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Overview of the lecture
Intro: Image classification or generation, some challenging tasks.

A. Fighting the curse of dimensionality with Deep Neural 
Networks. 
1. A fantastic tool to empirically solve high dimensional tasks… 
2. …that requires many recipes to be trained.

B. Interpretability in deep learning. 
1. Under the hood of neural networks. 
2. Invariant Representations and Deep Neural Networks.

C. Statistical learning results. 
1. An opaque black-box from the learning theory perspective. 
2. Sometimes, well understood: 1 hidden-layer Neural Networks
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Overview of the Lab session

A. Make your own Invertible Neural Networks


B. A tutorial to the Scattering Transform


C. (if we have time) Get insights on a pretrained model.
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Introduction to

image classification

Fighting the curse of dimensionality

with Deep Neural Networks

Interpretability in Deep Learning Statistical learning results
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An example of supervised task: classification
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Which color should be this 

circle?



High dimensional images 6

• PdFs are difficult to estimate in high dimension. 

• For a fixed number of points and bin size, as       
increases, the bins are likely to be empty.

p(x)
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N
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Curse of dimensionality: 

occurs in many machine learning problems
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Supervised task

• Estimating a label y from a sample x, by training a 
model    on a training set. Validation of the model 
is done on a different test set.
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Supervised task

• Estimating a label y from a sample x, by training a 
model    on a training set. Validation of the model 
is done on a different test set.

• Examples: prediction, regression, classification,…

• Best setting: dimensions of x and y is small,    large 
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Many types of supervision…

• Supervised learning:


• Unsupervised learning:


• Semi-supervised learning:


• Weakly-supervised learning:


• Self-supervised learning:


• Multi-task, Transfer-learning:
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: dataset to construct D
<latexit sha1_base64="QlbdliO4mdHsgtNAp0eu3D1aDmo=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LKoC5cVbCtMh5JJM21oJhmSO0IduvQT3OoHuBO3fohrf8RMOwvbeiBwOOde7skJE8ENuO63U1pZXVvfKG9WtrZ3dveq+wdto1JNWYsqofRDSAwTXLIWcBDsIdGMxKFgnXB0nfudR6YNV/IexgkLYjKQPOKUgJX8bkxgSInIbia9as2tu1PgZeIVpIYKNHvVn25f0TRmEqggxviem0CQEQ2cCjapdFPDEkJHZMB8SyWJmQmyaeQJPrFKH0dK2ycBT9W/GxmJjRnHoZ3MI5pFLxf/8/wUossg4zJJgUk6OxSlAoPC+f9xn2tGQYwtIVRzmxXTIdGEgm1p7grw0VPeirfYwTJpn9U9y+/Oa42rop8yOkLH6BR56AI10C1qohaiSKEX9IrenGfn3flwPmejJafYOURzcL5+Ad/vmO8=</latexit><latexit sha1_base64="QlbdliO4mdHsgtNAp0eu3D1aDmo=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LKoC5cVbCtMh5JJM21oJhmSO0IduvQT3OoHuBO3fohrf8RMOwvbeiBwOOde7skJE8ENuO63U1pZXVvfKG9WtrZ3dveq+wdto1JNWYsqofRDSAwTXLIWcBDsIdGMxKFgnXB0nfudR6YNV/IexgkLYjKQPOKUgJX8bkxgSInIbia9as2tu1PgZeIVpIYKNHvVn25f0TRmEqggxviem0CQEQ2cCjapdFPDEkJHZMB8SyWJmQmyaeQJPrFKH0dK2ycBT9W/GxmJjRnHoZ3MI5pFLxf/8/wUossg4zJJgUk6OxSlAoPC+f9xn2tGQYwtIVRzmxXTIdGEgm1p7grw0VPeirfYwTJpn9U9y+/Oa42rop8yOkLH6BR56AI10C1qohaiSKEX9IrenGfn3flwPmejJafYOURzcL5+Ad/vmO8=</latexit><latexit sha1_base64="QlbdliO4mdHsgtNAp0eu3D1aDmo=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LKoC5cVbCtMh5JJM21oJhmSO0IduvQT3OoHuBO3fohrf8RMOwvbeiBwOOde7skJE8ENuO63U1pZXVvfKG9WtrZ3dveq+wdto1JNWYsqofRDSAwTXLIWcBDsIdGMxKFgnXB0nfudR6YNV/IexgkLYjKQPOKUgJX8bkxgSInIbia9as2tu1PgZeIVpIYKNHvVn25f0TRmEqggxviem0CQEQ2cCjapdFPDEkJHZMB8SyWJmQmyaeQJPrFKH0dK2ycBT9W/GxmJjRnHoZ3MI5pFLxf/8/wUossg4zJJgUk6OxSlAoPC+f9xn2tGQYwtIVRzmxXTIdGEgm1p7grw0VPeirfYwTJpn9U9y+/Oa42rop8yOkLH6BR56AI10C1qohaiSKEX9IrenGfn3flwPmejJafYOURzcL5+Ad/vmO8=</latexit><latexit sha1_base64="QlbdliO4mdHsgtNAp0eu3D1aDmo=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LKoC5cVbCtMh5JJM21oJhmSO0IduvQT3OoHuBO3fohrf8RMOwvbeiBwOOde7skJE8ENuO63U1pZXVvfKG9WtrZ3dveq+wdto1JNWYsqofRDSAwTXLIWcBDsIdGMxKFgnXB0nfudR6YNV/IexgkLYjKQPOKUgJX8bkxgSInIbia9as2tu1PgZeIVpIYKNHvVn25f0TRmEqggxviem0CQEQ2cCjapdFPDEkJHZMB8SyWJmQmyaeQJPrFKH0dK2ycBT9W/GxmJjRnHoZ3MI5pFLxf/8/wUossg4zJJgUk6OxSlAoPC+f9xn2tGQYwtIVRzmxXTIdGEgm1p7grw0VPeirfYwTJpn9U9y+/Oa42rop8yOkLH6BR56AI10C1qohaiSKEX9IrenGfn3flwPmejJafYOURzcL5+Ad/vmO8=</latexit>

D = {(x)}
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�
<latexit sha1_base64="nINEMtFhGUc1fgpcImRvZvJ0+os=">AAAB/HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwV6gDWUynTRDJxdmToQa6iO41QdwJ259F9e+iJM2C9v6w8DHf87hnPm9RAqNtv1tldbWNza3ytuVnd29/YPq4VFbx6livMViGauuRzWXIuItFCh5N1Gchp7kHW98m9c7j1xpEUcPOEm4G9JRJHzBKOZWvxmIQbVm1+2ZyCo4BdSgUHNQ/ekPY5aGPEImqdY9x07QzahCwSSfVvqp5gllYzriPYMRDbl2s9mtU3JmnCHxY2VehGTm/p3IaKj1JPRMZ0gx0Mu13Pyv1kvRv3YzESUp8ojNF/mpJBiT/ONkKBRnKCcGKFPC3EpYQBVlaOJZ2IJi/DQ1qTjLGaxC+6LuGL6/rDVuinzKcAKncA4OXEED7qAJLWAQwAu8wpv1bL1bH9bnvLVkFTPHsCDr6xcbHpW0</latexit><latexit sha1_base64="nINEMtFhGUc1fgpcImRvZvJ0+os=">AAAB/HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwV6gDWUynTRDJxdmToQa6iO41QdwJ259F9e+iJM2C9v6w8DHf87hnPm9RAqNtv1tldbWNza3ytuVnd29/YPq4VFbx6livMViGauuRzWXIuItFCh5N1Gchp7kHW98m9c7j1xpEUcPOEm4G9JRJHzBKOZWvxmIQbVm1+2ZyCo4BdSgUHNQ/ekPY5aGPEImqdY9x07QzahCwSSfVvqp5gllYzriPYMRDbl2s9mtU3JmnCHxY2VehGTm/p3IaKj1JPRMZ0gx0Mu13Pyv1kvRv3YzESUp8ojNF/mpJBiT/ONkKBRnKCcGKFPC3EpYQBVlaOJZ2IJi/DQ1qTjLGaxC+6LuGL6/rDVuinzKcAKncA4OXEED7qAJLWAQwAu8wpv1bL1bH9bnvLVkFTPHsCDr6xcbHpW0</latexit><latexit sha1_base64="nINEMtFhGUc1fgpcImRvZvJ0+os=">AAAB/HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwV6gDWUynTRDJxdmToQa6iO41QdwJ259F9e+iJM2C9v6w8DHf87hnPm9RAqNtv1tldbWNza3ytuVnd29/YPq4VFbx6livMViGauuRzWXIuItFCh5N1Gchp7kHW98m9c7j1xpEUcPOEm4G9JRJHzBKOZWvxmIQbVm1+2ZyCo4BdSgUHNQ/ekPY5aGPEImqdY9x07QzahCwSSfVvqp5gllYzriPYMRDbl2s9mtU3JmnCHxY2VehGTm/p3IaKj1JPRMZ0gx0Mu13Pyv1kvRv3YzESUp8ojNF/mpJBiT/ONkKBRnKCcGKFPC3EpYQBVlaOJZ2IJi/DQ1qTjLGaxC+6LuGL6/rDVuinzKcAKncA4OXEED7qAJLWAQwAu8wpv1bL1bH9bnvLVkFTPHsCDr6xcbHpW0</latexit><latexit sha1_base64="nINEMtFhGUc1fgpcImRvZvJ0+os=">AAAB/HicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwV6gDWUynTRDJxdmToQa6iO41QdwJ259F9e+iJM2C9v6w8DHf87hnPm9RAqNtv1tldbWNza3ytuVnd29/YPq4VFbx6livMViGauuRzWXIuItFCh5N1Gchp7kHW98m9c7j1xpEUcPOEm4G9JRJHzBKOZWvxmIQbVm1+2ZyCo4BdSgUHNQ/ekPY5aGPEImqdY9x07QzahCwSSfVvqp5gllYzriPYMRDbl2s9mtU3JmnCHxY2VehGTm/p3IaKj1JPRMZ0gx0Mu13Pyv1kvRv3YzESUp8ojNF/mpJBiT/ONkKBRnKCcGKFPC3EpYQBVlaOJZ2IJi/DQ1qTjLGaxC+6LuGL6/rDVuinzKcAKncA4OXEED7qAJLWAQwAu8wpv1bL1bH9bnvLVkFTPHsCDr6xcbHpW0</latexit>

D = {(x1)} [ {(x2, y2)}
<latexit sha1_base64="hZuLUEzRHMSXr5+bZrzsH+t4abc=">AAACIHicbVDLSsNAFJ3UV62vqEs3waJUkJIUQTdCURcuK9gHNCFMppN26GQSZiZiDPkDv8JPcKsf4E5c6tYfcZJ2YasHBs49517uneNFlAhpmp9aaWFxaXmlvFpZW9/Y3NK3dzoijDnCbRTSkPc8KDAlDLclkRT3Io5h4FHc9caXud+9w1yQkN3KJMJOAIeM+ARBqSRXP7QDKEcI0vQqO7fT2r1rHdmZjeKoKBrHidtQgqtXzbpZwPhLrCmpgilarv5tD0IUB5hJRKEQfcuMpJNCLgmiOKvYscARRGM4xH1FGQywcNLiP5lxoJSB4YdcPSaNQv09kcJAiCTwVGd+vZj3cvE/rx9L/8xJCYtiiRmaLPJjasjQyMMxBoRjJGmiCEScqFsNNIIcIqkinNkiyfghT8Waz+Av6TTqluI3J9XmxTSfMtgD+6AGLHAKmuAatEAbIPAInsELeNWetDftXfuYtJa06cwumIH29QO3XaNY</latexit><latexit sha1_base64="hZuLUEzRHMSXr5+bZrzsH+t4abc=">AAACIHicbVDLSsNAFJ3UV62vqEs3waJUkJIUQTdCURcuK9gHNCFMppN26GQSZiZiDPkDv8JPcKsf4E5c6tYfcZJ2YasHBs49517uneNFlAhpmp9aaWFxaXmlvFpZW9/Y3NK3dzoijDnCbRTSkPc8KDAlDLclkRT3Io5h4FHc9caXud+9w1yQkN3KJMJOAIeM+ARBqSRXP7QDKEcI0vQqO7fT2r1rHdmZjeKoKBrHidtQgqtXzbpZwPhLrCmpgilarv5tD0IUB5hJRKEQfcuMpJNCLgmiOKvYscARRGM4xH1FGQywcNLiP5lxoJSB4YdcPSaNQv09kcJAiCTwVGd+vZj3cvE/rx9L/8xJCYtiiRmaLPJjasjQyMMxBoRjJGmiCEScqFsNNIIcIqkinNkiyfghT8Waz+Av6TTqluI3J9XmxTSfMtgD+6AGLHAKmuAatEAbIPAInsELeNWetDftXfuYtJa06cwumIH29QO3XaNY</latexit><latexit sha1_base64="hZuLUEzRHMSXr5+bZrzsH+t4abc=">AAACIHicbVDLSsNAFJ3UV62vqEs3waJUkJIUQTdCURcuK9gHNCFMppN26GQSZiZiDPkDv8JPcKsf4E5c6tYfcZJ2YasHBs49517uneNFlAhpmp9aaWFxaXmlvFpZW9/Y3NK3dzoijDnCbRTSkPc8KDAlDLclkRT3Io5h4FHc9caXud+9w1yQkN3KJMJOAIeM+ARBqSRXP7QDKEcI0vQqO7fT2r1rHdmZjeKoKBrHidtQgqtXzbpZwPhLrCmpgilarv5tD0IUB5hJRKEQfcuMpJNCLgmiOKvYscARRGM4xH1FGQywcNLiP5lxoJSB4YdcPSaNQv09kcJAiCTwVGd+vZj3cvE/rx9L/8xJCYtiiRmaLPJjasjQyMMxBoRjJGmiCEScqFsNNIIcIqkinNkiyfghT8Waz+Av6TTqluI3J9XmxTSfMtgD+6AGLHAKmuAatEAbIPAInsELeNWetDftXfuYtJa06cwumIH29QO3XaNY</latexit><latexit sha1_base64="hZuLUEzRHMSXr5+bZrzsH+t4abc=">AAACIHicbVDLSsNAFJ3UV62vqEs3waJUkJIUQTdCURcuK9gHNCFMppN26GQSZiZiDPkDv8JPcKsf4E5c6tYfcZJ2YasHBs49517uneNFlAhpmp9aaWFxaXmlvFpZW9/Y3NK3dzoijDnCbRTSkPc8KDAlDLclkRT3Io5h4FHc9caXud+9w1yQkN3KJMJOAIeM+ARBqSRXP7QDKEcI0vQqO7fT2r1rHdmZjeKoKBrHidtQgqtXzbpZwPhLrCmpgilarv5tD0IUB5hJRKEQfcuMpJNCLgmiOKvYscARRGM4xH1FGQywcNLiP5lxoJSB4YdcPSaNQv09kcJAiCTwVGd+vZj3cvE/rx9L/8xJCYtiiRmaLPJjasjQyMMxBoRjJGmiCEScqFsNNIIcIqkinNkiyfghT8Waz+Av6TTqluI3J9XmxTSfMtgD+6AGLHAKmuAatEAbIPAInsELeNWetDftXfuYtJa06cwumIH29QO3XaNY</latexit>

D = {(x, y)}
<latexit sha1_base64="CeT+ZTW9ubB1Zt9macsSyqgb+jo=">AAACD3icbVDLSsNAFJ3UV62vqLhyM1iEClISEXQjFHXhsoJ9QBPKZDpph04mYWYixpCP8BPc6ge4E7d+gmt/xEmbha0euHA4517u4XgRo1JZ1pdRWlhcWl4pr1bW1jc2t8ztnbYMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPFV7nfuiZA05HcqiYgboCGnPsVIaalv7jkBUiOMWHqdXThp7eE4OXKyvlm16tYE8C+xC1IFBZp989sZhDgOCFeYISl7thUpN0VCUcxIVnFiSSKEx2hIeppyFBDpppP4GTzUygD6odDDFZyovy9SFEiZBJ7ezMPKeS8X//N6sfLP3ZTyKFaE4+kjP2ZQhTDvAg6oIFixRBOEBdVZIR4hgbDSjc18UXT8mLdiz3fwl7RP6rbmt6fVxmXRTxnsgwNQAzY4Aw1wA5qgBTBIwTN4Aa/Gk/FmvBsf09WSUdzsghkYnz9Xd5zf</latexit><latexit sha1_base64="CeT+ZTW9ubB1Zt9macsSyqgb+jo=">AAACD3icbVDLSsNAFJ3UV62vqLhyM1iEClISEXQjFHXhsoJ9QBPKZDpph04mYWYixpCP8BPc6ge4E7d+gmt/xEmbha0euHA4517u4XgRo1JZ1pdRWlhcWl4pr1bW1jc2t8ztnbYMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPFV7nfuiZA05HcqiYgboCGnPsVIaalv7jkBUiOMWHqdXThp7eE4OXKyvlm16tYE8C+xC1IFBZp989sZhDgOCFeYISl7thUpN0VCUcxIVnFiSSKEx2hIeppyFBDpppP4GTzUygD6odDDFZyovy9SFEiZBJ7ezMPKeS8X//N6sfLP3ZTyKFaE4+kjP2ZQhTDvAg6oIFixRBOEBdVZIR4hgbDSjc18UXT8mLdiz3fwl7RP6rbmt6fVxmXRTxnsgwNQAzY4Aw1wA5qgBTBIwTN4Aa/Gk/FmvBsf09WSUdzsghkYnz9Xd5zf</latexit><latexit sha1_base64="CeT+ZTW9ubB1Zt9macsSyqgb+jo=">AAACD3icbVDLSsNAFJ3UV62vqLhyM1iEClISEXQjFHXhsoJ9QBPKZDpph04mYWYixpCP8BPc6ge4E7d+gmt/xEmbha0euHA4517u4XgRo1JZ1pdRWlhcWl4pr1bW1jc2t8ztnbYMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPFV7nfuiZA05HcqiYgboCGnPsVIaalv7jkBUiOMWHqdXThp7eE4OXKyvlm16tYE8C+xC1IFBZp989sZhDgOCFeYISl7thUpN0VCUcxIVnFiSSKEx2hIeppyFBDpppP4GTzUygD6odDDFZyovy9SFEiZBJ7ezMPKeS8X//N6sfLP3ZTyKFaE4+kjP2ZQhTDvAg6oIFixRBOEBdVZIR4hgbDSjc18UXT8mLdiz3fwl7RP6rbmt6fVxmXRTxnsgwNQAzY4Aw1wA5qgBTBIwTN4Aa/Gk/FmvBsf09WSUdzsghkYnz9Xd5zf</latexit><latexit sha1_base64="CeT+ZTW9ubB1Zt9macsSyqgb+jo=">AAACD3icbVDLSsNAFJ3UV62vqLhyM1iEClISEXQjFHXhsoJ9QBPKZDpph04mYWYixpCP8BPc6ge4E7d+gmt/xEmbha0euHA4517u4XgRo1JZ1pdRWlhcWl4pr1bW1jc2t8ztnbYMY4FJC4csFF0PScIoJy1FFSPdSBAUeIx0vPFV7nfuiZA05HcqiYgboCGnPsVIaalv7jkBUiOMWHqdXThp7eE4OXKyvlm16tYE8C+xC1IFBZp989sZhDgOCFeYISl7thUpN0VCUcxIVnFiSSKEx2hIeppyFBDpppP4GTzUygD6odDDFZyovy9SFEiZBJ7ezMPKeS8X//N6sfLP3ZTyKFaE4+kjP2ZQhTDvAg6oIFixRBOEBdVZIR4hgbDSjc18UXT8mLdiz3fwl7RP6rbmt6fVxmXRTxnsgwNQAzY4Aw1wA5qgBTBIwTN4Aa/Gk/FmvBsf09WSUdzsghkYnz9Xd5zf</latexit>

D = {(x(p), y(p))}
<latexit sha1_base64="jW1Tx4q33npTSBN4WzV2O4aLCmQ=">AAACFXicbVDLSsNAFJ34rPUVddnNYBFakJKIoBuhqAuXFewDmlAm00k7dDIJMxOxhiz8Cj/BrX6AO3Hr2rU/4qTNwrYemOFwzr3ce48XMSqVZX0bS8srq2vrhY3i5tb2zq65t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6yvz2PRGShvxOjSPiBmjAqU8xUlrqmSUnQGqIEUuu0wsnqTxUourxWH9VJ+2ZZatmTQAXiZ2TMsjR6Jk/Tj/EcUC4wgxJ2bWtSLkJEopiRtKiE0sSITxCA9LVlKOASDeZHJHCI630oR8K/biCE/VvR4ICKceBpyuzleW8l4n/ed1Y+eduQnkUK8LxdJAfM6hCmCUC+1QQrNhYE4QF1btCPEQCYaVzm5mi6OgxS8Wez2CRtE5qtua3p+X6ZZ5PAZTAIagAG5yBOrgBDdAEGDyBF/AK3oxn4934MD6npUtG3nMAZmB8/QLKcp6d</latexit><latexit sha1_base64="jW1Tx4q33npTSBN4WzV2O4aLCmQ=">AAACFXicbVDLSsNAFJ34rPUVddnNYBFakJKIoBuhqAuXFewDmlAm00k7dDIJMxOxhiz8Cj/BrX6AO3Hr2rU/4qTNwrYemOFwzr3ce48XMSqVZX0bS8srq2vrhY3i5tb2zq65t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6yvz2PRGShvxOjSPiBmjAqU8xUlrqmSUnQGqIEUuu0wsnqTxUourxWH9VJ+2ZZatmTQAXiZ2TMsjR6Jk/Tj/EcUC4wgxJ2bWtSLkJEopiRtKiE0sSITxCA9LVlKOASDeZHJHCI630oR8K/biCE/VvR4ICKceBpyuzleW8l4n/ed1Y+eduQnkUK8LxdJAfM6hCmCUC+1QQrNhYE4QF1btCPEQCYaVzm5mi6OgxS8Wez2CRtE5qtua3p+X6ZZ5PAZTAIagAG5yBOrgBDdAEGDyBF/AK3oxn4934MD6npUtG3nMAZmB8/QLKcp6d</latexit><latexit sha1_base64="jW1Tx4q33npTSBN4WzV2O4aLCmQ=">AAACFXicbVDLSsNAFJ34rPUVddnNYBFakJKIoBuhqAuXFewDmlAm00k7dDIJMxOxhiz8Cj/BrX6AO3Hr2rU/4qTNwrYemOFwzr3ce48XMSqVZX0bS8srq2vrhY3i5tb2zq65t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6yvz2PRGShvxOjSPiBmjAqU8xUlrqmSUnQGqIEUuu0wsnqTxUourxWH9VJ+2ZZatmTQAXiZ2TMsjR6Jk/Tj/EcUC4wgxJ2bWtSLkJEopiRtKiE0sSITxCA9LVlKOASDeZHJHCI630oR8K/biCE/VvR4ICKceBpyuzleW8l4n/ed1Y+eduQnkUK8LxdJAfM6hCmCUC+1QQrNhYE4QF1btCPEQCYaVzm5mi6OgxS8Wez2CRtE5qtua3p+X6ZZ5PAZTAIagAG5yBOrgBDdAEGDyBF/AK3oxn4934MD6npUtG3nMAZmB8/QLKcp6d</latexit><latexit sha1_base64="jW1Tx4q33npTSBN4WzV2O4aLCmQ=">AAACFXicbVDLSsNAFJ34rPUVddnNYBFakJKIoBuhqAuXFewDmlAm00k7dDIJMxOxhiz8Cj/BrX6AO3Hr2rU/4qTNwrYemOFwzr3ce48XMSqVZX0bS8srq2vrhY3i5tb2zq65t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6yvz2PRGShvxOjSPiBmjAqU8xUlrqmSUnQGqIEUuu0wsnqTxUourxWH9VJ+2ZZatmTQAXiZ2TMsjR6Jk/Tj/EcUC4wgxJ2bWtSLkJEopiRtKiE0sSITxCA9LVlKOASDeZHJHCI630oR8K/biCE/VvR4ICKceBpyuzleW8l4n/ed1Y+eduQnkUK8LxdJAfM6hCmCUC+1QQrNhYE4QF1btCPEQCYaVzm5mi6OgxS8Wez2CRtE5qtua3p+X6ZZ5PAZTAIagAG5yBOrgBDdAEGDyBF/AK3oxn4934MD6npUtG3nMAZmB8/QLKcp6d</latexit>

