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Abstract

In earlier work, Batanin has shown that an important class of definitions of higher cat-
egories could be apprehended together simply as monads over globular sets. This allowed
him to generalize the notion of polygraph, initially introduced by Street and Burroni for
strict categories, to all algebraic globular higher categories. In this work, we refine this per-
spective and introduce new constructions and properties for this class of higher categories.
In particular, we define the notion of cellular extension and its associated free construction,
from which we obtain another definition of polygraph and the adjunction between globular
algebras and polygraphs. We moreover introduce two criteria allowing one to use most of
the constructions of this article without having to describe explicitly the underlying globular
monad.

Introduction

Over the last years, higher categories have emerged as a convenient tool to study problems in
mathematics, physics and computer science [3, 16]. The notion of “higher category” encompasses
informally all the structures that have higher-dimensional cells which can be composed together
with several operations. It admits a vast number of definitions, which can make it hard to
apprehend.

In order to get a more global view and factor out several common constructions and properties
across the different possible definitions higher categories, it is useful to consider a restriction of
this general notion to a more formal class of theories. This was done by Batanin [4], who
introduced a unified formalism for algebraic globular higher categories. The latter are very
common, since they include all the globular higher categories defined by a set of operations
and equations between them. Moreover, the instances of such higher categories form locally
finitely presentable categories and, as such, have very good properties, like being complete and
cocomplete [1]. The setting of Batanin then enables one to derive several common constructions
for such higher categories. In particular, one can generalize to those the notion of polygraph,
which can be thought as higher-dimensional signatures, originally defined by Street [26] for
strict 2-categories and Burroni for strict w-categories. Batanin moreover showed that there is
an adjunction between n-polygraphs and n-categories, which is “most of the time” monadic (as
proved by Street for 2-polygraphs of strict categories), allowing for presenting higher categories
of this framework using polygraphs.

Although this is already valuable, it seems that the work of Batanin can be refined in several
aspects. First, several constructions of interest for concrete applications are too implicit, if not
absent of Batanin’s treatment. For example, in the context of higher dimensional rewriting, one
is usually interested in a notion intermediate to higher category and polygraph, called cellular
extension, which is simply a higher category with a set of generators in the next dimension.
One can then consider the free (n+1)-category obtained from an n-cellular extension by freely
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generating the (n+1)-cells from the set of generators. Thus, cellular extensions can be considered
as a more flexible construction than the one on polygraphs, where each dimension has to be freely
generated.

Second, in order to use the results of Batanin, one has to work directly with a monad and its
FEilenberg-Moore category. However, one usually does not have direct access to the underlying
monad of the considered theory of higher category, but only the operations of the theory together
with the equations satisfied by the theory, from which one can derive a monad, but the description
of the latter can be very tedious [22]. Instead, one would prefer results that can work directly with
the equational theory, the category of models of this theory, and the straight-forward functors
that one can build from it. In particular, such a shortcut feels particularly desirable for showing
the truncability of the monad, which is required for the constructions and properties of Batanin
to work.

Third, it seems that deeper understanding about globular algebras can be gained by seeing
them through the lenses of the formal theory of monads of Street [25]. Indeed, several natu-
ral constructions on globular algebras, like truncations functors and their right adjoints, are in
fact projections, through the Eilenberg-Moore functor, of constructions happening in the cat-
egory MIND of monads and monad functors, whose compositions involve vertical composition
of square-shaped natural transformation. Then, several computations on these functors can
be nicely described using string diagrams, facilitating their readability and making them more
intuitive.

In this work, we attempt to address these three points.

Outline In Section 1, we recall some elements of Street’s formal theory of monads [25]. In
particular, we define the category MIND of monads over categories together with the Eilenberg-
Moore construction, which produces a category of algebras from a monad. In Section 2, we
recall Batanin’s framework for globular higher categories, where theories of higher categories are
simply studied as monads on globular sets, and extend it with new results and constructions.
Among other, we prove two criterions (Theorem 2.5.2 and Theorem 2.7.4) which help bridge the
gap between that framework and the usual definitions of higher categories as structures with
operations satisfying equations. In Section 3, we recover the notion of polygraph through a
different path than the one of Batanin using the intermediate and intuitive notion of cellular
extensions. We also describe explicitly the free constructions associated to both notions. The
adjunctions shown by Batanin between higher categories and polygraphs can then be recovered
from an adjunction between cellular extensions and polygraphs (Theorem 3.4.1). Finally, in
Section 4, we illustrate the use of our properties and constructions on the case of strict categories.

Acknowledgements [ would like to thank all the people with whom I was able to discuss this
work and who gave me useful feedback about it. In particular, I would like to thank Samuel
Mimram, Tom Hirschowitz and Dominic Verity who took the time to read in depth an earlier
version of this work under the form of the first chapter of my PhD thesis. The comments of
Dominic were particularly valuable to this work, since he opened my eyes on some very naive
arguments I used in that earlier version, and indicated me some more natural ones. Most of the
changes from the earlier version to this one can be attributed to him, so that I am grateful to
him.

Also, some additional thanks to Samuel Mimram for having developed satex! that I have
used to draw most of the string diagrams of this article.

Notations In this article, given n € N, N,, denotes the set {0,...,n} and N} denotes the
set {1,...,n}. We extend this notation to the infinity and put N, = N and N}, = N*. As a
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consequence of the above choices, we might write N,, U{n} as a convenient abbreviation to denote
either N, when n € N, or NU {w} when n = w.

1 Highlights of the formal theory of monads

In order to better manipulate globular algebras and constructions upon them, we use the formal
theory of monads of Street 25|, of which we recall briefly the salient points.

We start by recalling the notion of algebra for a monad and the associated Eilenberg-Moore
category in Section 1.1. Then, in Section 1.2, we recall that the construction of the Eilenberg-
Moore category is part of an adjunction between the 2-categories MIND), describing monads
over categories, and CAT. Finally, in Section 1.3, we give several useful properties to build
morphisms in MIND from adjunctions in CAT.

In the following, we introduce monads either as (7,7, 1), where T is the endofunctor of the
monad and (7, u) is the unit-counit pair; or we introduce them as (C,T'), where C is the base
category for which T is the endofunctor. When the latter notation is used, the unit and counit,
when required, are introduced explicitly.

1.1 Algebras

Given a monad (7,7, 1) on a category C, a T-algebra is the data of an object X € C together
with a morphism A: T'X — X such that

honx =idy and hopuyx =hoT(h).

A morphism between two algebras (X, h) and (X', 1) is given by a morphism f: X — X' of C
satisfying
foh =N oT(f).

We write CT for the category of T-algebras, also called Eilenberg-Moore category of T. There is
a canonical forgetful functor

ur.ct —=c
which maps the T-algebra (X, h) to X. This functor has a canonical left adjoint
Fr:c—c’

which maps X € C to the T-algebra (T'X, s1x), such that the unit of 77 44" is T = 5, and the
associated counit, denoted €’ is such that E{X = h for a given T-algebra (X, h). The monad

induced by FT 4 U7 is then exactly (T,7, 1).

1.2 The category MIND

Given two monads (5,~,v) and (7,7, ) on two categories C and D respectively, a monad functor
betweem (S,v,v) and (T,n,p) is the data of a functor F': C — D together with a natural
transformation «: TF = F'S such that

ao(nF)=F~ and ao (uF) = (Fv)o(aS)o (Sa).

A monad functor transformation (often abbreviated truncable monads) between two monad
functors (F,a), (G, B): (C,S) — (D, T) is a natural transformation m: F' = G such that

(mS)oa=Fo(Tm).



Monads, monad functors and monad transformations form a (very large) strict 2-category
denoted MIND. There is a functor

Inc: CAT — MIND

which maps a large category C to the identity monad (C,1¢). This functor admits a right adjoint
EM: MND — CAT

which maps a monad (C,T) to the Eilenberg-Moore category C”, and a monad functor
(F,a): (C,S) — (D,T)

to a functor
F*:c% —» D"

mapping an algebra (X, h) € C° to the algebra (FX,Fhoay) € DT, and mapping an algebra
morphism f to F'(f). Finally, a monad transformation

m: (F,a) = (G,5): (C,S) — (D,T)

is mapped by EM to the natural transformation F® = G” whose component at an S-algebra
(X,h) is mx. The component of the counit of the adjunction at a monad (C,T) is given by
U™, UTeT). Moreover, the monad functor (T,u): (C,1) — (C,T) corresponds to the functor
FT: ¢ — CT by the adjunction Inc 4 EM.

There is also a forgetful functor

Und: MND — CAT

which maps a monad (C,T') to C and whose action on monad functors and monad transformations
is the expected one. We mention that this functor is left adjoint to Inc, even though this is not
really useful for our purposes.

1.3 Morphisms of MND from adjunctions

We give several results that allows building morphisms of MND from adjunctions. First, we
prove that every functor which is a right adjoint can be lifted canonically to MIND:

Proposition 1.3.1. Let C and D be two categories, (S,n°, %) be a monad on C, and
L4AR:C—>TD
be an adjunction. The functor R lifts through Und to a cocartesian map
(R,RSe): (C,S) — (D,T)
where T = (T, n", u™) is the canonical monad with T = RSL and ¢ is the counit of L 4 R.

Proof. The fact that we obtain a monad functor can readily be verified using string diagrams.
For example, the equation (RSe) o (n? R) = Rn” asserts that the two diagrams

-

— X
—
=~
=)
[ p—

and

n —O



represents the same natural transformation, which is true by the zigzag equations for L 4 R.
The other equation (RSe) o (uTR) = (Ru®) o (RSeS) o (T RSe) is verified similarly.

We are now left to prove the cocartesianness of (R, RSe). So let (D’,T') be a monad,
U:C — D and U: D — D' such that U = UR, and (U,a): (C,S) — (D',T') be a monad
functor. We define @: T'U = UT by

and verify that it defines a monad functor (U,a): (D, T) — (D', T'). We start with the unit
equation, i.e., @o (nT'U) = Un":

o
a v
L N o
(P R L
7 U m U
= v g - : = |9
R S L !
U s @S U T
U R 7ti
5 R ‘ U T
U
= oo
U T

The second equation, i.e., & o (uTU) = (Up®) o (aT) o (T'@), is proved in Figure 1. Thus, we
conclude that (U, @) is a monad functor. We verify that it is a factorization of (U, a)) through
(R, RSe):

T U R
N
R L T U R
N T U R
U R L @
U
vos = v =
=
o on cos = |
- = |
T U R S
RSe
U R S

Moreover, by the zigzag equations, we observe that the vertical pasting operation

DU, c-f.p U, p
Tl B l ~ SlURSelT (1N lT/
DTD/ CTDTD/
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Figure 1: Proof of ao (uTU) = (Up®) o (aT) o (T'a).




is a bijective operation between natural transformations of adequate types, whose inverse is
B+ (B'L) o (T'"Un) where 7 is the unit of L 4 R. Thus, we conclude that (U, &) is the unique
monad functor above U which factors (U, o) through (R, RSe). Thus, the latter is a cocartesian
morphism for Und. O

Remark 1.3.2. The morphism of Proposition 1.3.1 is even 2-cocartesian, meaning that given
a monad transformation 0: (U,a) = (U’,a'): (D,T) — (D',T") and §: U = U’ such that
OR = 0, then § uniquely lifts through Und to a monad modification 8: (U, &) = (U’,&’) which
factors 6 seen as a monad modification through (R, RSe¢). The proof that @ induces a monad
transformation is done by observing that the bijection introduced in the end of the proof of
Proposition 1.3.1 generalizes to a bijection

D ¢t
Y ] RN A %
DTDI CTD/

Then, the equation required for @ to be a monad transformation is given by the one of §, through
this bijection.

Given a situation as in the statement of Proposition 1.3.1, we might wonder whether the ad-
junction L - R lifts to an adjunction in MIND. In fact, we can ask this question in a more general
setting: given (C,S) and (D, T) two objects of MND and (R, p): (C,S) — (D,T) € MND such
that R = Und(R,p) is part of an adjunction L 4 R, when does this adjunction lift to an
adjunction in MIND, i.e., there exists A: SL = LT such that (L, \) 4 (R, p) in MND?

Given the situation just described, consider the natural transformation p*: LT = SL, also
called the mate [15] of p, defined by

N

L T L

P = L
R S
|

We then have the following property:

By}

M

Proposition 1.3.3. Given an adjunction L 4 R: C — D and a monad functor
(R,p): (C,S) = (D,T),
the following are equivalent:

(i) there exists A\: SL = LT such that (L, \) 4 (R, p) is an adjunction in MND, whose image
by Und is the adjunction L 4 R;

(i) the natural transformation p* is an isomorphism.

Proof. We first show that (i) implies (ii). So let A be as in (i). We prove that A is an inverse
for p*. We start by showing that A o p* =id; ;. By the correspondence given by the adjunction
L 4 R, it is equivalent to show that (R(\o p*)) o (nT) = nT. From the fact that (L, \) - (R, p)



is an adjunction, we get in particular the following equality

1D
/im\
D—r.-+C—-RrR->D p_—— 1 .p
|
t| yx s 4 1 = w = r (1)
DTCTD D 1D—— D

from which we can prove the wanted equality as follows:

R L T R L /\
T R L
(7] T
RS = =
R & /2R
‘ R L T
-/\
R L T
R L T

Symmetrically, in order to prove that p* o A =1idg;, it is equivalent to prove that
(Se) o ((p" 0 A)R) = Se.

In order to prove the latter, we use the equality satisfied by € as a monad transformation:

VEMTIRN

c-ftsp_L,g¢ C ic—— C
|
Sl bp T 4A ls = S = ls . (2)
C—-—R->D—1L->C C1—C>C
W
1C

Then, the wanted equality can be proved using string diagrams just as before. Thus, (ii) is
proved.

Conversely, assume that (i) holds. We put A = (p*)~! and show that (L, \
functor. First, we need to show that Ao (n°L) = (LnT), or equivalently, that (n°L)
We show the latter using string diagrams:

) is a monad
= p*o(Ln").

\?/\
L T R L

|
==l B
R S

|

Second, we need to show that Ao (u°L) = (Lu™)o (AT) o (S\), or equivalently, that the equation

n -0
N —
I
w —0
N —



(u3L) o (Sp*) o (p*T) = p* o (Lu™) holds. We show the latter using string diagrams again:
[~

L T R L T

‘ M L T T

L T T R L \?/
_ M
-p
T R L
R S
= =
R S
R S ‘
S L
S L

Thus, (L, ) is a monad functor. We must now prove that 7 and € induce monad transformations.
First, we show that (1) holds, or equivalently, that

/l}—n\ . i
D—-—r.-+C—-RrR->D D——D-—D

| |

fiﬁplT = Ll 4pm L 4 1D .

But the latter equation follows directly from the string diagram definition of p* and the zigzag
equations of the adjunction L - R.
The other required equation (2), or equivalently,

R

C — D c-B,p_T,p
| |
sl owe 1 = el Ye Ly |1
C—R—>D-—-1.-=C CTCTC
W
1C

holds by a similar argument. Finally, the zigzag equations for 1 and € seen as monad transfor-
mations follows from the zigzag equations satisfied by them as natural transformation in CAT.
Hence, (i) holds. O

We have the same kind of property for left adjoints (first suggested by Dominic Verity to the
author):

Proposition 1.3.4. Given an adjunction L 4 R: C — D and a monad functor
(L,A): (D, T) = (C,5),
the following are equivalent:

(i) there exists p: SR = RT such that (L, \) 4 (R, p) is an adjunction in MND, whose image
by Und is the adjunction L 4 R;

(ii) the natural transformation X is an isomorphism.



Proof. The proof is essentially the same as the one for Proposition 1.3.3. For (ii) implies (i), p
is now defined by the string diagram

and we prove just as before that it induces a monad functor (R, p) such that (L,\) 4 (R, p) is
an adjunction in MIND. O

Proposition 1.3.5. Given two adjunctions L 4 R and L - R, in the configuration

L L
C—D_—¢&,
R R
if we write S for the monad associated with L 4 R and T for the monad associated with LL 4 RR,

and 7 for the unit of L 4 R, we have a monad functor
(1e, RiL): (€,T) = (C, 5).

