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Stokes problem with smooth variable viscosity

I Problem 

div(−2η(.)Du + pId) = f in Ω,
div(u) = 0 in Ω,

u = 0 on ∂Ω,∫
Ω

p(x )dx = 0.

(S)

with Du = 1
2 (∇u + t∇u),

I Ω a polygonal open bounded connected subset of R2.
I f ∈ (L2(Ω))2,
I η ∈ C 2(Ω) with

0 < Cη ≤ η(x ) ≤ C̄η, ∀ x ∈ Ω.

I Goals
I Write a wellposed DDFV scheme for (S).
I Prove error estimates for this scheme.
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Primal mesh M Dual mesh M∗ Diamond mesh D

Primal cells Dual cells Diamond cells

 uM = (uK)K∈M  uM∗ = (uK∗)K∗∈M∗  pD = (pD)D∈D

 uT = (uM,uM∗),

 Discrete operators : ∇DuT and divT (ξD).
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Constant viscosity η

Velocity unknowns : centers and vertices
Pressure unknowns : diamonds cells.

{
div(−∇u + pId) = f ,

div(u) = 0.
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Constant viscosity η

Velocity unknowns : centers and vertices
Pressure unknowns : diamonds cells.

{
divT (−∇DuT + pDId) = fT ,

Tr(∇DuT ) = 0.

I We do not know if the discrete problem is wellposed for general meshes.
I The problem is wellposed for T :

I triangles : conformal meshes with angles ≤ π

2
I rectangles : non-conformal meshes.

Delcourte & Domelevo & Omnès ’07

I Existence of uniform discrete inf-sup inequality ?
I Error estimates only for the velocity (when the problem is wellposed).

K. ’08
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Constant viscosity η

Velocity unknowns : centers and vertices
Pressure unknowns : diamonds cells.

{
divT (−∇DuT + pDId) = fT ,

Tr(∇DuT ) = 0.

What can we do ?

I Stabilize the mass conservation equation with a term depending on the
pressure. {

divT (−∇DuT + pDId) = fT ,

Tr(∇DuT ) + SD(pD) = 0.
(Stab)

I Existence and uniqueness for general DDFV meshes.
I Error estimates for the velocity and the pressure with a particular

stabilization term (inspired of Brezzi-Pitkäranta framework). K. ’09

I Approximate the pressure on both centers and vertices of the mesh and the
velocity on the diamond cells, using ∆ = ∇div − curl curl.

I Existence and uniqueness for general DDFV meshes.
Delcourte & Domelevo & Omnès ’07
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Discrete operators

Discrete gradient of a vector field
(
R2
)T

∇D :
(
R2
)T −→ (M2(R))D

uT =
(

uT

vT

)
7→ (∇DuT )D∈D

xK

xL

xK∗

~τK,L

~nσ∗K∗

xL∗

αD

~nσK
~τK∗,L∗

σ = K|L

σ∗ = K∗|L∗

Diamond cell
where ∇DuT =

(t(∇DuT )
t(∇DvT )

)

∇DvT =
1

sin(αD)

(
vL − vK

mσ∗
~nσK +

vL∗ − vK∗
mσ

~nσ∗K∗
)
.

equivalent definition

{
∇DvT · (xL − xK) = vL − vK,
∇DvT · (xL∗ − xK∗) = vL∗ − vK∗ .

7/ 59



Discrete operators
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(
R2
)T

∇D :
(
R2
)T −→ (M2(R))D

uT =
(

uT

vT

)
7→ (∇DuT )D∈D

xK

xL

xK∗

~τK,L

~nσ∗K∗

xL∗

αD

~nσK
~τK∗,L∗

σ = K|L

σ∗ = K∗|L∗

Diamond cell
where ∇DuT =

(t(∇DuT )
t(∇DvT )

)
Discrete divergence of a tensor field (M2(R))D

divT : (M2(R))D →
(
R2
)T

K ∈M,
1

mK

∫
K

div(ξ(x ))dx =
1

mK

∑
σ⊂∂K

∫
σ

ξ(s)~nσKds

divKξD =
1

mK

∑
σ⊂∂K

mσξ
D~nσK
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xK
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xL∗

αD

~nσK
~τK∗,L∗

σ = K|L

σ∗ = K∗|L∗

Diamond cell
where ∇DuT =

(t(∇DuT )
t(∇DvT )

)
Discrete divergence of a tensor field (M2(R))D

divT : (M2(R))D →
(
R2
)T

K ∈M, divKξD =
1

mK

∑
σ⊂∂K

mσξ
D~nσK

K∗ ∈M∗ ∪ ∂M∗, divK
∗
ξD =

1
mK∗

∑
σ∗⊂∂K∗

mσ∗ξ
D~nσ∗K∗

divMξD =
((

divKξD
)
K∈M

)
divM∗ξD =

((
divK

∗
ξD
)
K∗∈M∗

)
.
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Discrete operators

Discrete gradient of a vector field
(
R2
)T

∇D :
(
R2
)T −→ (M2(R))D

uT =
(

uT

vT

)
7→ (∇DuT )D∈D

xK

xL

xK∗

~τK,L

~nσ∗K∗

xL∗

αD

~nσK
~τK∗,L∗

σ = K|L

σ∗ = K∗|L∗

Diamond cell
where ∇DuT =

(t(∇DuT )
t(∇DvT )

