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Notations, keywords and general framework

@ 2D CFT on a plane,
x€ C| J{oo}

e V(x), quantum fields,

V() = VB3], Plg] oc e A9,

° <H \/,-(x,-)>, correlation functions (cfs),

They capture the universal part of the scaling limit of lattice
cfs



@ current algebra, the algebra formed by the modes of an
(anti-)holomorphic fields B
Virasoro algebra: spin 2 field T(z)(T(z)) —

G
[Lny L]l = (n—m)Lprm + 0

Extended: +spin 3 field (WA3 algebra), or + spin 3/2 field
(superconformal) - - -

n(n2 — 1)0n,m

@ Bi(z): conformal block, special functions of the current
algebra representations

@ Bootstrap approach:

(V1(0) Va(z,2) V5(1) Va(0)) ~ ZCCB (2)



Outline

@ Liouville field theory review and the WAs Toda theory state of
art.

Summary of our new results on new classes of rigid Fuchsian
equations appearing in WA3

Katz theory of rigid Fuschian system

Application to WA3



Liouville Field Theory

ALN/d2x(6¢)2+ueb¢+Q )
D oD

Polyakov, David, Dorn, Otto, Zamolodhikovs

Duplantier, Sheffield, Kupiainen, Rhodes, Vargas

CFT data:
1
Q=b+7. c=14+6Q VEt=¢"? A=0a(Q-a)

Structure constants
C{ai}) = (Ve, (00) VG, (1) V4, (0))

Path integral:

Ress~ o,-@=nC=prod. of I', €= prod. of double gammas ', .,



Liouville Field Theory
From Virasoro representation
<V£g V(’;l V{O‘l2 Va3> satisfies a hypergeometric eq.

recent derivation from path integral, see Kupiainen, Rhodes, Vargas 2018

C(al + b(+1/b), a9, 043)
(o1, a2, a3)

= prod. of [

Reb# 0 — CP9%% Reb=0— <!

chl use in O(n) models, Delfino, Viti,Jacobsen,Saleur, Estienne,lklhef, Picco, Ribault, S.

Bootstrap solutions
4

[[)= [, drcBomcho% Buape(a
-1 a:§+/P

log-REM connection, Cao, LeDoussal,Rosso,S., ¢ < 1 boostrap solutions Ribault, S.



WA3 Toda Field Theory

2
Arota~ [ #x05-05+1 Y. P10 [ 56
D —1 oD

Fateev,Lukyanov 1989

— -

sl3 weights : &1, o  slzroots: &, &, p=& + &

—

=242 QP =1+18@Q*+1+6Q?

1
A=3a-(2Q5-a)



Applications in statistical phsysics

4
@ c= 5 Q = 3 spin Potts model

0.04 T T T
L= 2048 D—H

003 smz i

T
W‘W ****** Nf

o

Four spin correlation functions

Picco,Ribault,Santachiara 2019

@ ¢ < 2: integrable models based on Uy(sl3) quantum group.

Jimbo, Miwa, Pasquier, Nienhuis...

Ikhlef, Estienne 20162019



N
<H V&i(x,-)>: Fateev-Litvinov results |
=1

N
Resa,—m Resa,—n <H V@i(X;)> =

=1
/ ﬁ Pt ﬁ # I, <ﬁ ebera(t) ﬁ béa(lk) ﬁ e°7f¢(x,-)>
=1 k=1 =1 k=1 J=1 0



N
<H Vai(x,-)>: Fateev-Litvinov results |l

=1

(Via, (00) V_ i by 45, Vi, (0)) = (product of T, o, ) X (4 m integral)
meN seR

(Ve (00) Vo iy 4, Vi (0)) o /d2 td s |t?t—1/%s” |s — 1% |s - t|¥

Vi, (00) V_pm by 453, (1) Vopz, (X) Vag(0)) o (4 m + 4 integral)
meN* seR



Correlation functions from AGT: Pomoni-Mitev results

<H Vi, (xi > = I|m /[d a |ZS4X51( )\

Note: limits can be tremendously tricky. For instance, for ¢ < 2
one can formally say the correlation functions are limits of
Coulomb gas integral..



Another approach: the study of W algebra and insights from Rigid
Fuchsian systems

( Vi, (00) V= b5 (1) Vo (X) Vg (0)) =~ Cur Cu Bui(2)Bu(2)
Y

L <V07L(OO)V*I'" b@'1+5(32(1)V,b@'1(X)V& (O)>
satisfies an 3(m + 1)— order ODE of Fuchs rigid type

m = 0 Fateev Litvinov derived the 3-th order generalized Gauss equation

Brute force algebraic derivation for m = 1, Belavin, Cao,Estienne, S.

@ The Katz theory can be applied to determine the differential
ODE, monodromy group,etc

@ For m =1 we completed the bootstrap protocol.



Rigid Fuchsian systems

Let x€ X =C| J{oo} — {a1,- , ap}.

