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program := instruction ~> result
/ \ = program that
cannot be
program ..  program further
executed
(normal form)

But the result might be infinite and infinitely far:
pi(0) . > »

/\ / \
3 pi(1)
/\

1 pi(2)
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LINEAR APPROXIMATION OF FUNCTIONAL PROGRAMS

What we can compute in finite time are partial results:

- / N\ / N\
3 1 .
VRN
1 L
As a summary: [Wadsworth, Hyland, Barendregt, 1970s]

(infinite) execution

program «/W\M/WVW\M/W\AN\} result

” L

(finite) partial execution result

and the result is the limit of all partial results:
it's a continuous approximation. 2/25



LINEAR APPROXIMATION OF FUNCTIONAL PROGRAMS

This continuous approximation:

(infinite) execution

” L

program «N\/\N\/W\M/\N\/W\Nv} partlal

(finite) partial execution result

can be refined into a linear one: [Ehrhard-Regnier, 2000s]

(infinite) execution

]| (]
linear linear
Program |inear execution (finite!) partial result 3/25



LINEAR APPROXIMATION OF FUNCTIONAL PROGRAMS

Linear programs: each argument of a function is used exactly
once.

4[25



LINEAR APPROXIMATION OF FUNCTIONAL PROGRAMS

Linear programs: each argument of a function is used exactly

once.
program := instruction
program ..  program

4[25



LINEAR APPROXIMATION OF FUNCTIONAL PROGRAMS

Linear programs: each argument of a function is used exactly

once.
program := instruction
program .. program
linear program := instruction
[ linear linear ] [ linear linear ]
program’ "’ program program’ "’ program
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LINEAR APPROXIMATION OF THE A-CALCULUS

A-terms:

M,N,... = x | AXxM | MN

equipped with B-reduction:

(AX.M)N —g M[N/x]

(+ lifting to contexts)
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LINEAR APPROXIMATION OF THE A-CALCULUS

AL-terms:

M,N,... == x | AXxM | MN | L

equipped with BL-reduction:

M produces no information
(AX.M)N —g M[N/x] M—, 1

(+ lifting to contexts)
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LET'S GO MORE TECHNICAL



APPROXIMATIONS OF THE A-CALCULUS

The continuous approximation:

(infinite) execution

” L

partial
program «N\/\N\/W\M/\N\/W\Nv}

(finite) partial execution result

The linear approximation:

(infinite) execution

]| (]|
linear linear
Program |inear execution (finite!) partial result 725



THE BOHM SEMANTICS

What is finite prefix of stable information?
A head normal form Axq ... AX.;,.(y)Mq ... M,,.

What is the total information a term can output?
Its Bohm tree:

AX(y) BT(Mq) ... BT(Mp) if M —5 AX.(y)M; ... My

BT(M) :=
M 1 otherwise.

This is a coinductive definition: BT(Y) = Af.fff ...
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APPROXIMATIONS OF THE A-CALCULUS

The continuous approximation:

(infinite) execution

M ~rrmrmmnmnrmnmmnmnnss BT(M)

” 0

(finite) partial execution result

The linear approximation:

(infinite) execution

M ~rmrmnrnmnrmncmnmnncnconry BT(M)

L L
linear linear
Program  inear execution (finite!) partial result o125



AN INFINITARY A-CALCULUS

« Infinitary terms
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AN INFINITARY A-CALCULUS

« Infinitary terms
(via coinduction, metric completion, ideal completion)

« Infinitary reductions
(via coinduction, transfinite sequences of reductions)

M—sx M—pAxP P—pp M—pPQ P—gP  Q—pQ

M —g x M—p AX.P’ M —p PQ
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AN INFINITARY A-CALCULUS

« Infinitary terms
(via coinduction, metric completion, ideal completion)

- Infinitary reductions
(via coinduction, transfinite sequences of reductions)

Theorem [Kennaway et al. 1997]
o -
—p. IS confluent.