)

Fundamental tool (discrete duality)

−
∫

Ω

divT (ξD) · uT =
∫

Ω

(ξD : ∇DuT ).
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Discrete operators

Discrete gradient of a vector field
(
R2
)T

∇D :
(
R2
)T −→ (M2(R))D

uT =
(

uT

vT

)
7→ (∇DuT )D∈D

xK

xL

xK∗

~τK,L

~nσ∗K∗

xL∗

αD

~nσK
~τK∗,L∗

σ = K|L

σ∗ = K∗|L∗

Diamond cell
where ∇DuT =

(t(∇DuT )
t(∇DvT )

)
Discrete strain rate tensor of

(
R2
)T

DD :
(
R2
)T −→ (M2(R))D

uT 7→ (DDuT )D∈D

with
DDuT =

1
2

(
∇DuT + t(∇DuT )

)
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Discrete Korn inequality

Proposition

For all uT ∈
(
R2
)T ,

|||DDuT |||2 ≤ |||∇DuT |||2.

If uT ∈ E0 : ∀ K ∈ ∂M, uK = 0, ∀ K∗ ∈ ∂M∗, uK∗ = 0,

divT
(

t∇DuT
)

= divT
(
Tr(∇DuT )Id

)
. (1)

Theorem (Discrete Korn inequality, K. 09)

For all uT ∈ E0,
|||∇DuT |||2 ≤

√
2|||DDuT |||2.

Proof
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DDFV scheme 1/3

We note
ηD = η(xD).

I On the primal cell K∫
K

f =
∫
K

div(−2ηDu + pId) =
∑
σ⊂∂K

∫
σ

(−2ηDu + pId)~nσK

≈ mKdivK(−2ηDDDuT + pDId) :=
∑
σ⊂∂K

mσ(−2ηDDDuT + pDId)~nσK.

I On the dual cell K∗∫
K∗

f =
∫
K∗

div(−2ηDu + pId) =
∑

σ∗⊂∂K∗

∫
σ∗

(−2ηDu + pId)~nσ∗K∗

≈ mK∗divK
∗
(−2ηDDDuT+pDId) :=

∑
σ∗⊂∂K∗

mσ∗(−2ηDDDuT+pDId)~nσ∗K∗
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DDFV scheme 2/3

I On the diamond cell D∫
D

0 =
∫
D

div(u) =
∫
D

Tr(∇u) ≈ mDTr(∇DuT ).

I We stabilize this equation like in Brezzi & Pitkäranta ’84 :

Tr(∇DuT ) = 0

becomes
Tr(∇DuT )− λh2

D∆DpD = 0,

with λ > 0 and

∆DpD =
1

mD

∑
s=D|D′∈∂D

h2
D + h2

D′

h2
D

(pD
′
−pD),

hD is the diameter of the diamond D.

xK∗

xD

xD′

D′

xL∗ xL

D

xK

s
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DDFV scheme 3/3



Find uT ∈ E0 and pD ∈ RD such that,

divM(−2ηDDDuT + pDId) = fM,

divM∗(−2ηDDDuT + pDId) = fM∗ ,

Tr(∇DuT )− λh2
D∆DpD = 0,∑

D∈D

mDpD = 0.

(S-DDFV)

K. ’09

Theorem (Existence and uniqueness)

Let T be a DDFV mesh.
For any value of the stabilization parameter λ > 0, the (S-DDFV) scheme
admits an unique solution.

Proof
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Error estimates

Theorem (Error estimates, K. 09)

General and regular DDFV mesh T .
I η Lipschitz continuous :

|η(x )− η(x ′)| ≤ Cη|x − x ′|, ∀x , x ′ ∈ Ω.

I (u, p) ∈ (H 2(Ω))2 ×H 1(Ω) the pair solution of the exact problem (S),
I (uT , pD) ∈

(
R2
)T × RD the pair solution of the scheme (S-DDFV),

There exists C > 0 :

‖u− uT ‖2 + |||∇u−∇DuT |||2 ≤ C size(T )

and

‖p − pD‖2 ≤ C size(T )

This convergence rate is optimal.
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Main tool : Stability of (S-DDFV) 1/2
I Strategy for stability :

B(uT , pD; ũT , p̃D) =
∫

Ω

divT (−2ηDDDuT + pDId) · ũT

+
∫

Ω

(Tr(∇DuT )− λh2
D∆DpD)p̃D.

For ũT = uT and p̃D = pD, we want

|||∇DuT |||22 + ‖pD‖22 ≤ C2B(uT , pD; ũT , p̃D).

