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Abstract. The elliptic curves on a surface of general type constitute an obstruction for the
cotangent sheaf to be ample. In this paper, we give the classification of the configurations
of the elliptic curves on the Fano surface of a smooth cubic threefold. That means that we
give the number of such curves, their intersections and a plane model. This classification is
linked to the classification of the automorphism groups of theses surfaces.

1. Introduction

Considering a variety S, it is a natural question to study the ampleness of its cotan-
gent sheaf. Recall that, by definition, a bundle £ on S is ample if the tautological
sheaf Opg+)(1) is an ample line bundle of the projective bundle P(£*) of one
dimensional sub-spaces of £*. Gieseker gives the following criteria of ampleness
if in addition the bundle £ is generated by its space of global sections:

Proposition 1. (Gieseker [8]) The bundle & is ample if and only if for every curve
C — S, the bundle £ ® O¢ has no quotient isomorphic to the trivial sheaf Oc.

Hence, we consider varieties with the following assumptions:

Hypothesis 2. The variety S is a smooth complex surface of general type. The
cotangent sheaf Q¢ of S is generated by its global sections and the irregularity
g = dim H%(Qy) satisfies ¢ > 3.

With the criteria of Gieseker in mind, a curve C < S is called non-ample if
and only if the sheaf Q25 ® Oc¢ has a quotient isomorphic to the trivial sheaf O¢.
These curves are the obstruction to the ampleness of Q5. For example, a smooth
curve of genus 1 on § is a non-ample curve.

Let Tg = Q§ be the tangent sheaf and let 7 : P(T5) — S be the projection. As
7 Op(r5)(1) = Q5 and the cotangent sheaf is generated by its global sections, we
can define a map:

v 1 P(Ts) - P(HO(Q)") =P/
called the cotangent map of S, such that Op(rg) (1) = ¥*(Opg-1(1)).
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This map is the object of the paper [10]. In the present paper, we study the
cotangent map and the configurations of the non-ample curves on Fano surfaces.

These surfaces were discovered by Fano and interest in them has been stim-
ulated by the works of Clemens and Griffiths [4] Tyurin [12], [13] in 1971. By
definition, a Fano surface is the Hilbert scheme of lines of a smooth cubic threefold
F < IP*. This scheme is a surface S that verifies Hypothesis 2 and has irregularity
qg=>35.

By [4, Tangent Bundle Theorem 12.37], the image of the cotangent map ¥ :
P(Ts) — P(H(Qs)*) of S is a hypersurface F’ of P(H(Qg)*) ~ P* that is
isomorphic to the original cubic F. Moreover, when we identify F and F’, the
triple (P(Ts), 7, ¥) is the universal family of lines on F'.

The main results presented here are:

Theorem 3.(A) The non-ample curves of a Fano surface S are the smooth curves
of genus 1.

(B) There are only 10 configurations of smooth curves of genus 1 on the Fano sur-
faces. We know a plane model of each curve, the number of these curves and
their intersection numbers.

(C) For each Fano surface S, we construct a particular sub-group Gg of its auto-
morphism group. This construction goes in such a way that the knowledge of
the group Gg gives the knowledge of the elliptic curve configurations on S and
reciprocally, the knowledge of the elliptic curve configuration on S determines
the group Gg.

The results are summarized in the Classification Theorem 26. The number ng of
elliptic curves on a Fano surface S verifies 0 < ng < 30. The surfaces for which
ngs > 0 constitute a seven-dimensional family in the 10 dimensional moduli space
of Fano surfaces.

The Picard number pg of a Fano surface S satisfies 1 < pg < 25 and we can
prove thatitis 1 for S generic. In fact, the number of elliptic curves is linked with the
Picard number pg: we have pg > ng unless ng = 30, in which case ps = 25. The
number ng is also the number of one-dimensional fibres of the cotangent map .
This shows that the geometric properties of ¥ and the ampleness of the cotangent
bundle vary non-trivially with the Fano surface.

We remark also that the results (A) and (B) of Theorem 3 are analogous to the
classical statement on the canonical bundle of a minimal surface of general type
which is ample if and only if the surface does not contain a (—2)-curve and the
classification of canonical surfaces singularities.

We end this paper by an application of our study of Fano surfaces to construct
cubic threefold whose intermediate Jacobian is isomorphic to a product of elliptic
curves as an Abelian variety. The interest of this results is that in order to prove that
the cubic threefolds are not rational, Clemens and Griffiths use the fact that their
intermediate Jacobian cannot be isomorphic to a product of Jacobians of curves as
a principally polarized Abelian variety.

Part of this paper was written at the Max-Plank Institute of Bonn, which is
gratefully acknowledged.
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2. Properties of the Fano surfaces and of their cotangent map
2.1. Properties of the cotangent map

Let S be a surface which verifies Hypothesis 2. In the introduction, we defined the
cotangent map

¥ P(Ts) — P(H(Q5)*) = P97}

by the surjective morphism H%(Qs) ® Op(rg) — Op(ty)(1). Here, we state general
results about this morphism which will be used in the sequel; a complete treatment
can be found in [10].