Proof. The fact that it is a monad functor can be checked using string diagrams. On the one
hand, the compatibility of RfL with the units of S and T" asserts that the two diagrams

<
-
[l
~
o
]
o
N —O

represents the same cell, which is true by definition of the unit of 7. On the other hand, the
compatibility of R7L with the multiplications of S and T asserts that the two diagrams

S
[ : =
=) T

R L R L T,
N\ M koL
and R L

M |
R R L L _ ~
R R L L

represents the same cell, which is true by the zigzag equations of L + R. Thus, (1¢, RiL) is
indeed a monad functor. O

]

S
I
T
L

2 Higher categories as globular algebras

The notion of “higher category” encompasses informally all the structures that have higher-
dimensional cells which can be composed together with several operations. Such structures can
differ on many points. First, there are several possible shapes for the cells of higher categories.
For example, globular higher categories have 0-cells, 1-cells, 2-cells, 3-cells, etc. of the form

f
m
U= Uy, etc.

/\
\/’ U



But one can consider higher categories with other shapes than the globular ones. Common
variants include cubical [2| and simplicial |14] higher categories, whose 2-cells for example are
respectively of the form

v b e e uycbx
xr ﬁ z

Moreover, higher categories have several operations which satisfy axioms that can take different
forms, according to their position in the strict /weak spectrum. For example, a strict 2-category
is a globular 2-dimensional category that have, among others, an operation % to compose 1-cells
in dimension 0, as in

f f*og
T ———y kg y—2L—z =z —2 5

and operations *xg and *; to compose 2-cells in dimensions 0 and 1 respectively, as in

/ ! frof!
/—\ /—\
z e yry ¢ 2z =a ord 2z
v \_/

g g g*o0g’
and

/\/\/f\

Y k1 T =z |y .

PN N

These operations are required to satisfy several axioms consisting in equalities, like the associa-
tivity axiom: given 0-composable 1- or 2-cells u, v, w,

(u % v) %o W = u *g (V%o W)
and, given 1-composable 2-cells ¢, 1, x;,

(@ *19) %1 x = ¢ *1 (¢ *1 X)-

An example of a weak higher category is given by a bicategory, which is a globular 2-dimensional
category that has operations similar to a strict 2-category but which satisfy axioms in the form
of “weak equalities”. For example, the 0-composition of 1-cells is only required to be weakly
associative, in the sense that, given 0-composable 1-cells

f AN g AN h AN
w 7 XL 7Y 7 2,

the equality (f %9 g) *0 h = f *0 (g *0 h) does not hold necessarily, but there should exist a
coherence cell between the two sides, 4.e., an invertible 2-cell ay 45, as in

(f*0g)*oh
w Jaggn 2.

fxo(g*oh)

Finally, a subtle difference between the different kinds higher categories is the algebraicity of
their definition [16, 13]. This notion essentially pertains to weak higher categories. Informally, a
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definition of some sort of higher categories is algebraic when it can be equivalently described by
means of a monad. Concretely, algebraic definitions of weak higher categories involve coherence
cells that are distinguished (like the definition of bicategories, which requires that “there exists an
invertible 2-cell a4 5 between (f g g) *o h and f %o (g *0 h)”), whereas non-algebraic definitions
of weak higher categories involve coherence cells that are not (a non-algebraic definition of
bicategories would only require that “there exists some invertible 2-cell between (f *¢ g) %o h
and f*g (g0 h)”).

In the remainder of this article, we will restrain our attention to globular algebraic higher
categories. A particular theory of k-categories can be seen as a monad on the category of k-glo-
bular sets, and a k-category instance of this theory is an algebra for this monad. A lot of globular
higher categories that one usually encounters fit in this setting: strict k-categories, bicategories,
Gray categories, etc. Several constructions can then be defined at this level of abstractions, like
the truncation of globular algebras and its left adjoint.

In Section 2.1, we recall the definition of globular sets and elementary operations on them.
We then introduce globular algebras as algebras of a monad on globular sets in Section 2.2, and
then define the truncation and inclusion functors which relate globular algebras from different
dimensions in Section 2.3. Then, in the case of a monad on Glob,,, we use the truncation
functors to formally express Alg , as a (bi)limit over the Alg,’s in Section 2.4. In Section 2.5,
we introduce a criterion to recognize a tower of categories as equivalent to the categories of
globular algebras over a monad, simplifying the concrete use of the theory developped in this
article. In Section 2.6, we introduce the notion of truncable monads, which correspond more to
the notions of higher categories that we are accustomed to than general globular monads, and,
in Section 2.7, we prove a criterion to easily recognize such monads in the wild.

2.1 Globular sets and operations

Here, we recall the classical notion of globular set. It is the underlying structure of a globular
higher category which describes globes of different dimensions together with their sources and
targets. We moreover define the truncation and inclusion functors between globular sets of
different dimensions.

Definition Given n € NU {w}, an n-globular set (X,0~,0%) (often simply denoted X) is the
data of sets X, for k € N,, together with functions 0, , 81*: Xit1 — X; fori € N,_1 as in

, % Lo L0 O—1 % 1
X $ X1 $ X § e 3 Xy 3 Xppp T — -+
2 2 a5 9 ¢ O

such that

07 00, =0, 00, and 0 08, =08 00, forieN,_.

When there is no ambiguity on 4, we often write 9~ and 0% for 9, and 9;". An element u
of X; is called an i-globe of X and, for i > 0, the globes 9;_;(u) and 9;" ;(u) are respectively
called the source and target and u. Given n-globular sets X and Y, a morphism of n-globular
set between X and Y is a family of functions F' = (Fy: X — Y)ken,,, such that

8’L_OE+1:EOa’L_ foriENn_l.

We write Glob,, for the category of n-globular sets.

Remark 2.1.1. The above definition directly translates to an essentially algebraic theory, so
that Glob,, is essentially algebraic. In particular, Glob, is locally finitely presentable, complete
and cocomplete by Theorem A.2.1 and Proposition A.1.7.
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For e € {—,+} and j > 0, we write
31‘6,3' =0; 00500 81'€+j71

for the iterated source (when € = —) and target (when € = +) operations. We generally omit
the index j when there is no ambiguity and simply write Of (u) for o5 ; (u). Given i,k,l € N,
with ¢ < min(k,[), we write X} x; X; for the pullback

Xk X Xl > Xl

|
-

k3

Given p > 2 and ky,...,ky, € Ny, a sequence of globes uy € Xg,,...,up € Xy, is said i-com-
posable for some i < min(ky, ..., kp), when 9 (u;) = 9; (uj41) for j € Ny ;. Given k € N,
and u,v € Xj, v and v are said parallel when k=0 or 0;_,(u) = 0;_;(v) for e € {—,+}. To
remove the side condition & = 0, we use the convention that X_; is the set {*} and that 0_4, 81’1
are the unique function X¢g — X_;.

For u € X; 1, we sometimes write u: v — w to indicate that 9; (u) = v and 9;' (u) = w. In
low dimension, we use n-arrows such as =, =, =, etc. to indicate the sources and the targets of
n-globes in several dimensions. For example, given a 2-globular set X and ¢ € X, we sometimes
write ¢: f = g:  — y to indicate that

p€Xa, O (0)=f 0(9)=9g, 95(¢)=2 and 9y(¢)=1y.

We also use these arrows in graphical representations to picture the elements of a globular set X.
For example, given an n-globular set X with n > 2, the drawing

r—9—y — 2 (3)
NG
h

figures two 2-cells ¢, € Xo, four 1-cells f, g, h, k € X1 and three 0-cells x,y, z € X such that

o(e)=f O (9)=0r()=g, O ¥)=h,
(=0 @=0h =z, o(f)=0(9) =0 (h)=0 (k) =y,  5k)==

Truncation and inclusion functors Given m € N,, and X € Glob,,, we denote by X<, the
m-truncation of X, i.e., the m-globular set obtained from X by removing the i-globes for i € N,
with ¢ > m. This operation extends to a functor

(—)Elb . Glob,, — Glob,,

<m,n-

often denoted (—)g}%b when there is no ambiguity. This functor admits a left adjoint

(—)$lb . Glob,, — Glob,

Tn,m*

often denoted (—)%Ob when there is no ambiguity, and which maps an m-globular set X to the

n-globular set Xy,,, called n-inclusion of X, and which is defined by (X4y,)<m = X and (X3,); = 0
for i € N, with ¢ > m. The unit of the adjunction (—)%Ob o (—)gzb is the identity and the
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counit is the natural transformation denoted i"™"™, or simply i”* when there is no ambiguity, which
is given by the family of canonical morphisms

1% (Xgm)Tn — X

for X € Glob,,. The functor (—)S°P also admits a right adjoint

<m,n

(—-)$eb . Glob,, — Glob,

ﬂm’n '

denoted (—)%}L"b when there is no ambiguity, and which maps an m-globular set to the n-globular

set Xy, defined by (Xy,)<m = X, and, for i € N, with i > m,
(X4n)i = {(u,v) € Xy, | w and v are parallel}
such that, for (u,v) € (X4n)i,
O, ((u,v)) =u and 9 ((u,v)) =v

and

9; (u,v)) = 6;7((u,v)) = (u,v) for j € N;_q.

Glob and (_)Glob

T S preserves colimits.
k) —_ I’

Note that, since they are left adjoints, the functors (—)

2.2 Globular algebras

We now introduce categories of globular algebras, i.e., the Eilenberg-Moore categories induced
by monads on globular sets, as were first introduced by Batanin in [4]. We moreover give several
additional constructions and properties on these objects.

Let n € NU{w} and (7,7, ) be a finitary monad on Glob,,. We write Alg,, for the category
of T-algebras Globl and

Uy, : Alg, — Glob, Fn: Glob, — Alg,

for the induced left and right adjoints, that were denoted U7 and FT in Section 1: given an
algebra (X, h) € Alg,,, the image of (X, h) by U, is X and, given Y € Glob,,, F,,Y is the free
T-algebra
(TY,py: TTY - TY).
Glob

Given k < n, using Proposition 1.3.1 with the adjunction (—)Zl°> ()%, we get a monad

(T*,n*, 1*) on Globy where
T+ = () FOT()5e

and such that n¥: idgiob, — T* is the composite

(S
idgiob, (—)SRP ()b ———= T+

i.e., nk = (nx;, )<k for X € Globy, and such that py: TFT* — TF is the composite

(7)GlobTik T(i)Glob (7 Globu(i)Glob

<k tn N (_)g}cobTT(_>Glob <k T Tk

kk
TFT Gl

So, for k € N,,, we get a category Alg,, = Glob{k, and canonical functors
Z/fk: Algk — GrlOb],C ]:k;i Globk — Algk

defined like U, and F,, above, forming an adjunction Fj, - U, whose counit is denoted €*. The
objects of Alg; are called k-categories. Moreover, given a k-category C' = (X, h), the elements
of X; are called the i-cells of C for i € Ny.
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Remark 2.2.1. In the above definition, we require that the monad (7,7, u) is finitary in order
to prove later the existence of several free constructions on the k-categories. This is not too
restrictive, since it includes all the monads of algebraic globular higher categories that have
operations with finite arities, i.e., most theories of algebraic globular higher categories.

We can already derive several properties of the categories Alg,:

Proposition 2.2.2. For k € N U {n}, the category Alg,, is locally finitely presentable. In
particular, it is complete and cocomplete. Moreover, the functor Uy, preserves and creates directed
colimits, and creates limits.

Proof. The category Alg,. is locally finitely presentable as a consequence of Proposition A.1.9
since Globy, is locally finitely presentable by Remark 2.1.1. The functor Uy preserves directed
colimits by Proposition A.1.9. Moreover, since U, reflects isomorphisms and Alg,, is cocom-
plete, Uy, creates directed colimits. Finally, it is well-known that the forgetful functor associated
to an Eilenberg-Moore category creates limits (see |9, Proposition 4.3.1] for example). O

We can usually derive monads from equational definitions of higher categories as illustrated by
the following examples.

Ezample 2.2.3. The canonical forgetful functor Cat — Glob; is a finitary right adjoint (see
Example A.2.8 for a detailed argument) which thus induces a finitary monad (7,7, ) on Glob;.
This monad maps a 1-globular set G to the underlying 1-globular set of the category of paths
on G seen as a graph. Using Beck’s monadicity theorem (Theorem 4.2.1), one can verify that
the functor Cat — Glob; is monadic, so that Alg, ~ Cat. Moreover, the monad (T°, n°, u°)
is essentially the identity monad on Globy, and thus Alg, ~ Set. More generally, we will see
in Section 4 that the monads of strict k-categories for k£ € N are derived from the monad of strict
w-categories.

Example 2.2.4. We define a notion of weird 2-category as follows: a weird 2-category is a 2-glo-
bular set C' equipped with an operation

* 1 CQXCQ—>C().

Note that we do not require the composability of the arguments of %, and we do not enforce
any axiom on *. A morphism between two weird 2-categories is then a morphism between the
underlying 2-globular sets that is compatible with *. The category Weird of weird 2-categories
and their morphisms is essentially algebraic, and the functor which maps a weird 2-category
to its underlying 2-globular set is induced by an essentially algebraic theory morphism, so that
it is a right adjoint and finitary by Theorem A.2.5. From the adjunction, we derive a finitary
monad (7,7, u) on Globg, and, given X € Glob,, we have that

(TX)o =2 XoU(Xox X2)  (TX)1 22X, (TX)2= X,

so that, for Alg, derived from the monad T', Alg, = Weird. Moreover, the monads (T, 7", %)
and (T',n', u!) are essentially the identity monads on Globg and Glob; respectively, so that
the associated notions of weird 0- and 1-categories are simply 0- and 1-globular sets.

The previous example moreover illustrates the unusual operations that notions of higher cate-
gories defined in the setting of Batanin can have. It is also an example of a monad on globular
sets which is not truncable (c.f. Example 2.6.2).

Example 2.2.5. Monoids can be considered in any category with a monoidal structure. Given a
theory of globular algebraic higher category, one can define an associated notion of strict monoidal
higher category by considering monoids in the category of algebras, choosing the monoidal struc-
ture to be the cartesian one. Monadically, we have an operation mapping a monad 7" on n-glo-
bular sets to a monad 7" on n-globular sets representing the theory of strictly monoidal higher
categories which are instances of T'. This operation can be seen to preserve a finitary hypothesis
onT.
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2.3 Truncation and inclusion functors

We now introduce truncation and inclusion functors between the categories Alg,. together with
some of their properties.

Let n € NU{w} and (7,7, ) be a finitary monad on Glob,,. Given k < n, using Proposi-
tion 1.3.1, we get that (— )GlOb lifts to a cocartesian morphism

()P () EPT )

(Glob,,, T) (Globy, TF)
with respect to the functor Und. By applying EM, we get a functor
A
(-)2E,: Alg, — Alg,

also denoted (_)12115 when there is no ambiguity.

Now, given k,l € N with k < [ < n, since (—)2® can be factored as (—)SlP(—)SlP the

cocartesianness of ((—)S1°P, (=)ClPT'i!) ensures that there is a unique morphism (F,a) which

factorizes ((—)S1P, (—)SIPTi*) through ((—)E°P, (—)S°PTi') in MND.
Lemma 2.3.1. Given k,l € N with k <1 < n, the morphism

((5)ZE0, (ST i)+ (Globy, T') — (Globy, T*)
is the factorization of ((—)g};’b, (—)g’}be i*) through the cocartesian morphism

(RSP ()T ).

Proof. By Proposition 1.3.1, there is a morphism

(IS0 ()EPT! #50): ()G, 7Y ()G, )
where (7,1, i/') is the monad on (—)SXP defined by

( )Glob ( )Glob

( )Glob l( )Glob
M' = ()EPH (HF) o (HERP T T (= )F ).