But we have

|||∇DuT |||22 + ‖pD‖22 ≤ C2B(uT , pD; ũT , p̃D) + C1

(
‖pD‖22 − |pD|2h

)
.︸ ︷︷ ︸

No uniform control w. r. size(T )

where |pD|2h =
∑
s∈S

(h2
D + h2

D′)(p
D′ − pD)2.

I Idea : construction of ũT , p̃D (close to uT , pD).
Eymard & Herbin & Latché ’06

13/ 59



Main tool : Stability of (S-DDFV) 2/2

Proposition (Stability of (S-DDFV), K. 09)

∀ (uT , pD) ∈ E0 × RD with
∑
D∈D

mDpD = 0. ∃ (ũT , p̃D) ∈ E0 × RD such that

C1 > 0 and C2 > 0 :

|||∇DũT |||2 + ‖p̃D‖2 ≤ C1

(
‖∇DuT ‖2 + ‖pD‖2

)
,

and |||∇DuT |||22 + ‖pD‖22 ≤ C2B(uT , pD; ũT , p̃D).

Corollary

(uT , pD) ∈ E0 × RD the pair solution of the scheme (S-DDFV), ∃ C > 0

|||∇DuT |||22 + ‖pD‖22 ≤ C‖fT ‖22.
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Case 1 - Green-Taylor vortex - Constant viscosity

u(x , y) =

(
1
2 sin(2πx ) cos(2πy)

− 1
2 cos(2πx ) sin(2πy)

)
,

p(x , y) =
1
8

cos(4πx ) sin(4πy),

η(x , y) = 1.

Streamlines
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Case 1 - Green-Taylor vortex - Constant viscosity

Mesh ‖p − pD‖2/‖p‖2

Rate =1.04
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Case 1 - Green-Taylor vortex - Constant viscosity

‖u− uT ‖H 1
0
/‖u‖H 1

0

Rate =0.99

‖u− uT ‖2/‖u‖2

Rate =1.96
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Case 2

u(x , y) =

(
1000x2(1−x)22y(1−y)(1−2y)

−1000y2(1−y)22x(1−x)(1−2x)

)
,

p(x , y) = x2 + y2 − 2
3
,

η(x , y) = 2x + y + 1.

Streamlines
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Case 2

Mesh ‖p − pD‖2/‖p‖2

10
−2

10
−1

10
0

10
−1

10
0

10
1

10
2

Mesh size

order : 1.9323

Error  in L
2
−norm of the pressure

Rate =1.9
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Case 2

‖u− uT ‖H 1
0
/‖u‖H 1

0

10
−2

10
−1

10
0

10
−2

10
−1

10
0

Mesh size

order : 1.3232

Error in H
0

1
−norm of the velocity

Rate =1.3

‖u− uT ‖2/‖u‖2

10
−2

10
−1

10
0

10
−3

10
−2

10
−1

10
0

Mesh size

order : 1.8308

Error  in L
2
−norm of the velocity

Rate =1.8
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Case 3

u(x , y) =


{

y2 − 0.5y for y > 0.5
104(y2 − 0.5y) else.

0

 ,

p(x , y) = 2x − 1,

η(x , y) =

{
1 for y > 0.5

10−4 else.

Streamlines
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Case 3

Mesh ‖p − pD‖2/‖p‖2

Rate =0.83
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Case 3

‖u− uT ‖H 1
0
/‖u‖H 1

0

Rate =0.34

‖u− uT ‖2/‖u‖2

Rate =0.83
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The interface Stokes problem
I Problem

div (−2ηiDu + pId) = f , in Ωi ,

div(u) = 0, in Ωi ,

u = 0, on ∂Ω,
∫

Ω

p(x )dx = 0,

[u] = 0, on Γ,
[2ηDu− pId]~n = 0, on Γ,

(SΓ)

A piecewise constant viscosity η :

η =

{
η1 > 0, in Ω1,

η2 > 0, in Ω2,

satisfying 0 < Cη ≤ η(x ) ≤ C̄η, ∀ x ∈ Ω.

I Ω1 ∩ Ω2 = ∅ and Ω = Ω1 ∪ Ω2,
I Γ = ∂Ω1 ∩ ∂Ω2,
I ~n is an unit normal vector to Γ and [a]|Γ = (a|Ω1

− a|Ω2
)|Γ .
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Derivation of the S-m-DDFV scheme 1/4

I ∇NDuT is constant on each quarter diamond cell

∇NDuT =
∑
Q∈QD

1Q∇NQuT ,

xK

xσK

xD

QK,K∗

xσK∗
xK∗

uσK

uσK∗

1
2 (uK + uK∗ )

∇NQK,K∗ u
T · 1

2
(xD − xK) = uσK∗ −

1

2
(uK + uK∗),

∇NQK,K∗ u
T · 1

2
(xD − xK∗) = uσK −

1

2
(uK + uK∗).