D1 ! D2
<latexit sha1_base64="3cvN6hW4wvh8NtgMA7j5r4xkfag=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARXZWkCLos6sJlBXuBNpTJdNoOnUzCzIlSQx/Bp/AR3OoDuBN34tIXcdJm0YsHBj7+/xzOmd+PBNfgON9WbmV1bX0jv1nY2t7Z3bP3D+o6jBVlNRqKUDV9opngktWAg2DNSDES+II1/OF16jcemNI8lPcwipgXkL7kPU4JGKljn7YDAgNKRHIz7ri4rXh/AESp8BHPOuWOXXRKzqTwMrgZFFFW1Y792+6GNA6YBCqI1i3XicBLiAJOBRsX2rFmEaFD0mctg5IETHvJ5ENjfGKULu6FyjwJeKLOTiQk0HoU+KYzPVIveqn4n9eKoXfpJVxGMTBJp4t6scAQ4jQd3OWKURAjA4Qqbm7FdEAUoWAynNsCfPg0Nqm4ixksQ71ccg3fnRcrV1k+eXSEjtEZctEFqqBbVEU1RNEzekVv6N16sT6sT+tr2pqzsplDNFfWzx8E0qSw</latexit><latexit sha1_base64="3cvN6hW4wvh8NtgMA7j5r4xkfag=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARXZWkCLos6sJlBXuBNpTJdNoOnUzCzIlSQx/Bp/AR3OoDuBN34tIXcdJm0YsHBj7+/xzOmd+PBNfgON9WbmV1bX0jv1nY2t7Z3bP3D+o6jBVlNRqKUDV9opngktWAg2DNSDES+II1/OF16jcemNI8lPcwipgXkL7kPU4JGKljn7YDAgNKRHIz7ri4rXh/AESp8BHPOuWOXXRKzqTwMrgZFFFW1Y792+6GNA6YBCqI1i3XicBLiAJOBRsX2rFmEaFD0mctg5IETHvJ5ENjfGKULu6FyjwJeKLOTiQk0HoU+KYzPVIveqn4n9eKoXfpJVxGMTBJp4t6scAQ4jQd3OWKURAjA4Qqbm7FdEAUoWAynNsCfPg0Nqm4ixksQ71ccg3fnRcrV1k+eXSEjtEZctEFqqBbVEU1RNEzekVv6N16sT6sT+tr2pqzsplDNFfWzx8E0qSw</latexit><latexit sha1_base64="3cvN6hW4wvh8NtgMA7j5r4xkfag=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARXZWkCLos6sJlBXuBNpTJdNoOnUzCzIlSQx/Bp/AR3OoDuBN34tIXcdJm0YsHBj7+/xzOmd+PBNfgON9WbmV1bX0jv1nY2t7Z3bP3D+o6jBVlNRqKUDV9opngktWAg2DNSDES+II1/OF16jcemNI8lPcwipgXkL7kPU4JGKljn7YDAgNKRHIz7ri4rXh/AESp8BHPOuWOXXRKzqTwMrgZFFFW1Y792+6GNA6YBCqI1i3XicBLiAJOBRsX2rFmEaFD0mctg5IETHvJ5ENjfGKULu6FyjwJeKLOTiQk0HoU+KYzPVIveqn4n9eKoXfpJVxGMTBJp4t6scAQ4jQd3OWKURAjA4Qqbm7FdEAUoWAynNsCfPg0Nqm4ixksQ71ccg3fnRcrV1k+eXSEjtEZctEFqqBbVEU1RNEzekVv6N16sT6sT+tr2pqzsplDNFfWzx8E0qSw</latexit><latexit sha1_base64="3cvN6hW4wvh8NtgMA7j5r4xkfag=">AAACIXicbZDLSsNAFIYn9VbrLerSzWARXZWkCLos6sJlBXuBNpTJdNoOnUzCzIlSQx/Bp/AR3OoDuBN34tIXcdJm0YsHBj7+/xzOmd+PBNfgON9WbmV1bX0jv1nY2t7Z3bP3D+o6jBVlNRqKUDV9opngktWAg2DNSDES+II1/OF16jcemNI8lPcwipgXkL7kPU4JGKljn7YDAgNKRHIz7ri4rXh/AESp8BHPOuWOXXRKzqTwMrgZFFFW1Y792+6GNA6YBCqI1i3XicBLiAJOBRsX2rFmEaFD0mctg5IETHvJ5ENjfGKULu6FyjwJeKLOTiQk0HoU+KYzPVIveqn4n9eKoXfpJVxGMTBJp4t6scAQ4jQd3OWKURAjA4Qqbm7FdEAUoWAynNsCfPg0Nqm4ixksQ71ccg3fnRcrV1k+eXSEjtEZctEFqqBbVEU1RNEzekVv6N16sT6sT+tr2pqzsplDNFfWzx8E0qSw</latexit>

D = {(x1, y1 + ✏1)} [ {(x2)}
<latexit sha1_base64="89M6xAWP8f/3Mbcm/SbWoLRVWhs="></latexit><latexit sha1_base64="89M6xAWP8f/3Mbcm/SbWoLRVWhs="></latexit><latexit sha1_base64="89M6xAWP8f/3Mbcm/SbWoLRVWhs="></latexit><latexit sha1_base64="89M6xAWP8f/3Mbcm/SbWoLRVWhs="></latexit>

often few

gold data
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• How to address a supervised task:

9

1. Propose a model of your data.

2. Design a representation.

3. Propose a (convex) classifier.

4. Obtain reasonable performances.

Ex.: MNIST (60k samples)

Ex.: Scattering Transform.
Achieves translation invariance, linearises deformations.

Ex.: Linear SVM.

Simple example: digit-classification…

Small deformations

+Translation

Displacement
�

+ projection
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1. No model known on real images

2. Limited a priori, except translation invariance

In the following…

3. Learn each parameters…

4. Obtain the best performances

The reason of their success is unclear…
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Large datasets…
• ImageNet 2012: (350GB) 

1 million training images, 1 000 classes 
400 000 test images 
Large coloured images of various sizes

• Labels obtained via Amazon Turk (complex process 
that requires human labelling)

11

Ref.: image-net.org


http://image-net.org


Difficult problems due to 
Image variabilities

12

Geometric variability
Groups acting on images: 


translation, rotation, scaling

Other sources : luminosity, occlusion, 

small deformations



Difficult problems due to 
Image variabilities

12

Geometric variability
Groups acting on images: 


translation, rotation, scaling

Other sources : luminosity, occlusion, 

small deformations

Class variability

Intraclass variability

Extraclass variability

Not informative



Difficult problems due to 
Image variabilities

12

Geometric variability
Groups acting on images: 


translation, rotation, scaling

Other sources : luminosity, occlusion, 

small deformations

High variance: hard to reduce!

Class variability

Intraclass variability

Extraclass variability

Not informative



Desirable properties of a 
representation

13

• Invariance to group G of transformation (e.g. roto-
translation):  

• Stability to noise 

• Reconstruction properties 

• Linear separation of the different classes 

8x, 8g 2 G,�(g.x) = �(x)
<latexit sha1_base64="nEwMldBod1KkAndkku6+pt7TZD8=">AAACE3icbZBNS0JBFIbPtS+zr1st2wxKoChyb4tqE0gtammQKXhF5o6jDs6de5mZG4r4I9q07l+0aVHRtk27/k3jR1DaCwMP7zmHOef1I86UdpwvK7G0vLK6llxPbWxube/Yu3u3KowloRUS8lDWfKwoZ4JWNNOc1iJJceBzWvV7F+N69Y5KxUJxowcRbQS4I1ibEayN1bTzXjuUmHPUL/xQx2MCXRaQV+6ybKfYz51NqJ9r2hmn6EyEFsGdQaaU9vKPAFBu2p9eKyRxQIUmHCtVd51IN4ZYakY4HaW8WNEIkx7u0LpBgQOqGsPJUSN0aJwWMjuZJzSauL8nhjhQahD4pjPAuqvma2Pzv1o91u3TxpCJKNZUkOlH7ZgjHaJxQqjFJCWaDwxgIpnZFZEulphok2PKhODOn7wIlaPicdG5djOlc5gqCQeQhiy4cAIluIIyVIDAPTzBC7xaD9az9Wa9T1sT1mxmH/7I+vgGECKd9g==</latexit><latexit sha1_base64="SRDvLA/owkcV7KmoCnqMJpZnjn0=">AAACE3icbZDLSsNAFIYnXmu9RV26GVqElpaSuFA3QtCFLisYW2hCmUyn7dDJJMxMpKH0IQTxVdy4UHHrxl3fxulF0NYfBj7+cw5zzh/EjEplWSNjaXlldW09s5Hd3Nre2TX39u9klAhMXByxSNQDJAmjnLiKKkbqsSAoDBipBb3Lcb12T4SkEb9VaUz8EHU4bVOMlLaaZslrRwIxBvvlH+p4lMOrMvSqXVroVPrF8wn1i00zb1WsieAi2DPIOzmv9Dhy0mrT/PJaEU5CwhVmSMqGbcXKHyChKGZkmPUSSWKEe6hDGho5Con0B5OjhvBIOy2od9KPKzhxf08MUChlGga6M0SqK+drY/O/WiNR7TN/QHmcKMLx9KN2wqCK4Dgh2KKCYMVSDQgLqneFuIsEwkrnmNUh2PMnL4J7XDmpWDd23rkAU2XAIciBArDBKXDANagCF2DwAJ7BK3gznowX4934mLYuGbOZA/BHxuc3GAaffA==</latexit>

8x, y, k�(x)� �(y)k2  kx� yk2
<latexit sha1_base64="5AfMzQTj9eto92B9ZxcFXNdIZTg="></latexit><latexit sha1_base64="6GQoM5yxWlHT4qVbK4XRAWsGLro="></latexit>

y = �(x) () x = ��1(y)
<latexit sha1_base64="ZBot7JBA2TU1Iy/+RhD2jwIrZVo="></latexit><latexit sha1_base64="yAq/o5/ileD4o5cpInGjcKTVrWY="></latexit>

�(x)
<latexit sha1_base64="Gm84J/6MA8kbnhEr0bKEWWdUghc=">AAAB7XicbZA9SwNBEIbn4leMX1E7bRajEJtwZ6FiFbCxjOCZQHKEvc0mWbK3d+zOieFI6Q+wsVCx9f/Y+W/cfBSa+MLCw/vOsDMTJlIYdN1vJ7e0vLK6ll8vbGxube8Ud/fuTZxqxn0Wy1g3Qmq4FIr7KFDyRqI5jULJ6+HgepzXH7g2IlZ3OEx4ENGeEl3BKFqr3qr1RfnxtF0suRV3IrII3gxK1YOnY7CqtYtfrU7M0ogrZJIa0/TcBIOMahRM8lGhlRqeUDagPd60qGjETZBNxh2RE+t0SDfW9ikkE/d3R0YjY4ZRaCsjin0zn43N/7Jmit3LIBMqSZErNv2om0qCMRnvTjpCc4ZyaIEyLeyshPWppgzthQr2CN78yovgn1XOK+6tV6pewVR5OIQjKIMHF1CFG6iBDwwG8Ayv8OYkzovz7nxMS3POrGcf/sj5/AFM+o/O</latexit><latexit sha1_base64="iG/W51Dvf9Qc2VZ4EWQmcWTiwZk=">AAAB7XicbZC7SgNBFIbPxluMt6idNoOLEJuwm0LFKmBjI0RwTSBZwuxkNhkyO7vMzIphCVY+gI2Fiq1v4UPY+SLWTi6FJv4w8PH/5zDnnCDhTGnH+bJyC4tLyyv51cLa+sbmVnF750bFqSTUIzGPZSPAinImqKeZ5rSRSIqjgNN60D8f5fVbKhWLxbUeJNSPcFewkBGsjVVv1XqsdHfULtpO2RkLzYM7Bbu692B/319+1NrFz1YnJmlEhSYcK9V0nUT7GZaaEU6HhVaqaIJJH3dp06DAEVV+Nh53iA6N00FhLM0TGo3d3x0ZjpQaRIGpjLDuqdlsZP6XNVMdnvoZE0mqqSCTj8KUIx2j0e6owyQlmg8MYCKZmRWRHpaYaHOhgjmCO7vyPHiV8nHZuXLt6hlMlId9OIASuHACVbiAGnhAoA+P8AwvVmI9Wa/W26Q0Z017duGPrPcfofySTQ==</latexit>

8i,�(�(Xi)) ⌧ 1
<latexit sha1_base64="1XfMdUJGtThL4UpbiZCwN8IO4KM=">AAACCnicbVDLSsNAFL3xWesr6tLN0CK0KCVxoS6LblxWMLbQhDCZTtuhk0mYmQgldO/Gf/AL3LhQcesXuPNvnD4W2nrgwuGce7n3nijlTGnH+baWlldW19YLG8XNre2dXXtv/04lmSTUIwlPZCvCinImqKeZ5rSVSorjiNNmNLga+817KhVLxK0epjSIcU+wLiNYGym0S343kZhzxE6Qr1gvxhW/0WeVVsiqVeQbww3tslNzJkCLxJ2Rcr3kHz8BQCO0v/xOQrKYCk04VqrtOqkOciw1I5yOin6maIrJAPdo21CBY6qCfPLLCB0ZpYPMUaaERhP190SOY6WGcWQ6Y6z7at4bi/957Ux3L4KciTTTVJDpom7GkU7QOBjUYZISzYeGYCKZuRWRPpaYaBNf0YTgzr+8SLzT2lnNuXHL9UuYogCHUIIKuHAOdbiGBnhA4AGe4RXerEfrxXq3PqatS9Zs5gD+wPr8AVSLmlc=</latexit><latexit sha1_base64="hbbAurJdhcIxnua1KCMZnk8/EbI=">AAACCnicbVDLSsNAFJ3UV62vqEs3Q4vQopTEhboMunFZwdhCE8JkOmmHTiZhZiKE0L0bd36HGxcqbv0Cd/0bp4+Fth64cDjnXu69J0wZlcqyxkZpZXVtfaO8Wdna3tndM/cP7mWSCUxcnLBEdEIkCaOcuIoqRjqpICgOGWmHw+uJ334gQtKE36k8JX6M+pxGFCOlpcCselEiEGOQnkJP0n6M6l5rQOudgDYa0NOGHZg1q2lNAZeJPSc1p+qdPI+dvBWY314vwVlMuMIMSdm1rVT5BRKKYkZGFS+TJEV4iPqkqylHMZF+Mf1lBI+10oP6KF1cwan6e6JAsZR5HOrOGKmBXPQm4n9eN1PRpV9QnmaKcDxbFGUMqgROgoE9KghWLNcEYUH1rRAPkEBY6fgqOgR78eVl4p41z5vWrV1zrsAMZXAEqqAObHABHHADWsAFGDyCF/AG3o0n49X4MD5nrSVjPnMI/sD4+gFcb5vd</latexit>

8i 6= j, kE(�(Xi))� E(�(Xj))k2 � 1
<latexit sha1_base64="mmW7b12YiT5pPp6c5E2nQA1B1iU="></latexit><latexit sha1_base64="mmW7b12YiT5pPp6c5E2nQA1B1iU="></latexit>
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Can be difficult to handcraft..
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Years of

research…



Introduction to

image classification

Fighting the curse of dimensionality

with Deep Neural Networks

Interpretability in Deep Learning Statistical learning results

Cf =

Z

RD

k!k1 |f̂(!)| d!



Solving high-dimensional

tasks with deep learning
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Deep Learning, 2015, Nature, LeCun, Bengio, Hinton
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Deep Learning

• Solve several high dimensional problems that 
seemed intractable. Impressive benchmarks.

• Requires a huge amount of labeled data

• Generic and simple to deploy (present in many final 
products) / requires a large expertise (highly 
demanded profiles)

• Handcrafted features are not required: the algorithm 
adapts itself to the specific bias of a task

17

Deep Learning, 2015, Nature, LeCun, Bengio, Hinton



A biased history of 

Deep Learning

18

Neural winter

1980 1990 2000 2010 2020

LeCun designing

CNNs

"it’s so slow" "kernels are 

provably better"

Hinton scaling

CNNs to ImageNet

Neural winter

Transformers

(text)

Bengio starting

DL libraries

GANs

(vision)

AlphaGo
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super-human



Face recognition

Ref.: Xxxx, Machin et al.

Ex.: 

20

Are two pictures corresponding to the same person? 

Above human performances in rough conditions

Ref.:  DeepFace: Closing the Gap to Human-Level Performance in Face Verification

Taigman et al.



Colorizing B&W pictures 21

Colorful Image Colorization, Zhang et al.

Coloring an image by hand takes several weeks



Spectacular results in face generation.

22



Outstanding benchmarks

in text understanding/translations

23

• Translation (Google uses Recurrent Neural Networks):

The cat is yellow or…

NN NN NN NN NN

NN NN NN NN NN

Le …

Encoder

Decoder

Applications for HR: sorting CVs



Surprising results in

text, image & (source) code generation

• Generating source code  via Recurrent Neural 
Networks:

Ex.: 

24

Real one?

http://karpathy.github.io/2015/05/21/rnn-effectiveness/



Outstanding results with

Game Strategy

• Game of GO: completely impossible to solve with 
pure Monte Carlo tree search

25

NN: computes a proba to win

for each of the       nodes

Roll out with

NNs

Self driving cars, Starcraft…

N

Y

2196

Ref.:  Mastering the Game of Go with Deep Neural Networks and Tree Search

Silver et al.



Outstanding results in Style 
Transfer

Ex.: 

26

Target styleInput Output

+

+ =

=

�x �y

argmin
x̃

k�x� �x̃k2 + �kCov(�y))� Cov(�x̃)k2

�x̃

Ref.: Deep Photo Style Transfer, Luan et al.


Original image Style transfer

Direct applications in Web design…



27

A highly non-convex

and difficult optimization to 

train a model



Multi-Layers Perceptrons 28

W1
<latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit>

W2
<latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

WJ
<latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit>

x
<latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit> �(x)

<latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit>

input signal output signal
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W1
<latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit>

W2
<latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

WJ
<latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit>

x
<latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit> �(x)

<latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit>

input signal output signal

x0
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W1
<latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit>

W2
<latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

WJ
<latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit>

x
<latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit> �(x)

<latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit>

input signal output signal

x0

xj+1 = ⇢Wxj
<latexit sha1_base64="NZr4hpnniAK+HNWqDFgiibcmECM=">AAACC3icbZDLSsNAFIYn9VbrLdWlm8EiCEJJRNCNUHTjsoK9QFvCZDppp53MhJmJtoY8go/gVh/Anbj1IVz7Ik7bLGzrDwc+/nMO5/D7EaNKO863lVtZXVvfyG8WtrZ3dvfs4n5diVhiUsOCCdn0kSKMclLTVDPSjCRBoc9Iwx/eTPqNByIVFfxejyPSCVGP04BipI3l2cWRlwxO3fSqLfsCNkbewLNLTtmZCi6Dm0EJZKp69k+7K3AcEq4xQ0q1XCfSnQRJTTEjaaEdKxIhPEQ90jLIUUhUJ5m+nsJj43RhIKQpruHU/buRoFCpceibyRDpvlrsTcz/eq1YB5edhPIo1oTj2aEgZlALOMkBdqkkWLOxAYQlNb9C3EcSYW3Smrui6fApNam4ixksQ/2s7Bq+Oy9VrrN88uAQHIET4IILUAG3oApqAINH8AJewZv1bL1bH9bnbDRnZTsHYE7W1y8UT5sZ</latexit><latexit sha1_base64="NZr4hpnniAK+HNWqDFgiibcmECM=">AAACC3icbZDLSsNAFIYn9VbrLdWlm8EiCEJJRNCNUHTjsoK9QFvCZDppp53MhJmJtoY8go/gVh/Anbj1IVz7Ik7bLGzrDwc+/nMO5/D7EaNKO863lVtZXVvfyG8WtrZ3dvfs4n5diVhiUsOCCdn0kSKMclLTVDPSjCRBoc9Iwx/eTPqNByIVFfxejyPSCVGP04BipI3l2cWRlwxO3fSqLfsCNkbewLNLTtmZCi6Dm0EJZKp69k+7K3AcEq4xQ0q1XCfSnQRJTTEjaaEdKxIhPEQ90jLIUUhUJ5m+nsJj43RhIKQpruHU/buRoFCpceibyRDpvlrsTcz/eq1YB5edhPIo1oTj2aEgZlALOMkBdqkkWLOxAYQlNb9C3EcSYW3Smrui6fApNam4ixksQ/2s7Bq+Oy9VrrN88uAQHIET4IILUAG3oApqAINH8AJewZv1bL1bH9bnbDRnZTsHYE7W1y8UT5sZ</latexit><latexit sha1_base64="NZr4hpnniAK+HNWqDFgiibcmECM=">AAACC3icbZDLSsNAFIYn9VbrLdWlm8EiCEJJRNCNUHTjsoK9QFvCZDppp53MhJmJtoY8go/gVh/Anbj1IVz7Ik7bLGzrDwc+/nMO5/D7EaNKO863lVtZXVvfyG8WtrZ3dvfs4n5diVhiUsOCCdn0kSKMclLTVDPSjCRBoc9Iwx/eTPqNByIVFfxejyPSCVGP04BipI3l2cWRlwxO3fSqLfsCNkbewLNLTtmZCi6Dm0EJZKp69k+7K3AcEq4xQ0q1XCfSnQRJTTEjaaEdKxIhPEQ90jLIUUhUJ5m+nsJj43RhIKQpruHU/buRoFCpceibyRDpvlrsTcz/eq1YB5edhPIo1oTj2aEgZlALOMkBdqkkWLOxAYQlNb9C3EcSYW3Smrui6fApNam4ixksQ/2s7Bq+Oy9VrrN88uAQHIET4IILUAG3oApqAINH8AJewZv1bL1bH9bnbDRnZTsHYE7W1y8UT5sZ</latexit><latexit sha1_base64="NZr4hpnniAK+HNWqDFgiibcmECM=">AAACC3icbZDLSsNAFIYn9VbrLdWlm8EiCEJJRNCNUHTjsoK9QFvCZDppp53MhJmJtoY8go/gVh/Anbj1IVz7Ik7bLGzrDwc+/nMO5/D7EaNKO863lVtZXVvfyG8WtrZ3dvfs4n5diVhiUsOCCdn0kSKMclLTVDPSjCRBoc9Iwx/eTPqNByIVFfxejyPSCVGP04BipI3l2cWRlwxO3fSqLfsCNkbewLNLTtmZCi6Dm0EJZKp69k+7K3AcEq4xQ0q1XCfSnQRJTTEjaaEdKxIhPEQ90jLIUUhUJ5m+nsJj43RhIKQpruHU/buRoFCpceibyRDpvlrsTcz/eq1YB5edhPIo1oTj2aEgZlALOMkBdqkkWLOxAYQlNb9C3EcSYW3Smrui6fApNam4ixksQ/2s7Bq+Oy9VrrN88uAQHIET4IILUAG3oApqAINH8AJewZv1bL1bH9bnbDRnZTsHYE7W1y8UT5sZ</latexit>

xj+1,k = ⇢(
X

i

Wj,kixj,i)
<latexit sha1_base64="U+usd4+k0AF9+QZSmdUJ7Ovpqag=">AAACIHicbZDLSsNAFIYn9VbrLerSzWBRKpaSiKAboejGZQV7gSaEyXTajplcmJmINeQNfAofwa0+gDtxqVtfxEmbhW09MPDx/+dwzvxuxKiQhvGlFRYWl5ZXiqultfWNzS19e6clwphj0sQhC3nHRYIwGpCmpJKRTsQJ8l1G2q53lfnte8IFDYNbOYqI7aNBQPsUI6kkRz98cJK7Y7PqpRcWH4YVS8S+Q2FbqVWPpplbpemRo5eNmjEuOA9mDmWQV8PRf6xeiGOfBBIzJETXNCJpJ4hLihlJS1YsSISwhwakqzBAPhF2Mv5PCg+U0oP9kKsXSDhW/04kyBdi5Luq00dyKGa9TPzP68ayf24nNIhiSQI8WdSPGZQhzMKBPcoJlmykAGFO1a0QDxFHWKoIp7ZI6j2mKhVzNoN5aJ3UTMU3p+X6ZZ5PEeyBfVABJjgDdXANGqAJMHgCL+AVvGnP2rv2oX1OWgtaPrMLpkr7/gUYc6Oa</latexit><latexit sha1_base64="U+usd4+k0AF9+QZSmdUJ7Ovpqag=">AAACIHicbZDLSsNAFIYn9VbrLerSzWBRKpaSiKAboejGZQV7gSaEyXTajplcmJmINeQNfAofwa0+gDtxqVtfxEmbhW09MPDx/+dwzvxuxKiQhvGlFRYWl5ZXiqultfWNzS19e6clwphj0sQhC3nHRYIwGpCmpJKRTsQJ8l1G2q53lfnte8IFDYNbOYqI7aNBQPsUI6kkRz98cJK7Y7PqpRcWH4YVS8S+Q2FbqVWPpplbpemRo5eNmjEuOA9mDmWQV8PRf6xeiGOfBBIzJETXNCJpJ4hLihlJS1YsSISwhwakqzBAPhF2Mv5PCg+U0oP9kKsXSDhW/04kyBdi5Luq00dyKGa9TPzP68ayf24nNIhiSQI8WdSPGZQhzMKBPcoJlmykAGFO1a0QDxFHWKoIp7ZI6j2mKhVzNoN5aJ3UTMU3p+X6ZZ5PEeyBfVABJjgDdXANGqAJMHgCL+AVvGnP2rv2oX1OWgtaPrMLpkr7/gUYc6Oa</latexit><latexit sha1_base64="U+usd4+k0AF9+QZSmdUJ7Ovpqag=">AAACIHicbZDLSsNAFIYn9VbrLerSzWBRKpaSiKAboejGZQV7gSaEyXTajplcmJmINeQNfAofwa0+gDtxqVtfxEmbhW09MPDx/+dwzvxuxKiQhvGlFRYWl5ZXiqultfWNzS19e6clwphj0sQhC3nHRYIwGpCmpJKRTsQJ8l1G2q53lfnte8IFDYNbOYqI7aNBQPsUI6kkRz98cJK7Y7PqpRcWH4YVS8S+Q2FbqVWPpplbpemRo5eNmjEuOA9mDmWQV8PRf6xeiGOfBBIzJETXNCJpJ4hLihlJS1YsSISwhwakqzBAPhF2Mv5PCg+U0oP9kKsXSDhW/04kyBdi5Luq00dyKGa9TPzP68ayf24nNIhiSQI8WdSPGZQhzMKBPcoJlmykAGFO1a0QDxFHWKoIp7ZI6j2mKhVzNoN5aJ3UTMU3p+X6ZZ5PEeyBfVABJjgDdXANGqAJMHgCL+AVvGnP2rv2oX1OWgtaPrMLpkr7/gUYc6Oa</latexit><latexit sha1_base64="U+usd4+k0AF9+QZSmdUJ7Ovpqag=">AAACIHicbZDLSsNAFIYn9VbrLerSzWBRKpaSiKAboejGZQV7gSaEyXTajplcmJmINeQNfAofwa0+gDtxqVtfxEmbhW09MPDx/+dwzvxuxKiQhvGlFRYWl5ZXiqultfWNzS19e6clwphj0sQhC3nHRYIwGpCmpJKRTsQJ8l1G2q53lfnte8IFDYNbOYqI7aNBQPsUI6kkRz98cJK7Y7PqpRcWH4YVS8S+Q2FbqVWPpplbpemRo5eNmjEuOA9mDmWQV8PRf6xeiGOfBBIzJETXNCJpJ4hLihlJS1YsSISwhwakqzBAPhF2Mv5PCg+U0oP9kKsXSDhW/04kyBdi5Luq00dyKGa9TPzP68ayf24nNIhiSQI8WdSPGZQhzMKBPcoJlmykAGFO1a0QDxFHWKoIp7ZI6j2mKhVzNoN5aJ3UTMU3p+X6ZZ5PEeyBfVABJjgDdXANGqAJMHgCL+AVvGnP2rv2oX1OWgtaPrMLpkr7/gUYc6Oa</latexit>

