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Résumé

Soit E/F une courbe elliptique sur un corps de nombres. Le groupe absolu de Galois
de F agit sur les points de m-torsion de la courbe, donnant une représentation ga-
loisienne pg,, du groupe absolu de Galois dans GLy(Z/mZ). Le groupe de Galois de
lextension F'(E[m])/F, engendrée par les coordonnées des points d’ordre m de la courbe,
est isomorphe a 'image de pg,,. Un résultat de Serre de 1972 et d’autres plus récents
montrent que cette représentation est surjective pour presque toutes les courbes elliptiques
définies sur F. Dans cette theése, on travaille sur I’enchevétrement des corps de division,
autrement dit sur la non-surjectivité des représentations pg ,,, lorsque m n’est pas premier.

D’une part, on questionne la possibilité d’avoir la coincidence de deux corps de divi-
sion F'(E[m]) = F(E[n]) pour des entiers m, n distincts. Cette question a déja été traitée
pour F' étant le corps des rationnels. Dans cette these, on donne des résultats sur les corps
de nombres.

D’autre part, dans le cadre du probleme inverse de Galois, on souhaite une méthode
pour construire des polynoémes avec corps de décomposition F(E[m]). Cette question a
déja été traitée pour m = p un premier et pg, surjective. Dans cette these, on généralise
le résultat a tous les entiers m et a toutes les images de pg ,, possibles. De plus, on donne
un minorant pour les valuations des coefficients des polyndémes obtenus.

Mots-clés: Géométrie arithmétique, Probleme inverse de Galois, Théorie des représen-
tations, Courbes elliptiques, Enchevétrement de représentations, Théorie algorithmique
des nombres.






Abstract

Let E/F be an elliptic curve over a number field. The absolute Galois group of F acts
on the m-torsion points of the curve, giving rise to a Galois representation pg ,, from the
absolute Galois group into GLa(Z/mZ). The Galois group of the extension F(E[m])/F,
generated by the coordinates of the points of order m of the curve, is isomorphic to
the image of pg . A result by Serre from 1972, along with more recent results, show
that this representation is surjective for almost all elliptic curves defined over F'. In this
thesis, we focus on the entanglement of division fields, i.e. the non-surjectivity of the
representations pg ,,, when m is not prime.

On the one hand, we examine the possibility of having the coincidence of two division
fields F(E[m]) = F(E[n|) for distinct integers m,n. This question has already been
studied for F' being the field of rationals. In this thesis, we provide results over number
fields.

On the other hand, within the framework of the inverse Galois problem, we seek a
method to construct polynomials whose splitting fields is F'(E[m]). This question has
already been addressed for m = p a prime and pg , surjective. In this thesis, we generalize
the result to all integers m and to all possible images of pg ,,. Moreover, we give a lower
bound for the valuations of the coefficients of the polynomials obtained.

Keywords: Arithmetic Geometry, Inverse Galois problem, Representation theory, El-
liptic curves, Entanglement of representations, Algorithmic number theory.






Remerciements

Bien qu’un deuil soit lourd & cumuler avec la rédaction d’un manuscrit et la préparation
d’une soutenance, ma passion pour les mathématiques et le plaisir a réaliser ce projet
m’ont aidée a surmonter la perte de sens causée par la disparition d’un étre cher.

En premier et haut lieu, j’adresse mes remerciements a Samuele et David. Je me
suis initialement dirigée vers vous pour des motivations mathématiques, et j’ai eu beau-
coup de chances car vous étes en plus d’une grande bienveillance, emplis d’humanité et
de compréhension. Je vous remercie pour tout le temps que vous m’avez consacré, no-
tamment d’avoir relu un nombre incalculable de fois mes travaux. Vous m’avez formée a
de belles maths et j’aime ce que vous m’avez transmis. Je suis tres heureuse d’avoir eu
deux directeurs, deux avis, parfois unanimes, parfois contradictoires, et deux personnalités
différentes avec chacune leurs avantages. Samuele davantage dans la concrétisation, David
davantage dans I’abstraction. On dit parfois qu’il est plus difficile d’avoir deux directeurs,
mais en ce qui me concerne cela a été une chance. Je vous suis trés reconnaissante d’avoir
cherché & m’emmener loin, et d’y étre parvenu.

I would like to thank Sara Arias-de Reyna, Cécile Armana, Jean-Marc Couveignes,
Olivier Dudas and Samir Siksek for agreeing to sit on my jury, and especially Sara and
Samir for their excellent reports. I would also like to thank Sara for inviting me to give a
talk at ECM, for her interest in my work and for the many typos and improvements for
the redaction she pointed out in my manuscript.

Je remercie mon comité de suivi Yves Aubry et Guillaume Rond, en particulier ce
dernier avec qui des discussions ont pu débloquer des situations.

L’existence de ’équipe ATT et 'investissement de Samuele et David dans ’organisation
m’ont permis d’assister régulierement a des séminaires de géométrie arithmétique et do-
maines alentours, et de participer & des groupes de travail en lien avec la thématique,
sur des sujets variés d’une année sur 'autre. Je remercie Bastien, Leonardo, Pierre, et
Frangois d’avoir participé/de participer a faire vivre 1’équipe par leur régularité.

Elisa Lorenzo Garcia et Christophe Ritzenthaler, & presque toutes les conférences
auxquelles je suis allée, au moins I'un de vous deux était présent. Vous avez été pour
moi des visages constants, accueillants et sécurisants lors de ces événements-la, en plus
d’étre sinceres, fun et bons vivants.

Je remercie plus largement toute la communauté de géométrie arithmétique et do-
maines alentours, pour les nombreuses conférences auxquelles j’ai pu assister, et les mo-
ments chaleureux partagés, ainsi que les exposés et échanges mathématiques, qui m’ont
fait voir du paysage.

J’exprime ma gratitude au laboratoire de 'I2M qui m’a tres bien accueillie pendant
ces quatre années, aussi bien dans le TPR2 que dans l'ancienne BU. C’était un cadre
de travail paisible, respectueux, avec de la considération pour les doctorants, et de plus



10

en plus vivant au fur et & mesure des années, suite a la période de confinement pendant
laquelle j’ai commencé ma these.

C’est en ce sens que je remercie la direction du laboratoire : Peter, Fabienne et Laurent,
a qui ont succédé Elisabeth et Rémi, les organisateurs du gotiter hebdomadaire de Luminy :
Elisabeth et Julien, et tous ceux qui participent a l’organisation d’événements assurant la
cohésion et la communication au sein du laboratoire.

Je remercie le pole informatique : Jean-Bruno, Pierre et Olivier, ainsi que le pdle
budget, qui a vécu des temps particulierement difficiles : Jessica, Sarah, Valérie, Sonia,
David et Kaina, et plus généralement ’ensemble de 1’équipe d’appui a la recherche, sans
laquelle nous ne serions pas grand-chose.

Je remercie également toute ’équipe incroyable du CIRM, notamment de me permettre
de soutenir ma thése dans ses locaux.

Je remercie Joél et Dimitri, qui m’ont accompagnée des le M1 : Joél en me faisant
entrer in extremis en M1 Mathématiques fondamentales, et Dimitri en ouvrant un sujet
de TER sur la théorie algébrique des nombres pour Guillaume et moi.

Comme je I’ai souligné, ma thése a commencé en 2020, 'année des confinements, et
j'adresse ma gratitude a Olivier Ramaré qui, a l'issue d’une présentation de poster de
stages hippocampes, m’a proposé de venir me chercher les midis pour déjeuner avec les
collegues, ce qui m’a sorti de la vie solitaire que je menais jusque-la au labo.

Je tiens a remercier Lionel Nguyen Van Thé, pour chaque interaction que j’ai eue avec
lui, et en particulier une discussion en début de 2éme année. Je suis passée dans ton
bureau pour discuter de la licence Sciences et Humanité, dont je souhaitais suivre certains
cours, et tu m’as demandé comment ca allait. Or c’était un moment creux de ma these,
je n’étais pas inspirée par son déroulement a ce moment-la, on a parlé un moment, et ton
écoute et tes paroles ont fait positivement basculer mon état.

Je remercie Laurent Regnier pour sa grande expressivité qui donne de la «péche» au
laboratoire, et accessoirement pour ses compliments sur mes divers et nombreux couvre-
chefs.

Merci a Yves Lafont pour ’humanité qu’il apporte au labo, ne serait-ce que par son
«bonjour» du matin et son «au revoir» du soir.

Merci Léo et Rémy. La concision de cette phrase est inverse a la profondeur de ce
merci. Vous avez été mes freres de these.

Merci a Yenni, qui a partagé cette aventure des le master 2, de Saint-Charles a partir
de la these, merci pour les échanges et désaccords mathématico-philosophiques, et pour
les discussions et « remontages » de moral sur la these. Par la méme occasion, je remercie
Naoufal pour le groupe de travail de qualité qu’il nous a permis d’avoir sur les schémas,
et pour tous les moments de rire qu’on a partagés tous les trois.

Merci a Gaston et Loic, qui m’ont enseigné que les pauses sont essentielles, voire
primordiales a la productivité. Et qui, tels des grands, m’ont donné plein de conseils utiles
et bienvenus pour la these.

Merci a Paul pour les échanges et la culture mathématique, et pour avoir relevé a
plusieurs reprises des erreurs dans mes travaux.

Merci Axel pour ta présence quotidienne sur ’ensemble des sujets de ma vie.

Je remercie également Toto et son romantisme, Willem et sa sensibilité railleuse, Didier
et sa passion pour l'intelligence, Aurélien et sa capacité & parler a 'infini, Adrien et son
grand age, Juliette, son rire et son gothisme, Marie et son contact tellement agréable.
Je remercie également Sergio, Sami, Yohann, Jean, Fabien, Magali et Valentin. Chacun
d’entre vous a donné beaucoup de charme a cette aventure.



11

Je remercie plus largement chacun des membres du laboratoire avec qui j’ai pu interagir,
sur les maths, la these, le fonctionnement de la recherche, I’enseignement, la politique,
I’écologie, le féminisme ou autres sujets plus anodins.

A D’évidence, la réussite de cette thése n’aurait pas été possible sans une équipe de
soutien pour affronter le tourbillon de la vie qui a lieu en parallele.

J’adresse un incommensurable merci a mes amis de longues dates: Nino, Ninon,
Camille, Maia, Lise, ainsi que Xavier, Emma, et ceux de naissance: Camille, Thibault
et Guillaume, qui m’ont tous accompagnée sur des aspects plus personnels et parfois tres
pesants. Par ailleurs sortir la téte des maths et du labo, c’est rafraichissant aussi | Merci
Alicia d’avoir été plus que jamais présente pour moi depuis un an et demi, d’avoir eu spon-
tanément des mots justes qui m’ont fait du bien, a bien des reprises. Enfin je te remercie
pour cette merveilleuse page de couverture de these.

Je remercie la chorale Sonkolor(s), c’est une ressource inépuisable de joie, d’amour,
de diversité, et de générosité depuis bien des années. Un spécial merci a Cheb, Chimone,
Chabine, Chamille et Frédérich, et vous étes bien plus encore a mettre de la couleur chaque
semaine dans ma vie, mais je dois admettre que la liste exhaustive me semble un peu trop
longue.

J’adresse ma gratitude a Nils, qui a cru en moi sans l'once d’une hésitation depuis
notre rencontre, il y a sept ans, et qui a su, par la foi inébranlable qu’il avait en moi, me
donner la force dans mes nombreux moments de doute.

Je remercie 'intégralité de ma treés grande famille, en particulier ma soeur Margot, qui
a pu me partager son vécu de these et son expérience. Mais aussi tous les autres, vous
étes trop nombreux vous aussi ! J’ai beaucoup de chance d’avoir un tel cadre.

J’adresse un merci particulier & mon pere, qui m’a appris a avoir confiance en ce que
la vie nous amene et a ne pas douter de ses propres capacités et compétences.

Merci Maman, qui n’aura pas vu ’aboutissement de ce travail, mais qui de toutes
fagons, comme tant de sujets dans la vie, connaissait déja la fagon dont les choses se
passeraient, et a qui je dédie cette these.



12



Contents

IListe de publications et participation aux coniterences

Résumé

[Abstract

Acknowledgments
Mirodnction

Nofationd

Il (Galois theory and the inverse (Galols problem|

1| Denhnition and overview

IL.2 Linear disjoint extensions: realization ol direct producty . . . . . . . . . ..

IL.o  Representations coming from elliptic curve§ . . . . . . . . . . . . . . .. ..

IL.4  "I'he pronnite perspective of the inverse Galois problem . . . . . . . . . . ..

2 Elliptic curves and Galois representationg
E.1 Hlhptic curves and assoclated equationy . . . . . . . . . o . .. L w0 ..
E.2 Galois representations ot elliptic curved . . . . . . . . . . ..o
E.o  Weil pairing and maximal imagd . . . . . . . .. ..o 0oL
£.4 Image of the p-adic representationy . . . . . . . . . . . . o o oo
E.4.1  Hlliptic curves without complex multiplication . . . . . . . . . . ..
g.4.2  Hlliptic curves with complex multiplication) . . . . . . . . . . . . ..

b Entanglements and adelic representationsg

p.l  EBEmntanglement: dennitiong . . . . . . . . . o . o vt h e e e e e e

b2 Adelic 1Index

4 lypes of entanglement] . . . . . . . . . L L L Lo 0L o e e e e e e

4 __Coincidence of division helds
d.1  Comcidence: dennition and approach . . . . . . . . . . . . . ..o ...
B.2 Coincidence over (J} . . . . . . . . . .. . s
Ad.o  Preliminary results over number fieldy . . . . . . . . . . . ... ...

d.4.1  Ramification and reduction typd . . . . . . . . . . . . .o
g.4.2 Ramification and entanglement . . . . . . . . . . . ... ..

dn (Commcidences 1in towerd

15

21

23
23
25
27
29

33
33
36
38
40
40
45

49
49
53
o7
60



14 CONTENTS

a1 Constriiction of vertical comncidenced . . . . . . . . .. .. ... 76

A.0.2 Irivial intersection with the cyclotomic neld . . . . . . . . . . . . .. 78

E53 Indexolimaged . . . . . . . . . o o i e e e e e 80

E.5.4  Split Iiftable subgroupd . . . . . . . . . . . .. ... 83

B0 TN casd . . . . . . . o e e e e e e 85

E6 Large imaged . . . . . . . . . o e e e e e e e e 86
g./ Coincidence ot division fields of two elliptic curve§ . . . . . . . . . . . ... 88

b Polynomials realizing mod m images 91
b.l  Polynomials realizing pp,,(GF) . - - - -« . o o Lo 92
p.I.T — Primifive division polynomiald . . . . . . . . . ... ... ... ... 92

F.1.2  Galois group of W) « « « o o o o e 94

b.I.3  Consequence in thecase m =3 . . . . . . . . . . v ... 95

p.T.4 Polynomials generating the imageof pg,,J . . . . . . . . . . . .. .. 97

p.I.5  Criterion fo have —idmm theimagd . . . . . . . . ... ... ... .. 100

BET6H Transifive casd . . . . . . . . . . e e e e 102

p.Z" Abouf the valuation of the coefficients of xypd - - - - . . - o . o o . o o . 102
BT Tasem = . . . . . . . . . e e e e 102

pb.2.2" Minimum of the valuations of the coefficients of xy - - - - . . . . . 103

B3 Tasem =3 . . . . . . . e e e e 105

b.3 More exampled . . . . . . . . . e e e 108

6 Perspective 111
p.I Enfanglement and modular curve§ . . . . . . . . ... ... ... 111
b.-2  Enfanglement for abelian variefied . . . . . . . . . . . . . ... ... .. .. 111

IA° Derived groups of GLo(m) and SLo(m) 113

B Modular curved 117



Introduction

In this thesis we approach the study of images of Galois representations of elliptic curves
from two different contexts. The first involves the entanglement of Galois representations,
and asks whether two division fields of an elliptic curve do coincide. The second concerns
the inverse Galois problem, and more specifically, the construction of explicit polynomials
realizing the images of Galois representations.

Galois theory and the inverse Galois problem: motivation

Galois theory is the study of algebraic numbers, which are roots of polynomials with co-
efficients in Q. It arose from the question of finding formulas for roots of polynomials.
Let f € Q[X] be a monic and irreducible polynomial, with roots a; in Q. To the poly-
nomial f we associate a unique field Q(f) which consists of all the numbers which are
arithmetic combinations of the «;’s over Q. The field Q(f) is called the splitting field of f.
Such an extension of Q is said to be Galois. Let us remark that the associate polynomial
is not unique: there are infinitely many irreducible and monic polynomials g € Q[X] such
that Q(f) = Q(g).

For a finite extension L/Q, i.e. a field generated by finitely many algebraic numbers,
we consider the Q-automorphism group of L, that is

Aut(L/Q) :={o: L — L | o is a isomorphism and o|g = id}.

When L/Q is Galois, this group is called the Galois group of L and is denoted by Gal(L/Q).
Therefore, to a polynomial, we associate a group: its Galois group.

All the structure of the reasoning and the results above are valid replacing the ground
field Q by any number field, i7.e. any finite extension of Q, and even any field, namely F.
We obtain the following diagram:

{polynomials with coefficients in F} ————————— {finite Galois extensions of F'}

T —

{finite groups}

The finite inverse Galois problem consists of determining the image of the arrows to
{finite groups}, and in particular whether they are surjective. If the ground field is F' = Q,
it is conjectured that the answer is yes. For other ground fields, almost nothing is known.

We obtain extensions of the ground field F' by adding algebraic numbers over F'. Above,
we considered finite extensions. We can also build extensions generated by infinitely many
algebraic numbers. In general, Galois extensions of F' are algebraic extensions L/F' such
that, for all & € L such that « is the root of an irreducible polynomial f, with coefficients

15
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in F, all the roots of f, are in L. In this case, the Galois group of L/F' is infinite, and
has a structure of a profinite group: it is a topological group which is the inverse limit of
finite discrete groups, see Section 4. In particular, a finite group is profinite. Thus, we
have an arrow:

{Galois extensions of F} {profinite groups}

The general inverse Galois problem consists of determining the image of this map.
We highlight that if the inverse limit of finite groups G;, ¢ € I, where I is a countable
set, is in the image then all the G;’s are in the image. In this thesis, we study Galois
representations p : Ggp — G where G is a subgroup of the group GLQ(Z) of invertible
matrices with coefficients in the profinite limit Z = lim Z /mZ. Let L/F be the fixed field

of the kernel of p, then the image of p is isomorphic to the Galois group of L/F.

Galois representations of elliptic curves

An elliptic curve is a non-singular projective curve of genus 1 with a fixed base point. This
base point determines a group law, making the elliptic curve into an abelian variety of
dimension 1. For any integer m, the group E[m| of m-torsion points of an elliptic curve E
defined over a number field F is isomorphic to (Z/mZ)?. Moreover, the absolute Galois
group G = Gal(F/F) acts on the points of order m, giving rise to a mod m Galois
representation

pEm : Gp — GLo(Z/mZ),

whose kernel is fixed by the division field F(E[m]), and furthermore, for any prime p, to
a p-adic and an adelic Galois representation

PEp> : GF — GLQ(ZP) and PE : GF — GLQ(Z)

We denote by F(E[p>]) the fixed field of the kernel of pg poo.

In 1972, Serre proved that, for non-CM elliptic curves - which is the generic case - the
index of the image of the adelic Galois representation in GLg(Z) is finite, and called the
adelic index. Equivalently, for every non-CM elliptic curve, the p-adic Galois representa-
tion is non surjective only for finitely many primes p, called the exceptional primes. There
is a rich literature on the topic. In particular, various authors investigated the question of
finding upper bounds for exceptional primes. Algorithms by Zywina [Zyw15] and Suther-
land [SufT6] compute exceptional primes and their corresponding mod p and p-adic Galois
images. Jones [JonI0], for F = Q, and Zywina [Zywl10], for F N Q%° = Q and F # Q,
show that almost all elliptic curves have surjective p-adic Galois representations for all
primes p.

Beyond local constraints, the failure of the adelic representation pg to be surjective is
due to the non-surjectivity of the injective morphism

pe(Gr) = ] pep<(Gr),

p prime

which corresponds to the non-linear disjointness over F' of the family of division fields
(F(E[p™])). In this case, we say that the family (F(E[p*])) is entangled. Serre first
raised the problem of entanglement, in 1972, observing that, for an elliptic curve over
Q, the division field Q(FE[2]) has a non-trivial intersection with a cyclotomic field. This
forces the adelic index to be even for every elliptic curve, even though the p-adic Galois
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representations can be surjective for all p. In this latter case, the field Q(FE[2°°]) is en-
tangled with another division field. It was not until 2010 that this issue was addressed
again, by Jones, Greicius and Zywina, and later, from 2016 onwards, also by Brau, Daniels,
Lozano-Robledo, Morrow, Campagna, Pengo, Stevenhagen et al. The terminology of ver-
tical entanglement for the non-surjectivity of pg p~(Gp) for some p, and of horizontal
entanglement for the non-surjectivity in the product, has been first introduced by Daniels,
Lozano-Robledo and Morrow in 2021.

The case where the ground field F' is a general number field is very different from
the case F' = Q. Indeed, on the one hand, the Kronecker-Weber theorem is only valid
over Q. On the other hand, the possible non-trivial intersection F' N Q%¢ gives rise to
the non surjectivity of the composition of pgr with the determinant map GLQ(Z) — 7~
As a consequence, we distinguish the properties of pp(GF) resulting from the intersection
FnQwe.

Contributions to entanglement

Let E/F be an elliptic curve. An extreme case of both vertical and horizontal entanglement
is the equality of two division fields F(E[m]) = F(E[n]), in which case we say that E/F
has an (m,n)-coincidence. Previous results have been proved for elliptic curves defined
over the rationals, by Rouse and Zureick-Brown, Jones and Brau, and Daniel and Lozano-
Robledo.

In this thesis, we study the question of coincidence for elliptic curves over an arbi-
trary number field. As for entanglement, we distinguish (p*, p**1)-coincidences where p
is a prime, called vertical coincidences, and (m, mpk)—coincidences where p 1 m, called
horizontal coincidences.

We prove that if F/F has an (m,n)-coincidence and p is a prime not dividing m and n
with the same exponent, then p is either even, or ramified in F//Q, or a prime of bad
reduction for E, see Theorem B2,

In addition to refining the set of possible prime divisors of m and n, we give constraints
on the possible exponents on the prime divisors in case of horizontal coincidence, using the
obstructions given by the inclusion F'({,,) C F(E[m]). Combining previous results on the
relation between the ramification of F(E[m])/F and the type of reduction of the elliptic
curve, we obtain Table BT giving necessary conditions for F(E[m]) to contain the p*-th
cyclotomic field F'(,x), where p is a prime, and so to have an (m, mp®)-coincidence.

Concerning vertical coincidences, we use that the group pg .« (Gr) is the image of
P+ (GF) in GL2(Z/p*Z). We show that the sequence (ij41/ix), where i denotes the
index of pg +(Gp) in GLo(Z/p*Z), is non-increasing from k > 1 if p is odd and k > 2
if p = 2, then constant. In particular, if a (pk, pkH)—coincidence occurs, then it occurs
from the beginning. Moreover, in this case, the adelic index is divisible by p** if p is odd
and max {24, 24(k_1)} if p=2.

Furthermore, if m divides n, then an (m,n)-coincidence implies that the reduction
map pgn(Gr) = pEm(GF) is an isomorphism. This motivates the study of coincidences
in chains

F(Blm]) = F(Elpm]) = -~ = F(E[p*m]),

and the associated problem of splittings of the surjections pg pm(Gr) = pEm(Gr) intro-
duced in Subsection B54. In the case of (p¥, p**!)-coincidences, with k& > 2 for p = 2,3,

11
then the mod p* image does not contain a conjugates of (0 1), see Theorem EH7.
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IfF=Q,a (pk,pkﬂ)—coincidence is possible only for p = 2, see [DLR23]. We prove
that, more generally, this is true if FNQ((,x) = Q, this is Corollary B=39. If E has CM by a
quadratic field K and F' C K(j(E)), then Proposition BZ70 gives a more precise statement:
a (p*, p**1)-coincidence is not possible for p odd and k > 2.

In addition, if the mod m image is large, i.e. contains SLo(Z/mZ), we give further
constraints for a coincidence in Section B8, resulting from the study of the abelianization
of the image of pg .

Up to this point, we have only examined necessary conditions for having a coincidence.
We conclude the presentation of the results on coincidences with the statement of sufficient
conditions. Over @, the only possible vertical coincidence is a (2,4)-coincidence. It is
even expected that the known (2,4), (2,3), (2,6) and (3,6)-coincidences are the only
possible coincidences over Q. For any elliptic curve E/F, we can construct an (m, mp")-
coincidence with a base change from F to F(E[mp*]), but such a base change provides
a trivial construction. We prove the existence of a (4, 8)-coincidence with a base change
from Q to an extension linearly disjoint from Q(FE[4]), see Theorem B27. Together with
this theorem, in Subsection BE551 we define the notion of a minimal base change and give
necessary and sufficient condition to construct an (m, mp*)-coincidence by a minimal base
change of the ground field.

Contributions to the inverse Galois problem

As we previously described, the inverse Galois problem of a group G over a field F' consists
of determining whether G is isomorphic to the Galois group of an extension of F. In
the context of elliptic curves, images of mod m Galois representations are realizable as
the Galois group over F' of the mod m division field. As we saw, finite Galois groups
correspond to splitting fields of polynomials. The explicit inverse Galois problem for G
over F' consists of determining a (family of) polynomial(s) in F'[X] whose splitting field has
Galois group G. In the case of surjective image of mod p Galois representations for elliptic
curves, with p a prime, Reverter and Vila provide a solution for this problem, considering
a short Weierstrass equation for E, and using the function = + y € F(F). In this thesis,
we generalize their result for any equation for F, any image of pg,, with m an integer
not necessarily prime, and we consider a broader choice of functions in F(E) than x + y.
Since m is not necessarily prime, in Subsection BT we define the m-th primitive division
polynomial 1),,, which is a factor of the m-th division polynomial corresponding to the
points of exact order m.

Theorem. (Theorems 511, B22 and B-34) Let E/F be an elliptic curve with Weierstrass
equation wg(z,y) = 0. Let m > 3 and u € F(E) with degree 1 in x and y satisfying
Fu, [-1]"u) = F(z,y).

1. The m-th primitive division polynomial Jm has Galois group isomorphic to the quo-
tient pp.m(Gr)/{xid}. If the action of GF on the points of order m is transitive,
then 1, is irreducible.

2. The characteristic polynomial X, m of multiplication by w in the ring F[X,Y]/(wg, Jm)
has Galois group isomorphic to pgm(Gr). Moreover, xu,m is irreducible if and only
if Gr acts transitively on the points of order m.

The degree of Xy m is 2deg {/;m which is less than or equal to m? — 1. Hence this
theorem gives a way to construct polynomials of high degree with known Galois groups,
which are subgroups of GLa(Z/mZ), for an arbitrary integer m.
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We conclude with the determination of a lower bound for the valuations of the coeffi-
cients of the polynomials arising in our construction.

Structure of the manuscript

The general structure is as follows: we motivate the study of adelic Galois representations
of elliptic curves by the inverse Galois problem, then describe their images, starting from
local conditions and moving to entanglement. This motivates the study of the extreme case:
coincidences. We then return to the inverse Galois problem with an explicit construction.

Chapter M is an introduction to the inverse Galois problem, and its relation to the
study of Galois representations. We introduce the concepts of linearly disjoint extensions
and of profinite groups.

In Chapter B, we give some preliminaries on elliptic curves and their associated Galois
representations, with a particular focus on the possible non-surjectivity of the cyclotomic
character for a general ground field. Then we describe the current state of knowledge on
images of p-adic Galois representations.

In Chapter B, we describe the phenomena of horizontal entanglement, which leads to
the presentation of results concerning the adelic index and the adelic level.

Chapter @ is about coincidence of division fields. We describe the question, then give
the known results over Q, and then move our attention to number fields. We analyse
horizontal coincidences, vertical coincidences, and the case of large images. This chapter
essentially follows [Yvo24].

In Chapter B, we discuss the explicit inverse Galois problem for the image of mod m
Galois representations of elliptic curves over F'. This chapter follows [Yxo23].

In Chapter B, we briefly gives some ideas for future works: one consists of constructing
entanglement using modular curve, and the second concerns coincidences of division fields
of abelian varieties.

In Appendix [A], we treat the derived group of general linear group GLo(Z/mZ) and
the special linear group SLo(Z/mZ) with detailed proof, which are used in Chapter @.

In Appendix B, we give background on the theory of modular curves, which is referred
to occasionally in the manuscript, with examples specific to entanglement.
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Notations

Throughout this manuscript, we will use the following notation.

For a finite set .S, we denote by #5 its cardinality.
For a ring R, we denote by R* its unit group.

P denotes the set of prime numbers;

We denote by ¢ : Z — N the Euler totient function;

For m, n two integers, gcd(n, m) denotes their greatest common divisor, and lem(n, m)
denotes their lowest common multiple, and write m | n when m divides n;

For p a prime, Z, = @Z/pkz denotes the ring of p-adic integers and 7= l'&lZ/mZ
k m
denotes the ring of profinite integers;

For m a positive integer, we set GLa(m) = GL2(Z/mZ) and SLa(m) = SLa(Z/mZ).

We fix an algebraic closure Q of Q and let F be a field.

We fix ((n)m>1 a compatible system of roots of unity in Q, that is C,’jm = G for k,m
positive integers. We denote by p,,, the group of m-th roots of unity for some fixed
m and p,. the multiplicative group of pF-th roots of unity for all k;

For finite extensions of number fields K C L C M such that M/L is Galois, and a
prime ideal p of Or, we denote by e,(M/K) the ramification index of M/K at p;

We fix F an algebraic closure of F' and by G = Gal(F/F) its Galois group;

For a prime p, F' (upoo) denotes the extension of F' generated by elements of .. and
F¢ is the extension of F generated by the roots of unity. We note that Q¢ = Q2P,

For f € F[X], we denote by F(f) C F the splitting field of f in F and Gal(f) the
Galois group of F(f)/F;

For (L;)ier a family of (algebraic) extensions of F', we denote by [[(L;) the composi-
tum of the L; inside F;

For a € F, y/a denotes a root of X? — a.

If F' is a number field, O denotes its ring of integers and Ap its discriminant.

Given an elliptic curve E defined over F' (abbreviated as E/F), a rational function

u € F(FE) and a subset A C E(F), we use the following notations:

u(A) ={u(P),P € A}, F(u(A)):=F{u(P),Pc A}) and F(A)=F(z(A),y(A))

21
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Chapter 1

Galois theory and the inverse
Galois problem

1.1 Definition and overview

Now, let us define properly what is the inverse Galois problem and give some basic results
in this area.

Definition 1.1. We say that an algebraic extension L/F is Galois if it is normal and
separable. In this case, we denote by Gal(L/F) its F-automorphism group.

Definition 1.2. Let G be a group and F' be a field. We say that G is realizable as a
Galois group over F' if there exists a Galois extension L/F such that Gal(L/F) ~ G.

Problem 1.3. The inverse Galois problem (IGP) for G over F consists in determining
whether G is realizable as a Galois group over F'.

If G is finite, the extension L/F must be finite and then corresponds to the splitting
field of a polynomial in F[X].

Definition 1.4. We say that a polynomial f € F[X] realizes G if G ~ Gal(f).
We define four variations on solving the IGP:

Problem 1.5. Let GG be a group and F be a field. Here are a hierarchy of problems for
solving the IGP for G over F:

1. Classical IGP": existence of a field extension of F with Galois group G,
2. Effective IGP: method of construction of such a field extension,

3. Eaplicit/Parametric IGP?: method of construction of explicit polynomials matching
this extension.

For each of the above IGP’s, we also define an IGP with ramification: construction of such
an extension with some prescribed ramification properties.

In [ILY0OY), it is referred as General existence problem, and classical IGP denotes the inverse Galois
problem in the case F' = Q.

maals.
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Ezample 1.6. Let d be a squarefree integer. We have Gal(Q(v/d)/Q) ~ Z/27Z. In particular
7./27 is realizable over Q, by the irreducible polynomial X2 — d. The extension Q(v/d)/Q
is ramified (with ramification index 2) at primes dividing d if d = 1 (mod 4) and 4d if
d = 2,3 (mod 4). We analyse further this example in Example [28.

Ezample 1.7. Let n be a positive integer. We have Gal(Q(¢,,)/Q) ~ (Z/nZ)*. In particular
(Z/nZ)* is realizable over Q, by the (reducible) polynomial X" —1. The extension Q((,)/Q
is ramified at primes p dividing n, with ramification index cp(p”f'(")). We examine further
this example in Example 2.

Remark 1.8. Suppose that G is realizable over F' by an extension M/F. Let H be a
subgroup of G. The fundamental theorem of Galois theory says that there exists a inter-
mediate extension F' C L C M such that H ~ Gal(M/L). Moreover, if H is normal, we
have G/H ~ Gal(L/F). Then any quotient of a realizable group by a normal subgroup is
realizable over the same base field F.

Theorem 1.9. FEvery finite abelian group is realizable over Q, by a subextension of a
cyclotomic extension.

Proof. Let G be a finite abelian group. Then, by the fundamental structure theorem of
abelian groups, there exist aj,...,a, such that G ~ [[Z/a;Z. Dirichlet’s theorem on
arithmetic progression tells us that, for any a € Z, there exist infinitely many primes
congruent to 1 modulo a. Then, let us take p1,...,p, distinct such that a; | p; — 1 for each
i. It follows that Z/a;Z is a quotient of (Z/p;Z)*, and so G a quotient of

[[@/piz)" ~ (Z/nZ)" ~ Gal(Q(G)/Q),

where n = [[ p;. Therefore, by Remark 8, the group G is realizable over Q by a subex-
tension of Q((y). O

Theorem 1.10 ([SDOR, Section 4.4, Remark 2 on Example]). For all n, the symmetric
group Sy, is realizable as a Galois group over Q, by the irreducible polynomial X™ — X —1.