Corollary

BT(M) is the unique BL-normal form of M through —>§°l.
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APPROXIMATIONS OF THE A-CALCULUS

The continuous approximation:
[ee]

o > BT(M)

M
” u

M partial
’W\/\/\/W\/\/\/W\/\/\/\/\/\/\/)
(finite) partial execution result

The linear approximation:

*® \
M B > BT(M)
L L
linear linear
Program inear execution (finite!) partial result
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THE CONTINUOUS APPROXIMATION

The continuous approximation:

[o0]

BL

> BT(M)

M
| ¥

M T> M 2 P
Continous approximation theorem

« A(M) = {P in BJ_-nf‘ a’, M —>2§ M’ 3 P} is directed.
- || (M) = BT(M).
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THE LINEAR APPROXIMATION

\
M Bl > BT(M)
] ]
linear linear
Program jinear execution (finite!) partial result
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THE RESOURCE CALCULUS

Linear programs are resource A-terms:
s,t,... = x | Axs | s[ty,....t5]

A A-term is Taylor expanded into a formal sum of resource
approximants:

T(X) =X {x}

T (AXM) := AX.T (M) {Axs|seT (M)}

TMN) = T (M) Y %F](N)” (5[t tn] |
neN -

T(1) =0 %

... and this also works for infinitary terms (kind of).
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THE LINEAR APPROXIMATION

o

M 0 S BT(M)
U U
T (M) ~rrmmssssmssssnnnny T (BT(M))

linear execution (finite!)
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LINEAR APPROXIMATION OF THE A-CALCULUS

Program execution is the B-reduction on A-terms:

(AX.M)N —pg M[N/x]

x(@) B A
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LINEAR APPROXIMATION OF THE A-CALCULUS

Linear execution is the resource reduction on resource

A-terms:
@
n/ i i % Z

It is confluent and strongly normalising!
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THE LINEAR APPROXIMATION

> BT(M)

T (M)

BL
U

» 7 (BT(M))
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THE LINEAR APPROXIMATION

M = 5
BL r N
! l
T (M) : » T (N)
Theorem (simulation) [C. and Vaux 2023, C. 2024]

If M —% N then (M) —» T (N).

Corollary (commutation)
nf(7(M)) = 7 (BT(M)).
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WHY SHOULD WE CARE




EASIER PROOFS, IN A UNIFIED SETTING

Corollaries (seen before)
Confluence of _)EOL
Continuous approximation theorem
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EASIER PROOFS, IN A UNIFIED SETTING

Corollaries (seen before)
Confluence of _)EOL
Continuous approximation theorem

Corollary

M has a HNF through —>2§ or —>f3°

iff the head reduction strategy terminates on M

iff nf(7(M)) = 0

iff M is typable with non-idempotent intersection types:

rx:laq,...,ap] M : b

Mx:[al-x:a I=AXM : [aq,...,a,] > b

Fr-P:lay,...,a,]>b ["FQ:laq,....a,] MEQ:a MhQ:ap

r+r"-pPQ:b Yt M- Q < [ay,.... 0]

18/25



EASIER PROOFS, IN A UNIFIED SETTING

Some more:

Corollary [Barbarossa-Manzonetto, 2020]
{M=N|BT(M)=BT(N)}is a A-theory.

Corollary (Genericity lemma)
If M has no HNF and C[M] has a normal form C’
then forall N, C[N] —>E C.

Corollary
BT : AT — A" is Scott-continuous.

19/25



Linear approximation and infinitary rewriting are useful tools
allowing to “speak of semantics dynamically”,

and they can be exported:
* to the lazy A-calculus (easy) [Cerda'24]
+ to Bn-normalisation (feasible)

* to probabilistic A-calculi (hmm...)

- and?

20/25
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SOME SATELLITE QUESTIONS

« The converse of simulation, conservativity:
if 7(M) — T (N), is it true that M —>E° N?

+ How to design a program approximation suited to the
Al-calculus (the A-calculus without erasure)?

« How does the coinductive infinitary rewriting work?

21/25



CONSERVATIVITY OF THE LINEAR APPROXIMATION

Fact 1 (simulation, finite)
Let M, N be finite A-terms.
If M — N then 7 (M) —»; 7 (N).

Is the converse true?

Theorem 1 [C. and Vaux 2025]
Yes it is! If 7(M) —», 7 (N) then M —>E N.
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CONSERVATIVITY OF THE LINEAR APPROXIMATION

Fact 2 (simulation, infinitary)
Let M, N be infinitary A-terms.
If M —§ N then 7 (M) —»; 7 (N).

Is the converse true?

Theorem 2 [C. and Vaux 2025]
No, it isn't!

There are terms A, A such that 7 (A) —», 7 (A) but there is no
reduction A —>I°3° A.

A is the Accordion A-term.

23/25
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CONSERVATIVITY OF THE LINEAR APPROXIMATION

Can we restrict —», to obtain a conservative approximation?

