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Plan

1. Spectra of hyperbolic manifolds and the conformal bootstrap.

2. The conformal bootstrap and the sphere packing problem.



1. Conformal Bootstrap and Hyperbolic Geometry



Based on arXiv:2111.12716 with Petr Kravchuk and Sridip Pal.

Similar results appeared in arXiv:2111.13215 by James Bonifacio. 

I will also mention some ongoing work with all of the above. 



2D Hyperbolic Orbifolds

   acts on        ∘ G = PSL2(ℝ) z = x + iy ∈ ℍ2 (a b
c d) ∈ G : z ↦

az + b
cz + d

1.  Upper half-plane with the hyperbolic metric  ds2 =
dx2 + dy2

y2

2.  discrete subgroup of     a hyperbolic orbifold.Γ = PSL2(ℝ) ⇔ Γ \ ℍ2 =

  Will assume  has finite volume.∘ Γ \ ℍ2

   only has hyperbolic elements   is a compact surface.∘ Γ ⇔ Γ \ ℍ2

   only has hyperbolic and elliptic elements   is a compact orbifold.∘ Γ ⇔ Γ \ ℍ2

x

y ℍ2

Γ \ ℍ2
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α2

α3

Example 1: Hyperbolic Triangle Groups

ki ∈ ℕ≥2

1
k1

+
1
k2

+
1
k3

< 1

   generated by rotations around vertices by angles       .∘ Γ 2π
ki

αi =
π
ki

  A fundamental domain of  consists of two adjacent triangles.∘ Γ

   is an orbifold of genus 0 with 3 orbifold points of orders .∘ Γ \ ℍ2 k1, k2, k3

2π
k1

2π
k2

2π
k3

  Orbifold of minimal area: .∘ [k1, k2, k3] = [2,3,7]

area > 0

⇔

Γ \ ℍ2



Example 2: The Bolza Surface

  Genus : six-dimensional moduli space.∘ = 2

Bolza surface: the genus-two surface with the largest group of isometries. 

  Iso(Bolza) = , a group of order 48.∘ GL2(𝔽3)

A hyperbolic surface without orbifold points must have genus .≥ 2

  Bolza = , where  is a normal subgroup of index 48 of the 
oii[2,3,8] triangle group.
∘ Γ \ ℍ2 Γ



General Orbifolds

Topological type of :  Γ \ ℍ2 [g; k1, …, kr]

genus orders of orbifold points

isomorphism type of Γ⇔



Laplacian Spectrum of  Γ \ ℍ2

The Laplacian on : ℍ2 ∇2 = y2(∂2
x + ∂2

y)

: a smooth real function on  satisfying  for all .φ(x, y) ℍ2 φ(γ ⋅ (x, y)) = φ(x, y) γ ∈ Γ

−∇2φ(x, y) = λ φ(x, y)

Spectrum: 0 = λ0 < λ1 ≤ λ2 ≤ …

  no closed expression for  in general∘ λi

Today: New upper bounds on .λ1

  a useful model for studying classical and quantum chaos∘



Main results
Theorem:

1. Every hyperbolic orbifold satisfies: .λ1 ≤ 44.8883537

2. Every hyperbolic orbifold of genus two satisfies: .λ1 ≤ 3.8388977

3. Every hyperbolic orbifold of genus three satisfies: .λ1 ≤ 2.6784824

 triangle orbifold: [2,3,7] λ1 ≈ 44.88835

Bolza surface: λ1 ≈ 3.838887258

Klein quartic: λ1 ≈ 2.6779

[Kravchuk, DM, Pal ’21]   [Bonifacio ’21]

previous bound: λ1 ≤ 4 [Yang, Yau ’80]   [Soufi, Ilias ’83]

previous bound: λ1 ≤ 2(4 − 7) ≈ 2.7085 [Ros ’20]



Spectrum of the Spectrum

Conjecture (Selberg 1965): If  is a congruence subgroup of , then .Γ SL(2,ℤ) λ1 = 1/4

If  ranges over congruence orbifolds, the image of the map  is the set .X X ↦ λ1(X) {1/4}

Question: What is the image of the map  when  ranges over all orbifolds?X ↦ λ1(X) X

Answer:

⇔

[Kravchuk, DM, Pal ’21]



The Method

1. The Hilbert space and local operators

2. Operator product expansion

3. Associativity

4. Bounds from linear programming



Previous Work

Bonifacio+Hinterbichler (2020): Einstein manifolds    Rab =
R
d

gab

Bonifacio (2021): Hyperbolic manifolds    Rabcd = gadgbc − gacgbd

Kravchuk, DM, Pal (2021): Pointed out the role played by  in the case of 
hyperbolic manifolds, and systematized the ideas using its representation theory.

SO(1, d)



The Coset Space
  ∘ G = PSL2(ℝ)

  , maximal compact subgroup of ∘ K = PSO2(ℝ) G

  discrete co-compact subgroup of ∘ Γ = G

X

K = S1

Γ \ G

G

ℍ2 = G/K

X = Γ \ G/K



The Hilbert Space: L2(Γ \ G)

  a representation of : ∘ G F(g)
g̃

↦ F(gg̃)

  unitary, with inner product: ∘ ∥F(g)∥2 = ∫
Γ \ G

dg |F(g) |2

Decomposition under :   K L2(Γ \ G) = ⨁
n∈ℤ

Vn

  ∘ V0 = L2(X)

  :     such that :  ∘ Vn = L2(n-forms) h(x, y) dzn ∀γ ∈ Γ h(z) = (cz + d)−2nh ( az + b
cz + d )

X

K = S1

Γ \ G

 Generators of  act as follows: , ∘ G L0 |Vn
= n id L±1 : Vn → Vn∓1

Consider the space L2(Γ \ G)



The Spectral Decomposition

L2(Γ \ G) = ℂ ⊕
∞

⨁
i=1

Pλi
⊕

∞

⨁
j=1

(Dnj
⊕ Dnj

)

Decompose  into irreducible representations of :L2(Γ \ G) G = PSL2(ℝ)

1. Trivial representation : constant functions.ℂ

2. Principal and complementary series : Laplace eigenfunction with eigenvalue .Pλ λ
  principal series: , complementary series: .∘ λ ∈ [1/4,∞) λ ∈ (0,1/4)

3. Holomorphic discrete series : holomorphic modular forms of weight .Dn 2n ∈ 2ℕ>0

  Casimir  = Laplacian   is a Laplace eigenfunction of eigenvalue .∘ |V0
⇒ v ∈ Pλ ∩ V0 λ

 ,     is a holomorphic modular form of weight .∘ L1 = ∂ L1 |Dn∩Vn
= 0 ⇒ v ∈ Dn ∩ Vn 2n

 Antiholomorphic discrete series : complex conjugates of modular forms.∘ Dn

Terminology: The Laplace eigenfunctions and holomorphic modular forms areiexamples of 
oooooooooooiautomorphic forms.



Question: What are the constraints on the set of representations on the RHS?

L2(Γ \ G) = ℂ ⊕
∞

⨁
i=1

Pλi
⊕

∞

⨁
j=1

(Dnj
⊕ Dnj

)

Ingredients:
1. Riemann-Roch theorem: The topology of  determines the spectrum of 

holomorphic forms = discrete series. Namely, for , we have
Γ

[g; k1, …, kr]

multiplicity(Dn) = (2n − 1)(g − 1) +
r

∑
i=1

⌊n
ki − 1

ki ⌋ + δn,1

  Can focus on specific topology by making simple assumptions about the spectrum of .⇒ Dn

C∞(Γ \ G) × C∞(Γ \ G) → C∞(Γ \ G)

(F1(g), F2(g)) ↦ F1(g)F2(g)

Associativity and -invariance  bounds on the Laplacian spectrum.G ⇒

2. Consider the pointwise product



Local Operators

 𝒪(w) = ew L−1 ⋅ F(g) = F(g)+w L−1 ⋅ F(g)+ w2

2 L2
−1 ⋅ F(g) + …

Let  be a holomorphic modular form of weight . DefineF(g) ∈ L2(Γ \ G) 2n

   for .∘ 𝒪(w) ∈ L2(Γ \ G) ∩ Dn |w | < 1

  As  ranges over the unit disk,  generates .∘ w 𝒪(w) L2(Γ \ G) ∩ Dn

   transforms like a conformal primary operator of scaling dimension .∘ 𝒪(w) n
Lm ⋅ 𝒪(w) = [wm+1∂z + (m + 1)nwm]𝒪(w)

Properties:

Similarly, define the conjugate operator .𝒪(w) = w−2ne−L1/w ⋅ F(g)

   for .∘ 𝒪(w) ∈ L2(Γ \ G) ∩ Dn |w | > 1

Definition (local operator):