Let us recall that 7 : P(Ts) — S is the projection. Let s be a point of S. The
restriction of the invertible sheaf Op(r) (1) to the fibre 7 =1 (s) =~ P! is the degree
1 invertible sheaf and the image under i of that fibre is a line; we denote this line
by Ly — pa-1,

LetG(2,q) = G(2, H%(Q5)*) be the Grassmannian of projective lines in P41
By the universal property of the Grassmannian, the cotangent map induces a map

G:S—>GQ2,q9)

called the Gauss map of S. The image by G of a point s in S is the line L.
Let A be the Albanese variety S; its tangent space at 0 is H%(Q2g)*.

Proposition 4. Let C < S be a curve. The image under  of 1~ (C) is a cone if
and only if C is a non-ample curve.

An elliptic curve E — S is a non-ample curve. Let pg be the vertex of the
cone (Y (E)). The underlying space of the point pg is the tangent space to the
elliptic curve ¥ (E) translated in 0.

Proof. The first assertion is [10, lemme 2.1].

Let E be an elliptic curve on S. The natural quotient Qs ® O — Qf is a
trivial quotient, hence E is non-ample. The last assertion results from the definition
of the cotangent map. O

Proposition 5. [10, cor. 2.12] Let C < S be a non-ample curve on a surface with
irregularity g > 4. Suppose that the vertex p of the cone T = (7~ (C)) is a
smooth point of the image of . Then T is contained in the projective tangent space
at p of F — P4~ and one of the two following possibilities occurs:

(@) C? < 0and C is a smooth curve of genus 1.
(b) C? = 0 and an integral multiple of C is a fiber of a fibration f : S — B onto
a curve of genus b withqg —3 <b < g — 2.

Let C — S be a curve and let K be a canonical divisor of S.

Proposition 6. [10, prop. 1.20] The degree of the cycle yr,.w*C equals K C.
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2.2. Main properties of Fano surfaces

We recall here some properties of Fano surfaces needed in the sequel. The main
references are the works of Clemens and Griffiths [4] and of Tyurin [12].

Let F be a smooth cubic hypersurface of P* and let S be its Fano surface of
lines. This surface verifies Hypothesis 2 and has irregularity g = 5. Moreover:

Theorem 7. [4, Tangent Bundle Theorem 12.37] The image of the cotangent map
of S is a cubic hypersurface F' — P(H®(Qs)*) ~ P* isomorphic to the cubic
F < P* Under the identification of H%(Q)* and HO(P?, Opa(1)), and F' and
F, the triple (P(Ts), i, V) is the universal family of lines of F.

The Chern numbers of a Fano surface verify : c% =45, ¢y = 27. The cotangent
map has degree 6: there are 6 lines through a generic point of F.

Lemma 8. [4, Thm. 12.37], [2, Cor. Parag. 4] The Gauss map and the Albanese
map are embeddings.

Let s be a point of S and let C; be the closure of points ¢ # s in S such that the
line L; intersects the line L;.

Proposition 9. [4, Parag. 10] The incidence divisor Cs is ample, has self-intersec-
tion CS2 = 5 and arithmetical genus 11. The divisor 3C is numerically equivalent
to a canonical divisor.

2.3. Properties of a non-ample curve on a Fano surface

Let S be a Fano surface and let F < P* be the image of its cotangent map .
For a point p of F', we denote by Tr , — IP* the projective tangent hyperplane to
F at p. For E — S a non-ample curve, we denote by pg the vertex of the cone
v (= (E)).

Proposition 10. A curve E on S is non-ample if and only if it is an elliptic curve.
Let E < S be elliptic curve. The cone W (w~'(E)) is the section of F by the
hyperplane Tr ., furthermore : E*= -3, C,E =1.

Proof. Let E — S be a non-ample curve. By Proposition 5, the intersection of
F by TF, p, contains the cone w(n’l (E)). As a smooth cubic threefold does not
contain a plane, the hyperplane section of F' by TF . is irreducible and is the
cone (r~Y(E)) . This cone has degree 3. As the Gauss map is an embedding, the
restriction of 1 on 7 ~! (E) is birational onto its image, thus ¥, 7*E = v (7~ (E))
and Proposition 6 implies that

KE =degy,n*E = 3,

where K is a canonical divisor of S.

By Proposition 3, the curve E satisfies E2 < 0. The number 2p,(E) — 2 =
E? + KE = E? 4 3 must be divisible by 2, hence E* # 0. Proposition 5 imply
that E is an elliptic curve, thus: E2 = —3. Since K is numerically equivalent to
3C,, we obtain: EC, = 1. O

The following proposition is [4, Parag. 8, 10]:

Proposition 11. A Fano surface contains at most 30 smooth curves of genus 1.
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2.4. The automorphism groups of the cubic and of the Fano surface

Let us denote by Aut(X) the automorphisms group of a variety X. Let S be a Fano
surface and let F' be the image of the cotangent map of S.

Anelement s € Aut(F) preserves the lines and by the Tangent Bundle Theorem
7, it acts on S by an element denoted by p(h).

Let be T € Aut(S). The automorphism  acts on the space H%(Q25)* by an
automorphism denoted by t* € GL(H 0(Q25)*). We remark also that 7 induce an
automorphism of the Albanese variety of S : the morphism t* is the differential of
that automorphism.

We denote by 7 € PGL(H(Q25)*) the projectivisation of 7*.

The following proposition is an immediate consequence of the definitions and
the Tangent Bundle Theorem 7 ; we skip its proof because of its length.

Proposition 12. The morphism p : Aut(F) — Aut(S) is an isomorphism and its
inverse is the morphism Aut(S) — Aut(F); T — T.

