
Nla th .  Nachr .  204 (1999) ,  163-183

A New Approach to the Dore-Venni Theorem

Bv Syr ,v rs  MoNNIAUx o f  U lm

(Received NIarch 25,  1996)

(R.evised Versiorr  Apr i l  19.  1997)

Abstract. The present paper in'orks out the link between the Dore Venni theorem and the

theory of  analyt ic  generators developped by i .  CIonar ' roscu and L.  ZstDo. The main resul t  is  an

inverse theorem: on an UXID Banach space,  analyt ic  generators of  C6 groups and operators u ' i th

bounded in iaginarv powers are the same. The maximal  regular i ty  theorem of  G. Donp and A. VsNNt

appears as a corol lary of  th is fact .

1. Introduction

In 1987, G. Donn and A. Voxst [D\r87] proved their famous theorem on maximal

rcgularit i, 'of the sum of two commuting operators A and B. J. Pnuss and H. SoHn

[PS90] extended this theorem to the case where A arid B are rrot necessarily invertible.

Bv nou', it has bccome an important tool in PDE. Tr'" 'o sorts of hypotheses arc essential

in these theorems.

1. A geometrical assumption on the Banach space: the continuity

transform, or equivalently the UN,ID property.

2. The operators A and B are assunied to be sectorial such that

(B'")".o are strongly continuous groups of types cr.r,1 ancl c,, 'B srnallel

t lrat c"'..1 * aB 1r. Briefly:

of the Hilbert

(A ' " ) " . o  and
' than zr, such

-,1 is irr the class BIP(u1) and B is in the class BIP(*'13) .

On the other  hand,  more than ten vcars ear l ier ,  I .  Cron.ANusct i  and L.  Zstoo [C276]
had introduced the notion of the anall ' t ic generator of a group. Their motivation came

florn the thcorv of operator algebras (ancl not PDE); moreover. the geometric propertv

UNID (Unconditiorral l.'Iartingale Differencc propertl') was not wcll known at thzrt

t irne. Irr fact, a geometrical characterizatiorr of UNID spaces X wii,s discovered onll ' '

199 |  Mathernul i ts  Subjecl  Classt f icat ion.  lTA05, . l7A50, 47460, 47 D03.
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in the early i980s by D. L. BUnxHoLDER [Bur81]; a l i tt le later, the boundedness of

lhe Hilbert transform on the reflexive Lebesgue-Bochner spaces trn(IR; X) for such

X was proved by D.  L.  Bunxnoloon and T.  R.  McCoNNELL (see [Bur83]) ;  and st i l l

later, J. BouRcatN [Bou83] provedthe converse (see also [McC84], [Bou86], [Bur86]).
The purpose of the present paper is to work out the link between the Dore Venni

theorem and the theory of analytic generators. The main result is an inverse theorem:

on an UMD- Banach space, analytic generators of Cs-groups and operators of class

BIP are the same. More precisely, we shorv that the analytic generator C of a Cs

group (U(.s))"e n of type less than a on a U\4D Banach space is sectorial and Lr(s) :

C'" for all s ! IR. This idea is due to Ar,an NIcINTosH, and the problem was also

studied by Davto ALeRncHr [Alb94]. It is remarkable t]rat the Dorc Venni theorem

is an immediate corollary of this result.

The paper is organized as follou''s. In Section 2, we recall some well known facts

about operators which admit bounded imaginary powers. We mention also the defini-

t ion of the Hilbert transform and UN'ID Banach spaces. In Section 3, we describe the

analytic generator and the analytic continuation of a Cs group on a Banach space.

Most of the results of this sectiorr were already proved bv I. CtonANESCU and L.

Zsloo rvho considered only bounded Broupsr though. Horvever, it turns out that the

results are valid for groups of type less than n'. For the convenience of the reader,

we include the proofs. It is shown, in particuiar, that the operators which form the

zrnalytic continuation of a group are closed, derrsely defined, and verify a semigroup

property.

The main results are presented in Section 4, rvhere we restrict our attention to UMD

Banach spaces. It is proved that, in this case, the resolvent set of an analytic generator

of a group of type less than n is always non empty. Moreover, this analytic generator

is sectorial. As a corollarl '  of this fact, r 'e also prove the theorem of Dore Venni in

Section 5, we define the Hilbert transform associated to a bounded Cs group, as

rvell as the Hardy spaces associated to tl i is group. Using these notions, rve state a

clecorrrposition theorem, which allou,s us to consider every bounded group on a UN'ID

Banach space as boundary value of holomorphic semigrorips.

In the follou' ' ing, for a l inear operator - ' l  on a Banach space X, r(-1) , l/(A), R(,' l),

p(1) , o(A) denote the domain. the kernel, the range, the resol'n'ent set and the spec-

trum of A, respectively.

2. Prerequisites

In this section, we recall what is knou,n on sectorial operators, on operators which

admit bounded imaginary powers, on the Hilbert transform and UN'ID Banach spaces.

This rvil l  be called "the classical theory" for the Dore- \renni theorenr. It rvas used by

G. Donn and A.  VBNNr themselves ( [DV87] ,  lD\ '90]) ,  but  a lso b1 'J .  Pnuss and H.

Soirn ( [PS90] ,  [Pr i i93]) .

Definit ion 2.1. A (l inear) operator A on a Banach space X is r:alled sectorialt l

i t  is  c losecl ,  denscly  def ined and ver i f ies,Af(A)  :  A,  R@) = X,  ( -oo,0)  C p(A) and

.4 /6  : :  sup i>o  l l t ( l  +  A ) -1 l l  <  *
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If A is sectorial on X, then there exists an angle g such that p(-A) contains the

sec to r  t e  :=  { ^  ! C I  \  { 0 }  ;  l a rg ( I ) l  (  r p } ,  and  sup lExo  l l . \ ( )+ t { ) - t l l  <  * .

Definition 2,2. 
-the 

spectral angle gs of a sectorial operator A is defined by

pA  : :  i n f  { r p  ! [ 0 , r )  ;  En -p  C  p ( -A )  k  M* - *  <  x ]

where .4,f,e ::  sup{l l , l1. l  + A)-t l l  ;  , \  e x. i},  u e (p.q,nl.

If .4 is sectorial, then it is known t'hat' 9n 1r.

Assume now that A is sectorial. For all z ! 0 such that l$l(z)l ( 1, we define the

representation
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A , r  :  
" i " " ,  ( ! -  - f - A - r r *  [ ' t , * ' 1 1 + A ) - '  , + - ' r d t +  [

7 T  \ z  r + z  J o  J t

\
t '  ' ( f  +  $  

' , l , r a t ) ,

r e D ( A ) n R ( A ) .

See for instance [Kom66], [Kre72], and [Prii93, pp. 212 -214], 
[Ama95' pp. 157]' We

knorv that, in that case. for all r ! ,(A) nR(,,{) , the map z r+ A"r ist holomorphic

on {z ! C ;  -1 < F(r )  < 1}  (see lPni93,  pp.  2131,  [Ama95,  pp.  15a]) .  I t  can bc

easilv seen that D(-4) nn(-"1) is dense in X and A" is closable. We can now define the

class BIP.

Definit ion 2.3. \\re sav that an operator A admits hounded imaginary ytouersilft.

is sectorial ancl if thc closure of (A'" , D (A) n 1?(A)) defines a boundecl operator on X

for  a l l  s  ! IR.  ancl  sup"6l -1.11 l l .+ ' " l l  a  o" .

Remark 2.4. If -{ adrnits bouncled imaginary powers, then (At")".o forms a

strongly continuous group on f . Denote by cl,1 be the type of this group, i 'e',

u)A = in f  {* 'e  R.  ;  lM ,  l lA ' " l l  S lv Ie ' l ' \ ,  for  a l l  's  e IR}  '

We  n ' i l l  w r i t e  , {  ! B IP1 t1 ) .