By a straight-forward computation, we get 7" = T* 1/ = n¥ and 4/ = p*. To verify that the
above morphism is the wanted factorization, we are left to check that

Glob Globrpl :k,l Glob Globrp:ly _ Glob Globrp :k
(=)2kd, (F)27T i) o ()47, (2) T = ((5) k™, ()T )
in MIND. But it is straight-forward too, since
il,n O((_)TGZ%SLb ik,l (_)g}ob) — ik,n ) ]
By applying EM to the factorization morphism given by Lemma 2.3.1, we get a functor
Al
(— )<ng Alg, — Alg

also denoted (—)ﬁf when there is no ambiguity. Concretely, given a T'-algebra

(X, h: T'X = X),
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its image by (— )Alg is the T*-algebra (X<, h'), where h’ is defined as the composite

(( )Glole kl) h
TH(Xap) — =R D (i)

The image of (X,h) in Alg; by (— )i‘f is called the k-truncation of (X,h) and we denote

t (X,h)<k. Note that the image of a morphism f: (X,h) — (X',h') by (— )Ak is f<i (the
globular k-truncation of f). The same concrete description holds for the functors (— )élkgn
The definition of the truncation functors allows for the following compatibility property:

Proposition 2.3.2. Given j,k,l € N, U{n} with j < k <, we have

Al Al Al
(Heine Har = ()

Proof. The two morphisms
Glob Globk : 4,k Glob Globl :k,l Glob Globrl 15,1
()%, ()T ) o (=) 2kps (2) ey T i) and - (=) 257, (2)<0 T V)

Glob ( )Glolegn

i (7)< ) through the cocartesian morphism

provide a factorization of ((—)
(—)E0: (2T i),
Thus, they are equal. The conclusion follows from the functoriality of EM. O

The finitary assumption on T enables the existence of a left adjoint to truncation functors:

Proposition 2.3.3. Given k,l € N, U{n} with k <, the functor (—)ﬁ}kgl 18 finitary and admits
a left adjoint. -

Proof. By the adjunction Inc 4 EM, we have a commutative diagram

Al
(—)Als

Alg, — =% Alg,

l Jos

Glob;, —+ Globy
(1%

The functor (—)ﬁfl is finitary since, by Proposition 2.2.2, U}, creates directed colimits and the
functor o

Alg Glob
Uk(—><kz = (=)2U
preserves directed colimits. Moreover, (— )élk,l preserves limits since U}, creates limits and the

functor Uy (— )élkgl =(— )bel/ll preserves limits (both (— )S}COIZO and U; are right adjoints). Then,
by Proposition ALl 8, the functor (— )élk ; admits a left adjoint. O]

Given k,l € N, U{n} with k <[, we write
(-)3%: Alg, — Alg,
Alg

for the left adjoint to (—)Zp;, or even (_)%lg when there is no ambiguity on k. The image
of (X,h) in Alg, by (—)TAllg is called the [-inclusion of (X, h) and we denote it (X, h)y.
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2.4 Alg, as a limit

Let (T,n,p) be a finitary monad on Glob,. The purpose of this paragraph is to character-

ize Alg,, as a limit on the categories Alg, for k € N using the truncation functors (f)ﬁlkg

Proposition 2.4.1. The cone
((Globy, T), (=), (=) 1T *)ken)

1 a limit cone in MIND on the diagram

(_)Glob (_ Glob (_)Glob (_)ggob

(Globy, T°) +—=" (Glob,,T") +=— (Globy, T?) +—— (Globs, T3) +—— ...

where we abbreviated by (—)C°P the monad functor ((—)SP, (=)ClbTE+Lik) for k € N for
readability. B - B

Proof. We already know that it is a cone by Lemma 2.3.1. Let us prove that it is a limit cone
in MND (seen here as a 1-category).

Let (C,S) be a monad and ((T'*,~+*): (C,S) — (Globy, T%))ren be a cone on the diagram of
the statement. By forgetting the 2-cells, we get a cone (I'*: C — Globy), and thus a functor
I': C — Glob,,. In order to get a monad functor, we still need to build a 2-cell v: TT = I'S.
Such a 2-cell is the data of morphisms vx: TI'X — I'SX for X € C. Write R* for

RN = (—)§leb(—)Slob. Glob,, — Glob,,
and jk for the natural transformation

jk — (_)TGuI;Ob ik,k+1( )Glob Rk — Rk—I—I

Note that, for all Y € Glob,,, (i];,’w: RFY — Y)en is a colimit cocone in Glob,, on the diagram

-1 k—1 k+1

Ry gy vV ok W pray Y

Since T is finitary, ((T'i**)y: TRFY — TY)pen is a colimit cocone on the diagram

(Ti*)y (Ti* My

Ty Yo ppey JTY ppkt1y Ty

:1 ck—1
TRy —EY ppy IOy 0

In particular, the sought morphisms vx are uniquely characterized by the cocone
(yo (Ti*“T))x: TRFTX — T'SX)sen
on the above diagram, where we put Y = I'X. Using some rephrasing, we have a limit cone
(T T)*: Hom(TT,TS) — Hom(TR*T',T'S))ren
on the diagram

) )

Hom(TRT, T'S) “22 Hom(TR'T, T'5) C2 Hom(TR2T, 1) L)

On the other hand, given a pair of functors G,G’: C — Glob,, every natural transformation
a: G = G’ is uniquely characterized by the projections (— )Gk’ba for k € N. In other words, we
have a limit cone

()€ Hom(G, G') — Hom((—) G, ()P G ien
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on the diagram

(_)Glob (_ Glob (_ Glob

<3

Hom((—)€6"@, (-)E5@) «= Hom((—)ZP*G, (—)Z1PG") « Hom((-)5PG, (—)S5Pa)

By combination of the two limit diagrams, we have that Hom(7T,T'S) is limit cone on the
diagram

()%kn ()%,
i i

G- (%) G
- Hom((-) G TRT, (-)GATS) «—— Hom((—)GHTRMIT, () G/TS) &— -+

| |
(—)Skr (—)gpeP
! (*)* : N
L Hom((—)S°PTR*T, (—)Z°PT'S) +—— Hom((—)S°PTRFHIT, (—-)Z°PT'S) g

()% ()%

l !

expressed on the category (N x N, < x <)°P. By finality of the diagonal functor
(N, <) > (Nx N, < x <)

Hom(TT,T'S) is in fact a limit cone on the diagram
Hom((—)SPTRT, (—)SFPTS) «— Hom((—)SPPTR'T, (—)S1PT'S) «— Hom((—)SYPTRT, (—)S5PTS) «+—

One can check that a compatible sequence for this diagram is precisely given by the ~* for k € N.
Indeed, it is a consequence of the fact that ((I'*, v¥))ren is a cone. Thus, we get v: TTI' = I'S
such that ((— )g}c‘)by) o((— )GIObT i*“T) = 5, and + is uniquely defined by this property. Thus,
we have the uniqueness of a factorizing (I',y) in MIND for the cone we started from. We are
left to show that (I',7) is indeed a monad functor for existence.

Let’s prove the first required equality, i.e., v o (n7T') = I'y®. By an argument similar to the
one we used above, it is enough to prove that

()P 0 (DT o ()24 T) = (HZETr%) o ()P 1 T)
for every k € N. We compute that

(F)ZEP7) o (4P T) o (-)SFP i)

(( )ERPY) 0 (F)ERPT ™ T) o ()< R*T) (by naturality)
=" o ((=)ZF"n" R'T)
=~* o (n*TF) (since the unit of (—)%Ob 4 (= )Gl‘)b is the identity)
—[hyS
=(—)gpPry°
:((—)g}fbf‘ns) o ((—)g}fb i+ 1) (since (—)g}fb i** is an identity).
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In order to show the other equality, that is,
yo (u'T) = (Tp®) o (v8) o (T) (4)
we need to use twice the argument we used earlier to get that
(mp: Hom(TTT,T'S) — Hom((—)SRPTRMTRT, (—)Z12°T'S) )ken

is a limit cone on the adequate diagram, where 7 is the composite

(<P () EPTikTikT)*
Hom(TTT,T'S) —— Hom((—)SPTTT, (—)¢°TS) = Hom((—)SPTRFTRFT, (—)SPPTS).

Then, using the existing equations and naturality, the reader can prove similarly as above that

(H)EE(y 0 (4TT))) o ()P FTHT) = ()G (Tp) 0 (18) o (T7))) o (-) LT T4 T)

so that (4) holds and (T',~) is indeed a monad functor, which moreover factorizes uniquely the
cone (T*,¥*)ren. Thus, (Glob,, T) is indeed a limit cone in MIND as stated. O

Proposition 2.4.2. ((— )Alg Alg, — Algy)ken is a (bi)limit cone in CAT on the diagram

(_ Alg ( )Alg (_ Alg ( )Alg

= Alg, = Alg, = Alg, =

Alg,

Proof. This is a consequence of Proposition 2.4.1 and that EM is a right adjoint. O

Remark 2.4.3. The above proof only show that Alg,, is a limit in the 1-categorical sense, i.e., only
factorizes cones of functors by a functor (and not morphisms of cones as natural transformations,
a priori). But, by a generic argument (stated for example as |23, Lemma 7.5.1]), any limit in
the 1-categorical sense in CAT is also a strict 2-limit, i.e., factorizes morphisms between cones
as well.

Remark 2.4.4. If we restrain our interest to weakly truncable monads (defined in Section 2.6),
another proof is possible which dispenses with the specific and technical argument of Propo-
sition 2.4.1. Indeed, writing MIND s for the sub-2-category of MIND consisting of monads,
pseudo monad functors and monad transformations, where a monad functor (F, ¢) is said pseudo
when ¢ is an isomorphism, we have that the underlying functor Und: MND g — CAT, map-
ping a monad (C,T) to its underlying category C, creates bilimits, and the latter are moreover
preserved by the inclusion MNDpgq < MND (this is left as an exercise for now). Thus, a
bilimit version of Proposition 2.4.1 can be deduced from the fact that Glob,, is a bilimit of the
Glob;’s for £ € N. This argument does not apply for MIND as a whole, and it is really the
finitary hypothesis on T" which makes Proposition 2.4.1 work.

2.5 A criterion for globular algebras

Usually, a specific notion of higher category and the associated truncation and inclusion functors
are not directly derived from a monad. Instead, we often manipulate higher categories that are
defined, in each dimension k € N, as structures with operations satisfying some equations, and
the truncation and inclusion functors are defined by hand. Such equational definitions surely
induce monads on k-globular sets, but it is not immediate that the monad in dimension Iy
is obtained by truncating the monad in dimension Iy for [y < [y, as was done earlier, nor is
the equivalence between the boilerplate definitions of truncation and inclusion functors and the
ones defined earlier in this section. Verifying the equivalences of these definitions is required in
order to use general constructions for globular algebras, like the ones of the next section. But,
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without a generic argument, the verification can be tedious since it involves, among others, an
explicit description of the different monads. In this section, we give a criterion, in the form
of Theorem 2.5.2, to recognize that categories and functors between them are equivalent to
categories of globular algebras and truncation functors derived from some monad on globular
sets.

We first prove a technical lemma:

Lemma 2.5.1. Given a commutative diagram of functors

c-YsD

b

C —— D
U
which are part of adjunctions F AU, F4U, T4T, I 4T, we have a diagram in MND

(U, U

(C,1) (D, R)
Inc(T )l i(T’,T’ReI,vT 8
(C,1) G0FT, (D,T) SoEF) (D, S) «—— (D, 95)

where R, S, S and T are the monads respectively derived from the adjunctions F 41U, FT' 4 T'U,
IFAUT and F AU, and (D, S) — (D, S) is the isomorphism of monads induced by T'U = UT,
and where we wrote n™® and e for the unit and counit of each adjunction L 4 R. Moreover,
if the unit of the adjunction Z 4T is an isomorphism (or, equivalently, T is fully faithful), then
the morphism (D,S) — (D, T) is an isomorphism.

Proof. By Propositions 1.3.1 and 1.3.5 already introduced, the morphisms shown on the diagram
are indeed monad functors. We are left to check that the diagram commutes. More precisely, we
need to show that pasting of 2-cells

C v D T D L D 1 D
| | |
1 = R |T'RET S LUTO™H 5 JUPTE |T
| - - :
C o D = D 0 D 0 D
is equal to .
C T ¢ Y 4D
‘ l
1 = () Ueku T
- *
C . C = D

where §: FT' = TF is the canonical isomorphism between the two functors which are left adjoint
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to UT = T'U, defined by

(=]
\‘

ﬂ

\‘
(-]

F

We check that the wanted equality holds using string diagrams:

T T U
@ T U

é

U/\F (=]
T I TI U F U T
LEN-L — -
T U F T T’U
U

-

The criterion for recognizing categories and functors as categories of globular algebras and
truncation functors between them is the following:

Theorem 2.5.2. Let (T,n, 1) be a finitary monad on Globy,, and

(Cr)ken and C,

be categories, and
(Uk: Ck — GIObk>kEN and th Cw — Globw

be monadic functors, and
(TF: Chy1 = Ciren and (T : Cuy — Ci)ken

be right adjoint functors with fully faithful left adjoints such that 7'k+1 o1 =T and

c., -2 Glob,,

7| [k
Ck o Globy,

commute for every k € N. Then, there exist equivalences of categories

H,: Cw — Algw and (Hk: Ck — Algk)kEN

such that
H, Hy g
C, — Alg, Cry1 —— Algpy,y
| |z, and g IS ®)

commute for every k € N.
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Remark 2.5.3. The statement of the above theorem can easily be adapted when working on a
monad T on Glob,, for some n € N by requiring instead that

U
Chry1 —= Globy
gl |z
C, —— Globy
k

commutes for every k < n, and then one only gets the right commuting square of (5).

Proof. Let k € N. Taking C,,, Cy, Glob,, and Globy, respectively for C, C, D and D, and U,,,
Uk, T} and (—)g}gg respectively for U, U, T and 7' in Lemma 2.5.1, and using the adjunction
Inc 4 EM, we get a commutative square

H,

Alg,

! o

Cy ——— Glob] «——— Glob} «+—— Alg,
Hy,

where S and T are the monads defined in the lemma. Remember that both Alg, and (—)élkg w

were defined using Proposition 1.3.1 so that the arrow on the right of the above diagram is indeed
(—)ﬁfyw. Also, H,, and H}, are equivalences since U, and U}, were supposed monadic. Finally,
by the final part of Lemma 2.5.1 and the hypothesis, the middle arrow in the bottom line is
an isomorphism. Thus, by defining Hj to be the composition of the three morphisms on the
bottom line (after inverting the second and third ones), we get the commutative diagram on the
left of (5), and we are left to get the one on the right. Writing Z¥+! for a left adjoint to T
since the unit 1 = k‘jrlff‘*'l is an isomorphism, it is enough to check that

Alg w Tkl _ ktlaw kil
(S ee Henn T 25T = He Ty T T 2T

But
(DS Hn TS = (S SE JH T
= (_)QEwHwI£+1
= Hy T st
- Hkﬁ’““ﬁ“illﬁ“
which concludes the proof. O

2.6 Truncable globular monads

The general setting of higher category theories as monads over globular sets allows defining
theories with unusual operations, like compositions of I-cells that produce unrelated [’-cells for
some I’ < (c.f. Example 2.2.4). Anticipating the next section, such theories are badly behaved
when it comes to freely adding new (k+1)-generators to k-categories, since the underlying k-cate-
gories will not be preserved in the process. In order not to allow such monads, we recall from [4]
the notion of truncable monad which forbids those problematic operations and still includes most
usual theories for higher categories: those are the monads which “commute with truncation” in a
suitable sense. As we will see in the nextsection, the k-categories of these theories are preserved
when freely adding (k+1)-generators.
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Let n € NU{w} and (7,7, 1) be a finitary monad on Glob,,. For k € N,,, remember that we
used Proposition 1.3.1 to define both the monad (7%, 7", u¥) and the cocartesian morphism

(—)EEn: (F)EEPTi""): (Globy, T) — (Globy, T*).

In the following, we write t* for the natural transformation (—)g};’bTik’". The monad T is said

weakly truncable when t* is an isomorphism for each k < n; it is truncable when, for each k < n,
t* is the natural identity transformation (so that Tj(—)Clb = (—)ClobT).

Ezample 2.6.1. The monad (7,7, 1) of categories on Glob; defined in Example 2.2.3 is weakly
truncable. By choosing adequately the left adjoint Glob; — Cat that defines T, we can even
suppose that T is truncable. More generally, we will see in Section 4.4 that the monad of strict
w-categories is weakly truncable, and even truncable up to an isomorphism of monads.

Ezample 2.6.2. The monad (7,7, 1) of weird 2-categories on Globy defined in Example 2.2.4 is
not truncable since, for X € Globy, we have

(TX)o = XoU (Xa x X2) and (T%(X<0))o = Xo.