 ∇NQuT = ∇DuT + BQδD, ∀Q ⊂ D.
Boyer & Hubert ’08
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Derivation of the S-m-DDFV scheme 1/4

I ∇NDuT is constant on each quarter diamond cell

∇NDuT =
∑
Q∈QD

1Q∇NQuT ,

xK

xσK

xD

QK,K∗

xσK∗
xK∗

uσK

uσK∗

1
2 (uK + uK∗ )

∇NQK,K∗ u
T · 1

2
(xD − xK) = uσK∗ −

1

2
(uK + uK∗),

∇NQK,K∗ u
T · 1

2
(xD − xK∗) = uσK −

1

2
(uK + uK∗).

 ∇NQuT = ∇DuT + BQδD, ∀Q ⊂ D.

I BQ is a matrix 2× 4 which only depends on the geometry of Q.
I δD = (δK, δL, δK∗ , δL∗)t are 8 artificial unknowns to be determined.
I BQK,K∗ = 1

mQK,K∗

(
mσK~nK∗L∗ , 0,mσK∗~nKL, 0

)
.

 DNQuT =
1
2

(
∇NQuT + t∇NQuT

)
, ∀Q ⊂ D.

24/ 59



Barycentric dual mesh

Here :
Diamond cells supposed to be convex. Case of non-convex diamond cells.

xL

xK

xL∗

xK∗

xD

σ∗ = K∗|L∗

σ = K|L

xD

xK

xL∗

xK∗

xL

σ∗ = K∗|L∗

σ = K|L

Problem in the quarter diamond definition

Alternative −→ Barycentric dual mesh :
Hermeline ’00, Delcourte & Domelevo & Omnes ’07
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Barycentric dual mesh

Alternative −→ Barycentric dual mesh :
Hermeline ’00, Delcourte & Domelevo & Omnes ’07

K

xL
xK

LK

xL
xK

L

Classic dual mesh Barycentric dual mesh
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Barycentric dual mesh

xK∗

xK

xL∗

xD
xK

xK∗

xL∗

αK

αL

xL

D

xL

αK

αL

αK = αL αK 6= αL
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Derivation of the S-m-DDFV scheme 2/4

I Conservativity of the fluxes

Assumption : p ∈ H 1(Ω).

xK∗

xL∗

xK

xL

QK,K∗

~nσ∗K∗

QK,L∗

The conservativity of the fluxes through σK is∫
σK

η|QK,K∗ (s)Du|QK,K∗ (s)~nσ∗K∗ds =
∫
σK

η|QK,L∗ (s)Du|QK,L∗ (s)~nσ∗K∗ds.
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Derivation of the S-m-DDFV scheme 2/4

I Conservativity of the numerical fluxes
We note

ηQ = η(xQ).
We determine δD matrix 4× 2 such that

xK∗

xL∗

xK

xL

QK,K∗

~nσ∗K∗

QK,L∗

ηQK,K∗ (2DDuT + BQK,K∗ δ
D + t(BQK,K∗ δ

D)︸ ︷︷ ︸
ϕQK,K∗

(δD)

)~nσ∗K∗

= ηQK,L∗ (2DDuT + BQK,L∗ δ
D + t(BQK,L∗ δ

D)︸ ︷︷ ︸
ϕQK,L∗

(δD)

)~nσ∗K∗
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Derivation of the S-m-DDFV scheme 3/4
xK∗

xL∗

xK

xL

QK,K∗

~nσ∗K∗

QK,L∗

xK∗

xL∗

xK

xL~nσ∗K∗

QL,L∗

QL,K∗

xK∗

xL∗

xK

xL

QL,K∗

~nσK
QK,K∗

xK∗

xL∗

xK

xL

QL,L∗

QL,K∗ ~nσK

ϕQK,K∗ (δD)~nσ∗K∗=ϕQK,L∗ (δD)~nσ∗K∗

ϕQL,K∗ (δD)~nσ∗K∗=ϕQL,L∗ (δD)~nσ∗K∗

ϕQK,K∗ (δD)~nσK=ϕQL,K∗ (δD)~nσK

ϕQK,L∗ (δD)~nσK=ϕQL,L∗ (δD)~nσK

⇐⇒
∑
Q∈QD

mQϕQ(δD)BQ = 0.

Proposition (K. 09)

For all D ∈ D and all DDuT ∈M2,2(R), there exists a δD(DDuT ) ∈MnD,2(R)
ensuring the fluxes conservativity.

Proof
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Examples

xK∗

xL∗

η

η
η

η

xK

xL
=⇒ δD = 0 and DNQuT = DDuT

xK∗

xL∗

η1

η1

η2

η2

xK

xL
=⇒ δK = 0, δL = 0 and δK∗ = δL∗ .

DNQ is completely determined by

DNQuT = DDuT + BQδD(DDuT ) + t
δD(DDuT )tBQ.
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Comparisons between the new and old operators

Proposition (K. 09)

There exists a constant C > 0, such that for all uT ∈
(
R2
)T :

|||DDuT |||2 ≤ |||DNQuT |||2 ≤ C |||DDuT |||2.