Remark 2.5. Let A e BIP(ui with spectral angle gA. It is known that a.r1 ) rp1

(see [PS90,  Th.  2] ,  [Pr i i93,  pp.  214] ,  [Arna95,  pp.  177] ;  see a lso [Mo95,  Corol la i re

4 4l)

The notion of UN"ID Banach spaces will plal' a crucial role in this paper' For our

purposc the boundedness of the Hilbert transform is the essential property. Let X be

a Banach space. Let H,..7 be the foilowing bounded operator defined on .Le(lR;X) fbr

a l l e e ( 0 . 1 ) . 7 > 1 :

:  t '  f t t  " )

lH . . r l ) ( / )  :=  ,  l  
! - l - - - ' '  ' 1 "  '  fo r  a  a '  f  ! lR  '

t l  , / . < 1 .  - r r  
S

/  e . L I ' ( I R ; X ) ,  p  ! ( 1 , m ) .
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Definit ion 2.6. If (H,,r) "er0,rr, admits a strong limit l1 as 6 goes to 0+ and 7 goes

to *oo in  a l l  t re( lR;  X) ,pe (1,m),  then X is  sa id to be of  c lass (?17) .

The operator 1{ is then bounded on tre(IR; X) for all p ! (1,-), and is called the

Hi,lbert transfornt on Le(R"; X).

It is knorvn that if 11 exists in Lpo (IR; X) for one po ! (1, oo), then X is of ciass

@r)
It is also knorvn that the Banach space X is of class (117) it and only if X has the

UN,ID propertv.

D.  L.  BUnxHoLDER and T.  R.  McCoNNELL (see [Bur83])  proved the impl icat ion

UNID + (' l1T), ancl J. BouncntN [Bou83] provedthe converse. For these results, anci

others, see also lBur81], [McC84], [Bur86] and [Bou86].

3. Analytic generators of C0 - groups

This section starts with some definitiorrs and more or less well knou''n facts. N{ost

of t lre results presented here are clue to I. CtonANoscu and L. Zstoo [C276], [Zsi83]
(n'ho merely consider bounded groups, though). In the following (U(s))"6p wil l deriote

a strongly continuous group on I. Given an open set Q iri C,,Hol(Q) denotes the set

of holomorphic functions on f), rvith values irr X.

Definit ion 3.1. We say that a function / : f) -+ X is regular on an open set 0 C 0

if / is holomorphic on f) arrd has a continuous extension to O.

The following lemma can be easily proved by Schwarz's reflection lemma.

Lemma 3.2. Let a, b ! IR, o, <! b. Let f be u regu,lar function on the strip

B , : { z  !C I ; j < W ( r )  < b }  I f  f  e q u a l s  0 o n $ l ( z )  = e o r f  e q u a l s 0 o n W . ( z ) : 6 .

th,err .  f  :0  on B.

The lemma implies that the operators C,, in the following definit ion are well defined.

For n ! C such that lt(o) I 0, let

O . : : { z e 0 ; 0 < D ( z )  < W ( " ) }  i f  W ( a )  > 0 ,  a n c i

Qo  , :  { ,  e  0  ;  W(c r )  <  E (z )  <  0 }  i f  W(a )  <  0 .

Definit ion 3.3. The analyti,c cont' inuation of the group (U(s)s!rt is the famil1'

(C.)oec' of unbouricled operators definecl br' '

l n1C, ,1  
:  { r  e  X  i ) f ,!' t l o l (Q , , )  nC(O, , )  : / . ( i s )  :  U (s ) r ,  s  e  IR }  ,

I C " ,  = . f , ( n ) ,  r !D ( C ^ ) ,

if l l t(rr) f 0. ancl

D ( C i , )  -  X ,

C i " r  -  U (s ) r ,  f o r  a l i  : r  ! I ,  i f  c r  =  i s ,  s  ! IR . .
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The operator C1 , denoted also by C, is called the analytic generator of the group

( u ( t ) ) " e  n .

There is a case where the analytic generator is easy to determine. Assume fbr a

mornent that (U(s))"6p is the boundary of a holomorphic semigroup (7(z))6"">0 in

the sense of  [HP57,  Theorems 17.9.1 and 17.9.2] ,  i .  e . ,

U ( s ) r  = , \ T . t ( t * i s ) r ,  r!X ,  s!l R .

\\ic carr easily see that, by definition, for all a ! 0 such that .ft(o) > 0, we have

Co = T(a),'which is a bounded operator. In particular, the analytic generator of sr.rch

a group is C = 7(1) and therefore is bounded. As an i l lustration we give the following

concrete example.

Example 3.4.  Consider  the sern igroup (Jr(z)) ! i (z) ; '0  on re(0,1) ,  p  ! (1 ,  oo)  def ined

by R,iemann -Liouvil le integrals; that is, for all z ! CI, W(z) > 0, f ! ,Le(0, 1),

1 r t
( J , , ( z ) f ) ( t )  :  

f r  l o f t  
- s ) " - r l ( s )ds ,  t  ! ( 0 ,1 ) .

From [HP57, Section 23.16] (fbr p = 2), and frorn [AEH95] (for 1 < p ( oo), we

knon that  ( .Jup11o""re ls  holomorphic and admits  aboundary ( .7o(r t ) ) "en which is

a Co group, for all p ! (1. co). The analytic generator of this group is Ce: JeQ)

It is an important fact that the analytic continuation of a Co group corisists irr

closed, densely' defined, injective operators. Nloreover, the family of operators which

form the analytic continuation verifies a semigroup property. This u'as proved in

lCZ76,  Theorem 2.41.

Proposition 3.5. Let ct, / l  e 0, and let CoCs be the operator def,ned on the

dorr ta in D(C,C1):  { r  ! D(Cc) ;  Csr  e D(C.)} .  fhen the fo l lowing holds:

( i )  z /  n(n)n( /9)  > 0,  then CnCs:  Co+g,

(i i) z/n(tr)n(p) < 0, th,en th,e closu,re of C^Cs ' is equal to Co1s.

Moreoue r ,  (C ; t ,R (C" ) )  :  (C - " ,  D (C  " ) )  Jo r  a l l  d  ! 0 .

A corollarv of this is the following result:

Corollary 3.6. Let C be the analytic generutor of a strongly corlt ' inuous grou[)

(U(s))"ern on a Banach, space X. Then, C is a bounded operator if and only if

(U(s))"en i,s the boundary of a holornorphic semigrou,p on X.

Proof . !: See the remarl< before Exaniple 3.4.

t :  Assume that  C is  bounded.  For  a l l  ly '  ! N,  D(C*) :  X.  Therefore,  D(C")  :  X

fora l lz  ! CI ,  D(z)  > 0.  Let  T(z)  :  C" ,  z  ! 0 ,  $t (z)  > 0.  Bythepreviousproposi t ion,

(7(r ) )nt . t ro is  then a holornorphic semigroup wl tose boundary is  (U(s))"6n1.  n

The following example is very important. It shows the l ink between operators

which admit bounded imaginary powers and analvtic generators of strongly continuous

groups.

167
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Exarnple 3.7. Let A be a sectoriai operator on X with bounded imaginary powers

At", r ! IR. For all s ! IR, let U(s) = At". Then (t/(r))".* is a strongly continuous

group on X and its analytic generator is the operator A.

Proof .  Let  r  ! D(A)a R(A).  Since A is  sector ia l ,  we know that  z  v+ A"r  ts  a

regular function on {z ! 0 ; -1 < F(") < 1} (see [Prii93, pp. 213] or [Ama95, pp.

