensor
n®Du” by
¢® (1, D®u”),



Derivation of the S-m-DDFV scheme 4/4

We replace, in the S-DDFV scheme, the discrete viscous stress tensor
n®D%u” by

o1, DPuT) = —— 37 mgno(DPu” + Bod? (D7u7) + '(Bod” (D7u7)),

m.
P 2eqp

-

=Dgu7'

Find u” € Eq and p® € R® such that,
div™ (=20 (7, D®u”) + p®Id) = £,
div™" (=20 (1, D®u”) + p®°Id) = £,
Tr(Vou”) — A2 AP p? =0,

Z mpp” = 0.

(S-m-DDFV)




S-m-DDFV scheme : particular case

1
en(n.D7uT) = — 3" mgro(D7uT + Bod”(D"u7) + "(Bod"(D7uT))),
P oedp

TV
—PDNauT
_Dgu

In the case where 7 is constant per primal cells :

\ T~ 1172 1172
M \\\\\7‘% = on <77 (a ’Y>> _ 2o 2m++nzfy
N\ ) nin2 nitn2 °
N "2 -7 v s 27]1-‘:-7]27 2 ’8
\ .7
“ -
N\, g
T



Analyéis of the S—m—DDFV scheme

THEOREM (K. 09)

For general and reqular DDFV mesh T. The S-m-DDFV scheme has an
unique solution (u?,p®), for all A > 0.

THEOREM (DISCRETE KORN INEQUALITY, K. 09)

For all u” € Ky, there exists a constant C > 0 such that

IVau™ |z < CIIDZu 2.

32/ B9
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Technical result

-- D

> If e = az, with (67,09) =0

Z QOBQfSDm%‘ <C Z mol| Bod” + téDtBQm%‘-
2€Qp Q€D
For each » € @, if |ax — a,| < €, we choose xp to be the intersection of the
primal edge ¢ and the dual edge ¢* instead of the middle point of the edge o.

> If e — ag| > e,

> mollBod”|F < Clsin(eg)) Y mollBod® + 67" Bol|%,
€0 Q€END

with C(sin(eg)) —, 00




Analyéis of the S—m—DDFV scheme

THEOREM (K. 09)

For general and reqular DDFV mesh T. We assume that 1) is Lipschitz
continuous per quarter diamond cells : ¥ @ € Q

In(z) —n(a')| < Cylz — 2’|, Vz,2"€a
If u is smooth on each quarter diamond cells @ and p € H(Q), we have
lu—u7|2 4 [[Vu— ViuT|2 < C size(T),

lp— p®l2 < C size(T).

34/ B9
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Ideas of the proof

We need :
» Stability of S-m-DDFV scheme.

» Consistency error. If u is smooth on each quarter diamond cells 9, the
difficulty leads in the proof of

/|Du — DYPTu(z)de < Ch2 S / (IVul? + |D?u[?)dz
QeNp QeNp

use the continuity of the normal part of the viscous stress tensor accross
of egdes.




Recall Case 3

u(z,y) = 10%(y* — 0.5y) else. | = w

0 05
p(:E,y) =2z — ].,

(z.9) 1 fory>05
x,y) = :
n Yy 10—4 else. s 01 0c s 04 05 06 07 08 o0s 1

Streamlines



Case 3

Mesh

lp — 02 l2/llpll2

Error in LZnorm of the pressure

Rate: 1.8586

2 -1 o
10 10 10
Mesh size

Rate for S-m-DDFV =1.85
Rate for S-DDFV =0.83




Case 3

[w = u™| g /[l g

Error in H;-norm of the velocity

Rate: 1.3643

2 -
10 10
Mesh size

Rate for S-m-DDFV =1.36
Rate for S-DDFV =0.34

[lu = u™l2/[ull2

Error in Lz-norm of the velocity

Rate: 1.902

2 ) o
10 10 10
Mesh size

Rate for S-m-DDFV =1.9
Rate for S-DDFV =0.83
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Case of discontinuous pressure 1/3