Remark 1.11. Cayley’s Theorem [JacI2, Chapter 1.10, Corollary of Theorem 1] specifies
that every finite group of order n is a subgroup of the symmetric group S, and so is
isomorphic to Gal(Q(X™ — X — 1)/L) for some intermediate extension Q C L C Q(X"™ —
X —1). In particular, every finite group is realizable as a Galois group over a number field.

There is a classic specialization of the third point of Problem =3 called the tame inverse

Galois problem.

Definition 1.12. Let L/F be an finite field extension, p be a prime and p be a prime
ideal of O above p. We say that L/F is

o tamely ramified at p if p{ ey(L/F),
o tamely ramified at p if L/F is tamely ramified at every prime ideal above p,
o tamely ramified if L/F is tamely ramified at every prime.

The tame IGP over F ask whether a given group is realizable by a tamely ramified
extension of F. This question has an affirmative answer over Q for solvable groups, together
with the groups S, and A, for any n, see [KNM04], [PTa03], [PVO3].

Generically, a random irreducible polynomial of degree n has Galois group S,. In other
words, it has maximal Galois group.
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Theorem 1.13 ([Coh79, Theorem 1)). The proportion of irreducible polynomials of de-
gree n which have Galois group S, is 1.

Nevertheless, the IGP is conjectured to have a solution for every finite group:

Conjecture 1.14 ([SDO8, Conjecture 4.1.1]). All finite groups are realizable as a Galois
group over Q.

A generic method to deal with the IGP is through continuous representations. Let G
be a group that we want to realize over F. It suffices to find a surjective continuous
representation p : Gp — G, which is a non-trivial problem. Then, the kernel of the
representation p is Gal(F/L) for some extension L/F which is Galois since the kernel of
a homomorphism is a normal subgroup. The fundamental theorem of Galois theory says
that Gal(L/F) ~ G. In Section 23, we explore this approach through representations on
torsion subgroups of elliptic curves.

1.2 Linear disjoint extensions: realization of direct products

In order to realize direct products of realizable groups, we are interested in the concept of
linear disjoint extensions. This concept is at the heart of the phenomena of entanglement,
introduced in Section B. Let I be a countable set. For a family (L;);c; of subfields of F,
the compositum of the extensions L; is denoted by [J(L;) = Im(®rL; — F).

Definition 1.15. Let (L;);c; be a family of extensions of F. We say that (L;);es is a
family of linear disjoint, or linearly independant, extensions over F' if one of the following
equivalent conditions is satisfied:

1. The canonical surjective morphism of F-algebra @ »L; — [[(L;) is an isomorphism.
2. The F-algebra @QL; is a field.
The equivalence of these two statements is given in [CohT?2, Section 11.6].

Proposition 1.16. Two extensions L/F and M/F, with L/F finite, are linearly disjoint
if and only if [LM : M| = [L: F).

Proof. See [BouX1, A.V.13, Proposition 5]. O

Corollary 1.17. A family (L;) of finite extensions is linearly disjoint over F if and only
if for any finite subset J C I,

[H(Li) :F

icJ

= [z : FI.

i€J
In particular, this condition is automatically satisfied if the degrees [L; : F] are coprime.
Proof. Two extensions L/F and M/F are linearly disjoint if and only if
[LM : F]=|[LM : L|[L: F|=[M: F][L: F],
the second equality coming from Proposition II8. The result follows by induction. O

When an extension is Galois, we have a simpler characterization of linear disjointness:
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Proposition 1.18. If L/F is Galois, then L/F and M/F are lineary disjoint over F if
and only if LN M = F.

Proof. See [CohT2, Theorem 11.6.5]. O

The proposition below is sometimes considered as a definition for linearly disjoint
Galois extensions (see for example [CP22a]):

Proposition 1.19. If the extensions L;/F are Galois, then the family (L;) is linearly
disjoint over F if and only if the following restriction morphism is an isomorphism:

Qal (H(Li) /F) = [[Cal(Li/F).
Proof. Tt follows from Proposition IR and [Bou&T, A.V.66, Corollary 6]. O

Proposition 1.20. Set A = (L;);er and suppose that the L; are Galois. There exists a
subset S4 C I such that a subset S C I satisfies

Gal (H(Li) /F) ~ Gal (H(Li) /F) x [ [ Gal(Li/F)
iel i€S i¢S

if and only if Sa C S. Moreover, for all j € Sy,

Lin [[ (L) #F.

IS
i#]
Proof. We set Sy = I and M = [] (L;). While there exists j such that L;N [[ (L;) = F
1€S A 1€S A
i#]
i.e.
Gal(M/F) ~ Gal(L;/F) x Gal | ] (L:)/F
IS
i#]
then remove j from S4. When the loop stops, then we have the desired set Sj4. O

Remark 1.21. Let (L;);er be a family of linear disjoint extensions of F' and K/F be a
subfield of [[L;. Suppose that K = [[(K;) with K; C L; for all i € I. For all i € I, we

i€l el
have K; C K N L; and, since [[(K;) = QK;,
il il
QK € QKN L) C K = QK.
i€l i€l il

Hence K; = KN L;.

Remark 1.22. If L/F and M/F are finite Galois extensions, then the restriction morphism
Gal(LM/M) — Gal(L/L N M)

is an isomorphism. We deduce that

[L: F|[M : F]

M F] = S

This agrees with Corollary T4 and Proposition [IS.
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From Proposition 19, if we find a realization of groups G; by respectively the exten-
sions L;/F such that the L; are linearly disjoint over F', then we obtain a realization of
the direct product of the G;’s as the Galois group of [[(L;)/F.

Example 1.23. Let f(z) = 23 +2%— 772 —289. The extension Q(f)/Q has Galois group Ss.
Let A¢ be the discriminant of the polynomial f. We know that \/A; € Q(f). Here, we
have

Q(v/Ay) = Q(vV-11) € Q(¢11)

by [Neu9d, Chapter I, Proof of Proposition 10.5]. Then Q(v/—11) € Q(f) N Q({11). It
follows that Q(f) and Q({11) are not linearly disjoint over Q. We say that there is Serre
entanglement, see Section B. However, the extensions Q(f) and Q(({;1) are linearly disjoint
over ' = Q(1/—11). Indeed, the degree of Q(f) over F is 6/2 = 3 and the degree of Q((11)
over F'is (11 —1)/2 = 5. Then we use Corollary TI7. The extension Q(f)(¢11)/F has
Galois group Z/3Z x Z/57 by Proposition [CT9. We have obtained a realization of Z /157
over I taking the compositum of a cubic and a quintic extension.

Ezample 1.24. We continue Example [Z0. We saw that Q((,x)/Q with p prime is Galois
and is only ramified at p. Since the only unramified extension of Q is Q itself, then the
family (Q(C,xp))pep is linearly disjoint over Q for any family (k,)pep. More generally, the
family (Q(ptye))pep is linearly disjoint over Q.

The conjecture that every finite group is realizable as a Galois group over Q has a
stronger version:

Conjecture 1.25 ([SDOR, Conjecture 4.1.1]). For any finite group G, there are infinitely
many linearly disjoint Galois extensions over Q with Galois group G.

Ezample 1.26. We continue Example 8. For two squarefree integers d # d’, we have
Q(Vd) # Q(v/d'). Since two quadratic extension are either equal or with trivial intersec-
tion, then two different quadratic extension are linearly disjoint by Proposition II8. How-
ever, the family of quadratic extensions is not linearly disjoint: we have v/2-v/—1 = v/—2
and so

Gal(Q(v2,vV=2,v~1)/Q) = Gal(Q(v2,V~1)/Q) =~ Gal(Q(v2)/Q) x Gal(Q(v~1)/Q).

Thus the family (Q(v/2),Q(v/—2),Q(v/—1)) is not linearly disjoint over Q. Neverthe-
less, the extension Q(v/d)/Q is ramified at every prime dividing d, and so the exten-
sions Q(v/d)/Q with d squarefree and positive are all differently ramified, and so are
linearly disjoint over Q. This proves the above conjecture for G = Z/27Z.

1.3 Representations coming from elliptic curves

In the context of elliptic curves, we focus on subgroups of GLg(m). Let us take a number
field F, an elliptic curve E/F and a positive integer m. The group E[m] of m-torsion
points of E(F) is isomorphic to Z/mZ x 7Z/mZ and the absolute Galois group G acts on
E[m]. Then, we obtain a Galois representation

pEm : G — Aut(E[m]) ~ GLa(m).

It follows that the image of pg,, is realizable as a Galois group over F. This is the
Galois group of the fixed field of ker(pg ., ): the extension of F' obtained by adjoining the
coordinates of the m-torsion points and denoted by F(E[m]). We also define, for a prime
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p, the group E[p™] to be the group of pF-torsion of E for all k and Ejors to be the group
of all the torsion points of F.

Serre’s open image theorem tells that, if £/F does not have CM, then pg ., (GF) is
surjective for all m coprime to the adelic level Mg of pg, see Section E. Hence, GLa(m)
is realizable as a Galois group for all m coprime to Mg. Going further, we obtain the
following:

Theorem 1.27. The group GLa(m) is realizable as a Galois group over Q for any odd
positive integer m.

Proof. The elliptic curve E/Q with LMFDB label 37-a1 has adelic level 2-37 and surjective
mod 2 and mod 37 Galois representation. Thus, E/Q satisfies pg ,(Gg) = GLa(m) for
all m not divisible by 2 - 37. In particular, it is surjective for all odd m. ]

Proposition 1.28. The group GL2(2%) is realizable as a Galois group over Q for all k > 1.

resentation 7.e. surjective 2¥ Galois representation for any k > 1. ]

For GLa(m) with m even (but not a power of 2), the difficulty comes from the Serre
entanglement, described in Section B.
In Chapter 2 and B, we give more information about the image of pg p,.

Remark 1.29. We cannot realize all subgroups of GLa(m) over Q in this way. Indeed, if E
is defined over a number field F', we have det(Im(pg,m)) ~ Gal(F((n)/F) by Proposi-
tion 213. In particular, the subgroups of GLg(m) with non-surjective determinant cannot
be realized as pg ,(Gq) for any elliptic curve E/Q.

In Section I, we recalled that polynomials of degree n generically have Galois group .Sy,
in other words maximal Galois group. The same was expected for Galois representation of
elliptic curves, which was finally proved in 2010: the mod m representation of a random
elliptic curve is generically maximal. Maximal image means that it contains SLa(m), since
the image of the cyclotomic representation in GLg(m)/SLa(m) only depends on F', as we
will see in Section PEZ3. In the following theorem, for each case F' # Q and F = Q, we
consider the density respectively given in Theorem and in Theorem B23. We have:

Theorem 1.30. Let m be an integer. Then almost all elliptic curves E/F with F # Q
satisfy SLa(m) < Gal(F(E[m])/F). If m is odd, then almost all elliptic curves E/Q satisfy

Gal(Q(E[m])/Q) = GLy(m).

Proof. For elliptic curves over F' with F' £ Q, we use Theorem B20. Now, by Theorem B2,
a Serre curve E/Q satisfies ppn(Gg) ~ GLa(m) for all m not divisible by Ma (), which
is even. In particular, the isomorphism occurs for every odd m. But, by Theorem B=23
almost all elliptic curves over QQ are Serre curves. ]

We also have information about the ramification of F(E[m])/F. Arias-de-Reyna and
Vila provided an affirmative answer to the tame IGP for GLa(p) over Q, see [AdRV(OY,
Theorem 1.2]. More generally, for elliptic curves defined over a number field F', Table B=21
gives upper bounds on the ramification index of F(E[m])/F at primes not dividing m,
depending on the reduction of the curve (see Definition ER). In particular:

Theorem 1.31. Suppose that E/F is semistable, with good or split multiplicative reduction
at 2 if m is odd. Then F(E[m])/F is tamely ramified outside of the set of prime divisors
of m.
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We say that an elliptic curve defined over a finite field of caracteristic p is supersingular
if it does not have non-trivial p-torsion points. Serre proved that:

Theorem 1.32 ([Ser72, Proposition 12]). Let p be a prime. If E/F has good supersingular
reduction at p, then F(E[p])/F is tamely ramified at p.

However, the field F'(E[m]) contains Q(C,u,m ), which has ramification index at p

over Q equal to p»(™~1(p — 1). Then, if v,(m) > 2 and F/Q has ramification index at p
with valuation smaller than v,(m) —1, then F(E[m])/F will be wildly ramified at p, from
Table B=22.

Finally, about explicit IGP, the construction of explicit polynomial with Galois group
pEm(GF) is the topic of Chapter B.

Other groups can be realize with methods of arithmetic geometry, for example:

Theorem 1.33. For all positive integers m, the normalizer of the Cartan subgroup

N_10(m) = <<‘01 ‘D , (_“b Z) |a®+ 1 € (Z/mZ)*> C GLo(m)

is realizable as a Galois group over Q.

Proof. By [LR22, Theorem 1.2.(1)], for every imaginary quadratic field K, every integer f
and every m > 3, there exists an elliptic curve F with CM by an order of K of conductor f
such that ppm(Goj(k))) = Nsge(m) (see Section 22472). Taking K = Q(v/—1) and f = 1,
we have 6 = —1 and ¢ = 0. Moreover, using the notation of [LR22] and [Sil94, Appendix
A 3], we have Q(jk,r) = Q(2°3%) = Q. The result follows. O

We call such realizations geometric, because it uses a geometric object: an elliptic
curve. More generally, we talk about geometric realization when we use abelian varieties to
realize groups as Galois groups. Let A be an abelian variety of dimension g, defined over F.
The group G acts on the m-torsion points of A, giving rise to a Galois representation
Gr — GSpyy(Z/mZ) where GSpy,(Z/mZ) denoted the general symplectic group over
Z/mZ. We denote by F(A[m]) the extension of F generated by the coordinates of m-
torsion points of A. For example, we can take for A the jacobian of a curve of genus g.

Theorem 1.34 ([AD20]). Let p be a prime. Suppose that there exist q1,q2,q3,q4,q5 € P

such that {q1, ¢2} # {as, G5}, ¢1,02,q4,05 < 43 <29 +2 and 29+ 2 = q1 + 2 = g4 + ¢s.
Then, there exist explicit hyperelliptic curves of genus g such that their jacobian J satisfies

Gal(Q(J[p])/Q) =~ GSpyy(Z/pZ).

This method makes it possible to tabulate extensions of number fields with fixed Galois
group and specified ramification. As already pointed out for the elliptic curves, which are
abelian varieties of dimension 1, the ramification of F(A[m])/F is controlled by m and the
conductor of A, see [ST68 Theorem 1, and Corollary 2 of Theorem 2].

1.4 The profinite perspective of the inverse Galois problem

The absolute Galois group G is a profinite group. Hence every realizable group is profi-
nite.

Ezample 1.35. The additive group Z is not realizable as a Galois group.
We recall the definition of a profinite group. Let C be the category of groups or rings.
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Definition 1.36. An inverse system on C is a set of the following data:

1. A partially ordered set (I, <) such that for all 7,5 € I there exists k € I such that
i<kandj<Fk,

2. For each ¢ € I, an object G; of C,
3. For each pair (i,j) € I? with i < j, a morphism ¢;; : G; — G; of C such that

(a) ¢i = idg,,
(b) For each triple (i,j,k) € I® with i < j <k, the equality ¢ = ¢ o ¢jx holds.

The inverse limit is the unique object G = @Gi of C such that
i

1. G is equipped with morphism ¢; : G — G; such that for all i < j we have ¢; = ¢;j0¢;,
2. G is universal for the property.

When the morphisms ¢;; are understood, we simply denote by (Gj;)icr the inverse
system.

Remark 1.37. The inverse limit of an inverse system ((G;), (¢;5)) is isomorphic to
G={(g)ier |Viel g eGandVi<j ¢;(g;)=g}<][[GiecC
Moreover, if (R;)icr is an inverse system of rings, then R* = RN[[ R} = le R;.

Definition 1.38. A profinite group is a topological group which is the inverse limit of an
inverse system of finite groups equipped with the discrete topology.

Remark 1.39. Let (G;) be an inverse system of finite groups equipped with discrete topol-
ogy. The topology on @Gi is the minimal topology such that the associated morphism
¢; are continuous. It is induced by the product topology on [] G;.

Remark 1.40. Let H be a subgroup of a profinite group G. If H is open with finite index,
then it is closed. Indeed, in this case G is the finite disjoint union of the equivalence classes
modulo H, which are all open in G since H is, and so H is the complementary of an open
subset.

Moreover, if G and H are both compact, then H has finite index if and only if it
is closed. This is for example the case for G = GLo(Z) and H = pp(Gr) with E/F a
non-CM elliptic curve, where pg is defined later in this section.

Ezample 1.41. For a prime p, the ring Z, of p-adic integers is a profinite group defined as
the inverse limit of the inverse system of rings (Z/p*Z)x>1 where the morphism Z/p*Z —
Z/p"Z with r < k is the morphism of reduction mod p". The induced product topology
is the same as the topology given by the p-adic valuation. The group 7 is profinite by
definition: it is the inverse limit of the inverse system (Z/mZ),,>2. From the Chinese

remainder theorem we have Z ~ [] Z,.
peEP

Let M/F be an infinite Galois extensions. Then Gal(M/F') has a structure of profinite
group. The system (Gal(L/F))rer with T = {L C M | L/F finite Galois} is an inverse
system: T is partially order by inclusion and for L C M the morphism Gal(M/F) —
Gal(L/F) is the restriction morphism. Then

Gal(M/F)= lim Gal(L/F).
LCM
L/F Galois
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We equip Gal(L/F) with the Krull topology, see [DS0H, Section 9.3]. In particular, the
absolute Galois group G is a profinite group obtained as the projective limit of all finite
Galois extensions of F.

Proposition 1.42. Let (G;)icr be an inverse system of finite groups such that all the
morphisms G — G; are surjective. Let G = @Gz The two following conditions are
equivalent:

1. G is realizable as the Galois group of L/F.

2. Foralli € I, G; are realizable as the Galois group of L;/F' such that L; C Lj for all
i< j.

In this case, L = [](L;).
Proof. (1) = (2): If Gal(L/F) ~ G, then there are surjective morphism
¢ : Gal(L/F) — G;

such that for all 7 < j, ¢; = ¢;j 0 ¢;. In particular, ker ¢; C ker ¢; for all ¢ < 5. For i € I,
let L; be the fixed field of ker¢;. Then G; ~ Gal(L;/F) and L; C L;. It follows that
[I(L;) € L. Since G is universal, then we have L = [[(L;). (2) = (1): For the other
direction, if G; ~ Gal(L;/F') such that L; C L; for all ¢ < j, then (Gal(L;/F));er form a
projective system with the restriction morphisms Gal(L;/F) — Gal(L;/F') and its inverse
limit is Gal([[(L;)/F). O

Knowing the structure of Gy provides a solving of the IGP over F' for any group.

Cyclotomic character

An automorphism o € Gp acts on (, as 0((y) = Cfn(o) for some a(o) unique modulo m.
Thus, we obtain a Galois representation of dimension 1, called the mod m cyclotomic
character:

Xm : Gr — (Z/mZ)* o+ a(0).

This character does not depend on the choice of (. The kernel of this representation
is Gal(F/F((n)) and so xm(Gr) ~ Gal(F(¢n)/F). The families (x,+(Gr))r>1 and
(Xm(GF))m>2 form inverse systems, whose inverse limit are respectively subgroups of
Z,, and Z*. They give rise to the p-adic cyclotomic character and the adelic cyclotomic
character:

Xp : Gp — Z, and XCyC:GF%Z*.

By Proposition 42, we have
Xp= (GFr) = Gal(F(pyee)/F)  and  Xeye(Gr) =~ Gal(FYC/F).

For F' = Q, the representation x,, is surjective for all m, and so are xpe and Xcye. It
follows that, for F' # Q, the image of Xcy. only depends on the intersection F' N Q%°.
If FNQY° = Q, then xcye and xpee are surjective, which gives a realization of Z; and
Z over F. Since Z = [[Z, and F%¥° = ] F(pyee), it follows from Section 2 that the

peEP
family (F(pyee))pep is linearly disjoint over F. For F' = Q, this also follows from the

ramification of cyclotomic fields, see Example I™24. However, this is not the case for all
number fields F', as the following example shows:
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Ezample 1.43. Since ¢(7) = 6 and ¢(13) = 12, the field Q(¢7) and Q({13) each have a
subfied of degree 3 over Q, say K7 and Kj3. Since Q((7) and Q((13) are linearly disjoint
over @, then so are K7 and Kj3. Set K := K7Kj3. Then Gal(K/Q) ~ Z/3Z x Z/3Z by
Proposition T4, and so K/Q has a subextension F, linearly disjoint from K7 and K3
such that Gal(F/Q) ~ Z/3Z. Therefore, we have

F+K=FK;=FK3C F(C7)HF(C13),
which shows that the family (F'(p,e))pep is not linearly disjoint over F.

Definition 1.44. Let a,b positive integers and d = gcd(a,b). We say that F' has a
cyclotomic (a,b)-entanglement if F((q) N F(() # F(Ca).

If FNQ%° = Q, then F' does not have any cyclotomic entanglement. On the other
hand, the field F' in Example I3 has a (7, 13)-entanglement.

The end of this section follows from Section 2. In the context of elliptic curves,
the families (E[p*])r>1 with p prime, and (E[m]),>1 form inverse systems, giving rise
to profinite groups T,,(E) and T'(E) called the p-adic Tate module and the Tate module.
Then, the Galois representations pg ,, give rise to (continuous) p-adic and global Galois
representation

pEp : Gr = GLa(Zy) = lim GLa(p")
k

and

PE - GF — GLQ(Z) ~ l&lGLQ(m)

We have:
pEp=<(Gr) =lmpp 1 (Gp) and pp(Gr) =lmppm(Gr).
k m

The study of the representations pg ., for each m is equivalent to the study of pg.

Theorem 1.45. Suppose that N QY° = Q and F # Q. The profinite group GLQ(Z) 18
realizable over F' as the Galois group of F(Eios)/F for some elliptic curve E/F.

Proof. See [Zyw10, Theorem 1.2]. O

In fact, the loc.cit. theorem says that this is the case for almost all elliptic curves E/F
and this is what we use for Theorem IZ30. From the previous theorem and the fundamental
theorem of Galois theory, we obtain:

Corollary 1.46. FEvery open subgroup of GLZ(Z) occurs as pp(GF) for some number
field F' and some elliptic curve E/F.

Theorem 1.47. Suppose that FNQY® = Q. The profinite group [[ GLa(Z,) is realizable
p#2
over F, as the Galois group of [ (F(E[p™>]))/F, for some elliptic curve E/F. More-
p#2
over, GLia(Zs) is realizable over F, as the Galois group of F(E[2%°])/F, for some elliptic

curve E/F.

Proof. For F # Q, this is previous theorem, since GLy(Z) ~ [] GLa(Z,). For F = Q, we
peEP
use the elliptic curve E/Q, with LMFDB label 37al, of the proof of Theorem =27 for the
realization of [[ GL2(Z,), and the elliptic curve E/Q, with LMFDB label Tial, of the
p#2
proof of Proposition for GL2(Zs2). O


https://www.lmfdb.org/EllipticCurve/Q/37/a/1
https://www.lmfdb.org/EllipticCurve/Q/11/a/1

Chapter 2

Elliptic curves and (alois
representations

Elliptic curves are both geometric and arithmetic objects and are one of the main objects
of study of this thesis. They are projective curves of genus 1, provided with a composition
law making the points of the curve into an abelian group, in other words an elliptic curve
is also an abelian variety of dimension 1. This gives rise to Galois representations. As
shown in Section I3, the study of these Galois representations brings answers to certain
instances of the inverse Galois problem. In this chapter, we present some preliminaries
on elliptic curves and a state-of-the-art on the images of the p-adic Galois representations
associated to their Tate modules. We will present the theory briefly, focusing mostly on
what is relevant in the next chapters. For more details on the theory of elliptic curves, see
[Sil0g], specifically Chapter IIT and VII.

2.1 Elliptic curves and associated equations

An elliptic curve E defined over a field F' is a smooth projective curve of genus 1 defined
over F' provided with a point O € E(F), called the point at infinity. Every elliptic curve
E/F admits an equation of the form

E: y2 + a1xy + agy = 3 + asr® + agx + ag, ai,as,as,a4,ag € F, (2.1)

using the Riemann-Roch theorem. Such an equation is called a Weierstrass equation for E.
On the projective plane the equation becomes

E:Y’Z+a1XYZ+a3sYZ?=X3+auX?Z +ay XZ% + CLGZS, ai,as,as, a4, ag € F

and O = [0: 1:0] is the point at infinity. We also define the following quantities, which
will be useful to define the discriminant, the j-invariant and, in Chapter B, the division
polynomials:

b2 = CL% + 4a2

b4 = 2(14 + ajasz

bg = a% + dag

bs = a%aﬁ + dasag — arazaq + agag — ai

The points of E are the points of the affine curve (2), together with the point at infinity.
If F' does not have characteristic 2 or 3 then, after a change of variables, the elliptic curve

33
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FE has an equation of the form
E:y*=23+Ax+B, ABEF,
called a short Weiertrass equation for E. In this case
by =0, by=2A, bs=4B, bg=—A>

Remark 2.1. A change of variables defined over F' between two short Weierstrass equations
maps y? = 23 + Ar + B to

P =23+ utAzr +u°B
for some u € F*. Hence, every elliptic curve F/Q has a unique short Weierstrass equation

E : y? = 23 + Az + B such that v,(ged(|A[?, |BJ?)) < 12 for all prime p. We define the
naive height of E as max(|A[?,|B|?).

Remark 2.2. Let d € F*\F*? and let E/F be an elliptic curve with Weierstrass equation
y? = 23 4+ Az + B. The elliptic curve E@ : dy? = 2 + Az + B is isomorphic to E over
F(+/d), but not over F, and is called the quadratic twist of E by d.

Definition 2.3. For an elliptic curve E/F with Weierstrass equation
E:y® +aizy + asy = 2° + aga® + ayx + ag,  a1,az,a3,a4,a6 € F,
we define the discriminant Ag € F of E and the j-invariant j(E) € F of E as

(b3 — 24b4)3

Ap = —b3bg — 8b3 — 2702 + bobybg, and j(E) = A
E

A Weierstrass equation defines a non-singular curve if and only if Ag is non-zero.
Thus, j(E) is well-defined.
If E/F has a short Weiertrass equation E : y? = 2® + Az + B, then

(44)°
Ap

Ap = —16(4A4% +27B?) and j(E)= —1728

Proposition 2.4 ([Sil09, Chapter 3, Proposition 1.4.(b)]). The j-invariant of E does only
depend on the isomorphism class of E over F.

Bézout theorem says that a projective curve of degree n cuts every line in n points
counted with multiplicities. In the case of elliptic curves, a line intersects the elliptic curve
in exactly three points P, (), R with multiplicity. Then, we equip the elliptic curve with a
composition law + which satisfies P+ @ + R = O.

Proposition 2.5 ([Sil9, Proposition 111.2.2]). For all L C F, the pair (E(L),+) forms
an abelian group with identity O.

There are explicit formulas to compute the addition of points, which are rational
functions over F. They are given in [Sil04, Group law Algorithm II1.2.3]. Let us remark
that the structure of E(L) does not depend on the choice of a Weierstrass equation for E.

Proposition 2.6 ([Sil09, Group law Algorithm II1.2.3.(a)]). Let E/F be an elliptic curve
with Weierstrass equation y> = f(z). Let oy, as, a3 be the distinct roots of f. Then the

points of order 2 of E(F') have coordinates (z,y) = (a;,0), i = 1,2, 3.
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Elliptic curves over number fields

From now on, let F' be a number field. Let p be a prime, and p be an ideal of O above
p. For a € F, we define vy(a) the p-adic valuation of a as the greatest integer & such that
aOp C p*. For an elliptic curve £ /F', we can choose a Weiertrass equation with coefficients
in Op, whose discriminant Ag has minimal p-adic valuation. Such an equation is called a
minimal equation for E at p and its discriminant is called the minimal discriminant of £
at p. An equation which is minimal at every prime is called a global minimal Weierstrass
equation.

Proposition 2.7 ([Sil0Y, Chapter VIII, Corollary 8.3]). If F' has class number 1, then
every elliptic curve E/F has a global minimal Weierstrass equation.

Once we have a minimal equation for E at p, we can take the image of its coeflicients
in Op/p, say a;, and we obtain a curve over Op/p with Weiertrass equation

E, : y? + Gy + asy = 25 + aex? + aux + ag.

Definition 2.8. Let E/F be an elliptic curve and E, be the reduction modulo p of a
minimal equation for £ at p.

1. E has good reduction at p if E, is non-singular,

2. E has split (respectively non-split) multiplicative reduction at p if E, has a node
with slopes of the tangent lines in Op/p (respectively not in Op/p),

3. E has additive reduction at p if E, has a cusp.

In the cases (2) and (3) we say that E has bad reduction at p. If at each prime p, E has
good or multiplicative reduction, we say that F/F is semistable.

Definition 2.9. With same notations as in the previous definition, we define the quantity

ap(E) =p+1— Ey(F,).

Definition 2.10. Let Pr be the set of prime ideals of Op. We define the conductor of

E/F as fg = [] p»® where
pePF

0 if E/F has good reduction at p
H(E)=<1 if E/F has multiplicative reduction at p
2+ 6, if E/F has additive reduction at p

where 6, > 0 is defined in [Sil94, Chapter 10, IV.10, Definition]. If F' = Q, we also called
conductor of E the integer fg satisfying fg = frgZ.

In this manuscript, when we talk about an elliptic curve E/F, we refer to
the isomorphism class of the elliptic curve F up to a change of variables defined
over F. Sometimes, we will talk about Ag without fixing a Weiertrass equation: it is
when we are interested in F'(v/Ag)/F for example, and this extension does not depend on
the choice of the Weiertrass equation.
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2.2 Galois representations of elliptic curves

Every definition and assumption in this section is up to a change of variables over F'.
As said in the previous section, the points of E(F) form a group. For m € Z, we define
the endomorphism [m] : E — E which maps P to [m]P = P+ ---+ P. For m # n, we
‘\,_/

m times
have [m] # [n]. Therefore, after an identification between m and [m], we have the ring

inclusion Z C End(E).
Definition 2.11. We say that E/F has complex multiplication (CM) if End(E) # Z.

There are only finitely many j-invariant defined over F' corresponding to elliptic curves
having complex multiplication, see [Sil0d, Appendix C, Corollary 11.1.1] and [BFGROS].
We denote by E[m]| the group of m-torsion points of E, i.e.

Elm] :=ker ([m] : E(F) — E(F)) = {P € E(F) | [m]P = O}.
The group E[m] is a Z/mZ-module. More precisely:

Proposition 2.12 ([Sil04, Chapter III, Corollary 6.4]). Over any field of characteristic 0,
we have the group isomorphism

E[m] ~Z/mZ x Z/mZ.

The p-adic Tate module of E is the Z,-module
T,(E) := lim E[p"),
k

the inverse limit being taken with respect to the natural maps [p] : £ [p"t] — E[p"]. We
also define the Tate module of E as the Z-module

T(E) := lim E[m),

m

the inverse limit being taken with respect to the natural maps [n] : E[mn| — E[m]. For
every integer m, let (P, Q) be a compatible basis of E[m| over Z/mZ i.e. for m,n > 2,

(NP, nQmn) = (P, Qm)-
Since E[m] ~ Z/mZ x Z/mZ, we deduce that T),(E) ~ ZI% and T(E) ~ Z2. Tt follows that

Aut(E[m]) ~ GLy(m), Aut(T,(E)) =~ GLa(Z,), Aut(T(E)) =~ GLa(Z).

Let Eliors be the group of torsion points of E and, for a prime p, E[p™] be the group
of pF-torsion points of E for k > 1, i.e.

FElors = UE[m]zth[m] and FElp UE g E[p"].

m>2 m>2 E>1

One can check that
Aut(ligl E[m]) ~ Aut(@ E[m])
- At(Brore) ~ Aut(T(E)) ~ GLz(Z).m (2.2)

Etors
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We also have
Aut(E[p™]) ~ Aut(T,(E)) ~ GLa(Zp).

Thus, we will consider indifferently pg peo with image in Aut(7,(E)) or Aut(E[p™>]) and
pr with image in Aut(T'(E)) or Aut(Eiors)-

Let P € E(F). For 0 € G, we define o(P) to be the point of E(F) such that, if P
has coordinates (zp,yp), then o(P) has coordinates (o(zp),o(yp)). The Galois group G
acts on E[m] as follows

Gp x Elm| — E[m| (o0,P)w— o(P),
giving the representations
pEm : Gr — Aut(E[m]) ~ GLa(Z/mZ).
called the mod m Galois representation of E/F,
pEp> : Gp — Aut(T,(E)) ~ GLa(Zp)
called the p-adic Galois representation of E/F and
pe : Gp — Aut(T(E)) ~ GLy(Z)

called the adelic (or global) Galois representation of E/F. By definition, the image of
pe(Gr) in GLa(m) is pgm(GF), the image of pp(Gr) in GLa(Z)y) is pgpe(GF) and the
image of pgpe (Gp) in GLa(p") is pg i (Gr). The following diagramm is commutative:

GLy(Z) — GLay(Zy)

~. |

GLy(p")

The isomorphism GLy(Z) ~ [] GLa(Z,) gives an injective morphism:
peEP

pe(Gr) = [ pep~(Gr). (2.3)
peEP

In particular, for integers a, b, m such that m = lecm(a,b), there are injective morphisms:

pEm(Gr) = [[Ppmwem (Gr) and  pem(Gr) = ppa(Gr) x pes(Gr) (2.4)
peEP

The kernel of the Galois representation pg ,, is the set of ¢ € G such that o acts
trivially on the m-torsion points. In other words, o € ker pg ,, fixes the extension of F
generated by the coordinates of the m-torsion points, denoted by F(E[m]), and called the
m-division field of E. We note that this extension does not depend on the choice of a
Weierstrass equation for E. Therefore kerpg , = Gal(F/F(E[m])) is a normal subgroup
of G, the extension F(E[m])/F is Galois and

Gal(F(E[m])/F) =~ ppm(Gr)-
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This provides a solution for the IGP over F for subgroups of GLg(Z/mZ) which are
images of such representations, see Chapter M for more information about the inverse
Galois problem.