The following property tells that we can always adapt a weakly truncable monad to a truncable
monad:

Proposition 2.6.3. If (T, n, u) is weakly truncable, then it is isomorphic to a monad which is
truncable.

Proof. We define a truncable monad (7,7, i) on Glob,, and an isomorphism ¢: T — T from

their trunctations
( )GlobT and ¢<k ( )GlobT_>( )GlobT

and we define those using an induction on k for k£ € N,,. In dimension 0, we put
(IO = ()% and gy = (1)

Then, given k € N,, and a (k+1)-globular set X, we define (TX)<k+1 as the (k+1)-globular
set Y where B
Yep = (TX)<p and Yipr = (T" (Xcpp1))han

and the operation 0f : Yi41 — Y} is defined as the composite

(t*F ),

o5 .
Vier = (T (X cpr1))eor — (TN (X cppn)n (TX)y, 20k, (95 )k

—= (TX)
for e € {—, +}. Our definition extends canonically to a functor
(—)S2 T Glob,, — Globy1.
We also extend ¢<j, on dimension k + 1 by putting, for X € Glob,,
()1 = () ™ D1 s (TX)ks1 = (TX )k
So we defined T': Glob,, — Glob,, together with an isomorphism ¢: T — T. Finally, we put
i=gon and fi=gouo(s o)

so that (T, 7, i) is a monad and (1,¢!): (Glob,, T) — (Glob,,T) a monad isomorphism. By
the definition of T', we easily verify that (T, 7, 1) is truncable. O
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The truncability with respect to dimension n implies the truncability with respect to dimension [
for any [ < n:

Lemma 2.6.4. If T is weakly truncable (resp. truncable), then, for every k,l € N with k <1 < n,
(—)g}COle i% is an isomorphism (resp. an identity).

Proof. We have %" = ¥4 o((—)§192 #4 (—)GIb) 5o that

Globp:kn _ Glob(_ \Globr 1, Globpl :k,l (_\Gl
()T = (F) 2y (H) 2R T ") o () e T (=) 2i5)-

,n

By the 2-out-of-3 property for isomorphisms, we get that (—)SLO?TZ ikl (—)S’}"ﬁ is an isomor-

phism. By precomposing with (—)%Olb, we get that (—)SLO?TZ i1 is an isomorphism. When T is
truncable, this isomorphism is an equality. O

When T is truncable, the T%, n* and p* can be related through the equations given by the
following lemma:

Lemma 2.6.5. If T is truncable, then, for k,l € N, U{n} with k <, we have
THIE = (IZET and (3 =] et ()b = A%
Proof. By Lemma 2.6.4, we have that (—)g‘}COle il is an identity. In particular,
T )Geh = (3T

Moreover, from the equations satisfied by the monad functor ((—)S}f}o, (_)(<}}€0le i*!), we deduce

that
Glob, [ k Glob Glob 1 k Glob
(—)gko,zn =1 (—)gko,z and (—)gko,lﬂ =W (—)gko,l~ O
We now prove several properties of truncable monads regarding truncation of algebras. First,
the truncation of algebras has now a simpler definition:

Proposition 2.6.6. If T is truncable, then given k,l € N, U{n} such that k < I, and an
l-algebra (X, h) € Alg,;, we have (X, h)<p = (X<p, h<i).

Proof. Indeed, since T is truncable, we have
Globrl :k,l\ (k¢ \Glob:kly

((—)gko,lT "x = (T (—)gko,z i) x = 1diX
so that (X, h)gk = (ng,hgk). O
Moreover, the operation of truncation of algebras is now a left adjoint:
Proposition 2.6.7. If T is truncable, then, given k,l € N, U{n} with k <, the functor

Al

1s a left adjoint. In particular, it preserves colimits.

Proof. By Lemma 2.6.4, (—)g}bel i*! is an identity and in particular an isomorphism. Thus, by
Proposition 1.3.4, since we have an adjunction (—)S’}f}o = (—)T(fll’%b, this adjunction lifts canonically

through Und to an adjunction

((4)ZF, (LT ) A (-)FP )

for some p given by Proposition 1.3.4. By applying EM, we get an adjunction (—)ﬁ}cgl - (—)#llgk
Al - :
where (—);;5 = EM((-)§$". ). m
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2.7 Characterization of truncable monads

Earlier, we introduced Theorem 2.5.2 that allows recognizing that some categories and functors
between them are equivalent to the categories of globular algebras and the associated truncation
functors derived from a monad T on globular sets, without having to explicitly describe this
monad. But, by the current definition of truncability, in order to show that the monad T is
truncable, a direct proof would require to show that the natural transformations (—)%CbT it™ are
isomorphisms, so that a description of T is still needed. Below, we introduce a characterization
of the truncability of T that does not rely on such tedious description.

We start by proving the following lemma, relating the functors Fy:

Lemma 2.7.1. Let n € NU{w} and (T,n, 1) be a finitary monad on Glob,,. Given k € N such
that k < n, we have N
1
(D)< Fa(5% = Fi-

Proof. By the adjunction Inc 4 EM, it amounts to prove that the two pastings of 2-cells

_ Gﬁob (_)Glob
Glob, — " Glob,, — -+ Glob,, ——— Globy
| |
1 = 1 bp T ()G |
J l 1 -
GlObk W GlObn # GlObn W GlObk
“1n <k

and

Glob, — ™" Globy

N

G’lobk T G‘lobk

are equal. But this directly follows from the definition of y*. So the wanted equality holds. [

Now, we prove that truncable monads can be characterized through the associated globular
algebras:

Proposition 2.7.2. Let n € NU {w} and (T,n,p) be a finitary monad on Glob,,. Then, the
monad (T,n, 1) is weakly truncable (resp. truncable) if and only if, for k € N,,_1, the natural
transformation

(D)ZEFait": Fu(—)ER° = (2)2EFa
is an isomorphism (resp. an identity).

Proof. Note that the domain of (—)i‘f}"n i*™ is the claimed one by Lemma 2.7.1. Now, for k € N,,_1,
we have that B

Un(—)2EF, i = () SU, T i

lobrp:k
= (—)SePTi*.
The proposition follows from the fact that Uy, reflects isomorphisms (resp. identities). O

We will need the following folklore property about adjunctions:
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Proposition 2.7.3. Let
LAR:C—D and L'AR:C— D
be two adjunctions with respective unit-counit pairs (v,€) and (v, €'), and
9: L=L and 0:R =R

be two natural transformations such that § = (eL') o (LOL") o (Lv'), i.e., graphically:

L Lo~
R L
® =
L R
o N

Then, 6 is an isomorphism if and only if 8 is an isomorphism.

Proof. An inverse for 6 can be straight-forwardly constructed from an inverse for 6 using string
diagrams, and symmetrically. O

Given k € N, we write
ko, s Glob Glob
i7" idgien, = (_)ﬁn,k(_)gk,n

or simply j*, for the unit of the adjunction (—)%32 - (—)%’#}E Glob; — Glob,,. We can now
introduce the criterion for showing the truncability of monads through their globular algebras:

Theorem 2.7.4. Letn € NU{w} and (T,n, p) be a finitary monad on Glob,,. The monad (T, n, 1)
18 weakly truncable if and only if, for k € N,_1, the functor (—)ﬁ}kgn has a right adjoint, that we
write (—)#:lgk, which satisfies that jkun(—)#:lgk is an isomorphism.

Proof. By Proposition 2.6.7, if T' is weakly truncable, (—)i‘fn has a right adjoint, so we can

assume that this adjoint exists and denote it by (—)#}fk._Then, the morphism (—)ﬁlkg]:n i
pictured by -

()2 Fu ()P (St

@

is a natural transformation between two composites of left adjoints. Then, by deriving the units
and counits of these composite adjunctions (as in [17, IV.§8 Theorem 1] for example), and using
(the dual of) Proposition 2.7.3, the above natural transformation is an isomorphism if and only
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if the natural transformation depicted by the string diagram

A

(S)Flb (—)Sb 2, ()2 (2E F (DS (S U, ()

is an isomorphism, where (a,a’), (n",€"), (v,i¥) are the pairs of units and counits associated
with the adjunctions (—)ﬁf’ o (—)#:Lg, Fn Uy and (—)%O]O + (=)EPP respectively. Using the
zigzag equations satisfied by adjunctions to reduce the above diagram, we obtain

D)

POt ()

which is the diagram associated to the morphism jku,@(—)ﬁ,ﬁg. Thus, (—)élkg]:n i* is an isomor-
phism if and only if jkl/{k(—)#}f is an isomorphism. We conclude with Lemma 2.7.2. O

We will use the above criterion to show that the monad associated to the theories of strict
categories is weakly truncable (c.f. Theorem 4.4.2).

3 Free higher categories on generators

Given some theory of higher categories, an important construction is the one that builds a k-cate-
gory which is freely generated on a set of generators. Indeed, like for other algebraic theories,
a k-category can be described by means of a presentation, i.e., by quotienting a free k-category
by a set of relations. For example, a formal adjunction can be described as the strict 2-category
generated by two O-cells z and y, two 1-cells {: y — z and 7:  — y, and two 2-cells y: id,, = Ixor
and e: %ol = id, satisfying the zigzag identities. Given a theory of higher categories expressed
in Batanin’s setting, i.e., as a monad (7,7, 1) on Glob,, for some n € NU{w}, there are several
free constructions that one can consider. First, the functors Fj: Glob;, — Alg,, already enable
to construct the free k-category on a k-globular set. Moreover, there is a construction which
produces a (k+1)-category from a k-cellular extension, i.e., a pair consisting of a k-category
and a set of (k+1)-generators. Such construction was introduced for strict categories in [10].
Finally, one can consider the free k-category on a k-polygraph: the latter is a system of i-gene-
rators for ¢ € N,, which is organized inductively as cellular extensions. It differs from a mere
k-globular set in the sense that a k-polygraph allows generators to have complex sources and

28



targets that are composites of other generators, whereas the sources and targets of generators
organized in a k-globular set can only be globes. Polygraphs were first introduced by Street |26]
and Burroni [10] for strict categories, and then generalized to any finitary monad on globular
sets by Batanin [4].

In this section, we define free constructions for algebraic globular higher categires following the
path of Burroni, giving in the process another light on the results of Batanin, who was not relying
on cellular extensions in his proofs. More precisely, we define the notion of cellular extension for
any algebraic theory of globular higher categories, and then derive the notion polygraphs from
it, together with the free construction associated to each notion. Since most of the definitions
rely on pullbacks in CAT, we first recall some properties of these pullbacks (Section 3.1). Then,
we introduce cellular extensions together with the associated free construction for any finitary
monad on globular sets, and, in the case of a truncable monad, we show that this construction
is stable, i.e., that freely adding (k+1)-generators does not change the underlying k-category
(Section 3.2). Then, we introduce polygraphs together with the associated free construction
for any finitary monad on globular sets (Section 3.3). Finally, we recover in our setting the
adjunction of Batanin between higher categories and polygraphs in Section 3.4.

3.1 Pullbacks in CAT

In the following sections, we define the categories of cellular extensions and polygraphs using
pullbacks in CAT. We will be interested in showing that these categories are cocomplete and
that several of the projection functors are left or right adjoints. Such properties are consequence
of general properties of pullbacks that we recall below. In particular, a pullback of an isofibration,
1.e., a functor which lifts isomorphisms, has good properties with regard to cocompleteness and
preservation of colimits. This is convenient since, as we will see below, all the truncation functors
introduced until now are isofibrations.

In the following, given C' € CAT, we write idZ for the identity natural transformation on the
identity functor id,: C' — C. We begin with a property of compatibility of pullbacks in CAT
with left and right adjoints:

Proposition 3.1.1. Given a pullback in CAT

o .,

o| le
/
D —5 D

and a functor H: D — C such that GH =idp, then there exists a canonical H': D' — C'
such that G'H' =idp,. Moreover, if there is an adjunction H 4 G (resp. G -4 H) whose unit
(resp. counit) is id%, then there is an adjunction H' 4 G’ (resp. H 4 G) whose unit (resp. counit)
is id2),.
Proof. We define H' using the universal property of pullbacks by

D/ HoF

. ) /
(oY}
Gl la
/
D — D
which satisfies G'H' = id, by definition. Moreover, suppose that there is an adjunction H 4 G
whose unit is id%. Then, since C’ is defined by a pullback, a morphism f: H'X —Y € "
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is the data of morphisms f;: X — G'Y and f,: HFX — F'Y with F(f;) = G(f.). But,
since the unit of H 4G is id%, G induces a bijective correspondence between C(HFX, F'Y)
and D(FX,GF'Y), so that f, is uniquely defined by F'(f;). Thus, G’ induces a bijective natural
correspondence between C'(H'X,Y) and D'(X,G'Y) for all X € D' and Y € C’, so that there
is an adjunction H' 4 G’ with unit id%,. The case where G is left adjoint is similar. O

Moreover, we prove that isofibrations are well-behaved regarding pullbacks in CAT. We re-
call that a functor G: C — D € CAT is an isofibration when it lifts isomorphisms, i.e., for
all X € C and Y € D, given an isomorphism f: GX — Y in D, there exists Y € C and an
isomorphism f: X — Y such that GY =Y and G(f) = f. We then have:

Proposition 3.1.2. Given a pullback in CAT

o £,

o o

/
DT>D

such that G is an isofibration, the following hold:
(i) G is an isofibration,

(i) given a small category I, if C and D' have all I-colimits and F and G preserve them,
then C' has all I-colimits and F' and G’ preserve them.

Proof. Proof of (i): Let X € C', Yy, € D' and 01,: G'X — Y, be an isomorphism. Then, since G
is an isofibration, there is Yz € C and an isomorphism 0r: F'X — Yg such that F(0;) = G(0R).
Moreover, F(6;') = G(03") so that (0z,0r): X — (Y1, Yr) is an isomorphism of C".

Proof of (ii): Let d: I — C’ be a functor, which is the data of d,: I — D" and dr: I — C.
Then, there are colimit cocones (pr,;: dr(i) = Xr)icr and (pr;: dr(i) = XR)ier. Since both F
and G preserve colimits, both

(F(pLJ‘): F(dL(Z)) — F(XL))iEI and (G(pRJ‘): F(dL(Z)) — G(XR>)iGI

are colimit cocones for F'ody. So there exists an isomorphism 6: F(X) — G(Xg) between the
two cocones. Since G is an isofibration, we can suppose that F'(X1) = G(Xg) and § =idpx, ).
Thus, we have a cocone ((pr;,pr;): d(i) = (Xr,Xg)); on d, and we easily verify that it is a
colimit cocone. O

Remark 3.1.3. Pullbacks in CAT should normally raise suspicion since strict limits are not well-
behaved in CAT in general. Indeed, a limit cone in CAT on a diagram is not stable when
replacing some functors of the diagram by isomorphic functors. Moreover, the limit cone is
defined up to isomorphism, and not up to equivalence of categories. To solve this problem, one
usually considers a weaker notion of limits, where the triangles of cones commute only up to
isomorphisms, as with weighted bilimits [19]. But the strict limit on a diagram is generally
not equivalent to the associated weighted bilimit. However, introducing weighted bilimits here
would be an unnecessary pain for what we want to do, since the pullbacks along isofibrations are
equivalent to the weighted bipullbacks (see |19, Proposition 5.1.1]).

We say that a monad functor is an isofibration when the underlying functor is an isofibration.
We then have:

Lemma 3.1.4. The functor EM preserves isofibrations.
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Proof. Let (F,a): (C,S) — (D,T) be a monad functor isofibration. Let (X,h: SX — X) be an
S-algebra, and f: F*(X,h) — (Y, k) be a T-algebra isomorphism. Since F is an isofibration,
there is an isomorphism f: X = Y such that F( f) — f. One can equip Y with a structure
of S-algebra (Y k) by putting k = foho S( f- 1), Then, we have an S-algebra morphism
f:(X,h) — (Y, k). Moreover, (Y, k) is mapped to (Y, k) by F®, so that f is an isomorphism
which lifts f. Hence, EM preserves isofibration. O

We now verify that several functors of interest to us are isofibrations:
Proposition 3.1.5. Given k,l € NU{w} with k <, the functor (—)g}f}o is an isofibration.
Proof. Straight-forward. O

Proposition 3.1.6. Let n € NU {w} and (T,n,un) be a finitary monad on Glob,,. Given
k,l e NU{w} with k <, the functor (—)ﬁlkgl is an isofibration.

