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Introduction to imaginary chaos



Log-correlated Gaussian fields

* A Gaussian random field X is called log-correlated if its
covariance (kernel) is of the form

Cx(x,y) =C(x, y) =loglx — y|™! + g(x, y)

for some continuous function g.



Log-correlated Gaussian fields

* A Gaussian random field X is called log-correlated if its
covariance (kernel) is of the form

Cx(x,y) =C(x, y) =loglx — y|™! + g(x, y)

for some continuous function g.

* Example I: The zero-boundary GFF on a simply connected
domain U ¢ R? where Cy = 212G, is the Green’s function.



Log-correlated Gaussian fields

* A Gaussian random field X is called log-correlated if its
covariance (kernel) is of the form

Cx(x,y) =C(x, y) =loglx — y|™! + g(x, y)

for some continuous function g.
* Example I: The zero-boundary GFF on a simply connected
domain U ¢ R? where Cy = 212G, is the Green’s function.
* Example 2: The field X(z) = V2Re ( hpas) %zk) on the unit
circle {z € C : |z| = 1}, where Z, are i.i.d. standard complex

Gaussians. In this case we have exactly
E[X(z2)X(w)] =log|z - w| ™.



Log-correlated Gaussian fields

* A Gaussian random field X is called log-correlated if its
covariance (kernel) is of the form

Cx(x,y) =C(x, y) =loglx — y|™! + g(x, y)

for some continuous function g.

* Example I: The zero-boundary GFF on a simply connected
domain U ¢ R? where Cy = 212G, is the Green’s function.

* Example 2: The field X(z) = V2Re ( hpas) %zk) on the unit
circle {z € C : |z| = 1}, where Z, are i.i.d. standard complex
Gaussians. In this case we have exactly
E[X(z2)X(w)] =log|z - w| ™.

* Note: X is not pointwise defined since formally
Var(X(z)) = co. The random variables (X, f) = IX(x)f(x) dx
can however be defined for any test function f,and X can be
given sense as a random Schwartz distribution.



2D Gaussian Free Field

An approximation of the zero-boundary GFF on the unit square.
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(Complex) Gaussian multiplicative chaos

What is GMC?
A distribution of the form ,
pr(x) =: exp(yX(x)) := eV X@)-FEX(0’] 3pqg yeCisa
parameter.
* As X is not a function, a rigorous definition requires a limiting
procedure: p? (x) := lim,_,, ! (x) := lim,_,, X T EIX (],
where X, is a smoothened version of X and the limit is taken in

some suitable space of distributions on U (e.g. H™* for large
enough s > 0).

* Appears e.g. in Liouville quantum gravity and as a limit of
characteristic polynomials of random matrices.
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Existence in [*-phase

For a given test function f we may compute
Ellp.(f)I*] = JIE[: eV X . PX:09) ] dxdy

< jemzax,y) dxdy < j Ix — " dx dy.

* This is bounded uniformly in € if [y| < Vd.

* If u.(f) is a martingale approximation we automatically obtain
convergence in I*(Q).



The subcritical regime

With more careful analysis one can in fact show the existence of a
non-trivial limit for u! when y belongs to the interior of the
eye-shaped region below. Moreover, the map y +— y? is analytic. The
disc corresponds to the I*-phase.

Im(y)
vd

R
_ \/ﬁ\ o e(y)
-Vd

The subcritical regime for y in the complex plane.
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Imaginary multiplicative chaos, y = i3 (/8] < Vd)
* Heuristically in this case the modulus of u(x) is an infinite

. i 2
normalising constant e 7 EIX(’]

field BX(x).
* Compare this to the case when y is real, where the angle is
constant but the modulus is given by e"*X™ times an infinitesimal
CEX(x)]

while the angle is given by the

constant e

Simulation of imaginary chaos with X the GFF and 8 = 1/V2.



Analytic properties of imaginary chaos

Tails: P[|u(f)| > A] decays roughly like exp ( — AZ%).
* Faster than Gaussian decay — in fact when 8 = Vd, after a further
renormalization the chaos becomes white noise.
« Regularity: u € Hj,, if and only if s < —3%/2.!
* u is not a complex measure (||¢llry = 0o a.s.).

The law of u( f) has a smooth density w.r.t. the Lebesgue
measure on C.
* The density is in fact everywhere positive (not yet published),
which in particular implies E[|u(f)|?] < oo if and only if p > -2.

* Monofractality: A.s. for all x € U we have

logl,u(B(x,r))I — 2 _ ﬁ2/2.|

liminf, Togr

'Case s = —f82/2 for Sobolev regularity as well as the monofractality result are
part of some unpublished work by Aru, Baverez, Jego and ).
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Moments and Onsager’s inequality

Many of the proofs rely on moment computations.