Correlation Functions

Given , their correlation function is given byF1, …, FN ∈ C∞(Γ \ G)
Definition (correlation function):

⟨F1…FN⟩ =
1

vol(Γ \ G) ∫
Γ \ G

dμ F1(g)…F2(g)

Properties:

  one-point functions:  ∘ ⟨1⟩ = 1, ⟨𝒪i (w)⟩ = ⟨𝒪i (w)⟩ = 0

  two-point functions: ∘ ⟨𝒪i (w1)𝒪j (w2)⟩ =
δij

(w1 − w2)2n

Since  is -invariant, so are the correlation functions.μ G



|w | = 1

w

𝒪1(w1)

𝒪2(w2)
𝒪3(w3)

𝒪4(w4)

𝒪5(w5)

Each hyperbolic orbifold defines a large class of observables:

⟨𝒪1(w1)…𝒪N(wN)𝒪N+1(wN+1)…𝒪N+M(wN+M)⟩



The Operator Product Expansion

  The space of -invariant maps  and  is one-dimensional.∘ G Dn × Dn → Pλ Dn × Dn → Dm

Express products  using the spectral decomposition of .𝒪(w1)𝒪(w2), 𝒪(w1)𝒪(w2) L2(Γ \ G)

  , where .∘ 𝒪(w1)𝒪(w2) = ∑
j

f̃j K̃ j(w1, w2) K̃ j(w1, w2) ∈ Dnj

  , where .∘ 𝒪(w1)𝒪(w2) =
1

(w1 − w2)2n
+ ∑

i

fi Ki(w1, w2) Ki(w1, w2) ∈ Pλi

Crucial fact:  and  are universal = fixed by -invariance.Ki(w1, w2) K̃ j(w1, w2) G

  , , integrals of triple products of automorphic forms.∘ fi ∼ ⟨h h φi⟩ f̃j ∼ ⟨h h hj⟩



Imposing Associativity
Suppose  contains  and let  be the corresponding local operator.L2(Γ \ G) Dn 𝒪n(w)

⟨𝒪n(w1)𝒪n(w2)𝒪n(w3)𝒪n(w4)⟩

(1 − χ)−2n ∑
i

| fi |
2 kλi

(χ) = χ−2n ∑
m ≥ 0
m even

| f̃m |2 k̃2n+m(χ)

ks(1−s)(χ) = 2F1(s,1 − s; 1; χ
χ − 1 ) k̃m(χ) = χm

2F1(m, m; 2m; χ)

  Get an infinite number of spectral identities by expanding around .⇒ χ = 0

=∑ ∑
Dn

Dn Dn

Dn
Pλi

Dn Dn

Dn Dn

D2n+m

Laplace

eigenfunctions

modular 
forms

conformal blocks



Spectral Bounds from Linear Programming

Proposition:  Fix  and suppose  with , such thatM ∈ ℕ Q(λ) =
M

∑
m=0

xmPn,m(λ) xm ∈ ℝ

1.   for all even xm ≤ 0 m
2.  Q(0) = 1
3.   for all .Q(λ) ≥ 0 λ ≥ λ*

Then there is an upper bound on the Laplace spectral gap  for every hyperbolic 
orbifold with a holomorphic form of weight .

λ1 < λ*
2n

Proof: Consider , exchange order of summations and use the spectral identities.∑
i

| fi |
2 Q(λi)

Strategy: Minimize  by optimizing over  satisfying 1.-3. Increase  to improve the bound.λ* xm M
We used the semidefinite programming solver SDPB. [Simmons-Duffin ’15]

[Simmons-Duffin, Landry ’19]

∑
i

| fi |
2 Pn,m(λi) = | f̃m |2 for all even m ≥ 0, ∑

i

| fi |
2 Pn,m(λi) = 0 m > 0for all odd Spectral identities:



Results

Fact: We have  for every hyperbolic orbifold.n1(Γ) ∈ {1, 2, 3, 4, 6}
Let  be the minimal weight of a modular form for .2n1(Γ) Γ

n1

1
2
3
4

our bound on λ1
8.47032

15.79144
23.07917
30.35432

largest known λ1
8.46776

15.79023
23.07855
28.07984

orbifold

[0; 3,3,4]
[0; 2,4,5]

at the -symmetric pointℤ6

at the -symmetric pointℤ3

Corrolary: Every hyperbolic orbifold satisfies: .λ1 ≤ 44.8883537

6 44.8883537 44.88835 [0; 2,3,7]

[0; 2,2,2,3]
[1; 2]



Sharp Bounds
Question: Is the linear-programming upper bound on  sharp for ?λ1 M → ∞

44.88835 142.5552 201.4709 323.40 456.3
λ

e-λ/50Pα
6(λ)Q(λ)

If yes, the linear program must reconstruct the full Laplace spectrum of the  orbifold![0; 2,3,7]

This is precisely what happens for the Cohn-Elkies bound on sphere packing in .d = 8, 24

   for all spectrum.∘ Q(λi) = 0 λi ∈
 Output of the linear program for ∘ M = 41
 Zeros agree with the  spectrum!∘ [0; 2,3,7]
 Proof would amount to a construction of  

tiifor .
∘ Q(λ)

M = ∞

  Viazovska (2016): Construction of optimal  for sphere packing.∘ Q(λ)
  DM (2016), DM+Paulos (2018): Construction of optimal  for the gap problem in 1D CFTs.∘ Q(λ)

Challenge: Construct the optimal  for the Laplacian spectral gap problem.Q(λ)

  Hartman+DM+Rastelli (2019): Precise mapping between Viazovska (2016) and DM (2016).∘



Bounds at Fixed Genus

⟨𝒪i(w1)𝒪j(w2)𝒪k(w3)𝒪l(w4)⟩

Bounds on  of genus-  orbifolds: Use  linearly independent holomorphic -forms.λ1 g g 1

i, j, k, l = 1,…, gni = nj = nk = nl = 1

Associativity implemented by the system of coupled equations:

This is a matrix generalization of the original linear program  need semidefinite programming.⇒

1
2
3

our bound on λ1
8.47032
3.83890
2.67849

largest known λ1
8.46776
3.83889
2.67793

orbifoldgenus

Bolza surface
Klein quartic

 at the -symmetric point[1; 2] ℤ6



Values of  Attained by All Orbifoldsλ1

⟨𝒪n1
(w1)𝒪n2

(w2)𝒪n1
(w3)𝒪n2

(w4)⟩

Study associativity for two holomorphic forms of minimal weight 2 ≤ 2n1 < 2n2

Example:  ,     unless the orbifold is  or .n1 = 6 n2 = 8 ⇒ λ1 ≤ 23.0997 [0; 2,3,7] n1 ≤ 4

Idea: Topological type is uniquely identified by the spectrum of weights of modular forms. 
ooooiiOnly finitely many weigths are needed to identify each topological type.

theorem: If  ranges over all orbifolds,  takes the following values:X λ1(X)



Hyperbolic Three-Manifolds

 = the lowest Laplace eigenvalue on symmetric tensors of rank .| t(J)
1 |2 + 1 J

work in progress with J. Bonifacio, P. Kravchuk and S. Pal



Summary

  There is a close analogy between conformal field theories and hyperbolic manifolds.∘

  This leads to an infinite set of identities satisfied by the Laplacian spectra of hyp. manifolds.∘

  Linear/semidefinite programming turns the identites into bounds on the spectral gap .∘ λ1

  The bounds on  for 2D hyperbolic orbifolds are often nearly sharp.∘ λ1

  They allow us to (more or less) identify the set of  realized by all 2D hyperbolic orbifolds.∘ λ1



2. Conformal Bootstrap and Sphere Packing



Overview
  Problems arising in the conformal bootstrap naturally take the form of infinite-dimensional 

oiilinear programs (Rattazzi+Rychkov+Tonni+Vichi 2008).
∘

  This type of problem is hard to solve exactly in general, but examples of exact solutions 
oi haveiappeared in the conformal bootstrap literature (DM 2016).
∘

  A closely related type of an infinite-dimensional linear program has been used to prove 
otupper bounds on sphere-packing density (Cohn+Elkies 2001).
∘

  In this context, Viazovska (2016) found an exact solution of the problem, leading to the 
oiisolution of the sphere-packing problem in dimensions 8 and 24.
∘

  Viazovska’s solution can be exactly mapped to the exact solution found in the conformal 
oiibootstrap (Hartman+DM+Rastelli 2019).
∘



Four-Point Bootstrap 

∞

∑
i=0

| fi |
2 GΔψ

Δi
(z) =

∞

∑
i=0

| fi |
2 GΔψ

Δi
(1 − z)