Proof. The functor (—)2% <k is the image by EM of ((—)g}f}o, (—)g}ﬂ‘j‘le i), which is an isofibra-
tion. Thus, by Lemma 3. 1. 4, it is an isofibration. OJ

3.2 Cellular extensions

In this section, we introduce the notion of k-cellular extension, which describes a k-category (for
some theory of higher categories) equipped with a set of (k+1)-generators. We moreover give
the construction of the free (k+41)-category on a k-cellular extension together with more specific
results when the theory we are considering is associated with a truncable monad.

Let n € NU{w} and (T, n, ) be a finitary monad on Glob,,. Given k € N,,_1, we define the
category AlgkIr of k-cellular extensions as the pullback

Algh 7, Globyy
A l(—)%}:b

~

We verify that:

Proposition 3.2.1. The category AlgkF 1s locally finitely presentable. In particular, it is complete
and cocomplete. Moreover, both G111 and Ay are finitary right adjoints.

Proof. The categoy Alg: is defined as the pullback of the finitary right adjoint isofibration (—)g}fh

along the right adjoint ;. Thus, it is a bipullback of right adjoints between locally finitely pre-
sentable categories. Since the 2-category of locally finitely presentable and finitary right adjoint
functors is closed under bilimits (see [7, Theorem 2.17]), Alg; is locally finitely presentable and
the two projections Gry1 and Ay are finitary right adjoint functors. O

Remark 3.2.2. In fact, one can check by hand that the finitely presentable objects of Alg;: are
exactly the compatible pairs (C, X), where C is a finitely presentable object of Alg, and X is a
compatible (k+1)-globular set such that Xy is finite.

Proposition 3.2.3. The functor Ay is an isofibration and has a right adjoint.
Proof. This is a consequence of Propositions 3.1.1 and 3.1.5. O

Proposition 3.2.4. The functor Ay preserves finitely presentable objects.
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Proof. By adjunction, it is equivalent to prove that its right adjoint is finitary. By the construc-
tive content of Proposition 3.1.1, this right adjoint is built from a cone of finitary functors on
the (bi)pullback defining Ang', itself made of finitary functors. Thus, the factorizing functor is
itself finitary. O

There is a functor Vi: Alg;,; — Alg; defined as the factorization arrow

Ut

" Algh %, Globy,

Akl l( )Glob

k

Then, there is an operation which produces a (k+1)-category from a k-cellular extension. It is
the left adjoint to Vi, that exists by the following property:

Theorem 3.2.5. V;;, has a left adjoint.

Proof. Let o be the unit of the adjunction (_)?Iiil,k . (—)‘é}f’kﬂ, and let
o Algn((Onde o) = Alg(— ()5
Ut Alg(DR5 k() m) = Globk(— Uk(5) 5
PR Algy 1 (Frsa (=), ) = Globg1 (=, Up1(-))

TR Globyt (Fe1 (H)fiie =) = Globg(—, (-)E Upi1(-))

be the natural bijections derived from the associated adjunctions. Note that these bijections can
be defined using the units of the adjunctions. For example, given C' € Alg, and D € Alg,. 4, ol
maps a morphism f: Cyx41 — D € Alg;,; to the morphism

f<ko o/éf: C — D« € Alg,,

where « is the unit of (—)gcg . (—)?,iil. Since

Glob Al
~7:k+1(_)Tk8rl and (_)Tkil}—k
are both left adjoint to Uy (— )<k ki1 = (5)2 IObUkH, the natural morphism

0: Fry1(— )Tk—l—l p= (= )?}iirﬁk

defined as the composite

Al . Al o o
0 = (M (=) wFk) © (Frp P Uiy (<) 1 Fk) © (Frpr (D5 sl Fi) o (Frar () 5asa ™)
which can be represented by

lob Glob
Frtr (D)5 k Frtr (D651 k

Alg
U ( )<Ifk+1

[ ] = =)

Glob
() 2k k1 Unta

=

Alg Al
(7)Tk+1,k F (7)Tk§»1,k Fk
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is an isomorphism as a consequence of Proposition 2.7.3. In the following, given a morphism
f: X — Y of a category C, we write f*: C(Y,Z) — C(X, Z) for the function g — g o f for
all Z € C. One can verify using the zigzag equations that the natural transformation § makes
the diagram

\I/L
Algy 1 (FrZ)pkt1, A) e Globy,(Z,Ux(A<))
(02| | (6)
Alg 1 (Fr+1(Ztr41), A) o Globy(Z, (Uy1+14)<k)
Z,A

commutes for all Z € Globy, and A € Alg; . Let (C,X) € Alg;, D e Algy,, and (D<y,Y)
be V.. D. Since
Ukc == ng and L{kD == ng

and by the properties of adjunctions, we have a diagram

Algy 11 (Cr1, D) Fén Alg, (C, D<)
(efe,x))" ot luk
Algy. 1 (FahC)rir1, D) AP Globy, (UsC, Uy (D<)
(6x_y)" o H (7)
Algy 1 (Fr1(X<k)th41), D) == Globy (X<, Y<)
(eRx)” » T(_)gfb
Alg; 1 (Fr1 X, D) X0 Glob,1(X,Y)

such that each square commutes and where e and e® are the natural transformations

L Al k R k
e :(—)Tkile A and e = Fip11” Grqa

respectively. Indeed, the middle square commutes by (6) and the top and bottom squares
commute by the zigzag equations. By definition of Alg;, the set Ang((C7 X), VD) is the
pullback

g
Alg! ((C, X), VD) s Globy.1(X, Gri1ViD)

A - l(f)gfb

Alg, (C, AV D) Globy (X<, (Gr+1ViD)<k)

Uk,

Since
(—)gcg = AV and Upi1 = Gr1Vk

and by the commutative diagram (7), the following diagram is also a pullback:

(% p) oGk 41

Alg; ((C,X), VD)
|
(@) o |

Algyi1(Cret, D)

Alg; 1 (Fr1 X, D)

|l
Algy .y (Frr1(X<k)tha1), D)

(e%cyx)oe)(s,c)*
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Since Algy, is cocomplete by Proposition 2.2.2, the diagram

(p?C’,X))*

» Algy i1 (Fr1 X, D)

i(e?c,x))*
Algyy (Frr1(X<k)tha1), D)

Algy 1 (Cry1, D)

L *
(e(C’X)OQXSk)

is also a pullback, where C[X], p%a X) and p?a x) are defined as the pushout

R
Pic.x)

C[X] < Fr1X
A
Plox) TSFCJO

Frer1 (X<k) 1)

Chg41 <

elo,x)°0x <k
Thus, there is an isomorphism
Alg,.,(C[X], D) = Alg; ((C,X), WD)
which is natural in D. Hence, V; admits a left adjoint. O
The operation (C, X) — C[X] defined in the proof of Theorem 3.2.5 extends to a functor
—[-]*: Alg) — Alg, 4
that we often write —[—] when there is no ambiguity on k, and which is left adjoint to Vx. The

image C[X] of some (C, X) € Alg™k is called the free extension on (C, X).

Ezample 3.2.6. Consider the monad (7',n, ) on Glob; defined in Example 2.2.3. A 0-cellular
extension (C, X) is then essentially the data of a set Cj of 0-cells, a set X7 of 1-generators, and
functions dy ,dg : X1 — Co, i.e., a graph. Moreover, the 1-category C[X] is the image of (C, X)
seen as a graph by the left adjoint to the functor Cat — Gph defined in Example A.2.8.
Remark 3.2.7. Theorem 3.2.5 is a particular case of the fact that the category of locally pre-
sentable categories and right adjoints are closed under weighted bilimits (see [7] and the end
of [19, §5.1]). But the concrete pushout description given by the proof will be useful later to
show properties of the functor —[—].

Proposition 3.2.8. For every k € N, the functor —[—]* preserves finitely presentable objects.

Proof. By adjunction, it is equivalent to show that its right adjoint V is finitary. But, since T
is finitary, Uy, is finitary, and (_)/25 is finitary by Proposition 2.3.3, so that the same argument
as in the proof of Proposition 3.2.4 applies to conclude that V}, is finitary. O

The truncable case Let n € NU {w} and (7,7, x) be a finitary monad on Glob,,. In this
paragraph, we consider the case where T is a truncable monad, and show that the underlying

k-category of a k-cellular extension is preserved by —[—]*. In the following, we write n™F for the
unit of the adjunction (—)?,iil e (—)ﬁlkgkﬂ. We have:

Proposition 3.2.9. If T is truncable, then n™* is an isomorphism for k € N,,_1.

Proof. The adjunction (—)élkg - (—)ﬁ}f_|r1 was built from the adjunction (—)SP (—)ﬁ,ﬁbl by
lifting. The counit of the latter being an isomorphism, the counit of the former is as well, so that

)& s fully faithful. Since we have (=) - (=)2%8 4 (=)} 1y the unity and identity
k41 Tk+1 <k k41

of opposites, (—)#il is fully faithful as well, so that n™* is an isomorphism. O]
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We can conclude a conservation result for the underlying k-category of (k+1)-categories produced
by —[-]*:

Proposition 3.2.10. If T is truncable, then, given k € N,, and (C,X) € Alg;, there is an
isomorphism C = C[X]<y which is natural in (C, X).

Proof. Recall that C[X] was defined in the proof of Theorem 3.2.5 as the pushout

Plo,x)
C[X} X Frp1 X
-
p(Lc,XJ Tefic,m
Chpy1 4 Fr1 (X< )trr1)

L
e(CJ()nglc

By Proposition 2.6.7, the following diagram is also a pushout

(P35 xy) <k
ClX]< ¢ S (Fr+1X) <k
-
(p%cyx))gkw T(e?c,x))gk
(Crr1)<k 4 (Fr1 (X<k)th+1)) <k

(efe,x)°0x <, )<k
Since T' is truncable, we have (—)élkg]:kﬂ Fi(— )Gl"b Thus,

(eR)Sk = (- )Alg]:kﬂ " Grp1
— ]:k( )Glob kgk—H

d]: ( )GIObngrl (smce (l )Sk = ldGlobk)
so that (el e, X)) = id]_-k( Xop): Hence, (p%c, X))Sk is an isomorphism, since the pushout of an
isomorphism is an isomorphism. By Proposition 3.2.9, we conclude that the composite

né’k (p(C X))<k
C——— (Crpr)cr —— ClX]<k

is an isomorphism. O

Remark 3.2.11. If T is truncable, given k € N,,, by Proposition 3.1.6, we can suppose that we
chose —[—]i so that the isomorphism of Proposition 3.2.10 is the identity. When such a choice
is made, we have C[X]<j = C for all k-cellular extension (C, X).

3.3 Polygraphs

In this section, we recover the generalized notion of polygraph of Batanin using cellular exten-
sions. Intuitively, a polygraph is a system of generators which organizes inductively as cellular
extensions, so that a definition of polygraphs based on the latter structures seems relevant. In the
process, we study some properties of the different functors involved, and consider the truncable
case.

Another definition of cellular extensions Let n € NU{w} and (7,7, u) be a finitary monad
on Glob,,. Before defining polygraphs, we first provide an alternative definition of Alg; which
is simpler than the one based on pullbacks given in Section 3.2.

Proposition 3.3.1. Given k € N,,_1, the category Algk|r 18 1somorphic to the category
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— whose objects are the pairs (C,S) where C € Alg, and S is a set, equipped with two
functions

d;,d,‘:: S — Cy,
such that 85_, od; = 05_; odf fore € {—,+},
— and whose morphisms between two such pairs (C,S) and (C',S") are the pairs (F, f) where
F:C—C'eAlg, and f:S— S €Set
and such that df,of = Fj, odj, fore € {—,+}.

Proof. Write TIg: for the category described in the statement. An isomorphism between Alg,;r
and TIg; can be described as follows. Given (C, X) € Alg;, we map (C, X) to the pair (C, Xp11)
and, for € € {—,+} and = € Xp1, we put dj,(x) = Of(r) (where 0f, is the operation of the
globular structure on X), and we extend this mapping to morphisms of Algz as expected.
Since U,C = X<y, for (C,X) € Alg,":, the resulting functor is an isomorphism of categories. [

In the following, we will prefer this new definition of cellular extensions to the original one.
This other description helps better understand how a colimit of a diagram (C?, %) in Alg; is
computed: first, one computes a colimit C' of the C*’s in Alg,,, then one compute a colimit S of
the S¥’s and equips it with the evident source and target operations dg, dz: S — Ck.

Categories of polygraphs Let n € NU {w} and (7,7, ) be a finitary monad on the cate-
gory Glob,,. For k € N,,, we define the category Poly of k-polygraphs by induction on k, together
with a functor

(—=)*k: Pol, — Alg,,

simply denoted (—)* when there is no ambiguity on k, which maps a k-polygraph P to the free
k-category P* on P. First, we put

Poly = Globy and (—)*° = 7.

Now suppose that Pol;, and (—)** are defined for some k € N,,_;. We define Poly; as the
pullback

Ert1

Poly > Alg,‘f

(*)zcl)cl,k-ﬂ J/-Ak

and (—)***! as the composite

_[_1k
Polj — 5 Algf — T Alg,, .

As usual, we write P<; for the image of P € Poly;; by (—)E‘,’clkﬂ, and we often simply

write (—)E9! for the latter functor.

Using the simpler definition of Alg,j from Proposition 3.3.1, we can give a more concrete
description of Pol; for k € N,,. A 0-polygraph P is the data of a set Py of 0-generators, and a
morphism P — P’ in Poly is the data of a function Fyy: Py — Pj. Given k € N,,_1, a (k+1)-poly-
graph is the data of a pair

P = (P<k,Pryt1)
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where P<j is a k-polygraph and Py is a set of (k+1)-generators, together with functions
A 4 Prgr = (P<i)*)k

such that
8;_1 o d]; = 8,2_1 o d'k’_

for e € {—,+}, where 9, .0 |+ (P<k)*)k — ((P<k)*)k—1 are the source and target oper-
ations of the k-category (P<x)*. Moreover, a morphism P — P’ in Poli;; is the data of a
pair (F<p, Fn11) where Fep: P<j, — P., is a morphism of Poly, and F,41: Ppy1 — Pl is a
function such that

df oF41 = (F<i)* o dj,

for e € {—,+}, i.e., a (k+1)-generator g is mapped by F, 41 to a generator g’ whose k-source
and k-target are exactly the images of the k-source and k-target of g by (F<j)*.

Remark 3.3.2. Note that the diagram

Ok+1€k41

P01k+1 GlObk+1
S [RES (8)

Pol, ——————— Glob,,
Uy (—)**

is a pullback, since Alg; is defined as a pullback and the concatenation of two pullbacks is still
a pullback.

In order to better handle side conditions, we use the convention that
Algt, = Globy, & =idgiep,, and —[-]" =7
so that (—)*% = —[-]° 0 &. We then have:

Proposition 3.3.3. For k € N, the category Poly is locally wi-presentable (in particular,
complete and cocomplete), and the functor & (resp. (—)ESL | when k > 0) is a left adjoint which
preserves w1 -presentable objects.

Proof. We prove this property by induction on k. The category Poly is locally finitely presentable
since equivalent to Set. Moreover, since U is finitary, it is also wy-accessible so that Fy preserves
finitely presentable objects. Thus, the property holds for £ = 0.

Now assume that it holds in dimension k. By Proposition 3.2.8, the functor —[—
left adjoint which preserves finitely presentable objects. Thus, its right adjoint is finitary and
in particular wi-accessible. Thus, —[—]k also preserves wi-presentable objects. By induction
hypothesis, (—)** is a left adjoint which preserves wi-presentable objects. By Proposition 3.2.4
and the same argument, A is also a left adjoint which preserves wi-presentable objects. By
[7, Proposition 3.14], the (bi)pullback Poli,; of these two functors is a locally wi-presenta-
ble category, and the two projecting functors (—)12‘,1l and &1 are left adjoints which preserve
w1-presentable objects. - O

JF is a

Remark 3.3.4. Sadly, [7, Proposition 3.14] requires us to deal with uncountable cardinals, so
that we can not use it to prove that Poly is locally finitely presentable. But one can use an ad
hoc argument as in [11, Paragraph 1.3.3.16] to prove that it actually is. Moreover, the finitely
presentable objects of Poly are the expected ones, that is, the k-polygraphs with a finite number
of generators.