* Growth of moments: E[|u( f)|*] < CNNgN
* Slow enough to determine the distribution of the random
variable pu( f).
A key tool in establishing sharp moment bounds is Onsager’s
inequality: For any x,,...,x,5 € Uand q;, ..., g,y € {£1} we have

1

2N
1
- Z 99k C(x), x;.) < > Zlog— +CN

1<j<k<2N =

where r; = %mink |x; — x| and C > 0 is a constant.



Moments and Onsager’s inequality continued

Following [GP77], one can apply Onsager’s inequality directly in the

expansion
N _ 2
E[lu(IPN] = jnf (x;) f (g, e P Zasiekean G8C05%0)
j=1

whereg; =1if1<j<Nandg;=-1if N+1< j<2N togetan
upper bound of the form

2N
E[lu(/)IPNTsCN )y j [T1%; = xu) 572
U j=1

where the sum runs over functions 7: {1,...,2N} — {1,...,2N}
designating a nearest neighbour x,;) to every x;.



Moments and Onsager’s inequality continued

Following [GP77], one can apply Onsager’s inequality directly in the
expansion

N
E[lﬂ(f)PN j l_[ f(x )f(xN+])e B X< jekean 49kCx; xk)
=1

whereg; =1if1<j<Nandg;=-1if N+1< j<2N togetan
upper bound of the form

2N
E[lu(/)IPNTsCN )y j [T1%; = xu) 572
/4 j=1
where the sum runs over functions 7r: {1,...,2N} — {1,...,2N}

designating a nearest neighbour x,;) to every x;.

¢ Estimating the remaining integral can be done using a
combinatorial argument.



Application: XOR-Ising model

* Two independent critical Ising models with spins (+1) multiplied
together.

* The spin field convergences to the real part of y with = 1/V2.

* Proof via method of moments: Correlation functions are known
to converge pointwise [CHI|5] to the right limit. To justify the
convergence of the moments we prove a version of Onsager’s
inequality for the XOR-Ising model and use the dominated
convergence theorem.



Interlude: Meaning of imaginary chaos?
Or is there any meaning!?
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Studying the field using multiplicative chaos?

* Real values of y yield random measures that are supported on
the so called y-thick points of the field, i.e. those points for

N X
which lim,_,, W((’;))Z] =

* Thus the real chaos lets us focus on the points where the field is
exceptionally large — can we similarly say something interesting
about the field by studying its imaginary chaos?

* Answer: Not yet completely understood, but see e.g. [SSV20]
where imaginary chaos is used to study the Hausdorff dimension
of two-valued sets of the GFF.

* A perhaps simpler fundamental question: Is it possible to
recover the field X from yu? Or are we just studying some fancy
noise!



Going from the chaos to the field

* When v is real, one can recover the field X from u as a simple
limit [BSS14,Aru20]

X(x) = £1_r)ré v~ (log u(B(x, €)) — Elog u(B(x, €))).



Going from the chaos to the field

* When v is real, one can recover the field X from u as a simple
limit [BSS14,Aru20]

X(x) = £1_r)ré v~ (log u(B(x, €)) — Elog u(B(x, €))).

* For y = if3 the positivity is however lost and another approach is
needed.



Going from the chaos to the field

* When v is real, one can recover the field X from u as a simple
limit [BSS14,Aru20]

X(x) = £1_r)ré v~ (log u(B(x, €)) — Elog u(B(x, €))).

* For y = if3 the positivity is however lost and another approach is
needed.

* Heuristics: If g: U — R is continuous then from
f(x) = exp(ifg(x)) one can recover g modulo 27t/ by tracking
how the angle changes locally. (In fact this is possible even for
non-continuous g if we a priori know that there are no jumps
larger than 7r/p.)



Going from the chaos to the field

* When v is real, one can recover the field X from u as a simple
limit [BSS14,Aru20]

X(x) = £1_r)ré v~ (log u(B(x, €)) — Elog u(B(x, €))).

* For y = if3 the positivity is however lost and another approach is
needed.

* Heuristics: If g: U — R is continuous then from
f(x) = exp(ifg(x)) one can recover g modulo 27t/ by tracking
how the angle changes locally. (In fact this is possible even for
non-continuous g if we a priori know that there are no jumps
larger than 7r/p.)