  Consider the four-point correlation function in 1D: .∘ ⟨ψ(x1)ψ(x2)ψ(x3)ψ(x4)⟩

ψ ψ

ψ ψ

𝒪i
∞

∑
i=0

=
∞

∑
i=0

ψ ψ

ψ ψ

𝒪i

  OPE: , where  and .∘ ψ × ψ =
∞

∑
i=0

fi 𝒪i fi ∈ ℝ 𝒪0 = 1

  Spectrum: ∘ 0 = Δ0 < Δ1 ≤ Δ2 ≤ …

Question: What is the maximal possible  compatible with ( ), for a given ?Δ1 Δψ

  Conformal blocks for the  algebra: .∘ sl2(ℝ) GΔψ
Δ (z) = zΔ−2Δψ2F1(Δ, Δ; 2Δ; z)

( )



Bounds from Functionals

  Apply linear functionals  to rule out possible spectra.∘ ω : F(z) → ℝ

If  such that  for all  in a putative theory, then the theory is ruled out.∃ω ω[FΔψ
Δi

] > 0 Δi

2.  for all  ω[FΔψ
Δ ] ≥ 0 Δ ≥ Δ*

Δ

ω[FΔψ
Δ ]

Δ*

[Rattazzi, Rychkov, Tonni, Vichi ’08]

then  in all consistent theories.Δ1 ≤ Δ*

∞

∑
i=0

| fi |
2 [GΔψ

Δi
(z) − GΔψ

Δi
(1 − z)

FΔψ
Δi

(z)

] = 0

Example: To get an upper bound on , supposeΔ1

1.  ω[FΔψ
0 ] = 1



Analytic Functionals [DM ’16], [DM, Paulos ’18]

Theorem: The gap-maximizing solution is the fermionic mean field theory, with . Δ1 = 2Δψ + 1

Spectrum: Δ = 0, 2Δψ + 1, 2Δψ + 3 , …

Proof: Construct a linear functional  with double zeros on the extremal spectrum.ω

ω[FΔψ
Δ ] = sin2 [ π

2 (Δ − 2Δψ − 1)]
1

∫
0

dz Q(z) GΔψ
Δ (z)

ψ × ψ = 1 + ψ∂ψ + ψ∂3ψ + …

� � � � �� �� ��

-�

-�

�

�

�

�

!2(�)

�0

ω[FΔψ
Δ ]

2Δψ + 32Δψ + 1 2Δψ + 5 2Δψ + 7 ...

Question: What is the maximal possible  for a given ?Δ1 Δψ

z = 0 z = 1

P (z)
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Q(z)
<latexit sha1_base64="Zj0z12jp+lypZa/N55hsUvQah/c=">AAACAHicbVDLSsNAFJ3UV62vqks3g0Wom5KIoMuiG5ct2Ae0oUwmN83QySTMTIQauvED3OonuBO3/olf4G84abPQ1gMXDufcy733eAlnStv2l1VaW9/Y3CpvV3Z29/YPqodHXRWnkkKHxjyWfY8o4ExARzPNoZ9IIJHHoedNbnO/9wBSsVjc62kCbkTGggWMEp1L7frj+ahasxv2HHiVOAWpoQKtUfV76Mc0jUBoyolSA8dOtJsRqRnlMKsMUwUJoRMyhoGhgkSg3Gx+6wyfGcXHQSxNCY3n6u+JjERKTSPPdEZEh2rZy8V/PWVOCcFfWq+DazdjIkk1CLrYHqQc6xjnaWCfSaCaTw0hVDLzAKYhkYRqk1nFJOMs57BKuhcNx2447cta86bIqIxO0CmqIwddoSa6Qy3UQRSF6Bm9oFfryXqz3q2PRWvJKmaO0R9Ynz9FlJaX</latexit><latexit sha1_base64="Zj0z12jp+lypZa/N55hsUvQah/c=">AAACAHicbVDLSsNAFJ3UV62vqks3g0Wom5KIoMuiG5ct2Ae0oUwmN83QySTMTIQauvED3OonuBO3/olf4G84abPQ1gMXDufcy733eAlnStv2l1VaW9/Y3CpvV3Z29/YPqodHXRWnkkKHxjyWfY8o4ExARzPNoZ9IIJHHoedNbnO/9wBSsVjc62kCbkTGggWMEp1L7frj+ahasxv2HHiVOAWpoQKtUfV76Mc0jUBoyolSA8dOtJsRqRnlMKsMUwUJoRMyhoGhgkSg3Gx+6wyfGcXHQSxNCY3n6u+JjERKTSPPdEZEh2rZy8V/PWVOCcFfWq+DazdjIkk1CLrYHqQc6xjnaWCfSaCaTw0hVDLzAKYhkYRqk1nFJOMs57BKuhcNx2447cta86bIqIxO0CmqIwddoSa6Qy3UQRSF6Bm9oFfryXqz3q2PRWvJKmaO0R9Ynz9FlJaX</latexit><latexit sha1_base64="Zj0z12jp+lypZa/N55hsUvQah/c=">AAACAHicbVDLSsNAFJ3UV62vqks3g0Wom5KIoMuiG5ct2Ae0oUwmN83QySTMTIQauvED3OonuBO3/olf4G84abPQ1gMXDufcy733eAlnStv2l1VaW9/Y3CpvV3Z29/YPqodHXRWnkkKHxjyWfY8o4ExARzPNoZ9IIJHHoedNbnO/9wBSsVjc62kCbkTGggWMEp1L7frj+ahasxv2HHiVOAWpoQKtUfV76Mc0jUBoyolSA8dOtJsRqRnlMKsMUwUJoRMyhoGhgkSg3Gx+6wyfGcXHQSxNCY3n6u+JjERKTSPPdEZEh2rZy8V/PWVOCcFfWq+DazdjIkk1CLrYHqQc6xjnaWCfSaCaTw0hVDLzAKYhkYRqk1nFJOMs57BKuhcNx2447cta86bIqIxO0CmqIwddoSa6Qy3UQRSF6Bm9oFfryXqz3q2PRWvJKmaO0R9Ynz9FlJaX</latexit><latexit sha1_base64="Zj0z12jp+lypZa/N55hsUvQah/c=">AAACAHicbVDLSsNAFJ3UV62vqks3g0Wom5KIoMuiG5ct2Ae0oUwmN83QySTMTIQauvED3OonuBO3/olf4G84abPQ1gMXDufcy733eAlnStv2l1VaW9/Y3CpvV3Z29/YPqodHXRWnkkKHxjyWfY8o4ExARzPNoZ9IIJHHoedNbnO/9wBSsVjc62kCbkTGggWMEp1L7frj+ahasxv2HHiVOAWpoQKtUfV76Mc0jUBoyolSA8dOtJsRqRnlMKsMUwUJoRMyhoGhgkSg3Gx+6wyfGcXHQSxNCY3n6u+JjERKTSPPdEZEh2rZy8V/PWVOCcFfWq+DazdjIkk1CLrYHqQc6xjnaWCfSaCaTw0hVDLzAKYhkYRqk1nFJOMs57BKuhcNx2447cta86bIqIxO0CmqIwddoSa6Qy3UQRSF6Bm9oFfryXqz3q2PRWvJKmaO0R9Ynz9FlJaX</latexit>

 are subject to a system of 
functional equations which admits a 
unique solution.

P(z), Q(z)



Functionals and the 2D Modular Bootstrap

Constraint: Modular invariance  .Z(β) = Z(4π2/β)