Proposition 3.3.5. For k € N,,, the functor (—)E‘;Cl k41 s an isofibration which has both a left
adjoint and a right adjoint.
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Proof. We know already that it has a right adjoint by Proposition 3.3.3. But it is also the
consequence, as is the remainder of the statement, of Propositions 3.1.1 and 3.1.2. O

Given 1,k € N such that : < k < n 4+ 1, we write
(=)k: Polj, — Set

or simply (—); when there is no ambiguity on k, for the functor which maps a k-polygraph P to
its set of i-generators P;. We verify that colimits of polygraphs are computed dimensionwise:

Proposition 3.3.6. Given i,k € N, such that i <k, the functor (—)iC preserves colimits.

Proof. This functor can be described as the composite
1 1
(F)goio(=) oo (=)

where (—)4: Algzt1 — Set is the functor mapping a cellular extension (X, S) to its set of i-gene-
rator S. By our comment on the computation of colimit using the concrete description of Alg;-'r_17
the functor (—), preserves colimits. Moreover, all the other functors of the above composition
preserve colimits by Proposition 3.3.3, so that the conclusion holds. 0

In the case where T is truncable, given k,! € N with k& < [, the underlying k-category of the free
[-category on an [-polygraph is only determined by the underlying k-polygraph, as stated by the
following proposition:

Proposition 3.3.7. If T is truncable, then, given k € N such that k < n and a (k+1)-polygraph,
there exists an isomorphism (P*)<i = (P<i)*.

Proof. By definition of (—)**, we have

P* = (P<k)[Pr1]
so that the wanted isomorphism comes from Proposition 3.2.10. 0

Remark 3.3.8. When T is truncable, under the assumption of Remark 3.2.11, the isomorphism
given by Proposition 3.3.7 is the identity. This enables to simplify some notations: given k,1 € N,
with k& < and an l-polygraph P, we write directly P, for both (P*)<x and (P<y)*, and P} for
both (P*)k and ((ng)*)k

Remark 3.3.9. When T is truncable, given k € N,;, a k-polygraph P can be alternatively described
as a diagram in Set of the form

0 - Py _ P2
d; dj

leo " dy lel ~dy JGZ

D) % Px 3 i
+ 1 + ...
a0 al

P
PO\

where, for ¢ € Ni_1, e; is the embedding of the i-generators in the i-cells induced by the unit of
the adjunction —[—]" 4V;_1 at ((P<;—1)*,P;), such that
0; o di_+1 =0; o d;:l and 82-"’ o di—+1 = 8i+ o d:fH

for i € Ni_1. The above description of polygraphs can already be found in the original paper of
Burroni [10] for polygraphs of strict categories.
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w-polygraphs Let (7,7, u) be a finitary monad on Glob,,. We define the category of w-poly-
graphs Pol,, as the limit in CAT

(-5, : Pol, — Poly)ken
on the diagram
(_)Pol (_)Pol (_)Pol (_)Pol (_)Pol

<o <1 <k-—1 <k <k+1
POl() +——— Poly — — POlk — Polk-+1 — s

Concretely, an w-polygraph P is the data of a sequence (P¥)icn, where P¥ is a k-polygraph, such
that (P*+1), = P¥ for k € N. We start with a presentability result for Pol,:

Proposition 3.3.10. The category Poly, is locally wy-presentable (in particular complete and
cocomplete), and the functors (—)E‘}Jw are both left and right adjoints and preserve wi-presenta-

ble objects.

Proof. By Proposition 3.3.3, the functors (_)12(1)4:119 41 are isofibrations, so that the limit defining

Pol,, is in fact a bilimit. Since (—)E?cl k1 breserves colimits as left adjoints, they are wy-accessible

right adjoints. By |7, Theorem 2.17|, Pol, is locally wi-presentable and the functors (—)gﬁiw are

wi-accessible right adjoint functors.

The functors (_)E%l 41 are also left adjoints which preserve w;-presentable objects by Propo-

sition 3.3.3. Thus, [7, Proposition 3.14| also applies, so that we moreover get that (—)E‘}C{w are

left adjoints which preserve w-presentable objects. O

Remark 3.3.11. Assuming the finite presentability of the Pol; given by Remark 3.3.4, we can
apply [7, Theorem 2.17| to deduce that Pol,, is in fact locally finitely presentable. A small
additional argument would then prove that the finitely presentable objects of Poly are the
w-polygraph with a finite number of generators. A proof of these facts without using Bird can
be found in [11, Paragraph 1.3.3.16].

Now, in the truncable case, we can easily define the free w-category on an w-polygraph, just like
for finite-dimensional polygraphs:

Proposition 3.3.12. If T is truncable, there is a functor (—)*“: Pol, — Alg,, which is uniquely
defined by

(m)2, 0 (=)™ = (=) o (B,
for k e N.

Proof. By Remark 3.2.11 and Remark 3.3.8, we have a commutative diagram

oz oEonL ne B
Poly «+— Pol; = = Poly, «+— Poly; «—"— ---
| | | |
(_J),*,O (_J),*,l (_\)L*,k (_)Ik+l
Alg, (o)Ale Alg, (0)Als o (o)Al Algy, (o)Al Algyiy (C)AlE T
<0 <1 <k-1 <k <kt1

which, by the definition of Pol,, and Proposition 2.4.2, induces a functor (—)** which satisfies
the wanted properties. O

Remark 3.3.13. In the case where T is only weakly truncable, the squares in the proof of Propo-
sition 3.3.12 only commute up to isomorphism, so that we only get a pseudocone on the Alg,’s
of vertex Pol,,. In this case, we can use the fact that Alg,, is a bilimit on the Alg,’s (since the
functors (—)éllfi r+1 are isofibrations by Proposition 3.1.6) to get a functor (—)*“: Pol, — Alg,,
which factorizes up to isomorphism that pseudocone.
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Remark 3.3.14. We can still define a functor (—)**“: Pol,, — Alg,, in the case where T is not
weakly truncable. However, this functor is not expected to be compatible with the functors (—)élkg
as in Proposition 3.3.12. Indeed, in this case, the functor —[—]* does not preserve the underlying

k-category C' of a k-cellular extension (C,S) € Alg,i‘.

3.4 The polygraphic adjunctions

We now translate in our setting the definition given by Batanin of the adjunction between
globular algebras and polygraphs. In our case, this adjunction will be derived from one between
cellular extensions and polygraphs that we are going to introduce.

The constructions of this section are done using an induction on k € N to build a functor

R,‘;: Alg: — Pol,,

which is part of an adjunction &, ’R;, with unit fk and counit 7¥, from which we derive a
functor Ry : Alg, — Pol;, which is part of an adjunction (—)**¥ 4 Ry, with unit &, and counit
vk
When k£ = 0, this is easy: we take R,j = 1lgiob, and Ry = Up. So now, we assume that
we have defined the right adjoints Rf and R; up to dimension k € N, and we define the right
adjoints Rzﬂ and Ry starting with the former.

By the pullback definition of Poly 1, this will require defining a functor Algz' — Polj and a
functor Angr — Algg, the latter being reasonably suspected to be the functor of the comonad
induced by the adjunction.

The functor Alg,:r — Poly, is defined as expected as the composite

Alg] 25 Alg, 5 Poly,.

We define the functor Algl;F — Alg,‘f, denoted Sy, as follows: given (C, S) € Alg,‘f, Sk(C,S)
is the pullback

(RxC )MH((WCCMH
where j* denotes the unit of the adjunction Aj (7)%?:1,# with (7)%51,? being the right
adjoint given by Proposition 3.2.3, and where v* is the counit of the adjunction (—)*¥ 4 R
defined by induction hypothesis. The idea behind this pullback is the following: we forget the
k-category C' as a k-polygraph and freely generate it back immediately to a k-category (the left
leg), then we attach back the generators of S to this new k-category, taking into account that
there now several choices of cells which evaluate to the old sources and targets of the elements
of S (the right leg).
Since Ay, preserves limits (as a right adjoint), the diagram
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is a pullback (we picked (_)%lf:-lk so that the counit of Ay (_)f?liitk is the identity, which
is possible by Proposition 3.1.1). Moreover, since Ay is an isofibration, we can suppose that we
defined Sy, so that (S(C,S))<r = (RxC)* and (¢%)<j = id.

Thus, we get as a factorization through Polg; of the cone made of the above two functors

a functor
RZ;_I: Alg; — Polg 4
which is characterized by (—)2‘,;17?,;5“ = Ry Ak and Sk_,_lR;H = Sk.
We now equip (g1, R;_l) with a structure of an adjunction. First, we build a unit

skl zk+1l zh+1, +
é < »Sr > 1P01k+1 :> Rk+1gk+1

through the pullback of Poly 1 as follows. The projection of g"““ through (—)g‘i} is gfﬂ =& (‘)2(1215
this is well-defined, since

(—)ERE . Eri1 = RpArErgn = Ri(—)"F(—)EG.
Moreover, the projection of E’f“ through &1 is a natural transformation

ck+1

r .

Eer1 = Ei R Eer1 = Sk€pgr: Polpyy — Alg)f

which is defined using the pullback definition of S: we have the cone

A
o
SkEry1

a
QLJ ij Ert1

Alg+ k Alg+
(_)ﬂk+1(_)* RkAk5k+1 (_)#}ﬁqykAkng (_)M.g_lAkgk—i-l

where A is defined using string diagram as

Ekt1
N
(e A
C = ]
A = ‘ ‘
N
) F Re ()R (O
CONEL (O Ry A Een

This is indeed a cone, as one can easily verify using the zigzag equations of adjunctions that the
following two string diagrams

Ekt1
TN
(s A
C = ) Enta
| N | and N
()% Rk () (9 (NEL A e
(neh Ak Ertr



represent the same natural transformation. Thus, we get a factorization natural transformation
“k+1
§ Eer1 = En 1R, Errr

r .
k+1 h+1
*k 3 = Ap¢

T

We still need to verify that the equation (—)
representation is

, whose string diagrams

Ak Ekt1
Ay Ekt1 m
: (—)2eh A, ‘
1
‘ ( = J

<>‘** Ri (0 (O - | i |
|
)

[:Z:] (5% R (=)F (9
()" R‘k Ap Ekt1 ‘ ‘ [:Z:]

(—)F Rek Ap Ep+1

so that the equation holds by the zigzag equations of adjunctions. Thus,

ngrl _ <—k+1’g7lf+1>

. +
. 1Polk+1 = Rk+1gk+1

is well-defined.
We are now required to give a counit

—k+1, +
v : 5k+1Rk+1 = 1A1g2"

+

pi1 = Sk, we can take P = ¢f'. We now verify that

A candidate already exists: since &1 R
we have an adjunction:

Theorem 3.4.1. There is an adjunction Epyq1 R;_H with €k+1 and * as unit and counit.
Proof. We verify the first zigzag equation, namely (7¥+1& 1) o (Eryt EkH) =idg,
_ k41 _ Fht+1
(7€) 0 (Epa €)= (" 1) 0 (67)
— id$k+1

by the definition & .
=k

We now verify the second zigzag equation, namely (Rzﬂﬂkﬂ) o (& 1 R;H) =id . . We

k+1
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first check that the projection along (— )POl is an identity using string diagrams:

POI R+ P 1

<k k41 gk Ic+1
(% Ri >*’”
/\ = =
R, Erp1 R, A Erpa Ap Era
N
gk Ic+1 (= )P01 R¢+1
Pol +
(D)< Riga
(L Ry Ezﬁ
N N R A ol R,
Ri () Ri (o) ﬁzﬁ
Pul +
<k Rk+l
/\
— e = "'k Rk Ap
. \ |
( = J
k Pol :
— (=)<% Rit1
[ = J
T T
(7)273 Rit1 [Y = Y]
()% Ry
= +1
(- )Po] RI—H
(DL Ri

We now check that the projection along £, 1 is also an identity, i.e.,

(Skg™) o (67 R ) = ids, - 9)

As an equation between two natural transformation with codomain Sg, we check it by verifying
that the projections along ¢~ and ¢ are the same. We start with ¢” and use for this purpose
the following property:

Lemma 3.4.2. Given two natural transformation «o,5: F = (—)#E:EG for some functors

F:C— Algz and G: C — Alg,,, we have o = [ if and only if Apa = AxS.

Proof. The adjunction Ay - (— )T?llﬁrl induces a correspondence between natural transformations
Alg+

of type F = (_)ﬂk+1G and the ones of type AxF = G. Since the counit of this adjunction is
an identity, the forward map of this correspondence is given by the application of Aj. O

Thus, by Lemma 3.4.2, ¢* is a cofork of the two sides of (9) if the equation

(-Akskq ) (Ak §k+1 Rk-H) = id-AkSk

holds. We compute that

(AxSkq™) o (AkﬁkHR;rH)

= ((=)"*ReArg™) o ()" &, (9)EIREL )
(=) Rp® Ap) o ((=)"* & Ry Ar)

=id

(kR Ay = 1da,s, (by the zigzag equations).
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We proceed with verifying that ¢ is a cofork of the two sides of the equation:

&
qR © (Squ) o ( i R;c:-l)

T

=q% 0o (¢®Sy) o (_]:H R,) (by the exchange law)

k+1
ck+1
ro)

=¢t=¢foid Si (by definition of

Thus, by the universal property of the pullback, the equation (9) holds. Hence, since its projec-
tions along ¢% and ¢ holds, the second zigzag equation holds, concluding the proof. O

Writing Ry for the composite R,jHVk, we get:
Corollary 3.4.3. There is an adjunction (—)* 1 4 Ry 1: Algy,; — Polg.

Proof. By composing the two adjunctions given by Theorem 3.2.5 and Theorem 3.4.1. O

The unit §;,, and counit v**1 are defined in the process of composing the two adjunctions.

This concludes the inductive argument of this section.

4 The full example of strict categories

In this section, we illustrate the previous constructions on the classical example of strict cat-
egories, which is a well-known theory of higher categories. Strict categories, as their name
suggests, are a classical example of a theory for higher categories that lies on the strict side
of the strict/weak spectrum of higher categories. As such, they do not represent faithfully the
homotopical information of topological spaces (see [24] or [6]). Nevertheless, they admit a rel-
atively simpler axiomatization than weak higher categories, and can be encountered in several
situations of interest. In the following, we recall the equational definition of strict categories and
show that it is associated with a truncable monad on globular sets using the criterions proved
in the previous sections (Theorem 2.5.2 and Theorem 2.7.4). This allows deriving notions of
cellular extensions and polygraphs with the associated free constructions.

We start by recalling the equational definition of strict categories in Section 4.1. Then, we
give the full calculation that the forgetful functor from strict categories to globular sets is monadic
in Section 4.2. Next, we give the boilerplate definitions of the truncation and inclusion functors
for strict categories in Section 4.3. Then, we show that the categories of strict categories that we
obtain in each dimension are coherently equivalent to the categories of globular algebras derived
from a monad on Glob,, (the monad of strict w-categories) in Section 4.4. Finally, we instantiate
the free constructions introduced in Section 3 in the case of strict categories in Section 4.5.

4.1 Equational definition

Given n € NU{w}, a strict n-category (C,0~,0%,id, x) (often simply denoted C) is an n-globular
set (C,07,07) together with, for k € N with k < n, identity operations

idk+1: Cp — Ck—i-l

often writen id when there is no ambiguity on k, and, for 7,k € N,, with ¢ < k, composition
operations
*i k! Ck X5 C'k — Ck

often denoted *; when there is no ambiguity on k, which satisfy the axioms (S-i) to (S-vi) below.
Given k,l € N, such that k <[ and u € C}, we extend the notations for identity operations and
write id'(u) for

id'(u) =id o - 0 id** 1 (w)
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and, for the sake of conciseness, we often write id!, for id'(u), or even id, when [ = k + 1. The
axioms are the following:

(S-i) for k € N,y and u € Cy,
o5 (ids+Y) = o (iak+1) =,

(S-ii) for i,k € N, with i < k, (u,v) € Cy x; C, and € € {—,+},

i (u) % 05 _y(v) ifi<k—1,
Op—1(uxjv) =0, (u) ifi=k—1and e=—,
I, (v) ifi=k—1ande=+,
(S-iii) for 4,k € N,, such that i < k, and u € Cj,

1d¥ (07 (u)) *i u = u = u *; id" (9} (u)),
(S-iv) for i,k € N,, such that ¢ < k, and i-composable u, v, w € Cf,

(u; v) % w = u*; (vV* w),
(S-v) for i,k € N,,_;1 such that i < k, and (u,v) € Ck x; Cy,
id5 L (u#; v) = idFHL 5 1dE L

(S-vi) for 4,5,k € N,, such that ¢ < j < k, and u,u,v,v" € C) such that u,v are i-composable,
and u,u’ are j-composable, and v,v" are j-composable,

(w;0) %5 (U % 0") = (u*;u) % (v 0).