» CONSERVATIVITY OF THE FLUXES

~» 4 new pressure unknowns p©
on the quarter diamond cells

The conservativity of the fluxes through o is
/ (2U|W(S)Dulm(s) — plm(s)ld)ﬁg*,c*ds
oK

= / (277|7Q)<,c* (S)Duligmﬁ* (s) — Piog - Id)fnexds.
oK



Case of discontinuous pressure 1/3

» CONSERVATIVITY OF THE FLUXES

AN
AR
Z) N
.
a s ~~ 4 new pressure unknowns p<

RN on the quarter diamond cells

Tpx

We determine § = (67, p2) such that

(Nog - (2D"u” + B 57+ t(BQ,CJC,, 07) = Poy o 1)) Hge e

_

e, k*

~~

PO ox (9)

= (Mo, .- (2D"u” + By . 0"+ (Bo, ,.07) = po,. . 1d))fyexe

o, o+ (0)



(O)ge=po, . (0)fox

~L,L

E mep = mpp”.
2€Qp

ProposiTION (K. 09)

For all D € ® and all (D”u”,p”) € M3 2(R) x R, there exists a
§=(67,p) € My, 2(R) x R™ ensuring the fluzes conservativity.

40/ B9



Case of discontinuous pressure 3/3

THEOREM (K. 09)

General and reqular T DDFV mesh. The S-m-DDFV scheme has an unique
solution (u®,p®), for all A > 0.

Error estimates in progress.

Consistency error. If (u, p) are smooth on each quarter diamond cells @, the
difficulty leads in the proof

3 /|Du(z)_Dgpgu(z)|2dzg o2 S /(\Vu|2+|D2u|2+|Vp|2)dz.
genp /@ Qenp @

A1 769



DDFV schemes in 3D

SEVERAL APPROACHES

» Unknowns at centers of control volumes, at vertices Coudiere & Pierre 07
~~ Restrictions on the meshes. Andreianov and al ’08

» Unknowns at centers of control volumes, at vertices and at the faces
Hermeline 08’ ~~ Restrictions on the meshes.

» Unknowns at centers of control volumes, vertices, faces and edges.
Coudiére & Hubert 09 ~~ Works for general meshes.
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Construction of the diamond cells

» We need three complementary directions to reconstruct the discrete
gradient

» A natural choice, for any face F' = 0x N Jc, any edge e € JF, whose
vertices A, B € Oe.

» The direction zcx,
» The direction z,x,

» The direction z.z,
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Construction of the diamond cells

» We need three complementary directions to reconstruct the discrete
gradient

» A natural choice, for any face F' = 0x N Jc, any edge e € JF, whose
vertices A, B € Oe.

» The direction z,x,
» The direction z,z,

» The direction z.z,




Construction of the diamond cells

» We need three complementary directions to reconstruct the discrete
gradient

» A natural choice, for any face F' = dx Nz, any edge e € OF, whose
vertices A, B € Oe.

T a T LA
\ T . .
z o ’C » The direction zxz,
. e » The direction z,x,
Tic . .
» The direction z.z,
Te

Tp Zp Tp




Example of regular hexahedrical mesh

THE THREE MESHES

THE PRIMAL MESH AND A NODE CELL




Example of regular hexahedrical mesh

THE THREE MESHES

THE PRIMAL MESH AND A FACE CELL




Example of regular hexahedrical mesh

THE THREE MESHES

THE PRIMAL MESH AN AN EDGE CELL

AN




The discrete operators for scalar-value functions

The discrete operators with
v@ . RT _ (RS)Q’ leT . (]R3)’}3 N Rfmufm*um‘

THE DISCRETE GRADIENT

1 - — —
D, T
Vvpe®, VPu =-— ((uc — e )Ny + (up — s )Ny + (up — ue)NeF) .
3mp
with

