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Context and motivations

e Texture : image aspect,
e considered as an effect of image irregularity,
e Texture = high-frequency phenomemon

# low-frequency phenomena (trend).
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Context and motivations

Texture : image aspect,
considered as an effect of image irregularity,
Texture = high-frequency phenomemon

# low-frequency phenomena (trend).
Properties of interest : isotropy/anisotropy,
homogeneity/heterogeneity. (
Applications : Material Science, Medicine;Arts,.@tCe:
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Goal

o Statistical analysis of texture anisotropy,
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Goal

o Statistical analysis of texture anisotropy,
e In presence of trends.
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Outline

e Probabilistic models.

o Non-stationarity,
e Irregularity,
¢ Anisotropy.

o Statistical Analysis.
e Application to mammograms.
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Modeling requirements

e Random field : {Z(x), x € R9},
e Required properties :

¢ Non-stationarity due to the presence of trends,
o Irregularity (to be defined),

e Anisotropy (also to be defined),

o Heterogeneity (work in progress).
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Fields with stationary increments

o Given two positions xy, xo € R2, Vi = Z(x1) — Z(x2) is a
field increment, and

{Vey) = 204 +9) - Z0e + y).y € R?}

an increment field.

¢ Afield Z has stationary increments if, for any couple of
positions x = (xy, X2), the increment field Vi(-) is
stationary, i.e. forany y and z

* E(Vk(y)) =a
o E(Vi(y)Vx(2)) = Ki(y — 2).
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Modeling

Fields with stationary increments

o Given two positions xy, xo € R2, Vi = Z(x1) — Z(x2) is a
field increment, and

{Vey) = 204 +9) - Z0e + y).y € R?}

an increment field.

¢ Afield Z has stationary increments if, for any couple of
positions x = (xy, X2), the increment field Vi(-) is
stationary, i.e. forany y and z
e E(Vi(y)) = a,

o E(Vi(y)Vx(2)) = Ky — 2).

e If Z is square integrable with stationary increments, then
e E(Z(x)) = (x,a) + m,

e Cov(Z(x + h),Z(x)) < C|h|. Aix:Marseille
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Intrinsic random fields

e Anincrement Vi = Z(x1) — Z(x2) annihilates constants.
o M-increment : Zy x = Y. NiZ(X;)

m
Z/\iP(Xi) =0, VP, polynomial d°P < M
i=
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Intrinsic random fields

e Anincrement Vi = Z(x1) — Z(x2) annihilates constants.
o M-increment : Zy x = Y. NiZ(X;)

m
Z AiP(x;) = 0,VP,polynomial d°P < M

i=1

M-1RF: fields with zero-mean stationary M-increment
fields, i.e. fields Vy x(y) = Y-, \iZ(x; + y) satisfy

E(Vax(¥)) =0,Vy € R,
E(Vax(¥)Vax(2)) = Kax(y — 2),Vy,z € RY.
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Intrinsic random fields

e Anincrement Vi = Z(x1) — Z(x2) annihilates constants.
o M-increment : Zy x = Y. NiZ(X;)

m
Z AiP(x;) = 0,VP,polynomial d°P < M

i=1

M-1RF: fields with zero-mean stationary M-increment
fields, i.e. fields Vy x(y) = Y-, \iZ(x; + y) satisfy

E(Vax(¥)) =0,Vy € R,
E(Vax(¥)Vax(2)) = Kax(y — 2),Vy,z € RY.

e A M-IRF may have a polynomial trend of order M. (Aifj[Mva[,,rg,egl(le
Frédéric Richard, AMU, 2015 -lolE
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Correlation structure of an IRF

e Continuous M-IRFs Z are characterized by generalized
covariances C that are M-conditionally positive-definite,i.e.

Z)\x uy ZZAIN/ ) 0,

i=1 j=1
holds for any M-increments 2, x and Z,, .

e Spectral representation of generalized covariances
[Ref. Gelfand & Villenkin, 1964; Matheron 1973].

0(h) = [, (cost(w. 1) ~ Ve (w)Pu((w. ) F(w)ehw,

with Py(t) = 1= 5+ + G M, and ve > 0,

/|W|<6 \w[2PM+2f(w)dw < oo, and / f(W)dW <(%f>'< Marseille
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Field irregularity

e H e (0,1): critical Holder exponent of a field Z if, on a
compact set C and for a positive random variable A

[Z2(x) = Z() < Alx = y|*

holds with probability one for any o < H, but not for o > H.

e Characterization through spectral density high-frequencies
[Ref. Bonami and Estrade, 2004; Biermé, 2005].