Equivalent to a four-point correlator bootstrap

0
<latexit sha1_base64="m0N0Styk6LZ8lqS47tGFtUw85K4=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5id7U2GzM4uM7NCWIIf4FU/wZt49Vv8An/DSbIHjRY0FFXddHcFqeDauO6nU1pb39jcKm9Xdnb39g+qh0cdnWSKYZslIlG9gGoUXGLbcCOwlyqkcSCwG0xu5373AZXmibw30xT9mI4kjzijxkotd1ituXV3AfKXeAWpQYHmsPo1CBOWxSgNE1Trvuemxs+pMpwJnFUGmcaUsgkdYd9SSWPUfr44dEbOrBKSKFG2pCEL9edETmOtp3FgO2NqxnrVm4v/etqeMsZwZb2Jrv2cyzQzKNlye5QJYhIyj4KEXCEzYmoJZYrbBwgbU0WZsYFVbDLeag5/Seei7rl1r3VZa9wUGZXhBE7hHDy4ggbcQRPawADhCZ7hxXl0Xp03533ZWnKKmWP4BefjG1u8lY0=</latexit><latexit sha1_base64="m0N0Styk6LZ8lqS47tGFtUw85K4=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5id7U2GzM4uM7NCWIIf4FU/wZt49Vv8An/DSbIHjRY0FFXddHcFqeDauO6nU1pb39jcKm9Xdnb39g+qh0cdnWSKYZslIlG9gGoUXGLbcCOwlyqkcSCwG0xu5373AZXmibw30xT9mI4kjzijxkotd1ituXV3AfKXeAWpQYHmsPo1CBOWxSgNE1Trvuemxs+pMpwJnFUGmcaUsgkdYd9SSWPUfr44dEbOrBKSKFG2pCEL9edETmOtp3FgO2NqxnrVm4v/etqeMsZwZb2Jrv2cyzQzKNlye5QJYhIyj4KEXCEzYmoJZYrbBwgbU0WZsYFVbDLeag5/Seei7rl1r3VZa9wUGZXhBE7hHDy4ggbcQRPawADhCZ7hxXl0Xp03533ZWnKKmWP4BefjG1u8lY0=</latexit><latexit sha1_base64="m0N0Styk6LZ8lqS47tGFtUw85K4=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5id7U2GzM4uM7NCWIIf4FU/wZt49Vv8An/DSbIHjRY0FFXddHcFqeDauO6nU1pb39jcKm9Xdnb39g+qh0cdnWSKYZslIlG9gGoUXGLbcCOwlyqkcSCwG0xu5373AZXmibw30xT9mI4kjzijxkotd1ituXV3AfKXeAWpQYHmsPo1CBOWxSgNE1Trvuemxs+pMpwJnFUGmcaUsgkdYd9SSWPUfr44dEbOrBKSKFG2pCEL9edETmOtp3FgO2NqxnrVm4v/etqeMsZwZb2Jrv2cyzQzKNlye5QJYhIyj4KEXCEzYmoJZYrbBwgbU0WZsYFVbDLeag5/Seei7rl1r3VZa9wUGZXhBE7hHDy4ggbcQRPawADhCZ7hxXl0Xp03533ZWnKKmWP4BefjG1u8lY0=</latexit><latexit sha1_base64="m0N0Styk6LZ8lqS47tGFtUw85K4=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5id7U2GzM4uM7NCWIIf4FU/wZt49Vv8An/DSbIHjRY0FFXddHcFqeDauO6nU1pb39jcKm9Xdnb39g+qh0cdnWSKYZslIlG9gGoUXGLbcCOwlyqkcSCwG0xu5373AZXmibw30xT9mI4kjzijxkotd1ituXV3AfKXeAWpQYHmsPo1CBOWxSgNE1Trvuemxs+pMpwJnFUGmcaUsgkdYd9SSWPUfr44dEbOrBKSKFG2pCEL9edETmOtp3FgO2NqxnrVm4v/etqeMsZwZb2Jrv2cyzQzKNlye5QJYhIyj4KEXCEzYmoJZYrbBwgbU0WZsYFVbDLeag5/Seei7rl1r3VZa9wUGZXhBE7hHDy4ggbcQRPawADhCZ7hxXl0Xp03533ZWnKKmWP4BefjG1u8lY0=</latexit>

1
<latexit sha1_base64="fuP6GpjCgfismcnXW0BRIkBkizU=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5id7U2GzM4uM7NCWIIf4FU/wZt49Vv8An/DSbIHjRY0FFXddHcFqeDauO6nU1pb39jcKm9Xdnb39g+qh0cdnWSKYZslIlG9gGoUXGLbcCOwlyqkcSCwG0xu5373AZXmibw30xT9mI4kjzijxkotb1ituXV3AfKXeAWpQYHmsPo1CBOWxSgNE1Trvuemxs+pMpwJnFUGmcaUsgkdYd9SSWPUfr44dEbOrBKSKFG2pCEL9edETmOtp3FgO2NqxnrVm4v/etqeMsZwZb2Jrv2cyzQzKNlye5QJYhIyj4KEXCEzYmoJZYrbBwgbU0WZsYFVbDLeag5/Seei7rl1r3VZa9wUGZXhBE7hHDy4ggbcQRPawADhCZ7hxXl0Xp03533ZWnKKmWP4BefjG11VlY4=</latexit><latexit sha1_base64="fuP6GpjCgfismcnXW0BRIkBkizU=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5id7U2GzM4uM7NCWIIf4FU/wZt49Vv8An/DSbIHjRY0FFXddHcFqeDauO6nU1pb39jcKm9Xdnb39g+qh0cdnWSKYZslIlG9gGoUXGLbcCOwlyqkcSCwG0xu5373AZXmibw30xT9mI4kjzijxkotb1ituXV3AfKXeAWpQYHmsPo1CBOWxSgNE1Trvuemxs+pMpwJnFUGmcaUsgkdYd9SSWPUfr44dEbOrBKSKFG2pCEL9edETmOtp3FgO2NqxnrVm4v/etqeMsZwZb2Jrv2cyzQzKNlye5QJYhIyj4KEXCEzYmoJZYrbBwgbU0WZsYFVbDLeag5/Seei7rl1r3VZa9wUGZXhBE7hHDy4ggbcQRPawADhCZ7hxXl0Xp03533ZWnKKmWP4BefjG11VlY4=</latexit><latexit sha1_base64="fuP6GpjCgfismcnXW0BRIkBkizU=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5id7U2GzM4uM7NCWIIf4FU/wZt49Vv8An/DSbIHjRY0FFXddHcFqeDauO6nU1pb39jcKm9Xdnb39g+qh0cdnWSKYZslIlG9gGoUXGLbcCOwlyqkcSCwG0xu5373AZXmibw30xT9mI4kjzijxkotb1ituXV3AfKXeAWpQYHmsPo1CBOWxSgNE1Trvuemxs+pMpwJnFUGmcaUsgkdYd9SSWPUfr44dEbOrBKSKFG2pCEL9edETmOtp3FgO2NqxnrVm4v/etqeMsZwZb2Jrv2cyzQzKNlye5QJYhIyj4KEXCEzYmoJZYrbBwgbU0WZsYFVbDLeag5/Seei7rl1r3VZa9wUGZXhBE7hHDy4ggbcQRPawADhCZ7hxXl0Xp03533ZWnKKmWP4BefjG11VlY4=</latexit><latexit sha1_base64="fuP6GpjCgfismcnXW0BRIkBkizU=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5id7U2GzM4uM7NCWIIf4FU/wZt49Vv8An/DSbIHjRY0FFXddHcFqeDauO6nU1pb39jcKm9Xdnb39g+qh0cdnWSKYZslIlG9gGoUXGLbcCOwlyqkcSCwG0xu5373AZXmibw30xT9mI4kjzijxkotb1ituXV3AfKXeAWpQYHmsPo1CBOWxSgNE1Trvuemxs+pMpwJnFUGmcaUsgkdYd9SSWPUfr44dEbOrBKSKFG2pCEL9edETmOtp3FgO2NqxnrVm4v/etqeMsZwZb2Jrv2cyzQzKNlye5QJYhIyj4KEXCEzYmoJZYrbBwgbU0WZsYFVbDLeag5/Seei7rl1r3VZa9wUGZXhBE7hHDy4ggbcQRPawADhCZ7hxXl0Xp03533ZWnKKmWP4BefjG11VlY4=</latexit>