Similarly, the kernel of pg , and pg are respectively the subgroups Gal(F/F(E[p™]))
and Gal(F/F(FEjors)) and so

Gal(F(Ep™))/F) = p = (Gr)

and
Gal(F(Eiors)/F) =~ pp(GF).

In this manuscript, we consider the image of pp (respectively pg o, pEm)
in GLy(Z) (respectively GLy(Z,), GLy(m)) without precising the choice of the
basis. It is understood that the image is not necessarily equal but conjugate
to the given group. This choice is motivated by the fact that this does not change the
properties that interest us. In other words, we only consider the equivalence class of the
Galois representations of E.

2.3 Weil pairing and maximal image

Let det : GLa(m) — (Z/mZ)* be the determinant map. The Galois representation pg , :
Gr — GLga(m) gives rise to a Galois representation of dimension 1:

detoppm : Gp — (Z/mZ)*.

The determinant being stable under conjugation, the representation detopg ,, does not
depend on the choice of the Z/mZ-basis for E[m)|.

Proposition 2.13. We have x,, = det opg . In particular, F'((y,) is contained in F'(E[m])
and we have the isomorphisms

Gal(F(¢m)/F) ~detoppm(Gr) and Gal(F(E[m])/F((m)) ~ SLa(m) N pgm(GF).

This result is due to the existence and the properties of the Weil pairing (definition
given in [Sil09, I11.8])
em : E[m] x Elm| — u,,.

where p,, is the group of m-th roots of unity.

Proposition 2.14 ([Sil0Y, II1.Proposition 8.1]). The Weil pairing is bilinear, alternating,
non-degenerate, Galois invariant and compatible with the projective limit.

Proof of Proposition ZI3. The Weil pairing being non-degenerate, we can choose P, () €
E[m] such that e, (P,Q) = (» (see [Sil0Y, III, Corollary 8.1.1]). The pair (P, Q) is
a Z/mZ-basis of E[m]|, otherwise P and @) would be on the same line and, since the Weil

pairing is bilinear and alternating, we would have e,,(P,Q) = 1. Let ¢ € G such that

pEm(0) = (CCL Z) in the basis (P, Q). Then

o(CGm) = o(em(P,Q)) = em(o(P),0(Q) (Galois invariance)
=em(aP + cQ,bP + dQ)
= e (P, Q)b (bilinear and alternating)

o ad—bC_CdetopE,m(U)
=X =(m
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This shows that the action of G by detopg,, and X, is the same. Then the kernel
of det opg ,, is Gal(F/F((y)) and contains the kernel of pg ,, which is Gal(F/F(E[m])).
O

Corollary 2.15. We have Xcyc = det opp and xpe = det opg peo.

As a consequence of Proposition 213, if F' N Q((y) # Q, then pg,, cannot be sur-
jective, since its composition with the determinant map is not. The possible images have
determinant x,,(Gr), and the largest possible image is the largest subgroup of GLga(m)
with determinant x,,(Gr), which is equivalent to have pg ,,(Gr) containing SLa(m).

Definition 2.16. Let E/F be a non-CM elliptic curve. We say that the image of pg m,
respectively pg poo, pg, is mazimal if it contains SLy(m), respectively SLg(Z,), SLa(Z).

~

As we will see in Section P4, the image of pg has finite index in GL2(Z) if E does not
have CM and infinite index otherwise. Thus, we define differently mazimal image in the
CM case, see Section 222,

We denote by Gr ., respectively Gr p, Gr, the largest subgroup of GLa(m), respec-

tively GL2(Zp), GL2(Z) with determinant x,,(Gr), respectively xpee (GF), Xoo(GF). We
have Gg yo = GLa(Z,) and Gy = GLa(Z).

To illustrate the three previous sections, we end it by an example:

tion
E:y? +y=a®—2? — 7820z — 263580

has discriminant Ag = —11 and j-invariant j(E) = —2'2 . 1171 . 293 . 8093. It has good
reduction at every prime but 11, for which it has split multiplicative reduction. In particu-
lar, E/F is semistable. The conductor of E is fg = 11. The p-adic Galois representations
pEp are surjective for all primes p but 5, and even surjective for all n coprime to 550.
More precisely we have pgp(Gg) = 7 1(prss50(Gg)) where 7 is the natural projection
GLy(Z) — GLy(550). We obtain, for n coprime to 550,

Gal(Q(E[n])/Q) ~ GLa(n)

and for primes p # 5:
Gal(Q(E[p™])/Q) ~ GLa(Zy).

For p = 5, the image of pg 5 has index 24 in GLy(5), and

caes)/=((y 1).(3 7)) ccr,

The image of pg 25 has index 120 in GL2(25) and

caeps)/@ = (3 11).(3 1)) cre.

Moreover, pg s (GF) is the full inverse image of pg 25(Gr) in GL2(Zs). In particular, it
has index 120. For m = 22, the image of pg 22 has index 2 in GL2(22). For n = 550,
the image of pg 550 has index 1200 = 120 - 2 - 5 in GL2(550). As we will see later, that
corresponds to (2,11) and (11, 25)-entanglement: Q(E[11]) N Q(E[2]) is a quadratic field
and Q(E[25]) N Q(EI11)) is a Z/5Z-extension of Q.


https://www.lmfdb.org/EllipticCurve/Q/11/a/1
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2.4 Image of the p-adic representations

In this section, we summarize the state-of-the-art concerning the images of the mod p and
p-adic representations pg, and pgpe. We have to distinguish the CM and the non-CM
cases (see Definition 1), because the behaviour of the curve and its Galois representa-
tions are generically really different, as we will see.

2.4.1 Elliptic curves without complex multiplication
Serre’s open image theorem

The starting result, which is a major advance forward in the study of non-CM elliptic
curves, is the following:

Theorem 2.18 (Serre’s open image theorem, global version). Let E/F be a non-CM
elliptic curve. Then pg(Gr) has finite index in GLa(Z).

Proof. It follows from [Ser72, Section 4.2, Théoreme 2| and [Ser89, IV.19, Proposition]. [

Roughly, the image of pr in GL2(Z) s large: there exists an integer m such that

pe(Gr) is the full inverse image in GL2(Z) of pgm(Gr). We recall that pp(Gr) C Gr
and PE,p>® (GF) g gF7poo.

Definition 2.19. Let E/F be a non-CM elliptic curve. The adelic level of pg, denoted
by M, is the smallest integer m such that pp(Gp) is the full inverse image of pg m(Gr)
in Gp. The adelic index of pg is the finite index [Gr : pp(GF)].

In particular, the representation pg ,, is maximal for all m coprime to Mg and the
radical of Mg is the smallest integer sastisfying this condition. Therefore, a prime p such
that pgp is non maximal is called an exceptional prime for E/F. This terminology was
introduced by Jones for elliptic curves over Q in [JonT(d, Definition 1].

Remark 2.20. In [RSZB27] the terminology exceptional images is used for images pg (G F)
which occur for only finitely many non-CM j-invariants. On the other hand, we talk about
exceptional subgroups for subgroups of GLo(p) having projective image in PGLo(Z/pZ)
isomorphic to A4, A5 or S4. But these three notions of exceptional primes, exceptional
images and exceptional groups have no link, except for the fact that an exceptional image
occurs only at an exceptional prime. However, in [Sufl6], the terminology exceptional
images has been used for images of non-surjective Galois representation.

In the database [LME24)], the adelic level is given for elliptic curves over Q, together
with the p-adic level for all p, defined as follow:

Definition 2.21. Let E/F be a non-CM elliptic curve and p be a prime. The p-adic
level of pg is the smallest prime power p* such that pEp~(GF) is the full inverse image
of pg p+(GF) in Grpeo. The power k is called the p-adic depth of pg.

The exceptional primes are those for which the p-adic depth is positive. For every
prime p, the p-adic level divides the adelic level. Indeed, since the inverse image of
pEy(Gr) in GLy(Z) is pp(Gr), then the inverse image of P i) (Gr) in GL2(Zy)
is pgpe(GF). For the other divisors of Mg, these are those which are involved in an
horizontal entanglement, which is the topic of Section B.

Remark 2.22. In the same way, we define the p-adic depth of xoo as the smallest integer r
such that one of the following equivalent conditions holds:
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L. Xp<(GF) is the full inverse image of x,r(Gr) in Z;.

2. Fﬂ@(“pw) C Q(Gpr)-

We observe that, if the p-adic depth k of pg is greater than the p-adic depth of y, then
it comes down to the same to take the inverse image of pg ,x (GF) in Grpeo or in GLa(Zp).

As stated in [SerR8Y, V.19, Proposition]?, Serre’s open image theorem is equivalent to
the following;:

Theorem 2.23 (Serre’s open image theorem, local version). Let E/F be a non-CM elliptic
curve. Then pg, is surjective for almost all primes p.

Serre proved the local version in order to prove the global version. He proceeded by
contraposition, proving that if £/F has infinitely many exceptional primes, then it must
have CM. His method, which is a recurrent method for the results of this section, is based
on the classification of subgroups of GLa(p), see [Ser72, Section 2], and a deep study of
the link between the reduction type of the curve and the image through pg ), of the inertia
subgroups of G attached to p.

Exceptional primes

By Serre’s open image theorem, every non-CM elliptic curve has surjective mod p Galois
representation for almost all prime p. Duke proved in 1997 that, in terms of arithmetic
statistics, almost all elliptic curves over Q have surjective mod p Galois representation for
any prime p:

Theorem 2.24 ([Duk97]). If we order elliptic curves over Q by their naive height, then
the proportion of elliptic curves over Q with exceptional primes is 0.

This shows that an elliptic curve over Q has generically surjective mod p Galois rep-
resentation for any prime p. Later, Jones and Zywina proved stronger results, as we will
see in Chapter B, which are summerized in Theorem [=30.

Now, for which prime p the representation pg ), is not surjective, and what is the image
in these cases? We can reformulate this question in the following general program, set by
Mazur in [Maz06, Maz-3]:

Mazur’s Program B. Given a number field F' and a subgroup H of GLy(Z), classify all
elliptic curves defined over F' whose adelic Galois representation maps G into H.

This program is equivalent to the following:

Problem 2.25. Given a number field F' and a subgroup H of GL2(Z), determine X (F)
where X g is the modular curve associated to H.

For information about modular curves, see Appendix B. From the classification of
subgroups of GLa(p) (see [Suflfi, Section 3], or [Ser72, Section 2]), the image of pg,
contains SLo(p) or is contained in one of the following subgroups:

o a Borel subgroup, in this case E/Q has a p-rational isogeny i.e. there exists P €
E[p\{O} such that Gr acts on the group generated by P,

o the normalizer of a (split or non-split) Cartan subgroup,

2The reference [Ser8Y] was first published in 1968, so before [Ser72], and was reprinted in 1989.
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o an exceptional group, i.e. with image in PGLy(Z/pZ) (the quotient of GL2(p) by
diagonal matrices) isomorphic to Ay, Sy or As.

Hence, to study mod p images of Galois representation of elliptic curves, one can look for
the rational points on the modular curves associated to each of these groups.

Serre’s open image theorem says that, for every elliptic curve E/F without CM, there
exists an integer cp such that, for all prime p greater than cg, the representation pg
is surjective. In 1978, Mazur proved the Mordell-Weil theorem which gives the exact list
of possible group structure for Fios(Q), see [Maz7R, Theorem 2|. As a consequence, he
showed that, if F is defined over Q and semistable, then cg = 7 works:

Theorem 2.26 ([Maz78, Theorem 4]). Let E/Q be a semistable elliptic curve. Then pg p
is surjective for all p > 11.

Serre asked whether there exists a constant cg independent of E/Q. It is known as
Serre’s uniformity question. He formulated an even more precise question:

Question 2.27 ([Ser8TH, Questions, p.399]). Let E/Q be an elliptic curve without complex
multiplication. Is pg, surjective for all p > 377

We expect that this question has an affirmative answer, which is commonly referred as
the Serre’s Uniformity Bound, but for now, we do not even know if the Serre’s uniformity
question has a positive answer. More recently, Zywina made a more precise conjecture:

Conjecture 2.28 ([Zywl5, Conjecture 1.12]). Let E/Q be a non-CM elliptic curve and
p > 13 be a prime such that (p,j(E)) ¢ S where

—17%-1013 —17-3733 5 3 3
S = {(17,2> : <17,217> ,(37,-7-117) , (37, —7-137° - 2083 )}.

Then pgp is surjective.

The conjecture is "optimal" in the sense that there exists a CM elliptic curve with
j-invariant j and pg , non-surjective for all (p, j) € S and infinitely many j-invariant such
that pg, non-surjective and p < 13 from [SZ17, Corollary 1.6] and [RSZB22, Theorem
1.6]. In the hypotheses of Conjecture 228, the image pg,(Ggp) is maximal or contained
in the normalizer of a non-split Cartan subgroup, see [Zywld, Theorem 1.11]. In the
same paper, Zywina gives an algorithm to compute all possible images pg ,(G ) assuming
Conjecture 228. Hence, it gives at least all possible images pg ,(Gr) for p < 13. He
determined the list of possible images mod p for each prime p, and for each subgroup H in
this list, the (one-parameter) family of elliptic curves E such that pg,(Gg) is conjugate
to H. His method is based on the theory of modular curves and modular functions,
specifically the j-map corresponding to these modular curves. The same year, he gives an
algorithm [Zyw22a, Section 1.1] to compute, for a given non-CM elliptic curve, a finite set
containing the exceptional primes, using the reduction of the curve. He gives explicit upper
bounds for the exceptional primes. In particular, if £/Q is an elliptic curve without CM
and without primes of multiplicative reduction, then one can take cg = max{37, /N(fg)},
by [Zyw22a, Theorem 1.10]. If £/Q has multiplicative reduction at p, then one can take
cp <max{17, (p+ 1)/2}. This improves bounds given in 2005 by Cojocaru in [CKOH].

For elliptic curves defined over number field, Larson and Vaintrob [LVI3] give, under
the Generalized Riemann Hypothesis, many upper bounds for the exceptional primes,
depending on the conductor of the elliptic curve. In particular,
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Theorem 2.29 ([LVI3, Theorem 23]). We assume GRH. Let E/F be a non-CM elliptic
curve and p be an exceptional prime for E. Then there are effectively computable constant
A, B depending only on F' such that

p < A-log(N(jg)) - (loglog(N(fE)))” + B.

Lombardo [LomT6, Theorem 1.4] also gives a bound for exceptional primes, depending
on the degree of F' and the Falting heights of the non-CM elliptic curve E/F. Moreover,
Sutherland [SufT6] gives two probabilistic algorithms to compute images mod p, for p
prime®. They determine pEp(GF) up to local conjugacy (defined in op.cit.), which is
a relatively weaker notion than conjugacy. Both Larson and Vaitrob, and Sutherland,
used the image of Frobenius elements of G in their method. Coming back to the Serre
uniformity question, Zywina gives an analogue over number field:

Conjecture 2.30 ([Zyw24b, Conjecture 2.11]). For any number field F, the following
equivalent conditions hold:

1. There is a constant cp such that for any prime p > cp and any non-CM elliptic
curves E/F, the image pg,(Gr) is mazimal.

2. There is a finite set Jp C F such that for any prime p > 19 and any non-CM elliptic
curve E/F with j(E) ¢ Jr, the image pgp(GF) is mazimal.
In op.cit., Zywina gives a preliminary description of the possibility for the indexes and
the image pgp(Gr) C GLy(Z) for any number field F.
There are many other works on images of mod p Galois representations of elliptic
curves as [RVOT], [BPT1], [RPRT3], [BDMT19], [BRDMF23].

p-adic images

Now we have an overview of the current knowledge about images of mod p Galois rep-
resentations, we turn to images of mod p* and p-adic representations, in particular the
p-adic depth. If pg po (G ) is maximal, or when F' = Q, we have quite precise answers to
this question. In [Ser89, IV, 3.4, Lemme 3|, Serre observed that if p > 5 and G is an open
subgroup of GL2(Z,) with image in GLa(p) containing SLa(p), then G contains SLa(Z,).
This is not valid for p = 2,3, but there are similar results in this case. We obtain:

Theorem 2.31 ([KS0Y, Lemma 1 and following paragraph]). Let E/F be an non-CM
elliptic curve. For p > 5, the representation pg p~ has maximal image if and only if pg,
has mazimal image. Moreover, pg 3~ has mazimal image if and only if pgg has maximal
image, and pg 2~ has maximal image if and only if ppg has maximal image.

In other words, if pg ,(GF) is maximal, then the p-adic depth is 0 if p > 5, at most 2 if
p = 3 and at most 3 if p = 2. For elliptic curves over Q, the two following points complete
Theorem P=31 about caracterisation for the surjectivity of p-adic Galois representations:

o [EIKO6] shows that there are infinitely many j-invariant in Q for which the associated
elliptic curves have surjective mod 3 Galois representation but not mod 9. They are
parameterized by the modular curve Xy = X (9)/G where G is a split lifting of SLa(3)
in SLy(9): it is a subgroup of SL2(9) which maps isomorphically onto SLy(3). The
existence of such G was observed by [Ser89, IV, 3.4, Exercice 3]. For now, we do not
know if the modular curve Xy parametrized all elliptic curves with this property.

3The mod p Galois images data in LMFDB was computed using the algorithm given by [Sutl6)].
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Figure 2.1: Table of possible p-adic depth

Prime p Possible Example or comments
p-adic depth
0 3ral
1 69 Al
2 2 33al
3 Ha”
4 ihal
5 ihad
0 37ral
3 1 2627
2 14al
3 19al
0 3ral
b) 1 1ia?
2 ial
0 37 al
7,11 1 26 b1 [Zial
2 In the database [LME24],
there are only elliptic curve over Q
with a p-adic level 0 or 1
13,17,37 0 37 al
1 47 h1l, 1445001, 1225 h1
19, 23,29, 0 37al
31,p>41 1 Conjecture implies that
the p-adic depth is always 0

o Dokchitser and Dokchitser [[DDTT] give necessary and sufficient conditions on Apg
and j(E) for the surjectivity of pg 2, pp4 and pg g for E defined over Q.

Few years later, Rouse and Zureick-Brown classify all possible images pg 2 (GQ)ﬂl and
their index in GLgy(Zs2). In particular, they showed that the 2-adic depth is at most 5:

Theorem 2.32 ([RZBTH, Corollary 1.3]). Let E/Q be a non-CM elliptic curve. The image
of pE 2 is the full inverse image of pp 32(Gg) in GLa(Z3).

Recently, Sutherland and Zywina classified all possible images pg p~(Gg) except for a
finite set of j-invariant:

Theorem 2.33 ([S717, Corollary 1.6]). For p = 2,3,5,7,11,13 there are respectively
1201,47,23,15, 2,11 subgroups of GLa(Zy,) arising as pg pe(Ggq) for infinitely many elliptic
curves E/Q with distinct j-invariant; for p > 13 the only such subgroup is GLa(Zy).

Following this work, Rouse, Sutherland and Zureick-Brown dealt with exceptional
images, that are subgroups which arise as pg pe (Gg) for finitely many elliptic curves E/Q
with distinct j-invariant. Their main result [RSZB22, Theorem 1.6] gives us information
about the p-adic depth for non-CM elliptic curve over Q, summerized in Table 1. An

the list of non-maximal images pg y(Gg)®.
Finally, there are elliptic curves such that pg ,e is surjective for all p, as the following
example shows:

5.

4The 2-adic Galois images data in LMFDB was computed using the algorithm given by [RZRT5
S7ZB7Y].

T
®The p-adic Galois images data in LMFDB was computed using the algorithm given by [RSZRE
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Example 2.34. The elliptic curve E : y?>+y = 23—z with LMFDB label 37a1 has surjective
p-adic representation for all p.

The elliptic curve E : 4% + 2zy + ay = x> — 22 has surjective p-adic representation for all

p. It has even surjective adelic representation.

In fact, this is the case for almost all elliptic curves:

Theorem 2.36. Almost all elliptic curves over F' have mazximal p-adic Galois represen-
tation for any p.

Proof. For F # Q, it follows from Theorem B20. Suppose that F' = Q. From Theorem
and Theorem P31, if F/Q is an elliptic curve with adelic index 2, then pp .« (Gg) is
surjective except eventually when 8 | p*. In this case [GL2(8) : prs(Gg)] = 2 and,
by [JonT0, Lemma 28], this is the case only for a proportion of elliptic curves equal to 0.
Otherwise, if pg g is surjective then so is pg 2, by Theorem 231. Moreover, the proportion
of elliptic curve with adelic index 2 is equal to 1, see Theorem B=23. O

However, for E defined over QQ, the Galois representation pg is never surjective in

GL2(Z). There are other obstructions to the surjectivity of pg,, when m is not a prime
power, due to entanglement of division fields. This topic is covered in Section B.

2.4.2 Elliptic curves with complex multiplication.

Let E/F be an elliptic curve, O := End(F) and K be the field of fraction of O. Then
Eiors is an O-module. We have O = Z and K = Q if E/F does not have CM and O is an
order in the imaginary quadratic field K otherwise. Suppose that E/F has CM i.e. that
O is not Z. In this case O is an order in a imaginary quadratic field, i.e. O ~ Z+ fOy for
some positive integer f, called the conductor of O, and some imaginary quadratic field K,
called the CM field of E. By [ST6R, Theorem 5] and (222), we have

Auto (Eyors) ~ (O @7, Z)*.

In the CM case, we have K (x(Fios)) € K2, by [Sil94, Chapter II, Corollary 5.7]. But,
for m # 2, the extension K (FE[m]) has index 2 over K(z(E[m])), see Theorem 511 and
GL2(m) does not have any abelian subgroups of index 2. Thus pg(Gr) has infinite index
in GLQ(Z). Nevertherless, Campagna and Pengo [CP22H] give a generalisation of Serre’s
open image theorem to CM elliptic curves. If K € F, let 7 € G such that its restriction
to FK generates Gal(FK/F). We recall that Aut(FEos) ~ GLQ(Z) and Autp(FEios) <
Aut(Eiors). We define by G(E/F) the largest subgroup of

Auto(Erors) if KCF
{ (Auto(Eiors), p(T)) otherwise.
whose image in GLQ(Z) has determinant Xcyc(Gr). We also define, for a prime p, the
group G(E/F,p>) as the image of G(E/F) in GL2(Z,) and, for an integer m, the group
G(E/F,m) as its image in GLa(m). If E/F does not have CM, then G(E/F,m) = Grm,
for any integer m, G(E/F,p™>) = Gppe for any prime p and G(E/F) = Gp.

Theorem 2.37 ([CP22H, Lemma 2.2]). Let E/F be an elliptic curve. Then pg(GF) has
finite indez in G(E/F).
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Definition 2.38. With the same notation as in previous theorem, we say that the image
of pg.m (respectively of pg p, of pg) is mazimal if it is equal to G(E/F, m) (respectively
to G(E/F,p>), to G(E/F)).

The algorithm of Sutherland and Zywina to compute images of mod p representations,
mentioned in Section 2271, assume that the elliptic curve is non CM.

by K = Q( ), with endomorphlsrn ring (’) = Z[2z] where 7 = /—1. The conductor fof O
is 2 and Ax = —4. Since F is defined over Q, then K ¢ Q(](E) Thus

G(E/Q) = Autgp (Erors), X (pr(T))
where 7 € G satisfies 7(i) = —i. If we consider E defined over K, then
G(E/K) = Autzs;)(Eiors)-
From LMFDB, pg pe has maximal image for all p but 2. From Theorem B2, pr(Gg) has
index 2 in G(E/Q). We deduce that pg 2~ (Gg) has index 2 in G(E/Q, 2°°).

On the other hand, Lozano-Robledo [LR?Y] defines a subgroup of GLgy(Z), depending
on the CM field and on the conductor of End(FE), such that the image of pg is contained
with finite index in this group and can be equal to it.

Definition 2.40. Let O be an order in an imaginary quadratic field K and let f be the
conductor of End(F). For a positive integer m, we define ¢ and ¢ as follows

o If Agf?=0 (mod 4) let § = AKf2/4, and ¢ =0,

e If Akf?2=1 (mod 4), let5—(AK vf andd) f.

We set Njq4(m) := <Cg7¢(m), <_¢1 (1))> with
Csp(m) == {<a —gbb(b Z) } a,b € Z)mZ,a* + abp — 6b* € (Z/m7Z)* }

H

m

Moreover, we define, for p prime, Nj 4(p*>°) = @Ng’(ﬁ(p ) and N 4(Z ) lim N 4(m).
k

Theorem 2.41. Let E/F be a CM elliptic curve. Then, for all integers m, there exists a
basis of E[m| such that the image of pg,m is contained in Nsg4(m) and a compatible system
of bases of E[m] for all m > 2 such that the image of pg is contained in N(;,(b(Z).

Proof. This follows from Theorem [LR22, Theorem 1.2.(1)], since the inclusion Q(j(E)) C
F implies pp(GF) < pE(G@(j(E))). O

If we define the p-adic depth of pg to be the smallest integer k such that pg pe (G ) is
the full inverse image of pp ,x (GF) in N5 4(p™), then the p-adic depth of an elliptic curve
with CM is equal to 0 or 1 for all p but 2,3. For p = 2, we know that the p-adic depth is
less or equal to 5 from [RZBIA].

Theorem 2.42 ([LR22, Theorem 1.2.(2)]). Let F = Q(j(E)). For p > 5, the group
pEpe (GF) is the full inverse image of pg p(Gr) via the reduction map N5 4(p>°) — Ns.4(p).
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In op.cit., Lozano-Robledo also gives additional results concerning the 2-adic and 3-adic
images.
Ezample 2.43. For the elliptic curve E : y?> = 23 — 11z — 14 with LMFDB label 32.al of
Example 2239, we have A f? = —16 = 0 (mod 4). Then § = —4 and ¢ = 0 for any m.
We have:

C_40(m) := {<—Zb 2) ,a,b € Z/mZ,a® + 4b* € (Z/mZ)*}

and N_yo(m) := <C’470(m), <_01 (1)> > Its image modulo 2 is N_4(2) = <<(1) 1) >
By [LR22, Theorem 1.2.(1)], the index of p(Gg) in Ns4(Gg) divides 2 and so pg 2 (Go)
has index 2 in Nj4(2°°).
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Chapter 3

Entanglements and adelic
representations

3.1 Entanglement: definitions

Throughout the chapter, F' is a number field. The previous chapter concerned local Galois
representations at a prime p. In this chapter, we are interested in mod m Galois represen-
tation where m is not a prime power. The natural projection GLg(Z) — GLa(Z,) gives
a surjective morphism pg(Gr) — ppp~(Gr). Hence, knowing pr(GF), we can deduce
pEpe(GF) for all p. Conversely, knowing the image of pg p for all prime p, we would like
to deduce the image of pg, but entanglements give obstructions to determining the global
representation from local data.
For an integer m, the natural morphism

pEm(Gr) — [ Pp e (Gr).
peEP
is injective but it is not necessary surjective. Equivalently, we have an injective morphism
Gal(F(E[m])/F) — [[ Gal(F(E[p**"™))/F)
pEP (3.1)

o— (0|F(E[pvp<m>})> .

By Section 2, this morphism is surjective if and only if F(E[a]) N F(E[b]) = F for all
coprime divisors a, b of m.

Example 3.1. The elliptic curve E : y? = 23 — 362 + 84 with LMFDB label 1944 ¢ has
surjective mod 2 and mod 3 representation, but not mod 6. Thus, the morphism

pe6(Gr) = pE2(GFR) X pE3(Gr) ~ GL2(6)
is not surjective. The index of the mod 6 image in GL3(6) is 6, which is the cardinality of
pEQ(GF) ~ GLQ(Q) ~ 53.

This implies that #pgp6(Gqo) = #pE,3(Gg), which is equivalent to having the equality
Q(E[6]) = Q(E[3]), or, equivalently, the inclusion Q(EF[2]) € Q(E[3]). We say that we
have a (2,3)-entanglement of non-abelian type S3, with entanglement field Q(E[2]) =
Q(F[2])NQ(EI3]). The curve also has a (4, 3)-entanglement of index 24 (see Definition B2).
In particular, the field Q(E3]) is quadratic over the entanglement field Q(E[3]) NQ(E[4]).

49
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In general, the failure of pg ,, to be surjective is explained by two phenomena:
1. Local conditions: The non-surjectivity of the p-adic image for some p | m

2. Entanglement: The non-surjectivity of pp(Gr) on [[ pgp=(Gr).

plm

We speak of vertical entanglement in the first case. In [DLRNM?23], this is referred to by
vertical collapsing or vertical tanglement. The latter case is called horizontal entanglement,
or simply entanglement in the literature. We refer to a failure of surjectivity of the injective
homomorphism:

Gal(F°/F) ~ det(pp(Gr)) — [ det(ppp~(Gr)) = [ Gal(F(Cu, )/ F)
peP peEP

as an arithmetic or cyclotomic contribution to the horizontal entanglement. This cyclo-
tomic entanglement is independent of the curve E/F and concerns the failure of the fields
F((pe) to be linearly disjoint over F (see Definition [24).

We further define the notion of an (a,b)-entanglement. For m a positive integer, we
set Fy, := F(E[m]). Let a,b two integers with ged(a,b) = d and lem(a, b) = m. We have
the following graph of inclusions:

/\
\/

We set
bap : PEmM(GEy) = pEW(GE,) X pEN(GE,)

to be the natural map induced by the injective morphism GL3(m) — GLa(a) x GLa(b),
which gives rise to an injective map

Gal(F,,,/Fy) — Gal(F,/Fy) x Gal(F,/Fy)
giving F),, = F,F}p and, from Section [, to an isomorphism
Gal(F,,,/Fo N Fy) — Gal(F,/F, N F) x Gal(Fy/F, N F).
This leads to the following definition:

Definition 3.2. We say that E has an (a, b)-entanglement if one of the following equivalent
conditions is satisfied:

* (g, is not an isomorphism.
o F,NE,#F,.

In this case, F, N F} is called the entanglement field and the degree [F, N Fy, : Fy| is called
the index (or degree) of the (a,b)-entanglement. The extension (F'((,) N F(())Fu/Fy is
called the arithmetic contribution to the (a,b)-entanglement.
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Remark 3.3. Let E//F be an elliptic curve with an (a, b)-entanglement. This entanglement
has an arithmetic contribution if and only if F' has an (a, b)-cyclotomic entanglement, and
F(Ca) N F(G) € F(E[d]).

Remark 3.4. An (a,b)-entanglement for £/F is an obstruction for pg ., to be surjective
but not necessarily an obstruction to have maximal images. For example, if a and b are
coprime, pgq and pgy have maximal images, and F'(Ela]) N F(E[b]) = F(Ca) NF(G) # F,
then pg ,, has maximal image.

In particular, when d = 1 we have an (a, b)-entanglement if and only if F, N F, # F.
Remark 3.5. By Remark 22, we have

Fo: Fil[Fy: Fa] _ #pE.a(Gr,) - #PE5(GF,) |
[Fm : By #pem(GE,)

In particular, if d = 1 and L := F((,) N F({) then Gr oy ~ Gro X Grp and if E/F does

not have CM: G o
F,NF,: L] = Lab * PE,ab(GL _
[ ' ] [gL,a : pE,a(GL)] : [gL,b : pE,b(GL)]

[FaﬂFb:Fd]: [

The Serre entanglement

Before describing the most common cause of entanglement, we gives a property of 2-torsion
fields and set some notations.

Proposition 3.6. Let E/F be an elliptic curve. We have F(\/Ag) C F(E[2]).

Proof. Let y?> = f(x) be a Weierstrass equation for E and let oy, as, as be the roots of f.
Then
AE = (041 — a2)2(a2 — a3)2(a3 — a1)2.
In particular F'(v/Ag) C F(a1,a2,as). The latter is equal to F(E[2]) by Proposition I8.
O

Definition 3.7. Let E/Q be an elliptic curve and Ag its discriminant. We denote
by Ag(E) the squarefree part of Ag.

