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Models and their connections

° Discrete Gaussian model

• Lattice sine - Gordon model /
lattice

• Lattice Coulomb gas
• Rotator model I
• Continuum sine - Gordon model

• Continuum Coulomb gas } continuum
• Massive Thinning Model
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Discrete Gaussian as interface model
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The lattice sine - Gordon model
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Expect land often know) exactly the same behaviour as in DG
.

Effectively obtained from DE model after simple RG step .



The continuum sine - Gordon model
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Under suitable conditions the limit exo exists and is aoneGaussian .

~ For order I test functions looks like DG model on order I lattice
.



Difference between UY&lR problems
←

Lattice Sine - Gordon :

HHKE.ca#tektzcoscrpqj+m2q2 )
/ : : : :/

[
-

continuum sine - Gordon rescaled to unit lattice : we
-
f →

HIM -5×4,14×4141×-15
" Tzcoslrp time 4×2 ) -

↳ microscopic uplnig Tniroscopicl ! ! ! )

constant small mass small -



Phase diagram ( lattice Sine - Gordon model )
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Scaling picture
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Scaling picture
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Second - order computation : KT flow equations



Difference between UY&lR problems
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Lattice Sine - Gordon :

HHKE.ca#tektzcoscrpqj+m2q2 )
/ : : : :/

[
-

continuum sine - Gordon rescaled to unit lattice : we
-
f →

HIM -5×4,14×4141×-15
" Tzcoslrp time 4×2 ) -

↳ microscopic uplnig Tniroscopicl ! ! ! )

constant small mass small -



Phase diagram ( lattice Sine - Gordon model )
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What is known : Discrete Gaussian model - flat phase

• Peel : flat interface ( Peierls argument )

large deviations ( Bric mont - El - Hell ou ki - Frohlich
,

and maximum Lube12kg - Martinelli - Sly )

• d =3 : exponential decay for atp crop ferf - Mack)

pal : iterated Mayer expansion for Coulomb gas
intermediate

p : correlation inequality



What is known : Discrete Gaussian Mattice Sine - Gordon
models

• d -2
, Bnl : log - fluctuations in d-- 2 Cfriihlich

via Coulomb gas
- seeker )

also for range of related
models

• d -2,13N : scaling limit ontomsisfiffllimock - Hard)
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What is not known ( also applies to continuum limit )

• For pepo : correlations decay exponentially .

• As pi Pc : rate of exp . decay satisfies

m n exp f - yipip ) ← non - perturbative !

Infinite order phase transition .

• Critical DG model
.

•

.

Kaling limit of DG model with boundary .



Coulomb gas
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Coulomb gas
#a Sine - Gordon model
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Variants of this duality are useful both ways .



The continuum sine - Gordon model ISG)
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Under suitable conditions the limit exo exists and isnonaaussian .



Literature on continuum sine - Gordon model

o Frohlich - Seiler 1976
re normalised

• Benfatto - Galla votti - Nicolo 1982 expansions
o

.

Brydges - Kennedy 1986
, ggg

/ all for m
'
> 0 or

• Nicolo - Renn - Steinmann
finite volume

. Dimock - Hurd 1993 ↳ also applies to
IR problem ( harder )

• Park / Frohlich - Park : correlation inequalities
⇒ massless int

.
vol. limit exists ( in some sense )

and satisfies OS axioms
,
but no information



Regions of collapse in the continuum SG model
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create divergences in partition
function but not in the measure .

Are these thresholds physical ?







The Massive Thinning Model IMTM )
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The Massive Thinning Model

Massless Thinning model integrable in different ways .

Bent atto - Falco - Mastropietro : construction in infinite vol
.
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Coleman correspondence : cont
.

SG * MT M

Z = g , ¥,

=
(Boson is a lion)

cos 91 # IX
,

29 * I 844
,

. . .

inthesensethatallcorrelationfundionsareeguall
• Coleman : physics

.
Frohlich - Seiler : in30

.
1354IT

. Dimock : miso
,
13=41 (free fermion point )

e Benfatto - Falco - Mastropietro : m2 so
,
1311613 IT

• Massless case open even at 13=417 !



Problems : continuum Sine - Gordon model

• Coleman correspondence for m -
- O

- seems open even at 13=4IT where MTM is free

• Exp . decay for formally massless Sine - Gordon model

• Explicit formulas for mass and one point function









Recent developments

Junni la - Salesman - Webb : 13=2 IT ,

finite domain
⇒ coscrpie ) has distribution related to critical XOR
king model with scaled magnetic field .

I
- acoin - Rhodes - Vargas : existence of ID boundary
version for all coupling parameters in finite volume

.



Dynamics

• Well posed ness of SPDE for cont .
Sine - Gordon model :

Ps 16913 : Hai ter - Shen

p s 851 : Chandra - Hair er - Shen

• Loa - Sobolev inequality for massive infinite volume
cotntinuum Sine - Gordon model peat CB

.

- Bodine au )
• spectral gap

for hierarchical Discrete Gaussian model

and lattice sine - Gordon model 13 > 81T CB
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The rotator model
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The rotator model
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The rotator model
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The rotator model : open problems

• tox . g) - cha
- F ( log IxD

when 13=13 a

• low temperature phase asymptotic

• dynamics



Models and their connections

° Discrete Gaussian model

• Lattice sine - Gordon model /
lattice

• Lattice Coulomb gas
• Rotator model I
• Continuum sine - Gordon model

• Continuum Coulomb gas } continuum
• Massive Thinning Model