. 1
N = ;(zB —z4) X (zp — we) = /}_CﬂEﬁD nic o ds

— 1

Rup = ;(zF—ze)x(zﬁ—m,c):/;mBnDnABds

. 1

Nep = ;(EL_ZIC)X (“‘B_mA)=/EnFnD nep ds

with the orientation choosen in such a way that

det(zp — x4, 2p — e, xp — x)c) > 0



The discrete operators for scalar-value functions

THE DISCRETE GRADIENT

1 - - -
Vpe®, VPu’ = ((uL — e )Ny + (up — s )Ny + (up — uﬁ)NeF) .

3mp

THE DISCRETE DIVERGENCE

m)cdlv ¢ZD Z (b NIC£7 mAdW ¢© Z ¢ NAB7

DEDK DED 4
mdivig® = 3 @7 N, mediv'¢® = 3 - (—ﬁ )
e eFy F eF |
DED, DEDf

Remark that for all C € 7, if n¢ is the unit normal to dC outward of C,

ICldivee® = /a _€2(a) - nela)doe).
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The discrete operators for vector-value functions

THE DISCRETE GRADIENT
V2 iuT € (R  (VPuT) . € (M3(R))?, as follows :
(VPul)
VvPuT = [ Y(VPu) |, VpeD,
(VPug)
where V", is defined below, for ¢ = 1,2, 3.
THE DISCRETE DIVERGENCE

VTP = () peo € M3(R))® - divTe? € (R3)MVMUI a5 follows

medivee® = > PNep, mudivie® = Y PN,

DED DEDA

m.divee® = Z N, mpdivie® = Z E”( N )

DED, DED R
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The discrete operators for vector-value functions

THE DISCRETE STRAIN RATE TENSOR
DY :u” € (R = (D"u7),cn € (M3(R))?, such that

B vVPu? + t(VDuT)
= 5 .

DPu”

THE STABILIZATION TERM

AP p? € R® = APp® € R®, and defined as follows :

1 h3 + h3, ,
APp® = — Z == Z?’ 2 (p” —p"), VDeED.
s=D|D'EED P




The DDFV scheme

Find u” € Eg and p® € R® such that,

div? (=277 D u™ + p~1d) = 7,

TrTl“(uT) _ )\/,%AD/)D -0, (3D-S-DDFV)
Z mpp” =0,
DED

with A > 0 given.

THEOREM (EXISTENCE AND UNIQUENESS, K. & MANZINT 09)

Let T be a DDFV mesh.

For any value of the stabilization parameter A > 0, the (3D-S-DDFV) scheme
admits an unique solution.

Error estimates is under study.

49/ B9
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Outline

©® THE DDFV METHOD FOR THE STOKES PROBLEM

© NUMERICAL RESULTS

o THE INTERFACE PROBLEM : DISCONTINUOUS VISCOSITY

@ EXTENSION

@ CONCLUSION
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Conclusion

» Successful extension for more general flows

div(=2n(.)D(u) + pld) =f  in Q,
div(u in Q,
on 9N.

even for discontinuous 7 viscosity .

» Perspectives

>

vV vVv.v Yy

Further numerical tests in process.

Error estimates for pressures that are only smooth per quarter diamonds.
Error estimates in 3D.

Handle other boundary conditions.

Take into account the dependency of 77 on Du (non-newtonian flows /
LES models).

Add the non-linear term u - Vu of the Navier-Stokes equations.
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Proof of discrete Korn inequality

» Proof of [[Vou” > < V2[[D°u™|, :
2ID°u” | = V7 uT |3 + /Q(t(VDuT) : Vo).
Using the Stokes formula Theorem and (1), we have
/Q (t (Vu7) : Vou T / div” v© T)) uT= / div” (Tr(V°u™)Id)-u”
Using the Stokes formula Theorem and TrV®u? = (Id : VPu?) :
/Q(t(vi’uf) :v’%‘f) = /Q(Tr(v@u”)ld :V2uT) = | Trv2u” |2 > 0.

