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Motivation

Why loop models ?

A priori complicated geometrical models... But actually :
e They admit a local lattice formulation,

e A finite-dimensional spin chain presentation,

A (non-unitary) CFT description in the continuum,

They have nice algebraic properties even on the lattice.

They are integrable.
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XXZ spin chains

The open Ug s [p-invariant XXZ spin chain

New Uq s [-invariant boundary conditions

The Hamiltonian of the open XXZ spin chain of length N is given by

open | ]‘N_l X X y_y q+q_1 V4.4
HXXZ':EZ 0 0ip1 T 0705 T 5 0i0j

i=1

for some complex parameter q and acts on the Hilbert space (C?)®N with

« (01 , (0 =\ , (1 0
=10/ 0/)°9 T \o -1/

If g # 1, the global SU(2) symmetry of the XXX spin chain breaks down
to U(1).

We can recover the larger symmetry by deforming SU(2) into the Ugsl»
quantum group and changing the boundary conditions as
q—q"

Hxxz = Hxy + 2 (o% — 07).




XXZ spin chains

The open Ug s [p-invariant XXZ spin chain

New Ug s [p-invariant boundary conditions

Definition

Ugsly is generated by E, F, K and K1 with relations

K—-K!

KEK™! = ¢°E .
qg—q!

KFK™' =q7%F, [E,F]=

9

It is a g-deformation of the Lie algebra sl : in the limit ¢ — 1 we recover
the commutation relations of the sl, triple (E, F,H) with K*? = g*H.

Representations

| A

Very similar to sl;. For example, the spin-% representation in the basis

{I1), 1)} is given by

01 _ 0 0
Ecz:0'+1: (0 0)7 Fczza = (1 0),

KEL — g%o° — <qi1 0 ) )
(o 0 q$1

N




XXZ spin chains
The open Ug s [p-invariant XXZ spin chain

New Uq s [p-invariant boundary conditions

The main difference with sl, is the coproduct structure, i.e. the way we
define tensor products of representations.

Coproduct

The coproduct map A : Ugsly — Uqsly ® Ugsly is given by
A(E)=1®E4+E®K, AF) =K !®F+F®1, A(KT!) = KEL @ KH

and is non-symmetric under permutation of the two tensor factors.

Applying A N — 1 times, we obtain the U,sl>-action on (C2)®N

N

N
E— E O'f ® qaj-z+1+...+aﬂ , F— E qfaffu.fo'jz_l ® O_j—
Jj=1 Jj=1

KEL — g* >N, of

One checks that Hxxy commutes with the generators E, F and K*! so
with the whole algebra Ugsls.
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XXZ spin chains

e open Ug s [p-invariant XXZ spin chain

New Uq s [p-invariant boundary conditions

We want to define new boundary conditions while keeping the U,sl>
symmetry.

Strategy
o Take an irrep V of Uysly and consider the bigger Hilbert space
V® (C?)N,
e Look for the most general Ugslr-invariant operator b acting only on
the two leftmost sites V @ C?.

o Define the new Ugsl-invariant Hamiltonian Hp, := —ub + Hxxz
with some coupling constant .

For V we will take infinite-dimensional Verma modules of U;sl,.



XXZ spin chains

The open Ug s [p-invariant XXZ spin chain

New Uq s [5-invariant boundary conditions

Definition
Take a € C and set V, := Py, C|n). Then Uysl, acts on V, as

Ev. [n) = [n]qla = nlq[n - 1),
Fy.ln) =[n+1),

KEL n) = 120 )

b

—x

for all n > 0 with [x], := 9‘:_;‘{%

RENES

e These are the same as sl Verma modules except that we use
g-deformed coefficient [n]q[cc — n]4 instead of the usual one n(a — n).

e The parameter a can be thought of as a generalised continuous
"spin"”.

e )V, is "unique”" and (generically) irreducible.

N




XXZ spin chains
open Ugq s [p-invariant

New Uq o-invariant boundary COndIt\OnS

What is the most general Uysl,-invariant operator b acting on V, @ C? ?