z
<latexit sha1_base64="brkMgqB08g3IZ7BW+KbdGSXPI9w=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5id7SRDZmeXmVkhLsEP8Kqf4E28+i1+gb/hJNmDJhY0FFXddHcFieDauO6XU1hb39jcKm6Xdnb39g/Kh0ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377AZXmsbw3kwT9iA4lH3BGjZUaj/1yxa26c5BV4uWkAjnq/fJ3L4xZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n80Ck5s0pIBrGyJQ2Zq78nMhppPYkC2xlRM9LL3kz819P2lBGGS+vN4NrPuExSg5Ittg9SQUxMZlGQkCtkRkwsoUxx+wBhI6ooMzawkk3GW85hlbQuqp5b9RqXldpNnlERTuAUzsGDK6jBHdShCQwQnuEFXp0n5815dz4WrQUnnzmGP3A+fwDR9pXX</latexit><latexit sha1_base64="brkMgqB08g3IZ7BW+KbdGSXPI9w=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5id7SRDZmeXmVkhLsEP8Kqf4E28+i1+gb/hJNmDJhY0FFXddHcFieDauO6XU1hb39jcKm6Xdnb39g/Kh0ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377AZXmsbw3kwT9iA4lH3BGjZUaj/1yxa26c5BV4uWkAjnq/fJ3L4xZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n80Ck5s0pIBrGyJQ2Zq78nMhppPYkC2xlRM9LL3kz819P2lBGGS+vN4NrPuExSg5Ittg9SQUxMZlGQkCtkRkwsoUxx+wBhI6ooMzawkk3GW85hlbQuqp5b9RqXldpNnlERTuAUzsGDK6jBHdShCQwQnuEFXp0n5815dz4WrQUnnzmGP3A+fwDR9pXX</latexit><latexit sha1_base64="brkMgqB08g3IZ7BW+KbdGSXPI9w=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5id7SRDZmeXmVkhLsEP8Kqf4E28+i1+gb/hJNmDJhY0FFXddHcFieDauO6XU1hb39jcKm6Xdnb39g/Kh0ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377AZXmsbw3kwT9iA4lH3BGjZUaj/1yxa26c5BV4uWkAjnq/fJ3L4xZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n80Ck5s0pIBrGyJQ2Zq78nMhppPYkC2xlRM9LL3kz819P2lBGGS+vN4NrPuExSg5Ittg9SQUxMZlGQkCtkRkwsoUxx+wBhI6ooMzawkk3GW85hlbQuqp5b9RqXldpNnlERTuAUzsGDK6jBHdShCQwQnuEFXp0n5815dz4WrQUnnzmGP3A+fwDR9pXX</latexit><latexit sha1_base64="brkMgqB08g3IZ7BW+KbdGSXPI9w=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5id7SRDZmeXmVkhLsEP8Kqf4E28+i1+gb/hJNmDJhY0FFXddHcFieDauO6XU1hb39jcKm6Xdnb39g/Kh0ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377AZXmsbw3kwT9iA4lH3BGjZUaj/1yxa26c5BV4uWkAjnq/fJ3L4xZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n80Ck5s0pIBrGyJQ2Zq78nMhppPYkC2xlRM9LL3kz819P2lBGGS+vN4NrPuExSg5Ittg9SQUxMZlGQkCtkRkwsoUxx+wBhI6ooMzawkk3GW85hlbQuqp5b9RqXldpNnlERTuAUzsGDK6jBHdShCQwQnuEFXp0n5815dz4WrQUnnzmGP3A+fwDR9pXX</latexit>

1
<latexit sha1_base64="8O9+vxhyF6KR3/9Kv1ilPofmOjw=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZ3mTM7OwyMyuEJTc/wKt+gjfx6o/4Bf6Gk2QPmljQUFR1090VpIJr47pfzsrq2vrGZmmrvL2zu7dfOThs6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0M/Xbj6g0T+S9Gafox3QgecQZNVZq9biMzLhfqbo1dwayTLyCVKFAo1/57oUJy2KUhgmqdddzU+PnVBnOBE7KvUxjStmIDrBrqaQxaj+fXTshp1YJSZQoW9KQmfp7Iqex1uM4sJ0xNUO96E3Ffz1tTxliuLDeRFd+zmWaGZRsvj3KBDEJmeZBQq6QGTG2hDLF7QOEDamizNjUyjYZbzGHZdI6r3luzbu7qNavi4xKcAwncAYeXEIdbqEBTWDwAM/wAq/Ok/PmvDsf89YVp5g5gj9wPn8A1kmYFQ==</latexit><latexit sha1_base64="8O9+vxhyF6KR3/9Kv1ilPofmOjw=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZ3mTM7OwyMyuEJTc/wKt+gjfx6o/4Bf6Gk2QPmljQUFR1090VpIJr47pfzsrq2vrGZmmrvL2zu7dfOThs6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0M/Xbj6g0T+S9Gafox3QgecQZNVZq9biMzLhfqbo1dwayTLyCVKFAo1/57oUJy2KUhgmqdddzU+PnVBnOBE7KvUxjStmIDrBrqaQxaj+fXTshp1YJSZQoW9KQmfp7Iqex1uM4sJ0xNUO96E3Ffz1tTxliuLDeRFd+zmWaGZRsvj3KBDEJmeZBQq6QGTG2hDLF7QOEDamizNjUyjYZbzGHZdI6r3luzbu7qNavi4xKcAwncAYeXEIdbqEBTWDwAM/wAq/Ok/PmvDsf89YVp5g5gj9wPn8A1kmYFQ==</latexit><latexit sha1_base64="8O9+vxhyF6KR3/9Kv1ilPofmOjw=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZ3mTM7OwyMyuEJTc/wKt+gjfx6o/4Bf6Gk2QPmljQUFR1090VpIJr47pfzsrq2vrGZmmrvL2zu7dfOThs6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0M/Xbj6g0T+S9Gafox3QgecQZNVZq9biMzLhfqbo1dwayTLyCVKFAo1/57oUJy2KUhgmqdddzU+PnVBnOBE7KvUxjStmIDrBrqaQxaj+fXTshp1YJSZQoW9KQmfp7Iqex1uM4sJ0xNUO96E3Ffz1tTxliuLDeRFd+zmWaGZRsvj3KBDEJmeZBQq6QGTG2hDLF7QOEDamizNjUyjYZbzGHZdI6r3luzbu7qNavi4xKcAwncAYeXEIdbqEBTWDwAM/wAq/Ok/PmvDsf89YVp5g5gj9wPn8A1kmYFQ==</latexit><latexit sha1_base64="8O9+vxhyF6KR3/9Kv1ilPofmOjw=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNnZ3mTM7OwyMyuEJTc/wKt+gjfx6o/4Bf6Gk2QPmljQUFR1090VpIJr47pfzsrq2vrGZmmrvL2zu7dfOThs6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0M/Xbj6g0T+S9Gafox3QgecQZNVZq9biMzLhfqbo1dwayTLyCVKFAo1/57oUJy2KUhgmqdddzU+PnVBnOBE7KvUxjStmIDrBrqaQxaj+fXTshp1YJSZQoW9KQmfp7Iqex1uM4sJ0xNUO96E3Ffz1tTxliuLDeRFd+zmWaGZRsvj3KBDEJmeZBQq6QGTG2hDLF7QOEDamizNjUyjYZbzGHZdI6r3luzbu7qNavi4xKcAwncAYeXEIdbqEBTWDwAM/wAq/Ok/PmvDsf89YVp5g5gj9wPn8A1kmYFQ==</latexit>

=<latexit sha1_base64="dcUQ6RTbPwrlDHiBIqYHS9la6WA=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjAuYByRJmZ3uTIbOzy8ysEELwA7zqJ3gTr36LX+BvOEn2oIkFDUVVN91dQSq4Nq775RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAeju5nffkSleSIfzDhFP6YDySPOqLFS46ZfrrhVdw6ySrycVCBHvV/+7oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXUklj1P5kfuiUnFklJFGibElD5urviQmNtR7Hge2MqRnqZW8m/utpe8oQw6X1Jrr2J1ymmUHJFtujTBCTkFkUJOQKmRFjSyhT3D5A2JAqyowNrGST8ZZzWCWti6rnVr3GZaV2m2dUhBM4hXPw4ApqcA91aAIDhGd4gVfnyXlz3p2PRWvByWeO4Q+czx9wgZWa</latexit><latexit sha1_base64="dcUQ6RTbPwrlDHiBIqYHS9la6WA=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjAuYByRJmZ3uTIbOzy8ysEELwA7zqJ3gTr36LX+BvOEn2oIkFDUVVN91dQSq4Nq775RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAeju5nffkSleSIfzDhFP6YDySPOqLFS46ZfrrhVdw6ySrycVCBHvV/+7oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXUklj1P5kfuiUnFklJFGibElD5urviQmNtR7Hge2MqRnqZW8m/utpe8oQw6X1Jrr2J1ymmUHJFtujTBCTkFkUJOQKmRFjSyhT3D5A2JAqyowNrGST8ZZzWCWti6rnVr3GZaV2m2dUhBM4hXPw4ApqcA91aAIDhGd4gVfnyXlz3p2PRWvByWeO4Q+czx9wgZWa</latexit><latexit sha1_base64="dcUQ6RTbPwrlDHiBIqYHS9la6WA=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjAuYByRJmZ3uTIbOzy8ysEELwA7zqJ3gTr36LX+BvOEn2oIkFDUVVN91dQSq4Nq775RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAeju5nffkSleSIfzDhFP6YDySPOqLFS46ZfrrhVdw6ySrycVCBHvV/+7oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXUklj1P5kfuiUnFklJFGibElD5urviQmNtR7Hge2MqRnqZW8m/utpe8oQw6X1Jrr2J1ymmUHJFtujTBCTkFkUJOQKmRFjSyhT3D5A2JAqyowNrGST8ZZzWCWti6rnVr3GZaV2m2dUhBM4hXPw4ApqcA91aAIDhGd4gVfnyXlz3p2PRWvByWeO4Q+czx9wgZWa</latexit><latexit sha1_base64="dcUQ6RTbPwrlDHiBIqYHS9la6WA=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoBch6MVjAuYByRJmZ3uTIbOzy8ysEELwA7zqJ3gTr36LX+BvOEn2oIkFDUVVN91dQSq4Nq775RTW1jc2t4rbpZ3dvf2D8uFRSyeZYthkiUhUJ6AaBZfYNNwI7KQKaRwIbAeju5nffkSleSIfzDhFP6YDySPOqLFS46ZfrrhVdw6ySrycVCBHvV/+7oUJy2KUhgmqdddzU+NPqDKcCZyWepnGlLIRHWDXUklj1P5kfuiUnFklJFGibElD5urviQmNtR7Hge2MqRnqZW8m/utpe8oQw6X1Jrr2J1ymmUHJFtujTBCTkFkUJOQKmRFjSyhT3D5A2JAqyowNrGST8ZZzWCWti6rnVr3GZaV2m2dUhBM4hXPw4ApqcA91aAIDhGd4gVfnyXlz3p2PRWvByWeO4Q+czx9wgZWa</latexit>