* In the case g is differentiable a nice way of stating this tracking
procedure is by saying that one can recover Vg(x) from f via

Vf(x)

iBf(x)"

the explicit formula Vg(x) =
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Recovering VX from u

One can indeed show that when d > 2, VX can be recovered from u
when y = if3. Idea for the proof:
* Consider the carefully chosen p-measurable observables

H’I = JD Df(x)”(x)mefﬁZC(x,u)al(Prl(x _ Ll) dx du’

where ¢, (x) is a smooth approximation of the delta function.
* Show that H, — —if}(0,X, f). Formally integration by parts
indeed gives

H, = J £(x) o BX()-iBX )+ & Clx0)+ & Cluan)-FC L)
DxD

x (=30, X (u) + B*0,C(u, u) — 20,C(u, x))<p,1(x —u)dxdu
R —iﬁj £(x)3, X(x) dx.
D
* In reality a bit tricky because of renormalizations and infinities —

dimension 2 is harder than larger dimensions and we do not
know what happends when d = 1.



Existence of densities via Malliavin calculus
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The law of u(f)

2d
* Recall: P[|u(f)| > A] decays roughly like exp(—A#").
* What about the regularity of the law of u(f)?

Theorem

For any nonzero f € C>°(U) the random variable u( f) has a density
w.r.t. the Lebesgue measure on C and the density is a Schwartz function.
Moreover, as § — Vd the density tends to 0 pointwise and is uniformly
bounded from above.



Application: Fyodorov—Bouchaud formula does not extend
to imaginary chaos

Theorem (Remy, 2020)

Let X be the Gaussian field on S* with the covariance
E[X(x)X(y)] = —log|x — y| for |x| = |y| = 1. Let v be the
corresponding (real) GMC measure with parameter y € (0, v2). Then

T(1-py*/2
E[v(s")?] = fith.
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Application: Fyodorov—Bouchaud formula does not extend
to imaginary chaos

Theorem (Remy, 2020)

Let X be the Gaussian field on S* with the covariance

E[X(x)X(y)] = —log|x — y| for |x| = |y| = 1. Let v be the

corresponding (real) GMC measure with parameter y € (0, v2). Then
2

E[v(s")?] = fith.

* Does this hold for y = if3?
* Answer:Yes for p € IN but not in general.
* Idea: Let py be the p.d . of v(S'). Then

E[v(§)™] < f le_lp[;(x) dx — 0as f3 — 1, but F-B does not
tend to 0.
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Preliminaries for proof: Isonormal Gaussian processes

Setup:
* Cameron—Martin space H: a (separable) Hilbert space.

* Isonormal Gaussian process ({X, 1)) eyt
]E[<X’ h>H<X) k>H] = (hr k)H

* Formally X = Y2, X;hy where ()32, is an orthonormal basis
and (X;)g2; are i.i.d. standard Gaussians.

* If dim(H) = 0o, X is not a random element in H but often there
is some natural larger space in which the series converges.

In this talk: H = Hj(U), X the GFF on U and Y12, X;h; converges in
H™#(U) for any € > 0.
* oD = 5 J, V() Vg dx = [ fx)Lg(x)dx = (f,Lg)p
* L=-2m)7'A
* L has the kernel G(x, y) ~ log ﬁ
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* Suppose that H = R" and that Y is an X-measurable random
variable of the form Y = F(X) with F: R" — R differentiable.

* In this case the Madlliavin derivative of Y would simply be the
IR”-valued random vector VF(X).



Preliminaries for proof: Malliavin derivatives

* Suppose that H = R" and that Y is an X-measurable random
variable of the form Y = F(X) with F: R"” — R differentiable.

* In this case the Madlliavin derivative of Y would simply be the
IR”-valued random vector VF(X).

* In general, if we have a random variable of the form
Y = F(X, h))y» ... » (X, h,) ) we define its Malliavin derivative
as the H-valued random variable

DY = Y 0, F((X, ) Ypps o » (X, gy
k=1

* For other suitable Y we may then define DY by taking limits of
such smooth random variables.

* Completion under the natural norm
||Y||‘ip = E[|Y|?] + E[|DY||?] leads to the space ID"7.



Motivation: regularity of probability laws

Heuristic idea: | DY [|; measures how easy it would have been to
sample other values around Y.

Theorem
IfY € D2 and | DY > 0 ass., then Y has a density w.r.t. the Lebesgue
measure on R.



Random vectors and smoothness of laws

To study the smoothness of laws we need higher order Malliavin
derivatives which take values in H®*:

* ForY = F((X,h)g ... » (X, h,)py) we set
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Random vectors and smoothness of laws

To study the smoothness of laws we need higher order Malliavin
derivatives which take values in H®*:

* ForY = F({(X,h))y» ..., (X, h,)y) we set

DkY— Z O¢,, o FUX 1) s s (X, )by @ - @ By
=1

« Define D*? in a natural way and let D® = ﬂp>1 Neoy D

Theorem

Let (Y}, ...,Y,) be a random vector in R" such that ). € ID* for all

k € {1, ...,n} and define the matrix yy = ((DYi,DYj)H)Zj:l. Suppose
that E[(detyy)P] < oo for all p > 1. Then (Y3, ..., Y,) has a density p
w.r.t. the Lebesgue measure on R" and p is a Schwartz function.



