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Data from cellular biology

From spatial data...
Proteins inside a living cell, acquired by fluorescence microscopy.
These proteins are involved in the exocytosis process.

Langerin proteins Rab11 proteins
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From spatial data...
Proteins inside a living cell, acquired by fluorescence microscopy.
These proteins are involved in the exocytosis process.

... to spatio-temporal data:
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e Application to real data from cellular biology



@ Birth-death-move point processes



The state space of the birth-death-move process (X;)¢>o is
+o00
E=JE
n=0

for disjoint spaces E, and Ey = {@}.

Main example: E, = {point configurations in S C R? with cardinality n}

Starting from Xp € E, for some n :

@ Move step: (Xt)t>0 moves according to a continuous Markov process in E,
up to a random jump time T

e Jump (birth or death): at t = Ti, there is a birth (then X7, € Epy1) or a
death (then X7, € Eo—1)

@ Move step: (X:¢)e>1, moves according to a continuous Markov process in
the new space (En+1 or E,—1) up to a random jump time T>

o Jump (birth or death): at t = T», there is a birth or a death

@ and so on.



Example : spatial birth-death processes (Preston, 1975)

E. : space of point configurations in [0, 1]* with cardinality n
No move between jumps





Example : Brownian displacements

E. : space of point configurations in [0, 1]* with cardinality n
Independent Brownian motions between jumps





Example : interacting particles

E, : space of point configurations in [0, 1]* with cardinality n
Langevin diffusion (Lennard-Jones potential) between jumps




Example : growth-interaction process (Renshaw and Sarkka, 2001)

E, : space of marked point configurations in [0, 1]? x [0, co[ with cardinality n
The move is a growing process that only applies to the marks





Ingredients to define a birth-death-move process

E = U} E, for disjoint spaces E, and Ey = {&}.

The birth-death-move process (X:):>o0 on (E,E) depends on 3 ingredients:
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— 8 and § are assumed to be continuous on E and () = 0.

We let a = 8 + & be the total jump intensity function.
We denote by T3, To,... the sequence of jump times and To = 0.

2. Kg: ExE—0,1] and K5 : E x £ — [0,1] : the transition kernel for a
birth and for a death

— For all x € E, Kg(x, Ent1) = 1xck, and Ks(x, En—1) = lxck,.

3. A continuous Markov process (Yt("’j))tzo in E, that drives the motion of
X; € E, between two jumps T; and Tjy1:
X = y}j-% for T, <t < T

— We assume that the law of Y{"#) only depends on n : Vj, (Yt("’j)) £ (Yt("))



Iterative construction

Inputs : B(x), 6(x), Ks(x,.), Ks(x,.) for any x € E, and (Y{"):o for any n.
Recall that To = 0 and a(x) = B(x) + §(x).

Starting from an initial configuration Xy € E,,
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Iterative construction

Inputs : B(x), 6(x), Ks(x,.), Ks(x,.) for any x € E, and (Y{"):o for any n.
Recall that To = 0 and a(x) = B(x) + §(x).

Starting from an initial configuration Xy € E,,
o Generate Yt(") for t > 0 conditionally on YO(") = Xo.

Given (Yt(n))tzo, generate the first waiting time T; — Ty according to

ot
P(Ty—To<t)=1—exp (—/ a(YS("))ds)
0

For t € [0, T1), Xe = Y

@ The jump at t = Ti is a birth with probability ﬁ(Yg))/a(Yg)) and it is a
death otherwise.

The post-jump configuration X7, is generated according to KB(Y%’), ) if

the jump is a birth, and according to Kg(Y;—:), .) if it is a death.

o We start a new motion from t = T3, and so on.



© Some probabilistic properties



Markov property

A spatial birth-death-move process is a time-homogeneous Markov process.

This is because:
@ There is a "renewal” of the process after each jump T;
° (Yt("))tzo is a continuous Markov process

@ The (conditional) waiting time before the next jump has an exponential
form

ot
P(Tjis1 = Tj > t) = exp (— / a(Ys("))ds> ,
Jo

leading to a kind of memoryless property.



Geometric ergodicity

Let B = sup,cg, B(x) and 8, = infyek, d(x).
We assume :

(H1) For all n > 1, 6, > 0 and there exists n* such that 8, = 0 for all n > n™.

In light of this assumption, we set E = |J E,.
n=0

Proposition

Under (H1), (Xt)t>o0 admits a unique invariant probability measure poo and
there exist a > 0 and ¢ > 0 such that

supsup |P(X: € F|Xo = y) — fteo(F)| < ae™ .
yEE FEE

For birth-death process the existence of jis is due to Preston (1975) and the
rate of convergence to Mgller (1989), both using coupling arguments.