In particular, for a point s of S and t € Aut(S), we have : Ly = T(Ly).

3. Configurations of the elliptic curves
3.1. Configurations of 2 or 3 elliptic curves

For two sub-varieties V;, V> of P*, we denote by (V1, V2) their linear hull.

Let E < § be an elliptic curve on the Fano surface S and let pr be the vertex
of the cone ¥ (7 ! (E)) : this cone is the intersection of F and Tr,pp-

Let s be a point of S outside the curve E : the line L corresponding to the point
s 1s not inside the cone 1//(71’1 (E)) and X := (L, pg) is a plane. This plane cuts
the cubic F in three lines:

(1) the line Ly,

(2) the line L, (on the cone) through the vertex pg and the intersection point of
L and the hyperplane Tr ,,

(3) the residual line L such that:

XoF = Ly + Lyys + Logs.

As an Albanese morphism of § is an embedding, the surface S does not contain a
rational curve ; furthermore E has genus > 0. Then [6, Cor. 1.44] implies that the
rational maps o : S — S and yg : § — E are everywhere defined. As the plane
X, (s in S\ E) is equal to X4, the morphism UI% is the identity on S\E, thus og
is an involutive automorphism.

Let s, t be two points of the curve E < S. The line L cuts the line L; at the
vertex of the cone v (7 ~! (E)): thus the point s lies on the incidence divisor C; and
there exists a residual divisor R; such that:

Ct=E+Rt.
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Theorem 13. (a) Let t be a point of E < S. The divisor R, is the fibre at t of yg
and has arithmetical genus 7. The morphisms yg and og satisfy yeog = yE.

(b) The automorphism —Ug € GL(H°(R25)*) is a complex order 2 reflection.
The eigenspace of o; with eigenvalue 1 is the underlying space of the vertex
PE € P4,

(¢c) Let E' < S be an elliptic curve, distinct from E. Then 0 < EE’ < 1.

(d) The automorphisms o and o g’ verify:

(opop)’ FF = Ids.

(e) If EE’ = 1, then the fibration yg contracts E’.
(f) If EE’ = 0, then there exists a third elliptic curve E" such that

og(E") = op/(E) = E".
Moreover the curves E' and E" are sections of yE.

Let us prove Theorem 13. Let ¢ be a point of E < S. Let s be a generic point of
R, = C, — E. Theline L; cuts the line L; < ¥ (7w~ '(E))ina point different from
pE and by definition: ygs = ¢, thus s is a point of J/E_l (). This proves that R, is a
component of ybfl(t). Conversely, we have Rt2 =(C,—E)?=5-24+(=3)=0,
by [1, Chap. III, Zariski’s Lemma 8.2], that implies that R; is the fibre at ¢ of yg.

A canonical divisor K is numerically equivalent to 3C;, hence K R; = K (C; —
E) = 12 and R; has arithmetical genus @ + 1.

The plane X (s in S\ E) is equal to the plane X, hence ygs = ygogs.

Let E’ < S be an elliptic curve. As R, is a fibre, we have:

RE =(C,—E)E =1—EE' > 0.

If E = E’, we see that yg has degree 4 on E. Suppose now that E # E’, then
EE’ > 0and hence 0 < EE’ < 1. We proved (a) and (c).

If EE' = 1, then R,E = 0 and E’ is contained in a fibre of yg, hence (e). If
EE’' =0, then R, E’ = 1, thus E’ is a section of yg.

Let us prove the property (b). Up to a variable change, we can suppose that the
vertex pg of the cone ¥ (7 ~!(E)) is the point (1 : 0: 0 : 0 : 0). It is easy to prove
that, up to a variable change, an equation of F is:

F = {x}{x2 + G(x2, x3, x4, x5) = O}.

The automorphism /2 : x — (—x1 : x2 : X3 : X4 : Xx5) acts on F. The geometric
interpretation of 4 is given as follows: if g is a generic point of F', then the points
P, q,h(q) lie on a line. Let s be a generic point of S. It is then easy to check that
the lines Ly, h(Ly) and the point pr span a plane : this is thus the plane X and we
see that h(Lg) = Lgs, thus : h = o (see the notations of Theorem 12).

The automorphism &z = £ fix the point p and the hyperplane {x| = 0} — P*.
The fixed locus of o is thus the union of E and the 27 points corresponding to the
lines in the intersection of F' and the hyperplane {x; = 0} (as we can verify this
intersection is a smooth cubic surface).
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By Proposition 12, the automorphism o € GL(H(Q5)*) is equal to:
g1 x = (—x1, X2, X3, X4, X5)

orto —g. Let ¥ : § — A be an Albanese morphism. As o is the identity on E,
the automorphism o € GL(H 0(Qs)*) (which is the differential of the action of
op on A) is the identity on the tangent space of the curve ¥ (E) translated at 0. By
Proposition 4, this space is C(1, 0, 0,0,0) C HO(QS)*. Thus 6, = —g and —o7p;
is a complex reflection of order 2. We proved b).

Let E' # E a second smooth curve of genus 1 on S. Let us prove that
(opop)* EE = Ids.
Case EE’ = 1. Suppose that EE" = 1. A generic hyperplane section Y of the cone
v~ Y(E")) parameterizes the lines of this cone and is a plane model of E’ : we
will identify ¥ and E’. Let ¢ be the intersection point of E and E’ : with this neutral
element, the curve E’ is an elliptic curve.