where: ⇢(x) = max(0, x)
<latexit sha1_base64="lZfPO+LLyB+vNrmZh2fEWDoy/bU=">AAACC3icbZDLSsNAFIYnXmu9pbp0M1iEFqQkIuhGKLpxWcFeoAllMp20Q2cmYWairaGP4CO41QdwJ259CNe+iNM2C9v6w4GP/5zDOfxBzKjSjvNtrayurW9s5rby2zu7e/t24aChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfSbD0QqGol7PYqJz1FP0JBipI3VsQue7EelYfnK42hYck6H5Y5ddCrOVHAZ3AyKIFOtY/943QgnnAiNGVKq7Tqx9lMkNcWMjPNeokiM8AD1SNugQJwoP52+PoYnxunCMJKmhIZT9+9GirhSIx6YSY50Xy32JuZ/vXaiw0s/pSJONBF4dihMGNQRnOQAu1QSrNnIAMKSml8h7iOJsDZpzV3RdPA0Nqm4ixksQ+Os4hq+Oy9Wr7N8cuAIHIMScMEFqIJbUAN1gMEjeAGv4M16tt6tD+tzNrpiZTuHYE7W1y/mcZpc</latexit><latexit sha1_base64="lZfPO+LLyB+vNrmZh2fEWDoy/bU=">AAACC3icbZDLSsNAFIYnXmu9pbp0M1iEFqQkIuhGKLpxWcFeoAllMp20Q2cmYWairaGP4CO41QdwJ259CNe+iNM2C9v6w4GP/5zDOfxBzKjSjvNtrayurW9s5rby2zu7e/t24aChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfSbD0QqGol7PYqJz1FP0JBipI3VsQue7EelYfnK42hYck6H5Y5ddCrOVHAZ3AyKIFOtY/943QgnnAiNGVKq7Tqx9lMkNcWMjPNeokiM8AD1SNugQJwoP52+PoYnxunCMJKmhIZT9+9GirhSIx6YSY50Xy32JuZ/vXaiw0s/pSJONBF4dihMGNQRnOQAu1QSrNnIAMKSml8h7iOJsDZpzV3RdPA0Nqm4ixksQ+Os4hq+Oy9Wr7N8cuAIHIMScMEFqIJbUAN1gMEjeAGv4M16tt6tD+tzNrpiZTuHYE7W1y/mcZpc</latexit><latexit sha1_base64="lZfPO+LLyB+vNrmZh2fEWDoy/bU=">AAACC3icbZDLSsNAFIYnXmu9pbp0M1iEFqQkIuhGKLpxWcFeoAllMp20Q2cmYWairaGP4CO41QdwJ259CNe+iNM2C9v6w4GP/5zDOfxBzKjSjvNtrayurW9s5rby2zu7e/t24aChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfSbD0QqGol7PYqJz1FP0JBipI3VsQue7EelYfnK42hYck6H5Y5ddCrOVHAZ3AyKIFOtY/943QgnnAiNGVKq7Tqx9lMkNcWMjPNeokiM8AD1SNugQJwoP52+PoYnxunCMJKmhIZT9+9GirhSIx6YSY50Xy32JuZ/vXaiw0s/pSJONBF4dihMGNQRnOQAu1QSrNnIAMKSml8h7iOJsDZpzV3RdPA0Nqm4ixksQ+Os4hq+Oy9Wr7N8cuAIHIMScMEFqIJbUAN1gMEjeAGv4M16tt6tD+tzNrpiZTuHYE7W1y/mcZpc</latexit><latexit sha1_base64="lZfPO+LLyB+vNrmZh2fEWDoy/bU=">AAACC3icbZDLSsNAFIYnXmu9pbp0M1iEFqQkIuhGKLpxWcFeoAllMp20Q2cmYWairaGP4CO41QdwJ259CNe+iNM2C9v6w4GP/5zDOfxBzKjSjvNtrayurW9s5rby2zu7e/t24aChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfSbD0QqGol7PYqJz1FP0JBipI3VsQue7EelYfnK42hYck6H5Y5ddCrOVHAZ3AyKIFOtY/943QgnnAiNGVKq7Tqx9lMkNcWMjPNeokiM8AD1SNugQJwoP52+PoYnxunCMJKmhIZT9+9GirhSIx6YSY50Xy32JuZ/vXaiw0s/pSJONBF4dihMGNQRnOQAu1QSrNnIAMKSml8h7iOJsDZpzV3RdPA0Nqm4ixksQ+Os4hq+Oy9Wr7N8cuAIHIMScMEFqIJbUAN1gMEjeAGv4M16tt6tD+tzNrpiZTuHYE7W1y/mcZpc</latexit>

|⇢(x)� ⇢(y)|  |x� y|
<latexit sha1_base64="e9QdMISJ7+2ceCMD9fmvx6e6sns=">AAACFHicbZC7TsMwFIadcivlFmCDJaJCaodWCUKCsYKFsUj0IjVV5bhOa9WJg+2ghqQST8EjsMIDsCFWdmZeBDfNQFuOZPnT/5+jY/9OQImQpvmt5VZW19Y38puFre2d3T19/6ApWMgRbiBGGW87UGBKfNyQRFLcDjiGnkNxyxldT/3WA+aCMP9ORgHuenDgE5cgKJXU048Smw9ZaVyupHdUTmyK75NxJUp6etGsmmkZy2BlUARZ1Xv6j91nKPSwLxGFQnQsM5DdGHJJEMWTgh0KHEA0ggPcUehDD4tunP5hYpwqpW+4jKvjSyNV/07E0BMi8hzV6UE5FIveVPzP64TSvezGxA9CiX00W+SG1JDMmAZi9AnHSNJIAUScqLcaaAg5RFLFNrdFktHjRKViLWawDM2zqqX49rxYu8ryyYNjcAJKwAIXoAZuQB00AAJP4AW8gjftWXvXPrTPWWtOy2YOwVxpX7887576</latexit><latexit sha1_base64="e9QdMISJ7+2ceCMD9fmvx6e6sns=">AAACFHicbZC7TsMwFIadcivlFmCDJaJCaodWCUKCsYKFsUj0IjVV5bhOa9WJg+2ghqQST8EjsMIDsCFWdmZeBDfNQFuOZPnT/5+jY/9OQImQpvmt5VZW19Y38puFre2d3T19/6ApWMgRbiBGGW87UGBKfNyQRFLcDjiGnkNxyxldT/3WA+aCMP9ORgHuenDgE5cgKJXU048Smw9ZaVyupHdUTmyK75NxJUp6etGsmmkZy2BlUARZ1Xv6j91nKPSwLxGFQnQsM5DdGHJJEMWTgh0KHEA0ggPcUehDD4tunP5hYpwqpW+4jKvjSyNV/07E0BMi8hzV6UE5FIveVPzP64TSvezGxA9CiX00W+SG1JDMmAZi9AnHSNJIAUScqLcaaAg5RFLFNrdFktHjRKViLWawDM2zqqX49rxYu8ryyYNjcAJKwAIXoAZuQB00AAJP4AW8gjftWXvXPrTPWWtOy2YOwVxpX7887576</latexit><latexit sha1_base64="e9QdMISJ7+2ceCMD9fmvx6e6sns=">AAACFHicbZC7TsMwFIadcivlFmCDJaJCaodWCUKCsYKFsUj0IjVV5bhOa9WJg+2ghqQST8EjsMIDsCFWdmZeBDfNQFuOZPnT/5+jY/9OQImQpvmt5VZW19Y38puFre2d3T19/6ApWMgRbiBGGW87UGBKfNyQRFLcDjiGnkNxyxldT/3WA+aCMP9ORgHuenDgE5cgKJXU048Smw9ZaVyupHdUTmyK75NxJUp6etGsmmkZy2BlUARZ1Xv6j91nKPSwLxGFQnQsM5DdGHJJEMWTgh0KHEA0ggPcUehDD4tunP5hYpwqpW+4jKvjSyNV/07E0BMi8hzV6UE5FIveVPzP64TSvezGxA9CiX00W+SG1JDMmAZi9AnHSNJIAUScqLcaaAg5RFLFNrdFktHjRKViLWawDM2zqqX49rxYu8ryyYNjcAJKwAIXoAZuQB00AAJP4AW8gjftWXvXPrTPWWtOy2YOwVxpX7887576</latexit><latexit sha1_base64="e9QdMISJ7+2ceCMD9fmvx6e6sns=">AAACFHicbZC7TsMwFIadcivlFmCDJaJCaodWCUKCsYKFsUj0IjVV5bhOa9WJg+2ghqQST8EjsMIDsCFWdmZeBDfNQFuOZPnT/5+jY/9OQImQpvmt5VZW19Y38puFre2d3T19/6ApWMgRbiBGGW87UGBKfNyQRFLcDjiGnkNxyxldT/3WA+aCMP9ORgHuenDgE5cgKJXU048Smw9ZaVyupHdUTmyK75NxJUp6etGsmmkZy2BlUARZ1Xv6j91nKPSwLxGFQnQsM5DdGHJJEMWTgh0KHEA0ggPcUehDD4tunP5hYpwqpW+4jKvjSyNV/07E0BMi8hzV6UE5FIveVPzP64TSvezGxA9CiX00W+SG1JDMmAZi9AnHSNJIAUScqLcaaAg5RFLFNrdFktHjRKViLWawDM2zqqX49rxYu8ryyYNjcAJKwAIXoAZuQB00AAJP4AW8gjftWXvXPrTPWWtOy2YOwVxpX7887576</latexit>

s.t.



Multi-Layers Perceptrons 28

W1
<latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit>

W2
<latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

WJ
<latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit>

x
<latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit> �(x)

<latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit>

input signal output signal

x0

xj+1 = ⇢Wxj
<latexit sha1_base64="NZr4hpnniAK+HNWqDFgiibcmECM=">AAACC3icbZDLSsNAFIYn9VbrLdWlm8EiCEJJRNCNUHTjsoK9QFvCZDppp53MhJmJtoY8go/gVh/Anbj1IVz7Ik7bLGzrDwc+/nMO5/D7EaNKO863lVtZXVvfyG8WtrZ3dvfs4n5diVhiUsOCCdn0kSKMclLTVDPSjCRBoc9Iwx/eTPqNByIVFfxejyPSCVGP04BipI3l2cWRlwxO3fSqLfsCNkbewLNLTtmZCi6Dm0EJZKp69k+7K3AcEq4xQ0q1XCfSnQRJTTEjaaEdKxIhPEQ90jLIUUhUJ5m+nsJj43RhIKQpruHU/buRoFCpceibyRDpvlrsTcz/eq1YB5edhPIo1oTj2aEgZlALOMkBdqkkWLOxAYQlNb9C3EcSYW3Smrui6fApNam4ixksQ/2s7Bq+Oy9VrrN88uAQHIET4IILUAG3oApqAINH8AJewZv1bL1bH9bnbDRnZTsHYE7W1y8UT5sZ</latexit><latexit sha1_base64="NZr4hpnniAK+HNWqDFgiibcmECM=">AAACC3icbZDLSsNAFIYn9VbrLdWlm8EiCEJJRNCNUHTjsoK9QFvCZDppp53MhJmJtoY8go/gVh/Anbj1IVz7Ik7bLGzrDwc+/nMO5/D7EaNKO863lVtZXVvfyG8WtrZ3dvfs4n5diVhiUsOCCdn0kSKMclLTVDPSjCRBoc9Iwx/eTPqNByIVFfxejyPSCVGP04BipI3l2cWRlwxO3fSqLfsCNkbewLNLTtmZCi6Dm0EJZKp69k+7K3AcEq4xQ0q1XCfSnQRJTTEjaaEdKxIhPEQ90jLIUUhUJ5m+nsJj43RhIKQpruHU/buRoFCpceibyRDpvlrsTcz/eq1YB5edhPIo1oTj2aEgZlALOMkBdqkkWLOxAYQlNb9C3EcSYW3Smrui6fApNam4ixksQ/2s7Bq+Oy9VrrN88uAQHIET4IILUAG3oApqAINH8AJewZv1bL1bH9bnbDRnZTsHYE7W1y8UT5sZ</latexit><latexit sha1_base64="NZr4hpnniAK+HNWqDFgiibcmECM=">AAACC3icbZDLSsNAFIYn9VbrLdWlm8EiCEJJRNCNUHTjsoK9QFvCZDppp53MhJmJtoY8go/gVh/Anbj1IVz7Ik7bLGzrDwc+/nMO5/D7EaNKO863lVtZXVvfyG8WtrZ3dvfs4n5diVhiUsOCCdn0kSKMclLTVDPSjCRBoc9Iwx/eTPqNByIVFfxejyPSCVGP04BipI3l2cWRlwxO3fSqLfsCNkbewLNLTtmZCi6Dm0EJZKp69k+7K3AcEq4xQ0q1XCfSnQRJTTEjaaEdKxIhPEQ90jLIUUhUJ5m+nsJj43RhIKQpruHU/buRoFCpceibyRDpvlrsTcz/eq1YB5edhPIo1oTj2aEgZlALOMkBdqkkWLOxAYQlNb9C3EcSYW3Smrui6fApNam4ixksQ/2s7Bq+Oy9VrrN88uAQHIET4IILUAG3oApqAINH8AJewZv1bL1bH9bnbDRnZTsHYE7W1y8UT5sZ</latexit><latexit sha1_base64="NZr4hpnniAK+HNWqDFgiibcmECM=">AAACC3icbZDLSsNAFIYn9VbrLdWlm8EiCEJJRNCNUHTjsoK9QFvCZDppp53MhJmJtoY8go/gVh/Anbj1IVz7Ik7bLGzrDwc+/nMO5/D7EaNKO863lVtZXVvfyG8WtrZ3dvfs4n5diVhiUsOCCdn0kSKMclLTVDPSjCRBoc9Iwx/eTPqNByIVFfxejyPSCVGP04BipI3l2cWRlwxO3fSqLfsCNkbewLNLTtmZCi6Dm0EJZKp69k+7K3AcEq4xQ0q1XCfSnQRJTTEjaaEdKxIhPEQ90jLIUUhUJ5m+nsJj43RhIKQpruHU/buRoFCpceibyRDpvlrsTcz/eq1YB5edhPIo1oTj2aEgZlALOMkBdqkkWLOxAYQlNb9C3EcSYW3Smrui6fApNam4ixksQ/2s7Bq+Oy9VrrN88uAQHIET4IILUAG3oApqAINH8AJewZv1bL1bH9bnbDRnZTsHYE7W1y8UT5sZ</latexit>

xj+1,k = ⇢(
X

i

Wj,kixj,i)
<latexit sha1_base64="U+usd4+k0AF9+QZSmdUJ7Ovpqag=">AAACIHicbZDLSsNAFIYn9VbrLerSzWBRKpaSiKAboejGZQV7gSaEyXTajplcmJmINeQNfAofwa0+gDtxqVtfxEmbhW09MPDx/+dwzvxuxKiQhvGlFRYWl5ZXiqultfWNzS19e6clwphj0sQhC3nHRYIwGpCmpJKRTsQJ8l1G2q53lfnte8IFDYNbOYqI7aNBQPsUI6kkRz98cJK7Y7PqpRcWH4YVS8S+Q2FbqVWPpplbpemRo5eNmjEuOA9mDmWQV8PRf6xeiGOfBBIzJETXNCJpJ4hLihlJS1YsSISwhwakqzBAPhF2Mv5PCg+U0oP9kKsXSDhW/04kyBdi5Luq00dyKGa9TPzP68ayf24nNIhiSQI8WdSPGZQhzMKBPcoJlmykAGFO1a0QDxFHWKoIp7ZI6j2mKhVzNoN5aJ3UTMU3p+X6ZZ5PEeyBfVABJjgDdXANGqAJMHgCL+AVvGnP2rv2oX1OWgtaPrMLpkr7/gUYc6Oa</latexit><latexit sha1_base64="U+usd4+k0AF9+QZSmdUJ7Ovpqag=">AAACIHicbZDLSsNAFIYn9VbrLerSzWBRKpaSiKAboejGZQV7gSaEyXTajplcmJmINeQNfAofwa0+gDtxqVtfxEmbhW09MPDx/+dwzvxuxKiQhvGlFRYWl5ZXiqultfWNzS19e6clwphj0sQhC3nHRYIwGpCmpJKRTsQJ8l1G2q53lfnte8IFDYNbOYqI7aNBQPsUI6kkRz98cJK7Y7PqpRcWH4YVS8S+Q2FbqVWPpplbpemRo5eNmjEuOA9mDmWQV8PRf6xeiGOfBBIzJETXNCJpJ4hLihlJS1YsSISwhwakqzBAPhF2Mv5PCg+U0oP9kKsXSDhW/04kyBdi5Luq00dyKGa9TPzP68ayf24nNIhiSQI8WdSPGZQhzMKBPcoJlmykAGFO1a0QDxFHWKoIp7ZI6j2mKhVzNoN5aJ3UTMU3p+X6ZZ5PEeyBfVABJjgDdXANGqAJMHgCL+AVvGnP2rv2oX1OWgtaPrMLpkr7/gUYc6Oa</latexit><latexit sha1_base64="U+usd4+k0AF9+QZSmdUJ7Ovpqag=">AAACIHicbZDLSsNAFIYn9VbrLerSzWBRKpaSiKAboejGZQV7gSaEyXTajplcmJmINeQNfAofwa0+gDtxqVtfxEmbhW09MPDx/+dwzvxuxKiQhvGlFRYWl5ZXiqultfWNzS19e6clwphj0sQhC3nHRYIwGpCmpJKRTsQJ8l1G2q53lfnte8IFDYNbOYqI7aNBQPsUI6kkRz98cJK7Y7PqpRcWH4YVS8S+Q2FbqVWPpplbpemRo5eNmjEuOA9mDmWQV8PRf6xeiGOfBBIzJETXNCJpJ4hLihlJS1YsSISwhwakqzBAPhF2Mv5PCg+U0oP9kKsXSDhW/04kyBdi5Luq00dyKGa9TPzP68ayf24nNIhiSQI8WdSPGZQhzMKBPcoJlmykAGFO1a0QDxFHWKoIp7ZI6j2mKhVzNoN5aJ3UTMU3p+X6ZZ5PEeyBfVABJjgDdXANGqAJMHgCL+AVvGnP2rv2oX1OWgtaPrMLpkr7/gUYc6Oa</latexit><latexit sha1_base64="U+usd4+k0AF9+QZSmdUJ7Ovpqag=">AAACIHicbZDLSsNAFIYn9VbrLerSzWBRKpaSiKAboejGZQV7gSaEyXTajplcmJmINeQNfAofwa0+gDtxqVtfxEmbhW09MPDx/+dwzvxuxKiQhvGlFRYWl5ZXiqultfWNzS19e6clwphj0sQhC3nHRYIwGpCmpJKRTsQJ8l1G2q53lfnte8IFDYNbOYqI7aNBQPsUI6kkRz98cJK7Y7PqpRcWH4YVS8S+Q2FbqVWPpplbpemRo5eNmjEuOA9mDmWQV8PRf6xeiGOfBBIzJETXNCJpJ4hLihlJS1YsSISwhwakqzBAPhF2Mv5PCg+U0oP9kKsXSDhW/04kyBdi5Luq00dyKGa9TPzP68ayf24nNIhiSQI8WdSPGZQhzMKBPcoJlmykAGFO1a0QDxFHWKoIp7ZI6j2mKhVzNoN5aJ3UTMU3p+X6ZZ5PEeyBfVABJjgDdXANGqAJMHgCL+AVvGnP2rv2oX1OWgtaPrMLpkr7/gUYc6Oa</latexit>

No a priori is introduced here. Typically used as a classifier.


Note that                             is non-convex in x or each    .�(x;W1, ...,WJ)
<latexit sha1_base64="3BSKWCREjTLK0X9we+hPqWsOhmc=">AAACDXicbZDNSsNAFIUn9a/Wv2iXbgaLUKGERAQFN0U34qqCbQptCJPptB06mYSZiRhDn8FHcKsP4E7c+gyufRGnbRa29cCFj3Pv5V5OEDMqlW1/G4WV1bX1jeJmaWt7Z3fP3D9oySgRmDRxxCLRDpAkjHLSVFQx0o4FQWHAiBuMrid994EISSN+r9KYeCEacNqnGClt+Wa52xjS6uOl6zs1y7Jqrn974psV27Kngsvg5FABuRq++dPtRTgJCVeYISk7jh0rL0NCUczIuNRNJIkRHqEB6WjkKCTSy6bPj+GxdnqwHwldXMGp+3cjQ6GUaRjoyRCpoVzsTcz/ep1E9S+8jPI4UYTj2aF+wqCK4CQJ2KOCYMVSDQgLqn+FeIgEwkrnNXdF0dHTWKfiLGawDK1Ty9F8d1apX+X5FMEhOAJV4IBzUAc3oAGaAIMUvIBX8GY8G+/Gh/E5Gy0Y+U4ZzMn4+gX2kppI</latexit><latexit sha1_base64="3BSKWCREjTLK0X9we+hPqWsOhmc=">AAACDXicbZDNSsNAFIUn9a/Wv2iXbgaLUKGERAQFN0U34qqCbQptCJPptB06mYSZiRhDn8FHcKsP4E7c+gyufRGnbRa29cCFj3Pv5V5OEDMqlW1/G4WV1bX1jeJmaWt7Z3fP3D9oySgRmDRxxCLRDpAkjHLSVFQx0o4FQWHAiBuMrid994EISSN+r9KYeCEacNqnGClt+Wa52xjS6uOl6zs1y7Jqrn974psV27Kngsvg5FABuRq++dPtRTgJCVeYISk7jh0rL0NCUczIuNRNJIkRHqEB6WjkKCTSy6bPj+GxdnqwHwldXMGp+3cjQ6GUaRjoyRCpoVzsTcz/ep1E9S+8jPI4UYTj2aF+wqCK4CQJ2KOCYMVSDQgLqn+FeIgEwkrnNXdF0dHTWKfiLGawDK1Ty9F8d1apX+X5FMEhOAJV4IBzUAc3oAGaAIMUvIBX8GY8G+/Gh/E5Gy0Y+U4ZzMn4+gX2kppI</latexit><latexit sha1_base64="3BSKWCREjTLK0X9we+hPqWsOhmc=">AAACDXicbZDNSsNAFIUn9a/Wv2iXbgaLUKGERAQFN0U34qqCbQptCJPptB06mYSZiRhDn8FHcKsP4E7c+gyufRGnbRa29cCFj3Pv5V5OEDMqlW1/G4WV1bX1jeJmaWt7Z3fP3D9oySgRmDRxxCLRDpAkjHLSVFQx0o4FQWHAiBuMrid994EISSN+r9KYeCEacNqnGClt+Wa52xjS6uOl6zs1y7Jqrn974psV27Kngsvg5FABuRq++dPtRTgJCVeYISk7jh0rL0NCUczIuNRNJIkRHqEB6WjkKCTSy6bPj+GxdnqwHwldXMGp+3cjQ6GUaRjoyRCpoVzsTcz/ep1E9S+8jPI4UYTj2aF+wqCK4CQJ2KOCYMVSDQgLqn+FeIgEwkrnNXdF0dHTWKfiLGawDK1Ty9F8d1apX+X5FMEhOAJV4IBzUAc3oAGaAIMUvIBX8GY8G+/Gh/E5Gy0Y+U4ZzMn4+gX2kppI</latexit><latexit sha1_base64="3BSKWCREjTLK0X9we+hPqWsOhmc=">AAACDXicbZDNSsNAFIUn9a/Wv2iXbgaLUKGERAQFN0U34qqCbQptCJPptB06mYSZiRhDn8FHcKsP4E7c+gyufRGnbRa29cCFj3Pv5V5OEDMqlW1/G4WV1bX1jeJmaWt7Z3fP3D9oySgRmDRxxCLRDpAkjHLSVFQx0o4FQWHAiBuMrid994EISSN+r9KYeCEacNqnGClt+Wa52xjS6uOl6zs1y7Jqrn974psV27Kngsvg5FABuRq++dPtRTgJCVeYISk7jh0rL0NCUczIuNRNJIkRHqEB6WjkKCTSy6bPj+GxdnqwHwldXMGp+3cjQ6GUaRjoyRCpoVzsTcz/ep1E9S+8jPI4UYTj2aF+wqCK4CQJ2KOCYMVSDQgLqn+FeIgEwkrnNXdF0dHTWKfiLGawDK1Ty9F8d1apX+X5FMEhOAJV4IBzUAc3oAGaAIMUvIBX8GY8G+/Gh/E5Gy0Y+U4ZzMn4+gX2kppI</latexit>