Let E/Q be an elliptic curve. Since Q(v/Ag)/Q is abelian, the Kronecker-Weber
theorem (see [Neudd, V, Theorem 1.10]) implies that there exists n such that Q(v/Ag) C
Q(¢n)- If Ag(E) # 1, Proposition B@ gives that the intersection Q(E[2]) N Q(¢,) is non-
trivial and we say that E//Q has a Serre entanglement, because this non-trivial intersection
is involved in the proof of Theorem BTG by Serre. If Ay (FE) € {£1,+2}, then pg o~
is not surjective by [DDTI]: if Ag(E) = 1 the pgo is not surjective, if Ag(E) = —1
then pp 4 is not surjective, if Ag(E) = +2, then pgg is not surjective. Suppose that
Ag(F) ¢ {£1,£2}. Then the Serre entanglement gives rise to a non-trivial intersection
Q(E[2*°]) NQ(E[m]) for some odd integer m, as we will show now. By assumption, there
exists p1,...,p; odd primes such that

with
1 ifAg(E)=1 (mod4),
ot _ -1 if A4(F)=-1 (mod 4),
] 2 if Ag(F)=2 (mod 8)
—2 if Ag¢(F)= -2 (mod 8)
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and for p an odd prime, p* = (—1)%19. We set m = pj...pf. We will show that E has
a (2%, m)-entanglement for some k < 3. By [Neu99, Chapter I, proof of Proposition 10.5],
we know that

QVP) € Q(G) € QER)
and so Q(v/m) C Q(E[m]). Now, we have three cases:

o If Ag(F)=pi...pf, i.e. Ag¢(F)=1 (mod 4), then
Q(vAgp) € Q(ER]) NQ(E[m))
and so E/Q has a (2, m)-entanglement.

o If Ay(F) = —p]...pf, i.e. Ag(E) = —1 (mod 4), since v—1 € Q(E[4]) by Weil

pairing, we have
Q(v—-Ap) € Q(E[M]) NQ(E[m])
and so E/Q has a (4, m)-entanglement.

o If Ay(FE) = +2pt...p;, ice. Ag(E) =2 (mod 4), since vE2 € Q(¢s) € Q(E[8]) b

Weil pairing, we have

Q ( i§E> C Q(ELS) N Q(E[m)

and so E/Q has a (8, m)-entanglement.
We have proved that:
Theorem 3.8. Let E/Q be an elliptic curve.

o Suppose that Ag(E) =1 (mod 4). If Ay(E) = 1, then pg 2 is not surjective. Oth-
erwise, E/Q has a (2, As(FE))-entanglement.

o Suppose that Ag(E)

= (mod 4). If Ay(E) = —1, then pga is not surjective.
Otherwise, E/Q has a (4

(E

1

, Ag¢(E))-entanglement.

o Suppose that Agq(E) = 2 (mod 4). If Ay(E) = £2, then pgg is not surjective.
Otherwise, E/Q has a (8, A%(E)) -entanglement.

In particular, pg is not surjective. For the listed (2%, m)-entanglement, the entanglement

field contains Q(y/m).

Almost all elliptic curves over Q have a horizontal entanglement from the list of The-
orem BR. Indeed, we saw at the end of Section P41 that almost all elliptic curves over Q
have surjective p-adic Galois representation for all primes p.

Remark 3.9. The degree of the entanglement field Q(£[2*°]) N Q(E[m]) can be greater
than 2, as Example B shows.

Example 3.10. The elliptic curve E : y?> = 23 — 362 + 84 with LMFDB label 1944 ci has
surjective 2-adic representation. Its discriminant Ap = —28 x 3° satisfies

Q(vAg) =Q(V-3) = Q(¢3) C Q(E[3])

and this causes a (2, 3)-entanglement, which is detailed in Example BTI.


https://www.lmfdb.org/EllipticCurve/Q/1944/c/1
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tion
E:y?+y=a®—a? —7820x — 263580

and discriminant Ag = —11. Since 11* = —11, then F/Q has a (2, 11)-entanglement with
entanglement field Q(v/—11). On the other hand, pg p~ is surjective for all p but 5, and
the 5-adic depth of pg is 2. The database LMFDB gives that 2 - 5% - 11 is the adelic level

of PE-
Ezample 3.12. The elliptic curve E/Q with LMFDB label 563al has discriminant —53.

Since 53* = 53, then E/Q has a (4, 53)-entanglement with entanglement field containing
Q(v/53). In fact, pp has adelic index 2, and so

Q(EM4]) N Q(E[53]) = Q(V53).

Example 3.13. Let f(x) = 2% + 2% — 77z — 289 as in Example [-23. The elliptic curve
E : y?> = f(x) has LMFDB label 4421 and discriminant Ag = —28 . 113, There is only
one exceptional prime, which is 3, and a (2, 11)-entanglement of type Z/27Z, corresponding
to the Serre entanglement, with entanglement field Q(v/—11). Over F' = Q(1/—11), the
elliptic curve E/F has no entanglement. However, it has one more exceptional prime,
which is 2. The representation pg 11 is non-surjective for E/F', but has maximal image
Gr, which has index 2 in GLy(Z).

The CM entanglement

If E/F has CM by the imaginary quadratic field K, then the inclusion K C F(E[m])
holds for any integer m > 3, by [BCSI7, Lemma 3.15]. In particular, if K Z F', then for
any coprime a,b > 3, the elliptic curve E//F has an (a, b)-entanglement. By Remark B3,
we have, for a,b,c > 3 pairwise coprime:

_ #084(GF) - #rE5(GF) - #pp(GF)
#pE.abe(GF)

[Foy N Fy: FI[F,NF,: F)

which divides the index of the image of pg(Gr) in [[ prp=(Gr). By induction, we
peEP
obtain that the index of pgp(Gr) in [] pEpe(GF) is infinite. But pg(GF) has finite index

in Ns4(Gr) and in G(E/F). It follows that the injective maps

Nso(Z) = [ Nss(@™) and  G(E/F)— []G(E/F.p™)

define an horizontal CM entanglement as the non surjectivity of pg.,(Gr) in Nsg(m)
which is not explained by the non-surjectivity in N5,¢(pvp(m)) for any p | m. The case
K C F is studied in Section B23.

3.2 Adelic index

Serre’s open image theorem says that, for a non-CM elliptic curve, the adelic index [Gp :
pe(GF)] is finite. For CM elliptic curves, this index is infinite, but we have defined in
Section 2472 the adelic index for CM elliptic curves: it is [G(E/F) : pp(GF)], and it is
also finite.


https://www.lmfdb.org/EllipticCurve/Q/11/a/1
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Lemma 3.14. Let E/F be a non-CM elliptic curve. The adelic index is divisible by
GFm : pEm(GF)] for any m > 1. In particular, it is divisible by [Gppe : pEpe(GF)] for
any prime p and by [F, N Fy : F(¢,) N F ()] for any coprime integers a, b.

Proof. Let p be a prime. Then we have a natural surjective morphism Gp — Grm/pem(Gr)
whose kernel contains pg(Gp). Thus, the morphism

Gr/pe(GFr) = Grm/pEm(GF)

is surjective, and the divisibility

Grm : PEm(GF)] | [GF : pE(GF)]

follows. Now, let a,b be coprime integers and L := F((,) N F(¢p). Then

[Fa N Fy: L] [ [Grab : pEa(GL)] | [GL 0 pE(GL)] | [GF : pE(GF)]
from Remark B33. 0
Ezample 3.15. The elliptic curve with LMFDB label I'"all has:
» No vertical entanglement at p # 5: pg peo is surjective for all p but 5,

o A vertical entanglement at 5 with index 120: [GL2(Zs) : pg s~ (Gr)] = [GL2(25) :
pE25(Gr)] =120,

o An horizontal entanglement at 22: a (2,11)-entanglement (due to the Serre entan-
glement) of index 2,

o An horizontal entanglement at 275: a (25, 11)-entanglement of index 5, since

[GL2(275) : pE 275(Go)]
[GL2(25) : PE,25(GQ)] : [GL2(11) : PE,n(GQ)]
600
12001

[Q(E[25]) N Q(E[11]) : Q] =

by Remark B3.

All other entanglements are derived from these one. The adelic level is equal to 550 =
2. 52 .11 and the adelic index is equal to 1200 = 120 -2 - 5.

Theorem BX implies that for an elliptic curve over Q the adelic index is never equal
to 1. In fact, Serre proved that the adelic index is even, but with a slightly different
approach:

Theorem 3.16 ([Ser72, Proposition 22]). Let E/Q be a non-CM elliptic curve. Then pg o
is not surjective or E/Q has a Serre entanglement. In particular, the adelic index of pg
18 even.

Proof. If Ag(E) = 1, then pg 2(Go) < Z/3Z (see [RVOT, Proposition 2.1]) and so [GL2(2) :
pE2(Go)] is even. Otherwise, then Q(v/Ag)/Q is a non-trivial abelian extension and so

there is n > 1 such that Q(v/Ag) € Q(¢2n). Thus Q(E[2]) N Q((2,)/Q is quadratic. In
this case, the restriction morphism

Gal(Q(E[2n])/Q(¢2n)) — Gal(Q(E[2])/Q)
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has image Gal(Q(E[2])/Q(v/AEg), which has index 2 in Gal(Q(E[2])/Q). Therefore, Propo-
sition E13 implies that the image of the natural map

SLQ(?H) N pE’Qn(GQ) — pE72(G@)

has even index in pg2(Gg), and so in GL2(2). It follows that pg 2,(Gg) has even index
in GL2(2n). To conclude, we use Proposition BI4. ]

Serre entanglements over Q are related to the Kronecker-Weber theorem, which is
specific to F' = Q. For a number field F' # Q, there are two cases. If FNQ%Y° = FNQ((n) #
Q, then pg m, and so pg, cannot be surjective, by the Weil pairing. Otherwise, it can be.
This has been proved by Aaron Greicius, who gives necessary and sufficient conditions for
the surjectivity of pg, and an example of an elliptic curve with surjective adelic Galois
representation.

Theorem 3.17 ([Grell, Theorem 1.2]). Let E/F be an elliptic curve. The representation
pPE s surjective if and only if

1. pEpe is surjective for all primes p,
2. FNQY*=Q, and

3. /Ap ¢ Fove.

Theorem 3.18 ([Grelll, Theorem 1.5]). Let F' = Q(«) where « is the real root of x3+x+1.
Let E/F be the elliptic curve defined by

E:y? 4+ 2zy +ay = 2 — 22

Then pg is surjective.

In fact, if FN QY = Q and F # Q, almost all elliptic curves defined over F' have
surjective adelic Galois representations:

Theorem 3.19 ([Zyw10, Theorem 1.2]). Suppose that FNQY°¢ = Q and F # Q. Let ||-||
be a norm on R ®z O% and, for (A, B) € O%, Aa g be the discriminant of the elliptic
curve E(A, B) with Weierstrass equation y*> = 23 + Ax + B. We set

Brp(X) ={(A,B) € OF | Aup #0,]/(a,b)]| < X}

Then R
 #{(4B) € Br(X) | puia)(Gr) = GLa(@)}
X300 #Bp(X)
Also, if FFN QY # Q, then F N Q((rn) # Q for some m and pgm, and pg, cannot

be surjective. However the image can be maximal. Even more, for FF N Q%°¢ # Q, the
proportion of elliptic curves defined over Q with maximal image quickly approach 1:

=1.

Theorem 3.20 ([Zywl10, Theorem 1.3]). Suppose that F' # Q. Let || - || and Bp(X) be
as in Theorem BIQ. Then there is an effective constant C, depending only on F' and on
|- ]|, such that

#{(A, B) € Br(X) | pp(a,p)(GFr) # Gr} < CJOLX'
#Br(X) T VX
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In particular, almost elliptic curves E/F do not have any entanglement.
If I # Q, the adelic index is equal to 1 for almost elliptic curves. If F' = Q, the adelic
index is even.

Definition 3.21 ([IonTl]). Let £/Q be an elliptic curve. If [GLy(Z) : pp(Gg)] = 2, we
say that E/Q is a Serre curve.

Ezample 3.22. The elliptic curve of Example B12 with LMFDB label b3al has adelic
index 2: it has surjective p-adic representation at all primes p and an entanglement of
degree 2, due to the Serre entanglement.

Theorem 3.23 ([IonT0, Theorem 4]). If we order the elliptic curves by their naive height,
the proportion of Serre curves is 1.

In other words, in terms of density, almost all elliptic curves defined over Q are Serre
curves. Jones [IonTl, Lemma 5] first gives a sufficient condition for an elliptic curve to be
a Serre curve, and later, with Brau, a necessary and sufficient condition:

Theorem 3.24 ([BII16, Theorem 1.6]). Let E/Q be an elliptic curve. Then E is a Serre
curve if and only if

e FE has no exceptional primes,

« Q(E)2]) £ Q(E[3)), and

e pE4 and ppg are surjectz’ve.m

If F/Q is a Serre curve, then E/F has an entanglement of index 2 due to the Serre
entanglement, and all other entanglements are derived from this one.

Example 3.25. The elliptic curve E : y? = 2° — 36z + 84 with LMFDB label 1944 c1 has
maximal p-adic Galois representation for all primes p but it is not a Serre curve since it
satisfies Q(E[2]) € Q(F[3]). The adelic index of pg is 24.

For elliptic curve with CM, the index of pp(Gg) in G(E/Q) is also 2 most of the time:

Theorem 3.26 ([DLEM23, Theorem D]). Among the thirteen isomorphism classes over Q
of elliptic curves E/Q with CM, ten are such that, for a good choice of a basis for Fioys,

the index of pp(GF) in Nsu(Z) is 2.
Theorem 3.27 ([CP22H)). Let E/Q be a CM elliptic curve. Then we have

2 if j(E) #0,1728,
G(E/Q) : pp(Gr) =< 4 if j(E)=1728,
6 if j(E) =0.

We just discussed about the minimal possible adelic index, now we turn to upper
bounds for this index.

Theorem 3.28 ([LomTH, Corollary 9.3]). Let E/F be a non-CM elliptic curve. The index
of the image of pg in GLa(Z) is bounded by

exp(1021483) . [F . Q]2.4.1010 'max{l, h(E),log[F : Q]}4.8.1010

where h(E) is the stable Faltings height of E.

!The formulation of Theorem is given in [DanTd, Theorem 1.8]. Originally, the second and third
points correspond to j(E) ¢ j(X'(4)(Q)) U (X" (4)(Q)) Uj(X'(9)(Q)) U X'(6) where X'(4), X" (4), X'(9)
and X'(6) are modular curves defined in [BIT6, (14)]
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For an elliptic curve E/F with CM by the order O, Lozano-Robledo proved that the
index of pp(Go(j(r)) in N57¢(2) is a divisor of |O*|, see [LR22, Theorem 1.2.(1)]. Campagna
and Pengo give a formula for the index of pg(Gp) in G(E/F), valid over every number
field F', see [CP22H, Theorem 1.1].

Recently, Zywina classified the possibilities for the index of pp(GF) in GLQ(Z) for

F=Q.

Theorem 3.29 ([Zyw220, Theorem 1.3]). There exists a completely determined finite
list I (38 elements) such that, for all c, there exists a finite set J. such that, for all elliptic
curve E/Q such that j(E) ¢ J. and pg,p surjective for all p > ¢, the index of pp(Gg) in
GLy(Z) belongs to 1.

The set J. is not explicit. Very recently, he gives a substantially better bound than
that of Lombardo:

Theorem 3.30 ([£yw24B, Theorem 1.2]). There is a finite set Jp C F such that for any
non-CM elliptic curve E/F with j(E) ¢ Jr and pg, mazimal for all primes p > 19, we
have

1382400,
677376 if K C Q(v=1,v2,v/3,V5),

172800  if K NQ(v/—1) = Q,

30000 if KNQ(V-1,v2,V3) # Q,

7200 if KN Q(vV~1,v2,v3,V5,V7,V11) = Q,
1536 if K = Q.

[SLa(Z) : pp(Gr) NSLy(Z)] <

Zywina [Zyw?24a] gives an algorithm to compute pg(Gg) for elliptic curve over Q2.
Recently, in [£yw24B], he has studied the question for general number fields. The failure
of the Kronecker-Weber theorem is, again, the main change between F = Q and F # Q.

3.3 Radical of the adelic level

Let E/F be an elliptic curve with K C Q(j(F)) if E has CM by the imaginary quadratic
field K. The non-surjectivity of pg in G, if E/F does not have CM, and in G(E/F), if
E/F has CM by K with K C Q(j(E)), is due to two phenomena:

» Vertical entanglement: The non-maximality of pg ,~ for some primes p,

« Horizontal entanglement: The non-surjectivity of pg on [] pgp~(Gr).
peEP

The morphism pg(Gr) = [] pep<(GF) is equivalent to the morphism
peEP

Gal(F(Eiors)/F) — [ [ Gal(F(E[p™))/F).

peP

Proposition is about sets S C P such that, for all ¢ ¢ S,

FE)n | I FEP) | =F
peP\(a)

2The adelic Galois images data in LMFDB was computed using the algorithm given by [Zvw24d]. For
now, their is no data implemented for adelic level of elliptic curves defined over number fields.
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Equivalently, we have an isomorphism

Gal(F(Eiors)/F) ~ Gal(F(E[S*])/F) x H Gal(F(E[p™])/F) (3.2)
pEP\S
where F(E[S*]) = [] F(E[p*>]). From Serre’s open image theorem, such a finite set S
peES

exists for non-CM elliptic curves, see Proposition B14 and Remark BZ5. Campagna and
Pengo [CP224] show that this is also the case for CM elliptic curve. Let Sg be the smallest
set S satisfying the isomorphism (82). By construction of Sk and definition of Mg, it
follows that:

Proposition 3.31. Let E/F be a non-CM elliptic curve. The primes p such that pg p=(GF)
1s non-maximal divides Mg. The other prime divisors of Mg are in Sg.

Remark 3.32. If FNQY° = Q, then any prime of Sg divides Mg.

Ezample 3.33. The elliptic curve with LMFDB label 26 b1 has Ag(F) = —2 - 13, and so
a (8,13)-entanglement. The adelic index is 96 and the index [GL2(7) : pr7(Gg)] is 48.
Hence the (8,13)-entanglement has index 2 and all other entanglements are derived from
this one, so Sg = {2,13}. The adelic level of pg is Mg = 23-7-13.

For all ¢ € Sg, we have:

FE*Dn| ] FER®)|#F

peSe\{q}

In particular, for all ¢ € Sg, the elliptic curve E/F has a (¢*, m)-entanglement for some
k > 1 and some positive integers m with prime divisors in Sg.

Remark 3.34. The previous assumption implies that to study the entanglement of an
elliptic curve, it suffices to deal with (p*, m)-entanglement for p a prime and m a positive
integer prime to p. However, we cannot reduce the question of entanglement only to the
study of (p'C qr) entanglement for p, g primes. For example, the elliptic curve with LMFDB

(GL2(Tm) : ppm(GF)] = [GL2(7) : pp7(GF)] - [GL2(m) : ppm(GF)]

and so
pEm(GF) ~ pE7(GF) X pEm(GF)
i.e. E'/Q does not have a (7, m)-entanglement.

In [CS23] and [CP22a], Campagna, Pengo and Stevenhagen determined a set S sat-
isfying (872), depending on whether E/F has CM or not. Suppose that End(E) C F,
hypothesis that is automatically satisfied if E/F does not have CM, otherwise it means
that K C F'if E/F has CM by K. Let fg be the ideal conductor of E and N(fg) be its

norm over Q.

Theorem 3.35 ([CS23, Theorem 3.2]). If E/F does not have CM, then Sk is contained
in the set of the primes p satisfying at least one of the two following conditions:

« p|2:3-5-Ap-N(fg),

* pEp S not surjective.
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In the CM case, Campagna and Pengo also determined such a set S.

Theorem 3.36 ([CP22a, Theorem 1.1]). If E/F has CM by O, an order in K, the set Sg
is contained in the set of primes dividing [Ok : O] - Ap - N(fg).

The previous theorem is optimal in the following sense: there exist elliptic curves E/F
such that Sg is ezactly the set of primes dividing [Ox : O]-Ap-N(fg), see [CP22a, Remark
6.4].

Definition 3.37. We say that an integer m is minimal exceptional for E if pg ,, is not
surjective and pg 4 is surjective for all a | m.

In particular, every minimal exceptional integer divides Mpg. If E/F does not have
CM, then it has a finite number of minimal exceptional integer. Jones gives a statement
about the set of minimal exceptional integers for elliptic curves defined over Q. For a
square-free number W, he defines the Serre number:

W] if W =1 (mod 4)

Mw = { 4|W| otherwise.

Lemma 3.38 ([lonT0, Lemma 20]). Let E/Q be an elliptic curve and suppose that m is
minimal exceptional for E, then

mePU {MASf(E)} U {4,8,9}.
If 8 is minimal exceptional for E, then [GL2(8) : pps(Gg)] = 2.
In other words, for £/Q and m composite, pg ., is not surjective if only if m is divisible

by Ma(E) or a prime p such that pp e is not surjective.

Ezxample 3.39. The elliptic curve with LMFDB label -2 has minimal discriminant Ap =
—11. Then Mp, gy = 2-11. By Lemma B33, we know that the minimal exceptional
integers are in P U {22} U {4, 8,9}. In fact, the minimal exceptional integers are 5 and 22.
The adelic level of pg is 550 = 2 - 52 - 11.

exceptional integers for E£/Q are 20 and 13. The adelic level of pg is 32760 = 23.32.5.7-13.

Theorem 3.41. If E/Q is a Serre curve, then the only minimal exceptional integer of E
is Ma . (g)- Moreover, Mg = Ma _;(p) and

Sg = {2} U {prime divisors of Ag(E)}.

Proof. By Theorem B4, the prime numbers and 4 are not minimal exceptional for E/Q.
In particular, £/Q has a Serre entanglement. If Ay (F) = £2 then pg g(GF) is non max-
imal and so 8 is minimal exceptional. Otherwise, E/Q has a (2, |Aq(FE)|)-entanglement
if Ag¢(E) = 1 (mod 4), a (4,|As(E)|)-entanglement if Ag(E) = —1 (mod 4) and a
(8, M)—entanglement if Ag(E) = £2 (mod 4), by Theorem BR. In any case, the
representation pg, Ma (k) is not surjective. By Remark B3 we have for any odd m:

A~

[Q(E[8)NQ(EIM]) : QJ-[GL2(9m) = pr.om(Go)]-[GL2(8) : prs(Go)] | [GL2(Z) : pu(Go)l-

The latter being equal to 2 in case of Serre curves, M (g) is the only minimal exceptional
by Lemma BZ338. Moreover

[GLa(Ma (1)) : P2 My (G2)] | [GL2(Z) : pr(Go)]
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and E/Q is a Serre curve. Therefore

(GLo(May(E)) : PEMA () (GQ)] = [GL2(Z) : pE(Go)] = 2.
This proves that Mp = Ma (g O

Remark 3.42. The previous lemma implies that the p-adic depth of a Serre curve is 0 for
all odd prime p, and 0 or 3 for p = 2.

Ezample 3.43. The Serre curve E/Q with LMFDB label 37.al has Ap =37 =1 (mod 4),
and so Ma, = 2-37 = 74. Then, by previous theorem, S3 = {2,37} and the adelic level
is ME = 74.

3.4 Types of entanglement

In Section BT, we have described the Serre entanglement. In this section, we present results
about other possible entanglements. For m a positive integer, we set F,,, := F(E[m]). Let
a,b two integers with ged(a,b) = d and lem(a, b) = m.

Definition 3.44. We say that we have an (a, b)-entanglement of type T if the Galois group
of the entanglement field over Fy is isomorphic to T" where d = ged(a, b), i.e.

Gal((F, N Fy)/Fy) ~T.

Ezample 3.45. Any Serre curve E/Q has a (8, m)-entanglement of type Z/2Z, for some
odd m | Agk(E).

Example B was about an elliptic curve E/Q such that Q(E[2]) € Q(E[3]). The
conditions for having such inclusion is the topic of an article of Jones and Brau:

Theorem 3.46 ([BJ16, Theorem 1.4] and [IM22, Remark 1.9]). There exists an modular
curve X'(6), with j-map jg : X'(6) — X(1), such that, for every elliptic curve E/Q, we
have j(E) € j6(Q) — {0,1728} if and only if E is isomorphic over Q to an elliptic curve
E'/Q such that pg 2 is surjective and Q(E'[2]) C Q(E'[3]). The modular curve X'(6) is
parametrized by t : X'(6) — P such that j = 21033t3(1 — 4¢3).

In particular, X’(6) parameterizes elliptic curves over Q with a (2, 3)-entanglement of
type S3. The theorem above provides an answer to the following question for F = Q and
(a,b) = (2,3), set by Brau and Jones:

Question 3.47 ([BJI6, Question 1.1]). Can one classify the triple (E/F,a,b) where E/F
is an elliptic curve and a,b coprime integers such that Gal(F, N Fy/F) is non abelian?

Jones and McMurdy provide an answer to this question when the modular curve Xg
has genus 0, where G := pg(GF).

Theorem 3.48 ([IM22, Theorem 1.8]). Let E/F be an elliptic curve with an (a,b)-
entanglement of non-abelian type T and G be its adelic image. Suppose that Xg has
genus 0. Then

T = 537 (aa b) € {(273)7 (27 5)’ (37 5)7 (27 9)}7 G <Gu and ]E(t) = jab(t)

for some t € F, where Gg, G1o, G15 and G1g are defined by [IM22, (3)] and jg, j10, jis
and j1g are the rational functions defined by [IM22, (5)]. Moreover, the modular curve
Xag Xay, and Xa,, are defined over Q, whereas Xq,, is defined over Q(v/—15).
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Remark 3.49. We note that X'(6) = X¢,. Indeed, an elliptic curve E/F has a (2,3)-
entanglement of non-abelian type if and only if F(E[2]) N F(E[3])/F has Galois group Ss3
if and only if pg 2 is surjective and F(E[2]) C F(E[3]).

By definition, an elliptic curve E/F has an (a, b)-entanglement if G = pg (G ) does
not surject on the product G, x G where G, respectively Gy, is the image of G in GLa(a),
respectively in GLg(b). Then the question of entanglement can be reformulate as studing
which subgroups G of GLa(m) do not surject on G, x Gyp. Elliptic curves which have
peEm(GF) = G correspond to rational points on the associated modular curve Xg. The
groups Gg, G19, G1s and G1g of Theorem BZAR are defined in this way. This approach also
has been followed by Morrow, in [MorTY], which gives, for each pair

(a,b) € {(2,3),(4,3),(8,3),(16,3),(2,5),(2,7),(2,11),(2,13) } ,

a restriction of the possible subgroups G of GLa(ab) such that E/Q has an (a, b)-entanglement
for some elliptic curve E/Q. Moreover, he gives a list of the index of these subgroups which
occur for infinitely many F/Q.

As seen in Section B2, almost all elliptic curve E/Q have a Serre entanglement, and so
a (8, m)-entanglement for some odd m. We observe that this entanglement occurs in Q"
since Q(E[8]) NQ(E[m]) NQ* # Q. More precisely, it occurs in Q((,). For elliptic curves
with CM, the CM field is contained in F'(E[m]) for all m. In particular, all division fields
are entangled, and the entanglement occurs in Q?2P.

Definition 3.50. Let E//F be an elliptic curve and S be a non-trivial abelian group. Let
2 < a < b be positive integers. We say that E/F has:

1. An abelian (a,b)-entanglement of type S if (F, N F, N F%)/(Fy N F2P) is non-trivial
and has Galois group S.

2. A Weil (a,b)-entanglement of type S if Gal((F,NF((p))/F(Ca)) or (FyNF(Cq))/F(Ca)
is non-trivial with Galois group S.

3. A (2,b)-discriminant entanglement if, setting m = lem(2,b), there exists G <
GLa(m) such that pp(Gr) < G has index 2, and Nz, N,;, < GLa(m) two distinct
index 2 subgroups such that

(a) G N No =Gy, NNy and
(b) [7(G) : 7(G2)] = 2 where 7 : GLa(m) — GL2(2) is the natural reduction map.

4. A Serre entanglement if E is defined over Q and has a Weil (2, 4|Ag|)-entanglement
of type Z/27.

5. A fake CM entanglement if E/F is a non-CM elliptic curve, p is an odd prime, pg
is contained in the normalizer of a Cartan subgroup,

Gal(F, N F**/Q) ~ Z /27 x (Z/pZ)*

and E/F has an abelian (p, ¢)-entanglement of type Z/2Z where F, N Fy, ~ F(\/e)
or F(y/ep*) with e # p* a squarefree integer such that F'(y/e) C F),.

Remark 3.51. As said in previous sections, the Serre entanglement is not defined over any
number field F', because this phenomena is very specific to Q.
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Remark 3.52. As we observe with the Serre entanglement, a Weil entanglement is not
always an horizontal entanglement of division fields: if a | b, then lem(a,b) = b and
ged(a,b) = a. Then the map

pE(GE,) = pEa(GE,) X pEB(GF,)

is an isomorphism. In particular, E/F does not have an (a,b)-entanglement, and yet a
non trivial intersection F, N F({y) # F((,) is possible. We describe the entanglements
obtained from abelian, Weil, Serre and fake CM entanglements.

1. If E/F has an abelian (a, b)-entanglement of type S, then it has an (a, b)-entanglement
of type T" and S is a quotient of T. The group T is not necessarily abelian, as seen
in Example BI.

2. Suppose that E/F has a Weil (a, b)-entanglement of type S. If ged(a,b) = 1, then
E/Q has an (a,b)-entanglement of type T and S is a quotient of T'. If ged(a,b) =d
and F # F(E[a]) N F(() € F(FE[d]), then E/F has an (a,b)-entanglement. In
particular, if gcd(a, b) = 2, then either E/F has an (a, b)-entanglement, or F'(E|[a]) N
F(G) = F(B2)) n F*.

3. A Serre entanglement is simultaneously a Weil entanglement and a discriminant
entanglement.

4. If E/Q has a Serre entanglement and Ag(F) ¢ {—1,+2}, then E/Q has a (8, m)-
entanglement of type T for some odd m and Z/2Z is a quotient of T'.

5. If E/F has a fake CM entanglement, then, by definition, it has a (p, ¢)-entanglement
for some primes p # q.

Weil, and a Weil entanglement is not necessarily abelian.

Remark 3.53. Let E/F be a non-CM elliptic curve. Let a,b be integers coprime to 6. If
pE.q has maximal image, then, by Proposition E-72, we have F, N F2P = F((,). Therefore,
if pp.o and pgp have both maximal image, then E/F has a Weil (a, b)-entanglement if and
only if F' has a cyclotomic (a,b)-entanglement.

The following definition is introduced in [DM22] for F' = Q.

Definition 3.54. Let E/F be an elliptic curve with an (a, b)-entanglement. This entan-
glement is said to be explained if E/F has a Weil (a,b)-entanglement, and unezplained
otherwise.

Results below imply that explained entanglement occurs for infinitely many elliptic
curves over Q and infinitely many pairs (a, b), and even infinitely many pairs (p, ¢) with p
and ¢ primes. Whereas unexplained entanglement occurs only for finitely many pairs of
primes (p, q) for elliptic curves over Q.

Example 3.55. As seen in Example B0, the elliptic curve E : y?> = 22 — 36z + 84 with
LMFDB label 944°ci has a (2,3)-entanglement of non-abelian type S3 and a (4,6)-
entanglement of abelian type Z/27 x Z/27Z or Z/4Z. Indeed, since Q(E[6]) = Q(E[3]), we

have [QEU) NQEB]): Q] _ 24 _,

[QUBH) N QB8] : QUEL)] = = = :

The elliptic curve E/Q also has:
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o An abelian (2, 3)-entanglement of type Z/2Z since
Q(E[2) NQ(E[B) NQ™ =Q(V-3) # Q;

o A Weil (2,3)-entanglement since Q(E[2]) N Q(¢3) = Q(¢3) # Q, which gives also a
Serre entanglement: Q(E[2]) N Q(Cax3) = Q(¢3).

The second point shows that the (2, 3)-entanglement is explained. However, we see that
the Weil pairing explains that Z/27 < Gal(Q(E[2]) NQ(E[3])/Q) but not that this Galois
group is all S3. On the other hand, the (4, 6)-entanglement is explained if and only if

Qi) € Q(E[3)).

inant Ap = —11 and it has surjective image for all primes except 5. It has a (25,11)-
entanglement of abelian type Z/5Z and a (2, 11)-entanglement of abelian type Z /27, which
are both explained. Indeed, the elliptic curve E/Q has:

1. An abelian (25, 11)-entanglement of type Z/5Z and a (2, 11)-entanglement of type
7./27;

2. A Weil (25, 11)-entanglement: since pg 11 is surjective, then Q(E[11])NQ* = Q(¢11)
by Proposition BZ72 and so

Gal(Q(E[25]) N Q(¢n)/Q) =~ Gal(Q(E[25]) N Q(E[11]) NQ™/Q) ~ Z/5Z;

3. A Serre entanglement since Q(E[2]) N Q(Cax11) = Q(v/—11).

Remark 3.57. The definition of Weil entanglement encompasses also vertical entangle-
ments: an elliptic curve F/F has a Weil (p*, p**1)-entanglement if the extension F(E[p*])N
F(Cpet1)/F(Cpr) is non-trivial, which is equivalent to have the inclusions

F(Gp) € F(Gn) € F(ERY).

IfF ﬂ@(cpk+1) = Q and p > 3, this never happens by Theorem EZ38. However, the elliptic
curve E : y? = 2% — 11z — 14 with LMFDB label 32al satisfies Q((pr+1) € Q(E[2F])
for all £ > 1, see [DLR23, Theorem 1.5]. Jones [Jon23, Theorem 1.1] proves that this
is the case for all elliptic curves E/Q with CM by an order of an imaginary quadratic
field K with conductor f such that Ax f? is even. In particular, these elliptic curves have
a (2%, 28+1)_entanglement of Weil type for all k > 1.

In the case where the extension Q(E[p])/Q is abelian, a theorem of Lozano-Robledo
provides constraints for the possible type of Weil (p, ¢*)-entanglement, for p < ¢ primes:

Theorem 3.58 ([DL.R23, Theorem 1.8.(2)]). Let E/Q be an elliptic curve and let p < q
be prime integers. If Q(E[p])/Q is abelian, then Q(E[p]) NQ({) can be trivial, quadratic,
cyclic cubic (for p=2) or cyclic quartic (for p=15).

The following theorem shows that there is infinitely many isomorphism classes of elliptic
curves over Q with Weil entanglement which are not Serre.

infinitely many Q-isomorphism classes of elliptic curves over Q:

1. a Weil (3,n)-entanglement of type Z/27 where 3 1 n,
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2. a Weil (5,n)-entanglement of type Z/4Z where 51 n,
3. a Weil (7,n)-entanglement of type Z/6Z where 71 n,

4. a Weil (m,n)-entanglement of type 7./27 where n > 3, m € {4,6,9} and gcd(m,n) <
2,

5. a Weil (m,gcd(4|Ag|,n))-entanglement of type 727 x Z./27 where n > 3, m €
{8,10,12} and ged(m,n) < 2.