The proof for general birth-death-move processes exploits the same kind of
arguments.



Martingale properties

Let N; be the number of jumps before t, i.e. Ny = Card{j > 1: T; < t}.
Let F: = o(Xs,s < t) be the natural filtration of the process (X):>o.

The intensity of N; with respect to F; is c(X,-).

Corollary

| A\

For any measurable bounded function g, the process (M;):>o defined by
t
M; = / g(X,-)[dNs — a(Xs)ds]
0

is a martingale with respect to F; and for all t > 0

<

Same results for the number of jumps (with 3 instead of «) and for the number
of deaths (with § instead of ).



o Same kind of probabilistic results under more general assumptions
@ Some connections with branching processes

@ The stationary distribution p can be characterised in some particular
cases (specific moves, specific jumps) as a Gibbs measure.



© Statistical problem



For x € E, we consider the estimation of the intensities a(x), 5(x) and §(x)

Two possible statistical frameworks:

@ Continous time:
We observe all the process up to time T, that is (Xs)o<s<T

@ Discrete time:
We observe the process at discrete times tp < --- < tm.

In the following, we focus on «(x) in continuous time.
The estimation of 8(x) and §(x) can be treated similarly.

Importantly: No need to specify the diffusion process between the jumps, nor
the birth and death transition kernels.



© Statistical problem
@ Kernel estimator



Kernel estimator

Assume we observe (Xs)o<s<7 (continuous-time observations).

For a given x € E, the idea to estimate a(x) is

a(x) ~ number of jumps when the process is in configuration x
- time spent by the process in configuration x ’

Formally, let (k7)7>0 be a family of bounded non-negative functions on E X E.
For x € E and y € E, kr(x,y) quantifies the proximity of x and y.

N
S kr(x, Xe-)

M=

where
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Examples of kernels

Typically

kr(x,y) =k (d(;;y)> , x,y €E,

where k is a symmetric density function, d(.,.) is a (pseudo)-distance on E and
ht > 0 is a bandwidth.

In a pure non-parametric setting :

@ d(.,.) can be the Hausdorff distance:

d(x, y) = max{maxmin |[u — v||, maxmin ||v — u]|}

@ or an optimal matching distance (for some x > 0):
for x = {x1,..., %o} ¥ = {¥1,- - -, ¥ney) } with n(x) < n(y),

n(x)
de(x;y) = 205 | min Z(HX:' = Y=l A &) + K(n(y) = n(x))



Examples of kernels

Typically

kr(x,y) =k (%) , X,y €E,

where k is a symmetric density function, d(.,.) is a (pseudo)-distance on E and
ht > 0 is a bandwidth.

Or assuming structural hypothesis on « :

o If we assume that n(x) = n(y) = a(x) = a(y), we can choose:

o d(x,y) = [n(x) = n(y)|

e or even k7(X,y) = 1,00=n(y) in which case we recover the “standard"
estimator

R #{configurations with n(x) points
a(x) = d(n(x)) = 2L . () points),
Time spent in these configurations

o More generally, if f(x) = f(y) = a(x) = a(y) for some feature f € R”.
We can choose: d(x,y) = ||f(x) — f(y)]]



We assume

(H1) For all n > 1, 6, > 0 and there exists n* such that 8, = 0.
(H2) «(.) and kr(.,.) bounded

(H3) Setting vr(x) = fE kr(x, z) oo (dz),

Tvr(x) > o0 and wr(x):=

(a(z)—a(x))kr(x, z) too (dz) — O

<
3
|~
x
Ra¥
m\

Under these assumptions,

a(x) — a(x) = O, (%(X) n WT(x)2> *,0,

Remark:
1/(Tvr(x)) can be seen as a variance term and wr(x) as a bias term.

[The proof exploits Markov property + Ergodicity + Martingales properties.]



(H3) is an assumption on the rate of convergence of the bandwidth.

llustration: If kr(y, z) = 14(y,z)<ny. then

() = [ (2o (d2) = [ Loeycarion(d2) = (B, )

and if moreover « is Lipshitz then

1

vr(x)

< Lip((a))/d(x,z)ld(x_z)<hT/1,oo(dz)

< Lip(«

wr(x)] =

/E (a(2) — () kr (x, 2)paoo (d2)

( ) /ldxz <hT/«Loo(dZ)
= Lip(a)hr.
So (H3) reduces in this case to

hr — 0 and Tpus(B(x, ht)) — oc.



