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WC 2020 Satellite Conference will be held in Jeju island, Korea

Jeju island has three UNESCO World Heritage sites. It is packed with museums and
theme parks and also has horses, mountains, lava tube caves, and waterfalls with
clear blue ocean lapping its beaches.
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Outline

In the semi-expository paper “(with N. Makarov) Gaussian free field and
conformal field theory, Astérisque 353 (2013),” we presented the link between
CFT and chordal SLE(k).

In the paper “(with N. Makarov) Calculus of conformal fields on a compact
Riemann surface, arXiv:1708.07361,” we presented analytical implementation
of conformal field theory on a compact Riemann surface.

We treat a stress tensor and the Virasoro field in terms of Lie derivatives.

We construct a version of CFT on C and its boundary version for chordal/radial
SLE(k, p) from Gaussian free field and its background charge modifications.
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Outline

This approach can be extended to

» various patterns of insertion, e.g., N-leg operators, screening for multiple SLEs
(with T. Alberts & N. Makarov, in preparation, 2019 + €,& > 171/365),

» several conformal settings, e.g., annulus SLE with Dirichlet/excursion reflected
boundary conditions (with S. Byun & H. Tak, arXiv:1806.03638) using the
Eguchi-Ooguri version of Ward’s equations.
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Gaussian Free Field ©

and its approximation ¢,

» & : Gaussian Free Field
D= af
n=1

> f,: O.N.B. for Wy'*(D) with Dirichlet inner
product.
> q,:iid ~ N(0,1).

> @u(z) = V231, (G2, ) — Gz, )

Figure: the graph of &,

E2()2(9)] = [ [ Be@00)]/@)e0) ar) da(w)

B [R(2)R(w)] = 2G(z, w) =: E[0(2)@(w)] = (2(2)2(w)),
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Singularities of @,

@u(2) = V23311 (G(5, N) = Glz, )-
{N}j= : eigenvalues of the Ginibre ensemble, {1;}}_: an independent copy.

Ginibre ensemble is the n x n random matrix (@) s

vV vV Vv Vv

ajx : 1.i.d. complex Gaussians with mean zero and variance 1/n.

0,(f) 2 B(f).

v

Figure: Ginibre eigenvalues and uniform points (n = 4096)
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Dirichlet Boundary Conditions
GFF + a height function

H(2) = V2 (arg(1 + 2) — arg(1 —2))
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Level Lines
A=1

Figure: ®,,(z) + Hx=1)(z) = 0.
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Zero Sets: SLE(4)
O. Schramm and S. Sheffield

Figure: ®,(z) + H(x=1)(z) = 0.
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Relation between CFT and Chordal SLE(k)

Leta = +/2/k,b=a(k/4 — 1) and
Dy =P~ 2bargw’ , b=y + 2aargw
the backgmung charge 2b at ¢ the heighT function

where w is a conformal map from (D, p, ¢) onto (H, 0, 00).

Field Markov Property: for fields F; generated by @ under the OPE multiplication *,
“E[Fi(z1) - - Fu(20) [7[0,4]]” = E[Fu(z1) - - - Fuu(2)]-
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Chordal Schramm-Loewner Evolution

v

SLE(x) map g,(z): D; - H

(1)

2

0,g:(2) = ma 8o(2)

= Z.

» B, :a 1-D standard Brownian motion on R, By = 0.

v

8(z) is well-defined up to the first time 7(z) such that

Tlim) 2:(z) — VEB, = 0.
r

7(z

v

Di:={zeH:7(z) >t}
SLE hulls: K, :={z € H: 7(z) <t}.
SLE trace: v(t) = g ' (v/kB)).

v

—
dl
v

NG
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Harmonic Explorer

O. Schramm and S. Sheffield




Harmonic Explorer

O. Schramm and S. Sheffield




Harmonic Explorer
O. Schramm and S. Sheffield
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Figure: As the mesh gets finer, does the HE converge?
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Harmonic Explorer and SLE(4)
O. Schramm and S. Sheffield

Figure: As the mesh gets finer, the HE converges to chordal SLE(4).
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Percolation Formula
P[z is to the left of SLE(4) trace]=(1/7) arg z.