Remark 3.60. Any Weil (a,b)-entanglement of first three points gives rise to an (a,b)-
entanglement since ged(a,b) = 1. This is also the case for the last point since the ged(a, b)
is at most 2 and Z/27Z x Z/2Z is not a subgroup of GLg2(2). Let m,n be as in the
fourth point. Suppose that ged(m,n) = 2 and that Q(E[m]) N Q(¢,) = Q(/Ag) or
Q(E[n])) NQ(¢m) = Q(vAEg), then E/Q has a Serre entanglement, which gives rise to an
(8, b)-entanglement for some odd b | Ag(E). Otherwise, £/Q has an (m, n)-entanglement.

In particular, for p = 3,5,7 and for all primes g # p, there are infinitely many elliptic
curves defined over Q with a (p, ¢)-entanglement. In fact, Daniels and Morrow showed
that most of entanglements follow from Weil entanglements: there are infinitely many
elliptic curves defined over Q with a unexplained (p, ¢)-entanglement of type 7" only for
(p,q) = (2,3),(2,5),(2,7),(2,13) and (3,5) and T" ~ Z/27Z,7/3Z or Ss. They used a
theorem of the first author and Lozano-Robledo, on the extension Q(E[p]) NQ?*"/Q for any
prime p, obtained by studying the derived group of pg ,(Gg) and by using the classification
of subgroups of GLa(p). We partially use this method in Section E8.

Theorem 3.61 ([DLR23, Theorem 1.7]). Let E/Q be an elliptic curve and let p < q be
distinct primes.

1. The Galois group of Q(E[p]) NQ* over Q is isomorphic to (Z/pZ)* x C where C' is
a cyclic group of order dividing p — 1.

2. Further, if pp(Ggq) is not contained in a Borel subgroup, then Q(E[p]) N Q* =
L((p) with L/Q trivial or quadratic. If pg p(Gq) is mazimal or has projective image
isomorphic to Ayg, Sy or As, then L is trivial.

3. In particular, if Q((r) C Q(Ep]), then Q(E[p]) = Q, Q(i) or Q(¢3), or prp(Gg) is
contained in a Borel subgroup, p = 2,3,5,7,11,13,17,19,37,43,67 or 163 and ¢(q")
divides p — 1.

Remark 3.62. Assuming the Serre’s uniformity bound, then pg ,(Gg) is not contained in
a Borel subgroup for any p > 41.

Theorem 3.63 ([DM22, Theorem A and Section 8]). There are exactly 9 pairs ((p,q),T)
with p < q distinct primes and T a finite group such that infinitely many E/Q has an
unezplained (p, q)-entanglement of type T'. The list of the 9 pairs is the following

((27 3)? Z/QZ) ’ ((27 3)7 Z/?’Z) ’ ((Qa 3)7 SS) )
((275)72/22)7 ((275)72/32) ) ((275)753) )
((2,7),Z/22), ((2,7),Z/3Z), ((2.13),Z/2Z), ((3,5),Z/2Z)

Moreover, Daniels and Lozano-Robledo have completely classified the families of elliptic
curves corresponding to each pairs ((p,q),T") of the theorem.
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Remark 3.64. For each pair ((p,q),T) in the theorem, any elliptic curve having an un-
explained (p, ¢)-entanglement of type T has also a (p, ¢)-entanglement of type S, where
S €{Z/2Z,Z/3Z} is a quotient of T

Remark 3.65. The pairs ((2,p),Z/3Z) and ((2,p), S3) with p = 3,5, 7 correspond to having
the inclusion Q(E[2]) € Q(E[p]). In the first case, the discriminant is a square and

pE2(Gg) ~ Z/3Z. In the second case, pg 2 is surjective and Q(v/Ag) C Q(E[p]). Since
the entanglement in unexplained, we have

Q(VAE) NQ(G) = QE2]) NQ(G) = Q.

In particular, the squarefree part of Ag is not p*.

The year after, together with Lozano-Robledo, they refine the previous theorem, as-
suming the Serre’s uniformity bound: they classify the elliptic curves E/Q having an
abelian (p, ¢)-entanglement of type S, with p < ¢ primes, which is not explained, CM or
fake CM.

Theorem 3.66 ([DLRM23, Theorem A]). Let E/Q be a non-CM elliptic curve and p < q
be primes. There is a finite set J C Q such that, if j(E) ¢ J and E/Q has an abelian
entanglement of type S which is not Weil, discriminant or fake CM, then

((p:9),5) = ((2,7), Z/3Z).

Corollary 3.67 ([DLRM?23, Corollary B]). Let E/Q be a non-CM elliptic curve and p < q
be primes. Assume a positive answer to Serre’s uniformity bound. There is a finite set
J' C Q such that, if j(E) ¢ J and E/Q has an abelian (p,q)-entanglement of type S
which is not Weil, then

((p,q),5) € {((2,3),2/22) ,((2,5),2/22Z) , ((2,7), 2/ 2Z),
((2,7),2/3L),((2,13),Z/2Z), ((3,5), Z/2Z)}

The general method for the results of this section is finding an appropriate subgroup G
of GL2(Z) with the desired property, computing the j-line of the associated modular
curve X¢, and finding the rational points on this curve and parametric families of elliptic

curves E/F with j(E) € j(Xq(F)).
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Chapter 4

Coincidence of division fields

We focus on an extreme case of entanglement: the coincidence of two divsion fields. This
chapter corresponds in major part to a preprint of the author: available on arXiv [Yvo24].

4.1 Coincidence: definition and approach

For m a positive integer, we set F, := F(E[m]). Let a,b two integers with ged(a,b) = d
and lem(a, b) = m.

If p > 5 and pg,), is surjective, then pg peo is surjective by Theorem EZ30. Nevertheless,
if pgp is not surjective, then we cannot immediately deduce the image of pg p~ from the
image of pg . This image can be the full inverse image of pg ,(Gr) in GLa(Z,), which is
equivalent to having

[GL2(p") : pp i (GF)] = [GL2(p™) 2 pp s (G,

i.e.

Gal(Fyt1/Fy) ~ (Z/pZ)*

for all £ > 1, from BZ2, but it can be smaller.
On the other hand, in the previous chapter on entanglement, we saw that an horizontal
entanglement is equivalent to a non trivial intersection

F,NFy, # Fy.

In this chapter, we focus on the case of a coincidence, that is the extreme case of both
previous statements.

Definition 4.1. We say that an elliptic curve E/F has an (a, b)-coincidence if one of the
following equivalent conditions is satisfies:

1. The map ¢, introduced in Section B induces an isomorphism
pPEm(GF) ~ pEo(GF) ~ pEs(GF).

2. The equality F, = F} holds.

We immediately see that E//F does not have an (a, b)-coincidence if the representations
mod a and mod b are both surjective, since GL2(a) is never isomorphic to GL2(b) for a # b.
In particular, if pg o and pg are surjective, then E/F can have an (a, b)-entanglement as
Example B shows but not an (a, b)-coincidence. However, this counter-example provides
an example of a (3, 6)-coincidence.

67
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Ezample 4.2. Let E/Q be the elliptic curve of Example BT given by the equation
y? = a3 — 36 + 84.

It satisfies

pE6(GFr) ~ pp3(Gr) # pE2(GFR),

and, equivalently,

If a coincidence F, = Fj holds, then, since F,, = F,F}, it remains true replacing b
by m. Thus, to obtain constraints on coincidences, it suffices to consider a dividing b.
Furthermore, we can reduce to the question of whether F,, = F, for a prime p and k > 1.
Moreover, considering a set S satisfying the isomorphism (82), and using Lemma B7T2, it
suffices to consider a with only prime divisors in S U {p}. Then, we consider the following
guiding question:

Question 4.3. Let p be a prime, k > 1 and m be an integer with only prime divisors in

S U {p}. When do we have F(E[m]) = F(E[p*m])?
We can reformulate this question, considering p f m and the following situations:
- Horizontal coincidences
o F(E[m]) = F(E[p*m)]) for some k > 1
- Vertical coincidences
o F(E[m]) # F(E[pm]) = --- = F(E[p*m)]) for some k > 2, or
o F(E[2m]) # F(E[4m)]) = --- = F(E[2*m]) for some k > 3.

We know by Theorem B8 that there are no other cases.
Suppose that E/F has an (a, b)-coincidence. Then it has a Weil (a,b)-coincidence:

F(C) NF(ED]) = F(G) and  F(G) N F(Ela]) = F(G)-

In particular E/F has an (a,b)-Weil entanglement. Moreover E/F has an abelian (a,b)-
coincidence:
F(E[a]) N F?> = F(E[b]) N F?®.

An abelian (a,b)-coincidence is an abelian (a,b)-entanglement if and only if the field
F(E[a]) N F# is not equal to F(E[d]) N F#>. Thus, a subquestion of that of coincidence
is to know whether Weil coincidences and abelian coincidences occur. This approach has
been followed by Daniels and Lozano-Robledo in [DLR23] and will be exploited in this
manuscrit, in Section B=3, B and =3 for the Weil entanglement and in Section B4 for the
abelian entanglement.

4.2 Coincidence over QQ

Stevenhagen asked if elliptic curves over (Q can have a (2’“, 2k+1)—coincidence and the answer
was given by Rouse and Zureick-Brown. Indeed, their classification on 2-adic images for
elliptic curves over Q gives:
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Theorem 4.4 ([RZBI5, Remark 1.6]). Let E/Q be a non-CM elliptic curve. If E/Q has

—=

a (2%, 2 coincidence then k = 1 and there exists t € Q such that E is Q-isomorphic to
y? = 23 + A(t)x + B(t)T where

A(t) = =275 +648t7 — 4212t° — 237615 + 60102t + 79794¢> — 105732t — 235224t — 107811,

B(t) = 54t1% — 1944 + 24300t19 — 9784817 — 251262t° + 172238417 4 4821768t
—8697456t° — 64323558% — 140447736t> — 90561240t — 21346578.

Example 4.5. The elliptic curve with LMFDB label 162.d?2 with Weierstrass equation
E:y+oy+y=ad—a’+42—-1

([RZBIH, Remark 1.6]) satisfies Q(E[2]) = Q(E[4]), and the Galois group over Q of this

extension is GLa(2). We observe that Ag(F) = —1 gives Q(¢4) € Q(E[2]).

Around the same time, Brau and Jones gave a parametrization of elliptic curves F/Q
such that Q(E[2]) € Q(FI[3]), given in Theorem BZH, which is equivalent to having a
(3,6)-coincidence.

In [DLR23], Daniels and Lozano-Robledo study Weil and abelian coincidences. More
precisely, they ask when the inclusion Q((,») € Q(E[m]) holds for a prime p and use it

to study coincidence. We presented some of their results in Section B4, now we focus on
what they proved about coincidence. They extend the result of Rouse and Zureick-Brown:

Theorem 4.6 ([DLR23, Theorem 1.4]). Let E/Q be an elliptic curve, p be a prime and
k> 1.

1. If @(E[pk]) N Q(Cp’”’l) = Q(Cpk+1)’ then p = 2.
2. If Q(E[pFTY]) = Q(E[pY]), then (p*,p*1) = (2,4) and E/Q satisfies hypothesis of
Theorem [G-4.

Theorem 4.7 ([DLR23, Theorem 1.7]). Let E/Q be an elliptic curve and p < q be distinct
primes such that Q(E[p*]) = Q(E[q"]). Then (p*,q") = (2,3) and there is some t € Q
such that E is Q-isomorphic to
y? =22 =393 — (3 + 2383 + 4)x

— 242 (1 4 2) (1 — 267 + 4t — 2) (¢ 4+ 2t 4+ 415 + 8¢° + 10t* + 83 4 161% + 8t + 4).

or its quadratic twist by —3.

Ezample 4.8. Let E/Q be the elliptic curve with LMFDB label 486¢e? ([DLR23, Exam-
ple 1.2]) given by
y? = 2% + 405z — 9882.

By Proposition 28, the field Q(FE[2]) is the splitting field of 2® + 405z — 9882, which
is isomorphic to Q[X]/(z* — 3). Then Q(FE[2]) is equal to Q((3, v/3), which has Galois
group S3 over Q. From LEFMDB, we have

[GL2(6) : pe,6(Go)] 48

[GL2(2) : ppa(Go)] - [GLa(3) : pps(Gg)]  1-8 6 = [Q(E[2]) : Q.

This quantity is equal to [Q(E[2]) N Q(E[3]) : Q] by Remark B3, which gives:
Q(E[2]) = Q(E[3]) = QE[6]) = Q(C3, V/3).

The modular curve which parameterises elliptic curves with a (2,4)-coincidence is denoted Xaop is the
notation of Rouse and Zureick-Brown.
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Theorem 4.9 ([DLR23, Theorem 1.8]). Let E/Q be an elliptic curve and let nm < n be
positive integers such that Q(E[m])/Q is abelian. Suppose that Q(E[m]) = Q(E[n]). Then

1. FEither (m,n) = (2,4), Q(E[2]) = Q(E[4]) = Q(i) and there is some t € Q such that
E/Q is Q-isomorphic to

y? = 2 + (43265 4+ 1512t — 27)x + (3456112 4 28512¢5 — 7128* — 54).

2. Or (m,n) = (3,6), Q(E[2]) € Q(E[3]) = Q(E[6]) and there is some t € Q such that

(E) = —(¢3—3t2—9t—9) (+3+3t2+3t—3) (t6+12¢5+81¢* +216¢3 +243t2+108¢+27)
J = t(t+1)2(6+3)2(12+3)2 (22+ 31+ 3)

Ezample 4.10. The elliptic curve with LMFDB label 448.¢3 ([DLR23, Example 3.5]) sat-
isfies Q(E[2]) = Q(v2) and Q(E[3]) = Q(E[6]) = Q(v/2,v/—3). Thus we have

pE6(Go) = pr3(Go) # pe3(Go) X pE2(Ga)-

Theorem 4.11 ([DLR23, Theorem 1.10]). Let 2 < m < n < 10 and E/Q be an elliptic
curve with an (m,n)-coincidence. Then

(m,n) €{(2,3),(2,4),(2,6), (3,6), (4,6), (6,8),(6,9),(5,10)}.

It is suspected that the only pairs (m,n) such that an elliptic curve E/Q has an (m,n)-
coincidences are (2,4),(2,3),(2,6) and (3, 6).

4.3 Preliminary results over number fields

Let E/F be an elliptic curve. If E/F has CM, we suppose that F' contains the CM field.
As seen in Section B33, there exists a finite set S of rational primes such that

Gal(F(Eyors) [ F) = Gal(F(B[S™)/F) x [ Gal(F(B[p™))/F) (4.1)

p¢S

where F(E[S*]) is the compositum of F(E[p™]) for p € S. As underlined in Section B3,
Campagna, Pengo and Stevenhagen gave a possible choice of S, distinguishing CM and
non-CM case. All tensor products are taken over the base field F'.

We deduce the following proposition, which does not depends on the set S. For an
integer m, let mg be the greatest divisor of m with only prime divisors in S.

Lemma 4.12. Let m and n be two positive integers and suppose that E/F has an (m,n)-
coincidence. Then
F(E[ms]) = F(E[ns])

and

Vp¢ S, F(E[p*™]) =F(Ep»™).

Proof. From the isomorphism (B1), we know that F(Eios) = QF(E[i*°]) for
icl

I={S}U{p:pisprime and p ¢ S}.
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By linear independance of Galois extensions, we have the following decompositions

F(E[m]) = F(E[ms)) - [[F(EP™™)),
pEs

F(E[n)) = F(Elns)) - [[F(Ep”™)).
p¢S
By Remark 211 these decompositions are unique, therefore the proposition holds true. [

Proposition 2713 implies that, if F(E[n]) = F(E[m]) for some n > m, then F((,) is
contained in F'(E[m]). A recurring strategy will be to give restrictions on having this
inclusion.

Remark 4.13. Let n and m be two integers such that m < n. Then there exists a prime p
such that v,(n) —vp(m) = k > 1. On the one hand, we have

F(Elm]) C F(B[p*m]) € F(E[lem(m,n)]) = F(E[m])F(E[n).

F(Cprrm) € F(E[m]) for some k > 1, it follows that F(E[m]) # F(E[n]) for all n such
that v,(n) —vp(m) > k.

As a first attempt, we investigate the possibility of an (m,n)-coincidence, simply by
using the inclusions of fields F(¢,,) € F(E[m]) and of groups pgm(Gr) < GLa(m), and
the resulting divisibility of degrees and orders. The next proposition tells us that, if
F(E[n]) = F(E[m]), subject to an additional condition on F, then the primes greater
than every prime dividing m can divide n to at most power 1, unless m is a power of 2, in
which case 3 can divide n with possibly a greater power than 1.

On the other hand, we have F((p,) C F(E[p"m]). Therefore, each time we have

Proposition 4.14. Let m > 2, p be a prime such that p > q for all primes q | m and r
be the largest integer such that Q((yr) € F N Q(upe). Let E/F be an elliptic curve such
that F(Cy.) € F(E[m]) with k > r. Then, k =1 (and r = 0), unless (m,p) = (27,3) for
some j > 1, in which case either r =0 and k <2, orr =k — 1.

Proof. Suppose that » > 0, or 7 = 0 and k > 2. We will prove that (m,p) = (27,3),
and r = k— 1 or 7 = 0 and k = 2. By assumption, p*~" | [F(C) : F]if r > 0 or
" [F((r) : F)if r = 0. In any case, p divides [F((,) : F]. Since F((,r) € F(E[m]),
we have

[F(Cpr) : FI | [F(E[m]) : F] | #GLa(m),

and
#GLo(m) =[] #GLa(¢)= [ ¢V ""a—-1)(¢+1).
¢f|lm ¢|m
J=vq(m) Jj=vq(m)
Therefore, since ¢ < p for all g | m, we obtain p = ¢ + 1 for some ¢ dividing m and so
m = 2J for some j > 1 and p = 3. In this case, k — 7 = 1if r > 0 and k — 1 = 1 if
r=20. O

Corollary 4.15. Under the hypotheses of Proposition f-14, let n be an integer such that
vp(n) = k and suppose that E/F has an (m,n)-coincidence. Then, k =1, unless (m,p) =
(27,3) for some j > 1, in which case r =0 and k <2, orr =k — 1.

In Corollary B224, in the next section, we extend Proposition B14 by replacing « g < p
for all ¢ | m » by « ptm », at the expense of adding conditions on the ramification at p
in F' or on the reduction type of E at p.
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4.4 Horizontal coincidence: ramification behaviour

We talk about horizontal coincidence if we have an (m,n)-coincidence and the sets of
prime divisors of m and n are not the same. In this section, we study the obstructions to
horizontal coincidences given by the type of reduction of the elliptic curve and the resulting
ramification.

4.4.1 Ramification and reduction type

Let p be a prime of Op, whose residue characteristic is p. We recall the criterion of
Néron-Ogg-Shafarevitch:

Proposition 4.16 ([Sil0Y, VII, Theorem 7.1]). Let E/F be an elliptic curve. If E/F has
good reduction at p, then F(E[m])/F is unramified at p for all m such that ptm.

Moreover, the theory of Tate curves gives constraints on the ramification when the
reduction is multiplicative:

Proposition 4.17. Let E/F be an elliptic curve and m > 2 such that ptm. If E/F has
split multiplicative reduction at p or if E/F has multiplicative reduction p and p is odd,
then F(E[m])/F is tamely ramified at p. If E/F has non split multiplication at p and p
is even, then vp(ep(F(E[m])/F)) < 1.

Proof. First, we suppose that E/F has split multiplicative reduction at p. Let F}, be the
completion of F' at p. We have, from [Sil94, V.Theorem 5.3], that E is isomorphic over F,
to the Tate curve E; for some g € F;* (for the definition of FE, see [Sil94, V.Theorem 3.1].
We consider the p-adic uniformization:

S _
Fy /q" — Eq(Fp).
Restricting to the group of m-torsion on each side, we obtain an isomorphism
01 (ChQ%) Ja* = Eyfml,

where ) = q% is a m-th root of . The action of Gal(F,/F}) on E,[m] is compatible with
its action on (¢4Q%) /q” (see [Sil0Y, V, Theorem 5.3]). Let I, be the inertia subgroup of
Gal(Fp/Fy) and let o € I,. Since p { m, the extension Fy((y,)/Fp is unramified, and so
0(Cm) = (m- Since @ is a root of X™ — ¢, so is 0(Q). Therefore, there exists a € Z/mZ
such that o(Q) = (3,Q. We set P; = ¢((n) and P = ¢(Q). Then

G(Pl) = U(¢(Cm)) = (b(U(Cm)) = (;S(Cm) =P

and,
o(P2) = 0(6(Q)) = ¢(0(Q)) = ¢(¢,Q) = ad((m) + ¢(Q) = aPr + P

Hence, for all o € Iy, there exists a € Z/mZ such that

pEp(0) = (é ?) :

It follows that the image of the wild inertia by pg, is included in a group of order m.
However, as observed by Serre in [Ser72, Section 1.1], I, is a pro-p-group, and so its image
by pg,p is a p-group. So it is trivial. Hence, F'(E[m])/F is tamely ramified at p.
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Now, suppose that E/F has non split multiplicative reduction at p, and let L/F be
the quadratic extension where the reduction is split. Then L(E[m])/L is tamely ramified
at p. Moreover,

ep(L(E[m])/F) = ep(L(E[m])/L)ep(L/F)

and so
ep(F(E[m])/F) | ep(L(E[m])/F) | 2ep(L(E[m])/L),

which completes the proof. O

Finally, we also have constraints on the ramification in case of additive reduction:

Proposition 4.18. Let E/F be an elliptic curve and m > 2 such that p t m. If p > 3
and E/F has additive reduction at p, or if p = 3 and E/F does not have potential good
reduction at p, then F(E[m])/F is tamely ramified at p.

Proof. 1f E/F has potential good reduction, the proposition follows from [ST68, Section 2,
Corollary 2]. If E/F does not have potential good reduction, then the results follows
from Proposition B-17 and [Sil09, Appendix C, Theorem 14.1], since a quadratic extension
cannot be widely ramified outside 2. O

Finally, let us recall the following result:

that pfm. Suppose that E/F has additive reduction at p. There exists an extension L/F
of degree dividing 24 such that E/L has stable reduction at p.

4.4.2 Ramification and entanglement
Let p be a prime and p be a prime ideal of F' above p. Set e = e,(#/Q) the ramification
index of p in F/Q. We know that, if F'(E[n]) C F(E[m]) then F((x) C F(E[m]) for all
p* | n. In particular, e,(F((,)/F) divides e,(F(E[m])/F) for all p* | n. Lemma
gives information about ey (F((yr)/F).

The map ¢ : Z — Z denotes the Euler totient function.

Lemma 4.20. We have vy(e) > k—1—vy(ep(F((pr)/F)). Moreover, if ey(F(Cr)/F) =1,
then o(p*) | e.

Proof. The extension F((,)/F is Galois and so the ramification index above p only de-
pends on p. We have

ep(F(Gpr)/ e = ep(F(Gr)/Q)
)/Q(Cpr))ep(QG)/Q)

[
[
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Since vy (¢(p*)) = k—1 we obtain the first statement. The second follows from the previous
equality. O

The previous section gives information about e,(F(E[m])/F), summarized in Theo-
rem B20. These results give constraints on having an (m, n)-coincidence when m and n
do not have the same prime divisors.
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Theorem 4.21. Let m > 2 such that ptm. Let E/F be an elliptic curve. The valuation
at p of the ramification index ey(F(E[m])/F) appears in the table below together with
sufficient conditions on the reduction of E/F at p.

Sufficient condition on E/F t =ep(F(E[m])/F)
good reduction at p t=1
multiplicative red. at p with p odd
split multiplicative red. at p with p = 2 vp(t) =0
additive red. at p with p > 3
additive, not potentially good red. at p with p =3
non split multiplicative red. at p with p =2 vp(t) <1
additive, potentially good red. at p with p =3
additive red. at p with p =2 vp(t) <3

Proof. Here is the table, with an additional column with the propositions required for the
proof.

Sufficient condition on E/F t =ep(F(E[m])/F) Proof
good red. at p t=1 Proposition 14
mult. red. at p with p odd Proposition B11
split mult. red. at p with p =2 vp(t) =0 Proposition &1
add. red. at p, p > 3 Proposition I8
add., no pot. good red. at p with p =3 Proposition 18
non split mult. red. at p with p =2 up(t) <1 Proposition B
add., pot. good red. at p with p =3 Proposition 719
add. red. at p with p =2 vp(t) <3 Proposition &219

O

Remark 4.22. By Lemma B=20, we obtain the table below, in which we present the necessary
condition on the ramification of F/Q to obtain the ramification index as in previous
theorem.

s = ep(F(Cyr)/F) | Necessary condition on F//Q
s=1 p") | e
vp(s) =0 vple) > k—1
vp(s) <1 vpe) >k —2
vp(s) <3 vpe) >k —4

With the notation of Theorem BT and Remark 232, if F(Cx) C F(E[m]), then we
must have s | ¢. Therefore, the tables give restrictions on having F((,x) C F(E[m]). For
example, if we have this inclusion and E/F has good reduction at p, then ¢(p¥) must
divide the ramification index of F'/Q at p. In the following corollary, we consider the case
of F'/Q unramified above p.

Corollary 4.23. Let E/F be an elliptic curve, m > 2, k > 1 and suppose that pt mAp.
If F(Cyr) € F(E[m]), then we are in one of the following cases:

o k=1 and E/F has bad reduction at every ideal above p,

e k=2, p= 2 and at each prime above p, E/F has either additive or non split
multiplicative reduction,
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o k=2,p=23, and E/F has additive and potential good reduction at every ideal above
b,

e k=3 ord, p=2 and E/F has additive and potential good reduction at every ideal
above p.

Proof. Let p be a prime ideal above p. Since p { Ap, the extension F'((,x)/F is rami-
fied at p, from Lemma B20, so is F(E[m])/F by assumptions. Looking at the tables in
Theorem B=21 and Remark B=22, with e = 1, we see that the possibilities are: k = 1,
corresponding to the second line of each tables; k = 2, corresponding to the third line and
in this case p = 2,3; or k = 3,4, corresponding to the fourth line, where p = 2. ]

The corollary below tells us that if £/F has a (m,n)-coincidence (with some conditions
on F'), then the primes greater than 5 not dividing m (respectively n) divide n (respectively
m) to at most power 1, and F/F must have bad reduction at these primes. Moreover, if
3 1 m, then 3 divides n to at most power 2, and if m is odd, then 2 divides n to at most
power 4, and the greater the power, the more restrictive is the reduction type.

Corollary 4.24. Let E/F be an elliptic curve with an (m,n)-coincidence. Suppose that
p|n and pt mAp. Then we are in one of the following cases:

e vp(n) =1 and E/F has bad reduction at every ideal above p,

e vy(n) =2, p=2 and at each prime above p, E/F has either additive or non split
multiplicative reduction,

e vp(n) =2, p=3, and E/F has additive and potential good reduction at every ideal
above p,

e vy(n) =3 ord, p=2 and E/F has additive and potential good reduction at every
ideal above p.

Remark 4.25. If e,(F/Q) is prime to o(p*) (hypothesis that is satisfied for example if
F/Q is unramified at p), then Corollaries 2223 and are true replacing « at every ideal
above p » by « at p ».

Using ramification, we can also deduce a result on vertical coincidences, which is the
topic of the next section:

Theorem 4.26. Let E/F be an elliptic curve, p be a prime and k > 2. If p"~1 { e,(F/Q)
and E/F has good supersingular reduction at p, then F(E[p]) # F(E[p"]).

Proof. From Theorem [=32, the extension F(E[p])/F is tamely ramified at p. Since pF~!
does not divide e, (F/Q), then Remark gives that F(E((y2)/F is wildly ramified at
p. The result follows as a consequence of the Weil pairing 2713. O

4.5 Coincidences in towers

In this section, we deal with coincidence in towers, or vertical coincidences, that is to say

(p*, p**+1)-coincidences for a prime p and a positive integer k. More generally, the section

also contains results about (m,n)-coincidence where m | n.
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4.5.1 Construction of vertical coincidences

Over Q, we know that infinitely many elliptic curves have a (2,4)-coincidence and this is
the only vertical coincidence which occurs, see Theorem BH. Over a number field, there
are additional possibilities. Obviously, to obtain an (m,mn)-coincidence for an elliptic
curve E/F, it suffices to do a base change of the ground field to F(E[mn]). However, such
a base change is a trivial construction and so not very relevant. We will say that the base
change from F' to L is minimal for an (m,mn)-coincidence if L(E[m]) = F(FE[mn]) and
F(E[m])N L = F. Here is an example of a (4, 8)-coincidence obtained by a minimal base
change:

Theorem 4.27. There are infinitely many isomorphism classes of elliptic curves E/Q
such that there exists a number field L with Galois group (Z/2Z)" over Q with 1 <r < 4
satisfying

L(EM]) = L(ES]) # L.

To prove it, we will use the following theorem on abelian division fields:

Theorem 4.28 ([GLRT6H, Theorem 1.1]). Let E/Q be an elliptic curve and let n > 2. If
Q(E[m]) = Q(Gm), then m = 2,3,4 or 5. More generally, if Q(E(E[m])/Q is abelian then
m=2,3,4,5,6 or 8 and Gal(Q(E[m])/Q) is isomorphic to one of the following groups:

m 2 3 4 5 6 8
{0} )27 )27 ZJAZ (Z.)27)? | (Z.)27)*
Gal(Q(E[m))/Q) || Z/2Z | (Z)2Z)? | (Z/2Z)? | Z/)2Z x ZJAZ | (Z/2Z)3 | (Z/2Z)°
7./3Z (2.)27)3 (Z./47,)? (7.)27.)%
(z/2z)*

Furthermore, each listed Galois group occurs for infinitely many distinct j-invariants.

Proof of Theorem [=Z1. We apply Proposition B33 for F' = Q, m = 4, r = 2 and E/Q such
that Gal(Q(E[8])/Q) ~ (Z/2Z)" for some t. Hence, there exists L/Q of degree dividing
#GLo(8)/#GLa(4) = 2% (by (233) in Subsection B53) such that L(E[8]) = L(E[4]) # L.
By Theorem B28, the Galois group Gal(Q(E[8])/Q) is isomorphic to (Z/2Z) for some t
for infinitely many isomorphism classes of elliptic curves E/Q and Q(E[4])/Q is non trivial
since it contains (4, which completes the proof. O

Remark 4.29. The proof of Theorem E27 considers only elliptic curves F/Q such that
Q(E[8])/Q s abelian. In this case Gal(Q(E[8])/Q) ~ (Z/2Z)" with t € {4,5,6} from [GLRIH,
Theorem 1.1]. Let r be as in Theorem B27. We have 2" = # Gal(Q(E[8])/Q(E[4])) by
construction of Frand 1 <r <4. Ift =4, then 1 <r <3 andif t =6 then 2 <r <4.

Remark 4.30. We cannot use the abelian case to construct (p, p?)-coincidence with p odd,
because there is no abelian p?-division field for p odd and E defined over Q.

We recall the following definitions:

Definition 4.31. A short exact sequence of groups 1 - H — G = G JH — 1 split if
there exists an injective morphism ¢ : G/H — G such that r o = id.

Definition 4.32. Let G be a group and H, K < G such that H is normal in G. We said
that G is the semi-direct product of H by K, denoted by G = H x K, if, for any g € G,
there exists a unique pair (h, k) € H x K such that g = hk.
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Proposition 4.33. Let m,n be positive integers. Let E/F be an elliptic curve such that
the following exact sequence is split:

1 — Gal(F(E[mn]/F(E[m])) — Gal(F(E[mn]/F) — Gal(F(E[m|/F) — 1

with F(E[m])/F non trivial. Then there exists an extension L/F of degree dividing
#GLo(mn)/#GLa(m) such that

L(E[m]) = L(E[mn]) # L.

To prove the proposition, we will use the following elementary remark:

Remark 4.34. Let G be a group and H be a subgroup of G of finite index. Let ¢ : G — G’
be a surjective morphism (of groups) and set H = ¢(H). Then ¢ induces a surjective
morphism of G-sets G/H — G'/H’, from which

G+ H) =[G H'|[ker($)H : ker(9)].
In particular [G’ : H'] divides [G : H].
Proof of Proposition B=33. Since the sequence is split, there exists a morphism
t: Gal(F(E[m])/F) — Gal(F(E[mn])/F)
such that the composition with the restriction map
Gal(F(E[mn])/F) — Gal(F(E[m])/F)

is the identity. Let L be the fixed field of Im(¢). Then Gal(F(E[mn])/F) is the semi-direct
product of Gal(F'(E[mn])/F(E[m])) by Gal(F(E[mn])/L) and so

L(E[m]) = F(E[mn]) = L(E[mn]) and LN F(E[m])=F.
Since F(E[m])/F is nontrivial, then L(E[m]) # L. Moreover, the extension L/F has
degree [F(E[mn]) : F(E[m])], which divides #GLa(mn)/#GL2(m) by point (1) of Re-
mark A=34, taking for ¢ the natural map GLa(mn) — GLa(m) and H = pgmn(Gr). O
Corollary 4.35. For E/F an elliptic curve, the following are equivalent:

1. The following sequence is split
1 = Gal(F(E[mn]/F(E[m])) — Gal(F(E[mn]/F) — Gal(F(E[m]/F) — 1.
2. There exists an injective morphism
¢+ Gal(F(E[m])/F) — Gal(F(E[mn))/F)
such, that
Gal(F(E[mn])/F) = (Gal(F(E[m])/F)) x Gal(F(E[mn])/F(E[m])).