Thanks to the definition of DNQuT , we have∑
Q∈QD

mQ|||DNQuT |||2F = mD|||DDuT |||2F +
1
4

∑
Q∈QD

mQ|||BQδD + t
δDtBQ|||2F .

The second inequality comes from the following estimate∑
Q∈QD

mQ|||BQδD + t
δDtBQ|||2F ≤ CmD|||DDuT |||2F .
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Recall of the S-DDFV scheme 4/4

Find uT ∈ E0 and pD ∈ RD such that,

divM(−2ηDDDuT + pDId) = fM,

divM∗(−2ηDDDuT + pDId) = fM∗ ,

Tr(∇DuT )− λh2
D∆DpD = 0,∑

D∈D

mDpD = 0.

(S-DDFV)

We will replace, in the S-DDFV scheme, the discrete viscous stress tensor
ηDDDuT by

ϕD(η,DDuT ),
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Derivation of the S-m-DDFV scheme 4/4

We replace, in the S-DDFV scheme, the discrete viscous stress tensor
ηDDDuT by

ϕD(η,DDuT ) =
1

mD

∑
Q∈QD

mQηQ(DDuT + BQδD(DDuT ) + t(BQδD(DDuT ))︸ ︷︷ ︸
=DNQuT

),

Find uT ∈ E0 and pD ∈ RD such that,

divM(−2ϕD(η,DDuT ) + pDId) = fM,

divM∗(−2ϕD(η,DDuT ) + pDId) = fM∗ ,

Tr(∇DuT )− λh2
D∆DpD = 0,∑

D∈D

mDpD = 0.

(S-m-DDFV)
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S-m-DDFV scheme : particular case

ϕD(η,DDuT ) =
1

mD

∑
Q∈QD

mQηQ(DDuT + BQδD(DDuT ) + t(BQδD(DDuT ))︸ ︷︷ ︸
=DNQuT

),

In the case where η is constant per primal cells :
xK∗

xL∗

η1

η1

η2

η2

xK

xL
=⇒

ϕD

(
η,

(
α γ
γ β

))
=

(
2 η1η2
η1+η2

α 2 η1η2
η1+η2

γ

2 η1η2
η1+η2

γ η1+η2
2 β

)
.
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Analysis of the S-m-DDFV scheme

Theorem (K. 09)

For general and regular DDFV mesh T . The S-m-DDFV scheme has an
unique solution (uT , pD), for all λ > 0.

Proof

Theorem (Discrete Korn inequality, K. 09)

For all uT ∈ E0, there exists a constant C > 0 such that

|||∇NQuT |||2 ≤ C |||DNQuT |||2.

Proof
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Technical result

xK

xK∗

xL

xL∗

αK

αL

xK∗

xD

xL

αL

xK

xL∗

αK

D

I If αK = αL, with (δD, δ0) = 0∑
Q∈QD

mQ|||BQδD|||2F ≤ C
∑
Q∈QD

mQ|||BQδD + t
δDtBQ|||2F .

For each D ∈ D, if |αK − αL| < ε0, we choose xD to be the intersection of the
primal edge σ and the dual edge σ∗ instead of the middle point of the edge σ.

I If |αK − αL| > ε0,∑
Q∈QD

mQ|||BQδD|||2F ≤ C (sin(ε0))
∑
Q∈QD

mQ|||BQδD + t
δDtBQ|||2F ,

with C (sin(ε0)) −→
ε0→0

∞.
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Analysis of the S-m-DDFV scheme

Theorem (K. 09)

For general and regular DDFV mesh T . We assume that η is Lipschitz
continuous per quarter diamond cells : ∀ Q ∈ Q

|η(x )− η(x ′)| ≤ Cη|x − x ′|, ∀x , x ′ ∈ Q̄.

If u is smooth on each quarter diamond cells Q and p ∈ H 1(Ω), we have

‖u− uT ‖2 + |||∇u−∇NQuT |||2 ≤ C size(T ),

‖p − pD‖2 ≤ C size(T ).
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Ideas of the proof

We need :
I Stability of S-m-DDFV scheme.
I Consistency error. If u is smooth on each quarter diamond cells Q, the

difficulty leads in the proof of∑
Q∈QD

∫
Q
|Du(z )−DNQPTc u(z )|2dz ≤ Ch2

D

∑
Q∈QD

∫
Q

(|∇u|2 + |D2u|2)dz ,

use the continuity of the normal part of the viscous stress tensor accross
of egdes.
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Recall Case 3

u(x , y) =


{

y2 − 0.5y for y > 0.5
104(y2 − 0.5y) else.

0

 ,

p(x , y) = 2x − 1,

η(x , y) =

{
1 for y > 0.5

10−4 else.