154]) .  Then Ar = Cr.  The operator  (A,D(A))  is  the c losure of  (A,  D(A)n f i (A))

arrd (C,  D(C))  is  c losed;  s ince A and C coinc ide on D(A)nR(A),  we get  (A,r (A))  C

(c, D(c)).
Conversely,  Ie t  D be the set  { r  e  X;  l / .  ! }1ol (A)  :  / , (zs)  = Ai" r ,s  ! IR} .  Then

D a D(A) is a core for C. Let r ! D(C) arrd for all n ) 1, set

rn = n(n + A) , , l i  f 
* 

e-.r" u 1t1, dt .
u 1r  J- -

Fo r  a l l  n  )  l ,  r n!DaD(A)  and  l im r - -  r n : r ,  l im r -1 -  C rn :  C r ,  s i r i ce  C  i s

c losed and commute (on D(C))  u ' i th  n(r i+. { ) - r  and wi th U(t )  for  a l l  I  e  IR.

So  we  ge t  (C ,  D (C) )  =  (A ,D  n  , (A ) )  =  ( . 4 .  , (A ) ) .  t r

To conclude this section, we give some spectral properties of the analytic generator

C of a Cs group (U(s))".p with type c"' less than n. The following proposition is

a slightly different version from Theorem 3.6 of [C276] (where only bounded groups

rvere considered).

Proposition 3.8. The t 'ollowinll assertions hold:

( i )  o o ( C ) ' =  i I! C  ;  l r  1 0 ,  r  ! D ( C )  :  C r = ) r )  c  X , ;
(

( i i )  o , " " (c )  ,=  
{ ,1  e  c  ,  r , l  -  c t l t c t  7

( i i i )  d  p ( )  +  A .  t h e n  a 1 C )  c  I , .

For the proof of this result we need

Lemma 3.9. The operator I -t C i,s injectiue,

{ r!X , 3 f ,!? l o l ( C )  : / " ( i s )  : L I ( s ) r ,  s!l R }  ' . :  D C  n ( 1 + C )

and for o" l l  x e D, ' l  ! (0,1),  we l taue

' \ -
x j = o o ( c ' )  c r ' ;

' 1 f l + r m
( 1 * C ) - ' z  :  ;  I' ) t  

I_ "  / 1 _ l m

S .  1  1 r i _ i m  ) ,
L t

O z  t f ,
S l n  7TZ  l l  J  t - i x  S ln  7 rZ

Proof  .  F i rs t ,  for  any 7 ! (0 ,  1) ,  the in tegra ls

1 " t + i m  / 1 ,  1 ] - t i m  , 1 ,

I  C,  r r -?  and I  C"r - { -
J 1 - i x  S l n f i z  J 1 - i a  S l n T z

a r e c o n v e r g e n t f o r a l l  r!D .  I n d e e d ,  l e t l! ( 0 ,  1 )  b e f i x e d .  L e t e  > 0 s u c h t h a t

a + ! < r; there exists then a constant Ku ) 0 such that

l l u ( r ) l l  (  K u e ( ' * e ) 1 s l  ,  s!I R .
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By Proposotion 3.5, we know that for all z : ^l * is, s ! IR,

LI(s)C, 1r and C"tr : Lf @)C"r.
Moreover, we ha\re also the follorving estimates. For any 7 !

t :  e  R(C),  z  :  1  + is ,  .s  ! IR. ,

169

we have C2-1r :

(0,1)  f ixed,  for  a l l

( 3  1 )

i l  1 l l

l lC._, ,  . - l  l l  S 6 ' . ,  ( r  |  '  ,  " l  
l lc ,  r r l l

l l  srn 7rz l l
<

l s i n z r ( 7  +  z s ) l

and for all z ! D(C), in the same way,

(3  2 )

where 1{1 and K2 are constants 'which do not depend on s ! IR. Since lve havc

_\1r + ! * rl ( 0. the previous integrals are absolutell '  convergent.

We norv set

1  / ' l + t x  r l

I r ,  t =  !  
|  C , '  r . t : - ,  r Q D , l ! ( 0 , 1 ) .

Z r  J t  i x  S l n / r z

Since C is closed we have for all n ! D

( l  - c) r^,1. = : f  

- '  
c,-r.r ,o' * : [ ' . '* , . ,  -!a-

L t  r 1 - t -  s i n r z  2 i  J ^ . - , -  
-  

s l n T r z

=  I ^ , ( 1 *  C ) r ,

s ince by'Proposit ion 3.5, CC,-p = C"r --  C"-tCr.

Therefore,

( r  +  C) , r1 r  =  !z lnnes .=o ( r  -  C . rJ=)'2t  
\  S ln 7rz l

br- the residuum theorem.

S ince  Res "=o  ( t  -+  C" t  * * )  
=  

|  : r ,we  have  (1  +C)1 r r  =  1 . r (1  +  C ) r  :  r ,  r  !D,

r  ! ( 0 .  l ) .
Therefore,  1*C is  in ject ive:  Let  r  ! D(C) such that  (1 *C)r  = 0;  then C,r  = e ' " '  r :

for  a l l  z  ! 0  and r  !D. By ' the previous ident i tv ,  we get  4(1 + C)r :  r ;  therefore

z : 0. Nloreover, u,e obtain D C R(L+C) and fbr all z f D, rve have (1+C)-r t: = Itt.

On the other hand, by the residuum theorem. we have

l l a , r , t  l l  s  t , , " ' - n - r * ' ) ' s l
l l  s ln  7rz l l

1 ' t r  
i r  

d z  / ' - t r  . l ^

I  C ' . r r * + l  C ' t : a : 2 i t .
. /1- , -  9] . I11TZ J1- ia Sr l l7tz

which shorvs the second formula.

Remark 3.10. The integrals in the previous lemrna do not depend on 7 e (0, 1).

Proof .  For  any '  1r ,  ? ;z  ! (0 ,1)  rve havc shorvn that  (1 + C)I^ , r t r  :  x  = ( I  + C)I r r r

for  a l l  r  ! D.  Since 1+ C is  in ject ive,  I - , , : t :  I^ , , r r .  n

\\ie are nou' in the position to state the following proposition.
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Proposi t ion 3.11.  For  a l l  \  e  t , " - , ,  D(C)

Moreouer. the folloruing holds, for arbitrary 1 !

F o r a l l r !D ( C ) ,

( t r + C )  t r  :

o,nd for all r ! R,(C).

Nlath. Nachr. 204 ( i999)

c R() + C) and ri(C) c n() + C).
(0 ,  1 ) :

, I  Z
-  _  - _ 1  ^

4  L z J - - 7 t

sttl 7f z

1  1  / ' l + l @
f t l
- . r - -  I
^  2 i  J . , _ i *

( )  +  C ) - i r
/ l 2

I  
" {  

1 T  -
/ \  v _ "  t 4

slli 71'z

The following notion will be uselll.