Wj
<latexit sha1_base64="dOZzeM6PN1yCs3kMS/wLeZ0h3Ik=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyURQZdFNy4r2gu0oUymk3bsZBJmToRa8ghu9QHciVsfxrUv4rTNwrb+MPDxn3M4Z/4gkcKg6347K6tr6xubha3i9s7u3n7p4LBh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTOrNJ66NiNUDjhLuR7SvRCgYRWvdN7uP3VLZrbhTkWXwcihDrlq39NPpxSyNuEImqTFtz03QH1ONgkmeFTup4QllQ9rnbYuKRtz44+mpGTm1To+EsbZPIZm6fyfGNDJmFAW2M6I4MIu1iflfrZ1ieOWPhUpS5IrNFoWpJBiTyb9JT2jOUI4sUKaFvZWwAdWUoU1nbguK4XNmU/EWM1iGxnnFs3x3Ua5e5/kU4BhO4Aw8uIQq3EIN6sCgDy/wCm9O5rw7H87nrHXFyWeOYE7O1y9h5pVN</latexit><latexit sha1_base64="dOZzeM6PN1yCs3kMS/wLeZ0h3Ik=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyURQZdFNy4r2gu0oUymk3bsZBJmToRa8ghu9QHciVsfxrUv4rTNwrb+MPDxn3M4Z/4gkcKg6347K6tr6xubha3i9s7u3n7p4LBh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTOrNJ66NiNUDjhLuR7SvRCgYRWvdN7uP3VLZrbhTkWXwcihDrlq39NPpxSyNuEImqTFtz03QH1ONgkmeFTup4QllQ9rnbYuKRtz44+mpGTm1To+EsbZPIZm6fyfGNDJmFAW2M6I4MIu1iflfrZ1ieOWPhUpS5IrNFoWpJBiTyb9JT2jOUI4sUKaFvZWwAdWUoU1nbguK4XNmU/EWM1iGxnnFs3x3Ua5e5/kU4BhO4Aw8uIQq3EIN6sCgDy/wCm9O5rw7H87nrHXFyWeOYE7O1y9h5pVN</latexit><latexit sha1_base64="dOZzeM6PN1yCs3kMS/wLeZ0h3Ik=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyURQZdFNy4r2gu0oUymk3bsZBJmToRa8ghu9QHciVsfxrUv4rTNwrb+MPDxn3M4Z/4gkcKg6347K6tr6xubha3i9s7u3n7p4LBh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTOrNJ66NiNUDjhLuR7SvRCgYRWvdN7uP3VLZrbhTkWXwcihDrlq39NPpxSyNuEImqTFtz03QH1ONgkmeFTup4QllQ9rnbYuKRtz44+mpGTm1To+EsbZPIZm6fyfGNDJmFAW2M6I4MIu1iflfrZ1ieOWPhUpS5IrNFoWpJBiTyb9JT2jOUI4sUKaFvZWwAdWUoU1nbguK4XNmU/EWM1iGxnnFs3x3Ua5e5/kU4BhO4Aw8uIQq3EIN6sCgDy/wCm9O5rw7H87nrHXFyWeOYE7O1y9h5pVN</latexit><latexit sha1_base64="dOZzeM6PN1yCs3kMS/wLeZ0h3Ik=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyURQZdFNy4r2gu0oUymk3bsZBJmToRa8ghu9QHciVsfxrUv4rTNwrb+MPDxn3M4Z/4gkcKg6347K6tr6xubha3i9s7u3n7p4LBh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTOrNJ66NiNUDjhLuR7SvRCgYRWvdN7uP3VLZrbhTkWXwcihDrlq39NPpxSyNuEImqTFtz03QH1ONgkmeFTup4QllQ9rnbYuKRtz44+mpGTm1To+EsbZPIZm6fyfGNDJmFAW2M6I4MIu1iflfrZ1ieOWPhUpS5IrNFoWpJBiTyb9JT2jOUI4sUKaFvZWwAdWUoU1nbguK4XNmU/EWM1iGxnnFs3x3Ua5e5/kU4BhO4Aw8uIQq3EIN6sCgDy/wCm9O5rw7H87nrHXFyWeOYE7O1y9h5pVN</latexit>

where: ⇢(x) = max(0, x)
<latexit sha1_base64="lZfPO+LLyB+vNrmZh2fEWDoy/bU=">AAACC3icbZDLSsNAFIYnXmu9pbp0M1iEFqQkIuhGKLpxWcFeoAllMp20Q2cmYWairaGP4CO41QdwJ259CNe+iNM2C9v6w4GP/5zDOfxBzKjSjvNtrayurW9s5rby2zu7e/t24aChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfSbD0QqGol7PYqJz1FP0JBipI3VsQue7EelYfnK42hYck6H5Y5ddCrOVHAZ3AyKIFOtY/943QgnnAiNGVKq7Tqx9lMkNcWMjPNeokiM8AD1SNugQJwoP52+PoYnxunCMJKmhIZT9+9GirhSIx6YSY50Xy32JuZ/vXaiw0s/pSJONBF4dihMGNQRnOQAu1QSrNnIAMKSml8h7iOJsDZpzV3RdPA0Nqm4ixksQ+Os4hq+Oy9Wr7N8cuAIHIMScMEFqIJbUAN1gMEjeAGv4M16tt6tD+tzNrpiZTuHYE7W1y/mcZpc</latexit><latexit sha1_base64="lZfPO+LLyB+vNrmZh2fEWDoy/bU=">AAACC3icbZDLSsNAFIYnXmu9pbp0M1iEFqQkIuhGKLpxWcFeoAllMp20Q2cmYWairaGP4CO41QdwJ259CNe+iNM2C9v6w4GP/5zDOfxBzKjSjvNtrayurW9s5rby2zu7e/t24aChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfSbD0QqGol7PYqJz1FP0JBipI3VsQue7EelYfnK42hYck6H5Y5ddCrOVHAZ3AyKIFOtY/943QgnnAiNGVKq7Tqx9lMkNcWMjPNeokiM8AD1SNugQJwoP52+PoYnxunCMJKmhIZT9+9GirhSIx6YSY50Xy32JuZ/vXaiw0s/pSJONBF4dihMGNQRnOQAu1QSrNnIAMKSml8h7iOJsDZpzV3RdPA0Nqm4ixksQ+Os4hq+Oy9Wr7N8cuAIHIMScMEFqIJbUAN1gMEjeAGv4M16tt6tD+tzNrpiZTuHYE7W1y/mcZpc</latexit><latexit sha1_base64="lZfPO+LLyB+vNrmZh2fEWDoy/bU=">AAACC3icbZDLSsNAFIYnXmu9pbp0M1iEFqQkIuhGKLpxWcFeoAllMp20Q2cmYWairaGP4CO41QdwJ259CNe+iNM2C9v6w4GP/5zDOfxBzKjSjvNtrayurW9s5rby2zu7e/t24aChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfSbD0QqGol7PYqJz1FP0JBipI3VsQue7EelYfnK42hYck6H5Y5ddCrOVHAZ3AyKIFOtY/943QgnnAiNGVKq7Tqx9lMkNcWMjPNeokiM8AD1SNugQJwoP52+PoYnxunCMJKmhIZT9+9GirhSIx6YSY50Xy32JuZ/vXaiw0s/pSJONBF4dihMGNQRnOQAu1QSrNnIAMKSml8h7iOJsDZpzV3RdPA0Nqm4ixksQ+Os4hq+Oy9Wr7N8cuAIHIMScMEFqIJbUAN1gMEjeAGv4M16tt6tD+tzNrpiZTuHYE7W1y/mcZpc</latexit><latexit sha1_base64="lZfPO+LLyB+vNrmZh2fEWDoy/bU=">AAACC3icbZDLSsNAFIYnXmu9pbp0M1iEFqQkIuhGKLpxWcFeoAllMp20Q2cmYWairaGP4CO41QdwJ259CNe+iNM2C9v6w4GP/5zDOfxBzKjSjvNtrayurW9s5rby2zu7e/t24aChokRiUscRi2QrQIowKkhdU81IK5YE8YCRZjC4mfSbD0QqGol7PYqJz1FP0JBipI3VsQue7EelYfnK42hYck6H5Y5ddCrOVHAZ3AyKIFOtY/943QgnnAiNGVKq7Tqx9lMkNcWMjPNeokiM8AD1SNugQJwoP52+PoYnxunCMJKmhIZT9+9GirhSIx6YSY50Xy32JuZ/vXaiw0s/pSJONBF4dihMGNQRnOQAu1QSrNnIAMKSml8h7iOJsDZpzV3RdPA0Nqm4ixksQ+Os4hq+Oy9Wr7N8cuAIHIMScMEFqIJbUAN1gMEjeAGv4M16tt6tD+tzNrpiZTuHYE7W1y/mcZpc</latexit>

|⇢(x)� ⇢(y)|  |x� y|
<latexit sha1_base64="e9QdMISJ7+2ceCMD9fmvx6e6sns=">AAACFHicbZC7TsMwFIadcivlFmCDJaJCaodWCUKCsYKFsUj0IjVV5bhOa9WJg+2ghqQST8EjsMIDsCFWdmZeBDfNQFuOZPnT/5+jY/9OQImQpvmt5VZW19Y38puFre2d3T19/6ApWMgRbiBGGW87UGBKfNyQRFLcDjiGnkNxyxldT/3WA+aCMP9ORgHuenDgE5cgKJXU048Smw9ZaVyupHdUTmyK75NxJUp6etGsmmkZy2BlUARZ1Xv6j91nKPSwLxGFQnQsM5DdGHJJEMWTgh0KHEA0ggPcUehDD4tunP5hYpwqpW+4jKvjSyNV/07E0BMi8hzV6UE5FIveVPzP64TSvezGxA9CiX00W+SG1JDMmAZi9AnHSNJIAUScqLcaaAg5RFLFNrdFktHjRKViLWawDM2zqqX49rxYu8ryyYNjcAJKwAIXoAZuQB00AAJP4AW8gjftWXvXPrTPWWtOy2YOwVxpX7887576</latexit><latexit sha1_base64="e9QdMISJ7+2ceCMD9fmvx6e6sns=">AAACFHicbZC7TsMwFIadcivlFmCDJaJCaodWCUKCsYKFsUj0IjVV5bhOa9WJg+2ghqQST8EjsMIDsCFWdmZeBDfNQFuOZPnT/5+jY/9OQImQpvmt5VZW19Y38puFre2d3T19/6ApWMgRbiBGGW87UGBKfNyQRFLcDjiGnkNxyxldT/3WA+aCMP9ORgHuenDgE5cgKJXU048Smw9ZaVyupHdUTmyK75NxJUp6etGsmmkZy2BlUARZ1Xv6j91nKPSwLxGFQnQsM5DdGHJJEMWTgh0KHEA0ggPcUehDD4tunP5hYpwqpW+4jKvjSyNV/07E0BMi8hzV6UE5FIveVPzP64TSvezGxA9CiX00W+SG1JDMmAZi9AnHSNJIAUScqLcaaAg5RFLFNrdFktHjRKViLWawDM2zqqX49rxYu8ryyYNjcAJKwAIXoAZuQB00AAJP4AW8gjftWXvXPrTPWWtOy2YOwVxpX7887576</latexit><latexit sha1_base64="e9QdMISJ7+2ceCMD9fmvx6e6sns=">AAACFHicbZC7TsMwFIadcivlFmCDJaJCaodWCUKCsYKFsUj0IjVV5bhOa9WJg+2ghqQST8EjsMIDsCFWdmZeBDfNQFuOZPnT/5+jY/9OQImQpvmt5VZW19Y38puFre2d3T19/6ApWMgRbiBGGW87UGBKfNyQRFLcDjiGnkNxyxldT/3WA+aCMP9ORgHuenDgE5cgKJXU048Smw9ZaVyupHdUTmyK75NxJUp6etGsmmkZy2BlUARZ1Xv6j91nKPSwLxGFQnQsM5DdGHJJEMWTgh0KHEA0ggPcUehDD4tunP5hYpwqpW+4jKvjSyNV/07E0BMi8hzV6UE5FIveVPzP64TSvezGxA9CiX00W+SG1JDMmAZi9AnHSNJIAUScqLcaaAg5RFLFNrdFktHjRKViLWawDM2zqqX49rxYu8ryyYNjcAJKwAIXoAZuQB00AAJP4AW8gjftWXvXPrTPWWtOy2YOwVxpX7887576</latexit><latexit sha1_base64="e9QdMISJ7+2ceCMD9fmvx6e6sns=">AAACFHicbZC7TsMwFIadcivlFmCDJaJCaodWCUKCsYKFsUj0IjVV5bhOa9WJg+2ghqQST8EjsMIDsCFWdmZeBDfNQFuOZPnT/5+jY/9OQImQpvmt5VZW19Y38puFre2d3T19/6ApWMgRbiBGGW87UGBKfNyQRFLcDjiGnkNxyxldT/3WA+aCMP9ORgHuenDgE5cgKJXU048Smw9ZaVyupHdUTmyK75NxJUp6etGsmmkZy2BlUARZ1Xv6j91nKPSwLxGFQnQsM5DdGHJJEMWTgh0KHEA0ggPcUehDD4tunP5hYpwqpW+4jKvjSyNV/07E0BMi8hzV6UE5FIveVPzP64TSvezGxA9CiX00W+SG1JDMmAZi9AnHSNJIAUScqLcaaAg5RFLFNrdFktHjRKViLWawDM2zqqX49rxYu8ryyYNjcAJKwAIXoAZuQB00AAJP4AW8gjftWXvXPrTPWWtOy2YOwVxpX7887576</latexit>

s.t.
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W1
<latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit>

W2
<latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

WJ
<latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit>

x
<latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit> �(x)

<latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit>

input signal output signal

…
Schematic

u1
<latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit><latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit><latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit><latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit>

u2
<latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit><latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit><latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit><latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit>

�
<latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit>
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W1
<latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit>

W2
<latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

WJ
<latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit>

x
<latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit> �(x)

<latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit>

input signal output signal

…
Schematic

Engineering

u1
<latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit><latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit><latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit><latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit>

u2
<latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit><latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit><latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit><latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit>

�
<latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit>



Convolutional Neural 
Networks

29

W1
<latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit>

W2
<latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

WJ
<latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit>

x
<latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit> �(x)

<latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit>

input signal output signal

…
Schematic

Engineering

u1
<latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit><latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit><latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit><latexit sha1_base64="4PXrF4dbFDbNn1x1EPkmhJpwQ7E=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrIel5vXLFrbozkVXwcqhArnqv/NPtRywJuUImqTEdz43RT6lGwSTPSt3E8JiyMR3yjkVFQ278dHZqRs6s0yeDSNunkMzcvxMpDY2ZhIHtDCmOzHJtav5X6yQ4uPZToeIEuWLzRYNEEozI9N+kLzRnKCcWKNPC3krYiGrK0KazsAXF+DmzqXjLGaxC86LqWb6/rNRu8nyKcAKncA4eXEEN7qAODWAwhBd4hTcnc96dD+dz3lpw8pljWJDz9Qs3a5Uy</latexit>

u2
<latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit><latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit><latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit><latexit sha1_base64="oZXwHkOyBaQcPOO26ZlnF7/ftbo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6SHvVXqnsVtyZyCp4OZQhV71X+un2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjkVFI278bHbqhJxbp0/CWNunkMzcvxMZjYwZR4HtjCgOzXJtav5X66QYXvuZUEmKXLH5ojCVBGMy/TfpC80ZyrEFyrSwtxI2pJoytOksbEExep7YVLzlDFahWa14lu8vy7WbPJ8CnMIZXIAHV1CDO6hDAxgM4AVe4c2ZOO/Oh/M5b11z8pkTWJDz9Qs5AJUz</latexit>

�
<latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit>

xj+1(u,�j+1) = ⇢

 
X

�j

⇣
xj(.,�j) ? w�j ,�j+1

⌘
(u)

!

<latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="N7A1msx2bmSIe/Z4eloM3jU2Mrc=">AAAB6nicbZDNSgMxFIXv1L9aq9a1m2ARXJUZN7oU3LisYH+gLSWTudOGZjJDckcYh76AWx/AnfhKrn0R05+FtR4IfJyTcG9OmClpyfe/vMrO7t7+QfWwdlSvHZ+cNupdm+ZGYEekKjX9kFtUUmOHJCnsZwZ5EirshbP7Rd57RmNlqp+oyHCU8ImWsRScnNUeN5p+y1+KbUOwhiasNW58D6NU5AlqEopbOwj8jEYlNySFwnltmFvMuJjxCQ4cap6gHZXLNefs0jkRi1Pjjia2dH+/KHlibZGE7mbCaWr/Zgvzv2yQU3w7KqXOckItVoPiXDFK2eLPLJIGBanCARdGul2ZmHLDBblmNqaQnL3MXSnB3wq2oXvdChw/+lCFc7iAKwjgBu7gAdrQAQERvMKbV3jv3seqvIq3bvEMNuR9/gDwdpG8</latexit><latexit sha1_base64="/j22GuKtIP2yzxeSs5WOJ3SXRJM="></latexit><latexit sha1_base64="/j22GuKtIP2yzxeSs5WOJ3SXRJM="></latexit><latexit sha1_base64="qQM3iVB5ydUJqDi/RIsI0KGzYHI="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit><latexit sha1_base64="zoq6TWely2xuAXlP110c15DGK+0="></latexit>

xj+1 = ⇢Wjxj
<latexit sha1_base64="1bFWbuTBDAbKX7SBCGixbf96hBA=">AAACDnicbZDLSsNAFIYn9VbrLV52bgaLIAglEUE3QtGNywr2Am0Ik+m0nXYyE2Ym0jbkHXwEt/oA7sStr+DaF3HaZmFbfzjw8Z9zOIc/iBhV2nG+rdzK6tr6Rn6zsLW9s7tn7x/UlIglJlUsmJCNACnCKCdVTTUjjUgSFAaM1IPB3aRffyJSUcEf9SgiXoi6nHYoRtpYvn009JP+uZvetGRPwLrfh0O/79tFp+RMBZfBzaAIMlV8+6fVFjgOCdeYIaWarhNpL0FSU8xIWmjFikQID1CXNA1yFBLlJdPvU3hqnDbsCGmKazh1/24kKFRqFAZmMkS6pxZ7E/O/XjPWnWsvoTyKNeF4dqgTM6gFnEQB21QSrNnIAMKSml8h7iGJsDaBzV3RdDBOTSruYgbLULsouYYfLovl2yyfPDgGJ+AMuOAKlME9qIAqwGAMXsAreLOerXfrw/qcjeasbOcQzMn6+gUHWZwg</latexit><latexit sha1_base64="1bFWbuTBDAbKX7SBCGixbf96hBA=">AAACDnicbZDLSsNAFIYn9VbrLV52bgaLIAglEUE3QtGNywr2Am0Ik+m0nXYyE2Ym0jbkHXwEt/oA7sStr+DaF3HaZmFbfzjw8Z9zOIc/iBhV2nG+rdzK6tr6Rn6zsLW9s7tn7x/UlIglJlUsmJCNACnCKCdVTTUjjUgSFAaM1IPB3aRffyJSUcEf9SgiXoi6nHYoRtpYvn009JP+uZvetGRPwLrfh0O/79tFp+RMBZfBzaAIMlV8+6fVFjgOCdeYIaWarhNpL0FSU8xIWmjFikQID1CXNA1yFBLlJdPvU3hqnDbsCGmKazh1/24kKFRqFAZmMkS6pxZ7E/O/XjPWnWsvoTyKNeF4dqgTM6gFnEQB21QSrNnIAMKSml8h7iGJsDaBzV3RdDBOTSruYgbLULsouYYfLovl2yyfPDgGJ+AMuOAKlME9qIAqwGAMXsAreLOerXfrw/qcjeasbOcQzMn6+gUHWZwg</latexit><latexit sha1_base64="1bFWbuTBDAbKX7SBCGixbf96hBA=">AAACDnicbZDLSsNAFIYn9VbrLV52bgaLIAglEUE3QtGNywr2Am0Ik+m0nXYyE2Ym0jbkHXwEt/oA7sStr+DaF3HaZmFbfzjw8Z9zOIc/iBhV2nG+rdzK6tr6Rn6zsLW9s7tn7x/UlIglJlUsmJCNACnCKCdVTTUjjUgSFAaM1IPB3aRffyJSUcEf9SgiXoi6nHYoRtpYvn009JP+uZvetGRPwLrfh0O/79tFp+RMBZfBzaAIMlV8+6fVFjgOCdeYIaWarhNpL0FSU8xIWmjFikQID1CXNA1yFBLlJdPvU3hqnDbsCGmKazh1/24kKFRqFAZmMkS6pxZ7E/O/XjPWnWsvoTyKNeF4dqgTM6gFnEQB21QSrNnIAMKSml8h7iGJsDaBzV3RdDBOTSruYgbLULsouYYfLovl2yyfPDgGJ+AMuOAKlME9qIAqwGAMXsAreLOerXfrw/qcjeasbOcQzMn6+gUHWZwg</latexit><latexit sha1_base64="1bFWbuTBDAbKX7SBCGixbf96hBA=">AAACDnicbZDLSsNAFIYn9VbrLV52bgaLIAglEUE3QtGNywr2Am0Ik+m0nXYyE2Ym0jbkHXwEt/oA7sStr+DaF3HaZmFbfzjw8Z9zOIc/iBhV2nG+rdzK6tr6Rn6zsLW9s7tn7x/UlIglJlUsmJCNACnCKCdVTTUjjUgSFAaM1IPB3aRffyJSUcEf9SgiXoi6nHYoRtpYvn009JP+uZvetGRPwLrfh0O/79tFp+RMBZfBzaAIMlV8+6fVFjgOCdeYIaWarhNpL0FSU8xIWmjFikQID1CXNA1yFBLlJdPvU3hqnDbsCGmKazh1/24kKFRqFAZmMkS6pxZ7E/O/XjPWnWsvoTyKNeF4dqgTM6gFnEQB21QSrNnIAMKSml8h7iGJsDaBzV3RdDBOTSruYgbLULsouYYfLovl2yyfPDgGJ+AMuOAKlME9qIAqwGAMXsAreLOerXfrw/qcjeasbOcQzMn6+gUHWZwg</latexit>

Each layer:

that leads to:

learned kernel

Sometimes some "pooling" are incorporated, mainly for speed purposes.

Again, this leads to a non convex loss.



Zoom on the parametrisation

Ref.: Signal Processing Tour, Mallat 1999
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Zoom on the parametrisation
• Very often, the filters of a CNN have a small support (3x3) 

and are interlaced with downsampling. 