Note that the composition that appear in Axioms (S-iii), (S-iv), (S-v) and (S-vi) are well-defined
as a consequence of Axioms (S-1) and (S-ii) and the equations satisfied by the source and target
operations of a globular set. The Axiom (S-vi) is frequently called the exchange law of strict
categories.

Example 4.1.1. Given a 2-category C' and 0-, 1- and 2-globes as in the following configuration

N

T f2 Y 92 z
/ /
NSNS

we have (u xgv) *1 (v %9 v") = (u*1 u') %0 (v *; ') by Axiom (S-vi).

Our definition of strict categories involves sets, but we could have written a similar definition
using classes to define large strict categories. For such alternative definition, we have the following
classical example:

Example 4.1.2. There is a large strict 2-category Cat whose 0-cells are the small categories,
whose 1-cells are the functors between the 1-categories, and whose 2-cells are the natural trans-
formations between functors, and where the operations *¢ 1 is the composition of functors, and
the operations *g o and *1 9 are respectively the horizontal and vertical compositions of natural
transformations. Note that the exchange law Axiom (S-vi) in this setting corresponds to the
usual exchange law for natural transformations.

45



Given two strict n-categories C and D, a morphism F between C' and D is the data of an
n-globular morphism F': C' — D which moreover satisfies that

— F(idkh) = id];'z) for every k € N,,_1 and u € CY,

— F(ux;v) = F(u) %; F(v) for every i,k € N,, with ¢ < k and i-composable u,v € C.
We often call such morphisms n-functors. We write Cat,, for the category of strict n-categories.

There is a functor B
U, : Cat,, — Glob,,

which maps a strict n-category to its underlying n-globular set. The above definition of strict
n-categories directly translates into an essentially algebraic theory (c.f. Appendix A.2), so that
the functor U, is induced by a morphism between the essentially algebraic theory of n-globular
sets (c.f. Remark 2.1.1) and the one of strict n-categories. Thus, we get:

Proposition 4.1.3. For every n € NU {w}, the category Cat,, is locally finitely presentable,
complete and cocomplete. Moreover, the functor U, is a right adjoint which preserves directed
colimits.

Proof. The category Cat,, is locally finitely presentable by Theorem A.2.1 and in particular
cocomplete. It is moreover complete by Proposition A.1.7. The required properties on U,, are a
consequence of Theorem A.2.5. OJ

4.2 Monadicity

We prove here that the functors U,, are monadic. For this purpose, we use Beck’s monadicity the-
orem, that we first recall quickly. Given a category C and morphisms f,g: X - Y andh: Y — Z
in C, we say that h is a split coequalizer of f and g when there exist s: Z — Y and t: Y — X as
in

t s
RYE
X?Y%Z

such that ho f = hog, hos=1id,, fot =1idy, and soh =t og. From this data, it can be
shown that h is a coequalizer of f and g. Beck’s monadicity theorem is then:

Theorem 4.2.1. Given a functor R: C' — D, the functor R is monadic if and only if the
following conditions are satisfied:

(i) R is a right adjoint,
(i) R reflects isomorphisms,

(1ii) for every pair of morphisms f,g: X — Y in C, if R(f),R(g) have a split coequalizer,
then f,g have a coequalizer which is preserved by R.

Proof. See |9, Theorem 4.4.4] or the original work of Beck [5]. O
We can then prove the following;:

Proposition 4.2.2. Given n € NU {w}, the functor U, is monadic.
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Proof. By Proposition 4.1.3, U,, is a right adjoint. Moreover, given a morphism
F:C — D e Cat,,
if Fy: Cy — Dy is a bijection for k € N,,, then there is a morphism
F~':D— C € Cat,

defined by (F~ 1) = (Fy) ! for k € N, so that U, reflects isomorphisms. Now, let F,G: X — Y
be two morphisms of Cat,, such that there exist Z € Glob,,, and morphisms

HUY -2, S:7Z—-UY and T:U,Y — U, X

of Glob,,, as in

fw\/\

Z/{XﬁZ/IYﬂZ
Un (G)

that witness that U, (F), U, (G) is a split coequalizer. We prove that F, G has a coequalizer which
is preserved by U,,. For this purpose, we shall equip Z with a structure of a strict n-category.
For i,k € N,, with ¢ < k and (u,v) € Zy x; Zj, we put

u*;v=H(S(u)*; S(v))

and, given k € N,,_1 and u € C, we put

1d’”'1 (1ko(“1))

We verify that the axioms of strict n-categories are verified. Let k € N,,_1,u € Zp and e € {—, +}.
We have

Of(idkH) = D (H (1))
(idsi))

so that Axiom (S-i) is satisfied. Now, let i,k € N, such that i < k, (u,v) € Zp xX; Zj
and € € {—,+}. We have

Oh—1(uxiv) = H(9_1(S(u) *i S(v )))
H(3G_y(S(u) 05 (S(v))) ifi < k-1,
= H(0,_,(S(u))) ifi=k—1ande=—,
H(8; (S(v))) ifi=k—1ande=+

so that, by reducing the last expressions, we see that Axiom (S-ii) is satisfied. Now, let i,k € N,
such that ¢ < k, and u € Z;. We have

(0 () w1 = HS(HdS ) % S(w)
(H

H(S (1dk (S(u )))) x; SHS(u))
(GT(ldk (s i GTS(w)
= HG(T (1dgi_( sqy) ¥i TS(w))
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= ( (ldg (S(u ))) *i TS(“))

= H(i g(s(u *lS( )
= H(S5(uw)) =

and, similarly, u#;id*(9;" (u)) = u, so that Axiom (S-iii) holds. Now, let i, k € N,, such that i < k,
and ¢-composable u, v, w € Cj. We have

(ux;v) % w = H(S(H(S(u) *; S(v))) *; S(w))
= H(SH(S(u) *; S(v)) *; SHS(w))
= H(GT(S(u) *; S(v)) x; GT'S(w))
= HG(T(S(u) *; S(v)) x; TS(w))
= HF(T(S(u) *; S(v)) x; TS(w))
= H(FT(S(u) *; S(v)) x; FTS(w))

and, similarly, ux; (vk;w) = H(S(u)*;S(v)*;S(w)). So that Axiom (S-iv) is satisfied. Axioms (S-
v) and (S-vi) are proved similarly, so Z is equipped with a structure of a strict n-category.

We now verify that H is a strict n-category morphism. Given k € N,,_1 and u € Y}, we have

i = H(idgp ) = H(id})

and, given i, k € N,, with ¢ < k, and (u,v) € Y} x; Yk, we have

H(u) *; H(v) = H(SH(u) *; SH(v))
= H(GT(u) *; GT(v))
= HG(T(u) *; T'(v))
= HF(T(u) *; T'(v))
= H(FT(u) *; FT (v))
= H(u*;v)

so that H is a strict n-category morphism.

We now prove that H is the coequalizer of F' and G in Cat,. Let K: Y — W be an n-functor
such that KF' = KG. Then, since H is the coequalizer of U, (F) and U,(G), there is a unique
morphism

K U,Z - U,w
of Glob,, such that K'H = K. We are only left to prove that K’ is an n-functor. First, note

that we have
K'=KHS=KS and KSH=KGT =KFT =K.

Now, given k € N,,_1 and u € C}, we have
KS(dt) = KSH(idg/,,))
_ k+1
— K(idkf))

ikl
= idggy)-
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Moreover, given i, k € N,, with ¢ < k, and (u,v) € C x Cf, we have

KS(uxjv)=KSH(S(u)*; S(v))
— K(S(u) % 5(v)
= KS(u) *; KS(v),

so that K’ is an n-functor. Hence, H is the coequalizer in Cat,, of F and G. We can conclude
with Theorem 4.2.1. O

4.3 Truncation and inclusion functors
Let k,l € NU{w} such that & < [. There is a truncation functor
(_)g?l: Catl — Catk

which maps a strict I-category C' to its evident underlying strict k-category, denoted C'<j, and
called the k-truncation of C.

Conversely, there is an inclusion functor
(—)$74: Caty, — Cat,

which maps a strict k-category C' to the strict l-category C4y, called the [-inclusion of C', and
defined by
(Cr)<k =C and  (Cy)m = Cj,

for m € N; with £ < m, and such that
— for m € Nj_y with £ <m and u € (Cy)m+1, O (w) = 9 (u) = wu,

— for m € Nj_y with £ <m and u € (Cyy)m, id’u"+1 = u,

for i,m € N; with ¢ < k <m and (u,v) € (Cyi)m Xi (Ci1)m, U *im UV =u*; v,
— for i,m € Ny with k <7 <m and (u,v) € (Cyt)m Xi (Cit)m, U *im v =1u = v.

There is an adjunction (—)%ali —| (—)g%tl whose unit is the identity and whose counit i*! is such

that, given a strict [-category C, the [-functor ilgl: (C<k)pt — C is defined by (ilgl)gk =idq_,
and, for m € N; with m > k, ilgl maps u € ((C<k))m = Cf to id;)". -

4.4 Strict categories as globular algebras

By Proposition 4.1.3, each functor U, admits a left adjoint 7, for n € NU {w}. In particular,
the adjunction F, - U, defines a monad (7', 7, ), which is finitary by Proposition 4.1.3, and
it induces categories of algebras Alg, for n € NU{w} as explained in Section 2.2. By Propo-
sition 4.2.2, the comparison functor H,: Cat,, — Alg, is an equivalence of categories, that
moreover satisfies that U, H,, = U,,. Using the criterion introduced in Section 2.5, we prove that
the other categories Cat,, are, up to equivalence, the categories of algebras Alg,,:

Theorem 4.4.1. There exists a family of equivalences

(Hki Catk — Algk;)kEN
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making the diagrams

H
Caty = Alg; Cat,, BN Alg,,
SEd| | and g |

commute and such that Uy Hy, = Uy, for every k € N.

Proof. The unit of the adjunction (=)< (f)g?f is the identity, so that (f)ca:“n is fully faithful

Tw,n Tw

and Theorem 2.5.2 applies. O
Finally, we prove the truncability of the monad of strict w-categories:
Theorem 4.4.2. The monad (T,n, 1) on Glob,, derived from F,, < U, is weakly truncable.

Proof. By Theorem 2.7.4 and Theorem 4.4.1, it is enough to show that, for every k € N, the

functors (—)g%tw have right adjoints such that jkuw(—)%jtk is an isomorphism, where recall that j*

is the counit of (—)SkP (—)%‘i}o}g So let k € N. Given a strict k-category C', we define a strict

w-category O’ whose underlying globular set is the image the underlying k-globular set of C
by (— Glob
v ( )ﬂw,k’ i.e.,
Clpy=C and C]={(u,v) € C? | u,v are parallel} for I > k,
and we equip C’ with a structure of a strict w-category that extends the one on C' by putting

id* = (u,u) for u € Cy, ile) = (u,v) forl € N with [ >k and (u,v) € (],

(u,v
and moreover, for i,] € N with max(é, k) < [ and i-composable (u,v), (v/,v") € C/,

(wsjpu/ v 0) if i <k,
(u,v) ifi > k.

(u,v) %y (u',v') = {

One can show that the axioms of strict w-categories are verified by C’. Now, let D be a strict

w-category and F': D<), — C be a k-functor. By the properties of the adjunction (—)ZI°> (—)%}02,

there is a unique w-globular morphism F': D — C’ such that F, = F', which is defined by
F'(u) = (F(9;, (w)), F (9] (u)))

for every | € N with k£ < [ and u € D;. We verify that F’ is an w-functor by checking the
compatibility with the id! and *;1 operations. Given | € N with [ > k£ and v € D;, we have
Fid) = (F(@ (), PO () = id5i L,

Moreover, given 4,1l € N with max(i, k) < [ and i-composable u,v € D, we have

Fl(uxiv) = {<F (9 (W) %i F(0; (), PO () % F@f (v)) if i <k
l (F (05 (u)), F(O; (v))) ifi>k

= F'(u) *; F'(v).
Thus, F’ is an w-functor. Hence, the natural bijective correspondence

(=)Sk%: Glob,(D,C") — Globy(D<y, C)
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restricts to a bijective correspondence
(-5, Caty(D,C") — Caty(D<y, C)

so that the operation C' + C’ extends to a functor (—)$2% which is right adjoint to (=)',

Moreover, by the definition of C’ above, the natural morphism jkuw(—)%itk is an isomorphism.

Hence, Theorem 2.7.4 applies and (T, 7, 1) is a weakly truncable monad. O

Remark 4.4.3. We highlight that the criterions given by Theorem 2.5.2 and Theorem 2.7.4 enabled
us to prove that the categories Cat,, are globular algebras derived from a truncable monad
on Glob,, without giving an explicit description of this monad, which could have been a tedious
exercise [22].

4.5 Free constructions

Using Theorem 4.4.1 and Theorem 4.4.2, we can instantiate the definitions and properties devel-
oped in Section 3 to define free constructions on strict n-categories. In particular, for every n € N,
there is a notion of n-cellular extension, with associated category Cat, defined like Alg;". More-
over, there is a canonical forgetful functor Cat,,; — Cat;’ which has a left adjoint

—[-]": Cat;” — Cat, 1

which can be chosen such that C[X]<, = C for (C,X) € Cat,}’. As was shown in [20], the
(n+1)-cells of a free extension admit a syntactical description consisting of “well-typed” terms
considered up to the axioms of strict categories (c.f. Section 4.1).

Using the functors —[—]*, we can define, for every n € NU {w}, a notion of n-polygraph with
associated category Pol,, and a functor

(—=)"": Pol,, — Cat,

which maps an n-polygraph P to the free strict n-category P* induced by the generators contained
in P. Note that, when n > 0, as a consequence of the compatibility of —[—]"~! with truncation,
the underlying strict (n—1)-category (P*)<,—1 of P* is exactly (P<n—1)*. As before, the cells
of P* admit a syntactic description as equivalence classes of well-typed terms (see [18] or [11,
Proposition 1.4.1.16]).

Ezxample 4.5.1. Given the 1-polygraph P with Py = {z} and P; = {f: © — =z}, the strict
1-category P* is the monoid of natural numbers (N, 0, +).

Example 4.5.2. We define a 3-polygraph P that aims at encoding the structure of a pseudomonoid
in a 2-monoidal category as follows. We put

Po = {x} Pr={1:2—a} Po={u:2=1,7: 0=1}

where, given n € N, we write n for the composite 1 xq --- %9 1 of n copies of 1, and we define Pj3
as the set with the following three elements

L: (n 0 id2) #p = idi

R: (idf *07;) 1 u = ) id{

A (pxoidf) 1 p = (1] *o p) *1 p -
It is convenient to represent the 2-cells of P* using string diagrams. In this representation, the
2-generators 1 and p are represented by ¢ and v respectively, and the 2-cells of the form id% are

represented by sequences of n wires ‘ ‘ ‘ ‘ for n € N. Moreover, given u,v € P35, when u,v
are 0-composable (resp. 1-composable), a representation of the 2-cell u g v (resp. wu *; v) is
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obtained by concatenating horizontally (resp. vertically) representations of u and v. For example,
using this representation, the 3-generators L, R and A, can be pictured by

L: y =
R: y =
v s LY

Note that, by Axiom (S-vi), a 2-cell can admit several representations as string diagrams. For
example, the 2-cell

[0 1d3 %0 p = (w0 1d2) 1 (id3 o ) = (12 % p) *1 (p 0 id3)

can be represented by the three string diagrams

iy T Y]] Y
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A Local presentability

Locally presentable categories are a standard tool for deriving elementary properties on categories
of algebraic structures (monoids, groups, but also categories, 2-categories, etc.). They are those
categories where every object is a directed colimit of “finitely presentable” objects, which are
a generalization of the notions of finitely presentable monoids or groups. Knowing that some
categories are locally finitely presentable category is helpful since those categories are complete,
cocomplete and satisfy other nice properties. For a more complete presentation, we refer to the
existing literature [12, 1, 9].