Def in i t ion 3.12.  The sequence ( : i r , ) ,>1,  rvhere r , ,  = 
JT [ i i  e- ' " t " f - i ( t ) rd l  is

calied ihe molli,f,er of r rvith respect to (U(s))"6p'

Proof .  Let . \  be f ixerd in  X,- , .  Let  0 e (a.zr)  such that . \  e  En-e.  I t  is  suf f ic ient

to sho\v the proposi t ion in  the case. \ :  1 .  The group U can be rcplaced by U.r ,

1 . , 1  ( . s )  : ) - t " u ( . s ) . s!l R . T h e t v p c 6 f f ' 1  i s t h e r r l e s s t h a r r o r e q u a l t o r - 0 + u - : < t

ancl its analytic generator is t.
For all r e R(C), \\,e set

I r  : :  [ ' + i x  c . - r r  , ' l '  f o ,  any  J  ! ( 0 ,  1 )  f i xed .
J  t - t x  

S r r l T rZ

Due to the Equation (3.1), this integral is absoluteiy convergent. Let r ! l?(C) be

f ixecl .  Let  (n, ) , r ,  be i ts  mol l i f ier  w.r . t .  (U( , t ) ) " . r . .  By the previous lemma, wc get

for  n l l  r r  > 1.  (1 - l  C) l r , , :  1(1 + C):1, , : : r : , .  Nloreovcr '  (1r , r ) '>1 col l \ :erges to 1r :  as

D goes to +oo, since for all n ) 1, we hal'e

I  r l - ? \  , 1 ,

I ' r "  :  ;  l - -  -  
c-  ' ' "  , i , i l

I  / . l - i q  /  T ;  t + *  "  \  d zI  t  I  t ' ,  
I  t - , t ' L ,  ( / ) r d f  l _

; l  
t . - r \ \ / ; /  I  u \ r r r u i / -

L ! J ^ t - [ x  r r , , J  x  / s l n ; r z

G  t , - *  . . ,  /  I  1 . . r i - ^  d z  \ ,
= r l : l  , r t t ' 1 ( r t { ; l  C  1 . r ' .  ) r / / .

Y n J - \  \ 2 t J ^  / \  s r r r 7 i : /

bv Fubini's theorem.

Sir rce t [e  operator  1+C is  c losod.  u,e t l ten obta in for  a l l  z  ! /?(C) :1er  e D(C) ancl

(1+ C)/r: ::r, q,hich gives the second forrnula of thc proposition.

Irr t,he same \\:a)', wc rnay shorv the first formula of the proposition. For ali r e D(C).

we set

I .  ' -  r  - c,* l !- ,  for anv ? ! (0,1) .
sln ?fz

I  f 1 + r N

: - I
2 i  J . -  t -

1 / '1+?rc- t
) ; t
e u  J  1 , t x
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This integral is absolutely convergent. Let now r e D(C) be fixed. Let (r,.),.11 be its

mollif ier w. r. t. (U(s))"e ut. Bv using Fubini's theorem as before, we can show that thc:

sequence (,Ir.n),,>r converges to ..Ir as 71, goes to +oo. Since by the previous lemma

rve have

( l  + C)Jr , ,  :  J( l  *  C)x, ,  :  r , "  for  a i l  n  )  L ,

wc obtain the first formula of the proposition, as we obtained the second one' tr

Proof  of  Proposi t ion 3.8.  Let  0 ! (c . , ,n ' )  be f ixed.  By Proposi t ion 3.11,  we knor 'v

that  for  a l l  , \  ! I^ -8,  theoperator  )+C is  in icct ive and D C R()+C).  Therefore.

- ) ,  /  or (C) and - )  /  o , " , (C) .  Thcn oo(C) C Ia and o, , " (C)  C X6,  for  a l l  d  ! ( r ,  t ) ,

q'hicfi gives (i) and (i i).

Assume no$. that p(C) + 0. Let -tri bc art element of p(C). For all :r e D and lbr

all ) ! tr d. we have

( . \  +  C ) - l : r  -  ( L L  +  C ) - t ,  +  0 "  
- . \ ) ( ) +  C )  t ( p  +  C ) - t r .

By Proposi t ion 3.11,  the operator  ( )  + C)-1(p+ C)- t  is  bounded in X.  Since 2 is

{ense in X. the operator (,\ + C) i is therr bounded in -Y for all ) ! I.-8, fbr all

0  e (a.n) .  Then we obta in ( i i i ) .  !

The following proposition gir,es some ccluivalent assertions to decide whether p(C) +

0 or  not .

Proposition 3.13. The t'ollowing assertiorts are equ'iualent,

( i )  p (C)  I  A ,
( i i )  , (C)  +  I i (C)  :  I ,

/ ' 
-, l+ d") erlsfs irt X for o'Il r ! X,( i i i )  l i r r r .  - 0 .  ( J  .  r ,  s  /

( iv)  Ayr : :  l i rn. ,o+ (1.,"  a,  #** ,1t)  et : ists i ,n X for al t  r  ! X.

In tlt,o,t case t\1; is a bou,nded (ltrtrrrr) opera'tor ort X .

Proof  .  ( i )  =+ ( i i ) .  Assune that  p(C) I  A.  Let  denote by -p an e lement  in  p(C).  For

a l l  r  ! I . , " r , e  ob ta in  v :  p (1 r - lC ) - r r - tC (p+C) - t r .Then  z r  :  1 - t ' ( 1 t , - tC )  
r r  e  D (C)

arrc l  12 :  C(p *  C)-r r  ! R(C).  Therefore r  :  : I : r  + 12 ! D(C) + R(C).

(i i) + (i i i). It is sufficient to shorv (i i i) fbr r e D(C) and then for r ! R(C), and

appll '( i i). Let r ! D(C).\\ 'e denote by f1 the follor,ving contour

( s  =  - 1 , t  ! [ 0 , i ] )  u  ( t =  ] , s  ! [ - 1 , 1 ] )  U  ( s  :  1 , t! l ; , 0 ] )

a n d  C u +  :  { z  !C I  ;  l r l  = 6  8 r  a r g ,  !l - i , i ] } ,  w h e r e  0  =  { l + z s  ;  f , . s  ! I R } '

81 ' the Cauchv theorem. we obta in for  a l l  e  ! (0 , ; ) :

t 
qyr,* 

| 
c,, ,t, : o

J . r 1 " 1 < r  s  J - t ' : r t t ' .  z

Tlierefole, l im-*e+ Ju11. 5r 
qy 

a" exists itt X and is equal to

,qil / r-rur_; 
9:! a, : 

1r.94 
a' - irt: '
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The case where z ! R(C) can be deduced by the previous case if we consider the
g roup  (U ( - s ) ) . , e  n .

(i i i) <+ (iv). The integral .1"15, U(r), (i l j ; - 
*)ar is absolutely convergent for

a l l r e l .

Indeeci ,  l " *^  
-  

* l  <  $ +011. '11 for  ls l  near  0 and sup1"1<,  l l t / ( r ) l l  (  oo.  Thcre-

fore, the integral . l"ta, "#* ds converges in the same way as 
I",=, 

4P or.

(iv) + (i). Assume that Ari : X -+ X is a bounded operator. For all r e D(C) ancl

fbr any e ! (0, 1). we have

I  I  [ " ' -  ^  d z
( r + t  ) ' r '  :  r -  

u  J r - , * t ' J  s i r n z '

(by Proposi t ion 3.11) ,

:  , - :  I  ggtra,- l  l ' t  , , " ,o, i 'eei ,c l9 .
2 i  . l  " r ? :  s i nh ; r s  

- "  
2 i  I  ;  

- "  "  *  
s i n  nec tJ

(by the Cauchy' theorerrr),

I  I  /  I ' ( s ) . ,  1
= r ' - -  I  + r l s - ^  - \ r r r ,  a s  e  - +  0 - .' 2  2 t  . / 1 ,  >  1  s r r r l r  r *  ' 2 t77

The intcgra l  J" l : ,  #+*a"  is  absol r r te lv  couvergent  for  a l l  r  ! X.  s ince we have

l ; -# l  
(  .1e-"1"1 for  a l l  s  ! IR,  such that  l r l  >  1,  ancl  the type of  (U(s))"6p is

strictlv less thari a- b1' assumption.

Since r\1., is a bounded operator and D(C) is dense in X, we obtain the boundedness

o f  ( 1  + C ) - 1  o n I .  T h e n  - L e  p ( C )  1 0 .  T h i s p r o v e s ( i ) .  n

In the follorving. rve wil l prove that (i i i) is always true fbr all group (U(s)"6aq (of

type less than ir) in an U\'ID Banach space.