3. There exists a minimal base change L/F such that E/L has an (m, mn)-coincidence.

In this case, ((Gal(F(E[m])/F) = Gal(F(E[mn])/L).
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Proof. The equivalence between point (1) and (2) is immediate from the definitions of split
exact sequence and semi-direct product. We know that (1) = (3) by Proposition E=33.
It remains to show that (3) == (1). Suppose that the conditions of (3) are satisfied. Since
F(E[mn]) = L(E[mn]), we have the following commutative diagram, where the horizontal
arrows are restriction morphisms and the vertical arrows are inclusion morphisms:

Gal(F(E[mn])/L) —2— Gal(L(E[m])/L)

/ [+

Gal(F(E[mn])/F) — Gal(F(E[m])/F).

By assumption, ¢ is a isomorphism, together with ¢ by linear independance of F'(E[m])
and L over F. It follows that the exact sequence of (1) splits by the morphism

. ¢ Gal(F(E[m])/F) — Gal(F(E[mn])/F)
o — (poy) (o).

O

As a consequence of the corollary, the elliptic curves satisfying Theorem B=27 are exactly
those such that we have a split exact sequence

1 — (Z/2Z)" — Gal(Q(E[8]/Q) — Gal(Q(E[4]/Q) — 1.

In particular, this is true for £/Q such that Q(E[8])/Q is a (Z/2Z)'-extension and a
classification for such elliptic curves is given in [GLRTH, Table 4]. But there are many
other possibilities. More generally, we have

Gal(F(E[p*']/F(E") = (Z/pZ)

for some r < 4. Indeed, the Galois group Gal(F(E[p**']/F(E[p*])) is isomorphic, for
n = 2, to a subgroup of

ker (GLn(pkH) = GLn(pk)> — I + pFM, (Z/p" 7)) ~ (Z/pZ)"". (4.2)

Hence, to construct a (p*, p**1)-coincidence by minimal base change, we have and it suffices

to find elliptic curves E/F such that the following exact sequence is split:

1 = (Z/pZ)" — Gal(F(E[p*]/F) - Gal(F(E[p*]/F) — 1.

4.5.2 Trivial intersection with the cyclotomic field

In this section, we show that, if "N Q( ) is trivial, then a (p*, p**+1)-coincidence with p
prime is possible only for p = 2.

Lemma 4.36. Let E/F be an elliptic curve, and L/F be a cyclic extension such that
L C F(E[m]). Let 0 € G such that its restriction to L generates Gal(L/F). Then the
order of pgm(0) is divisible by [L : F.

Proof. Let pg.m be the reduction of pg,, modulo Gal(F/F(E[m])). Then

(L F] = ord(0],) | 01d(0] () = OPEm (O (1)) = 0705 (0)-

The first equality is by assumption, and the second is because of the injectivity of pg,. [
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Lemma 4.37 ([DLE23, Lemma 3.5]). Let A € GLa(p*) be a matriz with order divisible
by p(p*tl), then det(A) is a square modulo p.

From the two previous lemma, we deduce the following result:

Theorem 4.38. Let E/F be an elliptic curve, p be a prime and k be a positive integer
such that F N Q((r) = Q. If F(Cpr+1) C F(E[pY)), then p = 2.

Proof. Suppose that p is odd and F((r+1) € F(E[p¥]). Let 0 € Gp such that its re-
striction to F'((yk+1) generates Gal(F(Cyr+1)/F). Then its restriction to F(,) gener-
ates Gal(F((r)/F). So det pg (o) generates (Z/p*Z)*. Moreover, Lemma B238 says
that @(p**1) divides the order of pEp+(0) and so its determinant is a square mod p, by
Lemma B=37. But, for p odd, a square mod p cannot generate (Z/p*Z)*. Hence, p is
even. O

Corollary 4.39. Let E/F be an elliptic curve with F N Q((r) = Q. If E/F has a

(pk7pk+1)—coincidence, then p = 2.

Proof. It is immediate from Theorem B=38, since F((yr+1) C F(E[p]). O

Remark 4.40. If E/F has an (m, mn)-coincidence, then we must have F((pny) C F(E[m]).
But this does not implies in general that F'((mnyn) = F((n), as we will see in Remark B758.
Even more, unless m is odd and n = 2, this last never happens if ' = Q, and yet some
coincidences occurs, like (2,4) and (2,6)-coincidence, as Examples 03 and BR. As in
Remark B758, it is due to the non-surjectivity of

SLg(mn) N PE,mn(GF) — SLQ(m) N PE,m(GF)-

Remark 4.41. The condition F((r+1) € F(E[p*]) is not sufficient to have the coincidence.
For example, the elliptic curve of Remark B4 does not satisfy Q(F[2¥]) = Q(E[2"+1]) for
any k. Indeed, this elliptic curve has CM and Theorem E@ implies that no CM elliptic
curve defined over Q has a (2%, 2**1)-coincidence.

We are now able to prove the theorem stated in the introduction:

Theorem 4.42. Let m,n > 1 and E/F be an elliptic curve with conductor ideal fg. Let
N(fg) be the norm of fg. Suppose that F(E[m|) = F(E[n]). Then, for all primes p such
that vy(m) # vp(n), we have

p|2-Ar-N(Eg).

Proof. First, suppose that p divides n or m but not both. Then, by Corollary B=24, if p
does not divide Ap, then E/F has bad reduction above p. Now, suppose that p divides
both n and m such that v,(m) = k and v,(m) < vp(n). Since F(E[m]) = F(E[lcm(m,n)]),
then F(E[m]) = F(E[pm]). Setting a = pmk and L = F(E[a]), we obtain

F(B[p*a]) = F(E[p*'a]) and L(E[p"]) = L(E[RP*H).

Then Corollary implies that L N Q((k+1) # Q or p = 2. In particular, p is ramified
in L/Q or p=2. But L = F(FE]a]), so p is ramified in L/Q if and only if p is ramified
in F/Q or in F(E[a])/F. Therefore p | A or E has bad reduction above p. O

Corollary 4.43. Let m,n > 1, E/Q be an elliptic curve and Ag be the minimal dis-
criminant of E. Suppose that Q(E[m]) = Q(E[n]). Then, for all primes p such that
vp(m) # vp(n), we have p | 2AE.
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4.5.3 Index of images

Let p be a prime. Let M be a subgroup of GL,(Z,) and let G be a subgroup of M.
In our setting we only need to consider the groups SLa(Z,), GLa(Z,) and (Z,)*, but we
state results in the general case as the approach is the same. For k a positive integer,
we denote by M, the image of M in GL,(Z/p*Z) and G}, the image of G in M. We set
i = [My, : Gi]. We have iy, | ix+1 by Remark B=34. Moreover,

1 _ # Mg #Gy
i #Gr1 # My

HMiy1 { pif M = GL,(Z,)

4.3
# M, Pl it M = SL,(Z). (4.3)

from (272). In particular,

Gy ~ Gk+1 <~

k1 { p? if M = GL,(Z,) (4.4)

ik Pl i M = SL,(Z).
The idea of the lemma below and its proof follows [SZ17, Lemma 3.7].
Proposition 4.44. Suppose that M = GL,,(Z,) or SLy(Zy). The sequence (uy) = (Z’;—Zl)
satisfies ugy1 | ug for k > 1 if p is odd and for k > 2 if p = 2.

Proof. Suppose that p is odd or that k > 2 and p = 2. Let Hj, be the kernel of the reduction
map G — Gi_1. Let h € G whose image in G, belongs to Hi. Then h = I—i—pk_lA with
A € M, (Zy,). The map
¢ Hip — Hppq
h — h?

is an injective morphism since

(I+prFtApr =1+ <p>pk_1A + <]29>p2k_1A2 + .o =T+ pFA (mod pFth).

1
Therefore ##éff - divides % and so, since #ﬁ\%ﬁ - = ##4 ]\12-1:1 from the equation (233), we
obtain ugy1 | ug. O

Corollary 4.45. Let k > 1 if p is odd and k > 2 if p is even. If M = GL,(Zy,) or

M = SL,(Zy), and Gy ~ Gi41, then Gy ~ Gy =~ --- =~ Gy if p is odd, and Go ~ G3 ~
<o~ Ggy1 if p is even.

Proof. Suppose that M = GL,,(Z,). Equivalence (£=3) gives ”“Z—:l = p”Q. Since the sequence
(%) is non-increasing from Lemma B4 for s > 1 and p odd or s > 2 and p = 2, and has

values dividing p”2 by Equation (B=), then % = p? for all s < k. The proof is similar

for M = SL,,(Zy,). O

Theorem 4.46. Let ¢ = p and k > 1 if p is odd, or ¢ = p*> and k > 2 if p is even. Let
E/F be an elliptic curve. If F(E[p*]) = F(E[p**1]), then F(E[q]) = F(E[pFTt1]).

Proof. Let M = GLy(Z,) and G = pg p~(GF). So
Gi = pio p (G) = Gal(F(E[)/F).

Therefore, the equality F(E[p*]) = F(E[p**1]) is equivalent to G ~ Gy11, and we use
Corollary B3, O
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Corollary 4.47. Let k > 2 if p odd and k > 3 if p is even. Let E/F be an elliptic curve
such that the exact sequence

1 — Gal(F(E[p*']/F(E[p*])) — Gal(F(E[p**']/F) = Gal(F(E[p"]/F) — 1
is split, then F(E[pF~1]) = F(E[p"]).

Proof. By Proposition B33, there exists L/F linearly disjoint from F(E[p*])/F such
that L(E[p¥]) = L(E[p**!]). Therefore, by Theorem B8, we have L(E[p*~']) = L(E[p"]).
But L N F(E[pF]) = F gives L(E[pF~1]) N F(E[p*]) = F(E[p*~!]), from which we obtain

[F(EPY) : F(BR)] = [LERY) : LERP)] =1,
using Proposition [C13. O

Corollary 4.48. If p is odd or k > 3, then the sequence

1 — Gal(Q(E[P*]/Q(E[P"]) — Gal(Q(E[p"]/Q) — Gal(Q(E[p*]/Q) — 1

is not split.
Proof. This follows from Corollary B47 and Theorem E8. O

Remark 4.49. We notice that the assumptions of the theorem are necessary. Indeed, let
E/Q be an elliptic curve satisfying Gal(Q(E[8])/Q) ~ (Z/2Z)°. Then, the sequence in
Corollary B47 is split. However, since Gal(Q(E[8])/Q(E[4])) < (Z/2Z)* by (222), we have
(Z/22)2 < Gal(Q(E[4])/Q) and so Q(E[2]) # Q(E[4)).

We obtain the following proposition on the adelic index:

Proposition 4.50. Let E/F be an elliptic curve without CM, with a (p*, p**1)-coincidence.
Then [GLa(Z) : pp(Gr)) is divisible by p** if p is odd, or max {2%,29%*=1} if p is even.

Proof. With the introduced notation, we consider M = GL3(Zp) and G = pg p~(GF).

The index ig4q divides [GL2(Z) : pp(GF)] by Remark and S0 ig41 /i divides the
global index [GL2(Z) : pp(Gr)]. But having a (p*, p**1)-coincidence is equivalent to have
Gy ~ Ggy1. Then, the proposition follows from Equation B2 and Corollary B35, O

Remark 4.51. We saw in Theorem a set of possible adelic indexes which is generic for
elliptic curves E defined over Q and in Theorem BZ30, upper bounds for the adelic index
which is generic for elliptic curves E//F, depending on the number field F', both given by
Zywina.

Remark 4.52. Let E/F be an elliptic curve and take G = pgp=(Gr). So we have G}, =
,OEJDk(GF) for k > 1.

1. The sequence (i) is increasing, and, if E'/F does not have CM, becomes stationary.

2. For elliptic curves E/Q without CM, let s be the p-adic depth of pg. Then the

sequence (%) stabilizes at 1 from max{1,s}. In particular, if G = GL2(Z,), then

<7”;—:1) is constant equal to 1. The converse is false: the elliptic curve with LMFDB

label I1"a2 has non maximal Galois representation at 5 and the sequence Z’;—:l)

attached to 5 is constant, equal to 1. In Table PT1, we find the possible p-adic depth
for all p. For example, for p = 2, (%) stabilizes at 1 from k at most 5.


https://www.lmfdb.org/EllipticCurve/Q/11/a/2
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3. We consider k > 1 if p is odd, or k > 2 if p is even. If the first term of ( ’““) is

different than p*, then E/F does not have (p*,p*+1)-coincidences for any k. Oth-
erwise, if s is the rank of the first jump of the sequence, then E/F does not have
(p", p**+1)-coincidences for k > s.

4. We consider k > 1ifpisodd, or k > 2if pis even. We know that the sequences ’““)

is non-increasing, then constant. We can ask if it is decreasing then constant. The
answer is no. For example, the elliptic curve with LMFDB label 15.a4 has, for p = 2,

(%) = (22,2,2,2,1,...). We can also ask if the graphs are "progressively non-
increasing", meaning that Zk“ € {Z:: ) 1%11351

}. The answer is also no. For example,

ik

the elliptic curve with LMFDB label 15.a8 has, for p = 2, (”“—“) = (23,2,1,...)
and the elliptic curve with LMFDB label 40.a4 has, for p = 2, <lk+1) =(241,...).

Ezample 4.53. Here some examples over Q, computed from [LME24], illustrate different
possibilities for the sequence (%) As underlined in Remark EZ32, the sequence (”;—:1

is constant equal to 1 for p > 13, and, for p < 13, it stabilizes at the rank corresponding
to the p-adic depth of pg, which is a most 5 if p = 2, at most 3 if p = 3, at most 2 if
p=25,7,11.

LMFDB Minimal Weierstrass equation Non max | Sequence (%)
label P attached to p
i4an vV 4+ry+y=a>+4x—6 2 1,2,1,...
inal |y’ +ay+y=a>+ 2% — 2160z — 39540 2 2222.2.1,...
iha? v 4+ xy +y = 2> + 22 — 1352 — 660 2 22,22,1,...
Ihad > +ay+y =25 + 2% — 80z 4 242 2 22.2.2,2.1,...
1hah v +ay+y=a3+22— 10z — 10 2 23.2.1,...
i5aR vy +ay+y =23+ 2%+ 35r — 28 2 23,221
20023 v =a>+2? -z 2 2,2,1,...

A0 ad y? =23 + 132 — 34 2 241,...
T9al y? +y =23+ 22 — 7692 — 8470 3 3,3,1,...
54 a7 v 4ay=2>—2>-3x+3 3 32,1,...

1944 11 y? = a3 — 27x — 42 3 33,1,...
ial y? +y=a® — 22 — 7820z — 263580 5 5.1,...
a2 y?+y =2 — 2% — 10z — 20 5 1,1,...

Remark 4.54. Let E/F be an elliptic curve and take G = pg po(GFr). Then detG is a
subgroup of (Z,)*, with image det G, in (Z/p*Z)*. We recall that det G}, ~ Gal(F(Gr)/ F),
by Proposition 213. We set j. = [(Z/p*Z)* : det G}]. We consider k > 1 if p is odd,
and k > 2 is p is even. The sequence j’“—:l
Lemma B2 and the equation (B23). We have ji11/jr = p if and only if det Gy, ~ det G411,
by the isomorphism (B4), and this is equivalent to F((u+1) = F((u). Corollary B23
implies that F((;) = F((u+1) with ¢ = p if p is odd and ¢ = 4 if p is even. As a
consequence, the sequence (ji) is increasing and becomes stationary from the smallest s
such that (ps ¢ F((y).

Remark 4.55. A different argument for Remark is the following: let r be the greatest
integer such that F'((;) = F((pr). If F({,) is a proper subfield of F(yk+1), then m < k+1

is non-increasing and has value in {1,p} by
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and
Z/p* L = Gal(F (Gt ) [F(Gy))

and
Z/p* L = Gal(F(Gr) [ F (),

80 F'(Cprr1) # F(Cph)-

Remark 4.56. Let E/F be an elliptic curve and take G = pg peo(GF). We observe that
SL2(Zp) NG is a subgroup of SL2(Z,) and so we can consider its projection in SLa(p¥)
for each k. Unfortunately, these projections are not necessarily equal to SLa(pF*!) N Gy,
and so we cannot use these groups to deal with the coincidence: if G ~ Gg41, we do not
necessarily have SLa(p¥) N Gy ~ SLa(p**1) N Gy 1. Setting £ = [SLa(p*) : SLa(p¥) N G4,
we have i = jiplx with ji defined as in Remark B=54. Suppose that Gy ~ Ggyi. Then
ixt1/ix = p*. Hence

o Jrr1lesr _ p4 #det G, #(SLa(p*) N Gy)
Ikl # det Giq1 #(SLa(pF+1) N G1)
g [F(Gr) o FI #(SLa(p*) N Gy)
[F(Cprt1) = F] #(SLa(pPt1) N Grya)

Then we have two situations:
1. F(Cpk) = F(Cpk+1), and SLQ(pk) NGy ~ SLQ(pk'H) N Git1,

2. F(Gpr+1) # F(Cpr+1), and the reduction map SLo(p**1) N Gpp1 — SLa(pF) NGy is
not surjective.

In the first case, we have seen in Remark that F'(Cye+1) is equal to F((4) if p = 2 and
F((p) otherwise. The examples of vertical coincidence we have for elliptic curves over Q
fits, obviously, in the second case. Indeed, the elliptic curve with LMFDB label 40.a4 has

a (2,4)-coincidence with
01
G2 = ppa(GF) ~ <<1 0)> .

In this case, we have Go N SLg(4) = {id}, whereas

GlﬂSLg(Q):G1:<<(1) (1))>

4.5.4 Split liftable subgroups

Let m,n be positive integers. If E/F is an elliptic curve with an (m, mn)-coincidence,
then pE,m(GF) ~ pE,mn(GF) and the image of pE,mn(GF) in GLQ(m) is pE,m(GF)' It
leads to the following definition. For a subgroup G of GLg(m), there are a priori several
liftings of G in GLa(mn).

Definition 4.57. We say that a subgroup G of GLa(m) is split liftable modulo mn if there
exists G’ < GLg(mn) such that G is the image of G’ in GLa(m) and G ~ G’. We say that
an element g of GLa(m) is split liftable modulo m if there exists ¢’ € GLa(mn) with same
order as g and such that g is the image of ¢’ in GLa(m).
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A subgroup G of GLa(m) is split liftable modulo mn is there exists an injective mor-
phism G — GLa(mn) which makes the following diagram commutative:

GLa(mn)

|

The definition above is up to conjugation, since two conjugate groups are isomorphic.
Therefore:

Proposition 4.58. Let E/F be an elliptic curve with an (m,mn)-coincidence. Then
pEm(GFr) is split liftable modulo mn.

The aim of this section is to determine the subgroups of GLy(m) which are split liftable
or not modulo some multiple of m.

Remark 4.59. If G in GLg(m) is split liftable modulo mn, then G is split liftable modulo
every km such that 1 < k < n.

Remark 4.60. In [EIk06], Elkies already use the property of being split liftable to construct
the modular curve Xy. It is defined by Xy = X (9)/(G/ (—id)) where G is a split lifting of
SL2(3) in GL2(9), and more specifically, in SLy(9).

Remark 4.61. Corollary B3 tells that, if a subgroup of GLa(p*) is split liftable modulo
GLo(p**1), then its image in GLg(q) is also split liftable modulo GLa(pF*!), where ¢ = p
if p is odd or ¢ =4 if p is even.

Lemma 4.62. Let G < GLy(m) be split liftable modulo mn. Then, all subgroups of G are
split liftable modulo mn.

Proof. Let G’ be a subgroup of GLg(mn) such that G is the image of G’ in GL2(mn) and
G ~ G'. Then, the restriction 7 : G" — G of the natural projection GLa(mn) — GLa(m)
is an isomorphism. Let H < G. We set H' := 7= 1(H). Then H' ~ H and H is the image
of H in GLa(m). O

Proposition 4.63. Let m > 2. The following subgroups of GLa(m) are split liftable
modulo every multiple of m:

G (b 2)(Go)

Proof. Considering the two groups as subgroups of GLy(Z), we observe that they have
finite orders, respectively 12 and 8, and their elements only have coefficients in {0, 1, —1}.
Consequently, they are isomorphic to their projection modulo any integers m such that
1 # —1 (mod m), that is for any m > 3. The case m = 2 is given by Example £54. O

Ezample 4.64. The group GL2(2) lifts to <<:1 (1)> , <(1) (1)>> C GLy(Z), and so is split

liftable modulo every even integer.

Remark 4.65. Let E'/F be an elliptic curve. To have an (m, mn)-coincidence, it is necessary
to have pg ., (GF) split liftable modulo mn, but it is not sufficient. Indeed, GL2(2) is split
liftable modulo 8, but there are no (2, 8)-coincidence for elliptic curve defined over Q, see
[DLR23, Theorem 1.4]. This is also the case for GLy(3): the subgroup

(6 2)-(5 %) (4 7)) cono
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is a lifting of GL2(3) of order 48. Hence, GL2(3) is split liftable modulo 9 and yet there
is no (3, 9)-coincidence for elliptic curves with surjective mod 3 Galois representation, by
Corollary and Proposition 27T3.

Now we will present groups which are not split liftable, which give us obtructions
having the coincidence. We underline that, by Lemma @532, if g € GLa(m) is not split
liftable modulo mn, then all groups containing g are not split liftable modulo mn.

From now on, we will denote by 7" the matrix (é 1)

Lemma 4.66. Let p be a prime and k > 1. The matriz T in GLa(p) is split liftable
modulo p**t1 if and only if p=2,3 and k = 1.

Proof. In GLy(2), resp. GL2(3), the matrix T is conjugates to ((1) (1)>, resp. <_01 _11),

and so is split liftable modulo 4, resp. modulo 9, by Lemma BB3. Set ¢ = p? if p = 2,3
and ¢ = p otherwise. We know, from Corollary B3, that, for k > 1 if p is odd and k& > 2
if p is even, if T in GLy(p¥) is split liftable modulo p**!, then T in GLa(q) is split liftable
modulo p**1 and so modulo pg. Now, if T was split liftable modulo pg, then we could find
M € M(Z,) such that T'+ ¢M has order ¢ in GL2(pg). But

n(n 1) (a+d)+n(n—1)(n—2)

n(n 1)
1+ga 14+gb \"™ _ [ 1+nga+=5gqc  ningb+—5— qc
( 14qd = n(n n, (mod pq).

qc nqc 1+nqd+

Now, we take n = ¢q. Then p divides ‘I(QQ_I) and Q(q_lg(q_Q). We obtain

(T +qM)* = <é f) % id (mod pq).

O

Theorem 4.67. Let p be a prime. Let ¢ =p if p # 2,3, or ¢ =p? if p=2,3. Let E/F
be an elliptic curve. If pg 4(GFr) contains T, then F(E[q]) # F(E[pq]).

In particular, if E/F does not have CM and has a (p*,p**1)-coincidence, then E/F
has non maximal image modulo p?, and even modulo p if p # 2, 3.

Corollary 4.68. Let E/F be an elliptic curve with multiplicative reduction at a prime
of Op and let p be a prime not dividing 2v.(j(E)). Then E/F does not have a (p*,p*+1)-
coincidence for any k.

Proof. If E/F has multiplicative reduction at a prime ideal v and p does not divide
20:(j(F)), then T' € pp,(Gr) by [Sil94, Proposition 1.6]. But this is not possible for
a (p*, p**1)-coincidence from Theorem EG7. O

Remark 4.69. Suppose that p is odd, and k > 2 if p = 3. To study (p*, p**!)-coincidences
further, it remains to deal with subgroups of GLa(p*) with non-surjective determinant, by
Corollary B239, and which does not contains 7', by Theorem EG4.

4.5.5 CM case

If E/F has complex multiplication by a quadratic field K and F C K(j(F)), then we can
say more.
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Proposition 4.70. Let E/Q be an elliptic curve with CM by a quadratic field K and
F=K((E)). If F(E[p¥]) = F(E[p**Y]), thenp =2 and k = 1.

Proof. We have the following field inclusions:

F(E[p*t1)
F(E[p*]) F(h(E[p™1)
X %
F(h(E[pM))

where h is a Weber function for E (see [LR22]). Suppose that £ > 1 if p is odd or k > 2
if p=2 and a = 1. By [LR22, Theorem 4.3|, we have,

d = [F(MEP™)) : F(MEP")] = p".

This implies that p? | ¢. Moreover, by [LE22, Theorem 4.1] we have ¢ | #O%. But
#03 =2,40r 6. Thus p =2 and ¢ = #0j, = 4. But O} ~ Aut(F), so j(E) = 1728 by
[Sil0g, III, Theorem 10.1] and F' = K(j(E)) = K = Q(4). In this case, E is defined over
Q and Q(E[2*]) € Q(E[2¥*1]) by Theorem EB. Moreover, the Weil pairing implies that

F =Q(i) C Q(E[M]) € Q(E[2") ¢ Q(E[2*)
and so F(E[2*]) € F(E[2*1]). We conclude that p =2 and k = 1. O

Remark 4.71. If an elliptic curve E/F has a (2,4)-coincidence, then pg 4(Gr) must be a
split lifting of pg 2(GF). Example gives such a split lifting and a Magma computation
shows that this is the only one up to conjugation ([DLR23, Proof of Proposition 3.9]). The
corresponding modular curve is Xoqp in the notation of Rouse and Zureick-Brown [RZBTH,
Remark 1.6], whose model is given in Theorem 8. We deduce the map to the j-line,
explicitely given in [DLR23, Proof of Proposition 3.9]: let E/F be an elliptic curve with
a (2,4)-coincidence, then there exists ¢t € F' such that

 —4¢® 4+ 32¢7 4 80t5 — 288t5 — 504¢* + 864t + 1296t> — 864t — 1188

i(E
J(E) 4 At £ 612+ 4t + 1

For rational CM j-invariant, there is no such ¢.

4.6 Large images

Since GLa(m) and GLa(n) are not isomorphic for m # n, then (m, n)-coincidences cannot
happen for elliptic curves with surjective mod m and mod n representations. Daniels and
Lozano-Robledo compared the abelian part of the division field to show that E/Q does
not have (m,n)-coincidence if only pg p, is surjective. In this section, we use the same idea
to show a similar result over number fields, in case where pg ,, is large, i.e. it contains
the special linear group. In this case, the elliptic curve E/F does not have CM, and it is
said that it has maximal image at m. We will only deal with m odd.

For a group G, we denote by D(G) its commutator subgroup. We know that D(G) is
the smallest normal subgroup of G such that G/ D(G) is abelian and this last is called the
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abelianization of G. We will use several well-known results about derived group of SLa(m)
and GLg(m), given with detailed proofs in Appendix [Al.

We denote by F2P the maximal abelian extension of F. We will compare the maximal
abelian extension of F'(E[m]) and that of F'(E[n]).

Proposition 4.72. Let m be an odd integer and E/F be an elliptic curve. Suppose that
pEm(GF) contains SLa(m). Then

| F(Cn) if D(ppm(Gr)) = SLa(m)
F(E[m]) N F* = { a Z/3Z-extension of F((n) otheTwEise. ) 2

Proof. Let G = pp.m(Gr). Wehave SLy(m) < G < GLy(m). Then, using Proposition B3,
D(SLz(m)) < D(G) < SLa(m)).
Suppose that D(G) = SLa(m). Since
G/SLa(m) ~ det(G),

therefore the largest abelian quotient of F'(E[m])/F has Galois group isomorphic to det(G).
By the Weil pairing, F((y) € F(E[m]) and from Proposition 213, we have Gal(F((,)/F) ~
det(G). Then the largest abelian subextension of F(E[m]) is F((pm,)-

Now, suppose that D(G) # SLa(m). If 3 + m, this does not happens, since in this
case D(SLa(m)) = SLa(m) from Proposition B2. If 3 | m, then D(SL2(m)) has index 3 in
SLo(m) from Proposition A2 and so is D(G). It follows that F(E[m])NEF?" is an extension
of degree 3 of F((n). O

Remark 4.73. The case F(E[m]) N F* # F((y) happens only for ged(m,12) # 1 by
Proposition B2 and Proposition B=3. Let k = v3(m). In the previous proposition, m is
odd and so F(E[m]) N F2 # F((y,) only if & > 0. In this case L := F(E[3*]) N F2P is a
(Z/3Z)-extension of F((3) and

F(E[m))NF*® =L ®p F(Cz).
Remark 4.74. Let k=1ifp>5,k=2if p=3 and k =3 if p = 2. If pg »(GF) contains
SLa(p), then pg e (GF) contains SLa(Z,), by Theorem PZ3TI.

Theorem 4.75. Let m,n be integers such that m is odd, F((,) € F((n) and E/F be
an elliptic curve. Suppose that pp m(Gr) contains SLa(m) and that E/F has an (m,n)-
coincidence. Then

3|m, and D(pgpm(Gr))# SLa(m), and F(¢,) CL
where L is a 7/3Z-extension of F((n)-

Proof. Suppose that F(E[m]) = F(E[n]). Then F(¢,) C F(E[m]) N F2P, which is not
possible if F(E[m]) N F*» = F((), by assumption. Hence, from Proposition EZ72, the
field F(E[m]) N F2" is a Z/3Z-extension of F((,,) and the derived group of pg ., (Gr) is
smaller than SLg(m), which only happens if 3 | m by Remark B=73. O

Remark 4.76. Under the hypotheses of the previous theorem, for (m,n) = (p*, p**1), we

know by the previous theorem that p = 2 or 3. Since SLa(p*) contains the matrix 7', this
results was already known by Theorem B2 and even more: the assumption (i1 ¢ F is
unnecessary and k = 1.
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By [Zyw24a, Lemma 1.7], we have SLy(Z) N pp(Gr) = D(pp(Gr)). In particular,
if pp(GF) contains SLy(Z), then D(pp(Gr)) = SL2(Z). In particular, if 8 -9 | m and

SLa(m) € pgm(Gr) then SLy(Z) C pp(Gr) by Theorem 2231 and so D(pg,m) = SLa(m).
Hence we deduce from Theorem BZ72 the following:

Theorem 4.77. Let E/F be an elliptic curve and m be a positive integer. Suppose that
72 | m and pp.m(Gr) contains SLa(m). Then F(E[m]) N F* = F(¢y). In particular,
if E/F has an (m,n)-coincidence, then F((,) C F(Gn)-

We finish the section by the following lemma, which contains some additional informa-
tion about the extension F(E[3])/F.

Lemma 4.78. Let E/F be an elliptic curve with j-invariant j(E). Then we have the
inclusion F(j(E)'/3) C F(E[3]). Moreover, if SLa(3) < pr3(Gr), then F(j(E)Y/3)/F is
non trivial.

Proof. The inclusion F(j(E)'/3) C F(E[3]) follows from Example BY. Again from Ex-

ample op.cit., ifj(E)% € I, then pg 3(Gp) < Cf,(3). In particular, in this case, pp3(Gp)
cannot contain SLa(3). O

Remark 4.79. If (3 € F, then F(](E)é)/F is Galois and so is contained in F2P. If,
moreover, F(](E)é) NF((n) = F, then F(E[m])NF* = F(](E)%, (m)- Hence, if we have
an (m,n)-coincidence, then

3|m, and D(ppm(Gr)) #SLa(m), and  F(C) C F(§(E)3,(m).

Remark 4.80. 1f ¢3 € F, 3 | m and D(pg 3050m) (GF)) = SLy(3v3(™), then F(j(E)é) C
F((503(m)) and so we have r > 1 such that

F(j(E)3) = F((g1) and F = F(CGr) # F(Carn).

4.7 Coincidence of division fields of two elliptic curves

Let E and E’ be elliptic curves defined over . In all this section, we suppose that
F(E[m]) = F(E'[n]) for two integers m and n. Then (, € F(E[m]) and in the previous
sections we gave constraints to this property. Hence:

Proposition 4.81. Let p be a prime and r be the largest integer such that Q((yr) C
FNQ(ppe). Suppose that p > q for all primes q | m and vy(n) > r. Then, vy(n) =1
(and r = 0), unless (m,p) = (27,3) for some j > 1, in which case r = 0 and vy(n) < 2, or
vp(n) =r+1.

Proof. This follows from Proposition E-T4 and the fact that F((,x) C F(E'[p*]) C F(E'[n]).
0

We can use Theorem E2Z1 and Remark B22 in the same way as in Section B to
give constraints on a coincidence F(E[m]|) = F(FE’'[n]) using again that we must have
(n € F(E[m]). For example, we give a generalization of Corollary B—24.

Theorem 4.82. For all primes p such that p | n and p t mAp we are in one of the
following situation:

e vy(n) =1 and E/F has bad reduction at every ideal above p,
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e vp(n) =2, p=2 and at each prime above p, E/F has either additive or non split
multiplicative reduction,

e vp(n) =2, p=3, and E/F has additive and potential good reduction at every ideal
above p,

o vp(n) =3 ord, p=2 and E/F has additive and potential good reduction at every
ideal above p.

Theorem 4.83. Let p be a prime and k > 1 such that F N Q((r) = Q. If F(EPX)) =
F(E'[p*1)), then p = 2.

Proof. This follows from Theorem BZ38. O

Theorem 4.84. For all primes p such that vy(m) # vp(n), we have
p|2-Afp-N(fg) - N(fg).

Proof. The proof is the same as for Theorem B2, using Proposition B282 and Theorem A=%3
instead of Corollary and Corollary B=39. O

Theorem 4.85. Suppose that m is odd, F(¢p) € F(¢m) and pgm(GF) contains SLa(m).
Then
3|m, and D(pgm(Gr)) # SLa(m), and F((,) CL

with L a Z/3Z-extension of F((p,).
Proof. The proof is exactly the same as Theorem B-73, replacing F(E[n]) by F(E'[n]). O

Remark 4.86. Except in Subsection BZ52, the results of Section BZ3 use the relationship
between pp k+1 and pg pr on the same elliptic curve. In particular, this method does not
apply for different elliptic curves.
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Chapter 5

Polynomials realizing mod m
images

In this chapter, we return to the inverse Galois problem (IGP), introduced in Chapter @O,
which motivated the study of entanglement treated in the previous chapters. We saw in
Problem I3 that the IGP can be broken down in four problems: the classical IGP, the
effective IGP, the IGP with ramification and the explicit IGP. In the context of elliptic
curve, we consider G = pg.,(Gr) < GLa(m) for a positive integer m and an elliptic
curve E/F. We notice that if E/F is non-CM, m is coprime to the adelic level Mg and
Q(Gm)NF = Q, then pg ,, is surjective. However, if m is divisible by a minimal exceptional
integer or if Q({mn) NF # Q, then the group pg ,m(GF) is a proper subgroup of GLy(m). In
Section 3, we saw that we have the isomorphism Gal(F(E[m])/F) ~ pg ., (Gr) and so a
solution for the classical IGP and the effective IGP, and also for the IGP with ramification,
see Theorem EZZ1, more specifically the tame IGP, see Theorem 31 and [Z32.