Ref.: Signal Processing Tour, Mallat 1999
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<latexit sha1_base64="6wrMAskruFpm8zUxIg9FoHAYVNg="></latexit>

y[n,�i+1] =
X

i

x[.,�i] ? k�i+1,�i [2n]

<latexit sha1_base64="vOco1IrcjwXGBuJa+W7cdM5kxkg=">AAAB+3icbVBNT8JAEJ3iF+IX6tHLRmLiibRGo0eiF48YBUmgIdtlCxu222Z3aoKkP8Gr/gBvxqs/xrN/xAV6EPAlk7y8N5OZeUEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGniVDPeYLGMdSughkuheAMFSt5KNKdRIPljMLyZ+I9PXBsRqwccJdyPaF+JUDCKVrpPu163XHGr7hRkmXg5qUCOerf80+nFLI24QiapMW3PTdAfU42CSZ6VOqnhCWVD2udtSxWNuPHH01MzcmKVHgljbUshmap/J8Y0MmYUBbYzojgwi95E/M9rpxhe+WOhkhS5YrNFYSoJxmTyN+kJzRnKkSWUaWFvJWxANWVo05nbgmL4nNlUvMUMlknzrOpdVN2780rtOs+nCEdwDKfgwSXU4Bbq0AAGfXiBV3hzMufd+XA+Z60FJ585hDk4X784u5U2</latexit>u1
<latexit sha1_base64="Ra9LRN1UZsc/H2K20rD+eLOaM08=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPRi8eK9gPaUDbbTbt0swm7E6GG/ASv+gO8iVd/jGf/iNs2B9v6YODx3gwz8/xYcI2O820V1tY3NreK26Wd3b39g/LhUUtHiaKsSSMRqY5PNBNcsiZyFKwTK0ZCX7C2P76d+u0npjSP5CNOYuaFZCh5wClBIz0k/Vq/XHGqzgz2KnFzUoEcjX75pzeIaBIyiVQQrbuuE6OXEoWcCpaVeolmMaFjMmRdQyUJmfbS2amZfWaUgR1EypREe6b+nUhJqPUk9E1nSHCkl72p+J/XTTC49lIu4wSZpPNFQSJsjOzp3/aAK0ZRTAwhVHFzq01HRBGKJp2FLcjHz5lJxV3OYJW0alX3surcX1TqN3k+RTiBUzgHF66gDnfQgCZQGMILvMKblVnv1of1OW8tWPnMMSzA+voFOlCVNw==</latexit>u2

<latexit sha1_base64="Jig8RCvNdqA19bu4y5J4sp7tNMc=">AAACAXicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxmUF+5B2KJlMpg1NMkNyR6hDV36CW/0Ad+LWL3Htj5i2s7CtBwKHc87l3pwgEdyA6347hZXVtfWN4mZpa3tnd6+8f9A0caopa9BYxLodEMMEV6wBHARrJ5oRGQjWCoY3E7/1yLThsbqHUcJ8SfqKR5wSsNJDV9hoSHq8V664VXcKvEy8nFRQjnqv/NMNY5pKpoAKYkzHcxPwM6KBU8HGpW5qWELokPRZx1JFJDN+Nj14jE+sEuIo1vYpwFP170RGpDEjGdikJDAwi95E/M/rpBBd+RlXSQpM0dmiKBUYYjz5PQ65ZhTEyBJCNbe3YjogmlCwHc1tAT58GttWvMUOlknzrOpdVN2780rtOu+niI7QMTpFHrpENXSL6qiBKJLoBb2iN+fZeXc+nM9ZtODkM4doDs7XLxhBl/I=</latexit>

�i



Zoom on the parametrisation
• Very often, the filters of a CNN have a small support (3x3) 

and are interlaced with downsampling. 

• Similar to a Wavelet Transform. 
 
 
 
 

Ref.: Signal Processing Tour, Mallat 1999
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<latexit sha1_base64="6wrMAskruFpm8zUxIg9FoHAYVNg="></latexit>

y[n,�i+1] =
X

i

x[.,�i] ? k�i+1,�i [2n]

<latexit sha1_base64="vOco1IrcjwXGBuJa+W7cdM5kxkg=">AAAB+3icbVBNT8JAEJ3iF+IX6tHLRmLiibRGo0eiF48YBUmgIdtlCxu222Z3aoKkP8Gr/gBvxqs/xrN/xAV6EPAlk7y8N5OZeUEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGniVDPeYLGMdSughkuheAMFSt5KNKdRIPljMLyZ+I9PXBsRqwccJdyPaF+JUDCKVrpPu163XHGr7hRkmXg5qUCOerf80+nFLI24QiapMW3PTdAfU42CSZ6VOqnhCWVD2udtSxWNuPHH01MzcmKVHgljbUshmap/J8Y0MmYUBbYzojgwi95E/M9rpxhe+WOhkhS5YrNFYSoJxmTyN+kJzRnKkSWUaWFvJWxANWVo05nbgmL4nNlUvMUMlknzrOpdVN2780rtOs+nCEdwDKfgwSXU4Bbq0AAGfXiBV3hzMufd+XA+Z60FJ585hDk4X784u5U2</latexit>u1
<latexit sha1_base64="Ra9LRN1UZsc/H2K20rD+eLOaM08=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPRi8eK9gPaUDbbTbt0swm7E6GG/ASv+gO8iVd/jGf/iNs2B9v6YODx3gwz8/xYcI2O820V1tY3NreK26Wd3b39g/LhUUtHiaKsSSMRqY5PNBNcsiZyFKwTK0ZCX7C2P76d+u0npjSP5CNOYuaFZCh5wClBIz0k/Vq/XHGqzgz2KnFzUoEcjX75pzeIaBIyiVQQrbuuE6OXEoWcCpaVeolmMaFjMmRdQyUJmfbS2amZfWaUgR1EypREe6b+nUhJqPUk9E1nSHCkl72p+J/XTTC49lIu4wSZpPNFQSJsjOzp3/aAK0ZRTAwhVHFzq01HRBGKJp2FLcjHz5lJxV3OYJW0alX3surcX1TqN3k+RTiBUzgHF66gDnfQgCZQGMILvMKblVnv1of1OW8tWPnMMSzA+voFOlCVNw==</latexit>u2

<latexit sha1_base64="Jig8RCvNdqA19bu4y5J4sp7tNMc=">AAACAXicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxmUF+5B2KJlMpg1NMkNyR6hDV36CW/0Ad+LWL3Htj5i2s7CtBwKHc87l3pwgEdyA6347hZXVtfWN4mZpa3tnd6+8f9A0caopa9BYxLodEMMEV6wBHARrJ5oRGQjWCoY3E7/1yLThsbqHUcJ8SfqKR5wSsNJDV9hoSHq8V664VXcKvEy8nFRQjnqv/NMNY5pKpoAKYkzHcxPwM6KBU8HGpW5qWELokPRZx1JFJDN+Nj14jE+sEuIo1vYpwFP170RGpDEjGdikJDAwi95E/M/rpBBd+RlXSQpM0dmiKBUYYjz5PQ65ZhTEyBJCNbe3YjogmlCwHc1tAT58GttWvMUOlknzrOpdVN2780rtOu+niI7QMTpFHrpENXSL6qiBKJLoBb2iN+fZeXc+nM9ZtODkM4doDs7XLxhBl/I=</latexit>

�i



Zoom on the parametrisation
• Very often, the filters of a CNN have a small support (3x3) 

and are interlaced with downsampling. 

• Similar to a Wavelet Transform. 
 
 
 
 

• Except the sum isn’t separable.

Ref.: Signal Processing Tour, Mallat 1999
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<latexit sha1_base64="6wrMAskruFpm8zUxIg9FoHAYVNg="></latexit>

y[n,�i+1] =
X

i

x[.,�i] ? k�i+1,�i [2n]

<latexit sha1_base64="vOco1IrcjwXGBuJa+W7cdM5kxkg=">AAAB+3icbVBNT8JAEJ3iF+IX6tHLRmLiibRGo0eiF48YBUmgIdtlCxu222Z3aoKkP8Gr/gBvxqs/xrN/xAV6EPAlk7y8N5OZeUEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGniVDPeYLGMdSughkuheAMFSt5KNKdRIPljMLyZ+I9PXBsRqwccJdyPaF+JUDCKVrpPu163XHGr7hRkmXg5qUCOerf80+nFLI24QiapMW3PTdAfU42CSZ6VOqnhCWVD2udtSxWNuPHH01MzcmKVHgljbUshmap/J8Y0MmYUBbYzojgwi95E/M9rpxhe+WOhkhS5YrNFYSoJxmTyN+kJzRnKkSWUaWFvJWxANWVo05nbgmL4nNlUvMUMlknzrOpdVN2780rtOs+nCEdwDKfgwSXU4Bbq0AAGfXiBV3hzMufd+XA+Z60FJ585hDk4X784u5U2</latexit>u1
<latexit sha1_base64="Ra9LRN1UZsc/H2K20rD+eLOaM08=">AAAB+3icbVBNS8NAEJ3Ur1q/qh69BIvgqSRF0WPRi8eK9gPaUDbbTbt0swm7E6GG/ASv+gO8iVd/jGf/iNs2B9v6YODx3gwz8/xYcI2O820V1tY3NreK26Wd3b39g/LhUUtHiaKsSSMRqY5PNBNcsiZyFKwTK0ZCX7C2P76d+u0npjSP5CNOYuaFZCh5wClBIz0k/Vq/XHGqzgz2KnFzUoEcjX75pzeIaBIyiVQQrbuuE6OXEoWcCpaVeolmMaFjMmRdQyUJmfbS2amZfWaUgR1EypREe6b+nUhJqPUk9E1nSHCkl72p+J/XTTC49lIu4wSZpPNFQSJsjOzp3/aAK0ZRTAwhVHFzq01HRBGKJp2FLcjHz5lJxV3OYJW0alX3surcX1TqN3k+RTiBUzgHF66gDnfQgCZQGMILvMKblVnv1of1OW8tWPnMMSzA+voFOlCVNw==</latexit>u2

<latexit sha1_base64="Jig8RCvNdqA19bu4y5J4sp7tNMc=">AAACAXicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxmUF+5B2KJlMpg1NMkNyR6hDV36CW/0Ad+LWL3Htj5i2s7CtBwKHc87l3pwgEdyA6347hZXVtfWN4mZpa3tnd6+8f9A0caopa9BYxLodEMMEV6wBHARrJ5oRGQjWCoY3E7/1yLThsbqHUcJ8SfqKR5wSsNJDV9hoSHq8V664VXcKvEy8nFRQjnqv/NMNY5pKpoAKYkzHcxPwM6KBU8HGpW5qWELokPRZx1JFJDN+Nj14jE+sEuIo1vYpwFP170RGpDEjGdikJDAwi95E/M/rpBBd+RlXSQpM0dmiKBUYYjz5PQ65ZhTEyBJCNbe3YjogmlCwHc1tAT58GttWvMUOlknzrOpdVN2780rtOu+niI7QMTpFHrpENXSL6qiBKJLoBb2iN+fZeXc+nM9ZtODkM4doDs7XLxhBl/I=</latexit>

�i



Back-propagation computations 31

W1
<latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit>

W2
<latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

WJ
<latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit>

x
<latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit> loss(x, y)

<latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit><latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit><latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit><latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit>

�✓1
<latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit><latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit><latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit><latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit>

�✓2
<latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit><latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit><latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit><latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit>

�✓J
<latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit><latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit><latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit><latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit>

rxj (E) =
@(⇢Wj)

@xj

T

rxj+1(E)
<latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit><latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit><latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit><latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit>

r✓j (E) =
@(⇢Wj)

@✓j

T

rxj+1(E)
<latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit><latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit><latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit><latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit>

= E
<latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit><latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit><latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit><latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit>



Back-propagation computations 31

W1
<latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit>

W2
<latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

WJ
<latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit>

x
<latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit> loss(x, y)

<latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit><latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit><latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit><latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit>

�✓1
<latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit><latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit><latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit><latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit>

�✓2
<latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit><latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit><latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit><latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit>

�✓J
<latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit><latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit><latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit><latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit>

rxj (E) =
@(⇢Wj)

@xj

T

rxj+1(E)
<latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit><latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit><latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit><latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit>

r✓j (E) =
@(⇢Wj)

@✓j

T

rxj+1(E)
<latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit><latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit><latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit><latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit>

= E
<latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit><latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit><latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit><latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit>



Back-propagation computations

• Intermediary representations objectives are not 
explicitly specified.

31

W1
<latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit>

W2
<latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

WJ
<latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit>

x
<latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit> loss(x, y)

<latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit><latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit><latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit><latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit>

�✓1
<latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit><latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit><latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit><latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit>

�✓2
<latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit><latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit><latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit><latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit>

�✓J
<latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit><latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit><latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit><latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit>

rxj (E) =
@(⇢Wj)

@xj

T

rxj+1(E)
<latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit><latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit><latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit><latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit>

r✓j (E) =
@(⇢Wj)

@✓j

T

rxj+1(E)
<latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit><latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit><latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit><latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit>

= E
<latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit><latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit><latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit><latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit>



Back-propagation computations

• Intermediary representations objectives are not 
explicitly specified.

• Difficult to distribute the model …but GPUs!

31

W1
<latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit>

W2
<latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

WJ
<latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit>

x
<latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit><latexit sha1_base64="XITmdZzRSHUvbPuqN9+ReUSWG1w=">AAAB+XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunHZgr1AG8pkOmmHTiZh5kSsoU/gVh/Anbj1aVz7Ik7bLGz1h4GP/5zDOfMHiRQGXffLKaytb2xuFbdLO7t7+wflw6OWiVPNeJPFMtadgBouheJNFCh5J9GcRoHk7WB8O6u3H7g2Ilb3OEm4H9GhEqFgFK3VeOyXK27VnYv8BS+HCuSq98vfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961qGjEjZ/ND52SM+sMSBhr+xSSuft7IqORMZMosJ0RxZFZrc3M/2rdFMNrPxMqSZErtlgUppJgTGa/JgOhOUM5sUCZFvZWwkZUU4Y2m6UtKMZPU5uKt5rBX2hdVD3LjctK7SbPpwgncArn4MEV1OAO6tAEBhye4QVencx5c96dj0VrwclnjmFJzucPDRaUkQ==</latexit> loss(x, y)

<latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit><latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit><latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit><latexit sha1_base64="XEEJBtKCuR0E2GN73KylkCh1kVI=">AAACCnicbZDLSsNAFIYn9VbrLerSzWARKkhJRNBl0Y3LCvYCbSiT6aQdOrkwc1IaQ97AR3CrD+BO3PoSrn0Rp20WtvWHAx//OYdz+N1IcAWW9W0U1tY3NreK26Wd3b39A/PwqKnCWFLWoKEIZdsligkesAZwEKwdSUZ8V7CWO7qb9ltjJhUPg0dIIub4ZBBwj1MC2uqZZhfYBFIRKpVVJhfJec8sW1VrJrwKdg5llKveM3+6/ZDGPguACqJUx7YicFIigVPBslI3ViwidEQGrKMxID5TTjr7PMNn2uljL5S6AsAz9+9GSnylEt/Vkz6BoVruTc3/ep0YvBsn5UEUAwvo/JAXCwwhnsaA+1wyCiLRQKjk+ldMh0QSCjqshSvAR0+ZTsVezmAVmpdVW/PDVbl2m+dTRCfoFFWQja5RDd2jOmogisboBb2iN+PZeDc+jM/5aMHId47RgoyvXxeWmyg=</latexit>

�✓1
<latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit><latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit><latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit><latexit sha1_base64="FJ93IG95yiBaqIfpuO2S57ezx+g="></latexit>

Rem.: Yet, this paradigm has simplified lot of frameworks. ex.: pytorch on GPUs!

�✓2
<latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit><latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit><latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit><latexit sha1_base64="p1Z8ulC15Ug64E3TeVBpeBT4MwI="></latexit>

�✓J
<latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit><latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit><latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit><latexit sha1_base64="XATtchrL3fpFafE468rrSccPRro="></latexit>

rxj (E) =
@(⇢Wj)

@xj

T

rxj+1(E)
<latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit><latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit><latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit><latexit sha1_base64="F4g1qFcy488Jd5KSAfVVT6jMuuE="></latexit>

r✓j (E) =
@(⇢Wj)

@✓j

T

rxj+1(E)
<latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit><latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit><latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit><latexit sha1_base64="upFsvc+HqFadycAHLgaoOvkMSzo="></latexit>

= E
<latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit><latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit><latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit><latexit sha1_base64="L62djs5DnTtXs8glc+uzcsnN0vQ=">AAACBHicdVDLSgMxFL1TX/VddekmWARXZaYObV0IRRFcVrAP6Awlk2ba0MyDJCPUoVs/wa1+gDtx63+49kfMtBWs6IHA4Zx7uSfHizmTyjQ/jNzS8srqWn59Y3Nre2e3sLffklEiCG2SiEei42FJOQtpUzHFaScWFAcep21vdJn57TsqJIvCWzWOqRvgQch8RrDSknPuBFgNCebp1aRXKJqls1qlbFeQWTLNqlW2MlKu2qc2srSSoQhzNHqFT6cfkSSgoSIcS9m1zFi5KRaKEU4nG04iaYzJCA9oV9MQB1S66TTzBB1rpY/8SOgXKjRVf26kOJByHHh6Mosof3uZ+JfXTZRfc1MWxomiIZkd8hOOVISyAlCfCUoUH2uCiWA6KyJDLDBRuqaFK4qN7rNWvr+O/ietcsnS/MYu1i/m/eThEI7gBCyoQh2uoQFNIBDDIzzBs/FgvBivxttsNGfMdw5gAcb7F84umXk=</latexit>



Training Pipeline
• Once the model           and the loss    is fixed the model is 

trained via mini-batch:
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<latexit sha1_base64="v60A6uuBALePdTUp/5NqbqvKlsw=">AAACBnicdVDLTgJBEJz1ifhCPXqZSEzwQnbXFTBeiF48YiKPhEUyOwwwYfaRmV4jEu5+glf9AG/Gq7/h2R9xFjARo5V0UqnqTneXFwmuwDQ/jIXFpeWV1dRaen1jc2s7s7NbU2EsKavSUISy4RHFBA9YFTgI1ogkI74nWN0bXCR+/ZZJxcPgGoYRa/mkF/AupwS0dONW+jx3d+ZCnwE5ameyZv60VLCdAjbzplm0bCshdtE5drCllQRZNEOlnfl0OyGNfRYAFUSppmVG0BoRCZwKNk67sWIRoQPSY01NA+Iz1RpNrh7jQ610cDeUugLAE/XnxIj4Sg19T3f6BPrqt5eIf3nNGLql1ogHUQwsoNNF3VhgCHESAe5wySiIoSaESq5vxbRPJKGgg5rbAnxwP9apfL+O/yc1O2+d5M0rJ1s+n+WTQvvoAOWQhYqojC5RBVURRRI9oif0bDwYL8ar8TZtXTBmM3toDsb7F4tJmdQ=</latexit>

�(x; ✓)
<latexit sha1_base64="zUs+okT1xNcL2z1c7k+s69tE71Q=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjJ1bOuu6MZlBfuAdiiZNNOGZjJDkhHqUD/BrX6AO3Hrv7j2R8y0FazogQuHc+7l3nv8mDOlEfqwciura+sb+c3C1vbO7l5x/6ClokQS2iQRj2THx4pyJmhTM81pJ5YUhz6nbX98lfntOyoVi8StnsTUC/FQsIARrDOpRznvF0vIvqhVym4FIhuhqlN2MlKuumcudIySoQQWaPSLn71BRJKQCk04VqrroFh7KZaaEU6nhV6iaIzJGA9p11CBQ6q8dHbrFJ4YZQCDSJoSGs7UnxMpDpWahL7pDLEeqd9eJv7ldRMd1LyUiTjRVJD5oiDhUEcwexwOmKRE84khmEhmboVkhCUm2sSztEWz8f3UpPL9OvyftMq2c26jG7dUv1zkkwdH4BicAgdUQR1cgwZoAgJG4BE8gWfrwXqxXq23eWvOWswcgiVY71+tWZYW</latexit>

`
<latexit sha1_base64="FssHZgaSb9nfEaOfhVa/7tlq7T0="></latexit>

✓t+1 = ✓t � ↵t

BX

i=1

r(` � �)(Xt
i ; ✓

t)



Training Pipeline
• Once the model           and the loss    is fixed the model is 

trained via mini-batch:

32

<latexit sha1_base64="v60A6uuBALePdTUp/5NqbqvKlsw=">AAACBnicdVDLTgJBEJz1ifhCPXqZSEzwQnbXFTBeiF48YiKPhEUyOwwwYfaRmV4jEu5+glf9AG/Gq7/h2R9xFjARo5V0UqnqTneXFwmuwDQ/jIXFpeWV1dRaen1jc2s7s7NbU2EsKavSUISy4RHFBA9YFTgI1ogkI74nWN0bXCR+/ZZJxcPgGoYRa/mkF/AupwS0dONW+jx3d+ZCnwE5ameyZv60VLCdAjbzplm0bCshdtE5drCllQRZNEOlnfl0OyGNfRYAFUSppmVG0BoRCZwKNk67sWIRoQPSY01NA+Iz1RpNrh7jQ610cDeUugLAE/XnxIj4Sg19T3f6BPrqt5eIf3nNGLql1ogHUQwsoNNF3VhgCHESAe5wySiIoSaESq5vxbRPJKGgg5rbAnxwP9apfL+O/yc1O2+d5M0rJ1s+n+WTQvvoAOWQhYqojC5RBVURRRI9oif0bDwYL8ar8TZtXTBmM3toDsb7F4tJmdQ=</latexit>

�(x; ✓)
<latexit sha1_base64="zUs+okT1xNcL2z1c7k+s69tE71Q=">AAAB/HicdVDLSgMxFM3UV62vqks3wSK4GjJ1bOuu6MZlBfuAdiiZNNOGZjJDkhHqUD/BrX6AO3Hrv7j2R8y0FazogQuHc+7l3nv8mDOlEfqwciura+sb+c3C1vbO7l5x/6ClokQS2iQRj2THx4pyJmhTM81pJ5YUhz6nbX98lfntOyoVi8StnsTUC/FQsIARrDOpRznvF0vIvqhVym4FIhuhqlN2MlKuumcudIySoQQWaPSLn71BRJKQCk04VqrroFh7KZaaEU6nhV6iaIzJGA9p11CBQ6q8dHbrFJ4YZQCDSJoSGs7UnxMpDpWahL7pDLEeqd9eJv7ldRMd1LyUiTjRVJD5oiDhUEcwexwOmKRE84khmEhmboVkhCUm2sSztEWz8f3UpPL9OvyftMq2c26jG7dUv1zkkwdH4BicAgdUQR1cgwZoAgJG4BE8gWfrwXqxXq23eWvOWswcgiVY71+tWZYW</latexit>

`

Splitting dataset

into batches of size


256

training

error

Typical training time on imagenet: 100 epochs

about 2 hours per epoch

256

CPU GPU

x1 x2

Error

 backpropagated

Signal

propagated

<latexit sha1_base64="1BTEuK91yocho0JNRSh8fH0DO+o=">AAACAHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhNnJbDJkdnaZ6RXikouf4FU/wJt49U88+yNOkj2YxIKGoqqb7q4gkcKg6347K6tr6xubha3i9s7u3n7p4LBh4lQzXmexjHUroIZLoXgdBUreSjSnUSB5MxjeTvzmI9dGxOoBRwn3I9pXIhSMopVaHRxwpF2vWyq7FXcKsky8nJQhR61b+un0YpZGXCGT1Ji25yboZ1SjYJKPi53U8ISyIe3ztqWKRtz42fTeMTm1So+EsbalkEzVvxMZjYwZRYHtjCgOzKI3Ef/z2imG134mVJIiV2y2KEwlwZhMnic9oTlDObKEMi3srYQNqKYMbURzW1AMn8Y2FW8xg2XSOK94lxX3/qJcvcnzKcAxnMAZeHAFVbiDGtSBgYQXeIU359l5dz6cz1nripPPHMEcnK9fITWXZQ==</latexit>

✓1
<latexit sha1_base64="CxzcwppekvDHmo5t030d6EoSnXI=">AAACAHicbVDLTgJBEOzFF+IL9ehlIjHxRHaJRo9ELx4xkUcCGzI7zMKE2dnNTK8JEi5+glf9AG/Gq3/i2R9xgD0IWEknlarudHcFiRQGXffbya2tb2xu5bcLO7t7+wfFw6OGiVPNeJ3FMtatgBouheJ1FCh5K9GcRoHkzWB4O/Wbj1wbEasHHCXcj2hfiVAwilZqdXDAkXYr3WLJLbszkFXiZaQEGWrd4k+nF7M04gqZpMa0PTdBf0w1Cib5pNBJDU8oG9I+b1uqaMSNP57dOyFnVumRMNa2FJKZ+ndiTCNjRlFgOyOKA7PsTcX/vHaK4bU/FipJkSs2XxSmkmBMps+TntCcoRxZQpkW9lbCBlRThjaihS0ohk8Tm4q3nMEqaVTK3mXZvb8oVW+yfPJwAqdwDh5cQRXuoAZ1YCDhBV7hzXl23p0P53PemnOymWNYgPP1CyLKl2Y=</latexit>

✓2

<latexit sha1_base64="3MszQuTRCKQQBgNLmTUUmCUANI8="></latexit>

�✓2
<latexit sha1_base64="H1Ht929zfRt0bVZ+CQ0xsVfw2Xo="></latexit>

�✓1

<latexit sha1_base64="FssHZgaSb9nfEaOfhVa/7tlq7T0="></latexit>

✓t+1 = ✓t � ↵t

BX

i=1

r(` � �)(Xt
i ; ✓

t)



Cooking recipe
• Batch-normalization


• Data augmentation


• Dropout


• Learning rate

33



A strength of DL
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A strength of DL

• Data? Computer power? Not only:
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A strength of DL

• Data? Computer power? Not only:

• Flexibility&modularity: quickly benchmarking non-
linearity, layer dimension, losses, batch size, learning rate 
schedule…
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A strength of DL

• Data? Computer power? Not only:

• Flexibility&modularity: quickly benchmarking non-
linearity, layer dimension, losses, batch size, learning rate 
schedule…

• Is it overfitting? Clearly, yet the representations learned 
are empirically useful.

34



One detailed example: the AlexNet
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One detailed example: the AlexNet
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Introduction to

image classification

Fighting the curse of dimensionality

with Deep Neural Networks

Interpretability in Deep Learning Statistical learning results

Cf =

Z

RD

k!k1 |f̂(!)| d!
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Under the hood of 

Deep Neural Networks



Model for the first layer

• Consider Gabor filters and fit the model.