4. The case of UMD - spaces

The airn of this section is to establish special properties on arrah'tic generators if

the space has tl ie U\ID property. In particular, rve nil l  show that the resolvent set

i s  r reve l  emp lv  i n  t ha t  case .  i f  t he  t r pe  o f  t he  g roup  i s  l ess  t han  n .

In this u,hole sectiorr, (Lr(s))"6p clenotes a strorrgly continuous g1o1rp, ott a Banac:h

space X ri, i th the U\{D property, of tvpc i.r < 7T, C its anah'tic genefator and (C.).66'

its anail ' t ic continuation.

In the follor.ving lemma,lve show that (i i i) of Proposition 3.13 is alu,a)'s true in our

special case ]rere.

L e m m a  4 . r .  L e t  - \ l  :  s u p l " r - r  l l { ' { s r l l  T l L c t t  t h e  t t e t  ( 1 . , , . ,  
q T " d r ) , , , 0 , ,

o,tlrnits a stron,g lim,ri irt -Y ns e goes to 0+ for all x e X .

M o r e o t , n . l l f  - . . , 1 + a " l l  < , 1 Z r . f 1 t 1 l r ' 1 .  J o r  o l l  .  e  ( 0 .  l ) .  r  ! . \ - .  u , l t t t ,
l l J : \ l s \ r  

s  
l l  

-

r : (112.X|)  ' is  a constant  which depends only on,712 : :  Supe e,"  ' ,  l l11, , r l l2  and on I I .
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Proof .  For  a l l  ! ! (0 ,1) ,  for  a l l  t  e  [ - ] ,  f ] ,  and a l l  z  ! X we have

t  
L I ( ' ) *  

4 ,  =  |  u f t ) ( !u (s  -  t ) r )ds
J ' < 1 " 1 < t  s  J e ( s l ( 1  \ s  /

= u(r) 
[",.,u!-! 

o, - I,'*' 
qy a, * l-,'*' Y o,

rvhere rp"( r )  = X1-r . r1(r )U(-r ) r .  By in tegrat ing th is  ouer  [ - ] , ] ] ,  * .  obta in for  a i l

e  ! ( 0 , 1 )  :

t  
u(s) r  

4 ,  :  [ ,  ,Ur(  [  
p , ( r  -  s )  

, , )  o ,
J e < l s l < l  s  . l  i  \ J t " t >! 

s  
/

[+  (  l . ' t  
( s ) r  

a " )a r  +  l+  (  |  
' - '  u ( , , ) , 'a " )a r

/ ; \ J r  s  /  J - ; \ . / - r  s  /

S ince p,  e 12( lR;x) ,  1 im.-0+ (J, " , - "  * ! : I )ds)  ex is ts  in  t r2( lR;x)  and is  equal  to

iHp,, u,here -FI denotes the Hilbert transform.

Therefore, we obtain

/  -  \  " t

r i -  (  /  + { d , )  =  l ' , ' , t ) H p , ( t ) d t
- U ' \ J ' r r s < l  5  I  J  +

r !  /  r t * '  ,  t . ) ,  a r )a r+  t ,  (  |  
r i l  u (s ) r  

r "1 r ,- J t \ J ,  -  
s  /  r  j \ / - r  s  /

And for ail e ! (0, 1), for all r ! X, u'e have

l l  , .  ' ' l - \ -  l l  r i  l l  r

l l  /  
q+ ,, l l  s /  lu(/) l  l l  /  r ' (r - s) , , l l*

l l J , < 1 "  s r  s  
l l  J - ;  l l r r " : '  

'  
l l

t t  (  t t  
i , { ' ( ' r r l ,  

, r , )a r+  f t  (  t - '  l l u t " ) ,1 ,  4 , ) ,71
/ | \"t r'r , 

ir_lrt 
+ rsr /

< - \ lHz l lp , l l r - ,H:y)  -  Z l t  l l r l l  
J ,  ;  

r t

<. c(Xl,Hz)l lr l l .  n

of the preui,ous lem,ma,

L - ( s ) r  ,  \

S  " 1 . t  t i n h  " '  
o t /

| .f,=,",. '  #* o'l l  1c(112, NI) for att e e

Corol lary 4.2.

crxsts Jor a| l  J '  t

( 0 ,  1 ) .

Unrler the assu,m,ptions

/
A 1 , . r :  f i m l /

e + 0 +  
\ J s

X. Moreouer, *, hor, 
I
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Proof. This is simply the proof of (i i i) <+ (iv) of Proposition 3.13. n

\Ve can now prove our rnain result chzrracterizing sectorial operators rvith B1P on
an UNID Banach space as analy'tic generators of groups of type smaller than n.

Theorem 4.3. Under the gen,eral assumptions in this sectio'n, C is a sectori,ul
operator o,nd Ci' = t/(s) for all s ! IR.

Moreouer, the spectrttl angle gç: of C is less than or equal to u.

Proof. By Proposition 3.13. p(C) + 0 is equivalent to the existence of Âyr for all
; r  ! I .  and  then , \ r r  ! 6 (X ) .  And  th i s  i s  exac t i l 'Co ro l l a r y4 .2 .

Therefore, by Propositiorr 3.8, u'e knou,'that o(C) C !-,. Nloreover, follorving thc
proof  of  ( i r ' )  + ( i )  o f  Proposi t ion 3.13, 'n 'e  have,  for  a l l  À ! I ,  u ,  for  r j  ! ( r , t  ) ,

À(À + c)-1 ,  :  : ,  
-  

+,  [ ,  _,^ 
i 'u1, ; ,  

#^ 
-  !  ! .11^r :

.  L ' J l s Z I

rvhere L'1(s) : À-t 'U(s), s ! IR., and Â1,^ is defined in Proposition 3.13. Follou' ' ing
t l re est i rnate of  Corol larr '4 .2.  r l 'e  obta in then l lÀ(À + C)-r l l  <  l l t ,  where M,e is  a
constant nhich cloes not depend on À ! Dr-,9. The operator C is then sectorial and
its spectral angle rp6- is less than or equal to rJ for ail rJ e (r,n).Thus, 96.'( r,,,.

Sirrce C is sectorial. we can nou, clefine the quantity C"r ($L(z) ! (-1,1)) for all
: r  ! D(C) n Ë(C),  fo l lowing Sect ion 2.  by

C , r  :  
s t n t z  ( { -  . L C - r . r +  f t  r , * r ( t + C ) - r C - t x r ] t

7 r '  \ 2  r + :  J o

+  [ -  , " - r  1 r  +  c ; - tc r  a r )  .
J r  /

81 'Proposi t ion 3.11.  we have a lso.  for  f  e  ( !Ê(z) .1) ,  s ince the fo l lou ' ing in tegra ls  arcr
absol r t te l r '  (  ( ) l l Ïerger l t .