Z=al(s) - W)

O H

» The harmonic measure (1/7) argz = w(z, (—o0,0), H) gives the probability
that a 2D BM starting at z first exits H in (—o0,0).

» LetZ, = Z(t,z) := g(z) — v/kB:. Due to the conformal invariance, the
harmonic measure (1/7) arg Z gives the probability that a 2D BM starting at z
first exits H \ v[0, #] either in (—o0, 0) or on the LHS of [0, 7].
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Martingale Observable for SLE(4)

» By It calculus,
(4-k) VE
dlogZ, = dt — dB;.
Y 7 z &

» When x = 4, we have
2
dargZ, = —Im — dB,.
Z

» Hence, at a fixed time ¢, the martingale (1/7) arg Z(¢, z) represents the
probability that, conditioned on the SLE(4) path [0, 7] up until time ¢, the point
z will lie to the left of the path [0, o).

» A discrete version of this property holds for the harmonic explorer.

» Under quite general conditions, just one MO determines the law uniquely. This
is the main method due to Lawler-Schramm-Werner of proving the scaling limit
convergence of interface curves in lattice models. In almost all known cases,
there is a discrete MO.

» CFT is a provider for SLE MOs.
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Gaussian Free Field
on a compact Riemann surface M

We introduce the Gaussian free field ¥ on M as a bi-variant Fock space functionals
U(z,z0), “generalized” elements of Fock space

\11(27 ZO) = \I/((sz - 5z0)7

where d; — 0, is the “generalized” elements of £(M).

‘We now define the correlation function of Gaussian free field by

E[¥(p,q)¥ (P, 9)] = 2(Gpe(P) = Gpa(@)):  (P,q & {P>4q})-

On the Riemann sphere,
EU(p,q)¥(p,q) = log|\(p. q:p, @) ",

where ~
AP, q;p,q) = %
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Fock Space Fields

Fock space fields are obtained from the Gaussian free field (GFF) ¥ by applying the
basic operations:

i. derivatives;
ii. Wick’s products :: = ©;

iii. multiplying by scalar functions and taking linear combinations.

Examples
B _ . Gal s an\I/(Dn
J=0U, VOoU(=UT:), JOU, JOJ, e 72 -
Examples
>E[()()] D:E[®(C, C0)®(z, 20)]-

O¢
J(Q) ©J(2) = J()I(2) — EJ(O)J ()]
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Chiral Fields

The GFF ¥ = U + U~ is decomposed into a chiral bosonic holomorphic field yt
and its anti-holomorphic part U~ = ¥+ :

T (z,20) = { AW (¢, ¢o)dC}.

vizg—+z
/7\‘
20 z

On the Riemann sphere,
EU" (p,q)¥" (p,q) = log A(p, 4:, ),

where (p e )
= q—
Ap,q:p,q) = ——
—p)(q -
We introduce formal 1-point fields U™, \I/’ = U+t w1th formal correlations:
1 -
EVT (U7 (20) =log ——,  E¥ (¥ (20) =0.
. — 20
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OPE
We write the OPE of two (holomorphic) fields X(¢) and Y (z) as

=Y G-z ((—z¢#2).
Write X % Y for C.
(Cf. Vichi’s, Peltola’s, Kupiainen’s, Litvinov’s, and Viklund’s talks.)

Example

HOUE) = B +9(6) 090 = — P B
1 1
="C- fgSw(z) +J(z)0J(@Ez)+---
J*J(2)
Examples P =9 +2¢, c=logC.