38

 C,D,⇠(u) = Ce�uTDueiu
T ⇠

<latexit sha1_base64="qkJ/KPVlti6BHaCxnJrQdHZzIPI=">AAACI3icbZDJSgNBEIZ7XGPcRj16aQxCAjHMiKAXIZgcPEbIBtno6fQkTXoWehHjMM/gU/gIXvUBvIkXD558EXuSHExiQcPH/1dR1b8TMiqkZX0ZK6tr6xubqa309s7u3r55cFgXgeKY1HDAAt50kCCM+qQmqWSkGXKCPIeRhjMqJX7jnnBBA78qxyHpeGjgU5diJLXUM3PtUNBeVMqX8+0HGmdV7rpEutGZ6lbLKoYaqcbE6pkZq2BNCi6DPYMMmFWlZ/60+wFWHvElZkiIlm2FshMhLilmJE63lSAhwiM0IC2NPvKI6ESTL8XwVCt96AZcP1/Cifp3IkKeEGPP0Z0ekkOx6CXif15LSfeqE1E/VJL4eLrIVQzKACb5wD7lBEs21oAwp/pWiIeIIyx1inNbJB09JqnYixksQ/28YGu+u8gUb2b5pMAxOAFZYINLUAS3oAJqAIMn8AJewZvxbLwbH8bntHXFmM0cgbkyvn8BKnikqw==</latexit><latexit sha1_base64="qkJ/KPVlti6BHaCxnJrQdHZzIPI=">AAACI3icbZDJSgNBEIZ7XGPcRj16aQxCAjHMiKAXIZgcPEbIBtno6fQkTXoWehHjMM/gU/gIXvUBvIkXD558EXuSHExiQcPH/1dR1b8TMiqkZX0ZK6tr6xubqa309s7u3r55cFgXgeKY1HDAAt50kCCM+qQmqWSkGXKCPIeRhjMqJX7jnnBBA78qxyHpeGjgU5diJLXUM3PtUNBeVMqX8+0HGmdV7rpEutGZ6lbLKoYaqcbE6pkZq2BNCi6DPYMMmFWlZ/60+wFWHvElZkiIlm2FshMhLilmJE63lSAhwiM0IC2NPvKI6ESTL8XwVCt96AZcP1/Cifp3IkKeEGPP0Z0ekkOx6CXif15LSfeqE1E/VJL4eLrIVQzKACb5wD7lBEs21oAwp/pWiIeIIyx1inNbJB09JqnYixksQ/28YGu+u8gUb2b5pMAxOAFZYINLUAS3oAJqAIMn8AJewZvxbLwbH8bntHXFmM0cgbkyvn8BKnikqw==</latexit><latexit sha1_base64="qkJ/KPVlti6BHaCxnJrQdHZzIPI=">AAACI3icbZDJSgNBEIZ7XGPcRj16aQxCAjHMiKAXIZgcPEbIBtno6fQkTXoWehHjMM/gU/gIXvUBvIkXD558EXuSHExiQcPH/1dR1b8TMiqkZX0ZK6tr6xubqa309s7u3r55cFgXgeKY1HDAAt50kCCM+qQmqWSkGXKCPIeRhjMqJX7jnnBBA78qxyHpeGjgU5diJLXUM3PtUNBeVMqX8+0HGmdV7rpEutGZ6lbLKoYaqcbE6pkZq2BNCi6DPYMMmFWlZ/60+wFWHvElZkiIlm2FshMhLilmJE63lSAhwiM0IC2NPvKI6ESTL8XwVCt96AZcP1/Cifp3IkKeEGPP0Z0ekkOx6CXif15LSfeqE1E/VJL4eLrIVQzKACb5wD7lBEs21oAwp/pWiIeIIyx1inNbJB09JqnYixksQ/28YGu+u8gUb2b5pMAxOAFZYINLUAS3oAJqAIMn8AJewZvxbLwbH8bntHXFmM0cgbkyvn8BKnikqw==</latexit><latexit sha1_base64="qkJ/KPVlti6BHaCxnJrQdHZzIPI=">AAACI3icbZDJSgNBEIZ7XGPcRj16aQxCAjHMiKAXIZgcPEbIBtno6fQkTXoWehHjMM/gU/gIXvUBvIkXD558EXuSHExiQcPH/1dR1b8TMiqkZX0ZK6tr6xubqa309s7u3r55cFgXgeKY1HDAAt50kCCM+qQmqWSkGXKCPIeRhjMqJX7jnnBBA78qxyHpeGjgU5diJLXUM3PtUNBeVMqX8+0HGmdV7rpEutGZ6lbLKoYaqcbE6pkZq2BNCi6DPYMMmFWlZ/60+wFWHvElZkiIlm2FshMhLilmJE63lSAhwiM0IC2NPvKI6ESTL8XwVCt96AZcP1/Cifp3IkKeEGPP0Z0ekkOx6CXif15LSfeqE1E/VJL4eLrIVQzKACb5wD7lBEs21oAwp/pWiIeIIyx1inNbJB09JqnYixksQ/28YGu+u8gUb2b5pMAxOAFZYINLUAS3oAJqAIMn8AJewZvxbLwbH8bntHXFmM0cgbkyvn8BKnikqw==</latexit>

Ref.: I Waldspurger’s phd



Model for the first layer

• Consider Gabor filters and fit the model.

38

 C,D,⇠(u) = Ce�uTDueiu
T ⇠

<latexit sha1_base64="qkJ/KPVlti6BHaCxnJrQdHZzIPI=">AAACI3icbZDJSgNBEIZ7XGPcRj16aQxCAjHMiKAXIZgcPEbIBtno6fQkTXoWehHjMM/gU/gIXvUBvIkXD558EXuSHExiQcPH/1dR1b8TMiqkZX0ZK6tr6xubqa309s7u3r55cFgXgeKY1HDAAt50kCCM+qQmqWSkGXKCPIeRhjMqJX7jnnBBA78qxyHpeGjgU5diJLXUM3PtUNBeVMqX8+0HGmdV7rpEutGZ6lbLKoYaqcbE6pkZq2BNCi6DPYMMmFWlZ/60+wFWHvElZkiIlm2FshMhLilmJE63lSAhwiM0IC2NPvKI6ESTL8XwVCt96AZcP1/Cifp3IkKeEGPP0Z0ekkOx6CXif15LSfeqE1E/VJL4eLrIVQzKACb5wD7lBEs21oAwp/pWiIeIIyx1inNbJB09JqnYixksQ/28YGu+u8gUb2b5pMAxOAFZYINLUAS3oAJqAIMn8AJewZvxbLwbH8bntHXFmM0cgbkyvn8BKnikqw==</latexit><latexit sha1_base64="qkJ/KPVlti6BHaCxnJrQdHZzIPI=">AAACI3icbZDJSgNBEIZ7XGPcRj16aQxCAjHMiKAXIZgcPEbIBtno6fQkTXoWehHjMM/gU/gIXvUBvIkXD558EXuSHExiQcPH/1dR1b8TMiqkZX0ZK6tr6xubqa309s7u3r55cFgXgeKY1HDAAt50kCCM+qQmqWSkGXKCPIeRhjMqJX7jnnBBA78qxyHpeGjgU5diJLXUM3PtUNBeVMqX8+0HGmdV7rpEutGZ6lbLKoYaqcbE6pkZq2BNCi6DPYMMmFWlZ/60+wFWHvElZkiIlm2FshMhLilmJE63lSAhwiM0IC2NPvKI6ESTL8XwVCt96AZcP1/Cifp3IkKeEGPP0Z0ekkOx6CXif15LSfeqE1E/VJL4eLrIVQzKACb5wD7lBEs21oAwp/pWiIeIIyx1inNbJB09JqnYixksQ/28YGu+u8gUb2b5pMAxOAFZYINLUAS3oAJqAIMn8AJewZvxbLwbH8bntHXFmM0cgbkyvn8BKnikqw==</latexit><latexit sha1_base64="qkJ/KPVlti6BHaCxnJrQdHZzIPI=">AAACI3icbZDJSgNBEIZ7XGPcRj16aQxCAjHMiKAXIZgcPEbIBtno6fQkTXoWehHjMM/gU/gIXvUBvIkXD558EXuSHExiQcPH/1dR1b8TMiqkZX0ZK6tr6xubqa309s7u3r55cFgXgeKY1HDAAt50kCCM+qQmqWSkGXKCPIeRhjMqJX7jnnBBA78qxyHpeGjgU5diJLXUM3PtUNBeVMqX8+0HGmdV7rpEutGZ6lbLKoYaqcbE6pkZq2BNCi6DPYMMmFWlZ/60+wFWHvElZkiIlm2FshMhLilmJE63lSAhwiM0IC2NPvKI6ESTL8XwVCt96AZcP1/Cifp3IkKeEGPP0Z0ekkOx6CXif15LSfeqE1E/VJL4eLrIVQzKACb5wD7lBEs21oAwp/pWiIeIIyx1inNbJB09JqnYixksQ/28YGu+u8gUb2b5pMAxOAFZYINLUAS3oAJqAIMn8AJewZvxbLwbH8bntHXFmM0cgbkyvn8BKnikqw==</latexit><latexit sha1_base64="qkJ/KPVlti6BHaCxnJrQdHZzIPI=">AAACI3icbZDJSgNBEIZ7XGPcRj16aQxCAjHMiKAXIZgcPEbIBtno6fQkTXoWehHjMM/gU/gIXvUBvIkXD558EXuSHExiQcPH/1dR1b8TMiqkZX0ZK6tr6xubqa309s7u3r55cFgXgeKY1HDAAt50kCCM+qQmqWSkGXKCPIeRhjMqJX7jnnBBA78qxyHpeGjgU5diJLXUM3PtUNBeVMqX8+0HGmdV7rpEutGZ6lbLKoYaqcbE6pkZq2BNCi6DPYMMmFWlZ/60+wFWHvElZkiIlm2FshMhLilmJE63lSAhwiM0IC2NPvKI6ESTL8XwVCt96AZcP1/Cifp3IkKeEGPP0Z0ekkOx6CXif15LSfeqE1E/VJL4eLrIVQzKACb5wD7lBEs21oAwp/pWiIeIIyx1inNbJB09JqnYixksQ/28YGu+u8gUb2b5pMAxOAFZYINLUAS3oAJqAIMn8AJewZvxbLwbH8bntHXFmM0cgbkyvn8BKnikqw==</latexit>

Ref.: I Waldspurger’s phd

This principle is core

in many models 


(V1, Scattering,…)



Model for the second layer 39

 �(u)
<latexit sha1_base64="Fwbqu0knDtqJt6Ad4TTOvWc27FE=">AAACCnicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl047KCfUATwmQyaYdOJmHmplBL/8BPcKsf4E7c+hOu/RGnbRa29cCFwzn3cC8nzATX4Djf1tr6xubWdmmnvLu3f3BoHx23dJorypo0FanqhEQzwSVrAgfBOpliJAkFa4eDu6nfHjKleSofYZQxPyE9yWNOCRgpsG0v0zzwhElEpJpf4MCuODVnBrxK3IJUUIFGYP94UUrzhEmggmjddZ0M/DFRwKlgk7KXa5YROiA91jVUkoRpfzz7fILPjRLhOFVmJOCZ+jcxJonWoyQ0mwmBvl72puJ/XjeH+MYfc5nlwCSdH4pzgSHF0xpwxBWjIEaGEKq4+RXTPlGEgilr4QrwwdPEtOIud7BKWpc11/CHq0r9tuinhE7RGaoiF12jOrpHDdREFA3RC3pFb9az9W59WJ/z1TWryJygBVhfvxn3moo=</latexit><latexit sha1_base64="Fwbqu0knDtqJt6Ad4TTOvWc27FE=">AAACCnicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl047KCfUATwmQyaYdOJmHmplBL/8BPcKsf4E7c+hOu/RGnbRa29cCFwzn3cC8nzATX4Djf1tr6xubWdmmnvLu3f3BoHx23dJorypo0FanqhEQzwSVrAgfBOpliJAkFa4eDu6nfHjKleSofYZQxPyE9yWNOCRgpsG0v0zzwhElEpJpf4MCuODVnBrxK3IJUUIFGYP94UUrzhEmggmjddZ0M/DFRwKlgk7KXa5YROiA91jVUkoRpfzz7fILPjRLhOFVmJOCZ+jcxJonWoyQ0mwmBvl72puJ/XjeH+MYfc5nlwCSdH4pzgSHF0xpwxBWjIEaGEKq4+RXTPlGEgilr4QrwwdPEtOIud7BKWpc11/CHq0r9tuinhE7RGaoiF12jOrpHDdREFA3RC3pFb9az9W59WJ/z1TWryJygBVhfvxn3moo=</latexit><latexit sha1_base64="Fwbqu0knDtqJt6Ad4TTOvWc27FE=">AAACCnicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl047KCfUATwmQyaYdOJmHmplBL/8BPcKsf4E7c+hOu/RGnbRa29cCFwzn3cC8nzATX4Djf1tr6xubWdmmnvLu3f3BoHx23dJorypo0FanqhEQzwSVrAgfBOpliJAkFa4eDu6nfHjKleSofYZQxPyE9yWNOCRgpsG0v0zzwhElEpJpf4MCuODVnBrxK3IJUUIFGYP94UUrzhEmggmjddZ0M/DFRwKlgk7KXa5YROiA91jVUkoRpfzz7fILPjRLhOFVmJOCZ+jcxJonWoyQ0mwmBvl72puJ/XjeH+MYfc5nlwCSdH4pzgSHF0xpwxBWjIEaGEKq4+RXTPlGEgilr4QrwwdPEtOIud7BKWpc11/CHq0r9tuinhE7RGaoiF12jOrpHDdREFA3RC3pFb9az9W59WJ/z1TWryJygBVhfvxn3moo=</latexit><latexit sha1_base64="Fwbqu0knDtqJt6Ad4TTOvWc27FE=">AAACCnicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl047KCfUATwmQyaYdOJmHmplBL/8BPcKsf4E7c+hOu/RGnbRa29cCFwzn3cC8nzATX4Djf1tr6xubWdmmnvLu3f3BoHx23dJorypo0FanqhEQzwSVrAgfBOpliJAkFa4eDu6nfHjKleSofYZQxPyE9yWNOCRgpsG0v0zzwhElEpJpf4MCuODVnBrxK3IJUUIFGYP94UUrzhEmggmjddZ0M/DFRwKlgk7KXa5YROiA91jVUkoRpfzz7fILPjRLhOFVmJOCZ+jcxJonWoyQ0mwmBvl72puJ/XjeH+MYfc5nlwCSdH4pzgSHF0xpwxBWjIEaGEKq4+RXTPlGEgilr4QrwwdPEtOIud7BKWpc11/CHq0r9tuinhE7RGaoiF12jOrpHDdREFA3RC3pFb9az9W59WJ/z1TWryJygBVhfvxn3moo=</latexit>

First layer:

Second layer:
 (u,�) ⇡ �1(u)⇥ �2(�)

<latexit sha1_base64="zN1no88lz+DvryHTSO/TEZ/nCN4=">AAACMHicbVDLSgMxFM3UV62vqks3wSJMQcpMEXVZdOOygn1Ap5ZMmrahmZmQ3BHr0D/xK/wEt/oBuhJx51eYPgTbeiFwch7c5PhScA2O826llpZXVtfS65mNza3tnezuXlVHsaKsQiMRqbpPNBM8ZBXgIFhdKkYCX7Ca378c6bU7pjSPwhsYSNYMSDfkHU4JGKqVPfWk5nZ87AmTaZO8R6RU0T32ZI/funac94AHTE/uRfvX1s rmnIIzHrwI3CnIoemUW9kvrx3ROGAhUEG0briOhGZCFHAq2DDjxZpJQvukyxoGhsQsbSbj/w3xkWHauBMpc0LAY/ZvIiGB1oPAN86AQE/PayPyP60RQ+e8mfBQxsBCOlnUiQWGCI/Kwm2uGAUxMIBQxc1bMe0RRSiYSme2AO8/DE0r7nwHi6BaLLgGX5/kShfTftLoAB0iG7noDJXQFSqjCqLoET2jF/RqPVlv1of1ObGmrGlmH82M9f0D7qaplA==</latexit><latexit sha1_base64="zN1no88lz+DvryHTSO/TEZ/nCN4=">AAACMHicbVDLSgMxFM3UV62vqks3wSJMQcpMEXVZdOOygn1Ap5ZMmrahmZmQ3BHr0D/xK/wEt/oBuhJx51eYPgTbeiFwch7c5PhScA2O826llpZXVtfS65mNza3tnezuXlVHsaKsQiMRqbpPNBM8ZBXgIFhdKkYCX7Ca378c6bU7pjSPwhsYSNYMSDfkHU4JGKqVPfWk5nZ87AmTaZO8R6RU0T32ZI/funac94AHTE/uRfvX1s rmnIIzHrwI3CnIoemUW9kvrx3ROGAhUEG0briOhGZCFHAq2DDjxZpJQvukyxoGhsQsbSbj/w3xkWHauBMpc0LAY/ZvIiGB1oPAN86AQE/PayPyP60RQ+e8mfBQxsBCOlnUiQWGCI/Kwm2uGAUxMIBQxc1bMe0RRSiYSme2AO8/DE0r7nwHi6BaLLgGX5/kShfTftLoAB0iG7noDJXQFSqjCqLoET2jF/RqPVlv1of1ObGmrGlmH82M9f0D7qaplA==</latexit><latexit sha1_base64="zN1no88lz+DvryHTSO/TEZ/nCN4=">AAACMHicbVDLSgMxFM3UV62vqks3wSJMQcpMEXVZdOOygn1Ap5ZMmrahmZmQ3BHr0D/xK/wEt/oBuhJx51eYPgTbeiFwch7c5PhScA2O826llpZXVtfS65mNza3tnezuXlVHsaKsQiMRqbpPNBM8ZBXgIFhdKkYCX7Ca378c6bU7pjSPwhsYSNYMSDfkHU4JGKqVPfWk5nZ87AmTaZO8R6RU0T32ZI/funac94AHTE/uRfvX1s rmnIIzHrwI3CnIoemUW9kvrx3ROGAhUEG0briOhGZCFHAq2DDjxZpJQvukyxoGhsQsbSbj/w3xkWHauBMpc0LAY/ZvIiGB1oPAN86AQE/PayPyP60RQ+e8mfBQxsBCOlnUiQWGCI/Kwm2uGAUxMIBQxc1bMe0RRSiYSme2AO8/DE0r7nwHi6BaLLgGX5/kShfTftLoAB0iG7noDJXQFSqjCqLoET2jF/RqPVlv1of1ObGmrGlmH82M9f0D7qaplA==</latexit><latexit sha1_base64="zN1no88lz+DvryHTSO/TEZ/nCN4=">AAACMHicbVDLSgMxFM3UV62vqks3wSJMQcpMEXVZdOOygn1Ap5ZMmrahmZmQ3BHr0D/xK/wEt/oBuhJx51eYPgTbeiFwch7c5PhScA2O826llpZXVtfS65mNza3tnezuXlVHsaKsQiMRqbpPNBM8ZBXgIFhdKkYCX7Ca378c6bU7pjSPwhsYSNYMSDfkHU4JGKqVPfWk5nZ87AmTaZO8R6RU0T32ZI/funac94AHTE/uRfvX1s rmnIIzHrwI3CnIoemUW9kvrx3ROGAhUEG0briOhGZCFHAq2DDjxZpJQvukyxoGhsQsbSbj/w3xkWHauBMpc0LAY/ZvIiGB1oPAN86AQE/PayPyP60RQ+e8mfBQxsBCOlnUiQWGCI/Kwm2uGAUxMIBQxc1bMe0RRSiYSme2AO8/DE0r7nwHi6BaLLgGX5/kShfTftLoAB0iG7noDJXQFSqjCqLoET2jF/RqPVlv1of1ObGmrGlmH82M9f0D7qaplA==</latexit>

Recombines along �
<latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit><latexit sha1_base64="oJpZ+qr0Z43t3iItrdoOBRaM/CU=">AAAB/3icbVC7SgNBFL0bXzG+opY2g0GwCrsiaBm0sYxgHpAsYXZ2Nhl29sHMXSEuKfwEW/0AO7H1U6z9ESfJFibxwMDhnHO5d46XSqHRtr+t0tr6xuZWebuys7u3f1A9PGrrJFOMt1giE9X1qOZSxLyFAiXvporTyJO844W3U7/zyJUWSfyA45S7ER3GIhCMopE6fWmiPh1Ua3bdnoGsEqcgNSjQHFR/+n7CsojHyCTVuufYKbo5VSiY5JNKP9M8pSykQ94zNKYR124+O3dCzozikyBR5sVIZurfiZxGWo8jzyQjiiO97E3F/7xehsG1m4s4zZDHbL4oyCTBhEz/TnyhOEM5NoQyJcythI2oogxNQwtbUIRPE9OKs9zBKmlf1B3D7y9rjZuinzKcwCmcgwNX0IA7aEILGITwAq/wZj1b79aH9TmPlqxi5hgWYH39AoqOlxI=</latexit>

Visualisation of  

in the frequency plane

�2
<latexit sha1_base64="2X+c5C/Wi+gb64g9VyxYon9pmIk=">AAAB/nicbZDLSgMxFIbPeK31VnXpJlgEV2WmCLosunFZwV6grSWTZtrYTGZIzgh1KPgIbvUB3IlbX8W1L2LazsK2/hD4+M85nJPfj6Uw6Lrfzsrq2vrGZm4rv72zu7dfODismyjRjNdYJCPd9KnhUiheQ4GSN2PNaehL3vCH15N645FrIyJ1h6OYd0LaVyIQjKK16u14IO7L3ULRLblTkWXwMihCpmq38NPuRSwJuUImqTEtz42xk1KNgkk+zrcTw2PKhrTPWxYVDbnppNNrx+TUOj0SRNo+hWTq/p1IaWjMKPRtZ0hxYBZrE/O/WivB4LKTChUnyBWbLQoSSTAik6+TntCcoRxZoEwLeythA6opQxvQ3BYUw6exTcVbzGAZ6uWSZ/n2vFi5yvLJwTGcwBl4cAEVuIEq1IDBA7zAK7w5z8678+F8zlpXnGzmCObkfP0Cf22WeA==</latexit><latexit sha1_base64="2X+c5C/Wi+gb64g9VyxYon9pmIk=">AAAB/nicbZDLSgMxFIbPeK31VnXpJlgEV2WmCLosunFZwV6grSWTZtrYTGZIzgh1KPgIbvUB3IlbX8W1L2LazsK2/hD4+M85nJPfj6Uw6Lrfzsrq2vrGZm4rv72zu7dfODismyjRjNdYJCPd9KnhUiheQ4GSN2PNaehL3vCH15N645FrIyJ1h6OYd0LaVyIQjKK16u14IO7L3ULRLblTkWXwMihCpmq38NPuRSwJuUImqTEtz42xk1KNgkk+zrcTw2PKhrTPWxYVDbnppNNrx+TUOj0SRNo+hWTq/p1IaWjMKPRtZ0hxYBZrE/O/WivB4LKTChUnyBWbLQoSSTAik6+TntCcoRxZoEwLeythA6opQxvQ3BYUw6exTcVbzGAZ6uWSZ/n2vFi5yvLJwTGcwBl4cAEVuIEq1IDBA7zAK7w5z8678+F8zlpXnGzmCObkfP0Cf22WeA==</latexit><latexit sha1_base64="2X+c5C/Wi+gb64g9VyxYon9pmIk=">AAAB/nicbZDLSgMxFIbPeK31VnXpJlgEV2WmCLosunFZwV6grSWTZtrYTGZIzgh1KPgIbvUB3IlbX8W1L2LazsK2/hD4+M85nJPfj6Uw6Lrfzsrq2vrGZm4rv72zu7dfODismyjRjNdYJCPd9KnhUiheQ4GSN2PNaehL3vCH15N645FrIyJ1h6OYd0LaVyIQjKK16u14IO7L3ULRLblTkWXwMihCpmq38NPuRSwJuUImqTEtz42xk1KNgkk+zrcTw2PKhrTPWxYVDbnppNNrx+TUOj0SRNo+hWTq/p1IaWjMKPRtZ0hxYBZrE/O/WivB4LKTChUnyBWbLQoSSTAik6+TntCcoRxZoEwLeythA6opQxvQ3BYUw6exTcVbzGAZ6uWSZ/n2vFi5yvLJwTGcwBl4cAEVuIEq1IDBA7zAK7w5z8678+F8zlpXnGzmCObkfP0Cf22WeA==</latexit><latexit sha1_base64="2X+c5C/Wi+gb64g9VyxYon9pmIk=">AAAB/nicbZDLSgMxFIbPeK31VnXpJlgEV2WmCLosunFZwV6grSWTZtrYTGZIzgh1KPgIbvUB3IlbX8W1L2LazsK2/hD4+M85nJPfj6Uw6Lrfzsrq2vrGZm4rv72zu7dfODismyjRjNdYJCPd9KnhUiheQ4GSN2PNaehL3vCH15N645FrIyJ1h6OYd0LaVyIQjKK16u14IO7L3ULRLblTkWXwMihCpmq38NPuRSwJuUImqTEtz42xk1KNgkk+zrcTw2PKhrTPWxYVDbnppNNrx+TUOj0SRNo+hWTq/p1IaWjMKPRtZ0hxYBZrE/O/WivB4LKTChUnyBWbLQoSSTAik6+TntCcoRxZoEwLeythA6opQxvQ3BYUw6exTcVbzGAZ6uWSZ/n2vFi5yvLJwTGcwBl4cAEVuIEq1IDBA7zAK7w5z8678+F8zlpXnGzmCObkfP0Cf22WeA==</latexit>