1 I

I  t , * r ( t  +  C ) - r C - t r d t
Jo

f1 '  ,  /C- r r  1  /1+ iæ ,  , / r , r  \
=  I  t , - ,  { :  - :  I  I  "  t C ,  t r - l L l a t

J 0  \  r  z t  J - .  r \  s t n Î u /

r l  I  |  [ ' ' i t  7  7 l  \  r l t u
=  |  t ' - t  l C - ' r d t _   _  |  (  |  t ' - ' t - '  - 1  ( k ) C , ,  , r ' - - : -

J o  T  z t  J -  , \  \ / o  /  s t t t î T t t '

1 ^ _ ,  l 1 r + i x r ^ c l u
:  -  L ' r ' - f  - ,  - - - - - - - ; L u _ 1 2 T :

l * z  
*  

2 i J ^ , - , *  z - u , * t  
. .  

s r n r ? r '

and

l -  , ' - r ( i + C ) - ' c r r t t  =  [ '  , ' - ' ( :  f - ' *  t - ' c ' r - 1 g - ) " , ,
I r  J t  \ 2 i , / r - ; *  

"  
s i n r w /

I  1 1  l i * /  l *  -  ,  \  _  d u:  ;  |  |  I  t :  ] t  udt  
lc , r  __:_ :

z t  J t _ i x  \ J r  /  s r n r t |
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1  r i ' r \  I  ^  d u '-  
I  - (

2 i  J - ,  - , \  z - r ' " u - s i n n u r '

Tliereforc, we obtain by the residuum theorem (as in tl ie proof of Lemma 3.9)

s i n r z ( r  I  n  I  I  n  |  1  S t - i a  C u - r x  d w
L ' J '  :  (  

' . t  
r ; - (  r ' - T  -

n  \ z  l + z -  l + :  2 i  J r .  i n  z - u ' !  l s i n n i u

* : /''*'* -L 6-.,, -4L)' 2 t  
J t _ i -  z - u '  i l t 1  1 t u /

s i r r z r a / " r '  I  /  I  / a  ^  I  \ \
:  -  *  - 2 i t R e s , , . - o . t r = : {  a  t +  - ( ' r t  - : -  

l l
7 r  \ z  z t  \  z - u ,  s r n r u / /

- l
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We norv have proved that C' coincide u' ' i th C" on D(C)nR(C) for all z with lW(z)l < 1,

in particular for z = is. s ! IR.' Since C* = fl(s) for all s ! IR, 1ve obtain that the

operator C a,clmits bounded imaginary powers and Ct" : U(.t) for all s ! IR on the

rv l ro le space . \ .  n

Example 4.4. Let 1 < p ( co. let X be a UN'ID Banach space. Define the operator

C ,  on  LP(0 .1 :X )  b l '

{ ' : : i  :  :" 

14i '  ' r(o' 1;x) ; /(o) = o} '

Example 3.-1. combined witl i  Proposition 3.5, says that Co is the analytic generator

of (.7o(-ls))sent. BI the previous theorem, u,e obtain then that C, is sectorial and

Cl' = Jr(.-is) for all .s ! IR. An alternative \\:a)' to shon' this is by r.rsing Fourier

multipliers (see [D\rS7]).

The following theorem will be used to show the maximal regularitv result knowrr as

the theorem of Dore Venni, q'hich u,i l l  appear as a corollary.

Theorem 4.5.  Let  (U( t ) ) "e n and ( iJ(s)) ,qy1 be tuo Cs groups on a Banach space

X .  Assu ,me  tha t  t hey  conumute  ( i .  e . ,  I ' ( t ) L t ( s )  :  U (s ) l ' ( l ) ,  t . s  e  R ) .  Deno te  by  A

the ano,lyti,c generator of U and B the an,alytic generator of \: . Assume that 0 ! p(B)

Then  t l t e :  a r t a l y t i c  gene . ra to r  o f  t h ,e  g rou 'p  ( l l - ( s ) ) "6p .  u t l t e re l l - ( ' s ) :  [ ' ( " ) l ' ( - " ) , '!

8* is  the operntor  AB-r  wi t l t ,  domain { r :  ! -Yr  B-r r  ! r ( { ) }

Remark 4.6. In the foilou' ' ing proof. rve u'i l l  also shorv that D(A) is a core for AB-1

ar i r l  that  B-r t :  ! D(A) holc ls  for  a l l  r  ! r ( '4) ,  and therefore AB-1 r  = B- tAr .

Proof .  S ince 0 e p(B) ,  the group ( l ' ( - t ) ) r .n  is  the boundary of  a holomorphic

semig roup ,  say  (? (z ) )p , : 1 ' e .  a t rd  B - I  :  7 (1 ) .

Since U and V are commuting, the infinitesirrral generator of V and LI commute as

well. Therefore, U and the semigroup T commute. We obtairr then 7(z)r e D(A) fbr

a i l  z  ! D (A )  and  AT(z ) r :T (z )A r  f o r  a l l  z  ! C ' ,  W(z )  >  0 .



176 Math. Nachr. 204 (1999)

Let C be the analytic generator of the group (l4/(r))"e * where W(s) : U(s)V(-s)
for all s ! IR, and let (A"),E6 be the analytic continuation of (t/(s))"6p.

Then D(A) C D(C) and Cr :  AT(I ) r  = T( \ )Ar .  Indeed,  le t  r  ! D(A) :  the
funct ion z + T(z)A"r  is  regular  on Q :  {z  e [ , ;$ t (z)  e (0,1) ]  and ver i f ies T( l )A1r  =

T ( I )A r  and  ? ( i s )A ;  " r  =  W (s ) r .

It is also true that D(A) is a core for C. Let r e D(C) and let (",),r, i ts moll if icr
rv. r. t. U. Then r" e D(A) for all n ) 1 and since C is a closed operator and comntute
on D(C) with the operators U(t) for all I ! IR, we obtain l im,-.;- Cr:,. - Cr.

The set D(-4) is also a core for AB-1 . Ltlt, r be an element of

D ( A B - L )  :  { z  ! x ;  7 ( 1 ) r  ! , ( A ) }

Let (r,),;1 be the mollif ier of r w. r. t [/. We known then that h e D(A) for all n ) 1

and (1)r"  = (7(1)z) ,  ! D(A).  Therefore.  l im, ,  11* rn = r  and i im,- -  AT(1)r , "  =

l im , , -1 -  -a ( " (1 ) r ) "  :  AT ( l ) r .

Orr  the other  hand,  we know that  ( - {B-r ,D(AB-r) )  is  a c losed operator .  The

operator C is also closed. \ l 'e have proved that D(A) is a core for C and for AB-1, they
are both c losed and coinc ide on D(A).  Therefore,  (C,D(C))  = (AB-r ,D(AB-1)) .

D

Corollary 4.7. We consider the analytic aenerators A and B of the C0 grorlps

(LI (s)) ,en and ( I , ' (s) ) "6n1 on an UMD Banach space X.  Denote by aa the type o l

Li and by "tp th,e tgpe of It ' . Assu,me that U andV cornmute and assu,me also that

r ts  *  us < r .  I f  B is  inuer t ib le,  then (A + B,r (A)  n D(B))  is  u c losed,  i ,mter t i l t le
operator  on X.

Remark 4.8. This corollary has been shown by G. DonE and A. \roNNr [DV87]
in the case rvhere also,4 is invertible. J. Pnuss and H. SoHn [PS90] obtained the
present form. They proved, more generally, that there exists a constant c, such that

l lAr l l  +  l lBr l l  S c l lAr  + Br l l  for  a l l  r  e  D(^4)  a D(B)  .

even if ,4 and B are not invertible.

Proof  of  Corol lary 4.7.  By Theorem 4.5,  we know that  lB-1 rv i th  domain

{z e X;  B-r r  ! .D(A)}  is  the analyt ic  generator  of  the group (U(s) I ' ( -s) ) "en.

Since a-'1 * ua 1a-, rve knor'" 'that this group is of type iess than zr, and therefore. b1'

Corollary 1.3, AB-r is sectoriai.

In  other  rvords,  ( t+ef  
- r ) - t  

i ,  u  bouncled operator .  Therefore,  B- t  (1+AB-1)- t  ,

X -+ D(A) a D(B) is a bounded operator on X and for all r ! X, we obtain

( - 4  +  B ) B - r ( t  +  r a  r ) - r r  :  ( r  + . + r - 1 )  ( t  +  L n - r ) - t "  :  r .  T t r e  o p e r a t o r

(A + B, D(A) a D(BD is then closed, invertible and its inverse is giverr by
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5. A decomposition theorem for bounded groups

In this section, we consider a bounded Cs group U on an UMD-Banach space X.