Va:e*aézzaq) Caze(Daq) C:ZImW

wl
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OPE Exponentials

Example

e*ia<1> — i (ia)ncb*n — CfazeG)ia@ C = 2Imw

n! ’ [w/|
n=0

Foradivisor 7 = 37,7 - zj = 3, 7 - 6;; with the neutrality condition  7; = 0, we
define the OPE exponential as

Olr] = Clrle™™ M, W ir] = 30 (),
where C[7] is the Coulomb gas correlation function defined by
Clr]= H(Zj —z)"™ inidz
<k

1.2
57'

and C[7] is a \j-differential at z; with \; = 577

The Coulomb gas correlation function Cla - p+ > Bi - gk — (a+ >, Bi) - q] is the
partition function of chordal SLE(4, p) (a = \/2/k, pr = V2K Bk).
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GFF with Dirichlet/Neumann Boundary Conditions
in a simply connected domain D

GFF with Dirichlet/Neumann boundary conditions in D can be constructed from W :
D(z) =V (g,2) = U () — ¥ (2),
oV (2) = (T () + &H ().
In the upper-half plane H,

ER(O)P() = 264(¢,2) = 21og | £
and
E @™ ()2 (2) = 268 (¢, 2) = 2log (¢ = 2)(¢ — ).
More generally,

ofr, 7] =Y 707 (g) - 7P (3)
can be constructed as

[, 7. = U [r + 77, Tf:ZT*wZZ-
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Simple PPS Forms

A non-random field 1) is called a PPS(ib) form if the transformation law is
¥ =1 oh+iblogh’,

where 1) = (¢ || ¢) in a chart ¢, 1) = (| ) in a chart ¢, and & is the transition map
between two overlapping charts ¢, ¢.

¢=(¢||¢N ﬁzwu@

We’ll be mostly concern with (holomorphic) PPS forms ¢ with logarithmic
singularities such that 901 is a finite linear combination of 6-measures, and we’ll
call such forms simple.



Background Charges

Let ¢ be a simple PPS(ib) form (which determines a GFF modification). Denote
i =

We think of 3 as a measure,

18 = Z ﬂkéq;‘w

a (1,1)-differential, or a divisor (3 Sk - k), and call it the background charge of 1.

We now define the background modification \I/z; of UT as
F gt _iaa4
Vs =0" + g, /@—;881&5.

More precisely, wg =iblogw’ + > Belog(w — w(q)), w:S—C.
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Neutrality Condition

Recall the Gauss-Bonnet formula: for every conformal metric p we have

_ 20010g p

/ kpdx Ndy =2mx(M), k=
M p

The Gauss-Bonnet formula extends to simple PPS(1) forms ) :

f/Méaw = mx(M).

We have the neutrality condition for 3 = B3,,,v € PPS(ib),

[ 8= 50 = bxan. (NCy)
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OPE Exponentials with Background Charges

OPE exponentials on the Riemann sphere are modified as

Cop[r + B jortr
Cw (Pl ’

where C)[o](0 = 0; - 77 € (NCy)) is a Aj-differential at z; : \; = 107 — boj and

Ciylo] = H(Zj — )7 in idz.

j<k

OB[T] = S (NCo), ﬂ G NC;, /ﬁ = Zb

Their correlations are

CpylT+ 0] o By
EOp[r] = “’c)@w :g(z,._z,(), H(z — q)""

if supp B Nsupp T = 0.
Note that there are no interactions between background charges in E Og|[7].

The Coulomb gas correlation function Cpy[a-p + > B - qx — (@ + ) Bi) - q] is the
partition function of chordal SLE(k, p) (a = \/2/k,b = a(k/4 — 1), pr = V2K Br).
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Background Charge Modifications

For double divisors (3, 3..), (T, T«) with the neutrality conditions

B+ B, € (NC)y, T + T+« € (NC)o, we define
Dpp, [T, 7] =V

The simplest chordal case:
qc 8D7/8:2b'Q7/6* =0

Og = O —2bargw’,
w: (D,q) — (H, 00)

s+

The simplest radial case:
qeD,B=B.=b-q

FR e
\ G Y
\ \ - %
2

(I)g,g* = — 2[7Ell‘gW//W7
w: (D, q) = (D,0)
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OPE Exponentials