For the explicit IGP, Reverter and Vila provide a solution when m is prime and pg
is surjective:

Theorem 5.1 ([RVO0, Theorem 2.1)). Let E/F be an elliptic curve, given by Weierstrass
equation E : y*> = f(z), and let p be an odd prime. Suppose that the Galois representation

pEp: Gr — Aut(E[p]) ~ GLa(p)
is surjective and let P € Elp| \ {O}. Then

1. The p-division polynomial is irreducible and its Galois group over F is isomorphic
to ppp(Gr)/ (£ id}.

2. The characteristic polynomial x g, of the multiplication by x(P) + y(P) in F(P) :=
F(x(P),y(P)) is irreducible with Galois group isomorphic to pg p(Gr).

In this chapter, we use their idea to generalize the previous theorem to a general
setting. We give families of polynomials realizing the image of the representation pg,, :
Gr — GLa(m). We also determine a minimum for the valuations of the coefficients of the
polynomials arising in our construction.

Most of the results are valid in more general fields, but in our context we restrict our
interests to number fields. All results, including Theorem B, are valid for F' a field of
characteristic 0, except those of Section B3, because we need that Op is a Dedekind
domain, and in Proposition 21 and Remark 622, since we refer to valuation.
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This chapter, apart from a few details, corresponds to a paper of the author [Yvo23].
To be consistent with the rest of the manuscrit, we changed some notations. Also, in order
to be self-contained, we add the definition of division polynomials and Proposition 62 at
the begining of Section B, a version of Cebotarev density theorem and a corollary in
Section B8, a theorem, a remark, a lemma and a corollary at the end of Section B12.
We add Remark 623, linked to the topic of coincidence. Moreover, we explain why a # 0
is a necessary condition in Section BT2473.

5.1 Polynomials realizing pg,,,(Gr)

Let E/F be an elliptic curve. For a positive integer m, we define

E,, :={P € E(F) of order m} C E[m].

5.1.1 Primitive division polynomials

Let E/F be an elliptic curve with Weiertrass equation
y2 + a1xy + aszy = z° + a2x2 + a4 + ag,

and let b; as defined in Section 1. The family (1),,) of division polynomials of E is defined
as follow:
vi1=1 ¢ =2y+a1z+a3

Y3 = 32t + boa® + 3byx? + 3bex + by
Yy = (225 + box® + 5byx? + 10bgx> + 10bgx? + (babg — babg)z + (babg — b2))

Yothom = Yy 1Vm¥miz — Ym—ohmibryy  for m >3
¢2m+1 = ¢m+2¢§n - wmf2w§n+1 for m > 2.

A paper of McKee is about methods to compute faster the coefficients of division
polynomials, see [McKY4].

The m-division polynomial of an elliptic curve has roots corresponding to the first
coordinate of m-torsion points:

Proposition 5.2 ([Sil0Y, Exercise 3.7]). Let m > 2 and E/F be an elliptic curve.
¥m

T s univariate with

1. For m odd, respectively even, the polynomial 1,,, respectively

m2—1

roots the elements of x(E[m]), respectively x(E[m]) \ x(E[2]), and degree ™

2. Let ¢y be the polynomial defined in [Silll9, Ezercice 3.7]. Then we have

 om(a(Q)
HmQ) = 2 Q)

Studying the points of order m, where m is not necessary prime, naturally leads to the

following definition:

Definition 5.3. Let E/F be an elliptic curve and (v,,) the family of its division polyno-

mials. We define the primitive division polynomial (¢,) recursively by

wm = qu;n

nlm
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Remark 5.4. Clearly 1 = Q,Zl =1 and, for p prime and k > 1, we have ka = In

D
Y ok—1

— P
particular, 1, = v, for p prime.

Proposition 5.5. If m # 2, the polynomial Jm is in F'[X] and its roots are the elements
of x(Ep,). Moreover, if m is a power of a prime p then the leading coefficient of 1, is p.
Otherwise, the polynomial 1y, is monic.

Proof. For m odd, respectively even, the polynomial v,,, respectively ﬂ;, is univariate

with roots the elements of z(E[m]), respectively x(E[m]) \ z(£[2]), see Proposition 52.
Then, by induction, for m > 3, the polynomial v, is univariate with roots the elements
of (E,,). Now, the absolute Galois group G acts on the m-torsion points, therefore on
the points of order m. Indeed, let P be a point of order m and o in Gp. Suppose that
o(P) has order m < n. Then, the point P = o~ (o(P)) belongs to E[m], which is a
contradiction. Therefore, the factorisation

'@Dm = H{Em

m|n

is defined over F'. For a polynomial f, let ¢(f) be its leading coefficient. We have

c(Wm) = [[e(dn)-

mln

So, using that c(v?) = m? for all m and Remark 64, we conclude, by induction that
c(iyr) = p for p prime and k a positive integer, and so that c(¢,) = 1 if m is divisible by
at least two different primes. ]

Remark 5.6. Since we know the degree of 2, for all m, we can compute the degree of
Ym, as a polynomial in z, by induction. For example, if m is the product of two distinct
primes p and ¢, then 1, has degree (m? — p? — ¢ +1)/2.

The polynomials v, and 191, are in F[z] when m is odd and even respectively, and
)9 is not. In particular, F(1,,) is well-defined when m is odd, but not when m is even.

Definition 5.7. For m an even integer, we define F'(¢,,) := F(¢2t,).

Lemma 5.8. For m a positive integer, we have
F(¢m) = F(z(Em])) = F(x(En)) = F(¢m).

Proof. The last equality is given by Proposition B3.

By Proposition b3 and the factorization of v,,, the roots of ,,, for m is odd, are the
elements of x(E[m]). The same is true for o1, for m even, noting that z(E[2]) are the
roots of 3, from Propositon 52. Then we have the first equality.

Finally, for the second equality, since E,, C E[m/|, then {/;m divides v,,, and we obvi-
ously have F(¢,) C F(i,). For the reverse inclusion, let z(P) € F(z(E[m])) with P of
order m | n. Then n = km for some k, and P = kQ for some point @) of order n. From
Proposition b2,

ko - O@(@)
A0 =2 = @)
where ¢ € F[X]. So 2(P) € F(z(Ep)) = F({m). O

In fact, we do not need these formulas to prove that F(z(E[m])) = F(z(Ey)): see
Lemma BT0 for a proof using only Galois theory.
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5.1.2 Galois group of Jm

For a positive integer m, let m, be the canonical projection
7n + GLa(m) — GLa(m)/{£id},

and define pg , = T0pEm. If p Em(G r) does not contain — id, it is canonically isomorphic
to PE,m(GF)~

Lemma 5.9. For m > 2, we have ker pg, = Gal(F/F(z(Ep,))).

Proof. If o € GF satisfies pg (o) = id, then o(z(P)) = «(P) for all P € E,,. Now, let
o € Gal(F/F(z(Ey,))). For P € E,,, we have o(P) € {=P}. Suppose that there are two
points P, Q € E,, such that o(P) = —P and 0(Q) = Q. Then, on the one hand,

c(P+Q)=-P+Q

and, on the other hand,
o(P+Q) e {£(P+Q)}.

So either P or Q has order 2, hence m = 2, and in this case P = —P for all P € E,,.
Consequently, either o(P) = P for all P € E,,, or 0(P) = —P for all P € E,,. O

Lemma 5.10. For m > 2, we have F(z(Ey,)) = F(z(E[m])).

Proof. The inclusion F(x(E,,)) C F(xz(E[m])) is obvious. Then we have
Gal(F/F(z(E[m])) < Gal(F/F(z(Epn)).

Now, take o € Gal(F/F(z(Ey,))). By Lemma 59, we have pg,,(c) = id, hence o fixes

Theorem 5.11. Let m > 2.
1. The Galois group of F(@Zm) over F' is isomorphic to pg.m(GF).

2. If ppm(Gr) contains —id # id, then the extension F(E[m])/F(x(E[m])) has de-

gree 2. Otherwise, F(E[m]) = F(z(E[m)])) and the Galois group of F (i) is iso-
morphic to pgpm(GFr).

Proof. Using Lemma B, we obtain
PEm(Gr) =~ Gp/ker ppm =~ Gal(F(z(Ep))/F) = Gal(F(¢m)/F).
The second point of the proposition is also an immediate consequence of Lemma 69. [

When m = p is prime, Reverter and Vila give another sufficient criterion for the Galois
group of ¥, = 1, to be pg ,(GF).

Theorem 5.12. [RV{0, Theorem 1.1] Let E/F be an elliptic curve and p be an odd prime
such that pg p(Gr) is conjugates to one of the following groups:

(é Xp(ZF)) ’ ((1) XpéF)) ’ <Xp((?F) T) '

Then Gal(¢yp) ~ pEp(Gr).
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We note that, in the hypothesis of the previous theorem, —id is not in pg ,(GF).

Remark 5.13. The hypotheses of the previous theorem are satisfies if E/F is a non-
p-exceptional elliptic curve which admits a rational isogeny of degree p. An elliptic
curve E/F is said to be p-exceptional if

1. E/F has no rational points of order p,
2. There exists an elliptic curve E'/F and a F-isogeny E — E’ of degree p,

3. Every elliptic curve F-isogenous to E with isogeny of degree p has no rational point
of order p.

For the definition of a F-isogeny, F-isogenous elliptic curves and degree over an isogeny,
see [Sil0Y, Section ITI.4].

Sutherland proved the following on quadratic twists:

Lemma 5.14 ([Sufl6, Lemma 5.24]). Let E/F be an elliptic curve with Weierstrass
equation y> = f(x), m > 2 be an integer, and d € F*\F*? be squarefree. Then

F(E[m]) = F(Vd,¢m) <= —id ¢ ppw ,,(GF).

Corollary 5.15 ([Sufl, Corollary 5.25]). Let E/F be an elliptic curve with Weierstrass
equation y? = f(x), m > 2 be an integer, and d € F*\F**. Then ppa m(GF) is conjugate
to a subgroup of index 1 or 2 of (pgp.m(Gr),—id). The index 2 occurs when

1. \/g S F(E[m]) and \/a ¢ F(wm) if*id S PE,m(GF),
2. \/& € F(wm) if_id ¢ pE,m(GF)'

5.1.3 Consequence in the case m =3

Let E/F be an elliptic curve and let G := pg3(Gp). We denote by (3 a primitive third
root of unity.

We recall the following result. Let m be a positive integer and (,, be a primitive
m-th root of unity. By the Weil pairing, we have F((,) C F(E[m]). Hence, for each
o € Gal(F(E[m])/F), there exists an «a(o) € (Z/mZ)* such that o((,) = @) Thanks
to the Weil pairing again, «(o) satisfies det opg (o) = (o). Then the image of det opg
is equal to the image of the natural embedding of Gal(F((,)/F) in (Z/mZ)*, which is
surjective if and only if F' does not contain any m-th roots of unity. In the case m = 3, it
gives that det opp 3 has image {£1} if and only if F' does not contain (3.

Since G is a subgroup of GLy(3), we give a classification of all subgroups of GL2(3), up
to conjugation, in Figure Bl Here, C,, is the cyclic group of order m, S, is the symmetric
group of degree m, Da,, is the dihedral group of order 2m, Vj is the Klein group, Qg is
the quaternion group and l~)16 is the quasi-dihedral group of order 16. The groups 1S53
and 283 are both isomorphic to S3 but are not conjugate, and similarly for 1Cy and 2C5,
both isomorphic to C5. The stars * in the matrices means that all choices of elements in
Z/3Z are possible, provided the matrix is invertible. The graph shows directly

e which subgroups contain —id, so, conversely, which images are isomorphic to the
Galois group of s,

o and which subgroups are in SLy(3) or not, which only depends on whether F' contains

Q(¢3)-
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Figure 5.1: Subgroup lattice of GL2(3)

(% 3) - D) <(*1 )

0 -1

Remark 5.16. Following the classical description of subgroups of GLy(m) given by Serre

in [Ser72, Section 2] or Sutherland in [SufT6], <3 2) is Cs(3), the split Cartan subgroup;

* 0 U 0 * is Ns(3), the normalizer of Cs(3); Ll is Cps(3), the non split
0 = * 0 1 1
1 -1 1 0 . . * ok
Cartan subgroup; 11 ) \g Z1))s N,5(3), the normalizer of C),5(3); and 0

is B(3), the full Borel subgroup.

The next two propositions give all possibilities for G, the image of the mod 3 repre-
sentation, depending on the factorization of 3.

Theorem 5.17. If FNQ({3) = Q, then, using the classification above,
1. If ¢35 is irreducible, then

(a) G = GL2a(3) if F(v3)/F is generated by exactly three roots of 1s;
(b) G~ Dyg if F(¢3)/F is generated by exactly two roots of 13; or
(c¢) G~ Cs if F(i3)/F is cyclic.

2. If ¥3 can be factorized in two irreducible polynomials of degree 2, then G ~ Ds.

3. If 13 has a unique root over F' then

(a) G ~ D1 if F(E[3])/F(x(E3)) has degree 2; or
(b) G ~ 1S5 or 2S3 if F(E[3]) = F(x(E3)).
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4. If Y3 has exactly two roots over F', then

(a) G ~Vy if F(E[3])/F(x(E[3])) has degree 2; or
(b) G ~2Cy if F(E[3]) = F(x(E[3])).

Theorem 5.18. If FNQ((3) # Q, then, using the classification above,
1. If 43 is irreducible, then

(a) G =SL2(3); or

(b) G~ Qg if F(v3)/F is cyclic.
2. If 13 factors into two irreducible polynomials of degree 2 then G ~ Cy.
3. If 13 has a unique root in F', then

(a) G ~ Cg if F(E[3])/F(x(E[3])) has degree 2; or
(b) G~ Cy if F(E[3]) = F(x(B[3)).

4. If 3 splits completely over I then

(a) G~ Cy if F(E[3])/F(x(E[3])) has degree 2; or
(b) G~ Cy if F(E[3]) = F(z(E[3])).

Proof. (of Theorems 6517 and 618). We will consider the Galois action on the z-coordinates
on the 3-torsion points, that are the roots of i3, as permutations on these roots. Each
o € Gp corresponds to an element of S4, seen as permutation representation, and is
mapped to pp3(c) in G := G/{+id}. So G ~ Gal(y3) corresponds to a subgroup of
Sy4 ~ Sym({roots of ¥3}). Then, G C B(3) is equivalent to 13 having a root in F'. The
action of the groups not in B(3) or N,(3) is transitive on x(FE3), so 13 is irreducible.
Consequently, G C N,(3) is equivalent to 13 factoring into two degree 2 polynomials over
F. Moreover, when G does not contain {—id}, then Gal(y3) ~ G, by Thereom BTIT.
Otherwise, Gal(¢3) has index 2 in G.

If FNQ(¢) = Q, we consider only the groups in the above graph with surjective
determinant, i.e. not contained in SLy(3). We just observed that, if ¢3 splits over F', then
G C {£id} C SLy(3). Hence, this cannot happen if F N Q((3) = Q.

If Q(¢3) € F, we only consider the groups in the above graph with non surjective
determinant, i.e. contained in SLa(3). If 13 has at least two roots in F', then there is a
basis of F[3] such that G C Cs(3). Since Q(¢3) C F, the group G has determinant 1, so
G C {£1id}, hence 13 splits over F.

The different items of each proposition are immediate deductions from these observa-
tions. O

Corollary 5.19. If 13 is irreducible or if 13 factors into two irreducible polynomials of
degree 2, then —id belongs to the image.
5.1.4 Polynomials generating the image of pg,,

If m divides n, the coordinates of points of order m on an elliptic curve E/F are obtained
by adding n/m times a point of order n. The addition of points is given by rational
functions over F', then we have

for all positive integers m.
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5.1.4.1 General settings

Let E/F be an elliptic curve defined by a Weierstrass equation wg(z,y) = 0, so we have
F(F)= F(x,y). Let u be a polynomial of degree 1 in = and y such that

Flu,u’] = Fla, y, (%)

with u* := [-1]*u = wo [-1]. In particular, we have u # u*. This will be our recurring
hypothesis on u.

Let m be a positive integer. Let

FIX] o FIX],

- S gy ifm £ 2

A= (FIX,Y]/(@n(X, V) wp(X,Y)) = § Ggly O0) o
@3(X)) hm =z

The dimension of A over F' is finite, and equal to 2deg(@;m) for m # 2 and to 3 for
m = 2, that is, in all cases, equal to cardinality |E,,|. We denote by xu.m the character-
istic polynomial of the multiplication by the polynomial u on the ring A. It is a monic
polynomial of degree |E,,| with coefficients in F'. We denote by ¢1,...,9s € F[X] the
irreducible and monic factors of Jm, if m # 2, or of ¥3 if m = 2. The polynomials g; are
coprime because the roots of 12 and of {j;m for m # 2 all have multiplicity one. We set
A; = F[X,Y]/(gi,wg) and denote by x; the characteristic polynomial of the class of u in
A;. From the Chinese remainder theorem, we have

A~ A x---x As.
Lemma 5.20. The roots of x; are u(P) where P € E,, and g;(z(P)) = 0.

Proof. Let S = {P € E,, | gi(z(P)) = 0}. We know that the roots of x; are in u(S).
We have to prove the reverse inclusion. Let P € S. If m = 2 then u(P) € F(x(P)).
Therefore, since the elements of z(S5) are conjugate, the elements of u(S) are too. Now,
suppose m > 3. The polynomial wg has degree 2 over the field F[X]/(g;). If wg is
irreducible over F[X]/(g;), take P’ € S such that u(P’) is a root of x;. The irreducibility
of g; implies that there exists o € G sending z(P’) to x(P), and so u(P’') to u(P) or
u(—P). The irreducibility of wg over F(xz(P)) implies that there exists 7 € G which
fixes F'(z(P)) and sends y(P) to y(—P). Therefore u(P) is conjugates to u(P’), so it is a
root of x;.

If wg is not irreducible, then wgy = (Y — a)(Y — B) with «, 8 € F[X]/g;(X). So A; is
the product of two extensions of F', that is

Ai = (FX]/gi(X))Y]/(Y — o) x (FIX]/g:(X))[Y]/(Y = B).

And the result follows since, if P € S, then y(P) is a(z(P)) or f(xz(P)) so u(P) is a root
of x;. ]

Proposition 5.21. We have

Xum(T) =[] (T —u(P)).

PeEn
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Proof. From the isomorphism of F-vector spaces:
A~ A x -+ X Ag,

the matrix of the multiplication by u in A is conjugated to a block matrix in the F-vector
space A1 X --- x As. The characteristic polynomials of these two matrices are the same,
and each y; is the characteristic polynomial of the block corresponding to A;. Therefore

Xu,m is the product of characteristic polynomials x; for ¢ = 1,...,s. The result follows
from Lemma 620. ]

Corollary 5.22. We have F(xum) ~ F(E[m]) and Gal(xum) =~ pe.m(GF).

Proof. By Proposition B20 and assumption on u, we have

F(Xum) = F(u(Em)) = F(u(Em), u”(En)) = F(z(Em), y(Em))

The group isomorphism follows. O

Remark 5.23. Let E and E’ be elliptic curves over F' and m,n positive integers such that
F(E[m]) = F(E'[n]). Then Corollary 522 provides two ways of constructing polynomials
[ € F[X] with splitting field F/(E[m]) (and Galois group pg . (Gr)): using the character-
istic polynomial Xy, for some u € F(E) or the characteristic polynomial X, for some
u € F(E).

5.1.4.2 Specialization
If A; is a field, then

o A, ~ F(P) for P € E,, such that g;(z(P)) = 0.
o from Lemma 620, the u(P) with P € E,, and g;(x(P)) = 0 are all conjugate.

Therefore, the characteristic polynomial of u(P) in F(P) does not depend on the choice
of P € E,, such that g;(z(P)) = 0 and it is equal to x;. If A is a field, then A ~ F(P) for
all P € E,, and the characteristic polynomial of u(P) in F(P) is xyum. If —id belongs to
pEm(GF) then A; is a field for all . If the action of G on E[m)] is transitive, then A is
a field.

Proposition 5.24. Suppose that pg.,m(Gr) contains —id. Then the splitting field of
x:i over F is the extension generated by the roots of g; and their y-coordinates. The
compositum of the splitting fields of the x; is F(E[m]), and its Galois group is isomorphic
to pEm(GF)-

Proof. Let S ={P € E, | gi(x(P)) = 0}. We have
F(a) = F(u(S),u"(5)) = F(x(5),y(5)).

Since K (a,b) = K(a)K (b), the compositum of the extensions generated by the y; is the
extension of F generated by the roots of 1, if m > 3 or of 2, if m = 2, and the
corresponding y-coordinates, in other words the coordinates of the points of order m. O
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5.1.4.3 Condition on u

The function v is linear in z and y so it has the form v = ay + bx + ¢ with a,b,c € F.
What are the conditions on a, b, ¢ in terms of E to have F'(u,u*) = F(z,y)?
Let (a;) be the coefficients of E. If a # 0 and 2b — aja # 0 then

u+ u* + aaz — 2c
2b — aja

and
(b —aja)u — bu* — bab — 3 + ajac)

(2b — aja)a

y:

So we have F'(u,u*) = F(z,y). We know that the condition a # 0 is necessary. Indeed,
if w = bx + ¢, then v = u* by [Sil09, Group Law Alorithm 2.3.(a)] and F(u,u*) = F(z),
whereas F(x,y)/F(z) has degree 2. What about the condition 2b — aja # 07 Can we
also take (a, b) such that 2b — aja = 07 The following example shows that this cannot be
always the case.

Example 5.25. Let E be an elliptic curve of j-invariant 0, with Weierstrass equation y? =
23 — B, with B € F\ (K*)?. Let u = y. In particular, with the previous notations,
a #0,b =0, ag =0 and, then, 2b — aja = 0. Then F(u,u*) = F(y). The elliptic
curve E admits an automorphism given by (z,y) — ((3x,y). The required condition on
B makes the polynomial 23 — B irreducible over F, then (3 is conjugate to x over F(y),
and F(z,y)/F(y) has degree 3, and not 1. Hence F'(u,u*) # F(z,y).

The required condition for u is F(u,u*) = F(z,y). Actually, we can assume a weaker
condition to obtain Gal(Xum) = pEm(GF). For example, if —id is not in pg m(Gr), then
we are not forced to take a # 0. Indeed, we can take v = = and then xy,, is a scalar
multiple of 2, and its Galois group is pgm(Gr).

5.1.5 Criterion to have —id in the image

The case where the image contains —id or not are clearly distinguished. So we can ask
under which conditions this happens. Before giving a criterion, here is a theorem of Serre
which will be useful. For a prime ideal p of the ring of integers O of a number field F,
let £y, be the residue field at p.

Theorem 5.26. ([Ser89, IV-5]) Let p be a prime ideal of Op and { be a prime such that ¢
does not divide char(ky). If E has good reduction at p, then the Frobenius automorphism
above p is defined independently of the chosen prime ideal above p and the characteristic
polynomial of pg ¢(Froby) is

X? —ay(E)X +N(p) (mod ¢)
where ap(E) = N(p) + 1 — |Ey(ky)| with Ey the reduction of E modulo p.
We also give the weak version of the Cebotarov density theorem:

Theorem 5.27 ([DS05, Theorem 9.1.2]). Let K/F be a Galois extension. Let o €
Gal(K/F). Then there are infinitely many prime ideals p of Op such that o is conju-
gate to Frob,.

Corollary 5.28. Let 0 € Gr. Then there exists infinitely many primes p such that o is
conjugate to Froby, for some ideal p of O above p.
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Proof. Let L/F be a finite Galois extension. From Theorem 527, there are infinitely many
prime ideals b of O, such that o|, = Froby. Since L/F is finite, there are only finitely
many prime of Or, above p, and so infinitely many prime integers p such that o|; = Froby
for some prime b above p. The group G being the inverse limit of the Galois groups
Gal(L/F) with L/F finite, the results follows. O

We obtain the following proposition, with the same notations:

Proposition 5.29. Let ¢ be an odd prime. Let E/F be an elliptic curve. The image
pe(GF) contains —id if and only if there exists a prime ideal p of good reduction for E
such that N(p) =1 (mod ¢) and ay(E) = —2 (mod /).

Proof. Suppose that we have 0 € G such that pgy(c) = —id. Since there is only a
finite number of primes of bad reduction, Cebotarev’s density theorem tell that there exist
(infinitely many) prime ideals p of good reduction such that o = Frob, for a prime ideal
q of O above p. Hence, the image of pp, contains —id if and only if there exists a
prime p of good reduction such that pg¢(Froby) = —id. Since being conjugate to —id
implies being equal to — id, this equality is equivalent to the equality of the corresponding
characteristic polynomials:

X2 —ay(E)X + N(p) = X2 +2X +1 (mod 0).

The result follows. O

Remark 5.30. The proposition gives us a necessary and sufficient condition for pg ((GF) to
contain —id. In particular, it gives a criterion to know whether the image contains — id,
as required. In the other direction, if we know the image of the representation, it gives us
a criterion on the cardinality of Ey(k,) for a certain p.

Remark 5.31. If F' is a number field, we also know that pg (G ) is surjective for almost all
primes ¢, and so almost always contains — id. In the introduction, we gave some references
about the non surjective cases.

Remark 5.32. For a real x and an integer h, Serre ([Ser8Ta, Theorem 1.20]) gives an
estimation of the number of primes p < x such that E/Q has good reduction at p and
ap(E) = h. This estimation is

log(z) Va re g
© <<loglog(x)210gloglog(x)> /2 log(t))’

which does not depend on h. This theorem is valid also on a number field, by [Ser8Ta, 8.2,

Remarques 2].

Remark 5.33. Let ¢ := N(p). Since we must have ¢ =1 (mod ¢), then ¢ is necessary bigger
than £. If £ > 2, then ¢ > 2¢ + 1. The Hasse-Weil bound

—2q+q+ 1< [Ep(ky) <2vq+q+ 1.

imposes additional conditions on p.
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5.1.6 Transitive case

Theorem 5.34. Let E/F be an elliptic curve and let m > 2. Suppose that the Galois
action on E,, is transitive. Then

1. The polynomial @Zm, if m # 2, and V3, if m = 2, is irreducible and its Galois group
is isomorphic to pEm(Gr).

2. The characteristic polynomial of the multiplication by w(P) in F(P) is irreducible
and its Galois group is isomorphic to pgm(GF).

Proof. Let P,@Q € E,,. Since the action is transitive, then F[X, Y]/(wE,{/;m) is a field,
from Subsection B2, In particular, 1y, if m # 2, or ¥3, if m = 2, is irreducible and
we know its Galois group from Theorem BT

We know that Gal(xum) =~ prm(GFr), by Proposition 522 and Subsection b1
Therefore, we only have to show that X, is irreducible. In other words, it suffices to
prove that its degree, |E,,|, is equal to the number of conjugate elements to u(Q), for some
Q € E,,. We have

{o(u(Q)),0 € Gr} ={u(P), P € En}.
Let us show that the u(P) are pairwise distinct. Suppose that u(P) = u(P’). Let 0 € Gp
be such that pg (o) = —id. Then o(u(P)) = o(u(P’)), in other words u(—P) = u(—P’)
and
w(P) & u(—P) = u(P") £ u(—P").

But, by assumption on u, we have u(P) # u(—P), unless P = —P. Then, in all cases,
z(P) = x(P’) and y(P) = y(P’), so P = P’. Therefore, the u(P) are pairwise distinct, so
their number is the cardinal of F,,. ]

Remark 5.35. In particular, if pg ., is surjective, then @Zm and Xy,m are both irreducible
and their Galois groups are respectively GLa(m)/{£id} and GLa(m).

5.2 About the valuation of the coefficients of x, ,

Let E/F be an elliptic curve with Weierstrass equation wg(X,Y) = 0 where
wp(X,Y)=Y?+ a1 XY +azY — X? —aaX? — ay X — ag. (o)

Let m be a positive integer. As in the first section, let u € F(F) be a function of degree
1 in z and y such that F(u,u*) = F(z,y). We have seen in Subsection 61273 that
u = ay + bx + c for some a,b,c € F' with a # 0. Theorem b7 says that x, has Galois
group pg,m(Gr). This second section gives a minimum for the valuation of the coefficients
of Xu,m- As usual, the case m = 2 has to be studied separately.

5.2.1 Case m =2
From Theorem 611, we have Gal(¥3) ~ pg2(GFr). We can compute 13:

V3 (x) = 42> + (a3 + 4as)x? + (4ayg + 2a1a3)x + a3 + 4ag.

But the polynomial 13 is not normalized. We have

1 a’ aia
Xo2 = Zw% = 2% + (L Fa0)d® + (as + —2)z +

a3 1
1 5 2 + a6 € 5 Zai][z].

4 22
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If we have a short Weierstrass equation, that is a1 = a3 = a2 = 0, then we obtain
E:y? = %1/}%. Then a short Weierstrass equation for F immediately gives a polynomial
realizing pg2(Gr). And the coefficients of ¥3 have the smallest valuations possible at a
prime ideal p if we take a minimal Weierstrass equation for F at p. The coefficients of

2 have the smallest valuation possible at every prime ideal if we take a global minimal
equation for F, that is possible, for example, if F' has class number 1.

5.2.2 Minimum of the valuations of the coefficients of x, ,

Proposition 5.36. Let p be a prime and k be an integer. Let E/F be an elliptic curve
given by (@). Let a,b,c € F, with a # 0, and R := Z[a1, a2, a3, a4,a6]. Then

1 _
Xay+ba:+c,pk € ﬁR[a 17 b: C] [X]a

and, for m a non prime power integer,

Xay+bz+c,m € R[a_la b, C] [X]

Proof. We start by showing the result for (b,c) = (0,0). For P € E(F), let be the
polynomial

wr(z(P),Y) :=Y? + (a12(P) + a3)Y — (2(P)? + axx(P)? 4+ ayz(P) + as.

For P € E(F), the polynomial wg(z(P),Y) € F(z(P))[Y] is monic, has degree 2 and has

roots +y(P). If P has order m, these are also roots of xy m,. So [l we(z(P),Y)and
PEE,,/(—id)

Xy,m(Y') are monic, both with degree equal to 2 deg Jm, and the same roots by Proposi-
tion B2201, so they are equal. The resultant Resx (Jm, wg), where {bvm and wg are considered
as polynomials in the first variable, belongs to R[Y]: it is a polynomial in Y with coeffi-
cients in R. Let r be the leading coefficient of {bvm From [Bou&1, A IV.75, Corollary 1],

=

we have:

Resx (m, wp) = r?x@e)  TT  wg(a,V) =1 [[ we@®).Y).
« roots of {Z;m PeEy, /{—id)

Therefore
1

Now, consider the elliptic curve E’/F which is the change of variables of E given by z = z’
and y = a~!(y’ — ba’ — ¢). Then, we have a Weierstrass equation for E’, and X, , has
coefficients in T%R[a_l,b, c]. So

1 _
Xay+bz+cen = Xy',n € TT))R[& 17 b, C] [Y]
By Proposition B3, we obtain the desired result. O
Remark 5.37. The lower bound given in the proposition is a minimum, in the sense where

there exists elliptic curves such that this bound is reached, as we will observe in Exam-
ple b43.
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Remark 5.38. The proof of the previous proposition points out the fact that we can com-
pute Xum in two ways. The first one is, by definition, to compute the characteristic
polynomial of a matrix. The second one is, in view of the above, to compute the resultant
of two polynomials. In the first case, we have to compute the determinant of a matrix of
size 2 deg ¢,,,, and in the second case the determinant of a matrix of size deg wm + 3. Since
deg 3 = 4, the second matrix is always smaller, and the difference of size increases with
m. Moreover, the matrix in the calculus of the resultant is easier to obtain, because we
just have to put the coefficients of 1,,, and wg and some zeros in the matrix. Whereas,
to obtain the matrix of the multiplication by u, we have to choose a basis (e;) and write
each u * e¢; in terms of the basis.

If a1 # 0, then we can choose u =y and Xy, is equal to

r 0 0 1 0o .- 0
x r 0 as
X T as — a1y 0
Resx(&me) =det | 1 1 % gg—agy—y: . . 1
X o 0 as
0 x : a4 — a1y
0 0 x 0 o 0 ag—asy —y?

where 7 and the crosses are elements of F', here corresponding respectively to the leading
term of the polynomial %,, and its other coefficients.

If a1 = 0, we can choose u = x 4+ y and Xz4ym is equal to

r 0 0 1 0o - 0
x r 0 ag — 1
X r o ag—az—2y . . 0
Resy (V) wg) =det | © 1 o a6 —asy— g . . )
X o 0 as — 1
0 x : e ag—a3—2y
0 0 x 0 o0 ag—asy—y?

where E' is an elliptic curve obtained from E setting by the change of variables (z,y)
(x,x +y), and ¥, is its m-th primitive division polynomial. For comparison, here is the
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matrix of the multiplication by y,

o0+« - 0X ag O - 0 x X X
00"-.'-E>< ag ag - 0 X X X
00 az a4

c0 T e

0

0 1 x : 1 x x
10" 00-ag : -0 0 0
01"-"-55—a1—a3'

0 0 —a1

0 0 0

s 10 .0 —ay —as :
00« -~ 01 O 0 0 0 —a1 X

and here is the matrix of the multiplication by = + y

00 -+ - 0 X ag 0 -0 X X X
10"-"-E>< ag ag -+ O X X X
01"'.'- az aq
c0 LTl 1 a
0

0 1 x : 1 X X
1075200 —ag ¢ -0 0 0
01 . .1l l—ay —as
0 0 1-a1

0 0 0
o100 © 0 1-ap —az -
00 - - 01 O o - 0 0 1—a1 X

Remark 5.39. Proposition b238 tells us that, if we take an equation for E with coefficients
in Op, and u = ay + bz + ¢ such that a =1 and b, ¢ € {0,1, —1}, then

1
Xu,pk € EOF[X]

if p is prime and k a positive integer, and
Xu,m € OF[X]

if m is not a prime power.