Let s be a point of E’ different from ¢, then by definition of o and yg:

XE,SF = Ls + LyEs + LOES

where Xg s := (Ls, pg). Since the line L cuts the line L, at the vertex pgr, we
have Xg s = (Ly, L;). Thus the point ¢ is one of the three points s, ygs, ogs. As
s # t and the automorphism o g preserves E, the point ogs is not an element of E,
hence ygs = t. Thus E’ is a component of ybfl(t).

The plane Xg ¢ contains the lines Ly, L; that are in the hyperplane section
W (w~1(E")) of F, thus the third line L5 is also in the cone V¥ (w~1(E’)) and the
point ogs is on E’. Because of the relation

XE,SF = Ls + LyEs + L0'557

the three points s, ¢ = ygs, ogs are on a line in the plane model Y, hence ogs = —s
for all points s of E’.

Remark 14. Since og(s) = —s on E’, the endomorphism o} € GL(H"(Q25)%)
is the morphism of multiplication by —1 on the tangent space to the curve ¥ (E’)
(translated to 0). Thus : 6 pgr = pgr and pg is the intersection point of the line
L; and the hyperplane of fixed points of og. This implies that the points pg and
pE are the only vertices of cones on the line L;.

Let s be a generic point of S, then
op Xps =0g (pE. Ls) = (PE+ Lops) = XE.ops
hence:
0 XEsF = Loys + Lygoys + Logoys-
But Xg sF = Ly + Ly.5 + Lo hence:

6\EJ’XE,SF = LU'E/S + LO'E/]/ES + LO'EIO'ES-
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Since ypogs and og ygs are points of E, we see that ogog/s = oprogs, thus
(opog)? = Ids.

Case EE’ = 0. Suppose now that EE’ = 0. Let s be a point of E’. By definition
XEg,s = (pE, Ly) and:

XE,SF =L+ LyEs + LoEs-

Suppose that ogs is a point of E’, then plane X g ; cuts the cone ¥ (7 ~' (E’)) into
two lines : Ly and Ly,s. As this cone has degree 3, the intersection of X g ; and
¥ (w~1(E’)) contains the third line L,,s. Since ¥ (w1 (E")) is a cone, that implies
that ygs is a point of E’ : this is a impossible because EE’ = 0. Thus ogs is not a
point of E’.

The automorphism o fixes E. Hence the point ofs is not a point of E. This
proves that the surface S contains a third smooth curve E” = og(E’) of genus 1
and that EE” = E'E"” = 0.

For a point s of E’, the plane X s = (pg, L) contains the line L, and the
point pgr € Lg, hence:

Xgs = (pe, L) = (PEr Lygs) = XE yps-
But we have
XgsF =Ls+ Lyys + Logs
and
XEyps B = Lygs + Lypyps + Loy yps-

Since the points s, ygs and ogs are respectively points of E’, E and E”, we see
that for all points s of E’:

OF'YES = OES.

Hence the restriction of og to E is a morphism from E to E” and og/(E) =
og(E’) = E”, this proves f).

Let s be a point of E’. The lines Ly, L,.s and Ly contain respectively the
vertices pg/, pg, and pgr. As s varies in E’, the plane X  varies and the linear
hull ¢ of the points pg, pgr and pgr cannot be a plane: it is a line.

Remark 15. The line ¢ lies outside the cubic F, otherwise the curves E and E’
would have a common point. The points pg, pgr and pgr are the intersection
points of £ and the cubic F.

Let s be a point of S. The morphism G/ verifies : 0g/(Ls) = Lo, and
furthermore:

5E/XE,G'E/S =op (PE, LUE/S> = (per, Ls) = XE”,s- (3.1
We have XE,JE/SF = LUE,S + LVEJE,S + LUEUE/S. Hence

UE’XE,GE/SF = Loé,s + LJE/yEJE/s + LO'E/O'EO'E/Sa
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but by 3.1:
a:E’XE,UE/SF = XE”,sF~

Since X F = Ly + Ly,,s + Lo,,s, We see that ogpropog = ogr. So the group
generated by o, o/, ogr is isomorphic to X3 and (opop)? = Ids.
This ends the proof of Theorem 13. O
Let us now study the configuration of three elliptic curves.

Proposition 16. Let E1, E3 and E be three elliptic curves on S such that E1E =
EyE = 1. Then: E1Ey = 0 and the curve E3 = o, (E>) verifies E3E = 1.

Proof. Suppose E1E> = 1. This implies that the line through pg, and pg, lies
on the cone ¥ (7~ (E)) and hence goes through pr. But by Remark 14, the three
points pg, pg, and pg, cannot be on a line. Hence E1 E, = 0.

Since EE| = 1, we have og,(E) = E and E3E = og,(E2)0g,(E) = E3
E =1. O

3.2. The graph of the configuration of the vertices of cones

Let & be the set of elliptic curves on S. Let us consider the following graph G: the
set of vertices of G is £ and an edge links E € £to E’ € £ ifand only if EE’ = 0.
Let Gg be the sub-group of Aut(S) generated by the automorphisms og, E € £.
We have the three following relations between its generators:

(a) forall E € &, o verifies ai- = Idg,
(b) an edge links E and E’ if and only if (cgog)? = Ids,
(c) otherwise (cgop)? = Ids.
The following corollary is a consequence of Proposition 16.

