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Brownian loop soup

Countable infinite collection of Brownian-like loops in a domain D C R?

Introduced by Lawler and Werner
Related to many random conformal invariant objects
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Definition
Ioop)

Poisson point process £9 ~ PPP(Opu

e O > 0: intensity parameter

|
e 15" loop measure

dt
1°°p (dp) = / / Dt (dp pD(t,z,z)sz.

Brownian bridge heat kernel

Fact

e Infinitely many small loops
e Conformally invariant

e Restriction property
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Loop-erased random walk:
(erase chronologically each loop)

random walk = loop erasure + loops

!

Brownian motion = SLE; + loops

!

Brownian loop soup (0 = 1)
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Clusters

Cluster = chain of intersecting loops

Phase transition: (Sheffield-Werner)
e 0 > 1/2: one big cluster

e 0 < 1/2: infinitely many clusters
Outer boundaries of outermost clusters
= CLE, where k = k() € (8/3,4]
Conformal Loop Ensemble
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Le Jan's isomorphism

When 6 =1/2,

the occupation field of the Brownian loop soup

) (Gaussian free field)?> "
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The Gaussian free field

property (+ moment condition)

The unique random generalised function satisfying some domain Markov
(Berestycki—Powell-Ray, Aru—Powell)
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The Gaussian free field

The unique random generalised function satisfying some domain Markov
property (+ moment condition)

(Berestycki—Powell-Ray, Aru—Powell)

Universal random height function: Scaling limit of
e Height function in dimers
e Ginzburg-Landau V¢ interface

e Characteristic polynomial of large random matrices
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The Gaussian free field

h = GFF
Formally, h = (hy)xep ~ N (0, Gp) where

Gp(x,y) = /0 pp(t,x,y)dt = Green function
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The Gaussian free field
h = GFF
Formally, h = (hy)xep ~ N (0, Gp) where
Gp(x,y) = / pp(t,x,y)dt = Green function
0
In 2D, Gp(x,y) ~ —log|x —y|asx—y — 0

~ var(hy) = 400
Rigorously, random generalised function

var((h.F) = [ F(x)Go(x.y)f(y) dxdy
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Exponential of the GFF

h: GFF
Informally: random measure v € (—2,2)

[y = V() qx

Instance of Gaussian multiplicative chaos measure

Rigorously,
X 2
pry = lim g7 /2e7h=(¥) qx
e—0
() y=1
Simulation by-Rhodes—Vargas
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Thick points
fy = e"Mdx

x fixed deterministic point ~~ h.(x) = O(4/|logel|)

h
x is u” — typical point ~~ lim e _

0 [loge]

In fact,

Theorem (Discrete: Biskup—Louidor)

Tl = e = B Bl = 4 el (e i)
VITogele A1 uer oy dx —o iy

“t = uniform measure on y-thick points”
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This talk

Loop soup: L% ~ PPP(0u5)

GFF: h

Couple (L%, h) such that (Ly)xep = 3h? 0=1/2
Sample z ~ e7h.

Questions:
e What does the loop soup look like near z?7

e How does the loop soup create a thick local time?
— A few very thick loops?
< Many loops w/ typical local time?

e What about 6 # 1/2?7 What is the associated chaos?
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Multiplicative chaos construction

Dy = %Z2 N D discrete approximation of D

E%N random walk loop soup

f, = local time at x

T
= Z/O l{ﬁﬂt:X}dt

0
goEEDN

(S
4/1\\

typical point: E[ly] ~ % log N
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Multiplicative chaos construction

typical point: E[ly] ~ % log N a=

6 > 0 intensity

1
a-thick points: Tn(a) == {x €Dy :ly> 2—a(|og N)2}

(log N)*° )=

Uniform measure on Ty(a) : MN == N2=a
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Multiplicative chaos construction
6 > 0 intensity
2
typical point: E[ly] ~ % log N a = % thickness parameter

1
a-thick points: Tn(a) := {x €Dy :ly> 2—a(|og N)2}
(log N)*° )=

Uniform measure on Ty(a) : MY =2 NA= > b
x€Tn(a)
Theorem (E. Aidékon, N. Berestycki, A. J., T. Lupu 21)
(MY, L£E ) = (M, L) as N — oo. J