(H3) is an assumption on the rate of convergence of the bandwidth.

llustration: If kr(y, z) = 14(y,z)<ny. then

() = [ (2o (d2) = [ Loeycarion(d2) = (B, )

and if moreover « is Lipshitz then

= L alz) — ax 7(X,Z (dz
Wil = 557 | [ (02) = abkr(x. 2 )

< Lvlf(()(:)) / d(x, 2)1g(x,z)<hy Hoo(dz)

S L‘/’f(()(: hT/ldxz<hTMoo(dZ)

= Lip(a)hr.

So (H3) reduces in this case to
hr — 0 and Tpus(B(x, ht)) — oc.

Remark :
If f(y) = f(z) = a(y) = a(z) for some feature f € RP, and we choose
d(y.2) = If(y) — F(2)]| in kr, then vr(x) = O(K?).
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Cross-validation to choose the bandwidth

Standard CV methods (plug-in, least-squares) rely on second order moments.
— They are unkown for &(x).

Partial likelihood cross-validation
Remember: the intensity of N; with respect to F; is a(X,-).

So the log-likelihood of (N¢)o<:<7T with respect to the unit rate Poisson
counting process on [0, T] is

T Nt
T - / a(Xs)ds—&—Zloga(XTi).
Jo ‘o J

Bandwidth selection by partial likelihood amounts to choose h as

Nt T
h= argmaxz log &577)(XT?) - / a7 (Xs)ds
- j 0
where &if)(Xs) is the estimator without using the observation X.
To carry out this removal, we discard all observations in [Ty,, Tn,+1]-



© Statistical problem

@ Simulations



We start at t = 0 with ~ 100 points.

The jump rate is
n(x)
— N7 _ 1
a(x) = exp <5 ( 100 ))

T T T T
100 120 140 160

A jump is a birth with probability 1/2, otherwise it is a death.
Births and deaths occur uniformly in space.



We observe the following realisation. It contains 1530 jumps.




130 140
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1

90 100
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80
1

T T T T T T T T
0 500 1000 1500 0 500 1000 1500

Left: n(Xr,) for i =1,...,1530. This is observed
Right: a(X1,) = a(n(X7;)) for i =1,...,1530. We would like to estimate this.



Estimation in the continuous case

First estimator:
Pure non-parametric setting using the Hausdorff distance:

. 1 Nt d(X,Xij)
Gl = %5 2k (h'r)

=1

where d(.,.) is the Hausdorff distance




Estimation in the continuous case

Second estimator:
Pure non-parametric setting using the optimal matching distance:

. 1 Nt d,;,(X,Xij)
Go(x) = ) Z k <hr>

=1

where d,(.,.) is the optimal matching distance

10
1

0 500 1000 1500



Estimation in the continuous case

Third estimator:
Assuming (rightly) that a(x) only depends on n(x):

a3(x) = as(n(x)) = #{configurations with n(x) points}

“Time spent in these configurations”

o

500 1000 1500



Estimation in the continuous case

Fourth estimator:
Assuming (rightly) that «(x) only depends on n(x):

T
0 500 1000 1500



Estimation in the continuous case
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kT(Xv y) = ]'n(x):n(y) d(X,y) = |n(X) - n(«V)l



Estimation in the continuous case

In practice, we do not know whether «(x) only depends on n(x) or not.
Starting from the pure non-parametric estimator, we may question this property.

Scatterplot of (n(Xrt;), &1(X1;)) and (n(Xt;), &2(X7;)) for i =1,...,1530.
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0 Application to real data from cellular biology



Application to data from cellular biology

1200 frames observed at to, ..., tm.

Langerin proteins Rab1l proteins
1.26 jumps in average 0.85 jumps in average





Application to data from cellular biology

The birth intensity 3(.) seems constant in both channels

For the death intensity d(.): estimation of 6(X;) for i =0,..., m
@ using dy

e using d(x,y) = |n(x) — n(y)|

T T T T T T T T T T T T T T
0 200 400 600 800 1000 1200 [ 200 400 600 800 1000 1200

Langerin proteins Rab11 proteins



Application to data from cellular biology

Scatterplots of (n(X), (X))
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Application to data from cellular biology

Cross-correlation between the two types of proteins
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Conclusion

Birth-death-move processes: particles appear, move and disappear.
Simple assumptions for their ergodic properties.
We established the consistency of the kernel estimator of their intensities

In practice, the choice of d(.,.) allows to introduce structural hypothesis.

Partial-likelihood cross-validation to choose the bandwidth.

Perspectives: estimation of the transition kernels; generalisation to
multitype processes; testing procedures;...



Conclusion

Birth-death-move processes: particles appear, move and disappear.
Simple assumptions for their ergodic properties.
We established the consistency of the kernel estimator of their intensities

In practice, the choice of d(.,.) allows to introduce structural hypothesis.

Partial-likelihood cross-validation to choose the bandwidth.

