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Word problem

In 2 noncommutative monoid:

® Knowing thatab =1,
can we deduce thatba=1? NO

® Knowing that ab = 1 = bc,
can we deduce thatba=1? YES

ba = babc = bc = 1




Word rewriting

® ab — 1:convergent rewrite system;

® ab = 1, bc = 1:nonconvergent rewrite system.

But in general, the word problem is undecidable.

(even for groups)
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Terminology

® basic case: + (disjoint union)
frp—a (p={1,....pt=1+---+1)

® classical case: x (cartesian product)
f:BP B9 (B={0,11=1+1,B°=Bx---xB)

® linear case: ® (direct sum)
f.z)— 7 (Zo ={0,1}, ZE =Zpo @ - - - ® Zy)

® quantum case: & (tensor product)

f . BOP — B® B=C?=CaC,B*®*=B®- --®B)

First example:
Finite permutations

Generator H

® Any finite permutation is a product of transpositions.

® Two diagrams define the same permutation if and only
if they are equivalent modulo the above relations.




Canonical forms

Grammar for canonical forms:
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® Any permutation corresponds to a unique
canonical form.

® Any diagram reduces to a canonical form
by the following two rewrite rules:

Rt

Reduction to the
canonical form

By double induction:
® on the width (humber of wires);
® on the size (total number of gates).

(interchange)




Rewriting
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This rewrite system is convergent:

® termination (existence of a canonical form);

® confluence (uniqueness of the canonical form).

Conflicts (critical peaks)
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Confluence of global conflicts
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Second example:
Finite maps

Generators H * f
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Rewrite rules
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This rewrite system is convergent.

68 critical peaks
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Third example:
dual of finite maps

Generators H A .
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Terms versus diagrams

® Any finite equational theory (with terms)
yields a finite presentation (with diagrams)

[Burroni 1991].
® Any finite convergent left linear rewrite

system (with terms) yields a finite

convergent rewrite system (with diagrams)
[Lafont 1995].

The non linear case is more difficult (critical peaks).




Fourth example:

linear boolean maps
Generators H A i V !
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Reversible gates
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Matrices
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We shall only use the third gate: »<




Convergent
rewrite system
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Fifth example:
linear boolean permutations

Generators =< p<
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Rewrite rules
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(no termination)
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Canonical forms

Grammar for canonical forms:

Stairs
|

Idem for antistairs

1
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1010/1—|[1010]1 10001 0010/—|0010]—|0j010
Computing the |
. 1111 001/0— |00 1/0— 01
canonical form: Al RS R R
. 010/1— |0 10|1 100|1

;
HHESHH
(similar to Gauss algorithm)
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Crucial lemma
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