⌧
<latexit sha1_base64="H1w37xDZYiD4yvWarL5bEZMCVbs=">AAACAHicbVDLSsNAFJ3UV62vqks3wSK4KokIuiy6cVnBPqANZTK5aYZOJmHmRiihGz/ArX6CO3Hrn/gF/oaTNgttPXDhcM693HuPnwqu0XG+rMra+sbmVnW7trO7t39QPzzq6iRTDDosEYnq+1SD4BI6yFFAP1VAY19Az5/cFn7vEZTmiXzAaQpeTMeSh5xRLKQh0mxUbzhNZw57lbglaZAS7VH9exgkLItBIhNU64HrpOjlVCFnAma1YaYhpWxCxzAwVNIYtJfPb53ZZ0YJ7DBRpiTac/X3RE5jraexbzpjipFe9grxX0+bUyIIltZjeO3lXKYZgmSL7WEmbEzsIg074AoYiqkhlCluHrBZRBVlaDKrmWTc5RxWSfei6TpN9/6y0bopM6qSE3JKzolLrkiL3JE26RBGIvJMXsir9WS9We/Wx6K1YpUzx+QPrM8fIr2XIQ==</latexit><latexit sha1_base64="H1w37xDZYiD4yvWarL5bEZMCVbs=">AAACAHicbVDLSsNAFJ3UV62vqks3wSK4KokIuiy6cVnBPqANZTK5aYZOJmHmRiihGz/ArX6CO3Hrn/gF/oaTNgttPXDhcM693HuPnwqu0XG+rMra+sbmVnW7trO7t39QPzzq6iRTDDosEYnq+1SD4BI6yFFAP1VAY19Az5/cFn7vEZTmiXzAaQpeTMeSh5xRLKQh0mxUbzhNZw57lbglaZAS7VH9exgkLItBIhNU64HrpOjlVCFnAma1YaYhpWxCxzAwVNIYtJfPb53ZZ0YJ7DBRpiTac/X3RE5jraexbzpjipFe9grxX0+bUyIIltZjeO3lXKYZgmSL7WEmbEzsIg074AoYiqkhlCluHrBZRBVlaDKrmWTc5RxWSfei6TpN9/6y0bopM6qSE3JKzolLrkiL3JE26RBGIvJMXsir9WS9We/Wx6K1YpUzx+QPrM8fIr2XIQ==</latexit><latexit sha1_base64="H1w37xDZYiD4yvWarL5bEZMCVbs=">AAACAHicbVDLSsNAFJ3UV62vqks3wSK4KokIuiy6cVnBPqANZTK5aYZOJmHmRiihGz/ArX6CO3Hrn/gF/oaTNgttPXDhcM693HuPnwqu0XG+rMra+sbmVnW7trO7t39QPzzq6iRTDDosEYnq+1SD4BI6yFFAP1VAY19Az5/cFn7vEZTmiXzAaQpeTMeSh5xRLKQh0mxUbzhNZw57lbglaZAS7VH9exgkLItBIhNU64HrpOjlVCFnAma1YaYhpWxCxzAwVNIYtJfPb53ZZ0YJ7DBRpiTac/X3RE5jraexbzpjipFe9grxX0+bUyIIltZjeO3lXKYZgmSL7WEmbEzsIg074AoYiqkhlCluHrBZRBVlaDKrmWTc5RxWSfei6TpN9/6y0bopM6qSE3JKzolLrkiL3JE26RBGIvJMXsir9WS9We/Wx6K1YpUzx+QPrM8fIr2XIQ==</latexit><latexit sha1_base64="H1w37xDZYiD4yvWarL5bEZMCVbs=">AAACAHicbVDLSsNAFJ3UV62vqks3wSK4KokIuiy6cVnBPqANZTK5aYZOJmHmRiihGz/ArX6CO3Hrn/gF/oaTNgttPXDhcM693HuPnwqu0XG+rMra+sbmVnW7trO7t39QPzzq6iRTDDosEYnq+1SD4BI6yFFAP1VAY19Az5/cFn7vEZTmiXzAaQpeTMeSh5xRLKQh0mxUbzhNZw57lbglaZAS7VH9exgkLItBIhNU64HrpOjlVCFnAma1YaYhpWxCxzAwVNIYtJfPb53ZZ0YJ7DBRpiTac/X3RE5jraexbzpjipFe9grxX0+bUyIIltZjeO3lXKYZgmSL7WEmbEzsIg074AoYiqkhlCluHrBZRBVlaDKrmWTc5RxWSfei6TpN9/6y0bopM6qSE3JKzolLrkiL3JE26RBGIvJMXsir9WS9We/Wx6K1YpUzx+QPrM8fIr2XIQ==</latexit>

ψ ψ ψ ψ
Z(β) ∼ ⟨0 |ψ(0)ψ(z)ψ(1)ψ(∞) |0⟩(T×T)/ℤ2

z =
θ2(τ)4

θ3(τ)4
Δψ =

c
8

Theorem: Every compact unitary 2D CFT with  contains a Virasoro primary with 

oooooooo .

c ∉ (4,12)
Δ ≤

c
8

+
1
2

⇒

[Hartman, DM, Rastelli ’19]

Can uplift the analytic functionals from the four-point function to the modular bootstrap!⇒

Observable: Torus partition function of a 2D CFT:    .Z(β) = ∑
i

e−β(Δi−c/12)

Question: What is the maximal  (first Virasoro primary) subject to this constraint?Δ1



Sphere Packing Problem
Task : Find the densest arrangement of identical, non-overlapping spheres in .ℝd

Known solutions:

:d = 2 :d = 3
[Toth ’40] [Hales ’98]

:   latticed = 8 E8
[Viazovska ’16]

:  Leech latticed = 24
[Cohn, Kumar, Miller, Radchenko, Viazovska ’16]

Applications: error-correcting codes, stacking of oranges



Sphere Packing Bounds
Idea: Use bootstrap-like constraints to prove an upper bound on the sphere-packing density.  

[Cohn, Elkies ’01]
[Hartman, DM, Rastelli ’19]

  For a periodic packing with sphere centers at , define the partition function∘ xi ∈ ℝd

  Here  is a character of the  chiral algebra, and .∘ χΔ(τ) =
e2πiΔτ

η(τ)d
U(1)d Δij = |xi − xj |

2 /2

Z(τ) = ∑
(ij)

eiπ|xi−xj|
2τ

η(τ)d
= ∑

(ij)

χΔij
(τ)

  Poisson summation implies an alternative expression .∘ Z(τ) = ∑
i

pi χΔi
(−1/τ)

  Upper bound on the smallest   upper bound on the density of all sphere packings in .∘ Δij ⇔ ℝd

  Can use standard bootstrap techniques to prove upper bounds on sphere packing density.⇒