Corollary 17. Let E|, E; and E3 be three elements of £. At least one edge links
two of the three vertices E1, Ey, E3 of the graph G.

There is no sub-group of Gs generated by some elements o, E € £ and iso-
morphic to (Z/ZZ)3.

Proof. If there are no edges between the vertices E1 and E3 and between the ver-
tices E> and E3, then E1E3 = EpE3 = 1 and the Proposition 16 implies that
E1E> = 0. Thus an edge links the vertices E1 and E». The second assertion is a
reformulation of the first. m]

We remark that if the graph G has m connected components, then the group
G is the direct product of m sub-groups. The Corollary 17 can be reformulated as
follows:

Corollary 18. The graph G is connected or G has two connected components
G1, Gy such that two different vertices of a component G; are linked by an edge.
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Let &’ be a sub-set of £. Let G’ be the graph whose set of vertices is £ and such
that an edge links two elements of £’ if and only if these vertices are linked by an
edge in G. Suppose that the three relations (a), (b) and (c) above are the only ones
between the elements og, E € £'. The group generated by the automorphisms
op, E € £ is then a Weyl group, which we denote by G.

Corollary 19. If the graph G’ is connected and has n vertices, then 1 < n < 4 and
the group G is the permutation group of the set of n + 1 elements.

Proof. By corollary 17 and the classification of the Weyl groups [9], the graph G/
must be one of the graphs A,, 1 < n < 4. The Weyl group W(A,) associated to
A, is the permutation group of n + 1 elements. O

3.3. Restrictions on the complex reflection groups

Let us denote by G s the complex reflection group generated by the order 2 reflec-
tions —o; € GL(H 0(Qs)*), E < § elliptic curve. For the basic properties of
reflection groups see [5,11] or [7], here we recall some them:

Definition 20. A reflection in a space V is a linear transformation of V' of finite
order with fixed point set an hyperplane of V. A reflection group is a finite group
generated by reflections.

Let G1 and G, be two reflection groups acting on spaces V7 and V», we say
(improperly) that G is a reflection sub-group of G», if there exists an injective
morphism G| — G of complex reflection groups. In this case, we denote the
elements of G| and G, by the same letters.

The list of the 37 types of irreducible reflection groups was compiled by Shep-
hard and Todd [11].

Let us fix some notation. Let m, n > 0 be integers and let p be an integer
dividing m. We denote by ¥, C GL,(C) the group of permutation matrices and
by A(m, p,n) C GL,(C) the group of diagonal matrices D of order m such that

det(D)% = 1. The type 2 reflection groups are the groups G (m, p, n) generated
by A(m, p,n) and X,,.

The type 3 groups constitute the family [ ]* for n € N\{0, 1} where the [ ]" is
the group of morphisms C — C; x — &x ,&" = 1.

Theorem 21. An irreducible sub-group of Gs generated by reflections of order 2
is isomorphic to one of the following groups:

(13, [1?, GB3.3,n), GA,1,n)=%,,2<n <5.

Proof. By the Remarks 14 and 15, a projective line of P* contains at most 3 verti-
ces of a cone, hence a 2 dimensional reflection sub-group of G g contains at most
3 reflections of order 2. The groups of type 4 to 22 are 2 dimensional irreducible
groups. They either have no or at least 6 reflections of order 2 [5, Table p. 395] :
none of these groups can be a reflection sub-group of G.
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The groups numbered 25, 29, 31, 32, 33, 34 possess either no or at least 40
reflections of order 2 [5, p. 412]. Since reflections of order 2 of G g are in bijection
with elliptic curves on S and a Fano surface contains at most 30 elliptic curves
(Proposition 11), none of these groups is a sub-group of Gg.

The groups 23, 28, 30, 35, 36, 37 are real reflection groups [11, p. 299] which
have been excluded by the Corollary 19.

The group 26 has a reflection sub-group isomorphic to the group number 4
already excluded [11, p. 302].

The groups 24 and 27 have two reflections R; and R, of order 2 such that
(RiR)* =111, p- 299] and hence they cannot be sub-groups of G.

It thus remains to study the reflection groups of types 1, 2 and 3.

Let M be an irreducible sub-group of G g generated by order 2 reflections.

Type 3. It is immediate that there exists n > 1 such that []" ~ M if and only if
n=2.
Type 2 and 1. The group G (m, p, n) (where p divides m € N* and n > 1) is an
n dimensional irreducible reflection group if and only if m > 1 and (m, p, n) #
(2,2,2). The representation G(1, 1, n) = X, of the permutation group breaks up
into a 1 dimensional trivial representation and an n — 1 dimensional irreducible
representation W(A,_1) called the standard representation. The groups:

W(A,), neN*

constitute the number 1 reflection type in the Shephard-Todd classification.

Let m, p, n be integers such that m > 0, p divides m and n > 1. Suppose
that M is the group G (m, p, n). Theorem 13 implies that a group generated by two
reflections of order 2 of G ¢ is the diedral group of order 4 or 6. Form > 1, the group
G (m, p, n) contains a diedral sub-group of order 2m generated by two reflections
of order 2. Thus the integer m is an element of {1, 2, 3} ; moreover n < 5.