Ref.: I Waldspurger’s phd



Model for the second layer 39

 �(u)
<latexit sha1_base64="Fwbqu0knDtqJt6Ad4TTOvWc27FE=">AAACCnicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl047KCfUATwmQyaYdOJmHmplBL/8BPcKsf4E7c+hOu/RGnbRa29cCFwzn3cC8nzATX4Djf1tr6xubWdmmnvLu3f3BoHx23dJorypo0FanqhEQzwSVrAgfBOpliJAkFa4eDu6nfHjKleSofYZQxPyE9yWNOCRgpsG0v0zzwhElEpJpf4MCuODVnBrxK3IJUUIFGYP94UUrzhEmggmjddZ0M/DFRwKlgk7KXa5YROiA91jVUkoRpfzz7fILPjRLhOFVmJOCZ+jcxJonWoyQ0mwmBvl72puJ/XjeH+MYfc5nlwCSdH4pzgSHF0xpwxBWjIEaGEKq4+RXTPlGEgilr4QrwwdPEtOIud7BKWpc11/CHq0r9tuinhE7RGaoiF12jOrpHDdREFA3RC3pFb9az9W59WJ/z1TWryJygBVhfvxn3moo=</latexit><latexit sha1_base64="Fwbqu0knDtqJt6Ad4TTOvWc27FE=">AAACCnicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl047KCfUATwmQyaYdOJmHmplBL/8BPcKsf4E7c+hOu/RGnbRa29cCFwzn3cC8nzATX4Djf1tr6xubWdmmnvLu3f3BoHx23dJorypo0FanqhEQzwSVrAgfBOpliJAkFa4eDu6nfHjKleSofYZQxPyE9yWNOCRgpsG0v0zzwhElEpJpf4MCuODVnBrxK3IJUUIFGYP94UUrzhEmggmjddZ0M/DFRwKlgk7KXa5YROiA91jVUkoRpfzz7fILPjRLhOFVmJOCZ+jcxJonWoyQ0mwmBvl72puJ/XjeH+MYfc5nlwCSdH4pzgSHF0xpwxBWjIEaGEKq4+RXTPlGEgilr4QrwwdPEtOIud7BKWpc11/CHq0r9tuinhE7RGaoiF12jOrpHDdREFA3RC3pFb9az9W59WJ/z1TWryJygBVhfvxn3moo=</latexit><latexit sha1_base64="Fwbqu0knDtqJt6Ad4TTOvWc27FE=">AAACCnicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl047KCfUATwmQyaYdOJmHmplBL/8BPcKsf4E7c+hOu/RGnbRa29cCFwzn3cC8nzATX4Djf1tr6xubWdmmnvLu3f3BoHx23dJorypo0FanqhEQzwSVrAgfBOpliJAkFa4eDu6nfHjKleSofYZQxPyE9yWNOCRgpsG0v0zzwhElEpJpf4MCuODVnBrxK3IJUUIFGYP94UUrzhEmggmjddZ0M/DFRwKlgk7KXa5YROiA91jVUkoRpfzz7fILPjRLhOFVmJOCZ+jcxJonWoyQ0mwmBvl72puJ/XjeH+MYfc5nlwCSdH4pzgSHF0xpwxBWjIEaGEKq4+RXTPlGEgilr4QrwwdPEtOIud7BKWpc11/CHq0r9tuinhE7RGaoiF12jOrpHDdREFA3RC3pFb9az9W59WJ/z1TWryJygBVhfvxn3moo=</latexit><latexit sha1_base64="Fwbqu0knDtqJt6Ad4TTOvWc27FE=">AAACCnicbVDLSsNAFJ34rPUVdelmsAh1UxIRdFl047KCfUATwmQyaYdOJmHmplBL/8BPcKsf4E7c+hOu/RGnbRa29cCFwzn3cC8nzATX4Djf1tr6xubWdmmnvLu3f3BoHx23dJorypo0FanqhEQzwSVrAgfBOpliJAkFa4eDu6nfHjKleSofYZQxPyE9yWNOCRgpsG0v0zzwhElEpJpf4MCuODVnBrxK3IJUUIFGYP94UUrzhEmggmjddZ0M/DFRwKlgk7KXa5YROiA91jVUkoRpfzz7fILPjRLhOFVmJOCZ+jcxJonWoyQ0mwmBvl72puJ/XjeH+MYfc5nlwCSdH4pzgSHF0xpwxBWjIEaGEKq4+RXTPlGEgilr4QrwwdPEtOIud7BKWpc11/CHq0r9tuinhE7RGaoiF12jOrpHDdREFA3RC3pFb9az9W59WJ/z1TWryJygBVhfvxn3moo=</latexit>

First layer:

Second layer:
 (u,�) ⇡ �1(u)⇥ �2(�)

<latexit sha1_base64="zN1no88lz+DvryHTSO/TEZ/nCN4=">AAACMHicbVDLSgMxFM3UV62vqks3wSJMQcpMEXVZdOOygn1Ap5ZMmrahmZmQ3BHr0D/xK/wEt/oBuhJx51eYPgTbeiFwch7c5PhScA2O826llpZXVtfS65mNza3tnezuXlVHsaKsQiMRqbpPNBM8ZBXgIFhdKkYCX7Ca378c6bU7pjSPwhsYSNYMSDfkHU4JGKqVPfWk5nZ87AmTaZO8R6RU0T32ZI/funac94AHTE/uRfvX1s rmnIIzHrwI3CnIoemUW9kvrx3ROGAhUEG0briOhGZCFHAq2DDjxZpJQvukyxoGhsQsbSbj/w3xkWHauBMpc0LAY/ZvIiGB1oPAN86AQE/PayPyP60RQ+e8mfBQxsBCOlnUiQWGCI/Kwm2uGAUxMIBQxc1bMe0RRSiYSme2AO8/DE0r7nwHi6BaLLgGX5/kShfTftLoAB0iG7noDJXQFSqjCqLoET2jF/RqPVlv1of1ObGmrGlmH82M9f0D7qaplA==</latexit><latexit sha1_base64="zN1no88lz+DvryHTSO/TEZ/nCN4=">AAACMHicbVDLSgMxFM3UV62vqks3wSJMQcpMEXVZdOOygn1Ap5ZMmrahmZmQ3BHr0D/xK/wEt/oBuhJx51eYPgTbeiFwch7c5PhScA2O826llpZXVtfS65mNza3tnezuXlVHsaKsQiMRqbpPNBM8ZBXgIFhdKkYCX7Ca378c6bU7pjSPwhsYSNYMSDfkHU4JGKqVPfWk5nZ87AmTaZO8R6RU0T32ZI/funac94AHTE/uRfvX1s rmnIIzHrwI3CnIoemUW9kvrx3ROGAhUEG0briOhGZCFHAq2DDjxZpJQvukyxoGhsQsbSbj/w3xkWHauBMpc0LAY/ZvIiGB1oPAN86AQE/PayPyP60RQ+e8mfBQxsBCOlnUiQWGCI/Kwm2uGAUxMIBQxc1bMe0RRSiYSme2AO8/DE0r7nwHi6BaLLgGX5/kShfTftLoAB0iG7noDJXQFSqjCqLoET2jF/RqPVlv1of1ObGmrGlmH82M9f0D7qaplA==</latexit><latexit sha1_base64="zN1no88lz+DvryHTSO/TEZ/nCN4=">AAACMHicbVDLSgMxFM3UV62vqks3wSJMQcpMEXVZdOOygn1Ap5ZMmrahmZmQ3BHr0D/xK/wEt/oBuhJx51eYPgTbeiFwch7c5PhScA2O826llpZXVtfS65mNza3tnezuXlVHsaKsQiMRqbpPNBM8ZBXgIFhdKkYCX7Ca378c6bU7pjSPwhsYSNYMSDfkHU4JGKqVPfWk5nZ87AmTaZO8R6RU0T32ZI/funac94AHTE/uRfvX1s rmnIIzHrwI3CnIoemUW9kvrx3ROGAhUEG0briOhGZCFHAq2DDjxZpJQvukyxoGhsQsbSbj/w3xkWHauBMpc0LAY/ZvIiGB1oPAN86AQE/PayPyP60RQ+e8mfBQxsBCOlnUiQWGCI/Kwm2uGAUxMIBQxc1bMe0RRSiYSme2AO8/DE0r7nwHi6BaLLgGX5/kShfTftLoAB0iG7noDJXQFSqjCqLoET2jF/RqPVlv1of1ObGmrGlmH82M9f0D7qaplA==</latexit><latexit sha1_base64="zN1no88lz+DvryHTSO/TEZ/nCN4=">AAACMHicbVDLSgMxFM3UV62vqks3wSJMQcpMEXVZdOOygn1Ap5ZMmrahmZmQ3BHr0D/xK/wEt/oBuhJx51eYPgTbeiFwch7c5PhScA2O826llpZXVtfS65mNza3tnezuXlVHsaKsQiMRqbpPNBM8ZBXgIFhdKkYCX7Ca378c6bU7pjSPwhsYSNYMSDfkHU4JGKqVPfWk5nZ87AmTaZO8R6RU0T32ZI/funac94AHTE/uRfvX1s rmnIIzHrwI3CnIoemUW9kvrx3ROGAhUEG0briOhGZCFHAq2DDjxZpJQvukyxoGhsQsbSbj/w3xkWHauBMpc0LAY/ZvIiGB1oPAN86AQE/PayPyP60RQ+e8mfBQxsBCOlnUiQWGCI/Kwm2uGAUxMIBQxc1bMe0RRSiYSme2AO8/DE0r7nwHi6BaLLgGX5/kShfTftLoAB0iG7noDJXQFSqjCqLoET2jF/RqPVlv1of1ObGmrGlmH82M9f0D7qaplA==</latexit>

Recombines along �
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Visualisation of  

in the frequency plane
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Why was this possible?

We were aware of the topology


of the previous layer!

Ref.: I Waldspurger’s phd
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Fighting the curse of dimensionality

• Objective: building a representation      of x such that a 
simple (say euclidean) classifier    can estimate the label 
y:  
 
 

40
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Fighting the curse of dimensionality

• Objective: building a representation      of x such that a 
simple (say euclidean) classifier    can estimate the label 
y:  
 
 

• Designing   : must be regular with respect to the class:

40
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ŷ

�

w<latexit sha1_base64="eqfykHkxP29JLdLA
Go
kH
SA
1p
BN
I=
">
AA
AB
53
ic
bZ
DL
Sg
Mx
FI
bP
1F
ut
t6
pL
N8
Ei
uC
oz
Cu
pK
C2
5c
tu
DY
Qj
uU
TH
qm
jc
1k
hi
Sj
lN
In
cO
NC
xa
3P
4h
u4
82
1M
Lw
tt
/S
Hw
8f
/n
kH
NO
mA
qu
je
t+
O7
ml
5Z
XV
tf
x6
YW
Nz
a3
un
uL
t3
p5
NM
Mf
RZ
Ih
LV
CK
lG
wS
X6
hh
uB
jV
Qh
jU
OB
9b
B/
Pc
7r
D6
g0
T+
St
Ga
QY
xL
Qr
ec
QZ
Nd
aq
Pb
aL
Jb
fs
Tk
QW
wZ
tB
6e
rz
9L
QC
AN
V2
8a
vV
SV
gW
oz
RM
UK
2b
np
ua
YE
iV
4U
zg
qN
DK
NK
aU
9W
kX
mx
Yl
jV
EH
w8
mg
I3
Jk
nQ
6J
Em
Wf
NG
Ti
/u
4Y
0l
jr
QR
za
yp
ia
np
7P
xu
Z/
WT
Mz
0U
Uw
5D
LN
DE
o2
/S
jK
BD
EJ
GW
9N
Ol
wh
M2
Jg
gT
LF
7a
yE
9a
ii
zN
jb
FO
wR
vP
mV
F8
E/
KZ
+V
3Z
pX
ql
zC
VH
k4
gE
M4
Bg
/O
oQ
I3
UA
Uf
GC
A8
wQ
u8
Ov
fO
s/
Pm
vE
9L
c8
6s
Zx
/+
yP
n4
AY
u+
jm
w=
</
la
te
xi
t>

<l
at
ex
it
 s
ha
1_
ba
se
64
="
O0
lQ
J2
xo
QX
j8
AC
W3
Db
gT
bP
BI
gF
0=
">
AA
AB
53
ic
bZ
DL
Sg
NB
EE
Vr
4i
vG
V9
Sl
m8
Yg
uA
oz
Cu
pK
A2
5c
Ju
CY
QD
KE
nk
5N
0q
bn
QX
eP
Eo
Z8
gR
sX
Km
79
Fv
/A
nX
9j
Z5
KF
Jl
5o
ON
xb
RV
eV
nw
iu
tG
1/
W4
Wl
5Z
XV
te
J6
aW
Nz
a3
un
vL
t3
p+
JU
Mn
RZ
LG
LZ
8q
lC
wS
N0
Nd
cC
W4
lE
Gv
oC
m/
7w
ep
I3
H1
Aq
Hk
e3
ep
Sg
F9
J+
xA
PO
qD
ZW
47
Fb
rt
hV
Ox
dZ
BG
cG
la
vP
01
z1
bv
mr
04
tZ
Gm
Kk
ma
BK
tR
07
0V
5G
pe
ZM
4L
jU
SR
Um
lA
1p
H9
sG
Ix
qi
8r
J8
0D
E5
Mk
6P
BL
E0
L9
Ik
d3
93
ZD
RU
ah
T6
pj
Kk
eq
Dm
s4
n5
X9
ZO
dX
Dh
ZT
xK
Uo
0R
m3
4U
pI
Lo
mE
y2
Jj
0u
kW
kx
Mk
CZ
5G
ZW
wg
ZU
Uq
bN
bU
rm
CM
78
yo
vg
nl
TP
qn
bD
qd
Qu
Ya
oi
HM
Ah
HI
MD
51
CD
G6
iD
Cw
wQ
nu
AF
Xq
17
69
l6
s9
6n
pQ
Vr
1r
MP
f2
R9
/A
BG
L4
74
</
la
te
xi
t>

RD
Rd

D � d



Fighting the curse of dimensionality

• Objective: building a representation      of x such that a 
simple (say euclidean) classifier    can estimate the label 
y:  
 
 

• Designing   : must be regular with respect to the class:

• Necessary dimensionality reduction and separation to 
break the curse of dimensionality:

40
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Model on the data: low 
dimensional manifold hypothesis?

• Low dimensional manifold: dimension up to 6. Not higher: 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Model on the data: low 
dimensional manifold hypothesis?

• Low dimensional manifold: dimension up to 6. Not higher: 
 
 

• Can be true for MNIST… 
 
 

• Yet high dimensional deformations are an issue in the 
general case!

41

Small "limited" deformations

+Translation

All variabilities

 are known

Property: if f : RD
! [0, 1] is 1-Lipschitz, then let

N✏ = arg infN supiN

�
|f(x)� f(xi)| < ✏

�
.

Then N✏ = O(✏�D)

✏
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Flattening the space:

progressive manifold?

• Parametrize variability on synthetic data: 
   and observe it after PCA

42
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Flattening the space:

progressive manifold?

• Parametrize variability on synthetic data: 
   and observe it after PCA

• Data tends to live on flattened space. Tangent 
space?
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Flattening the space:

progressive manifold?

• Parametrize variability on synthetic data: 
   and observe it after PCA

• Data tends to live on flattened space. Tangent 
space?

42

L✓, ✓ 2 Rd

Difficult to find evidences of such phenomenon

Ref.:  Understanding deep features with computer-generated imagery, M Aubry, B Russel

Suggest 



Concept of neuron? 43

Ref.: Intriguing properties of Deep Neural 
Networks, Szegedy et al.



Concept of neuron?

• Consider:             ,

• Claim 1:                              has a semantic 
meaning

43

xv = argmax
x2D
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Ref.: Intriguing properties of Deep Neural 
Networks, Szegedy et al.

dataset

v = (0, ..., 0, 1, 0, ..., 0)
<latexit sha1_base64="YN06pDqelIe7GzMKpYFbrj9PnAM=">AAACD3icbZDLSsNAFIYnXmu9RcWVm8EiVAghEUE3QtGNywr2Am0ok+mkHTq5MHNSqKEP4SO41QdwJ259BNe+iNM2C9v6w4GP/5zDOfx+IrgCx/k2VlbX1jc2C1vF7Z3dvX3z4LCu4lRSVqOxiGXTJ4oJHrEacBCsmUhGQl+whj+4m/QbQyYVj6NHGCXMC0kv4gGnBLTVMY+HN2XHsm3bcizXyum8Y5Yc25kKL4ObQwnlqnbMn3Y3pmnIIqCCKNVynQS8jEjgVLBxsZ0qlhA6ID3W0hiRkCkvm74/xmfa6eIglroiwFP370ZGQqVGoa8nQwJ9tdibmP/1WikE117GoyQFFtHZoSAVGGI8yQJ3uWQUxEgDoZLrXzHtE0ko6MTmrgAfPI11Ku5iBstQv7BdzQ+Xpcptnk8BnaBTVEYuukIVdI+qqIYoytALekVvxrPxbnwYn7PRFSPfOUJzMr5+AUnMmSM=</latexit><latexit sha1_base64="YN06pDqelIe7GzMKpYFbrj9PnAM=">AAACD3icbZDLSsNAFIYnXmu9RcWVm8EiVAghEUE3QtGNywr2Am0ok+mkHTq5MHNSqKEP4SO41QdwJ259BNe+iNM2C9v6w4GP/5zDOfx+IrgCx/k2VlbX1jc2C1vF7Z3dvX3z4LCu4lRSVqOxiGXTJ4oJHrEacBCsmUhGQl+whj+4m/QbQyYVj6NHGCXMC0kv4gGnBLTVMY+HN2XHsm3bcizXyum8Y5Yc25kKL4ObQwnlqnbMn3Y3pmnIIqCCKNVynQS8jEjgVLBxsZ0qlhA6ID3W0hiRkCkvm74/xmfa6eIglroiwFP370ZGQqVGoa8nQwJ9tdibmP/1WikE117GoyQFFtHZoSAVGGI8yQJ3uWQUxEgDoZLrXzHtE0ko6MTmrgAfPI11Ku5iBstQv7BdzQ+Xpcptnk8BnaBTVEYuukIVdI+qqIYoytALekVvxrPxbnwYn7PRFSPfOUJzMr5+AUnMmSM=</latexit><latexit sha1_base64="YN06pDqelIe7GzMKpYFbrj9PnAM=">AAACD3icbZDLSsNAFIYnXmu9RcWVm8EiVAghEUE3QtGNywr2Am0ok+mkHTq5MHNSqKEP4SO41QdwJ259BNe+iNM2C9v6w4GP/5zDOfx+IrgCx/k2VlbX1jc2C1vF7Z3dvX3z4LCu4lRSVqOxiGXTJ4oJHrEacBCsmUhGQl+whj+4m/QbQyYVj6NHGCXMC0kv4gGnBLTVMY+HN2XHsm3bcizXyum8Y5Yc25kKL4ObQwnlqnbMn3Y3pmnIIqCCKNVynQS8jEjgVLBxsZ0qlhA6ID3W0hiRkCkvm74/xmfa6eIglroiwFP370ZGQqVGoa8nQwJ9tdibmP/1WikE117GoyQFFtHZoSAVGGI8yQJ3uWQUxEgDoZLrXzHtE0ko6MTmrgAfPI11Ku5iBstQv7BdzQ+Xpcptnk8BnaBTVEYuukIVdI+qqIYoytALekVvxrPxbnwYn7PRFSPfOUJzMr5+AUnMmSM=</latexit><latexit sha1_base64="YN06pDqelIe7GzMKpYFbrj9PnAM=">AAACD3icbZDLSsNAFIYnXmu9RcWVm8EiVAghEUE3QtGNywr2Am0ok+mkHTq5MHNSqKEP4SO41QdwJ259BNe+iNM2C9v6w4GP/5zDOfx+IrgCx/k2VlbX1jc2C1vF7Z3dvX3z4LCu4lRSVqOxiGXTJ4oJHrEacBCsmUhGQl+whj+4m/QbQyYVj6NHGCXMC0kv4gGnBLTVMY+HN2XHsm3bcizXyum8Y5Yc25kKL4ObQwnlqnbMn3Y3pmnIIqCCKNVynQS8jEjgVLBxsZ0qlhA6ID3W0hiRkCkvm74/xmfa6eIglroiwFP370ZGQqVGoa8nQwJ9tdibmP/1WikE117GoyQFFtHZoSAVGGI8yQJ3uWQUxEgDoZLrXzHtE0ko6MTmrgAfPI11Ku5iBstQv7BdzQ+Xpcptnk8BnaBTVEYuukIVdI+qqIYoytALekVvxrPxbnwYn7PRFSPfOUJzMr5+AUnMmSM=</latexit>
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Ref.: Understanding Deep Convolutional 
Networks, Mallat, 2016

⇢W1
<latexit sha1_base64="PObIqcw4h6iWYXWdo0osCmtkJiw=">AAACAHicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFoGbSwjmAskS5idzCZDZmeXmbNCXNL4CLb6AHZi65tY+yJOki1M4g8DH/85h3PmDxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6HZabz1ybUSsHnCccD+iAyVCwShaq93Vw5i0el6vXHGr7kxkFbwcKpCr3iv/dPsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342u3dCzqzTJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9C8qHqW7y8rtZs8nyKcwCmcgwdXUIM7qEMDGEh4gVd4c56dd+fD+Zy3Fpx85hgW5Hz9ApbUlws=</latexit><latexit sha1_base64="PObIqcw4h6iWYXWdo0osCmtkJiw=">AAACAHicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFoGbSwjmAskS5idzCZDZmeXmbNCXNL4CLb6AHZi65tY+yJOki1M4g8DH/85h3PmDxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6HZabz1ybUSsHnCccD+iAyVCwShaq93Vw5i0el6vXHGr7kxkFbwcKpCr3iv/dPsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342u3dCzqzTJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9C8qHqW7y8rtZs8nyKcwCmcgwdXUIM7qEMDGEh4gVd4c56dd+fD+Zy3Fpx85hgW5Hz9ApbUlws=</latexit><latexit sha1_base64="PObIqcw4h6iWYXWdo0osCmtkJiw=">AAACAHicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFoGbSwjmAskS5idzCZDZmeXmbNCXNL4CLb6AHZi65tY+yJOki1M4g8DH/85h3PmDxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6HZabz1ybUSsHnCccD+iAyVCwShaq93Vw5i0el6vXHGr7kxkFbwcKpCr3iv/dPsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342u3dCzqzTJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9C8qHqW7y8rtZs8nyKcwCmcgwdXUIM7qEMDGEh4gVd4c56dd+fD+Zy3Fpx85hgW5Hz9ApbUlws=</latexit><latexit sha1_base64="PObIqcw4h6iWYXWdo0osCmtkJiw=">AAACAHicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFoGbSwjmAskS5idzCZDZmeXmbNCXNL4CLb6AHZi65tY+yJOki1M4g8DH/85h3PmDxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6HZabz1ybUSsHnCccD+iAyVCwShaq93Vw5i0el6vXHGr7kxkFbwcKpCr3iv/dPsxSyOukElqTMdzE/QzqlEwySelbmp4QtmIDnjHoqIRN342u3dCzqzTJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9C8qHqW7y8rtZs8nyKcwCmcgwdXUIM7qEMDGEh4gVd4c56dd+fD+Zy3Fpx85hgW5Hz9ApbUlws=</latexit>

⇢W2
<latexit sha1_base64="toaMpRcxUpfsROeflSlKkKCgvw0=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgNgpZBG8sI5gLJEmYns8mQ2dll5qwQlzQ+gq0+gJ3Y+ibWvoiTZAuT+MPAx3/O4Zz5g0QKg6777aytb2xubRd2irt7+weHpaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDuttx65NiJWDzhOuB/RgRKhYBSt1e7qYUxavWqvVHYr7kxkFbwcypCr3iv9dPsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHoqIRN342u3dCzq3TJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9CsVjzL95fl2k2eTwFO4QwuwIMrqMEd1KEBDCS8wCu8Oc/Ou/PhfM5b15x85gQW5Hz9Aphplww=</latexit><latexit sha1_base64="toaMpRcxUpfsROeflSlKkKCgvw0=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgNgpZBG8sI5gLJEmYns8mQ2dll5qwQlzQ+gq0+gJ3Y+ibWvoiTZAuT+MPAx3/O4Zz5g0QKg6777aytb2xubRd2irt7+weHpaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDuttx65NiJWDzhOuB/RgRKhYBSt1e7qYUxavWqvVHYr7kxkFbwcypCr3iv9dPsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHoqIRN342u3dCzq3TJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9CsVjzL95fl2k2eTwFO4QwuwIMrqMEd1KEBDCS8wCu8Oc/Ou/PhfM5b15x85gQW5Hz9Aphplww=</latexit><latexit sha1_base64="toaMpRcxUpfsROeflSlKkKCgvw0=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgNgpZBG8sI5gLJEmYns8mQ2dll5qwQlzQ+gq0+gJ3Y+ibWvoiTZAuT+MPAx3/O4Zz5g0QKg6777aytb2xubRd2irt7+weHpaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDuttx65NiJWDzhOuB/RgRKhYBSt1e7qYUxavWqvVHYr7kxkFbwcypCr3iv9dPsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHoqIRN342u3dCzq3TJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9CsVjzL95fl2k2eTwFO4QwuwIMrqMEd1KEBDCS8wCu8Oc/Ou/PhfM5b15x85gQW5Hz9Aphplww=</latexit><latexit sha1_base64="toaMpRcxUpfsROeflSlKkKCgvw0=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgNgpZBG8sI5gLJEmYns8mQ2dll5qwQlzQ+gq0+gJ3Y+ibWvoiTZAuT+MPAx3/O4Zz5g0QKg6777aytb2xubRd2irt7+weHpaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDuttx65NiJWDzhOuB/RgRKhYBSt1e7qYUxavWqvVHYr7kxkFbwcypCr3iv9dPsxSyOukElqTMdzE/QzqlEwySfFbmp4QtmIDnjHoqIRN342u3dCzq3TJ2Gs7VNIZu7fiYxGxoyjwHZGFIdmuTY1/6t1Ugyv/UyoJEWu2HxRmEqCMZl+nvSF5gzl2AJlWthbCRtSTRnaiBa2oBg9TWwq3nIGq9CsVjzL95fl2k2eTwFO4QwuwIMrqMEd1KEBDCS8wCu8Oc/Ou/PhfM5b15x85gQW5Hz9Aphplww=</latexit>

Linear invariant can be computed!