For double divisors (3, 3, ), (T, T) with the neutrality conditions
B+ B, € (NC)y, ™+ 7+« € (NC)o, we define

05 [T, 7] =0 T+ 77

|
B+B%

The simplest chordal case:

{28
o 5

The simplest radial case:
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SLE(r, p)

For p = 3 pi - q«, the chordal SLE(k, p) is the Loewner evolution

2
08(z) = ———,
8:(2) o) — &
driven by
dt
de; = JW&+2%sz)‘m@:&WV

Forn € Rand p =Y p« - gx, the radial SLE, (k, p) (with spin s = A\, — \.) is the
Loewner evolution

_ G+ &i(2)
0ig1(2) = &(2) (el

driven by

ok G+ qi(1)

_ 0
G=¢€%" db,=\/kdB +ndt+i Z:zg )

dt,  “q(t) = g(qr)”-

29/ 40



Zero Sets
Various versions of SLE(4)

Hx(z) = V2X(arg(1 + z) — arg(1 — 2))

Figure: ®,(z) + H(y ) (z) = 0.
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Insertions

Suppose that the numbers a, b and [3;’s are related to x and pi’s as

a:\/g, b:a(g—l), pk:\/ZTcﬁk.

Under the insertion of a one-leg operator

B =L (@ —ap—ang. B= YA Qo= Y50 -a)

we have &g — Pg + 2aargw, w: (D,p,q) — (H,0,00).

. . B+ (8, —
Remark. Under the insertion of ¢®'®" %2=A1l ' we have ®p, — Dg,.
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Insertions
Example: chordal case (g € D) with 3 =2b - ¢

Forw : (D,p,q) — (H,0, 00),

Edp(2) 2L E()e"0 9] = iaB[()(®* (. ))] + EDp(2)

E Ogla]
e W) WG ) W)
= ialog W(p) ( ) log w(q) — W(Z) + Edg (Z)
= 2aargw(z) + E®g(z)
= 2aargw(z) — 2bargw'(z).
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Martingale-Observables for Chordal SLE(k, p)

LetB=a-p+ne (NCy, a=+/2/k, b=a(k/4-1).

We say that a non-random function M is a martingale-observable for SLE(k, p) if
for any z;,- -+ ,z, € D, the process

Mf(zh' o 7Z") = MDMI"‘/:‘F"I(Z]W o 7Z'I)

(stopped when any z; or any g is absorbed by the Loewner hull K;) is a local
martingale on SLE probability space.

Theorem (K-Makarov; Bauer-Bernard, Cardy, Kytola,
Rushkin-Bettelheim-Gruzberg-Wiegmann)
The correlation function in the OPE family of ®g forms

a chordal SLE(k, p) martingale-observable.

Example.

o = 2aargw, — 2bargw| + ZZ Brarg(w, — wi(qx))-
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Sketch of Proof
Let 3 =a-&+n € (NC), and g, be the SLE conformal maps, g:(y;) = &. Denote
EOzla-&—a-qlXi(z1) - Xu(zn)

Rg(z) = Ek@iaé*({ﬂ)xl (Zl) .. 'Xn(Zn)} = EO- [a e q}
B

on (D,f,q).Here,ﬂ:,(~3—|—a~§—a~q.Then
M, = m(§?7t)7
where m(€,1) = (Re || gfl). Apply Itd’s to M, :

M, = agjgzg m(&,0) e+ 50| m(€0)di = 2(LogRe, &)

=
where ve(z) = 1/(§ — z) and

d& = /KB + A&, q(1)) dr,  A(€,q) = KOs log Z(€,q),

where
Z(¢,q) =EOF[a- & —a-q] = C)[A].

The drift term of dM, vanishes by the BPZ-Cardy equation (Ward’s equation and the
level two degeneracy equation for the one-leg operator OE [@a-&—a-q)).
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Lie Derivative

4 poP—

Let
X | #)(z) = (X || p 0 —1)(2),

where 1 is a local flow of v.