The group G (2, 2, 2) isnotirreducible and is thus excluded. The groups G (2, 1, n)
with n > 3 and the groups G (2, 2, n) with n > 4 contain sub-groups isomorphic to
(Z./27,)3 generated by reflections of order 2. By Corollary 18, such groups cannot
be reflection sub-groups of Gg.

The reflection group X4 is isomorphic to the group G(2, 2, 3) plus the trivial
representation. So G (2, 2, 3) is implicitly in the list of Theorem 21.

The group G(3, 1, n) cannot be isomorphic to M because its order 2 reflections
generate the strict sub-group G(3, 3, n) C G(3, 1, n).

By Corollary 19, if W(A,) is a reflection sub-group of Gg, then n < 4. The
group %, is isomorphic to the reflection group W(A,_1) plus the trivial represen-
tation.

Hence, we proved that M is isomorphic to one of the groups {1}, [ ]2, G(3,3,n),
G(1,1,n)=%,,2<n<5. O

3.4. Classification of groups and Fano surfaces

Let us classify the Fano surfaces according to the configuration of their elliptic
curves. Let us recall the notations : to each elliptic curve E < S corresponds
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an automorphism o of S and the group Gy is generated by the elements —o . €
GL(H"(Qyg)*), where the automorphisms og are defined in paragraph 2.4. We will
use the following remark:

Remark 22. Let F,, be an equation of the image F of the cotangent map of a Fano
surface S. There exists a morphism:

X - Gs — c*
such that Fy o N = x(N)Feq forall N € Gg.

Thus we are looking for cubic forms F,,, reflection groups G and morphisms
x : G — C*such that Foy o N = x(N)Fg, forall N € G and such that { F,; = 0}
is smooth.

We need some notations and preliminary materials.
The order of G (m, p, n) is equal to %m”‘ln! and the number of its order 2 reflec-

tions is m@ The group G (m, m, n) acts on the polynomial space of C". The
algebra of invariant polynomials is generated by the polynomials:

i=n

Sk kel n—1)

i=1

and by x1x2 ... x, (see [11]).

Let S be a Fano surface such that the group G(m, m,n) (m € {1,3},2 <n <5)
is a reflection sub-group of Gg. Let be m € {1,3} and n > 1. We easily check
that the only non-trivial morphism from G (m, m, n) to C* is the determinant. We
call a polynomial P an anti-invariant of G (m, m, n) if P o N = (det N) P for all
N € G(m,m,n). We verify that:

Lemma 23. The only reflection groups G(m, m, n) withm € {1, 3} andn > 2 that
possess an anti-invariant polynomial of degree < 3 are G(1, 1,2), G(3, 3, 2) and
G(1,1,3).

Notation 24. For 13 # 1, we denote by Ej, the smooth plane cubic: x> + y3 +z° —
3rxyz = 0.

We denote by A the Albanese variety of S, by ¢ : S — A an Albanese mor-
phism, by ey, ..., es the dual basis of the basis x1,...,x5 € H?(Qg). If v €
H%(Qg)* is a non zero vector, Cv is the vector space generated by v or the point of
P* = P(H°(Q5)*) corresponding to this space, we specify as need be. We denote
by w3 the group of third roots of unity.

Recall (see Theorem 13 and its proof) that there is a one to one correspondence
between:

(a) the elliptic curves E on S.

(b) the order 2 reflections R = —UE of Gg.

(c) the cones w(n_l(E)) on F.

(d) the vertices pg of the cones ¥ (r " '(E)) < F.



Elliptic curve configurations on Fano surfaces 393

‘When we consider an order 2 reflection R corresponding to an elliptic curve E < S,
the vertex pg of the cone w(n_l (E)) is the point of Pt corresponding to the ei-
genspace with eigenvalue —1 of R € GL(H(Q5)*) = GL5(C).

The cone v (7 —1(E)) is the intersection of the cubic F and the tangent space at
PE- A plane model of the curve E is the intersection of this cone with the hyperplane
of fixed points of 6 (where o is the projectivization of R).

In order to know the intersection number between two elliptic curves E; and
E, corresponding to the reflections Ry and Rj, it suffice to compute the order (= 2
or 3) of the element R; R, and to use the formula:

(R Ry EE2 — 4.

It can also be verified by hand if the line between the vertices pg, and pg, is or
not inside the cubic, accordingly: E1E> = 1 or 0.

In the sequel, we proceed to the classification of the elliptic curve configurations
on Fano surfaces according to the dimension of the studied irreducible reflection
sub-group of Gg; this group must be in the list of Theorem 21.

e 1 dimensional sub-group of Gg.

We proved in paragraph 3.1, that when G contains the group [ ]* generated by a
reflection R, the cubic can be written as follows:

F={x{x2+G(x2,...,x5) =0}

where G is a cubic form and R acts by x — (—x1, x2, x3, X4, X5). The tangent
spaceat p = (1:0:0:0:0)is T , = {x2 = 0}. This point p is the vertex of a
cone in F. This cone is the intersection of Tr , and F. Let us denote by £ — §
the elliptic curve on the Fano surface that parameterizes the lines on the cone.