For  e ! (0 ,1)  and T > l ,  we set

H l r t , :  !  [  
u ( t ) t d r ,  

r ! x .
T  J  t < l " l 1 T  s

We will shorv that, in that case Hur:= l im ,-o+ H!.rr exists for all r ! X, and this

Iimit clefines a bouncled operator on )(. catLi+fie Hilbert transform associated witlr

U .

Remark 5.1. In the case where U is the translation group on -Le(lR,; lr), 1 < p < ocr

l ' '  an UN"ID Banach space, 11u is the usual Hilbert transform (see Section 2).

With help of the Hilbert transform 11t', we wil l establish a decomposition of the

Banach space X which allows one to obtain the group t/ as a boundary of holomorphic

semigrouirs.

The Hilbert transform Hu had been considered before by Zsioo [Zsi83] for different

purposes (the existence of spectral subspaces); also he does not exploit the UMD

property (which had not been u'ell-knorvn at that t ime).

Proposition 5.2. Under the assu,mptions of this section,

l im H!t.t, : HLtr etists for att n ! X .
s + 0 ?

T +  + !

BonKSoN, Grr,ln,spIo and Muuln [BGM86] mention such a result when they con-

sider spectral famiiies. They use the transference method due to CotpuAN Welss

[CW77]. Our methods are completely different.

Proof .  Let  l -  be a bounded group on X.  By Lemma 4.1,  Ar , ' r : :  i im.-o+ 11, \ . r r

cxists for all z ! X, and A1, defines a bounded operator on X. For all a ! (0, 1), we

also know that
/ \

l l s l . , l l  <  C [  ] t3 .  sup  l l v (s ) l l  )
\  s ( l R  /

where ?lz is defined in Lemrna 4.1.

L e t  , 4 1  : :  s u p " 6 p  l l u ( s ) l l  T h e  n e t  ( / . . , " . ,  
q f t r " ) . . , 0 , , ,  

a d m i t s  a  s l r o n g  l i m i t

i n X f o r a l l r!X a s e - + 0 + . N l o r e o v e r , f o r a l l ? ) 1 , u ' e h a v e . 4 ' 1  : s u P s!t R l l u ( " s )  l l ,

and for all r ! X,

l l  r  u ( s ) r . l l

l l / , . , " , . ' f  
" l l  <  c (Hz '  n / ) l l r l l '

.  r  I  t s ) r '  '  r  U ( T s l r  t
s i nce  J ,< l " r<7 . " { t  d "  :  J , r5 ; "  s r  

Y - -  ds  f o l  a l l  r  ! X .

Let G be the infintesimal generator of the group U. Since X is reflexive,

, v (G)  oRlC;  = ; .
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1. Let r !,4/(G). Then [/(s)z = o for all .s ! IR,, and so

o - t 
LrG)t 

ds ---+ o, as ? -+ +oo.
J r < 1 s 1 < r  . 5

2. Let, r: e R(G), and let 'g e D(G) sr.rch that t: Gy' By integrating by parts, we

get

f 
u(t), 4, = fggll + [ 

,l:ur, o,
J r < 1 " 1 : ' r '  s  I  s  J r < 1 " ; < z '  J r < ; s 1 < r  5

Therefore, l irn7 11- .lst,t<, 
qJ 

at exists and is equal to

- t ' ( r ) v - t ' ( - t l y -  |  
' ' , 1 r ) o  

o ,
J  1 " 1 >  r

Sin.. /r<1.,1<, 14 d" is unifornily boundecl in T > 0, 1im7-1-.Ir<t"t<r'q-ffg at

exists for all r ! n(G)

Since X : .A/(G) e R(G), the proof is complete. tr

The operator ,FIL' is then a bounclecl operator in our casc. It verifies also the follori'ing

re lat ion (see [Zs i83,  Lemrna 3.3] ) .

P ropos i t i on  5 ' 3 .  (Au ) '  =  Hu .

Proof .  (Sketch of  the proof) .

1. For all / ! l t([t) such that i 1tt. Fourier transform of /) belongs to C2(lR)

rvith suppf compact in (0, oo), one can shorv that

r ' .  . .  f  
' -

I f (t)t'(t)Hu t' rlt : I f (t)tr @" at for all 'r: ! x '
J - -  J - q

2. There exist functions tp. ! rt(trt,) such that p" ! C2(lR), suPP(Po) C [-3o,3cr],

f. : 1 on [-o, o] for all cr > 0, and

f + x

, , tT l / __  
p , . ( t ) L l ( t ) r d t  =  r  f o r  a l l  r!x

3.  Consider ,  for  a l l  r  ! X,  y  :  (Hu)2r  - : r .  For  a l l  E e (0.  1) .  u 'e pro 'e that

/ '+x /+-

J _* 
v"ft)U (t)v dt = 

J _* 
Lp'(t)u (t)v dt for all n ) 1 '

\,Iaking ri. terrcling to oo, we obtain

lJ  :  [ **  , , ( ' ) , ( t )Y c l ' t  for  a l l  s  ! (0 ,1)  '
J - m
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4. N'Ioreo'n.er. \\re cari see that the functions gr, admit analytic continuatioris ori 0

{br  a l l  e  ! (0 ,1)  :

I  f 3 ' ,

P , ( z )  :  
;  J , ^ e ' ' " f . ( s )  

d s '

Therefore, there exists an analytic continuation of is r+ [/(s)y on 0 given by

[+n
f u Q )  =  |  v , ( t + ' i z ) U ( t ) y c l t .  f o r  a l l  z!C  a n d  i b r  a l l  6!( 0 , 1 ) .

J - x

5. \Ve can show that this analytic corit inuation for y is bounded on 0, ancl therefore

is  constarr t  on 0.  This i rnpl ies then C"g :  fuQ):  / r (0)  
-  g  fbr  a i l  z  ! Cl .  In

par t icu lar ,  for  z  = i t , t  ! IR,  we obta i r r  L I ( t )y  = y.  Therefore,  for  a l i  t  ! (0 ,  1) ,  for

all ? > 1, 'wli,e havc H!.rll = 0. Then, by clefinition of HIJ, we have 0 = HIJ!) =

gr '  (  1gr '  ) t r '  -  , ' ) .  rv i r ich g ives t l ie  resul t .  !
\ '  /

\Ve need the follorving

Lemrna 5.4. For all r ! X, ute h,atte

l .  
i / - - [ ' ( s ) r ,  I

, ' t l f ,  t / - ,  f f i  
ds  :  :Q+ H" r ) '

Ploof  .  Let  d e (0.  1)  be f ixec l .  For  a l l  z  ! I .  rve have

/ ' ' l ' " ) ' . r '  =  t  ++, r ,  r  |  ( -+-+) , ' (s ) r r1s
. . / - -  s  - F  t d  J  " . ;  s  *  i d  J . r r  , , .  \ . s  *  i a  r  i

r  |  ( - l - -  -  l ) r , , t '  d* + [  
U(") '  

, , , .
J " 1 . r  \ s + t d  s /  J ; , > o  s

a) The fourth term is uniformll '  bourr<lccl vu'. r. t. d since it converges to i Hu r as

d -+ 0+.

b)  The th i rd  term is  bounclec l  by n l l l r l ldJ"  2 ,  ,$  .  -  r in . .  
l ; "  

- : l  =  3

c) Conccrning the second term, rve have

l l/, ". (".lt - 1)'.t' '"'l l < 2tt t"" l: rs#r/s
l l  -  

r t  / ' t

<  2 . \ t t , t ,  
lo '  ( i  - * )  , ,

/ ) \
<  2 - \ t  l l , l l l .  ( * )

! 2a,I llrll
<  o o .
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d) For the first term, we have
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l l  /  19*r ' l l  < n1 rrr t  fu-Lo,
l l r  s tsd  s+ id  

* " l l  -  "  " * "  
J -  u  \ t ; '+F- "

! rM llnll
(  o o '

Thcrcfore, J]: ## ds is uniformly bounded in d e (0, 1) for all r ! X.