We define the Lie derivative (or fisherman’s derivative) of X by

LX) = 2] X[ dov )

a dt li=0

The flow carries all possible differential geometric objects past the fisherman, and the
fisherman sits there and differentiates them.

Cf. V. 1. Arnold, Mathematical Methods of Classical Mechanics.
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Lie derivative

If X is a differential, then

Xi(2) = (X(v2) | ¥—) = (%1(2))* ($1(2) X(32);

and ~
L,X = v+ N 470+ V) X.
The Lie derivative operator v — L, depends R-linearly on v. Denote

Ly —iLy _ Lo+ily

+ —
‘C’v - 2 ) ['v 2 ’

so that
Lo=LF+L.

If X is a differential, then
Lix = (v8 + )\v/) X.
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Stress Tensor

» A pair of quadratic differentials W = (A4, A_) is called a stress tensor for X if
“residue form of Ward’s identity” holds:

LX) = — ALX

7 X(2) - (Z)x +X(z)

N 1

LX(z2)=—— ¢ VA_X

» X(2) oy (Z)¥ (2),
where £+ = @

Notation: F(W) is the family of fields with stress tensor W = (A1, A_).
» If X, Y € F(W), then OX, X x Y € F(W).
» We have a stress tensor
W= (A4), A= %J@J

for ® and its OPE family.
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Virasoro Field

By definition, a Fock space field T is the Virasoro field for the family F (A, A) if
a. T € F(A,A), and
b. T — A is a non-random holomorphic Schwarzian form.

The OPE family Fj of ® has the central charge ¢ = 1 — 12b and the Virasoro field

1
Ts=—5Jp*lp+ibdls, Jg=J+js, J=00, js=0ps.

Theorem (Ward’s equations)
For the tensor product X of fields in Fg, in the identity chart of H,

1
E—27

ETs()X = ETp(§)EX+ELX, €ER, ke(z)=

38/ 40



Virasoro Generators

It is well known in the algebraic literature that if the generators L, are constructed
(Fairlie’s construction’ >) as

L, =L, —ib(n+ 1)J,,
where J,,’s and L,’s are the modes of J and T = f%J *J

1 1

Tu(2) : €= dS,  Lu(2): (€ —2)""'T(¢) dc.

. 2mi (©9) - 2mi (©)

then L, represent the Virasoro algebra with central charge ¢ = 1 — 12b° :
[I:m,l:n] = (m - n)Ln1+n + %m(’nz - 1)5/)1+n,0-

(Cf. Peltola’s, Litvinov’s, and Viklund’s talks.)

The one-leg operator Og[7] (T = a - £ — a - q) satisfies the level two degeneracy

equations:
~ H ~ 2
(L-2(6) = 5L-1(9)°) Oplr] =0,
or
K
Tp +¢ Oplt] = ; 0cOp|7].
1) V. G. Kac, and A. K. Raina, Bombay lectures on highest weight repr ions of infinite-dij ional Lie algebras, 39/ 40

‘World Scientific Publishing Co. Inc., 1987.



Martingale-Observables for radial SLE, (x, p)

Forn € Rand p =Y p« - gx, the radial SLE, (k, p) is the Loewner evolution

G +gt( )
8, t — 8t
8(z) = g()g 2(2)
driven by
GO df = JRdB + i+ i Z o §t+qk( § dt, “q(t) = gi(qi)"

Let § = ian and
1
B=ap+) Beatb—5 Bi-

Theorem (K-Makarov; Bauer-Bernard, Cardy)
The correlation function in the OPE family of ®g g, forms

6*:(17——25

a radial SLE,, (k, p) martingale-observable.
Example.
Wi

Y = —aarg 7(1 — W,)z

wi W/qk()
—2barg — — nalog |w, ar !
th yl g‘ " Zﬂl\ g Wt/qk( ))
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Thanks!
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