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Word problem

• Knowing that ab = 1,            

can we deduce that ba = 1?

• Knowing that ab = 1 = bc,     

can we deduce that ba = 1?

NO

YES

ba = babc = bc = 1

In a noncommutative monoid:
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Word rewriting

• ab ! 1: convergent rewrite system;

• ab ! 1, bc ! 1: nonconvergent rewrite system.

But in general, the word problem is undecidable.

(even for groups)

abc

c a
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Diagrams

Inputs/outputs

Planar diagrams

Inputs/outputs:

φ

Sequential and parallel composition:

φ

ψ ψφ

Laws of associativity, units, and interchange:

= φ ψ
φ

ψ φ

ψ
=

Sequential composition

Planar diagrams

Inputs/outputs:

φ

Sequential and parallel composition:

φ

ψ ψφ

Laws of associativity, units, and interchange:

= φ ψ
φ

ψ φ

ψ
=

Planar diagrams

Inputs/outputs:

φ

Sequential and parallel composition:

φ

ψ ψφ

Laws of associativity, units, and interchange:

= φ ψ
φ

ψ φ

ψ
=

Parallel composition

Planar diagrams

Inputs/outputs:

φ

Sequential and parallel composition:

φ

ψ ψφ

Laws of associativity, units, and interchange:

= φ ψ
φ

ψ φ

ψ
=Interchange
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Terminology

• basic case: + (disjoint union)

• classical case: x (cartesian product)

• linear case: ⊕ (direct sum)

• quantum case: ⊗ (tensor product)

Classification of interpretations

Basic case (control flow): + (disjoint union)

f : p → q (p = {1, . . . , p} = 1+ · · · + 1)

Classical case (data flow): × (Cartesian product)

f : Bp → B
q (B = {0,1} = 1+ 1, Bp = B× · · · × B)

Linear case: ⊕ (direct sum)

f : Z
p
2 → Z

q
2 (Z2 = {0,1}, Z

p
2 = Z2 ⊕ · · · ⊕ Z2)

Quantum case: ⊗ (tensor product)

f : B
⊗p → B

⊗q (B = C
2 = C ⊕ C, B

⊗p = B ⊗ · · ·⊗ B)
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First example:
Finite permutations

• Any finite permutation is a product of transpositions.

• Two diagrams define the same permutation if and only 
if they are equivalent modulo the above relations.

Generator

Example 1: S (finite permutations)

Generator:

Relations:

==

Theorem:

! Any finite permutation is a product of transpositions:

· · ·· · ·

! Two diagrams define the same permutation if and only if

they are equivalent modulo the above relations.

Relations
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! Two diagrams define the same permutation if and only if
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Canonical forms

• Any permutation corresponds to a unique 
canonical form.

• Any diagram reduces to a canonical form 
by the following two rewrite rules:

Grammar for canonical forms:
Canonical forms

Grammar for canonical forms:

is void or
· · ·

· · ·
· · ·

· · ·· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

oris

Lemma:

! Any permutation corresponds to a unique canonical form.

! Any diagram reduces to a canonical form by these rules:
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Reduction to the 
canonical form

By double induction:

• on the width (number of wires);

• on the size (total number of gates).

Proof of the lemma

By double induction on the width (wires) and the size (gates).

There are four cases:
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· · · · · ·
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· · ·
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Canonical forms

Grammar for canonical forms:

is void or
· · ·

· · ·
· · ·

· · ·· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

oris

Lemma:

! Any permutation corresponds to a unique canonical form.

! Any diagram reduces to a canonical form by these rules:

Canonical forms

Grammar for canonical forms:

is void or
· · ·

· · ·
· · ·

· · ·· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

oris

Lemma:

! Any permutation corresponds to a unique canonical form.

! Any diagram reduces to a canonical form by these rules:

(interchange)
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Rewriting

• termination (existence of a canonical form);

• confluence (uniqueness of the canonical form).

Conflicts (critical peaks)

Rewriting

Theorem: This rewrite system is noetherian and confluent.

! Termination is straightforward.

! Confluence follows from the previous results.

What are the critical peaks?
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Canonical forms

Grammar for canonical forms:

is void or
· · ·

· · ·
· · ·

· · ·· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

oris

Lemma:

! Any permutation corresponds to a unique canonical form.

! Any diagram reduces to a canonical form by these rules:

Canonical forms

Grammar for canonical forms:

is void or
· · ·

· · ·
· · ·

· · ·· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

oris

Lemma:

! Any permutation corresponds to a unique canonical form.