A Fuchsian system of rank n:

dY LA
a_ [ZX—BJ'J Y’

=1

where Ay, Ao, ..., Ap are constant n X n-matrices and
Y = (y1(x), y2(x), - - - , ¥n(x)) has only regular singularities:

s .
i(x) ~ (x—a)", Ai~d AL, Ao e
yi(x) ~ (x— aj) lag(" A1 2, )

1 times poptimes



Analytic continuation along a path v € X:
v * Y(x) = Y(x)M,
Representation of the fundamental group:

x : m1(X) = GL(n, C)

Mp”-M():]., MjNe27riAj
x and x’ equivalent if
x(7) = CX'(v)C*,  Ce GL(nC)



Katz theorem

Local data

( )\1 ) )‘2 "')ka k:Oa>p
~~ ~~~

,u(lk) times ugk)times

The system is rigid if the local monodromy determines the
equivalence class [x]

Katz index:
= (=P + DY (P =2

Irriducible system: ¢+ < 2. The system is rigid if and only if + = 2:

One can reconstruct, from local data, the differential equations,
the (integral representation of) the solution, and the monodromy

group



Any irriducible rigid Fuchsian system can be obtained from a
differential equation of rank one by a finite iterations of two
operations, addition and middle convolution,

Dettweiler, Reiter, Haraoka 2000

e addition, (aq,---,p) € CP:
(A1, Ap) > (At - Ap+ap )
p

Y(x) = [J(x— a)* Y()

i=1

@ middle convolution, one parameter A € C

(Ala"' (Bla 7Bp)

—>/ t—x Ly

. dt dt \T
n= t—a' t—a  t—ap




Example:
1=X)y +(y—(a+B+1))y —afy=0

=0 x=1 X =00
0 0 o
-y ~y-—a-p 5]

Using one middle convolution of parameter o

(1,1,1) — (11,11,11)

dy ” Vo dY Ag Ao
—_— = —_ —_— = — Y
dx (X+X—1>y_>dx <X+X—1>

_(r1to1 12 (0 0
Al_( 0 0>7A2_<l/1 V2+(71>.

From




From the rank one solution

y(x) =X (x = 1)

by applying the Riemann-Liouville transform:

_ 14+ l/21 o1
x)—/At”(t (t—x)tdt.

n=B-v,n=y—a, o =-0.
Exemple 2:

3F> third order hypergeometric equation

C

(1,1,1) 5 (11,11,11) 2% (11,11,11) 25

(111,21,111)



WA algebra

T(2) (Ln) and W(z) (W,) symmetry currents
Highest weight representation:
Lo|A,q) = AlA, ), WolA,q) = g4, q).

Representation module:

@) = |A, q)
77777777777777:;*7\ 777777 O
PR S B
/,/’/1 ,q ‘W—lTAﬂﬁ
I A »u LTI
WL STA, W 2\A P 1\Aq z\A WA, q
218, V=214, GF-1] % G521 5, G711
,,,,,,,,,,,,,,,,,,,,,,,, 3



Conformal blocks

Va, (1) Va, (x)

| Var(0)

M

Bu () zlj}a[H (au) ] 71 (L2.aw) T (GwLR) |

Differently from the case of Virasoro there is an infinite number of
unknowns:

r:<V52L| [W—lvﬁm] |V&R>7 /:07172a"'

The conformal block is undetermined:

By (X] =14+ (ag+a)x+--- ..



Fully degenerate representations
Opp, = b [(1 —n)d+(1-r) C32] , n,n €N

All I containing a full degenerate field are fixed as three primaries
matrix elements

Fusion rules:

V&fm X V& = Z V&—bﬁr—bflﬁs’
By hs



Semi-degenerate fields
a=—m b + s

One null-state at level (n+ 1). The general understanding is that
there is a finite number of unknown:

<V&L‘ (W—IV&M] ’V&R>7 /:0,1,2,"7



me bu71+st32(1) Vfbufl(x)

B/\/l(X) = VL(OO) |

v Vr(0) ,

The above conformal block has, for any s— channel m unknown

parameteres. This can be put in relation with multiplicity m in the
Fuchsian equation

We argue that they satisfy 3(m + 1)—order Fuchsian equation with
multiplicities:

(m+1,m+1,m+1),(m+2,m+1,m),(m+1,m+1,m+1)

Katz index:
(1-2)B3m+3)>P +6(m+1)2+(m+2)2+(m+1)>+m? =2



We completely worked out the case m =1

(1,1,1) 25 (1*1,171,11) 2%% (11,11,11) 25 (2*11,2*11,211)

249, (21*1,21%1,21%1) = (1*21,1%21, 1*21) 25 (2*21,2*21,221)
m

add c

290, (221*%,2+21,221%) = (1*22,2*21,1*22) =5 (2*22,3*21,222) .

B(x) =
/A 21t — 1)t — ) T R — 1) (t — t3) 285272

x (t3 — 1) 747027 (15 — ) 727014, 17027 Y (1 — x) 712102 Gty dity ditsdty



There is one unique local correlation function
(Vi (00) V- gy s, (1) Vo, () Vg (0)) = Y5 (X)) HYS (%)

hi1 hp 0 O

h2 h 0 0
H_ 0 0 h3z3 hy
0 h3g hay 0|’
0 0 0 hss hse
0 0 0  hse hes

o O O O
o O O

o O O

It is however difficult to compute the normalization of the solution!



Shift relation between structure constants

C(2Q7 — diL, —bidy + s, G, + bé1)

= = — = known ,
C(2Qp — dlp, —bidy + s, dipm,)

C(2Qp — dy, — by + sia, Apy, + bp)
C(2Qp — dy, —bdy + sa, App,)

= known .



Conclusions

@ The family of equations we derived are of fundamental nature.

@ Does the fusion rules of (degenerate) primary operators fix
also the ODE their correlation functions satisfies? This
problem is also motivated by the fact that in CFT the
computation of the null-vectors and the subsequent
determination of the ODE is much more complicated than
determining the fusions rules.

@ The rigidity index ¢ # 2 for the BPZ equations of order
greater than two. Hence the Fuchsian equations appearing in
CFT are not in general rigid. It will be interesting to explore
more deeply the connection between CFT-Fuchs equations
and whether or