The hyperplane {x; = 0} is an invariant of the cubic because it is the fixed
locus of 6. A plane model of E is obtained by the intersection of F' and the plane
{x1 = xp =0}

We see in that way, that given a pair (7, E) where T is a smooth cubic surface
(say given by T = {G(x2, ..., x5) = 0}) and E is a smooth hyperplane section of
T (say E = T N {x; = 0}), we can associate the pair (S, E’) where § is the Fano
surface of {xlzxz +G(x2,...,xs5) = 0} and E’ is an elliptic curve on it isomorphic
to E. Reciprocally, given the pair (S, E’), we can recover the cubic F and the pair
(T, E), up to isomorphism. As the moduli space of isomorphism class of such pairs
(T, E) is 7 dimensional, the moduli of Fano surfaces that contains an elliptic curve
is a 7 dimensional sub-space of the 10 dimensional moduli of Fano surfaces.

e 2 dimensional reflection sub-groups of G.

— The anti-invariant polynomials of the reflection group G (3, 3, 2) yield sin-
gular cubics. The invariants of the group G (3, 3, 2) are generated by the
polynomials:

x]3 +X§’, X1X2, X3, X4, X5.
Up to a change of variables, the cubic F is:
F = {xf + x% + 3x1x20(x3, x4, Xx5) + x% + xﬁ + xg — 3Ax3x4x5 = 0}

where [ is a linear form and A € C.
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The 3 points C(e; — Bez) , B € w3 (see Notations 24) are vertices of cones.

The Fano surface S contains three disjoint elliptic curves E 13 2. B € u3 that have
the following model:

{x33 + xf + xg’ — 3Ax3Xx4X5 + P = 0}.

Note that we also have studied the reflection group G(1, 1, 3) = X3 because its rep-
resentation decomposes into the trivial one plus the standard representation W (A»)
which is equal to G(3, 3, 2).

e 3 dimensional reflection sub-groups of Gg.
— The invariants of G(3, 3, 3) are generated by:

X} X3 + X3, X1X2X3, X4, Xs.
Up to a variables change, there exist coordinates there exists A € C such that:
F={xj + x5 +x3 — 3Axxox3 + x] —G—xg’ = 0}.

The group G (3, 3,3) x G(3, 3,2) is a reflection sub-group of Gs. The 9 points
C(e; — Bej), 1 <i < j <3, B € u3 are vertices of cones. The corresponding
elliptic curves:

El.1<i<j<3 Beus

on the Fano surface S are isomorphic to the curve Eq and are disjoint.
The 3 points C(es — Bes), B € 3 are vertices of cones. The corresponding

3 elliptic curves E fs’ B € p3 are disjoint and isomorphic to the curve Ej. For all
1<i<j<3 B,y e ,u%,wehave:
B v
E E;s=1.

The Fano surface contains 12 elliptic curves.
— The invariants of degree less than or equal to 3 of X4 are generated by:

xE kxS a4 xk, kefo,1,2,3)

Let F be a smooth cubic defined by an element of the 6 dimensional space of
invariant cubics. For 1 <i < j < 4, the point C(¢; — ¢;) of P* is the vertex of a
cone on F ; let us denote by:

E; i S
the corresponding elliptic curve on the Fano surface S. We have:

1 if {i, j}1N{s,t} =0
EijESl = _3 lf Elj = ESI
0  otherwise.

The surface S contains 6 elliptic curves.
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e 4 dimensional reflection sub-groups of G.
— Suppose that X5 is a reflection sub-group of Gg. The invariants of degree
less than or equal to 3 of X4 are generated by:

xf bk ak+xk kefo,1,2,3)

There exist A, u € C such that the image of the cotangent map of S is:

i=5 i=5 i=5 =5 \°
F = Zx?—l—)»(Zx,-)( xl-z)+,u( xi) =0
i=1 i=1 i=1 i=1

For1 <i < j <5, the point
pij = Clei —¢))

is the vertex of a cone and we denote by E;; — § the corresponding elliptic curve.
We have:

1 if{i, jin{s,t} =0

EijEy =1 -3 ifE;jj=Ey
0  otherwise.

The dual graph of this configuration of 10 elliptic curves is the trivalent Petersen
graph.

e 5 dimensional reflection sub-group of G.
— The Fermat cubic:

F:{x13+xg+x§+x2+x§ =0}

is, up to isomorphism, the only cubic stable under G(3, 3, 4) and G(3, 3, 5). The
points C(e; — Bej), 1 <i < j <5, B € u3 are vertices of cones on F. Its Fano
surface S is the unique Fano surface that contains 30 smooth curves of genus 1.
These curves are numbered:

Efj 1<i<j<5 Benus.
Let E l}; and E ft be two such curves, then:

1 if{i, jin{s,t} =0
ELEY, =1 -3 if Ef, = E/,
0  otherwise.

A remarkable property of this surface is that its Néron-Severi group N S(S) has
rank 25 = dim H'(S, Qs) and NS(S) ® Q is generated by the 30 elliptic curves.

Now, we study the case for which the reflection group Gy is not irreducible.
Corollary 18 proves that:
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Lemma 25. [f the reflection group Gy is not irreducible, it is the direct product
of two irreducible reflection groups W1 and W, such that if Ry and R, are two
different reflections of order 2 of the group W;, we have:

(RiRy)> = 1d.
The groups with this last property and listed in Theorem 21 are:
[1%, G(3,3,2) or G3,3,3).