Streamlines
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Case 3

Mesh
‖p − pD‖2/‖p‖2

Rate for S-m-DDFV =1.85
Rate for S-DDFV =0.83
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Case 3

‖u− uT ‖H 1
0
/‖u‖H 1

0

Rate for S-m-DDFV =1.36
Rate for S-DDFV =0.34

‖u− uT ‖2/‖u‖2

Rate for S-m-DDFV =1.9
Rate for S-DDFV =0.83
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Outline

1 The DDFV method for the Stokes problem

2 Numerical results

3 The interface problem : Discontinuous viscosity

4 Extension

5 Conclusion
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Case of discontinuous pressure 1/3

I Conservativity of the fluxes

xK∗

xL∗

xK

xL

QK,K∗

~nσ∗K∗

QK,L∗

 4 new pressure unknowns pQ

on the quarter diamond cells

The conservativity of the fluxes through σK is∫
σK

(2η|QK,K∗ (s)Du|QK,K∗ (s)− p|QK,K∗ (s)Id)~nσ∗K∗ds

=
∫
σK

(2η|QK,L∗ (s)Du|QK,L∗ (s)− p|QK,L∗ Id)~nσ∗K∗ds.
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Case of discontinuous pressure 1/3

I Conservativity of the fluxes

xK∗

xL∗

xK

xL

QK,K∗

~nσ∗K∗

QK,L∗

 4 new pressure unknowns pQ

on the quarter diamond cells

We determine δ = (δD, pQ
D ) such that

(ηQK,K∗ (2DDuT + BQK,K∗ δ
D + t(BQK,K∗ δ

D)− pQK,K∗ Id)︸ ︷︷ ︸
ϕQK,K∗

(δ)

)~nσ∗K∗

= (ηQK,L∗ (2DDuT + BQK,L∗ δ
D + t(BQK,L∗ δ

D)− pQK,L∗ Id)︸ ︷︷ ︸
ϕQK,L∗

(δ)

)~nσ∗K∗
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Case of discontinuous pressure 2/3
xK∗

xL∗

xK

xL

QK,K∗

~nσ∗K∗

QK,L∗

xK∗

xL∗

xK

xL~nσ∗K∗

QL,L∗

QL,K∗

xK∗

xL∗

xK

xL

QL,K∗

~nσK
QK,K∗

xK∗

xL∗

xK

xL

QL,L∗

QL,K∗ ~nσK

ϕQK,K∗ (δ)~nσ∗K∗=ϕQK,L∗ (δ)~nσ∗K∗

ϕQL,K∗ (δ)~nσ∗K∗=ϕQL,L∗ (δ)~nσ∗K∗

ϕQK,K∗ (δ)~nσK=ϕQL,K∗ (δ)~nσK

ϕQK,L∗ (δ)~nσK=ϕQL,L∗ (δ)~nσK

Tr(BQδD) = 0,∀Q ∈ QD∑
Q∈QD

mQpQ = mDpD.

Proposition (K. 09)

For all D ∈ D and all (DDuT , pD) ∈M2,2(R)× R, there exists a
δ = (δD, pQ

D ) ∈MnD,2(R)× RnD ensuring the fluxes conservativity.
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Case of discontinuous pressure 3/3

Theorem (K. 09)

General and regular T DDFV mesh. The S-m-DDFV scheme has an unique
solution (uT , pD), for all λ > 0.

Error estimates in progress.

Consistency error. If (u, p) are smooth on each quarter diamond cells Q, the
difficulty leads in the proof∑
Q∈QD

∫
Q
|Du(z )−DNQPTc u(z )|2dz ≤ Ch2

D

∑
Q∈QD

∫
Q

(|∇u|2 + |D2u|2 + |∇p|2)dz .
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DDFV schemes in 3D

Several approaches

I Unknowns at centers of control volumes, at vertices Coudière & Pierre ’07

 Restrictions on the meshes. Andreianov and al ’08

I Unknowns at centers of control volumes, at vertices and at the faces
Hermeline 08’  Restrictions on the meshes.

I Unknowns at centers of control volumes, vertices, faces and edges.
Coudière & Hubert ’09  Works for general meshes.
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Construction of the diamond cells

I We need three complementary directions to reconstruct the discrete
gradient

I A natural choice, for any face F = ∂K ∩ ∂L, any edge e ∈ ∂F , whose
vertices A,B ∈ ∂e.

xK
xL

•
•

xA

xB

I The direction xKxL
I The direction xAxB

I The direction xFxe
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Construction of the diamond cells

I We need three complementary directions to reconstruct the discrete
gradient

I A natural choice, for any face F = ∂K ∩ ∂L, any edge e ∈ ∂F , whose
vertices A,B ∈ ∂e.

xK
xL

•
•

xA

xB

xF

xe

N

N xK
xL

•
•

xA

xB

xF

xe

N

N

xK
xL

••

xA

xB

xF

xe

N

N

I The direction xKxL
I The direction xAxB

I The direction xFxe
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Example of regular hexahedrical mesh

The three meshes

The primal mesh and a node cell
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Example of regular hexahedrical mesh

The three meshes

The primal mesh and a face cell
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Example of regular hexahedrical mesh

The three meshes

The primal mesh an an edge cell
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The discrete operators for scalar-value functions

The discrete operators with

∇D : RT → (R3)D, divT : (R3)D → RM∪M∗∪N.