~~ M, = multiplicative chaos associated to £%.
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Multiplicative chaos construction

6 > 0 intensity
2
typical point: E[ly] ~ % log N a = % thickness parameter

1
a-thick points: Tn(a) = {x €Dy : by > 2—a(|og N)2}
(log N)*~ )=

Uniform measure on Ty/(a) : MN = VR Z Ox
XGTN( )
Theorem (E. Aidékon, N. Berestycki, A. J., T. Lupu 21)
(MY, L£E ) = (M, L) as N — oo. J

~» M, = multiplicative chaos associated to E%.

e 0 =1/2: discrete GFF, Biskup—Louidor

e 6 — 0: random walk thick points, Jego

o related result: random walk close to cover time, Abe, Biskup, Lee
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Multiplicative chaos and loop soup

f > 0 intensity
2 -
a = % thickness

00 =1/2 M, D GFF | —GFF
o 0 #1/2 ~+ M, = new object! not Gaussian!
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Multiplicative chaos and loop soup

6 > 0 intensity
2
a = % thickness
00 =1/2 v M, D GFF | oGFF
o 0 #1/2 ~+ M, = new object! not Gaussian!

Sample z ~ M,(-)/ M,(D): typical a-thick point.
How many loops go through z? What are the thicknesses associated to
each individual loop?
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Multiplicative chaos and loop soup

6 > 0 intensity
2
a = % thickness
00 =1/2 M, D GFF | —GFF
o 0 #1/2 ~+ M, = new object! not Gaussian!
Sample z ~ M,(-)/ M,(D): typical a-thick point.

How many loops go through z? What are the thicknesses associated to
each individual loop?

Theorem (E.A., N.B., AJ., T.L. 21)
1) Infinitely many loops.
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Multiplicative chaos and loop soup

6 > 0 intensity
2

a = % thickness
Py - 1/2 ~ M, (i) efyGFF + effyGFF
o 0 #1/2 ~+ M, = new object! not Gaussian!
Sample z ~ M,(-)/ M,(D): typical a-thick point.
How many loops go through z? What are the thicknesses associated to
each individual loop?

Theorem (E.A., N.B., AJ., T.L. 21)

1) Infinitely many loops.
2) Denote a1, a2, . .. thicknesses of loops going through z.
{a1, a2,...} ~ Poisson-Dirichlet(f) on the interval [0, a].
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Multiplicative chaos and loop soup

6 > 0 intensity
2
a = % thickness
00 =1/2~ M, @) vGrr + e 7C6FF
o 0 #1/2 ~+ M, = new object! not Gaussian!

Sample z ~ M,(-)/ M,(D): typical a-thick point.
How many loops go through z? What are the thicknesses associated to
each individual loop?

Theorem (E.A., N.B., AJ., T.L. 21)

1) Infinitely many loops.

2) Denote a1, a2, . .. thicknesses of loops going through z.

{a1, a2,...} ~ Poisson-Dirichlet(f) on the interval [0, a].

3) Cond. on {ai, a2, ...}, the loops that go through z are indep. and
distributed like the concatenation of the excursions in PPP(ajuf,).
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Construction from the continuum

Brownian multiplicative chaos: multiplicative chaos associated to finitely
many trajectories

eVV2hxqx
Bass—Burdzy—Koshnevisan 94

Aidékon—Hu-Shi 20
Jego 19, 20
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Construction from the continuum

Brownian multiplicative chaos: multiplicative chaos associated to finitely

many trajectories
eVV2hxqx

Bass—Burdzy—Koshnevisan 94
Aidékon—Hu-Shi 20
Jego 19, 20

e Kill each loop independently of each other at rate K > 0
P (p killed) = 1 — e KT(%)
e MK = multiplicative chaos associated to killed loops

Theorem (E.A., N.B., AJ., T.L. 21)

(log K) O MK —2 5 M,
K—oo
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Exact solvability

MK = multiplicative chaos associated to K-killed loops (cutoff)
Define Cx(z) = [5°(1 — e X)pp(t,z, z)
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Exact solvability

MK = multiplicative chaos associated to K-killed loops (cutoff)
Define Cx(z) = [5°(1 — e X)pp(t,z, z)