We first recall the definition of locally finitely presentable categories (Appendix A.1) and then
introduce essentially algebraic theories, which are a standard tool to show that some categories
are locally finitely presentable (Appendix A.2).

A.1 Presentability

In this section, we define the notion of locally finitely presentable category, after recalling directed
colimits and presentable objects of categories.

Directed colimits A partial order (D, <) is directed when D # () and for all x,y € D, there
exists z € D such that < zand y < z. A small category I is called directed when it is isomorphic
to a directed partial order (D, <).

Given a category C € CAT, a diagram in C is the data of a functor d: I — C where [ is
a small category. We say that it is a directed diagram when I is moreover directed. A directed
colimit of C'is a colimit cocone (p;: d(i) = X);es on a directed diagram d: I — C.

Example A.1.1. A set is a directed colimit of its finite subsets. A monoid is a directed colimit of
its finitely generated submonoids.

In Set, we have the following characterization of directed colimits:

Proposition A.1.2. Let d: I — Set be a directed diagram in Set and (p;: d(i) — C)icr be a
cocone on d. Then, (p;: d(i) = C)ier is a directed colimit on d if and only if

(i) for all z € C, thereisi € I and x’ € d(i) such that p;(z') = x,

(i) for all i1,ip € I, x1 € d(i1) and x2 € d(i2), if pi,(x1) = piy(x2), then there exists i € I
such that

i1—>i€I, o >1€I and d<11—>1)($1):d(12—>2)(1’2>

Proof. See for example |8, Proposition 2.13.3]. O

Finitely presentable objects Let C € CAT. An object P € C is finitely presentable when
its hom-functor

C(P,—): C — Set

commutes with directed colimits. By Proposition A.1.2, it means that, given a directed colimit
(it d(i) = X)ier

on a directed diagram d: I — C, we have

(i) for every X € C and f: P — X, there is a factorization of f through d, i.e., there exists
i€l and g: P— d(i) such that f =p;og;
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(ii) this factorization is essentially unique, i.e., if there exist others ¢/ € I and ¢': P — d(i)
such that f = p; o g’, then there exist j € I, h: i — j € I and h': i’ — j € I such that

d(h)o g =d(H)oq.

Ezample A.1.3. Given a set S, S is finitely presentable if and only if it is finite. See [1, Exam-
ple 1.2(1)] for details.

Example A.1.4. A monoid is finitely presentable when it admits a presentation consisting of a
finite number of generators and equations. A similar description of finitely presentable objects
holds for the other categories of algebraic structures (groups, rings, etc.). See [1, Theorem 3.12]
for details.

Locally finitely presentable categories A locally small category C € CAT is locally finitely
presentable when

(i) it has all small colimits,
(ii) every object of C is a directed colimit of locally finitely presentable objects,

(iii) the full subcategory of C whose objects are the finitely presentable objects is essentially
small.

Example A.1.5. The category Set is locally finitely presentable. Indeed, it is cocomplete and
every set is a directed colimit of its finite subsets, which are finitely presentable objects of Set.

Example A.1.6. The category Mon of monoids is locally finitely presentable. More generally, the
categories of algebraic structures (groups, rings, etc.) are locally finitely presentable. This is the
consequence of the fact that such categories can be described by means of essentially algebraic
theories, as we will see in the next section.

Identifying a category as locally finitely presentable enables to derive several elementary prop-
erties, like completeness:

Proposition A.1.7. A locally finitely presentable category is complete.
Proof. See |1, Corollary 1.28, Remark 1.56(1), Theorem 1.58| for details. O

Moreover, showing that a functor between two locally finitely presentable categories is a left or
right adjoint is easier than in the general case, since we do not need the existence of solution set
like in Freyd’s adjoint theorem (|8, Theorem 3.3.3]):

Proposition A.1.8. Given a functor F': C — D between two locally finitely presentable categories
C and D, the following hold:

(i) F is left adjoint if and only if it preserves colimits,
(ii) if F' preserves limits and directed colimits, then it is right adjoint.

Finally, there is a simple criterion for a category of algebras on a monad to be locally finitely
presentable. We recall that a functor F' is finitary when F preserves directed colimits, and a
monad (7,7, u) on a category C is finitary when T is finitary. We then have:

Proposition A.1.9. Given a locally finitely presentable category C and a finitary monad (T,n, p)
on C, the category of algebras CT is locally finitely presentable. Moreover, the canonical forgetful
functor CT' — C preserves directed colimits.
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Proof. The category CT is finitely locally presentable by [1, Theorem 2.78 and the following
remark|. Moreover, since T is finitary, the directed colimits of CT are computed in C, so that the
mentioned forgetful functor preserves directed colimits. O

Ezample A.1.10. The category Mon is equivalent to the category of algebras Set” where (T, 7, )
is the free monoid functor on Set. It can be shown that T is finitary, so that we obtain another
proof that Mon is locally finitely presentable using Proposition A.1.9.

Locally wi-presentable categories The above definitions and properties can be generalized
to higher cardinals in order to define more general notions of presentable categories, in particular
for the first non-countable cardinal N; = |w;|.

A partial order (D, <) is wy-directed when every countable subset S C D admits an upper
bound in D. A small category I is called wi-directed when it is isomorphic to an wi-directed
partial order (D, <).

Given a diagram d: I — C in a category C, we say that it is an w;-directed diagram when [
is wi-directed. An wy-directed colimit of C' is a colimit cocone (p;: d(i) — X);er on a directed
diagram d: I — C.

Let C € CAT. An object P € C is wy-presentable when its hom-functor

C(P,—): C — Set

commutes with wi-directed colimits.
A locally small category C € CAT is locally wy-presentable when

(i) it has all small colimits,
(ii) every object of C is an wi-directed colimit of locally wi-presentable objects,
(iii) the full subcategory of C whose objects are the wi-presentable objects is essentially small.
Proposition A.1.11. A locally wy-presentable category is complete.
Proof. See |1, Corollary 1.28]. O

Proposition A.1.12. Given a functor F': C — D between two locally wy-presentable categories
C and D, the following hold:

(i) F is left adjoint if and only if it preserves colimits,
(ii) if F' preserves limits and wy-directed colimits, then it is right adjoint.

We stop the copy-and-paste here and refer the reader to [1] for other properties shared by locally
w1- and finitely presentable categories.

A.2 Essentially algebraic theories

Verifying that some category is locally finitely presentable with the above definition can be
tedious. A simpler way consists in describing it as the category of models of some essentially
algebraic theory. The latter is similar to an algebraic theory (theory of monoids, theory of
groups, etc.), except that operations with partial domains are allowed, as long as those domains
are specified by equations. Another interesting property is that morphisms between such theories
induce functors between the associated categories of model, and those functors are moreover right
adjoints and preserve directed colimits. The main reference here is |1, Section 3.D|.
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Definition Given a set S, an S-sorted signature is the data of a set Y of symbols such that
each ¢ € X has an arity under the form of a finite sequence (s;)ien: of elements of S for
some n € N, and a target in the form of an element s € S and we write

0:8 X+ X8, =8

such a symbol o of ¥ with such arity and target.

Let (z;)ien be a chosen sequence of distinct variable names. Given a set S, an S-sorted
context is the data of a finite sequence I' = (s;);en: of elements of S for some n € N. Under the
context I', the variable z; should be thought “of type s;” for ¢ € N,, so that we often write

L1 81y.-.5Tp: Sy

for such a context T.
Given a set S and S-sorted signature ¥ and context I', we define X-terms on I' together with
judgements I' F £: s where t is a X-term and s € S, inductively as follows:

— if I' = (si)ienz for some n € N and s1,...,s, € S, then, for every i € Ny, I' - 2;: s;,

— given o: 51 X --- X 8, = s € ¥ and X-terms t1,...,t, such that I' - ¢;: s; for i € NJ,
then '+ o(t1,...,t,): s.

Note that s is uniquely determined by ¢ in a judgement I' - ¢: s.

An essentially algebraic theory is a tuple
T = (S, %, E, %, Def)
where
— S is a set,
— X is an S-sorted signature,

— E is a set of triples (I, ¢, t2) where I is an S-sorted context, and t1,t2 are X-terms on I’
such that there exists s € S so that I' - ¢;: s for i € {1, 2},

— Y4 is a subset of X,

— Def is a function which maps o: s1 X -+ X s, — s € X\ ¥; to a set of pairs (t1,t2)
of 3;-terms such that there exists s € S so that (z1: s1,...,2n: $p) F ;2 s for i € {1,2}.

The set S represents the different sorts of the theory, the set X the different operations that
appear in the theory, the set F the global equations satisfied by the theory, the set X; the
operations whose domains are total, and the function Def the equations that define the domains
of the partial operations. Given such an essentially algebraic theory T, a model of T, or T-model,
is the data of

— for all s € S, a set M,

— forallo: s1 X -+ X 8, = s € ¥4, a function

My: Mg, x -+ x M, — M,

—forall o: s1 X -+ X 8, = s € 3\ ¥4, a partial function

My: Mg, x -+ x M, — Mg,
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such that

—forallo: sy X+ xs, > s€X\ X, M, is defined at § = (y1,...,yn) € Mg, X -+ x Mg,
if and only if, for all (¢1,t2) € Def(c), we have [t1]y = [t2]y.

— for every triple (I',t1,t2) € E where I = (s;)jen: for some n € N and sorts s1,...,s, €5,
given a tuple § = (y1,...,yn) € My, x --- x M, , if both [t1]z and [t2]y are defined,
then [[tl]]g = [[tQ]]g,

where, given an S-sorted context I' = (s;)ien:, a sort s € S, a ¥-term ¢ such that I' F ¢: s,
and a tuple § = (y1,...,yn) € Mg, X --- X Ms,, the evaluation of t at y, denoted [t]y, is either
undefined or an element of My, and is defined by induction on ¢ by

— if t = x; for some i € N}, then [t]y is defined and

—ift =0(t1,...,tx) for some k € N* and ¥;-terms t1,...,t, then [t]y is defined if and only
if [t1]g, ..., [tk]y are defined and M, is defined at [t1]y, ..., [tx]y and, in this case,

[t]y = Mo([talgs - - - [te]5)-

Given two models M and M’ of T, a morphim of T-model between M and M’ is a family of
functions f = (fs: Ms — M!)ses such that

—forallo: sy X+ X8, >8E€EN;, fsoMy=DM.o(fs, x -+ X [s,),

—forallo: sy x - xs, >s€X\ X and § = (y1,...,Yn) € Ms, X -+ x M, such that M,
is defined on g, fs o Ms(g) = ML(fs; (Y1), -, fs, (Yn))-

We then write Mod(T) for the category of T-models and their morphisms. We say that a (big)
category C € CAT is essentially algebraic when it is equivalent to the category of models of
some essentially algebraic theory.

Identifying a category as essentially algebraic enables to deduce that it is locally finitely
presentable, since the two notions are the same:

Theorem A.2.1. Given a category C € CAT, C is essentially algebraic if and only if it is locally
finitely presentable.

Proof. See the proof of |1, Theorem 3.36]. O

Example A.2.2. The category Set is essentially algebraic since it is the category of models of the
essentially algebraic theory ({s},0,0,0, 1).

Example A.2.3. The category Mon is essentially algebraic since it is the category of models of
the essentially algebraic theory

T = ({s},{e: 1 = s,m: s xs— s}, E {e,m}, 1)
where F consists of three equations
— m(e,xz1) = x; in the context (x: ),
— m(x1,e) = x1 in the context (z1: s),

— m(m(z1,z2), x3) = m(x1, m(z2,z3)) in the context (x1: s,z2: s,23: ).
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In particular, it gives a simple proof that Mon is locally finitely presentable.

Example A.2.4. The category Cat of small categories is essentially algebraic since it is the
category of models of the essentially algebraic theory T = (S, X, E, ¥, Def) defined as follows.
The set S consists of two sorts ¢y and ¢; corresponding to 0-cells and 1-cells, and

Y ={9, :c1 — co, 88“: 1 = e, idlicg— e, *xio X — 1}
Moreover, E consists of the equations
— 9y (id*(z1)) = #1 and 9] (id'(z1)) = =1 in the context (z1: cp),
— 0y (x(z1,22)) = 0y (z1) and 8&(*(361,362)) = 8:(1‘2) in the context (x1: ¢1,22: ¢1),
— #(id"(9y (1)), 1) = x1 and *(z1,id"(F (#1))) = 21 in the context (z1: c1),
— x(x(x1,x2), r3) = *(x1, *(x2,x3)) in the context (z1: ¢1,x2: ¢1,23: ¢1).
Finally, %, = {97, 97 ,id'}, and Def (%) is the singleton set containing the equation 97 (z1) = 9y (x2).

This shows that Cat is a locally finitely presentable category.

Morphisms of theories Given two essentially algebraic theories
T = (59,3, E,%;,Def) and T = (5,3, FE, 3, Def’)
a morphism of essential algebraic theories between T and T’ is the data of
— a function f: S — 9,
— a function g: ¥ — ¥/,
such that

— given o: s1 X -+ X 8, = 8 € X, we have g(o): f(s1) X -+ X f(sp) = f(s) € ¥,

given o € X, 0 € % if and only if g(o) € X},
— given (T',t1,t2) € E, we have (f(T'),g(t1),9(t2)) € F,

— given o0 € ¥\ ¥ and two X-terms ¢1 and to, we have that (¢1,t2) € Def(o) if and only
if (g(t1), g(t2)) € Def'(g(a)),

where, given I' = (s;);en:, we write f(I') for (f(s;))ien: and, given a X-term ¢, we write g(t) for
the Y'-term defined by induction on ¢ by

— for all variable xz;,
9(w;) = @y,

— forallo: sy X+ X8, = s € X and X-terms tq,...,t,,
glo(tr,- - tn)) = g(o)(g(tr), - -, g(tn))-
Such a morphism (f,g): T — T’ induces a functor
Mod((f,g)): Mod(T") — Mod(T)

which maps a model M" € Mod(T’) to a model M € Mod(T) defined by
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— forall s € §, M, = Mf(s),

—foralloc e X, M, = Mé(o),

and which maps morphisms of models as expected. The functors induced this way by morphisms
between theories have good properties:

Theorem A.2.5. Given a morphism (f,g): T — T’ between two essentially algebraic theories T
and T', the functor Mod((f,g)) is a right adjoint which preserves directed colimits.

Proof. The fact that it is a right adjoint is given by [21, Theorem 5.4]. Moreover, one easily
verifies that the directed colimits are computed pointwise in both Mod(T) and Mod(T'), so that
they are preserved by Mod((f, g)). O]

Remark A.2.6. A more general definition of morphisms between essentially algebraic theories for
which Theorem A.2.5 holds can be defined. However, it would require the introduction of formal
deduction systems, which would be quite long and technical. This would be in vain since our
definition of morphisms is enough for our purposes.

Example A.2.7. One can define the essentially algebraic theory T®™ of groups from the one of
monoids given in Example A.2.3 by adding a symbol i: s — s representing a total function,
and by adding the equations m(i(z1),z1) = e and m(x1,i(x1)) = e in the context (z1: s). The
canonical embedding T™" — T#®P induces a functor Grp — Mon between the categories of
groups and monoids which is the expected forgetful functor. This functor is a right adjoint and
preserves directed colimits by Theorem A.2.5.

Example A.2.8. The essentially algebraic theory
TsPh — ({co,c1},{dy : c1 = co,dgz c] — Co},@,{da,dar},J_)

exhibits the category Gph of graphs as an essentially algebraic category. Recalling from Ex-
ample A.2.4 the definition of T*, the mappings d; — d; and dar — 83 define a morphism
of essentially algebraic theories T#PP — Tt which induces a functor Cat — Gph that is the
expected forgetful functor. This functor is a right adjoint and preserves directed colimits by
Theorem A.2.5.
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