! Any diagram reduces to a canonical form by these rules:

This rewrite system is convergent:
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Confluence of critical peaks

Confluence

Confluence of critical peaks:

Confluence

Confluence of critical peaks:

Confluence

Confluence of critical peaks:

Confluence

Confluence of critical peaks:

Confluence

Confluence of critical peaks:
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Confluence of global conflicts
Global conflicts

Here, there is one global conflict:

φ

· · ·

· · ·
· · ·

· · ·

· · ·

· · ·

· · ·

orwhereφ is

It suffices indeed to consider the case where φ is canonical:

· · ·

φ

· · ·

· · ·

ψ
· · ·

· · ·

· · ·

· · ·

φ

· · ·

· · ·

· · ·

φ′

· · ·

· · ·

∗

∗

φ′

· · ·

· · ·

φ′φ

Global conflicts

Here, there is one global conflict:

φ

· · ·

· · ·
· · ·

· · ·

· · ·

· · ·

· · ·

orwhereφ is

It suffices indeed to consider the case where φ is canonical:

· · ·

φ

· · ·

· · ·

ψ
· · ·

· · ·

· · ·

· · ·

φ

· · ·

· · ·

· · ·

φ′

· · ·

· · ·

∗

∗

φ′

· · ·

· · ·

φ′φ

Global conflicts

Here, there is one global conflict:

φ

· · ·

· · ·
· · ·

· · ·

· · ·

· · ·

· · ·

orwhereφ is

It suffices indeed to consider the case where φ is canonical:

· · ·

φ

· · ·

· · ·

ψ
· · ·

· · ·

· · ·

· · ·

φ

· · ·

· · ·

· · ·

φ′

· · ·

· · ·

∗

∗

φ′

· · ·

· · ·

φ′φ

By induction:
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Second example:
Finite maps

Generators

Example 1: S (finite permutations)

Generator:

Relations:

==

Theorem:

! Any finite permutation is a product of transpositions:

· · ·· · ·

! Two diagrams define the same permutation if and only if

they are equivalent modulo the above relations.

Relations
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Relations:
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= =
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= = =
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Rewrite rulesRewrite rules for F

Termination is proved by using some polynomial interpretation.
This rewrite system is convergent.

13

68 critical peaksThe 68 critical peaks for F
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Third example:
dual of finite maps

Generators

Relations

Example 3: Fop (theory of structural gates)

Generators:

Relations:

==

=

= = =

=

Example 3: Fop (theory of structural gates)

Generators:

Relations:

==

=

= = =

=
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Terms versus diagrams

• Any finite equational theory (with terms) 
yields a finite presentation (with diagrams) 
[Burroni 1991].

• Any finite convergent left linear rewrite 
system (with terms) yields a finite 
convergent rewrite system (with diagrams) 
[Lafont 1995].

The non linear case is more difficult (critical peaks).
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Fourth example:
linear boolean maps

Generators

Relations

Example 4: L(Z2) (linear boolean maps)
Generators:

y

x+y

x y

y x

x

0

x

x x

x

Reversible gates:

x+y y x+y x

x y x y

y x+yx x+y

x y x y

Decomposition:

=

==

=
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conjugatetranspose

transpose
conjugate conjugate

transpose
conjugate conjugate

Figure 12: Symmetries of the generators for L(Z2)

==

= =

= =

===

= ==

= = =

=

=

Figure 13: Relations for L(Z2)

inversetranspose

conjugate

conjugate

transpose
inverse inverse

conjugate

inverse
transpose transpose

Figure 14: Symmetries of the generators for GL(Z2)
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Reversible gates
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We shall only use the third gate: 
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Matrices

3.1 Linear permutations

Let GL(K) be the monoidal subcategory of L(K) whose morphisms are linear permutations. In this case,
there is an extra symmetry, inversion, which reverts the order of vertical composition.

Note that any α : 2 → 2 defines elementary operations on matrices:

• Multiplying ψ : p → q by idi−1 | α | idq−i−1 on the left corresponds to an elementary operation on
rows i and i + 1 of the matrix. In that case, we say that we apply α to rows i and i + 1.

• Multiplying ψ : p → q by idj−1 |α | idp−j−1 on the right corresponds to an elementary operation on
columns j and j + 1 of the matrix. In that case, we say that we apply α to columns j and j + 1.

Again, we consider the case of Z2. Apart from id2 and τ , there are four linear permutations of Z2
2:

x x+y

x y x y

x+y y x+y x

x y x y

y x+y

The corresponding matrices are the following:
(

1 0
1 1

) (
1 1
0 1

) (
1 1
1 0

) (
0 1
1 1

)

The symmetries are given in figure 14. Of course, each of them is definable in terms of τ , δ, and µ:

= = ==

But δ and µ are not permutations. In fact, GL(Z2) is generated by τ and any of the four above generators,
for instance the third one, that we call κ. The other ones are indeed superfluous:

== =

Theorem 6 The generators τ , κ, and the six relations of figure 15 form a presentation of GL(Z2).