Resulting Bound [Cohn, Elkies ’01]
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<latexit sha1_base64="SgWOinFSHm1wk8TxMIidzhDj6MY=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5id7U2GzM4uM7NCWIIf4FU/wZt49Vv8An/DSbIHjRY0FFXddHcFqeDauO6nU1pb39jcKm9Xdnb39g+qh0cdnWSKYZslIlG9gGoUXGLbcCOwlyqkcSCwG0xu5373AZXmibw30xT9mI4kjzijxkqtcFituXV3AfKXeAWpQYHmsPo1CBOWxSgNE1Trvuemxs+pMpwJnFUGmcaUsgkdYd9SSWPUfr44dEbOrBKSKFG2pCEL9edETmOtp3FgO2NqxnrVm4v/etqeMsZwZb2Jrv2cyzQzKNlye5QJYhIyj4KEXCEzYmoJZYrbBwgbU0WZsYFVbDLeag5/Seei7rl1r3VZa9wUGZXhBE7hHDy4ggbcQRPawADhCZ7hxXl0Xp03533ZWnKKmWP4BefjG67QlcE=</latexit><latexit sha1_base64="SgWOinFSHm1wk8TxMIidzhDj6MY=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5id7U2GzM4uM7NCWIIf4FU/wZt49Vv8An/DSbIHjRY0FFXddHcFqeDauO6nU1pb39jcKm9Xdnb39g+qh0cdnWSKYZslIlG9gGoUXGLbcCOwlyqkcSCwG0xu5373AZXmibw30xT9mI4kjzijxkqtcFituXV3AfKXeAWpQYHmsPo1CBOWxSgNE1Trvuemxs+pMpwJnFUGmcaUsgkdYd9SSWPUfr44dEbOrBKSKFG2pCEL9edETmOtp3FgO2NqxnrVm4v/etqeMsZwZb2Jrv2cyzQzKNlye5QJYhIyj4KEXCEzYmoJZYrbBwgbU0WZsYFVbDLeag5/Seei7rl1r3VZa9wUGZXhBE7hHDy4ggbcQRPawADhCZ7hxXl0Xp03533ZWnKKmWP4BefjG67QlcE=</latexit><latexit sha1_base64="SgWOinFSHm1wk8TxMIidzhDj6MY=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5id7U2GzM4uM7NCWIIf4FU/wZt49Vv8An/DSbIHjRY0FFXddHcFqeDauO6nU1pb39jcKm9Xdnb39g+qh0cdnWSKYZslIlG9gGoUXGLbcCOwlyqkcSCwG0xu5373AZXmibw30xT9mI4kjzijxkqtcFituXV3AfKXeAWpQYHmsPo1CBOWxSgNE1Trvuemxs+pMpwJnFUGmcaUsgkdYd9SSWPUfr44dEbOrBKSKFG2pCEL9edETmOtp3FgO2NqxnrVm4v/etqeMsZwZb2Jrv2cyzQzKNlye5QJYhIyj4KEXCEzYmoJZYrbBwgbU0WZsYFVbDLeag5/Seei7rl1r3VZa9wUGZXhBE7hHDy4ggbcQRPawADhCZ7hxXl0Xp03533ZWnKKmWP4BefjG67QlcE=</latexit><latexit sha1_base64="SgWOinFSHm1wk8TxMIidzhDj6MY=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48JmAckS5id7U2GzM4uM7NCWIIf4FU/wZt49Vv8An/DSbIHjRY0FFXddHcFqeDauO6nU1pb39jcKm9Xdnb39g+qh0cdnWSKYZslIlG9gGoUXGLbcCOwlyqkcSCwG0xu5373AZXmibw30xT9mI4kjzijxkqtcFituXV3AfKXeAWpQYHmsPo1CBOWxSgNE1Trvuemxs+pMpwJnFUGmcaUsgkdYd9SSWPUfr44dEbOrBKSKFG2pCEL9edETmOtp3FgO2NqxnrVm4v/etqeMsZwZb2Jrv2cyzQzKNlye5QJYhIyj4KEXCEzYmoJZYrbBwgbU0WZsYFVbDLeag5/Seei7rl1r3VZa9wUGZXhBE7hHDy4ggbcQRPawADhCZ7hxXl0Xp03533ZWnKKmWP4BefjG67QlcE=</latexit>

log(density)

d
<latexit sha1_base64="yqEUyVhxdPcOT1rJgdTnC7/St9I=">AAACHnicbZDPSsNAEMY3/rf+q3r0slgEvZREBD2KXjxWsK1gQtlsJu3iZhN2J2IJufocPoBXfQRv4lWfwNdw2+ag1Q8WPr6ZYXZ+YSaFQdf9dGZm5+YXFpeWayura+sb9c2tjklzzaHNU5nq65AZkEJBGwVKuM40sCSU0A1vz0f17h1oI1J1hcMMgoT1lYgFZ2ijXp36sWa88GXa3/cR7lEnRQTKCByWB2URlb16w226Y9G/xqtMg1Rq9epffpTyPAGFXDJjbjw3w6BgGgWXUNb83EDG+C3rw421iiVggmJ8SUn3bBLRONX2KaTj9OdEwRJjhkloOxOGAzNdG4X/1oz9ygCiqfUYnwSFUFmOoPhke5xLiikdsaKR0MBRDq1hXAt7AOUDZnmhJVqzZLxpDn9N57DpuU3v8qhxelYxWiI7ZJfsE48ck1NyQVqkTTh5IE/kmbw4j86r8+a8T1pnnGpmm/yS8/EN6Xij9w==</latexit><latexit sha1_base64="yqEUyVhxdPcOT1rJgdTnC7/St9I=">AAACHnicbZDPSsNAEMY3/rf+q3r0slgEvZREBD2KXjxWsK1gQtlsJu3iZhN2J2IJufocPoBXfQRv4lWfwNdw2+ag1Q8WPr6ZYXZ+YSaFQdf9dGZm5+YXFpeWayura+sb9c2tjklzzaHNU5nq65AZkEJBGwVKuM40sCSU0A1vz0f17h1oI1J1hcMMgoT1lYgFZ2ijXp36sWa88GXa3/cR7lEnRQTKCByWB2URlb16w226Y9G/xqtMg1Rq9epffpTyPAGFXDJjbjw3w6BgGgWXUNb83EDG+C3rw421iiVggmJ8SUn3bBLRONX2KaTj9OdEwRJjhkloOxOGAzNdG4X/1oz9ygCiqfUYnwSFUFmOoPhke5xLiikdsaKR0MBRDq1hXAt7AOUDZnmhJVqzZLxpDn9N57DpuU3v8qhxelYxWiI7ZJfsE48ck1NyQVqkTTh5IE/kmbw4j86r8+a8T1pnnGpmm/yS8/EN6Xij9w==</latexit><latexit sha1_base64="yqEUyVhxdPcOT1rJgdTnC7/St9I=">AAACHnicbZDPSsNAEMY3/rf+q3r0slgEvZREBD2KXjxWsK1gQtlsJu3iZhN2J2IJufocPoBXfQRv4lWfwNdw2+ag1Q8WPr6ZYXZ+YSaFQdf9dGZm5+YXFpeWayura+sb9c2tjklzzaHNU5nq65AZkEJBGwVKuM40sCSU0A1vz0f17h1oI1J1hcMMgoT1lYgFZ2ijXp36sWa88GXa3/cR7lEnRQTKCByWB2URlb16w226Y9G/xqtMg1Rq9epffpTyPAGFXDJjbjw3w6BgGgWXUNb83EDG+C3rw421iiVggmJ8SUn3bBLRONX2KaTj9OdEwRJjhkloOxOGAzNdG4X/1oz9ygCiqfUYnwSFUFmOoPhke5xLiikdsaKR0MBRDq1hXAt7AOUDZnmhJVqzZLxpDn9N57DpuU3v8qhxelYxWiI7ZJfsE48ck1NyQVqkTTh5IE/kmbw4j86r8+a8T1pnnGpmm/yS8/EN6Xij9w==</latexit><latexit sha1_base64="yqEUyVhxdPcOT1rJgdTnC7/St9I=">AAACHnicbZDPSsNAEMY3/rf+q3r0slgEvZREBD2KXjxWsK1gQtlsJu3iZhN2J2IJufocPoBXfQRv4lWfwNdw2+ag1Q8WPr6ZYXZ+YSaFQdf9dGZm5+YXFpeWayura+sb9c2tjklzzaHNU5nq65AZkEJBGwVKuM40sCSU0A1vz0f17h1oI1J1hcMMgoT1lYgFZ2ijXp36sWa88GXa3/cR7lEnRQTKCByWB2URlb16w226Y9G/xqtMg1Rq9epffpTyPAGFXDJjbjw3w6BgGgWXUNb83EDG+C3rw421iiVggmJ8SUn3bBLRONX2KaTj9OdEwRJjhkloOxOGAzNdG4X/1oz9ygCiqfUYnwSFUFmOoPhke5xLiikdsaKR0MBRDq1hXAt7AOUDZnmhJVqzZLxpDn9N57DpuU3v8qhxelYxWiI7ZJfsE48ck1NyQVqkTTh5IE/kmbw4j86r8+a8T1pnnGpmm/yS8/EN6Xij9w==</latexit>