One can show that we have the Uysl, irrep decomposition
Vo @C? =Vay1 ® Va_1.
Introducing the projectors by on V411 therefore we must have
b=pyby +p_b_
But by + b_ =1 so up to a constant
Hp = —pub + Hxxz

with b:= by, p:= puy, u— =0.



XXZ spin chains

The open Ug s [p-invariant XXZ spin chain

New Uq s [5-invariant boundary conditions

Same strategy for the other boundary :
e We consider the Hilbert space V, ® (C?)®N @ Vj

o We take the Ugslp-invariant projector b’ on the Vg1 summand of
C2® Vs = Vg1 ® V-1

e We define the new two-boundary Hamiltonian

Hop := —pb — p'b’ 4+ Hxxz

Explicitly :
1 (e e F g L Woa L gKF
[a]q gK—E (M;iq_f;a , (84 E 9%;;}

written as 2 x 2 matrices with elements in End(V,) or End(V3).
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Loop Models and their lattice algebras

Let N be an integer. For all 1 < < N — 1 consider the diagrams

U
[

i i+1

e =

and



Loop Models and their lattice algebras

Configurations are built by stacking these diagrams on top of each other.

For example, a configuration on N = 6 sites :

€462 =

€561 =

J

D

= €4€265€165€2



Loop Models and their lattice algebras

Graphical rules :

U

M
0 : weight of a closed loop.

U

€i€ji+16 = .- e = ... [ U { { =g
M

M

The resulting algebra is called the Temperley-Lieb (TL) algebra and
denoted TL;s y. J




T




Loop Models and their lattice algebras

It remains to impose boundary conditions.

We take periodic boundary conditions by gluing the top and the bottom
of the diagram.

We need to associate the statistical weight § to the new loops we form.

For example :

oY
(Y 0

This procedure defines a quantum trace on the TL algebra, denoted
qtr : TL57N — C. J




Loop Models and their lattice algebras

We now have all the ingredients to build our loop model !

Consider the transfer matrix

T = H(1+e,-) H(l+e;)€TL5,N-

i odd i even

TM generates all possible loop configurations on an N x M lattice.

Taking the quantum trace we obtain the partition function on the N x M
cylinder

loop configs.

ZN><M(5) = Z 5#100ps = th‘ TM o }




Loop Models and their lattice algebras

How is this related to our XXZ spin chain 7

Introduce the local Hamiltonian densities

1 X __x q+q_1 z _z q_q_l z z
&="5 <0i0f+1+0,}'/0iy+1+ 2 (of0ii—1) |- (0F11—07)

4

such that

q+q! =
HXXZ: 5 (N—l)—Ze,-.
i=1

The ¢; satisfy the defining relations of the TL algebra
e =(q+q Ve, @G = @ lei,e] =0 |i—j|>2,

with 6 = g+ q~1. The Uysl-invariant XXZ spin chain generates a
representation of the loop model !

But does this spin chain representation contain all the information about
the abstract loop model ?



Loop Models and their lattice algebras

Yes | TLsn has exactly N/2+ 1 irreps 7;, 0 < j < N/2 and all of them
are contained in the spin chain. Actually we have an even stronger
result : an instance of (quantum) Schur-Weyl duality.

Theorem (Jimbo, Jones, Wenzl, Martin...)

i) Ugsly and TLsy are mutual centralisers on (C?)®N.

ii) The Hilbert space decomposes as a (Uqsla, TLs n)-bimodule

N/2
((C2)®N _ @C2j+l ® 7;

j=0
where C¥* are spin-j representations of Uysl,.

iii) The partition function decomposes as

N/2
Znum(8) = qtr TV =Y [2j + 1q trr; TV,
j=0




Loop Models and their lattice algebras

How do our new boundary conditions fit into this picture ?

If we modify only the left boundary we have an additional generator b
which :

e Commutes with the Ugysl, action.
e Commutes with the ¢; forall 2 <i< N — 1.
e Is a projector so b*> = b.