The discrete gradient

∀D ∈ D, ∇DuT =
1

3mD

(
(uL − uK)~NKL + (uB − uA)~NAB + (uF − ue)~NeF

)
.

with

~NKL =
1

2
(xB − xA) × (xF − xe ) =

Z
K̄∩L̄∩D

nKL ds

~NAB =
1

2
(xF − xe ) × (xL − xK) =

Z
Ā∩B̄∩D

nAB ds

~NeF =
1

2
(xL − xK) × (xB − xA) =

Z
ē∩F̄∩D

neF ds

with the orientation choosen in such a way that

det(xB − xA, xF − xe , xL − xK) > 0
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The discrete operators for scalar-value functions

The discrete gradient

∀D ∈ D, ∇DuT =
1

3mD

(
(uL − uK)~NKL + (uB − uA)~NAB + (uF − ue)~NeF

)
.

The discrete divergence

mKdivKφD =
∑
D∈DK

φD · ~NKL, mAdivAφD =
∑
D∈DA

φD · ~NAB ,

mediveφD =
∑
D∈De

φD · ~NeF , mFdivFφD =
∑
D∈DF

φD ·
(
−~NeF

)
.

Remark that for all C ∈ T , if nC is the unit normal to ∂C outward of C,

|C|divCξ
D =

∫
∂C
ξD(x ) · nC(x )dσ(x ).
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The discrete operators for vector-value functions

The discrete gradient

∇D : uT ∈
(
R3
)T 7→ (∇DuT )D∈D ∈ (M3(R))D, as follows :

∇DuT =

t(∇DuT1 )
t(∇DuT2 )
t(∇DuT3 )

 , ∀D ∈ D,

where ∇DuTi is defined below, for i = 1, 2, 3.

The discrete divergence

divT : ξD = (ξD)D∈D ∈(M3(R))D 7→ divT ξD ∈(R3)M∪M∗∪N, as follows :

mKdivKξD =
∑
D∈DK

ξD~NKL, mAdivAξD =
∑
D∈DA

ξD~NAB ,

mediveξD =
∑
D∈De

ξD~NeF , mFdivFξD =
∑
D∈DF

ξD
(
−~NeF

)
,
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The discrete operators for vector-value functions

The discrete strain rate tensor

DD : uT ∈
(
R3
)T 7→ (DDuT )D∈D ∈ (M3(R))D, such that

DDuT =
∇DuT + t(∇DuT )

2
.

The stabilization term

∆D : pD ∈ RD 7→ ∆DpD ∈ RD, and defined as follows :

∆DpD =
1

mD

∑
s=D|D′∈ED

h3
D + h3

D′

h3
D

(pD
′
− pD), ∀ D ∈ D.
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The DDFV scheme



Find uT ∈ E0 and pD ∈ RD such that,

divT (−2ηDDDuT + pDId) = fT ,
Tr∇D(uT )− λh3

D∆DpD = 0,∑
D∈D

mDpD = 0,

(3D-S-DDFV)

with λ > 0 given.

Theorem (Existence and uniqueness, K. & Manzini 09)

Let T be a DDFV mesh.
For any value of the stabilization parameter λ > 0, the (3D-S-DDFV) scheme
admits an unique solution.

Error estimates is under study.
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Outline

1 The DDFV method for the Stokes problem

2 Numerical results

3 The interface problem : Discontinuous viscosity

4 Extension

5 Conclusion
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Conclusion

I Successful extension for more general flows
div(−2η(.)D(u) + pId) = f in Ω,

div(u) = 0 in Ω,
u = 0 on ∂Ω.

even for discontinuous η viscosity .

I Perspectives
I Further numerical tests in process.
I Error estimates for pressures that are only smooth per quarter diamonds.
I Error estimates in 3D.
I Handle other boundary conditions.
I Take into account the dependency of η on Du (non-newtonian flows /

LES models).
I Add the non-linear term u · ∇u of the Navier-Stokes equations.
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Proof of discrete Korn inequality

I Proof of |||∇DuT |||2 ≤
√

2|||DDuT |||2 :

2|||DDuT |||22 = |||∇DuT |||22 +
∫

Ω

(
t(∇DuT

)
: ∇DuT ).

Using the Stokes formula Theorem and (1), we have∫
Ω

(
t(∇DuT

)
: ∇DuT

)
=−

∫
Ω

divT
(

t(∇DuT
))
·uT=−

∫
Ω

divT (Tr(∇DuT )Id)·uT

Using the Stokes formula Theorem and Tr∇DuT = (Id : ∇DuT ) :∫
Ω

(
t(∇DuT

)
: ∇DuT

)
=
∫

Ω

(Tr(∇DuT )Id : ∇DuT ) = ‖Tr∇DuT ‖22 ≥ 0.