Complex valued random variables

All the definitions carry in a natural way to random variables taking
values in C.

* DY = DRe(Y) +iDIm(Y)
Also,if Y = (Re(Y), Im(Y)), we may write det yy using complex
notation as

1 _
detyy = ;(”DY"?{ - (DY, DY)y ).



Malliavin derivative of u(f)
Note that if X would have pointwise values,

X(x) = ¥ Xehe(x) = ¥ (X By (),
k=1 k=1
then

D(X(x))(y) = Y ()l (y) = BIX(x)X(3)] = G(x, y).
k=1



Malliavin derivative of u(f)
Note that if X would have pointwise values,

X(x) = szhk(x) = Ii(X, W) hi (%),
then _ _
D(X(x))(y) = kihk(x)hk(y) = E[X(x)X(p)] = G(x, y).
Thus by chain rule the Malliavin derivative of

M =u(f) = J : ePX(x) f(x)dx

should be given by

DM(y) = 1ﬁj . elPX() f(x)G(x, y)dx = i/)’L’l(fpt)

and one can prove that this is indeed true and moreover M € D,
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Malliavin determinant for u( f)

Writing p(x) =: ePX® ; we have

IDMIZ; = BHL (i), LN (f i) = BAAL (), fu) 2
=p J F)FOux)u(n)G(x, y) dxdy.

Similarly

(DM, DMYy; = B [ £ FDHGOMG(x, ) dxdy.
Recall that we would like to show that
detpy; = 3 (IDMI; ~ (DM, DM )
has negative moments of all orders. In this talk we will instead focus

on the easier but morally equivalent problem of showing
E[|IDM]|f] < oo forall p > 0.
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Projection bounds

Note that for any nonzero h € H we have

(DM, k)| _ UL (f) byl _ Blu(fh)]
Al Al Wl

Consider taking h(x) = f(x) : ePXsX) . for some 8 > 0.
In this case

DMl >

B
Whlly ~ 65 jIVX(;(x)Ide

. B
should be well concentrated around its mean at =~ § 1" z.

On the other hand u(fh) = 8% [ |f(x) : €% . dx where
X5 = X — X. For small § this is close to 87F with very high
probability.

2
Thus |[DM||; = 815+ with very high probability.



Projection bounds (continued)

More precisely, for a fixed small enough & > 0 one can show that for
all § > 0 small enough we have

2 —
P[IDM]ly; > 815 ] > 1 ¢~

for some constants ¢, d > 0. This suffices to show that
E[|IDM]|f] < oo for all p > 0.

* One can notice here a nice general strategy: Showing that
something is not too small with large probability by finding a
sequence of lower bounds which concentrate better and better,
the point being that one can again work with positive moments
instead of negative ones to show the concentration.



Some remarks

* This choice of h for the projection is not good enough to show
that the density tends to 0 as § — Vd. Instead we use
something like

h(x) = eiﬁXa(x)*ﬁTE[Xs(x)z] Jf(y) . eiﬁf(a(x) . ]E[Xa(x)Xa()’)] dy

(with some additional technical tricks).
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Some remarks

* This choice of h for the projection is not good enough to show
that the density tends to 0 as § — Vd. Instead we use
something like

h(x) = eiﬁXa(x)*ﬁTE[Xs(x)z] Jf(y) . eiﬁf(a(x) . ]E[Xa(x)Xa()’)] dy

(with some additional technical tricks).
* There is also a direct projection bound for dety,,.
* Getting pointwise bounds on the density requires bounding

E[|8(A)|?], where § is the so-called divergence operator and
_ IDM|};DM - (DM, DM);; DM
IDMIf - KDM,DM)y >~

* To this end we show that

IDM|I%(18(DM)| + ID*Mlyer)

0(A) < Z =
IDM|# — [{DM, DM) |




General log-correlated fields and decompositions

The methods can in fact be generalized to a large class of
log-correlated Gaussian fields.

* Some of the nicest log-correlated fields/approximations to work
with are so-called star-scale invariant fields:

* Nice scaling properties.
* Nice independence structure both in space and in the level of
approximation.

* We prove a general decomposition theorem which lets one
express any non-degenerate log-correlated Gaussian field
(satisfying some mild regularity conditions) as the sum of an
almost star-scale invariant field and an independent regular field.



Thanks!
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