Moreover, by direct computation

1
e1be; = yer with = M .
[o]q

The boundary coupling b and the e; define a representation of the Blob
algebra B;s, y on V, ® (C2)®N which commutes with the Uysl, action !J




Loop Models and their lattice algebras

What kind of loop model corresponds to the Blob algebra ?

Let us represent the new generator b, also known as blob, by

411

Then the rules b> = b and e be; = ye; simply mean that

Y,
M

DOC

A loop touching the left boundary and carrying a blob has weight y
instead of 4. J




Loop Models and their lattice algebras

The new transfer matrix is

Ty = (1 + ub) H (1 + e,-) H (1 + e,-) € Bs,y.n

i odd i even

and TM generates all possible loop configurations on the N x M lattice
with some probability for a loop touching the left boundary to carry a
blob.

For example, in the limit © — oo all loops touching the left boundary
carry a blob.

There is also a notion of quantum trace for the blob algebra.

The partition function on the N x M cylinder is then

ZN><M((57 Yy, /,L) =] Z y#loops'é#loops@ — giim Té\/’ .

loop configs.




Loop Models and their lattice algebras

Is our spin chain representation of this loop model faithful 7

Yes | B, n has exactly N+ 1 irreps Wj, —N/2 < j < N/2 and we can
show complete Schur-Wey! duality :

Theorem (Ch.-Gainutdinov-Saleur '22)
i) Ugsly and Bs,, v are mutual centralisers on V, ® (C2)®N.

if) The Hilbert space decomposes as a (Uyslz, Bs,, n)-bimodule

N/2
Vo @ (C)PN = P Vargj®@W;.
Jj=—N/2
iii) The partition function decomposes as

N/2

Znsm(S,y, ) = qtr Tp' = >
j=—N/2

2
[ + J]q trw

o], T Te




Loop Models and their lattice algebras

Idea of the proof

e Use the fusion rule V, ® C? = V, 1 ® V,_1 iteratively to obtain the
Ugysl>-decomposition

N/2

N
2\ON _ .
Vo ® (C9) —'@ (j+N/2>Va+2J'
j=—N/2
o Identify the multiplicity spaces with B, y irreps by induction on N.

e Use abstract (categorical) interpretation of the quantum trace and
the loop model to compute the partition function.



Loop Models and their lattice algebras

What about the two-boundary case ?

We have a new generator b’, which, unsurprisingly,
e Commutes with the Ugsly action,
e Commutes with the ¢; forall 1 </ < N — 2,
e Is a projector so b = b’
_[B+1]q
Bla

1

e Satisfies ey_1b'ey_1 = y'er with y’

Graphically, we set b’ = [

DQC



Loop Models and their lattice algebras

This is not enough however, because we also need to assign a weight to a
loop carrying both b and b'.

In the simplest case N = 2, we need to find a Y such that

U
[

DO C

It turns out Y is not a number but a central element of Ugsl, ! J




Loop Models and their lattice algebras

Ugslo admits a central Casimir element
C:=(q—q PFE+qK+q 'K

Evaluated on our spin chain V, ® (C?)®N @ Vg it commutes with the
Uysly action and also the e;, b and b

With
qa+ﬁ+1 + qfafﬂfl - C
(@ —a)(a" —a7F)
e, b and b’ define a representation of the universal two-boundary

Temperley-Lieb algebra 2B§f}‘}7y,,,\, with loop weights 4, y and y’.




Loop Models and their lattice algebras

What values can Y take ?

The Casimir C is constant on any irrep of Ugslo. We just need to
compute the decomposition of V, ® (C2)®N ® Vj into Uyslp-irreps !

Using the fusion rules

Vo @Vs =P Vars-1-2n and Ve ®C?=Voy1 & Va1
n>0
we obtain
V. ® (C?)*N @ Vs = @ Votp—1-2m @ Zm
—N/2<m
where the Z,, are some multiplicity spaces of dimension

m+N/2

dimZy, = dp = ) <//\(I)

k=0

For m > N/2 d,, = 2N.