On the other hand, for r ! 2 (see Lemma 3.9 for the definition), we ha'n'e

/. H o, : 1,",,, ffi n,* 1,",, (;t-1)",,,,r,
t U(s)- i r

*  
/ "  - ,  

-  
r / s '

a)  The th i rd term does not  depend on d e (0,1) .

b) \Ve write the second term as follou,s

I  ( -+-  1)u1,y '  ds :  - i6  [  - -=  Lt@)rds.
J  " , > l  \ s  *  r d  s  /  J 1 " 1 > r  s ( s  +  t d )

By' the Lebesgue's dominated convergerrce theorem, we liave

linr l ' --+ u(s).r ds : | { r-1";' a, .
d - o -  J  " , > l  s ( s  +  i d )  J | "  > 1  s '

Therefore,  l im5re+ . / j ,  = ,  (#o -  
i )u t r t r rds 

= 0.

c) It is rnore difi icult to deal u'ith the first term. Lct /. be the regular extension

of zs r-+ U(s)z on 0 and let (C")"ecr be the analvtical continuation of U. For all

s ! IR,. rve have L/(s)r = C5f,(is - 6). \Ve choose s ! (0,d). Let f,.,5 be the

f o l l o r v i n g  c o n t o u r  ( s  e  [ - t , 1 ] , 1 =  
- , t )  U  ( t  ! [ - , t , 0 ] ,  s :  1 )  U  ( / : 0 .  s  ! 1 1 , 5 ] )  U

{z  e  0  : l z l  =  E .  a rs (z )  ! [ i ,  + ] ] u ( t  =  0 ,  s  ! l - e .  - t l ) u ( t  e  [ 0 .  -d ] ,  t  :  - 1 )  u 'h t : r< r

z - t*i,s. f..s ! IR. Since z * e9 is holornorphic inside 1..6 rve have b1'' the Cauchr,"s

theorem
t '  f  t , \
I  J x \ ' l . / .  -  n

l r . , ^

In other words, for all e ! (0,d), we have

t 
t ' , ' ' ,1;o'0..: 

t  
' ' ' ]" '  ," - f  J,fteid1;rtrt

J 1 " < t  s t l o  " / . < l s < l  5  J ;

f u  (  f , t - ;  -  t l  
*  / , ( ,  - , t ) )  

a r .
J o  \  i + t  t - r  /
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psr ' .= , ,  -  (Hu) '  ,  ,  P+r ,= 
|  ( lo ' ) ' '  ,  + n" , )  ,  P-r  , :  

|  ( ln") '  ,  -  nu ' )

^ +
A s  ! g o e s  t o  ( , '  .  w e  o b l a l n

I  
u ( " )c  _u ,  d"  :  t : r ^  (  I '  

u (sV. l , )  _  io ,
. / 1 . , 1 < r  s  +  i d  e  + o +  

\ J r <  s l < 1  s  
/

f  /  LreDCrr 
+ 

U(1)C_,r)  
ar .-  

. 1 , ,  
( ,  i + t  i _  t  /

Therefore, as d -+ 0+, rve obtain

l im  t  
t ' ( " ) {  

, r *  :  n , ,  (  |  
I - ( s ) r  

a r )  -  , o ' .
d+0+  J ; ,  <1  s  +  zd  s -+o+  

\ J .<1s  < r  s  
/

Sincer D is clense in X, lve obtain the result bv the theorern of Banach Steinhaus.

n

\Ve can norv state our decomposition theorem.

Let. for all r: ! f .

It follorvs from Proposition 5.3 that t l iese three operators are projections on X. Nfore-

o v e r , t h e l ' c o m m l r t e a n d P s P l  =  P + P  -  P - P o  = 0 .  W e a l s o h a y e  P o + P + i P - : 1 .

Let norv f6 := PsX, 11 := PnX and X :: P X. These three spaces Xs, X1 and

X- a le iuvat iant  subspaces w.r . t .  (L i - (s) ) "6x1 and X = Xo OX+ OX The group

acts t r iv ia l l l 'on -Ys :  L I (s) , r :  r  for  a l1 r  ! X0.  s  ! IR (sce proof  of  Proposi t ion 5.3) .

\Ver no'"v describe the behaviour of (Lr(s))s!tr i on X1 and X- (which rve call tfre

Hardy spaces associated rvith U).

Theorem 5.5. (i) For all r ! X-., the rnap is -+ U(.s)r admi,ts a regular erte'nsiort

T + ( . ) ,  o n ,  C  a  : -  { z  ! C I ; t r ( z )  >  0 }  g i u e n  b y

T - t z ) . ,  t :  : -  [  

-  
{ ' ( ' l r  

d s .'  ' 2 t  
J  -  s ] _ r z

Moreouet ,  (7+( t ) )nt , t ro is  a holo 'morphic semiqroup on '  X1.

(i i) For all:r e X-, the nralt is -+ Lr(-s)r adn'tits a regular entension' onCl Q'i 'uert

by

I  / l ' { ' ( - s ) . r '
z  4  

G . l  -  . J - -  
d s

Proof  .  ( i )  The nrap :  *  # / ] :  S| ,1*  is  holomorphic on 01 s incc,  for  a l l  r  ! X

(and thercfore for all r ! X1), rve have

/ ' - [ ' i s ; . r '  t  t ' ( s ) r ' ,  l  - i n / ^ \
I  - e ,  =  I  .  es+  r  .  . - - -+ :1  -U1 .s ; rds

. / _ *  s r i ?  J , s  j r : ) l < l  s + / : , / s - . \ ( : ) . > t  { s - . r ( z / , ( 5 + / ? ,

t  U(s).r '
+ / -: : .-,1. '

J  s .  . i ( - - )  > l  s  -  J ( 2 J
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Tlie integrat j]; #Pat is then unifbrrnly convergent on all {z ! 0;D(z) > e},

e ) 0. Therefore, the previous map is holomorpli ic orr C.'. N{oreover. u'e know frorr

Lerrirna 5.4 that

o , l l ' l n .  c  |  :=+  
ds  :  r r ( r ( ' ) ) ( ;  ( , "+au ' ) )

Sir rce z ! I+ ,  I  @ + Hur)  : r  b t '  Proposi t ion 5.3.

Therefbrer, thc rnap

2 F - i l ,

is regular and extencls ;t t1 fr(.s)r: on C 1.
(i i) To prove the resrrlt {br r ! -Y-, \4:e can just appli, '( i) for the group (V(s))"6p

rvhere i ' (s)  :  Lr ( - .s) ,  s  ! IR.  !

Remark 5.6.  In  the case where (Lr(s))"en is  t l ie  t ranslat ion group ot t  l t '1 lR:) ' )

rv i th  ) -  a  LTNID Banach space.  l j  e  (1,oo) ,  1,e haye I0:  {0}  ancl  -Y*.  I  r t r ( ' t } r ( '

usrral Hardv spaces:

I+  :  I 1 r ( IR ;J ( )  and  x -  -  
{ /  e  f o1m, ;X )  ;  r  -+  / ( - s )  e  I l e ( lR ;x ) } ,

rvhere

g r ( lR ; l ' )  , =  { f  ! I p ( lR ; ) ' ) ;  /  r egu la r  on  { z  e  0 ;3 (z )  >  0 } .

t +  f  ( z  + f )  ! r e ( l R ; l ' ) .  f o r  a l l  z  ! C , : j ( z )  2  0

and  sup31 ,y>  o l l f  ( ,  +  ) l l o  <  co ]

Remark 5.7. The results of this section rernain valid if I is an1' Banach space. but

the boundecl group L' is such that l lu exists.
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