Return
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Proof of wellposedness of the scheme 1/2

Let uT ∈ E0 and pD ∈ RD such that :
divM(−2ηDDDuT + pDId) = 0,
divM∗(−2ηDDDuT + pDId) = 0,
Tr(∇DuT )− λh2

D∆DpD = 0,∑
D∈D

mDpD = 0.

∫
Ω

divT (−2ηDDDuT + pDId) · uT =
∫

Ω

(
2ηDDDuT : DDuT

)
−
∫

Ω

Tr(∇DuT )pD.

Furthermore, the mass conservation equation gives :

−
∫

Ω

Tr(∇DuT )pD = −
∫

Ω

λh2
D∆DpDpD = λ|pD|2h ,

where |pD|2h =
∑
s∈S

(h2
D + h2

D′)(p
D′ − pD)2 .
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Proof of wellposedness of the scheme 2/2

Using the discrete Korn inequality :

0 =
∫

Ω

divT (−2ηDDDuT + pDId) · uT ≥ Cη|||∇DuT |||22 + λ|pD|2h .

We finally get
|||∇DuT |||22 = 0 and |pD|2h = 0.

We deduce uT = 0 and pD = c. And we have
∑
D∈D

mDpD = 0 so pD = 0.

Return
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Proof of existence of δD 1/2

We have ∑
Q∈QD

mQϕQ(δD)BQ = 0⇐⇒ Aδ = B(DDuT ),

with B(DDuT ) = 0 if DDuT = 0.

Existence⇐⇒ KerA = {0}

Multiplying by δD∑
Q∈QD

mQ(2ηQDDuT + ηQ(BQδD + t
δDtBQ)︸ ︷︷ ︸

ϕQ(δD)

: BQδD) = 0.

Since DDuT is zero, we obtain∑
Q∈QD

mQηQ(tδDtBQ + BQδD : BQδD) =
∑
Q∈QD

mQηQ|||BQδD + t
δDtBQ|||2F = 0.

Therefore, it implies
t
δDtBQ + BQδD = 0, ∀ Q ∈ QD.
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Proof of existence of δD 2/2

I If αK 6= αL,
tδDtBQ + BQδD = 0, ∀ Q ∈ QD implies δD = 0.

I If αK = αL,
tδDtBQ + BQδD = 0, ∀ Q ∈ QD implies

KerA = Span


−

t~nσK
mσK

t~nσK
mσL

t~nσ∗K∗
mσK∗

−
t~nσ∗K∗
mσL∗

 := Span(δ0).

Need to impose (δD, δ0) = 0 for uniqueness and verify that the second
member belongs to the range of A.

Return
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Proof of wellposedness of the scheme 1/2

Let uT ∈ E0 and pD ∈ RD such that :
divM(−2ϕD(η,DDuT ) + pDId) = 0,
divM∗(−2ϕD(η,DDuT ) + pDId) = 0,
Tr(∇DuT )− λh2

D∆DpD = 0,∑
D∈D

mDpD = 0.∫
Ω

divT (−2ϕD(η,DDuT )+pDId) ·uT =
∫

Ω

(
2ϕD(η,DDuT ) : ∇DuT

)
+λ|pD|2h .∫

Ω

2(ϕD(η,DDuT ) : ∇DuT ) =
∑
D∈D

∑
Q∈QD

mQηQ(DNQuT : 2DDuT )

=
∑
D∈D

∑
Q∈QD

mQηQ(DNQuT : 2DNQuT − BQδD − t
δDtBQ)

=
∫

Ω

2
(
ηQDNQuT : DNQuT

)
.

Thanks to
∑
Q∈QD

mQηQ(DNQuT : BQδD) = 0.
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Proof of wellposedness of the scheme 2/2

Using the new discrete Korn inequality :

0 =
∫

Ω

(
2ϕD(η,DDuT ) : ∇DuT

)
+ λ|pD|2h ≥ C |||∇NQuT |||22 + λ|pD|2h .

We finally get
|||∇NQuT |||22 = 0 and |pD|2h = 0.

We deduce uT = 0 and pD = c. And we have
∑
D∈D

mDpD = 0 so pD = 0.

Return
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Proof of new discrete Korn inequality

We have ∑
Q∈QD

mQ|||∇NQuT |||2F = mD|||∇DuT |||2F +
∑
Q∈QD

mQ|||BQδD|||2F .

Combining the two estimates∑
Q∈QD

mQ|||BQδD|||2F ≤ C
∑
Q∈QD

mQ|||BQδD + t
δDtBQ|||2F ,

and ∑
Q∈QD

mQ|||BQδD + t
δDtBQ|||2F ≤ CmD|||DDuT |||2F ,

we get ∑
Q∈QD

mQ|||∇NQuT |||2F ≤ mD|||∇DuT |||2F + CmD|||DDuT |||2F

Using the discrete Korn inequality Theorem 1 and Proposition 4 , we conclude

|||∇NQuT |||22 ≤ C |||DDuT |||22 ≤ C |||DNQuT |||22.

Return
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