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Context

Statistical physics model in 2D at criticality

Conformal Field Theories

Belavin-Polyakov-Zamolodchikov (1984): Conformal Bootstrap

Gawedski, Kontsevich, Segal, Borcherds-Frenkel,...



Context
Discrete statistical physics models  F — Z F(o _Hﬂ

o config

Scaling limit Fl—)/F(CD)e_S(d’) D® =: (F)

Field x € ¥ — V,(®, x) := V,(x) indexed by «

Correlation functions:
(Vs (x1) -+« Vi, (Xm))



" The manuscript that follows was written fifteen years ago...l just wanted to
Justify my proposed definition by checking that all know examples of CFTs did fit
the definition. This task held me up...."

GRAEME SEGAL, The definition of Conformal Field Theory (2004).

Our work: Segal's axioms for Liouville CFT /Conformal Bootstrap



Segal’s axioms

Correspondence
» Circles:
Disjoint unions of parametrized circles LU2_,C;
1
L2(MP, 4", H = [2(M, 1) Hilbert space (§) — C)
» Surfaces:

Riemann surface (X, g) with parametrized geodesic boundary 0% = L?_,C;
and marked points (x, «)

!

Amplitude As ;.o (©1, ..., 0b) € L2(MP, 1&").



Geometric rules

» diffeomorphism invariance :

Az7g7x7a = Aw(z)’w*g’w(x)>a

» Weyl covariance :

m

L 2 _ X
Az,ewg,x,a — @9%m fz(|dw|g+2ng)dVg (H e Aaiw(xl)>AZ,g,x,a
i=1
where

- ¢, is the central charge
- A, € C conformal weight of V,



Gluing rule

» Gluing rule: gluing (X1, g1) with (X5, g2) along 0;X1 ~ ;% yields

AZﬂiZg,g,x,a(‘Plv Y2, 90/17 ()012) = /M Azl,gl,xl,al (8017 Y2, (P)A)Zg,gz,x2,a2(90/17 §0,27 (p)d,U'O((p)




Physics heuristics

Hilbert space:
H = L*(H*(S"), o)

with

H_G(Sl) = {90 Zan inf | Z 1+ |n| |an < OO}
Amplitudes:
When 0% +# ()

AZ,g,x,a((,D) = ﬁdD:Z—HR, Val (Xl) oo Vam(xm)e_sz(¢’g)D¢

®lc,=pi}
) &
4

When 0% = ()



Physics heuristics

Assume the action is local

Sz(q),g) = 521(¢|217g) + 522(q>|):27g)'

Conditioning on C

/ Val (Xl) s Vam (Xm)e—52(¢,g)Dq) _/ "4217g1,><1,a1(90)"4227@%2,012(QD)DSO
{d:X—R} {¢:C—R}



Path integral for Liouville CFT

Riemann surface ¥, metric g
F / e >=(®€) Do
Liouville action
1
52(0.8) = - [ (40 + QK0+ ™),
by

Parameters

76(072% Q:

g
+2

2
- 7:u>0
v



Hilbert space

Trigonometric series

. - 1x, + iy,
0) = ., inf ; inf L= = >0
p(0) =c+ > 0ne™ +Fe ™, o 2 v "
n>1
equipped with
1 1,2 2
IP) — - _7(Xn+yn)d nd -
[] 57720 dxdy
n>1

Set jip = dc ® P then

H = L*(H*(S"), o)




Hilbert space: the Hamiltonian

For F e H
1 2 Q2 * Ax A 2 (9)
HF(p) = —50F + < F+2) (AA+AA)F +u | e?OdoF
n>1 0
where

An - é@wn, A'n — é@@

and e7¥(9)d0 is Gaussian Multiplicative chaos (Kahane '85):

90 g = fim ¢ %0 gp
e—0



Gaussian Free Field on (X, g):

with
» (a,), iid standard Gaussians
> (en)n 0.n.b. of eigenfunctions of Laplacian A, with Dirichlet b.c.

Age, = Ane,
» Covariance E[X;(x)Xg(x")] = Gz(x, x") Green function of the Laplacian.