— The case where one of the groups W; (i € {1, 2}) of Lemma 25 is equal to
G (3, 3, 3) has already been studied. In that case

Wi x W, ~G@3,3,3) x GG3,3,2)

is a reflection sub-group of Gs.
— If[1? x [ )?is a reflection sub-group of G g, there exist coordinates such that:

F = {x}11(x3, x4, x5) 4+ x302(x3, X4, X5) + %3 + x5 + x3 — 3Ax3x4%5 = 0}

where /1 and /5 are two linearly independent forms. The points Ce; and Ce; are
vertices of cones on F. The Fano surface S contains two elliptic curves E, E’ such
that EE’ = 1.

-IfG@3,3,2) x| 12 is areflection sub-group of G g, then there exist coordinates
such that:

F = {x] +x3 = 3hxix0l1 (x4, x5) + X312 (x4, X5) + 53 + x3 = 0},

where [ are /5 linear forms. The points C(e; — Be2), B € u3 and Ces are vertices
of cones. The Fano surface contains three disjoint elliptic curves that cut another
elliptic curve. The dual graph of this configuration is the graph Dj.

— The last case is the group G (3, 3, 2) x G(3, 3, 2) for which the cubic is:

F = {x? + xg + 3axixyxs + x% + x;? + 3bx3x4xs5 + x53 = 0},

(a, b € C). The points C(e; — Bea), C(ez — Bes), B € u3 are vertices of cones on
F. The Fano surface S contains 3 disjoint elliptic curves E|,, B € u3 isomorphic
to the plane cubic

{xg’ + x;:’ + (14 a3)xg + 3bx3x4xs5 = 0},
and three others disjoint elliptic curves E%,, a € u3 isomorphic to the cubic:
{xf + x% + (1 + b3)x§’ + 3axixyxs5 = 0}.

These curves verify EfzzE;4 =1 (B,y € u3). The surface S contains 6 elliptic
curves.

Recall that for each elliptic curve E — S, we denoted by o : § — § the
involution associated to E and that G is a reflection group that is isomorphic to
the group G generated by the automorphisms o. Let us denote by n, the number
of elliptic curves on S. The following theorem gives the configuration classification
of elliptic curves on Fano surfaces:
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Theorem 26. (Classification Theorem). If the group Gy is irreducible, then it is
isomorphic to one of the following groups:

GroupGs | {1} [ [P | G3,3,2) | =4 | B5 | G@3,3,5)
ns 0 1 3 6 10 30
Order of G s 1 2 6 24 | 120 9,720

Otherwise, G s is isomorphic to one of the following groups:

[(Px[FP]1G3B,3,2)x[?] GB,3,2) xG(3,3,2) | GB3,3,3) x G(3,3,2)
2 q 6 2
1 12 36 324

Let E, E' be two elliptic curves on S. We know the intersection number EE' and a
plane model of E.

4. Intermediate Jacobians isomorphic to a product of elliptic curves

Let A € C, A3 # 1. The Fano surface S, of the cubic
Fp = {x} + x5 + x5 — 3Ax1x2x3 + x +x§} — p*

possesses 12 smooth curves of genus 1 for which we use the notations of the previ-
ous paragraph. Let o be a primitive third root of unity. Let A € C be such that the
elliptic curve E; = {xf + x;’ + xg — 3Ax1x2x3 = 0} has complex multiplication
by Q(«). Let A, be the Albanese variety of the Fano surface S, of F) and let
¥ : S, — A, be an Albanese map. In this last section, we prove the following
result:

Theorem 27. The Abelian variety A, is isomorphic to a product of elliptic curves.

Let S be a Fano surface. The Albanese map ¢ : S — A is an embedding and
we consider points of § as points of A.

Lemma 28. [4, (11.9)] There is a point u, on A such that for all points sy, s3, 53
on S such that the lines Ly, Lg,, Ly, are coplanar, we have:

S1+ 852 + 853 = u,.

Let E be an elliptic curve on a Fano surface S. In order to avoid heavy notations,
we consider points of E as points of A and the morphism of Abelian varieties are
taken modulo translation : the differential and degree of such class is well defined.
For the points s on S, the lines Ly, L5, Loy are coplanar, hence the morphism
s — s+ ogs + ygs is constant i.e. its differential is 0. Let /4 be the identity of A,
let

Tg:A—E , Yp:A— A

be the morphisms such that I'r o ¥ = yg and £ g o ¥ = ¥ o of. The differential
of ¥ is of.. The morphism /ds + Xk + I'g is constant, hence:
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Lemma 29. The differential of T is the endomorphism Ng € End(H°(25)*)
such that:

where I is the identity of H°(Q2s)™.

Let us take S = S,. We denote by Fg. DAL — Eg the morphism such that
1"5 0 = ;/El;;j.
Lemma 30. The degree of the morphism
= Iy, 33, T, Tis, Ts) © Ay — Efy x Eg3 x Efy x Ejs x Efs
divides 81.

Proof. Let Y be the morphism I' composed with the natural morphism £ 112 xE 213 X
HxE 4115 x Egs — Aj,. By Lemma 29, we can compute the differential &Y of Y
and we find | det(dY)|? = 81, hence the assertion. m]

We can now complete the proof of Theorem 27.

Proof. By Lemma 30 the Abelian variety A, is isogenous to a product of elliptic
curves ; by the choice of the parameter X, these curves have complex multiplication
by the same field : the Néron-Severi group of Aj has thus rank 25 = h1(4;).
Then [3, Chap. 5, Exer. 5.6 (10)] imply that A, is isomorphic to a product of elliptic
curves. O
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