Perspectives: estimation of the transition kernels; generalisation to
multitype processes; testing procedures;...

THANK YOU!



Idea of proof for the consistency Theorem

Remember that
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Idea of proof for the consistency Theorem
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a(x) = ?zx) I/O‘T kr(x, X, )dNs with T (x) = /O.Tkr(x,Xs)ds

For the proof we use the decomposition

a(x) — a(x) =
1
T(x)

1
T(x)

/O ke (5, X )(dNs — a(X.)ds) + /O (@(Xe) — a(x))kr(x, X, )ds
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3- T(x) = foT kr(x, Xs)ds, the time spent by (Xs)o<s<71 “at” x.



Idea of proof for the consistency Theorem

Remember that

A S ! X wi T(x) = ! X s
a(x) = :I'(x)/o kr(x, Xs— )dNs th  T(x) /0 kt(x, Xs)d:

For the proof we use the decomposition

a(x) — a(x) =

1 T
m /0 kr(x, Xs= )(dNs — a( X5)ds) +

1 T
?(X)A (a(Xs) — a(x))kr(x, X;—)ds

We need to control

1- Mr = [ kr(x, X, )dAs where A, = N; — [; a(X:)ds
— A: and M7 are martingales. We deduce E(M2).

2= [iT(a(Xs) — a(x))kr(x, Xs)ds
— Ergodicity + (H3)

3- T(x) = fT kT (x, Xs )ds the time spent by (X Jo<s<T “at” x.
— Ergodicity: E(T(x)) ~ Tvr(x) and V(T(x)) < cTvr(x)



Discrete-time observations

We observe Xi,,...,Xt, at to,...,tm with o =0 and t, = T.

Remember that in the continuous case:
T
k7(x, X, )dNs
a(x) = Jofrlo X Ja,

[ kr(x, X)ds

A Riemann approximation at to, ..., tm» would give :

Z?:Bl (ij+1 - ij)kT(X7 th)
SNt — t)kr(x, Xy)

Problem : we do not observe the exact number of jumps thﬂ — N,



Discrete-time observations

We observe Xi,,...,Xt, at to,...,tm with o =0 and t, = T.

m

Remember that in the continuous case:

) i) kr(x, X, )dNs

G(x) = .
jO kT(X7X5)dS

A Riemann approximation at to, ..., tm» would give :

Z?:Bl (ij+1 - ij)kT(X7 th)
SNt — t)kr(x, Xy)

Problem : we do not observe the exact number of jumps thﬂ — Nt]..

Solution : approximation by an “observed” number of jumps D;

S Dikr(x, X)
Zﬂ}l(tj+1 — tj)kr(x, X))

(o) (x) =

(H4): D; = Ny, — Ny when Np , — Ny, <1, but D;j < Ny, — Ny, otherwise.



Discrete-time observations

Let A, = man:1‘_,m(tj+1 - tj).
(H5) Am/vi(x) =0

(H6) There exist £7(x) > 0 and a > 0 such that for any s, t satisfying
|s —t| < Am and for all y € E,

E [|kr(x, Ys) — kr(x, Y2)|| Yo = y] < Lr(x)|s — t|?

with lim7_ye 2mfr0) g
T

Assume (H1)-(H6), then

1 2

Gg)(x) — a(x) = Op (7 + wi(x) + B + M) oo

Tvr(x) TE I

(H5)-(H6) demand that the inter-jump diffusion (Y:):>0 be regular enough and
A, — 0 fast enough.



Simulation in the discrete-time case

In the discrete case, we start from the same simulation as in the continuous
case but we only observe the process at m instants to, ..., tn equally spaced
between tp =0 and t,, = T.

Example with m = 100





Simulation in the discrete-time case

m = 5000 observations, i.e. 0.3 jumps in average between two observations.

In blue : non-parametric estimator based on d,.
In red : estimator based on d(x,y) = |n(x) — n(y)|

o
=1




m = 1000 observations, i.e. 1.5 jumps in average between two observations.

In blue : non-parametric estimator based on d,
In red : estimator based on d(x,y) = |n(x) — n(y)|
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m = 100 observations, i.e. 15 jumps in average between two observations.

In blue : non-parametric estimator based on d,
In red : estimator based on d(x,y) = |n(x) — n(y)|
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m = 30 observations, i.e. 51 jumps in average between two observations.

In blue : non-parametric estimator based on d,
In red : estimator based on d(x,y) = |n(x) — n(y)|

10
1

0 20 40 60 80 100 80 90 100 110 120 130 140 150



	Birth-death-move point processes
	Some probabilistic properties
	Statistical problem
	Kernel estimator
	Simulations

	Application to real data from cellular biology

