Convergence of eigenvalues

A.F.M. ter Elst and S. Monniaux

It is a folklore theorem that uniform resolvent convergence of unbounded positive self-
adjoint operators with compact resolvents implies that the successive eigenvalues converge.
The aim of this note is to give a three line proof that is based on the max-min theorem.

Let H be a Hilbert space and B a positive self-adjoint compact operator with infinite
spectrum. We denote the non-zero eigenvalues by py > ps > .. ., repeated with multiplicity.
Then the max-min theorem of Courant gives

= max min (Bzx,x)y. 1
e .
This follows easily from the spectral theorem. See [Bré] Problem 37.4. The alluded folklore
theorem is as follows.

Theorem. Let H be a Hilbert space and Ay, A1, As, ... be unbounded positive self-adjoint
operators with compact resolvents. Suppose that lim, .oo(I +A,) ™t = (I + Ax) ™t in L(H).
For alln € NU{oco} let )\Y‘) < Aé”’ < ... be the eigenvalues of A,,, repeated with multiplicity.
Let k € IN. Then

lim A = A,

n—o0

Proof. Let € > 0. By the resolvent convergence there exists an N € IN such that

(T4 Aw) e 2) i — 2 llallly < (1 + Au) "2 2)i < (T 4+ Aw) ", 2) 0 + = [l2lly

for all z € H and n € N with n > N. Hence —-— — ¢ < —1 SH/\l(oo)—l-gby(l). O
k

1A = 14

Remark. The above theorem and proof is also valid for self-adjoint graphs.
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A much longer proof is as follows.
Proof. Let € > 0. By the resolvent convergence there exists an N € IN such that
(I + A wea) i — e 2l < (T + An) "2, 2)i < (1 + Acc) 2,2)n + |l

for all z € H and n € N with n > N. The max-min theorem applied to (I+A,)~! and (I+Ay)~!

gives

1 . 1 < 1 Y.
T+ T A T g p)
for all n € IN with n > N. The theorem follows. O