Loop Models and their lattice algebras

Now since Cy, = q* +q~ ¢,

_ [m+1]gla+ B8 — m], :

Yva+5*172m®zm - [a]q[ﬁ]q = Ym .

Therefore :

Theorem (Ch.-Gainutdinov-Saleur '22)
i) Uysly and Bs,, y commute on V, @ (C?)®N @ V.
i) The Hilbert space decomposes as a (Uysl, 233317% v)-bimodule

Va ® ((C2)®N X Vﬁ = @ Va+ﬁ—1—2m ® Zm
—N/2<m

iii) 'Y acts as a scalar Yy, on the 28“?} , n~module Z,. In other words,
Z, Is a representation of the usual two- boundary TL algebra

2B§,y7y’,Ym,N-




Loop Models and their lattice algebras

Do the Z,, faithfully represent the two-boundary loop model ?

No :
e Y can only take a discrete set of values

e Even at fixed Y = Y,,, Z, cannot possibly contain all the
2Bs,y .y, v,n irreps (its dimension is too small).

So what are the representations Z,, ?

Conjecture

i) Form> N/2, Z,, is the irreducible 2N -dimensional vacuum module
Of2B§7y,y/7ym7N.

i) For —=N/2 < m < N/2, Z,, is an irreducible dy,-dimensional
subfactor of the reducible 2V -dimensional vacuum module of
2B6,y,y’,Y,,,,N

iii) Ugsly and 2BgY! , \ are mutual centralizers on Vo, @ (C?)*N @ Vg

Hard because no induction argument available and the representation
theory of 2B, /. v, n is non-generic.
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Conformal scaling limit

Can we compute the large N limit of these models ?

e For |q| =1 these loop models are known to be critical and we can
use CFT techniques.

e Their conformal partition functions have already been computed
using the Coulomb gas approach (Dubail, Jacobsen, Saleur, 2008).

We can now rigorously derive some of these results by working directly on
the spin chain and computing the scaling limits of the ground state and
the low-lying excitations.

To obtain the spectrum :
e Free fermion mapping at q =/,

e Bethe ansatz for all the other values of g.
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Free fermions at q = i

Conformal scaling limit General case for |q| =1

e If q is 2p-th root of unity, we can (and must) truncate the
infinite-dimensional Verma modules V,, to irreducible p-dimensional
representations.

e In the case q = i, these are of dimension p = 2 so our new
one-boundary Hilbert space is just (C2)®(N+1),

e §:=q+q ! =0so Hxxz is just the Hamiltonian of the XY model,
which can be mapped to free fermions.

The Jordan-Wigner transform gives
- AT N TN T
& = —Gi¢jy — G116 — (g G — ¢y 6a)

for1<;<N-1, and

T
b= cgcoJrcot—

_ina 1 )
5 <e 2 clc(;r + cos%cocir + I(CJC() = cfc1)> .

with fermionic anti-commutation relations

{c.dr=0, {gg}=0, {d.gl=4,.




Free fermions at q = i

Conformal scaling limit General case for |q| =1

Hp is quadratic in ¢'s and so let us introduce plane waves of the form
N
of = Z(Q+XJ + a_xff)c;r
j=0
for some x and ax such that [Hp, 8T] = AT with A := x + x~1.
The boundary conditions then impose a quantization condition on A

Un(A/2) + pUn-1(A/2) + (1 = py)Un—2(A/2) = 0

where U, is the n-th Chebyshev polynomial of degree n.

e This polynomial equation have exactly N solutions A1, ..., Ay from
which we construct N fermionic modes HI, e ,0;\,.

e There is a zero-mode ¢y := E with coming from the Uysl>-symmetry.



Free fermions at q = i

Conformal scaling limit General case for |q| =1

The spectrum of Hj is given by

Sy =TIk 0, Es=)

kes kes

forall S C {0,..., N}.