< Return



Proof of wellposedness of the scheme 1/2

Let u” € Eg and p® € R® such that :
div™(—=27°D%u” + p*1d) = 0,

div™" (=27°D"u” + p®°Id) = 0,
Tr(VPuT) — A2 A% p® =0,

Z mpp” = 0.

DED
/ div? (=27°D%u” + p®Id) - u” = / (27D u” : D u”) — / Tr(VZu™)p®
Q Q Q
Furthermore, the mass conservation equation gives :

/va9 ) /Ah2A© 2=

where [p°[3 = > (b2 +12)(p” —p°)?
s€6
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Proof of wellposedness of the scheme 2/2

Using the discrete Korn inequality :
0= /Qdivf(—zn@D@uT +p1d) u” > C, VT + Al 2.

We finally get
[V2uT3=0 and [p”[; =0.
We deduce u” = 0 and p® = ¢. And we have Z mpp” =0s0 p® =0.

DED




Proof of existence of /" 1/2

We have
D mopo(67)Be =0 <= A = B(D"u7),
2€Qp
with B(D?uT) = 0 if D?u” = 0.
Existence <= KerA = {0}
Multiplying by 6"
Z Mo (210D T +1o(Bod” + 107 By) : Bod”) = 0.

Q€eN .
P Po(6P)

Since D”u” is zero, we obtain

Z mgng(témBQ + Bod” 1 Bod”) = Z Mmool Bod” + téDtBQ"B"-‘ =0.
Q€p €D

Therefore, it implies

YPIBL 4+ Bod” =0, Vo€ Qy.




Proof of existence of /" 2/2

> If o # ag,

'5P'By 4+ Bod® =0, Y o€ Qp implies 67 = 0.
> If ap = ag,

E5P'By 4+ Bod® =0, Y o€ Q, implies

_tﬁaK
Mo
PGS
ok
Mo
KerA = Span | 15 .5, := Span(dy).
mU)C*
_tﬁo,*,c*

Mo

Need to impose (67, 9p) = 0 for uniqueness and verify that the second
member belongs to the range of A.



Proof of wellposedness of the scheme 1/2
" Let u” € Eg and p° € R® such that :

div™ (=29 (,D®u”) + p®1d) =0,
div™" (=207 (7, D" u”) 4+ p®1d) = 0,
Tr(V2u®) — A2 APp® =0,

Z mpp” = 0.

DED
/le —20° (9, D°u”) +p*1d)-u /(2(,0@(77,D®u7):Vgu7)+)\|p®|,21.
Q
[ 26200707 70T = 3 Y mana(DuT s 20%07)
Q DED 0€QD
=3 ) mono(Dyu” : 2DXuT — Byo” — 67 By
DEDQEND

:/92 (nQDg/uT : DNu”).

Thanks to Z moto(DYu” : Bod”) =0

2€Qp
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Proof of wellposedness of the scheme 2/2

Using the new discrete Korn inequality :
0= [ (26°(2.D%u7): T2uT) 4 NP} > CIVEWTIE + Ap° .
Q

We finally get
[ViuT[l3=0 and [p®[; =0.
We deduce u” = 0 and p® = ¢. And we have Z mpp” =050 p° =0.

DED




Proof of new discrete Korn inequality

We have

Y Mol VIuTIE = mo|VPuTIE + D mollBod” |-

€0 €D

Combining the two estimates

Y mollBobPlF < C Y mol|Bod” + 67 Bl

€0 €D
and
t
> mollBod” + 107 BollF < Cmp D7 |3,
€D
we get

> mol[VEuTE < mo|[VouT |5 + Cmop D70 |3
€D

Using the discrete Korn inequality Theorem 1 and Proposition 4 , we conclude
IVEuT)3 < CID®u” |3 < CIIDYuT 3.
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