To show this, we need an extended notion of stairs :

· · ·

· · ·
· · ·

· · ·

· · ·

· · ·

oris or

Of course, there is a dual notion of antistairs. We consider a first notion of canonical form:

· · ·

· · ·

· · · · · ·

· · ·

· · ·

· · ·

is void or

It is obtained by the following algorithm, which applies to any invertible matrix A of order n:

1. Consider the last row of A, and let j be the last index for which the coefficient is 1.

2. While j > 1, apply τ or κ−1 to columns j − 1 and j, so that this index becomes j − 1.

3. By construction, the last row is now
(
1 0 · · · 0

)
. So, if we consider the first column, n is the

last index i for which the coefficient is 1.

4. While i > 1, apply τ or κ−1 to rows i − 1 and i, so that this index becomes i − 1, and row i − 1
becomes

(
1 0 · · · 0

)
.
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Convergent
rewrite systemRewrite rules for L(Z2)

19

Fifth example:
linear boolean permutations

Generators

Relations

Example 5: GL(Z2) (linear boolean permutations)
Generators:

Relations:

=

=

=

= =

=

Rules:

Example 5: GL(Z2) (linear boolean permutations)
Generators:

Relations:

=

=

=

= =

=

Rules:
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Rewrite rules

Example 5: GL(Z2) (linear boolean permutations)
Generators:

Relations:

=

=

=

= =

=

Rules:

(no termination)
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Canonical forms
Grammar for canonical forms:

To sum up, we have made the following transformations:





∗ · · · ∗ ∗ ∗ · · · ∗
...

...
...

...
...

∗ · · · ∗ ∗ ∗ · · · ∗
∗ · · · ∗ 1 0 · · · 0






−→






∗ ∗ · · · ∗
...

...
...

∗ ∗ · · · ∗
1 0 · · · 0






−→






1 0 · · · 0
0 ∗ · · · ∗
...

...
...

0 ∗ · · · ∗






In particular, we get a matrix of the form 1 ⊕ A′, where A′ is an invertible matrix of order n − 1. The
antistairs are given by step 2, the stairs by step 4, and the rest of the canonical form is obtained by
applying the algorithm to the matrix A′. See figure 16 for an example.

As a by-product, we get a simple algorithm for inverting matrices: see appendix B. It is easy to see that
this canonical form is unique, but it is not suitable for our purpose, because the stairs and the antistairs
are far away. For that reason, we shall use an alternative notion of canonical form:

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

is void or

Lemma 9 Any linear permutation f : Kn → Kn is represented by a unique canonical form.

This is proved by induction on n, using the following algorithm, which applies to any invertible matrix
A of order n:

1. The matrix obtained by forgetting the first column of A is of rank n − 1. Since 1 is the unique
invertible element of Z2, there is a unique non-trivial linear relation a1u1 + · · · + anun = 0, where
u1, . . . , un are the rows of this truncated matrix. Let i be the first index such that ai = 1.

2. While i < n, apply τ or κ−1 to rows i and i + 1 of A, so that this index becomes i + 1.

3. By construction, the last row is now
(
1 0 · · · 0

)
.

4. Proceed as in the previous algorithm.

To sum up, we have made the following transformations:






∗ ∗ · · · ∗
...

...
...

∗ ∗ · · · ∗
∗ ∗ · · · ∗
∗ ∗ · · · ∗
...

...
...

∗ ∗ · · · ∗






0
...
0
1
∗
...
∗

−→






∗ ∗ · · · ∗

...
...

...

∗ ∗ · · · ∗
1 0 · · · 0






0

...

0
1

−→






1 0 · · · 0
0 ∗ · · · ∗

...
...

...

0 ∗ · · · ∗






The extra column on the right contains a1, . . . , an. Again, we get a matrix of the form 1⊕A′. This A′ is
obtained by removing the first column and one row of the original matrix. See figure 17 for an example.

In figure 18, we introduce two groups of rules for the following transformations:

or

Those fourteen rules are derivable from the six relations of figure 15. Indeed, five rules are already in the
presentation, five more are derived in figure 19, and we get three more by duality. It remains to show
that the last rule of figure 18 is derivable from the presentation. This is done in figure 20, using the
superfluous generator κ2, which is both the inverse and the conjugate of κ:

=
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3.1 Linear permutations

Let GL(K) be the monoidal subcategory of L(K) whose morphisms are linear permutations. In this case,
there is an extra symmetry, inversion, which reverts the order of vertical composition.