Recall the (Ugsly, Bs,y,n)-bimodule decomposition

N/2

N
Vo ® (C?)®N = @ Vot2j @ W with dimW, = (J ) .
j=—N/2 I N/2

The spectrum of H,, in the representation W; is given by all Es such that
|S|=j+ N/2and 0 ¢ S.

This solves the spectral problem for Hj.



Free fermions at q = i

Conformal scaling limit General case for |q| =1

To obtain the conformal spectrum in the continuum, one has to compute
the 1/N correction to the ground state and the first excited states.

Denote E; the ground state in the W; representation of Bs, .

For all j € Z

TVE C
Ej = Nep, + Es + T (-24 o ha,a+2j> + 0(1/N2)7

where

e ¢, — f% is the bulk energy per site,

E; is the surface energy,
e vp = 2 is the Fermi velocity,
e c = —2 is the central charge,

p— 2_ .
® h = % are conformal weights.




Free fermions at q = i

Conformal scaling limit General case for |q| =1

Taking into account the excitations above E; in each W; sector

N —§+ha,a+2j
lim tryy, g7 e Nes—E) 9>
N—s o0 Wi +OO(1_ n) :
n=1 q

This is exactly the Virasoro character for a representation of conformal
weight hy a2

The partition function of our boundary loop model on a cylinder of
parameter 7 = M/N

) —£+hn‘a+2'
Z(5=0,y)= lim quT} =3 (-1y "
N— oo ez n:l(]‘ — qn)

where g = e™7

, y = cot %
e It does not explicitly depend on the boundary coupling .

e It describes spanning forests rooted at one of the boundaries of the
cylinder.
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Free fermions at q i

Conformal scaling limit General case for [q| = 1

e The result for general q = e%, p €]1, +o0], is very similar but is
much harder to derive.

e We use Bethe ansatz and a distribution-based method developed by
Granet, Jacobsen and Saleur to compute the 1/N corrections.

TVE C
E; = Ne, + E; + N <_24 + ha,a+2j> + O(l/Nz)’

where
e ¢ is the bulk energy per site,
e FE; is the surface energy,
® vp = psin % is the Fermi velocity,
—1__6
e c=1 o) 1S the central charge,

o h . (r=(o-1)sP~1

s = appo1) e conformal weights.

We recover the previous result for p = 2.



Free fermions at q i

Conformal scaling limit General case for [q| = 1

Taking into account "descendants” we have again

N — 53 Hha, otaj

lim tryy, gmr (Fe—Neo—B) _ 9 * 7777
f] +o0 !

S n:l(l - qn)

The partition function on a cylinder of parameter 7 = M/N

sin Eletl) g~ Fitha sz

Z.(6,y) = lim qtrTM = P
(0y) = fim_atrT, ,GZZ sin T [TF5(1 - gm)
J n=

sin e+l
P
ra

)

where g=€e77,0 =2cos T and y = —
p sin

Again, it does not explicitly depend on the coupling constant .
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Summary and Outlook

Summary

e Starting from the Ugslr-invariant open XXZ spin chain we have
constructed new Ugslr-invariant boundary conditions using
infinite-dimensional Verma modules V,,.

e We have used the new boundary couplings b and b’ to construct
representations of the blob and two-boundary Temperley-Lieb
algebras, extending the known Temperley-Lieb case.

e We showed that the blob algebra representation is faithful and
computed its Schur-Weyl decomposition with respect to Uqsl.

e We computed the conformal scaling limit of the corresponding
boundary loop model in the critical regime |q| = 1 using free
fermions at q = / and Bethe ansatz for general g.



Summary and Outlook

Outlook

e What about the spectrum and scaling limit of the two-boundary
case ?

e Can we build a faithful spin chain for the two-boundary loop model ?

e The q = i case can be identified in the continuum with some
symplectic fermion QFT with special boundary conditions. Can we
find a similar QFT formulation for any |q| =1 7

e What about the periodic case ?

e Can we learn something about fusion of generic Virasoro
representations ?

e Can we learn something about integrable non-compact spin chains 7
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