¢ A sufficient condition:

fw)= O (w=2"7)

and the function 7*(s) = _lim f(sp)p?H+9 defined on the
p 0o

unit sphere S is non null on a set of positive measurg. aix-Marseille
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A classical example

e Anisotropic fractional Brownian fields : zero mean 0-IRF
with a spectral density of the form

w —28( %) —d
flw :T(> w ‘<‘W‘) .
(W) =7 (7 ) W
(8(s) € (0,1), 7(s) > 0).
e Hurst function 5 and topothesy function 7:
directional functions characterizing the field anisotropy.

 Holder-irregularity of order H = mingcs (),
e Model without trend.

[Ref. Bonami and Estrade, 2004].
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Modeling

An extended framework

o M-IRF with a spectral density f satisfying
lw| >A=0< f(w)—1 (%) ywy—zﬁ(fm)—d < Clw|2H-d=
forsome H € (0,1), A, C,~v > 0.

e M-IRF with Holder exponent H,

« at low frequency, may have a polynomial trend of order M,

e at high frequency, have same properties as an anisotropic
fractional Brownian field.

[Ref. Richard, 2015, 16]

(Aix Marseille
Frédéric Richard, AMU, 2015 universite

16/27



Anisotropy analysis

Increments
e Z observed on a lattice: ZN[m] = Z(m/N), m € [1, N]°.
e K-increments on the lattice:
vm e 29, VN[m] = 310,130 VIKIZV[m — K], with an

appropriate convolution kernel v.
[Ref. Chan and Wood 2000, Richard and Bierme 2011, etc.].

e Oriented K-increments

vmez?, V)[m = v[k]ZN[m— Tuk],
k

with a transform

B cos(arg(u)) —sin(arg(u))
Aix:-Marseille
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Anisotropy analysis

Asymptotic normality
e Quadratic variations: W) = 7~ >~ (V/[m])2.

¢ Normalized log-variation vector:
YN = (log(WJ,) — Xmez Amlog(Wjy,))x-
Theorem [Ref. Richard 2015, 16]:

Y = H xq + B(arg(ux)) + ek

where x; are normalized log-scales and

Blarg(ue)) = C(arg(ue)) — 3 Am C(arg(um))

meZ

with
c0) =109 ( 55z [7() [ 19t~ 0)F 52" dpaly).

(Aix Marseille
Fréd Richard, AMU, 2015 Unive iTe

(Ne¥)ker is asymptotically Gaussian.
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Anisotropy analysis
Anisotropy index

e Proposition: C is constant iff the field is isotropic (= and S
constant).

¢ Anisotropy index :

Ap = ;/Oﬂ <C(0) - :T/OWC(go)d(p>2 do.

e Properties:
¢ A, vanishes iff the field is isotropic,
e A, is invariant to rotation, rescaling of image and linear
transforms of its intensities,
e A is independent of the choice of the kernel v within a
class of mono-directional kernels,

¢ closed-form expression for some elementary anisotropic
fields. Aix+Marseille
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Anisotropy analysis

Estimation

Anisotropy index A, estimated with

A = \/Z AmB2(arg(um)).

e with some weigths A\, which are suitable for integral
approximation,

e and estimates 3 of 3 obtained by linear regression in the
model

YN = H xpm + Barg(um)) + €.
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Context
stellate lesion normal normal

(isotropic, irregular)  (isotropic, irregular) (anisotropic, smoother)
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Application

Results

14 1
+ norm
12 O circ <
O misc 08
‘5 1 spic | . N 2
[} x * [
g o8 arch » ++ 4 2 0.6
s ) asym| £, @® ide H
g 06 4l o g
5 a
g N 0 04
a mn > 45 3
Z =
0.2
0 ; . . . ol
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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Lesiontype | circ | misc | spic | arch | asym all

Nb 19 19 24 15 15 92

AUC 0.897 | 0.916 | 0.869 | 0.743 | 0.776 | 0.843
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Outline of the approach [PhD thesis of Huong Vu]
e Fields with a non-homogeneous density satisfying
w 283, (%) —d oM, —d—
0<fy(w)—1y <|W|> \w| y(\WI) < Cy|w| 2Hy—d—
¢ Increments centered at position y :
vmeze, V), Im =Y v[KIZV[m - Tuk — py],
k
e Localized variations:
1
W=7 > (VIm))?
meVy
e Theorem [Vu, Richard,16]: under mild assumptions,
Y =log(W),,) = Hy xi + By, arg(u)) + ey k.
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Conclusion

¢ In brief: analysis of texture anisotropy with a generic
texture model allowing the presence of trends.
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Conclusion

Conclusion

¢ In brief: analysis of texture anisotropy with a generic
texture model allowing the presence of trends.

e A limitation:
o Anisotropic index is dependent on the Hurst index.
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Conclusion

Conclusion

¢ In brief: analysis of texture anisotropy with a generic
texture model allowing the presence of trends.

e A limitation:
o Anisotropic index is dependent on the Hurst index.

e Work in progress:
¢ Estimation of topothesy function,
o Analysis of heterogeneity.
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Conclusion
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