5.2.3 Case m =3
Let by = a%—|—4a2, by = 2a4+aqas, bg = a§—|—4a6 and bg = a%ag +4a2a6—a1a3a4—|—a2a§—ai.
Since a 3-torsion point (z,y) satisfies [2](z,y) = —(z,y), it satisfies
:L'4 — b4x2 — 2b6x — bg
= .
423 + b% + 2bgx + bﬁ
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Then, after simplification,
’(ﬁ3($) == 3$4 + b2$3 + 3b4x2 + Sbe + bg.

If a; # 0, then x, 3 has Galois group pg 3(Gr) from Corollary 522 and Subsection 51273.
We can compute explicitly x, 3 by two ways: either as a characteristic polynomial, either
as a resultant. In the first way, we compute the determinant of

-X 0 0 0 a5 & b8 (ap-%2) Ao
0 -X 0 0 a1 ag—bs —B—bslaz—"22) Ay
0 0 —-X o0 as as—by ag—bg—b4(a2—%2) Ao
0 0 0 —X 1 az—b% a4—b4—b?2(a2—l%2) As
1 0 0 0 —X-az O 0 2128
0 1 0 0 —a1 —X-—as3 0 a1bg
0 0 1 0 0 —a1 —X—as a1bg
00 0 1 0 0 —a1 —X 4402 g4

with
bg bo bo
Ay=———-—F(as— =) +ay — by
ba ba bg by
A= —bg| ——=(ao— =) +ag — by | — =(as — =

b b b
AQ = —b4 <—32(CL2 - 32) + a4 — b4> — bﬁ(ag — 32) — b8/3,

3 3 3

By the second way, we compute the determinant

b b b b
Az = _2 (—2(612 — j) + ay4 — b4> — b4(a2 — j) + ag — bg.

3 0 0 -1 0 0 0

by 3 0 —a2 -1 0 0

3bs b 3  as—ary —as -1 0
Resx(ngwE) — det | 3bs 3bs b2 ag—az—y? as—ary —asz -1

bg 3bg 3by 0 a(;—ag—y2 as—aly a2

0 bg 3bg 0 0 as—ag—y2 as—a1y

0 0 bg 0 0 0 ag—a3z—y>

Both methods give the same polynomial x, 3.

Example 5.40. Let E : y? +xy = 23 — %. Its Galois image modulo 3 is the Borel subgroup

<Z<) :) and is isomorphic to the Galois group of

s 1. 81 4 12 . 760 , 3076 5 16 , 576 6912

Xya(@) =% = gul = S a R T T T 160" T 21070 28561

If a1 = 0, we can take the function u = x + y for example. With a short Weierstrass
equation F : y? = 22 + Az + B, the matrix of the multiplication by = + v is

0 0 0 A2/3 B A%/3 0 -
1 00 —4B A -3B A%/3 4BA
01 0 24 0 —-A -3B 24%24 A?%/3
o001 o0 1 0 -A —3B
100 0 0 0 0 A?/3
010 0 1 0 0 —4B
001 0 o0 1 0 —2A4
000 1 0 0 1 0
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and
3 0 0 -1 0 0 0
0 3 0 -1 1 0 0
6A 0 3 A-—2y -1 -1 0
Res, (¥4, wp) = [ 12B 64 0 B—y2 A-2y -1 -1
—-A* 12B  6A 0 B-y? A-2y -1
0 —-A* 12B 0 0 B-—y> A—2y
0 0 —A? 0 0 0 B—1?
We obtain
—32 1
Xaty,3 = 2° + (4A +8B)a® + (T‘Q’A2 +8B)z” + (§A3 + §0A2 — 40AB + 18B?)2*

16 4 40
+(16AB — 80B%)z® + (?A‘* — gA3 + ?423 + 36AB? + 16B?)z?

—32 2
+(73A4 - %A3B - gAQB —16AB* + 72B%)x
1 1
—2—$A6 — §A5 —8A3B? + §A4 — §A3B —6A?B? — 27B* — 16B3).

By an appropriate change of variables, we can vary the valuation at a given prime as
follows:

Proposition 5.41. Let p be a prime ideal of O which does not contain 3, and let m be an
integer. Let E/F be an elliptic curve. We can choose u such that, fori=0,...,deg(xu,3),
the coefficient of degree i of xu 3 has valuation at p greater or equal than 2m(deg(xy,3)—1).

Proof. Let m € p\ p?, and let A = 7. We have vy(\) = m. Let the equation y? =
x2 + Az + B be minimal for E at p. Take u = Ay + A\22. Then Xu,3 18 equal to X g4y 3
where y? = /3 + M Az’ + \6B. So

—4
Xus = 25 + AN (A + 2)2B)a® + 8)° <3)\2A2 4 B) .

+2)8 <§A4A3 - gAQ —20\2AB + 9/\432> 2 + 16M9(AB — 5)2B?)23
12 4 4 44 1 3 10 2 A2 4 2 2 2
AN SNIAT = S AT 4 SNATB 4+ ONAB? + 4B | @

—4 4 8
+8)\M <9A2A4 + §A4A313 —2\2AB? +9\*AB? — 3A2B> x
FAE (FENBAC — BA1AP — 8AS AT 4 S AT — SAZASB — 6A1AZB? — 27TA8BY — 16A2B?) . O

The proof of the previous proposition suggests that we can obtain a polynomial with
the smallest possible valuation at a prime p taking a minimal equation at p.

Remark 5.42. Under the same notation as in the previous proposition, we can ask if a
similar result holds for m > 5, with some other equation linking the coefficients and the
associated power of w. But, for that, we certainly have to compute Xz4y,m, for m > 5 and
we did not succeed with non-specialized coefficients for E. Nevertheless, we observe that,
for m = 2, a polynomial generating F(E|[2]) is xg2 := 2°+ Az + B. If we make the change
of variables (A, B) — (AA, \5B) with A = 7™, we obtain yg2 = 23 + A Az + \°B. This
is an equation for E such that, for all i = 0,...,deg(xg,2), the coefficient of degree i of
XE,2 is divisible by 7 at least 2m(deg(x g 2) — %) times.



108 CHAPTER 5. POLYNOMIALS REALIZING MOD M IMAGES

5.3 More examples

In the previous subsection, we have computed, using Sagemath [T'he2?], the polynomial
Xa+y.,3, for any E/F an elliptic curve with a short Weierstrass equation.

For m larger than 3, let us start by observing that deg 1’/;5 =12 = deg 1;6. So, thanks
to Theorem BT, respectively Theorem B2, we can construct polynomials of degree 12,
respectively degree 24, with different Galois group. There are many others such cases, for
example: _ _

deg g = deg 10 = 36,
deg 19 = deg1ha2 = 180,
deg 131 = deg sz = 480,
deg 71 = deg gy = 2520.

The interesting point is that, thanks to these theorems, a Sagemath program is enough
to compute such polynomials. We remark that an artefact of this method is to find
the Galois group of a polynomial of high degree, just by calculating the characteristic
polynomial of a matrix, which is easy (although sometimes long) for a computer, whereas
numerically finding the Galois group of a polynomial of high degree is not feasible with the

current technology. Thanks to Remark it is even easier, since it suffices to compute
a resultant of two well-known polynomials.

Ezample 5.43. In [DanTi, Theorem 8.1], Daniels gives a curve E/Q(t) and a set S such
that the specialization E; of F at t is a Serre curve over Q if and only if ¢ ¢ S. In particular,
from Theorem B4, for ¢ ¢ S, the representation pg, , is surjective for all prime, so for
all product of pairwise distinct primes, as well as for 4 and 9. This curve is defined by

E:y?+ay=2a2°+t
Thanks to computations with Sagemath, we obtain, for each integer m where pg p, is
surjective (and for which the computation is feasible by a computer), a family of irreducible
polynomials (Xum)igs with Galois group GLa(m). For example:
X3 = 2%+ 327 + (8t + )2 + 3tad + (1812 + 2t)at + (— 762 + £)a® — 222 + 913 — 27t
has Galois group GL2(3) for all ¢ ¢ S, and
Xyoa = o2 — 32 4 (548 + 1) 210 — 242 + (89112 + LD¢) 2® + (272 — 2t) 27
+ (29163 — 21942 4 1) 2% + (—1863t> + 6t2) 2
+ (—24057¢4 + LT3 4 142) gt 4 (1385044 4 443) o3
+ (393665 — 5Lt — 143) 22 — 2180450 — 1968310 — 2945 — L4

has Galois group GL2(4).

Xues = 224 — a3 4 (216t + 2) 272 4 (=217t — 32 ) 2! + (1474262 + 8%% + m5) 2%

+ (—7695¢% — 197L¢) 219 4 (2566081&5 + 1477t2 + 501) 18 + (—234495¢% — 32942 — 3t) &7
+( 19899513t4 + 4515487t3 + 12&5§7t2 4 t) (3083670t4 323652t3 42458t2 _ %t) 215
=+ (79046928t5 _ 4052754t4 + 190t3 62t2) I14 + 23737698t5 + 21059 6t4 + 3531t3 3 t2) 213
5 4 882u85572t6 3661038t5 1‘)618t4 2§§t3) 212

4 3625)6086t6 + 106%3798{3 + 1?674254 21) t3) TH

+ (- 17006112¢7 + 2940@4022,50 62672045 _ 114?1§t4) 210

+ 48931938t75 722335438231 L9 4 5¢t) 29

+ (798755823t8 5841727J4t7 + 216756t6 1293 o — 3 t4) 28

46394799235t8 + 2669014gt7 + 1033§6t6 38t5) 7

114791206 9 4?7402603 8 1810394 7 ?HOG 6 _ 13 5) .6

+( t 5+ t 0 — BZt0) x

2157119019 9 80%6323 8 7962311 7 1032 6 5) .5

+( t t t 0 + 120 ) af

+ (- 86383442t10 32]&1%8923159 12712421t3 a7 th) o

+ (71865357911510 + 6121413t9 + 15122t8 + 22t7 + 81310475t10 + 238196159 3%2 )12

5 25 5 25 5
4304672111 | 53144110\ .. 87420483 12, 14348007 ,11 219683410 > 729 02 4
+( 5ttt )“L+ L e %t 125t 125t

o
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has Galois group GL2(5), whereas

Xyoo = 24 — 22 + (648t + 1) 222 — 649tz + (132678752 + 875t) 2?0 + (—68607t2 — 462t) 219

+ (6940080t3 + 25075¢% + 136t) + (—6152031¢% — 8067t> — 19¢) 27

+ (—317375253t% + 1723113¢% + 2832t + t) ! (256565718754 + 157736t — 400t2) zt®

+ (4311049392t — 57426246t* — 117566¢% — 4¢%) 2!

+ (—2135382426¢° + 2165940t 4 12647t3 + 3t2) x'3

+ (—2682218156415 + 246120606¢> + 413098¢* — 152t3) 212

+ (10811281410t + 22940172¢° + 1918¢t* — 33¢3) 21!

+ (85506731136t" — 128560170615 — 7285302¢t> — 9201¢* + 3¢3) 210
+ (—30700637982¢7 — 33424650t° + 561395¢t> 4 1198¢*)
+ (7159947266329758 + 3317254722t" 4 20098530¢° + 7890t5 — 49¢*)
+ (53354019195t + 71226216t — 1074060t5 — 1875¢° + t4)

(1858470434642&9 — 53542680755 — 26764506t" + 4618t° + 86¢° )

+ (—46476109773t° + 172186884t° 4 1826145¢7 + 234216 — ¢7)

+ (—134047489194¢10 + 2903262183t + 3136158t% — 47952¢7 — 89¢5)

+ (12038732973¢10 — 115145550¢% — 572994¢® — 136t" 4 ¢5)

+ (55788550416t — 1076168025t'0 — 2480058¢° + 8019¢8 + 17¢7)

+ (1937102445t + 87687765t + 367416t + 405t%) =

—10460353203¢'2 — 243931419t — 2480058t1% — 8019t — 8t*

9
8
7
6
5
A4
3
2

T
T
T
T
T
T
€T
€T

has Galois group GL2(6). As we have underlined before, the polynomials xy, 5 and xy,.6
both have degree 24.

The following two examples were found using the database [LMFE24] and come from
[Sufl6).

Ezample 5.44. The elliptic curve
E:y?+ay=2®— 2% — 92+ 3699

is defined over QQ, and has surjective Galois image over QQ for all primes except for 7. We

o=mico=((5 96 9)

Over F = Q(v/—3), the Galois representation is also surjective for all primes except for 7

and we have
;o _ 1 6 1 6

Hence, X;+y,7, which has degree 48, has Galois group G, which has order 84, over Q and
Galois group G’, which has order 42, over Q(v/—3). In particular, Xaz+y,7 has a rational
root over Q(y/—3). Since G’ does not contains — id, the polynomial 17, which has degree
24, also has Galois group G over F. It also has a root in Q(v/—3).

Example 5.45. Let be the elliptic curve E : y? = f(x) where
f(@) = 2% + i + (20 — 2)z — 2i — 1.

It is defined over F' = Q(4). The image of pg, is surjective for all primes p except 2 and

5. The image mod 5 is <<2 g) , <§ g) > Hence, for all primes p except 2 and 5, the
polynomial X4y, Wwhich has degree p? — 1, is irreducible and has Galois group GLa(p),

which has order (p?> —1)(p — 1)p. The polynomial X,y 5, which has degree 24, has Galois

group <<2 3) , <g g) >, which has order 96. The image of pg o is <<i é) >, which

has order 3, and is the Galois group of f(x). We can find the image modulo 10 from the
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image modulo 2 and modulo 5. Using that the reduction modulo 5, respectively modulo
2, of pp10(GF) is pes(GF), respectively pgo(Gr), we find that

s ={(3 )6 )

Hence Xz+4,10, which has degree 72, has Galois group <(i 2) , (8 g) > which has order
288.



Chapter 6

Perspective

6.1 Entanglement and modular curves

In this section, we describe ideas for a future joint work with Anni and Kohel which
expands further on topics presented in Section B4. For example, we aim to construct
(3,4)-entanglement of type A4 using modular curves.

6.2 Entanglement for abelian varieties

Elliptic curves are abelian varieties of dimension 1. Many of the techniques and results
presented for elliptic curves can be generalized to abelian varieties of higher dimension.
Let F be a number field and A/F be an abelian variety of dimension g. For a positive
integer m, the group A[m](F) of m-torsion points of A(F) is isomorphic (Z/mZ)%9. As
for elliptic curves, the action of Gr on the Tate module give rise to an adelic Galois

representations p4 : Gp — GLgg(Z). There is also a Weil pairing
em @ Alm] x Alm] — (Z/mZ)*.

The Galois invariance of e,, gives that the image of p4 is contained in a proper subgroup
of GLay(Z): the symplectic group GSpy,(Z), see [ADRAKT13, Section 2]. For all primes p
and all integers m, we have adelic, p-adic and mod m Galois representations:

pa:Gp — GSpQQ(Z)

pape:Gp — GSpQg(ZP)
pAm : GF — GSpyy(Z/mZ)
As for elliptic curves, the failure to the surjectivity of p4 ,, is due to vertical and horizontal
entanglements:
e (Vertical entanglement) The non-surjectivity of pg p~ for some prime p | m,
o (Horizontal entanglement) The non-surjectivity of pa(Gr) in ]‘_[,0 Ap=(GF).
plm

From here, we suppose that A is principally polarized. There are previous work on
the topic of entanglement of principally polarized abelian varieties, [DLRM23, Section
7]. Instead of the determinant character in case of elliptic curves, we have the similitude
character

v : GSpy,(Z/mZ) — (Z/mZ)*,

111
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which does not always match with the determinant character. The similitude character
satisfies v 0 pa m = Xm. In particular, we have F((,,) C F(A[m]) for all integers m. Thus,
we define in a similar way a Weil entanglement:

Definition 6.1. Let T be a non-trivial abelian group. We say that an abelian variety
A/F has a Weil (a,b)-entanglement of type T if Gal(F(Ala]) N F((p)/F(Cq)) ~ T or
Gal(F(A[p]) N F(Ca)/F(Ca)) = T

Theorem 6.2 ([DLRM23, Theorem 7.5]). Let p > 5 be a prime number and g > 1 such
that p— 1 =2(2g 4+ 1). There exists infinitely many principally polarized abelian varieties
A/Q of dimension g which has a Weil (2, p)-entanglement of type Z/(2g + 1)Z.

In the case of the study of horizontal coincidence, using the type of reduction of the
abelian variety, we can obtain information on the ramification of F(A[m])/F, see [ST6]
and so we can extend some results of Section B472 to abelian varieties.

Moreover, since GSp2g(Z) is a subgroup of GLa,(Z), Proposition B8 also applies in
this case. In other words:

Theorem 6.3. If F(A[p**] = F(A[p*]), then F(A[p]) = F(A[p?]) = --- = F(A[p*1)) if
p is odd and F(E[4]) = F(E[8]) = --- = F(A[p**] if p = 2.

Again, coincidences correspond to subgroups of GSpy,(m) which are split liftable mod-
ulo a multiple of m.

We can also construct coincidences using Corollary B4 which are also valid replacing
E/F by any abelian variety A/F.

With respect to the explicit IGP for images of mod m Galois representation for abelian
varieties, it is not immediate to find an explicit general construction: division polynomials
does exist but there is no known generic formula for them.



Appendix A

Derived groups of GLo(m) and
SLo(m)

In this appendix, we give elementary and detailed proofs of well-known results about the
derived groups of GLg(m) and SLg(m), for any integer m. They are used in Section BTG
in the case where m is odd. For a group G, we denote by D(G) its commutator subgroup,
generated by all the elements [g,h] = ghg 'h~! with g,h € G. We know that D(G)
is normal in G and is the smallest group such that G/D(G) is an abelian group: the
abelianization of G.

We recall that SLy(Z) is generated by S = <(1) _01> and T = ((1) 1) They satisfy
S% = (ST)3 = —id.

Let m | n be positive integers and, for i = n,m, set X; = SLa(7))/D(SL2(7)). The
following diagram has exact rows and is commutative.

1 —~ D(SLy(Z)) — > SLo(Z) — > 2,/12Z ——> 0 (A.1)
1 —— D(SLy(n)) —— SLa(n) Xn 0
1 —— D(SLg(m)) —— SLy(m) Xm 0

Proposition A.1. The quotient group SLa(Z)/ D(SLa(Z)) is cyclic of order 12, generated
by the equivalence class of T'. Moreover SLa(m)/D(SLa(m)) is cyclic of order m for
m=2,3,4.

Proof. We will show that SLa(Z)/ D(SL2(Z)) is generated by the equivalence class of T'
and that its order divides 12 on the one hand, and on the other hand that m divides the
order of SLa(m)/D(SLa(m)) for m = 2,3,4. Then, the results follows from diagram A
and from the fact that SLa(2) ~ Ss.

Let S and T the classes of S and T in SLs(Z)/D(SL2(Z)) respectively. Since the group
SLo(Z)/D(SLa(Z)) is abelian, we have ST = T'S. Hence (ST)3 = S3T3 = S%, which gives
S =T73and T'?2 = §* = id. It follows that T generated SL2(Z)/D(SL2(Z)) and has order
dividing 12.

Now, we define the commutators

[ 669
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-1 -1 0 —1 2 1
o (CaR Gy )
Let G = (A, B) C SLg(Z). For m = 2,3,4, let G, be the image of G is SLy(m). By
computing explicitely Go, G3 and G4, we find that they have respectively order 3, 8 and

12, and they are normal subgroups of SLa(m). Then SLa(m)/G,, is an abelian group of
order m. Hence the abelianization of SLa(m) has order divisible by m. O

Proposition A.2. Let m be a positive integer. The abelianization of SLa(m) is isomorphic
to Z) ged(m, 12)Z. In particular, if m is coprime to 6, then SLo(m) is perfect.

Proof. By Diagram (BTl) and Proposition B, the image of T' in SLa(m) generates the
abelianization of SLa(m), whose order divides 12. Moreover, the image of 7' in SLa(m)
has order m. Hence the abelianization of SLa(m) has order dividing ged(m, 12). To prove
that its order is exactly ged(m, 12), it suffices to prove it for m = 2,3 and 4, which is the
result of Proposition A O

Proposition A.3. For an odd integer m, the derived group of GLa(m) is SLa(m), and so
its abelianization is isomorphic to (Z/mZ)*. If m is even, the derived group of GLa(m)
has index 2 in SLa(m).

Proof. For A, B € GLa(m), we have det(ABA™1B~!) = 1. So [A, B] € SLa(m). Therefore

For m coprime to 6, we have proven that D(SLa(m)) = SLa(m), and so D(GLa(m)) =
SLa(m). For m = 3%, we know that D(SL2(3%)) has index 3 in SL2(3%), and so D(GLo(3%))
is either SLa(3%) or D(SL2(3%)). For k = 1, D(SL2(3)) is explicitly know by the proof of
Proposition BT and

()6 )= o) eosmen

It follows that D(GL2(3)) = SL2(3). We obtain the diagram below:

l | l

D(SL2(3)) <——* D(GL2(3)) = SL2(3)

index 3

showing that D(SLz2(3%)) # D(GL2(3%)) and so D(GL2(3%)) = SLy(3%). For m = 2*, we
use the same strategy. From Proposition A, we already know that D(GL2(2)) has index 2
in SL2(2). We have the following diagram:

D(SLy(2%)) «———— D(GLg(2%)) «—— SLy(2%)

l | l

D(SL2(4)) < D(GL2(4)) —— SL2(4)

l | l

D(SL2(2)) === D(GL2(2)) 57 SL2(2)
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The group D(SL2(4)) is known by the proof of Proposition BT, and we have

(092 -0 ) oo

Using that D(SL2(2%)) has index 4 in SLg(2") for k > 2, we obtain that D(GLy(4)) has
exactly index 2 in SLg(4) and D(GL2(2%)) has exactly index 2 in SLg(2%) for all k& > 2.
The result follows, since the Chinese remainder theorem gives

D(GLa(m)) ~ ] D(GLa(H).

p¥||m
p prime
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Appendix B

Modular curves

This appendix is based on [Maz06, Section 2| and [Sik19].
Let H = {7 € C | Im(7) > 0} be the upper-half plane. The group SLs(Z) acts on the

left on H by Mobius transformations: for 7 € H and (i Z) € SL2(Z) we have

a b L_or +b
c d er+d
In the same way, SL2(Z) acts on P}(Q). Therefore SLo(Z) acts on H* := H U P!(Q).

Remark B.1. The matrix —id acts trivially on H*.

To a point 7 € H, we associate a lattice A, = Z + Z7 C C and an elliptic curve
E; ~ C/A; (isomorphism of Riemann surfaces which is also a group homomorphism).
Every lattice A of C is homothetic to A for some 7 € H* i.e. there exists a € C such that
al C A.. We have the following bijections

{ elliptic curve over C } { lattices in C
—

up to isomorphism up to homothety
E; — A, — T — j(Er)

} «—— SLy(Z)\H % C

For the first arrow, see [Sil09, VI, Proposition 3.6], [Sil09, VI, Corollary 5.1.1] and [Sil0Y,
VI, Corollary 4.1.1]. The second arrow is easy to check. The surjectivity of the last map
follows from:

Theorem B.2 ([Sil0Y, C, Proposition 12.11]). We set X (1) := SL2(Z)\H*. The map
j:X(1) = PYC)
is a complex analytic isomorphism of compact Riemann surfaces.

For N > 1, we define

F(N):{C:L Z) € SLy(Z) |a=d=1mod N, bECEOmOdN}

We also define the following typical congruence subgroups:

To(N) = {<‘Cl Z) € SL(Z) | b = 0 mod N}

Fl(N):{<CCL Z) € SLy(Z) |a=d=1mod N, b:OmodN}.

117
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Definition B.3. Let I' < SLy(Z). We say that I' is a congruence subgroup of SLa(Z) if
it contains I'(IV) for some N > 1. In this case, the smallest N satisfying this property is
called the level of T.

Definition B.4. Let G < GLy(N). We associate to G the congruence subgroup
I'g:={A€SLy(Z)| Amod N € G} DI'(N).

Proposition B.5 ([DS05, Section 2.4]). Let G < GLa(N). The quotient T'¢\H* is a
compact Riemann surface.

Definition B.6. Let G < GLa(N). The modular curve associated to G is X¢ := I'¢\H*.
The level of Xq is the level of I'q. A model for X is a projective curve isomorphic to
X¢. The points of SL2(Z)\Q C X¢ are called the cusps of X¢.

We recall that Gal(Q((n)/Q) ~ (Z/NZ)* and that det G < (Z/NZ)*. Let Q((x )t
be the fixed field of the image of det G in Gal(Q(({n)/Q).

Theorem B.7 ([Maz06, Maz-9]). Let G < GLa(N). The modular curve X has a model
defined over the field Q(Cy)eUE) .

We have a natural surjective morphism of Riemann surfaces I'¢\H* — I'(1)\H* which
induces a non-constant morphism of curves jg : Xg — X (1), again defined over Q({y )3e4&),

For G < GL2(N) with determinant (Z/NZ)*, the modular curve X parameterizes
isomorphism classes of elliptic curves with image of mod N Galois representation contained
in G. A level N-structure on E is an isomorphism E[N]| — (Z/NZ)?, in other words a
choice of a Z/NZ-basis for E[N]. Let E;, Es be elliptic curves provided with level N-
structures aq, ag. We say that the pairs (Eq, ;) and (Fa, ag) are G-isomorphic if there
exists an isomorphism ¢ : F; — E5 and an element g € G such that

a1 =goayod.

This defines an equivalence relation, and we denote by [(F, o)]¢ the G-isomorphism class
of (E, ).

Theorem B.8 ([Maz06, Maz-9]). Let G < GLa(N). There is a bijection between the
G-isomorphism classes and the points of Xqg. For any elliptic curve EJF such that
peN(Gr) < G, there ezists a non-cuspidal point QQ € Xq(F) such that jq(Q) = j(E).
Conversally, for any non-cuspidal point Q € Xg(F) such that jo(Q) # 0,1728, there
exists an elliptic curve E/F such that pp n(GFr) < G and jo(Q) = j(E).

Typical examples are the modular curves
X(N) = Xpwvy, Xo(N)=Xryn and Xi(N)= Xp,(n),

which parameterize elliptic curves with mod N image contained in a subgroup of GLgy (V)

conjugate to
. * % 1 =
{id}, (O *> , and (0 1)

respectively, see for example [Sil09, Appendix C, Theorem 13.1]). In the context of entan-
glement, we focus on other examples, which appear in the manuscript, see below.
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Ezample B.9. Let Xﬂ[s(3) = X¢ Where G = C’+ (3) is the normalizer of the non-split

genus 0 and the Correspondmg J- hne is glven by
X,5(3) = X(1) t 3

In other words, a non-cuspidal point ¢ € X,I,(3)(F) corresponds to an elliptic curve over F
with j-invariant 3 and mod 3 Galois image contained in C,f,(3), and conversely. From the
graph B, the group C,f,(3) is conjugate to

()6 A)

Let E/F be an elliptic curve. As an elliptic curve over F(E[3]), it has trivial mod 3 Galois
image, so contained in C;f,(3). In particular, we have ](E)% F(E[3]). Conversely, if
](E)% € F, then E/F has mod 3 image contained in C,,(3). These facts are used in the
proof of Proposition B—7S.

70 -3 4
group G is a split lifting of SLa(3), see Section E54. Elkies defines Xy = XgU. This
modular curve has genus 0 and the corresponding j-map

Ezample B.10 (Section 22, [EIk06]). Let G = <<0 5) , ( 1 1)> < SL2(9). The

Xo— X(1) z— f(x)

is given in [EIK0O6, Section 2]. The points of Xy(Q) correspond to elliptic curves E/Q
satisfying pgo(Gg) N SL2(9) < G. In particular, using (2=3), we obtain that

= [SL2(9) : G] | [SL2(9) : pE9(Ga) NSL2(9)] | [GL2(9) : pE9(Go)l-

Elkies shows that there exist elliptic curves E/Q with j(E) = f(z) for some z € P1(Q)
and pg 3 surjective. This provides examples of elliptic curves £/Q with surjective mod 3
Galois representation but not mod 9. We observe that in the above case, % = 33 where i,
is defined in Section B5=3 and taking p = 3.

We say that G < GLga(m) is a group of entanglement if there exist a,b coprime such
that ab = m and G does not surject on the product G, x Gy where G, and G}, are the images
of G in GLg(a) and GLy(b) respectively. In the manuscript are mentioned modular curves
corresponding to groups of entanglement: X’ (6) in Theorem B8, and X¢, = X' (6), Xa,,,
Xa,s and Xg,; in Theorem BZR. They all have genus 0 and the corresponding j-maps are
given in [IM22, Theorem 1.8].

We focus now on the case of coincidences. As seen in Section BZIl, we can reduce the
question to (m, p*m)-coincidence where m is an integer and p is a prime, as formulated in
Question B=3. In this case, if an elliptic curve E/F has an (m, p*m)-coincidence, then the
group G := pg k,, (GF) must be isomorphic to its image in GL2(m). Hence, the study of
coincidences amounts to find such groups G and then F-rational points on Xg.

Remark B.11. In Example B0, the group G < GLgy(9) is isomorphic to its image
in GL2(3), which is SL2(3), but does not correspond to a coincidence for some elliptic
curve over QQ since it has non surjective determinant. However, over a number field F' such
that (g € F, the points on Xo(F') could give elliptic curves over F with a (3, 9)-coincidence.

In [ETk06], the group G is not defined in this way, but it seems to be a typo since the chosen 5’, T do

not satisfy (ST)> = —id.
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Ezample B.12. If an elliptic curve over F' has a (2, 3)-coincidence, then it has a (2,6)-
coincidence and a (3, 6)-coincidence. Therefore, the image mod 6 must be a subgroup G
of GL2(6) which is isomorphic to its image in GL2(2) and in GL2(3). In case where
F N Q) = Q, the subgroup G must have surjective determinant and, from [DLR23,
Section 6, end], there are only two possibilities for G:

= (0 3) G 3) e el A)0 )

In both case X has genus 0. Thus, if an elliptic E/F with F N Q%° = Q has a (2, 3)-
coincidence, then j(E) = jg,(t) or j(E) = ja,(t) for some ¢t € F'. The parametrization of
such elliptic curves is given in Theorem B~

Ezample B.13 ([RZBTH]). Let

o= ({3 9.0 e

Any subgroup of GLy(4) isomorphic to its image in GL3(2) is, up to conjugation, a sub-
group of G. The modular curve X corresponds to Xsgp is the notation of Rouse and
Zureick-Brown. It has genus 0 and the j-line jg : Xg — P! maps t to

o(t) = —4t% + 32¢7 4 80t° — 288t% — 504¢* + 864¢> + 1296t — 864¢ — 1188
Jelt) = #4465 + 612 + 4t 1 1

In particular, Xoq, gives a parametrization of elliptic curves with a (2,4)-coincidence,
which is given in Theorem E. Since there are no CM j-invariant in Q on Xsg;, then
there are no elliptic curves over Q with CM and a (2, 4)-coincidence. We can use the same
approach to see if they are CM j-invariant over more general number field F' which maps
to jg(t) for some t € F.
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[m]  multiplication by m map, page 36

Xcye  adelic cyclotomic character, page 31

Xm mod m cyclotomic character, page 31

Xpee  p-adic cyclotomic character, page 31

A (F) squarefree part of Ag, page 51

['(N) principal congruence subgroup of level N, page 117
I'g congruence subgroup associated to G, page 118
fe conductor ideal of E, page 35

G(FE/F) maximal adelic subgroup, page 45
G(E/F,m) maximal mod m subgroup, page 45
G(E/F,p>) maximal p-adic subgroup, page 45

Grm maximal mod m subgroup, page 39

Grpee maximal p-adic subgroup, page 39

Gr maximal adelic subgroup, page 39

O point at infinity, page 33

Um m-th division polynomial, page 92

pEm mod m Galois representation of E, page 37
pEp~ p-adic Galois representation of F, page 37

PE adelic Galois representation of F, page 37
o(P) the point with coordinates (z(P),y(P)), page 37
Um m-th primitive division polynomial, page 92
ap(E) trace of Frobenius at p, page 35

D(G) commutator subgroup of G, page 113

E[p™>] group of p* torsion points of E for k > 1, page 36
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E@  quadratic twist of F by d, page 34

FEiors  group of torsion points of E, page 36

fe conductor of F/Q, page 35

Mpa  Serre number associated to A, page 59
Mg adelic level of E, page 40

N(;,(b(Z) Cartan normalizer subgroup, page 46
N5 4(m) Cartan normalizer subgroup, page 46
N5 4(p>°) Cartan normalizer subgroup, page 46
Shn symmetric group of degree n, page 24
T(FE) adelic Tate module of E, page 36

T,(E) p-adic Tate module of E, page 36

X¢o  modular curve associated to G, page 118
A(FE) discriminant of E, page 34

F(E[m]) m-division field of E/F, page 37
Jj(E) j-invariant of F, page 34

vp(a) p-adic valuation of a, page 35
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Serre curve,

Serre entanglement, 51, G1I
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Serre’s open image theorem, B0
Serre’s uniformity bound, B2
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Split liftable, B3
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