Gaussian integral:

/ F(®)e a Je19%Gde Do — (det'(A,))Y/?E,, [F(Xg + P(,o)]
{®lo;z=wi}




Liouville amplitudes for 0% # (:
Fix x1,...,x, € £ and real weights ay,...,a, < Q

AZ,g,x,a(Qo) = AOZ,g(<p)ELp |:H eOlj¢(Xj)e*ﬁ fX(QKg¢+M6w¢)dvg
Jj=1

where & = X, + Po.

» 1 >0,v€(0,2) and Q:%—i—

NI

» Gaussian Multiplicative chaos:

2
e dy, (x) = Iirrg) €7 ey, (x)
e—



Liouville amplitudes for 0% # ():
Fix x1,...,x, € ¥ and real weights ay,...,a, < Q

m

As gxalp) = Aoz,g(SO)E¢ [H e ®09) o= i Jr(QKe®+pe™®)dvg

j=1
where & = X, + Po.
Theorem (GKRV ’21): If

> 0> x(D)Q
j=1

then the above amplitudes satisfy Segal's axioms.



Riemann sphere and structure constants

3 point correlation function

(Viay (1) Vi, (32) Vias (X3)>(f:,go

Structure constant

Clan, az; a3) = (Va, (0) Vi, (1) Vas(00))¢

(C7g0



Theorem (KRV ’17): DOZZ formula

2 2 2Q—a
C(a17 Q, 053) :(7T H e(%) (%)2_7 /2) v

with
a=ar+a+as x)=T(x)/T(1—x)

and the Ty function defined as analytic continuation of the following integral
defined for 0 < R(z) < Q

*(/Q N2 _, (sinh((2—2)%))
In'Y‘;(z)Z/0 <<§_Z> € - sinh(%) sinh(%) )%




Moduli space and plumbing coordinates

> Pants
2

\

Fwisk argly)

» Gluing annuli ) E) C (—l(
Mlodulus q / o

Local coordinates on My, ,

>

qe ]D)3h73+m — Z(q)



Conformal Bootstrap

Theorem (GKRV ’21):

(Var()-- Vo G = |

3h—3+m
R+

p(p. )| Fepp.nn (q)2dp

» p(p, ) product of structure constants

>

c.p.A.(q) holomorphic series: conformal blocks




|dea of the proof
> <1>Z,g - <A21,g7A22,g>H®3
Seqal

@mk

Gloe

f el



|dea of the proof
> <1>Z,g = <AZ1,gaA22,g>H®3

Sesq]

TN
@@

» Orthogonal basis Wi, := Ap g0.0+ip for p € R, (disk amplitudes)



|dea of the proof
> <1>Z,g = <AZ1,g>A22,g>H®3

» Orthogonal basis Wi, := Ap g0.0+ip for p € R, (disk amplitudes)
» Plancherel

(Dsg = /( R+)3<Azhga 71V orin ) 1e3 (71 V griny Axy g)nesdprdpadps



|dea of the proof
> <1>Z,g = <AZ1,g>A22,g>H®3

» Orthogonal basis Wi, := Ap g0.0+ip for p € R, (disk amplitudes)
» Plancherel

(Dsg = /( R+)3<Azhga 71V orin ) 1e3 (71 V griny Axy g)nesdprdpadps

» Segal
(As,.g: D71V gpip)mes = C(Q + ip1, @ + ip2, Q + ips)



Full spectrum of Liouville CFT

In fact, one must take into account extra terms in H.:
Theorem (GKRV ’20):
» Complete family of eigenstates W, i»,5, p € Ry and Young diagrams v, i:
Q2

2
p .
HVoiip,io = (7 + Y + [v| + |V’)W0+ip,u,ﬂ-

» Plancherel formula:

(ur, up) = Z Z /0 <u17wQ+ip,1/,z7><wQ+ip,y’,i)’7U2>Q5i_,’p(ya V’)Q&iip(ﬂa ') dp

V! |=Iv] |7 |=]7]

with Qq4ip(v, 7) Schapovalov form.
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