best known packings

E8
<latexit sha1_base64="wmOQNSb95GZUcFEx+L5QsmurH+E=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI5BETxGNA9IljA725sMmZ1dZmaFsOTgB3jVT/AmXv0Uv8DfcPI4aLSgoajqprsrSAXXxnU/ncLK6tr6RnGztLW9s7tX3j9o6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0NfXbD6g0T+S9Gafox3QgecQZNVa6u+7X+uWKW3VnIH+JtyAVWKDRL3/1woRlMUrDBNW667mp8XOqDGcCJ6VepjGlbEQH2LVU0hi1n89OnZATq4QkSpQtachM/TmR01jrcRzYzpiaoV72puK/nranDDFcWm+imp9zmWYGJZtvjzJBTEKmYZCQK2RGjC2hTHH7AGFDqigzNrKSTcZbzuEvaZ1VPbfq3Z5X6peLjIpwBMdwCh5cQB1uoAFNYDCAJ3iGF+fReXXenPd5a8FZzBzCLzgf37l0lk0=</latexit><latexit sha1_base64="wmOQNSb95GZUcFEx+L5QsmurH+E=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI5BETxGNA9IljA725sMmZ1dZmaFsOTgB3jVT/AmXv0Uv8DfcPI4aLSgoajqprsrSAXXxnU/ncLK6tr6RnGztLW9s7tX3j9o6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0NfXbD6g0T+S9Gafox3QgecQZNVa6u+7X+uWKW3VnIH+JtyAVWKDRL3/1woRlMUrDBNW667mp8XOqDGcCJ6VepjGlbEQH2LVU0hi1n89OnZATq4QkSpQtachM/TmR01jrcRzYzpiaoV72puK/nranDDFcWm+imp9zmWYGJZtvjzJBTEKmYZCQK2RGjC2hTHH7AGFDqigzNrKSTcZbzuEvaZ1VPbfq3Z5X6peLjIpwBMdwCh5cQB1uoAFNYDCAJ3iGF+fReXXenPd5a8FZzBzCLzgf37l0lk0=</latexit><latexit sha1_base64="wmOQNSb95GZUcFEx+L5QsmurH+E=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI5BETxGNA9IljA725sMmZ1dZmaFsOTgB3jVT/AmXv0Uv8DfcPI4aLSgoajqprsrSAXXxnU/ncLK6tr6RnGztLW9s7tX3j9o6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0NfXbD6g0T+S9Gafox3QgecQZNVa6u+7X+uWKW3VnIH+JtyAVWKDRL3/1woRlMUrDBNW667mp8XOqDGcCJ6VepjGlbEQH2LVU0hi1n89OnZATq4QkSpQtachM/TmR01jrcRzYzpiaoV72puK/nranDDFcWm+imp9zmWYGJZtvjzJBTEKmYZCQK2RGjC2hTHH7AGFDqigzNrKSTcZbzuEvaZ1VPbfq3Z5X6peLjIpwBMdwCh5cQB1uoAFNYDCAJ3iGF+fReXXenPd5a8FZzBzCLzgf37l0lk0=</latexit><latexit sha1_base64="wmOQNSb95GZUcFEx+L5QsmurH+E=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI5BETxGNA9IljA725sMmZ1dZmaFsOTgB3jVT/AmXv0Uv8DfcPI4aLSgoajqprsrSAXXxnU/ncLK6tr6RnGztLW9s7tX3j9o6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0NfXbD6g0T+S9Gafox3QgecQZNVa6u+7X+uWKW3VnIH+JtyAVWKDRL3/1woRlMUrDBNW667mp8XOqDGcCJ6VepjGlbEQH2LVU0hi1n89OnZATq4QkSpQtachM/TmR01jrcRzYzpiaoV72puK/nranDDFcWm+imp9zmWYGJZtvjzJBTEKmYZCQK2RGjC2hTHH7AGFDqigzNrKSTcZbzuEvaZ1VPbfq3Z5X6peLjIpwBMdwCh5cQB1uoAFNYDCAJ3iGF+fReXXenPd5a8FZzBzCLzgf37l0lk0=</latexit>

Leech

A2
<latexit sha1_base64="e80ys3hzhi5FAjzHcQoCayO/FOA=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHqxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPmljQUFR1090VJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgeZ8zaqx0f9Wr9kplt+LOQJaJl5My5Kj3St/dMGZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKiHpx8qWNGSm/p7IaKT1OApsZ0TNUC96U/FfT9tThhgurDf9Sz/jMkkNSjbf3k8FMTGZhkFCrpAZMbaEMsXtA4QNqaLM2MiKNhlvMYdl0qxWPLfi3Z2Xa9d5RgU4hhM4Aw8uoAa3UIcGMBjAM7zAq/PkvDnvzse8dcXJZ47gD5zPH6lylkM=</latexit><latexit sha1_base64="e80ys3hzhi5FAjzHcQoCayO/FOA=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHqxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPmljQUFR1090VJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgeZ8zaqx0f9Wr9kplt+LOQJaJl5My5Kj3St/dMGZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKiHpx8qWNGSm/p7IaKT1OApsZ0TNUC96U/FfT9tThhgurDf9Sz/jMkkNSjbf3k8FMTGZhkFCrpAZMbaEMsXtA4QNqaLM2MiKNhlvMYdl0qxWPLfi3Z2Xa9d5RgU4hhM4Aw8uoAa3UIcGMBjAM7zAq/PkvDnvzse8dcXJZ47gD5zPH6lylkM=</latexit><latexit sha1_base64="e80ys3hzhi5FAjzHcQoCayO/FOA=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHqxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPmljQUFR1090VJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgeZ8zaqx0f9Wr9kplt+LOQJaJl5My5Kj3St/dMGZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKiHpx8qWNGSm/p7IaKT1OApsZ0TNUC96U/FfT9tThhgurDf9Sz/jMkkNSjbf3k8FMTGZhkFCrpAZMbaEMsXtA4QNqaLM2MiKNhlvMYdl0qxWPLfi3Z2Xa9d5RgU4hhM4Aw8uoAa3UIcGMBjAM7zAq/PkvDnvzse8dcXJZ47gD5zPH6lylkM=</latexit><latexit sha1_base64="e80ys3hzhi5FAjzHcQoCayO/FOA=">AAAB/3icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHqxWNE84BkCbOznWTI7OwyMyuEJQc/wKt+gjfx6qf4Bf6Gk2QPmljQUFR1090VJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgeZ8zaqx0f9Wr9kplt+LOQJaJl5My5Kj3St/dMGZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKiHpx8qWNGSm/p7IaKT1OApsZ0TNUC96U/FfT9tThhgurDf9Sz/jMkkNSjbf3k8FMTGZhkFCrpAZMbaEMsXtA4QNqaLM2MiKNhlvMYdl0qxWPLfi3Z2Xa9d5RgU4hhM4Aw8uoAa3UIcGMBjAM7zAq/PkvDnvzse8dcXJZ47gD5zPH6lylkM=</latexit>



Sharp Bounds for d=8 and d=24

  Viazovska (2016): the Cohn-Elkies upper bound is sharp in , saturated by the  lattice.∘ d = 8 E8

Method of proof: (translated to CFT language)

  Similarly, the Cohn-Elkies upper bound is sharp in , saturated by the Leech lattice.∘ d = 24
[Cohn, Kumar, Miller, Radchenko, Viazovska ’16]

  Construct the analytic functional for the bootstrap problem with  characters.∘ U(1)d

⇔
[Viazovska ’16]

d = 8, 24

[DM ’16]

Δψ =
1
2

,
3
2

  Can recover Viazovska’s magic function from the analytic functional for 1D conformal bootstrap.∘

[Cohn, Kumar, Miller, Radchenko, Viazovska ’16]



1.  Four-point bootstrap:

General problem: , maximize , subject to:0 = Δ0 ≤ Δ1 ≤ Δ2 ≤ … Δ1

2.  Virasoro modular bootstrap:

3.  Sphere packing bootstrap:

GΔψ
Δ (z) = zΔ−2Δψ2F1(Δ, Δ; 2Δ; z)

χc
Δ(τ) =

e2πiτ(Δ− c − 1
12 )

η(τ)2

χd
Δ(τ) =

e2πiτΔ

η(τ)d

Optimal solution:  for all .Δ1 = 2Δψ + 1 Δψ > 0

Optimal solution:  for  and  for .Δ1 = 1 c = 4 Δ1 = 2 c = 12

Optimal solution:  for  and  for .Δ1 = 1 d = 8 Δ1 = 2 d = 24

[DM ’16], [DM, Paulos ’18]

[Hartman, DM, Rastelli ’19]

[Viazovska ’16] [Cohn, Kumar, Miller, Radchenko, Viazovska ’16]

[Hartman, DM, Rastelli ’19]

Summary

  Solution of 2. and 3.  solution of 1. for  and .∘ ⇔ Δψ = 1/2 Δψ = 3/2

∞

∑
i=0

| fi |
2 GΔψ

Δi
(z) =

∞

∑
i=0

| fi |
2 GΔψ

Δi
(1 − z)

∞

∑
i=0

| fi |
2 χc

Δi
(τ) =

∞

∑
i=0

| fi |
2 χc

Δi
(−1/τ)

∞

∑
i=0

| fi |
2 χd

Δi
(τ) =

∞

∑
i=0

| fi |
2 χd

Δi
(−1/τ)



Thank you!
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