Proposition (E.A., N.B., AJ., T.L.)
E[M£(dz)] = %F(CK(z)a)CR(z, D)*dz
where Y
F(u) :9/ et Fi(6,1, t)dt
0

with 1F1 = Kummer's confluent hypergeometric function.
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Exact solvability

Proof in two steps:
e Step 1 (could treat any cutoff)

E[MK (dz)] = %ﬁ(cK(z)a)CR(z, D)?dz

where

3 / da 1—[1—e_“"”'
E(1,n)

n>1 i=1

and
E(l,n)={a=(a1,...,an) €(0,1)" a1 +---+a, =1}
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Exact solvability

Proof in two steps:
e Step 1 (could treat any cutoff)

E[MK (dz)] = %ﬁ(cK(z)a)CR(z, D)?dz

where
1— e 4a

CURD S

E(l,n)={a=(a1,..-,an) €(0,1)" :a1+---+a,=1}

e Step 2 (very much cutoff-sensitive!): F is “nice”

(1- 9)IA:’(u) + IA:”(u) + u(IA:”(u) + IA:'”(u)) =0

n>1

and
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A martingale

Proposition (E.A., N.B., A.J., T.L. 21)

HCR(Z, D)ae—aCK(z) dz

? dov a—«a —(a a)Ck(z) A 4K
+ /0 e CR(z. D) MK (d2)

is @ measure-valued martingale (as a function of K)
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A martingale: heuristics when 6§ = 1/2
LY = {K-killed loops}

@1 S and L(E0\ £h) @ i 1h 2

GFF massive GFF

L(L£) =

(massive Green function associated to —A + K)

L(£‘9)+ L2 :—h2
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A martingale: heuristics when 6§ = 1/2

LY = {K-killed loops}

1 1
LY@ S and L\ L) D Shi
GFF massive GFF

(massive Green function associated to —A + K)

L(£9)+ L2 :—h2

F(0)elPl 4 / " da F(a)eV2@ 0l pgK — gih
0
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Multiplicative chaos and Wick powers

Define : e”"™)dx : = lim._o thE(X)/IE [e”hf(x)] dx
Theorem

When ~ € [0,v/2), : e"®¥)dx == 322, 7(—? : h(x)k : dx

. h(x)k : = k-th Wick power of h
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Multiplicative chaos and Wick powers

Define : e”"™)dx : = lim._o e’Yhf(X)/IE [e”hf(x)] dx
Theorem

When ~ € [0,v/2), : e"®¥)dx == 322, Z—T : h(x)k : dx

. h(x)k : = k-th Wick power of h

Scaling limit of hy = discrete GFF

discrete Green function Hermite polynomial

(Hk)k>0 orthogonal w.r.t. e~ /24t
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Wick powers of local time (Le Jan)

Ly local time of discrete loop soup

. pk . _ k (0—1) e—x
Uyt = Gu(x,x) L, (GN(X,X)>

(Ligil))kzo generalised Laguerre polynomials, orthogonal for Gamma(6)
distribution.

Non degenerate scaling limit: : LX :
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Wick powers of local time (Le Jan)

Ly local time of discrete loop soup
N k(0-1) tx
Uyt = Gu(x,x) L, (GN(X,X)>

(Ligil))kzo generalised Laguerre polynomials, orthogonal for Gamma(6)
distribution.

Non degenerate scaling limit: : LX :

Theorem (Le Jan)

When 6 = 1/2, (: LK : )k>0 (2 R ko }
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Expansion of the multiplicative chaos of the loop soup

Renormalise M., so that E [M.(dx)] = 2dx.
When 0 = 1/2, v € (0,/2),

00k2k

My (dx) =2 Z

)k Lk dx
Theorem (J. — Lupu — Qian 22+)

For all 6 > 0, v € (0,/2),

7k T() k. k.
(dx)—ZZ 2k m(2ﬂ') .I_X.dX
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Key identity

Hermite polynomials:

Zwt Ho(u/Vt) = e1477t/2, t,u€R.

n>0
Laguerre polynomials: (J. — Lupu — Qian)

1—-0
2.\ " 2 =
7t 1 (6-1) —2tj2 [(V7ut
= lo—
Z( 2 ) MG+ 5) = 4 b1 00)
n>0

lp—1 = modified Bessel function

1
lp—1(yu) ~ z=€"" as u — 0.
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Thank you for your attention!
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