Note that any α : 2 → 2 defines elementary operations on matrices:

• Multiplying ψ : p → q by idi−1 | α | idq−i−1 on the left corresponds to an elementary operation on
rows i and i + 1 of the matrix. In that case, we say that we apply α to rows i and i + 1.

• Multiplying ψ : p → q by idj−1 |α | idp−j−1 on the right corresponds to an elementary operation on
columns j and j + 1 of the matrix. In that case, we say that we apply α to columns j and j + 1.

Again, we consider the case of Z2. Apart from id2 and τ , there are four linear permutations of Z2
2:

x x+y

x y x y

x+y y x+y x

x y x y

y x+y

The corresponding matrices are the following:
(

1 0
1 1

) (
1 1
0 1

) (
1 1
1 0

) (
0 1
1 1

)

The symmetries are given in figure 14. Of course, each of them is definable in terms of τ , δ, and µ:

= = ==

But δ and µ are not permutations. In fact, GL(Z2) is generated by τ and any of the four above generators,
for instance the third one, that we call κ. The other ones are indeed superfluous:

== =

Theorem 6 The generators τ , κ, and the six relations of figure 15 form a presentation of GL(Z2).

To show this, we need an extended notion of stairs :

· · ·

· · ·
· · ·

· · ·

· · ·

· · ·

oris or

Of course, there is a dual notion of antistairs. We consider a first notion of canonical form:

· · ·

· · ·

· · · · · ·

· · ·

· · ·

· · ·

is void or

It is obtained by the following algorithm, which applies to any invertible matrix A of order n:

1. Consider the last row of A, and let j be the last index for which the coefficient is 1.

2. While j > 1, apply τ or κ−1 to columns j − 1 and j, so that this index becomes j − 1.

3. By construction, the last row is now
(
1 0 · · · 0

)
. So, if we consider the first column, n is the

last index i for which the coefficient is 1.

4. While i > 1, apply τ or κ−1 to rows i − 1 and i, so that this index becomes i − 1, and row i − 1
becomes

(
1 0 · · · 0

)
.
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Idem for antistairs

Stairs

== =

= = =

Figure 15: Relations for GL(Z2)

0
0
1
1

1
0
0
0

1
1
0
1

1
0

0
1

0
0
1
1

1
0

0
1

1
1
0
1

1
0
0
0

1 1 0 0
1 1 1 1

0 1 0 1
1 0 0 0

1 1 1 1

0 1 0 1

1 0 0 0
0 1 0 0

1 1 1 1
1 1 0 0
0 1 0 1
1 0 0 0

1
1
1

1
0
0

1
0
1

1
1
1

1
0
1

1
0
0

1 0 1
0 1 0
1 0 0

1 0 1
1 0 0
0 1 0

0 1
1 0

1 0
0 1

0 1 0

1 0 0
0 0 1

0 1 0 1

1 0 0 0
0 1 1 1
0 1 0 0

Figure 16: Computing the first canonical form of a matrix in GL(Z2)

0 1 1 1
1 0 0 1
1 0 0 0
0 0 1 0

0 1 1 1

0 0 1 0
0 0 0 1
1 0 0 0

0 0 1 0
0 0 0 1
0 1 1 1
1 0 0 00

1
0
1

0 1 1 1
0 0 1 0
1 0 0 1
1 0 1 0

0

1

0
1

0 1 1 1

1 0 1 0

1 0 0 1
0 0 1 0

0

1

0
0

0 1 1 1
1 0 0 1
1 0 1 0
1 0 0 0

00 1
1 0 0

1 00 1 00

1 0 0
00 1

1
1
1

1 1 1
00 1
1 00

0

1
1

1 00

00 1
1 1 0

0

1
0

00 1
1 00

1 0 0

1 0
0 1

0
11 0

0 1

Figure 17: Computing the second canonical form of a matrix in GL(Z2)
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Computing the 
canonical form:

(similar to Gauss algorithm)
22



Crucial lemma

· · ·

· · ·

· · ·

· · · · · · · · ·

· · ·

· · ·

· · · · · ·

· · ·

· · ·

· · ·

· · · · · ·· · ·

· · ·

· · ·

· · ·

· · · · · ·

· · ·

Figure 21: The four cases of lemma 11

· · ·

· · ·
· · ·

· · ·
· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·
· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · · · · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

Figure 22: Crucial transformation for the third case of lemma 11
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