Theorem 3 [C. and Vaux 2025]
Yes, thanks to the uniform lifting of the resource reduction

~— W|

=S

If 7(M) =2 7 (N) then M _’B N.

In particular, there is no reduction 7 (A) = 7 (A).

25/25



FROM A-THEORIES...

. A model of
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-1 M =g Niff [M]] = [N]|

A A-theory
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FROM A-THEORIES...

. A model of A A-theory
the A-calculus
-1 M =5 N iff [M]] = [N]]

A A-theory 7 is a set of equalities between A-terms such that
M=g N P=yP P=yP Q=40Q
M=+ N AX.P =4 AX.P’ PQ =4 P'Q’

it contains B-conversion it is stable under contexts
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FROM A-THEORIES...

A model of A notion of
. ~ A A-theory o .
the A-calculus evaluation tree
M =4 N iff BT(M) = BT(N) BT(-)

The Bohm tree of a A-term M is defined coinductively by

AXq ... Xp. Y if M —p AXq ... Xp.YMq - Mp,
BT(M) =1 BT(My) -- BTMp)
1 otherwise.
For example: BT():=1 BT(Q):=1 BT(Y):=Af.f(f(f(...)))

2/16
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FROM A-THEORIES... TO AlI-THEORIES

. A model of » A A-theory o A notion of

the A-calculus evaluation tree

The Al-calculus is the fragment of the A-calculus without erasure. Formally,

A= U NX), where A((X) is the set of Al-terms with free variables in X:
X<V

MeNX) xeX MeNX) Nel(Y)
x € N({x}) AXM e N(X \{x}) MN e N(XuY)

For example: Ax.x e A(@) Axxy e N{y}) AxyeN
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FROM A-THEORIES... TO AlI-THEORIES

. A model of » A A-theory o A notion of

the A-calculus evaluation tree

7

A Al-theory 7 is a set of equalities between A-terms such that

M=g N P=57P  xefuP)nfu(P’) P=r+P Q=40Q
M=+ N AX.P =5 AX.P’ PQ =4 P'Q’
it contains B-conversion it is stable under Al-contexts

- Every A-theory restricted to A, is a Al-theory.
+ The converse is false, e.g. the Al-theory generated by equating all Al-terms

without B-nf.
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FROM A-THEORIES... TO AlI-THEORIES

A model of A notion of
1] - A A-theory - )
the A-calculus evaluation tree
A Al-theory - ?7?

Bohm trees still generate a Al-theory 3... but behave poorly wrt. A;:
MisaAl-term = BT(M)is an “infinitary Al-term”
Indeed, abstracted variables may be:

+ left behind an unsolvable subterm:  BT(Axy.x(Qy)) = Axy.x.L.
- forgotten along infinite computations:

if Mxf —g f(Mxf), then BT(M) = AXf.f(f(f(...)).
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INTRODUCING OHANA TREES

The Ohana tree of a Al-term M is defined coinductively by

AXq ... Xp.Y if M >} AXq ... Xp.YMq - Mp,
PN
OT(M) /fv o fV(Mk)\
| oTMy) - OT(Mp)
Ley(m) otherwise.

6/16




NO VARIABLE LEFT BEHIND!

AXq ... Xp.Y if M —p AXq ... Xp.yMq = Mg,
P
fv(Mq) V(M)
OT(M) = e N
OT(M7) - OT(Mg)
Lrvmy otherwise.

Whereas Bohm trees equate Ax.x(Qy)(Qz) and Ax.x(Qz)(Qy):
BT(Ax.x(Qx)(Qy)) = Ax.xLl = BT(Ax.x(Qy)(Qz))
Ohana trees do separate them:

OT(Ax.x(QX)(QY)) = AXXLlyylyy # AXXLylyy = BT(Ax.x(Qy)(Q2)

7116




NO VARIABLE FORGOTTEN!

AXq ... Xp.Y if M —>p AXq ... Xp.yMq = Mg,
M) g
OT(M) := e ~
OT(M7) - OT(Mg)
Lfy(m) otherwise.

Klop’s Bible fixed-point combinatoris &, := Ae.BYBel =g Ae.e(BYBel).
Whereas Bohm trees equate Yand 8;:  BT(Y) = Af.f(f(...)) = BT@&)),

Ohana trees do separate them: OT(Y) = Af.f + Af.f = OoT(&)).
\ \
{f} .6
\ \
f
\
if} .6
\
f f
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