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THE TAYLOR EXPANSION OF A-TERMS

M - TM)
aA-term — aweighted sum of multilinear A-terms

nf(7(M)) = T (BT (M)).
If M —% N then 7(M) S T(N).
If M — N then (M) S T(N).
If M, N finite and 7 (M) —; 7(N) then M —5 .

3A,Ast. 7(A) —; 7(A) and (A —2 A).
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INFINITARY A-CALCULI

Finite A-terms (trees):

M,N = X |AX.M | (M)N | L

Let's also take the infinite terms:

by ideal completion
by metric completion (KKSdV’95)
by coinduction (EP'13)

But there are several possible infinitary A-calculi!
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INFINITARY A-CALCULI

We often work with BL-reduction.

(LM —pg, L AXL—pg, L M unsolvable —pg, L

For abc € {000,001,101,111} the
reduction _)EOL enjoys confluence, WN, UNF.

For the 001-infinitary A-calculus, nf = BT.
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RESOURCE A-CALCULUS

Terms:
s,telNr = X|Ax.s| (s)t
stehr == 1][s,...,s]
Substitution:

> s[tgiy/xi] if#{xins}=n
S([tq,....ta]/X) :={ 0€&y
0 otherwise
Reduction: — generated by (Ax.s)t —, s(t/x),

lifted to finite sums in N[/\S)] componentwise.
(Key property: this is “strongly” confluent!)
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RESOURCE A-CALCULUS

We want to lift —, also to infinite sums in S[[A!r]].

>iaisi —r >.ja;Ti whenever vi, s; —y T;.

we are in the qualitative setting when S is the
semiring B of booleans.
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THE TAYLOR EXPANSION

TXx) = X,
TAXM) = Y. Ax.s,
seT (M)
T(M)N) =

For M,N ¢ AR it m —% N then 7 (M) “SET(N).
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A PROOF SKETCH (QUANTITATIVE CASE)

M % M L B > My, > N
g0~ B>1 ~ 2 B2 ' B>di—1’ 9 T B>d; *
¥ ¥ N T .
TM) ——5=> TMy) — > T(M2) ——— a7 T (Mg;)
* * * N *
ass T) asTqs 7) asTys =2 a1 asTs

In fact, each t € 7(N) is a reduct of only one s € 7(M).

We can deduce that for all t € 7(N), there is an s € 7 (M) such
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CONSEQUENCES

Let M e A% be a term, then the following are equivalent:

there exists N € A%" in HNF such that M —>E° N,

there exists s € 7 (M) such that nf,(s) = 0,

there exists N € A% in HNF such that M — N.
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Let M e A% be a term, then the following are equivalent:

there exists N € A%" in HNF such that M —>E° N,

there exists s € 7 (M) such that nf,(s) = 0,

there exists N € A% in HNF such that M — N.

Let M e A% be a term, then the following propositions are

equivalent:

M is solvable in /\%91,

M is head-normalisable,

M is solvable in A. 12/19
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CONSEQUENCES

For all term M € AR, nf,(7(M)) = 7 (BT (M)).

Proof: M —>[°§°L BT (M), so (M) —~>’; T (BT (M)) (simulation).
But BT (M) is in BL-normal form, so (BT (M)) is in normal
form too. QED.
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CONSEQUENCES

Let M e A% be a term, then BT (M) is its unique B_.L-normal

form.

The reduction —>[°3°L is confluent.
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CONSEQUENCES

We define contexts: A-terms with a “hole” (a constant ).

Let M € A% be unsolvable and C(x) be a A% -context.

If C(M) has a normal form C*, then for any term N ¢ /\%81,
C(N) —>l‘§° c.
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CONSERVATIVITY ISSUES

For all M,N € A%, if 7(M) —; 7(N) then M —2 N.

Forall M, N € A, if 7(M) ::F T(N) then M —»E N.

There are terms A,A € /\9,21 such that:

T(R) —; T(A),
there is no reduction A —>E° A.
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BONUS: A LAZY TAYLOR APPROXIMATION?

Terms:
s,teNyr == X|AXxs|Ax.0] (s)t

Substitution:
o(t/x):=0

Everything seems to work...
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BONUS: A LAZY TAYLOR APPROXIMATION?

Terms:
s,teNyr == X|AXxs|Ax.0] (s)t

Substitution:
o(t/x):=0

Everything seems to work...

Forall M e AR, nf(%,(M)) = T, (LLT(M)).

And for Berarducci trees? We don’t know.
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Thanks for your attention!
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