Amenable for any supervised task!
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9Cx, sup
T

k�x� �T xk
kT k < Cx

<latexit sha1_base64="A9dcaqqZ8tf7WwXJ2LfZx2zDXLw=">AAACZnicbVE9b9swEKXUNnXzqaQIOnQhYgTokARSUCAZMhj1ktEFbCeAaQgUfYoJUx8gT4EcQX8yW+cu+QkZS8senLhHEHx47x3u8BjlShr0/T+O++Hjp63PrS/bO7t7+wfe4dHQZIUWMBCZyvR9xA0omcIAJSq4zzXwJFJwF826C/3uEbSRWdrHeQ7jhD+kMpaCo6VCTzEo7RRDu2FV1mfMHspMkYcVSzhOBVdVv64pizUXFR uCRsp6U0nL8+ZZM9Gykeula01Y0jfdsAy9tn/hN0U3QbACbbKqXuj9ZZNMFAmkKBQ3ZhT4OY4rrlEKBfU2KwzkXMz4A4wsTHkCZlw1qdT01DITGmfa3hRpw653VDwxZp5E1rlY1rzXFuT/tFGB8fW4kmleIKRiOSguFMWMLiKmE6lBoJpbwIWWdlcqptwGiPYj3kxBOXuqbSrB+ww2wfDyIrD4989259cqnxb5Tk7IDxKQK9Iht6RHBkSQZ/LqOI7rvLj77rH7bWl1nVXPV/KmXPoPD3K7gg==</latexit><latexit sha1_base64="A9dcaqqZ8tf7WwXJ2LfZx2zDXLw=">AAACZnicbVE9b9swEKXUNnXzqaQIOnQhYgTokARSUCAZMhj1ktEFbCeAaQgUfYoJUx8gT4EcQX8yW+cu+QkZS8senLhHEHx47x3u8BjlShr0/T+O++Hjp63PrS/bO7t7+wfe4dHQZIUWMBCZyvR9xA0omcIAJSq4zzXwJFJwF826C/3uEbSRWdrHeQ7jhD+kMpaCo6VCTzEo7RRDu2FV1mfMHspMkYcVSzhOBVdVv64pizUXFR uCRsp6U0nL8+ZZM9Gykeula01Y0jfdsAy9tn/hN0U3QbACbbKqXuj9ZZNMFAmkKBQ3ZhT4OY4rrlEKBfU2KwzkXMz4A4wsTHkCZlw1qdT01DITGmfa3hRpw653VDwxZp5E1rlY1rzXFuT/tFGB8fW4kmleIKRiOSguFMWMLiKmE6lBoJpbwIWWdlcqptwGiPYj3kxBOXuqbSrB+ww2wfDyIrD4989259cqnxb5Tk7IDxKQK9Iht6RHBkSQZ/LqOI7rvLj77rH7bWl1nVXPV/KmXPoPD3K7gg==</latexit><latexit sha1_base64="A9dcaqqZ8tf7WwXJ2LfZx2zDXLw=">AAACZnicbVE9b9swEKXUNnXzqaQIOnQhYgTokARSUCAZMhj1ktEFbCeAaQgUfYoJUx8gT4EcQX8yW+cu+QkZS8senLhHEHx47x3u8BjlShr0/T+O++Hjp63PrS/bO7t7+wfe4dHQZIUWMBCZyvR9xA0omcIAJSq4zzXwJFJwF826C/3uEbSRWdrHeQ7jhD+kMpaCo6VCTzEo7RRDu2FV1mfMHspMkYcVSzhOBVdVv64pizUXFR uCRsp6U0nL8+ZZM9Gykeula01Y0jfdsAy9tn/hN0U3QbACbbKqXuj9ZZNMFAmkKBQ3ZhT4OY4rrlEKBfU2KwzkXMz4A4wsTHkCZlw1qdT01DITGmfa3hRpw653VDwxZp5E1rlY1rzXFuT/tFGB8fW4kmleIKRiOSguFMWMLiKmE6lBoJpbwIWWdlcqptwGiPYj3kxBOXuqbSrB+ww2wfDyIrD4989259cqnxb5Tk7IDxKQK9Iht6RHBkSQZ/LqOI7rvLj77rH7bWl1nVXPV/KmXPoPD3K7gg==</latexit><latexit sha1_base64="A9dcaqqZ8tf7WwXJ2LfZx2zDXLw=">AAACZnicbVE9b9swEKXUNnXzqaQIOnQhYgTokARSUCAZMhj1ktEFbCeAaQgUfYoJUx8gT4EcQX8yW+cu+QkZS8senLhHEHx47x3u8BjlShr0/T+O++Hjp63PrS/bO7t7+wfe4dHQZIUWMBCZyvR9xA0omcIAJSq4zzXwJFJwF826C/3uEbSRWdrHeQ7jhD+kMpaCo6VCTzEo7RRDu2FV1mfMHspMkYcVSzhOBVdVv64pizUXFR uCRsp6U0nL8+ZZM9Gykeula01Y0jfdsAy9tn/hN0U3QbACbbKqXuj9ZZNMFAmkKBQ3ZhT4OY4rrlEKBfU2KwzkXMz4A4wsTHkCZlw1qdT01DITGmfa3hRpw653VDwxZp5E1rlY1rzXFuT/tFGB8fW4kmleIKRiOSguFMWMLiKmE6lBoJpbwIWWdlcqptwGiPYj3kxBOXuqbSrB+ww2wfDyIrD4989259cqnxb5Tk7IDxKQK9Iht6RHBkSQZ/LqOI7rvLj77rH7bWl1nVXPV/KmXPoPD3K7gg==</latexit>

)
<latexit sha1_base64="aG9u9sBkVgCA2UtdaixFfCy9L2g=">AAACA3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZxV5gOpRMmmlDM8mQnFHq0KWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777RRWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWAA6CtRPNSBwK1gqH15N664Fpw5W8h1HCgpj0JY84JWAtv3PH+wMgWqvHbrniVt2p8DJ4OVRQrnq3/NPpKZrGTAIVxBjfcxMIMqKBU8HGpU5qWELokPSZb1GSmJkgm548xifW6eFIafsk4Kn7dyIjsTGjOLSdMYGBWaxNzP9qfgrRZZBxmaTAJJ0tilKBQeHJ/3GPa0ZBjCwQqrm9FdMB0YSCTWluC/Dh09im4i1msAzNs6pn+fa8UrvK8ymiI3SMTpGHLlAN3aA6aiCKFHpBr+jNeXbenQ/nc9ZacPKZQzQn5+sX/XCZAg==</latexit><latexit sha1_base64="aG9u9sBkVgCA2UtdaixFfCy9L2g=">AAACA3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZxV5gOpRMmmlDM8mQnFHq0KWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777RRWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWAA6CtRPNSBwK1gqH15N664Fpw5W8h1HCgpj0JY84JWAtv3PH+wMgWqvHbrniVt2p8DJ4OVRQrnq3/NPpKZrGTAIVxBjfcxMIMqKBU8HGpU5qWELokPSZb1GSmJkgm548xifW6eFIafsk4Kn7dyIjsTGjOLSdMYGBWaxNzP9qfgrRZZBxmaTAJJ0tilKBQeHJ/3GPa0ZBjCwQqrm9FdMB0YSCTWluC/Dh09im4i1msAzNs6pn+fa8UrvK8ymiI3SMTpGHLlAN3aA6aiCKFHpBr+jNeXbenQ/nc9ZacPKZQzQn5+sX/XCZAg==</latexit><latexit sha1_base64="aG9u9sBkVgCA2UtdaixFfCy9L2g=">AAACA3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZxV5gOpRMmmlDM8mQnFHq0KWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777RRWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWAA6CtRPNSBwK1gqH15N664Fpw5W8h1HCgpj0JY84JWAtv3PH+wMgWqvHbrniVt2p8DJ4OVRQrnq3/NPpKZrGTAIVxBjfcxMIMqKBU8HGpU5qWELokPSZb1GSmJkgm548xifW6eFIafsk4Kn7dyIjsTGjOLSdMYGBWaxNzP9qfgrRZZBxmaTAJJ0tilKBQeHJ/3GPa0ZBjCwQqrm9FdMB0YSCTWluC/Dh09im4i1msAzNs6pn+fa8UrvK8ymiI3SMTpGHLlAN3aA6aiCKFHpBr+jNeXbenQ/nc9ZacPKZQzQn5+sX/XCZAg==</latexit><latexit sha1_base64="aG9u9sBkVgCA2UtdaixFfCy9L2g=">AAACA3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZxV5gOpRMmmlDM8mQnFHq0KWP4FYfwJ249UFc+yKm7Sxs6w+Bj/+cwzn5w0RwA6777RRWVtfWN4qbpa3tnd298v5B06hUU9agSijdDolhgkvWAA6CtRPNSBwK1gqH15N664Fpw5W8h1HCgpj0JY84JWAtv3PH+wMgWqvHbrniVt2p8DJ4OVRQrnq3/NPpKZrGTAIVxBjfcxMIMqKBU8HGpU5qWELokPSZb1GSmJkgm548xifW6eFIafsk4Kn7dyIjsTGjOLSdMYGBWaxNzP9qfgrRZZBxmaTAJJ0tilKBQeHJ/3GPa0ZBjCwQqrm9FdMB0YSCTWluC/Dh09im4i1msAzNs6pn+fa8UrvK8ymiI3SMTpGHLlAN3aA6aiCKFHpBr+jNeXbenQ/nc9ZacPKZQzQn5+sX/XCZAg==</latexit> 9@�x : �T x ⇡ �x+ @�x.T
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• How to linearize? Ex.: Gâteaux differentiability

Linear invariant can be computed!

Amenable for any supervised task!



Mechanism proposal:

Flattening the level sets
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class 1

class 2

…

9Cx, sup
T

k�x� �T xk
kT k < Cx
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• How to linearize? Ex.: Gâteaux differentiability

Linear invariant can be computed!

Amenable for any supervised task!



Mechanism proposal:

Flattening the level sets
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…

9Cx, sup
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• How to linearize? Ex.: Gâteaux differentiability

• However, exhibiting     can be difficult. (curse of 
dimensionality)

Linear invariant can be computed!

T
<latexit sha1_base64="hnDvA9LCPopmatuVLni5XDp/NF0=">AAACA3icdVDLSgMxFM3UV62vqks3wSK4KjN1aOuu6MZlhb5gOpRMmmlDM8mQZIQ6dOknuNUPcCdu/RDX/oiZtoIVPXDhcM693HtPEDOqtG1/WLm19Y3Nrfx2YWd3b/+geHjUUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0m15nfvSNSUcFbehoTP0IjTkOKkTaS14+QHmPE0tZsUCzZ5ct6teJWoV227ZpTcTJSqbkXLnSMkqEElmgOip/9ocBJRLjGDCnlOXas/RRJTTEjs0I/USRGeIJGxDOUo4goP52fPINnRhnCUEhTXMO5+nMiRZFS0ygwndmJ6reXiX95XqLDup9SHieacLxYFCYMagGz/+GQSoI1mxqCsKTmVojHSCKsTUorWzSd3GepfL8O/yedStkx/NYtNa6W+eTBCTgF58ABNdAAN6AJ2gADAR7BE3i2HqwX69V6W7TmrOXMMViB9f4FXc+ZQQ==</latexit><latexit sha1_base64="hnDvA9LCPopmatuVLni5XDp/NF0=">AAACA3icdVDLSgMxFM3UV62vqks3wSK4KjN1aOuu6MZlhb5gOpRMmmlDM8mQZIQ6dOknuNUPcCdu/RDX/oiZtoIVPXDhcM693HtPEDOqtG1/WLm19Y3Nrfx2YWd3b/+geHjUUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0m15nfvSNSUcFbehoTP0IjTkOKkTaS14+QHmPE0tZsUCzZ5ct6teJWoV227ZpTcTJSqbkXLnSMkqEElmgOip/9ocBJRLjGDCnlOXas/RRJTTEjs0I/USRGeIJGxDOUo4goP52fPINnRhnCUEhTXMO5+nMiRZFS0ygwndmJ6reXiX95XqLDup9SHieacLxYFCYMagGz/+GQSoI1mxqCsKTmVojHSCKsTUorWzSd3GepfL8O/yedStkx/NYtNa6W+eTBCTgF58ABNdAAN6AJ2gADAR7BE3i2HqwX69V6W7TmrOXMMViB9f4FXc+ZQQ==</latexit><latexit sha1_base64="hnDvA9LCPopmatuVLni5XDp/NF0=">AAACA3icdVDLSgMxFM3UV62vqks3wSK4KjN1aOuu6MZlhb5gOpRMmmlDM8mQZIQ6dOknuNUPcCdu/RDX/oiZtoIVPXDhcM693HtPEDOqtG1/WLm19Y3Nrfx2YWd3b/+geHjUUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0m15nfvSNSUcFbehoTP0IjTkOKkTaS14+QHmPE0tZsUCzZ5ct6teJWoV227ZpTcTJSqbkXLnSMkqEElmgOip/9ocBJRLjGDCnlOXas/RRJTTEjs0I/USRGeIJGxDOUo4goP52fPINnRhnCUEhTXMO5+nMiRZFS0ygwndmJ6reXiX95XqLDup9SHieacLxYFCYMagGz/+GQSoI1mxqCsKTmVojHSCKsTUorWzSd3GepfL8O/yedStkx/NYtNa6W+eTBCTgF58ABNdAAN6AJ2gADAR7BE3i2HqwX69V6W7TmrOXMMViB9f4FXc+ZQQ==</latexit><latexit sha1_base64="hnDvA9LCPopmatuVLni5XDp/NF0=">AAACA3icdVDLSgMxFM3UV62vqks3wSK4KjN1aOuu6MZlhb5gOpRMmmlDM8mQZIQ6dOknuNUPcCdu/RDX/oiZtoIVPXDhcM693HtPEDOqtG1/WLm19Y3Nrfx2YWd3b/+geHjUUSKRmLSxYEL2AqQIo5y0NdWM9GJJUBQw0g0m15nfvSNSUcFbehoTP0IjTkOKkTaS14+QHmPE0tZsUCzZ5ct6teJWoV227ZpTcTJSqbkXLnSMkqEElmgOip/9ocBJRLjGDCnlOXas/RRJTTEjs0I/USRGeIJGxDOUo4goP52fPINnRhnCUEhTXMO5+nMiRZFS0ygwndmJ6reXiX95XqLDup9SHieacLxYFCYMagGz/+GQSoI1mxqCsKTmVojHSCKsTUorWzSd3GepfL8O/yedStkx/NYtNa6W+eTBCTgF58ABNdAAN6AJ2gADAR7BE3i2HqwX69V6W7TmrOXMMViB9f4FXc+ZQQ==</latexit>

Amenable for any supervised task!

Ex.: linear translations Ta
�
x
�
(u) , x(u+ a)

<latexit sha1_base64="KewYbEZv0KTaBjuVfG8wIWMm8yk=">AAACJnicbVDLSgNBEJyN7/iKevQyGIQEJeyKoEfRi0cF84BsCL2TSRwyO7vO9IpxyU/4FX6CV/0AbyLeBH/E2ZiDJhbMUFR1090VxFIYdN0PJzczOze/sLiUX15ZXVsvbGzWTJRoxqsskpFuBGC4FIpXUaDkjVhzCAPJ60H/LPPrt1wbEakrHMS8FUJPia5ggFZqF/b9EPCagUyvhm3wA9Er3WV/uZSUfdQCVE/yG3pXSvag3C4U3Yo7Ap0m3pgUyRgX7cKX34lYEnKFTIIxTc+NsZWCRsEkH+b9xPAYWB96vGmpgpCbVjq6akh3rdKh3Ujbp5CO1N8dKYTGDMLAVmY3mEkvE//zmgl2j1upUHGCXLGfQd1EUoxoFhHtCM0ZyoElwLSwu1J2DRoY2iD/TEHRvx/aVLzJDKZJ7aDiWX55WDw5HeezSLbJDikRjxyRE3JOLkiVMPJAnsgzeXEenVfnzXn/Kc05454t8gfO5ze42qXy</latexit><latexit sha1_base64="KewYbEZv0KTaBjuVfG8wIWMm8yk=">AAACJnicbVDLSgNBEJyN7/iKevQyGIQEJeyKoEfRi0cF84BsCL2TSRwyO7vO9IpxyU/4FX6CV/0AbyLeBH/E2ZiDJhbMUFR1090VxFIYdN0PJzczOze/sLiUX15ZXVsvbGzWTJRoxqsskpFuBGC4FIpXUaDkjVhzCAPJ60H/LPPrt1wbEakrHMS8FUJPia5ggFZqF/b9EPCagUyvhm3wA9Er3WV/uZSUfdQCVE/yG3pXSvag3C4U3Yo7Ap0m3pgUyRgX7cKX34lYEnKFTIIxTc+NsZWCRsEkH+b9xPAYWB96vGmpgpCbVjq6akh3rdKh3Ujbp5CO1N8dKYTGDMLAVmY3mEkvE//zmgl2j1upUHGCXLGfQd1EUoxoFhHtCM0ZyoElwLSwu1J2DRoY2iD/TEHRvx/aVLzJDKZJ7aDiWX55WDw5HeezSLbJDikRjxyRE3JOLkiVMPJAnsgzeXEenVfnzXn/Kc05454t8gfO5ze42qXy</latexit><latexit sha1_base64="KewYbEZv0KTaBjuVfG8wIWMm8yk=">AAACJnicbVDLSgNBEJyN7/iKevQyGIQEJeyKoEfRi0cF84BsCL2TSRwyO7vO9IpxyU/4FX6CV/0AbyLeBH/E2ZiDJhbMUFR1090VxFIYdN0PJzczOze/sLiUX15ZXVsvbGzWTJRoxqsskpFuBGC4FIpXUaDkjVhzCAPJ60H/LPPrt1wbEakrHMS8FUJPia5ggFZqF/b9EPCagUyvhm3wA9Er3WV/uZSUfdQCVE/yG3pXSvag3C4U3Yo7Ap0m3pgUyRgX7cKX34lYEnKFTIIxTc+NsZWCRsEkH+b9xPAYWB96vGmpgpCbVjq6akh3rdKh3Ujbp5CO1N8dKYTGDMLAVmY3mEkvE//zmgl2j1upUHGCXLGfQd1EUoxoFhHtCM0ZyoElwLSwu1J2DRoY2iD/TEHRvx/aVLzJDKZJ7aDiWX55WDw5HeezSLbJDikRjxyRE3JOLkiVMPJAnsgzeXEenVfnzXn/Kc05454t8gfO5ze42qXy</latexit><latexit sha1_base64="KewYbEZv0KTaBjuVfG8wIWMm8yk=">AAACJnicbVDLSgNBEJyN7/iKevQyGIQEJeyKoEfRi0cF84BsCL2TSRwyO7vO9IpxyU/4FX6CV/0AbyLeBH/E2ZiDJhbMUFR1090VxFIYdN0PJzczOze/sLiUX15ZXVsvbGzWTJRoxqsskpFuBGC4FIpXUaDkjVhzCAPJ60H/LPPrt1wbEakrHMS8FUJPia5ggFZqF/b9EPCagUyvhm3wA9Er3WV/uZSUfdQCVE/yG3pXSvag3C4U3Yo7Ap0m3pgUyRgX7cKX34lYEnKFTIIxTc+NsZWCRsEkH+b9xPAYWB96vGmpgpCbVjq6akh3rdKh3Ujbp5CO1N8dKYTGDMLAVmY3mEkvE//zmgl2j1upUHGCXLGfQd1EUoxoFhHtCM0ZyoElwLSwu1J2DRoY2iD/TEHRvx/aVLzJDKZJ7aDiWX55WDw5HeezSLbJDikRjxyRE3JOLkiVMPJAnsgzeXEenVfnzXn/Kc05454t8gfO5ze42qXy</latexit>

, yet non linear case?



Empirical observation: 

Progressive separability
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• Typical CNN exhibits a progressive contraction & 
separation, w.r.t. the depth: 
 
 
 
 
 
 
 
 
 
 
 
 
 

RD

⇢W1 ...⇢W2 ⇢W13

In the following, representations are spatially averaged.
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In the following, representations are spatially averaged.



Empirical observation: 

Progressive separability
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• Typical CNN exhibits a progressive contraction & 
separation, w.r.t. the depth: 
 
 
 
 
 
 
 
 
 
 
 
 
 

• How can we explain it?
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In the following, representations are spatially averaged.

Ref.:  Building a Regular Decision Boundary with Deep Networks, EO



Adversarial examples

• NNs are super sensitive to input noise


• Indeed, the NN is at most                   -Lipschitz

46

<latexit sha1_base64="m32vCH+kqLvmns2BCixEG4U5owk="></latexit>

kW1k...kWJk



Adversarial examples

• NNs are super sensitive to input noise


• Indeed, the NN is at most                   -Lipschitz

46

inf
�(x) 6=�(x+✏)

k✏k
<latexit sha1_base64="AYPUMz0l4JwNZpEsMbgY4VabGII=">AAACMHicbZBLSgNBEIZ7fBtfUZduGoOgCGFGRF2KblxGMA/IhNDTqUma9PSM3TViHHITT+ER3OoBdCXizlPYeQhGLWj46q8qqvoPEikMuu6rMzU9Mzs3v7CYW1peWV3Lr29UTJxqDmUey1jXAmZACgVlFCihlmhgUSChGnTPB/XqDWgjYnWFvQQaEWsrEQrO0ErN/JEvVNjM/FJH7N7u+Qqu6Yj3fUiMkLHa6/sV0Ei/82HWzBfcojsM+he8MRTIOErN/IffinkagUIumTF1z02wkTGNgkvo5/zUQMJ4l7WhblGxCEwjG/6vT3es0qJhrO1TSIfqz4mMRcb0osB2Rgw75ndtIP5Xq6cYnjQyoZIUQfHRojCVFGM6MIu2hAaOsmeBcS3srZR3mGYcraUTW1B07/rWFe+3B3+hclD0LF8eFk7Pxv4skC2yTXaJR47JKbkgJVImnNyTR/JEnp0H58V5c95HrVPOeGaTTITz+QV4F6qJ</latexit><latexit sha1_base64="AYPUMz0l4JwNZpEsMbgY4VabGII=">AAACMHicbZBLSgNBEIZ7fBtfUZduGoOgCGFGRF2KblxGMA/IhNDTqUma9PSM3TViHHITT+ER3OoBdCXizlPYeQhGLWj46q8qqvoPEikMuu6rMzU9Mzs3v7CYW1peWV3Lr29UTJxqDmUey1jXAmZACgVlFCihlmhgUSChGnTPB/XqDWgjYnWFvQQaEWsrEQrO0ErN/JEvVNjM/FJH7N7u+Qqu6Yj3fUiMkLHa6/sV0Ei/82HWzBfcojsM+he8MRTIOErN/IffinkagUIumTF1z02wkTGNgkvo5/zUQMJ4l7WhblGxCEwjG/6vT3es0qJhrO1TSIfqz4mMRcb0osB2Rgw75ndtIP5Xq6cYnjQyoZIUQfHRojCVFGM6MIu2hAaOsmeBcS3srZR3mGYcraUTW1B07/rWFe+3B3+hclD0LF8eFk7Pxv4skC2yTXaJR47JKbkgJVImnNyTR/JEnp0H58V5c95HrVPOeGaTTITz+QV4F6qJ</latexit><latexit sha1_base64="AYPUMz0l4JwNZpEsMbgY4VabGII=">AAACMHicbZBLSgNBEIZ7fBtfUZduGoOgCGFGRF2KblxGMA/IhNDTqUma9PSM3TViHHITT+ER3OoBdCXizlPYeQhGLWj46q8qqvoPEikMuu6rMzU9Mzs3v7CYW1peWV3Lr29UTJxqDmUey1jXAmZACgVlFCihlmhgUSChGnTPB/XqDWgjYnWFvQQaEWsrEQrO0ErN/JEvVNjM/FJH7N7u+Qqu6Yj3fUiMkLHa6/sV0Ei/82HWzBfcojsM+he8MRTIOErN/IffinkagUIumTF1z02wkTGNgkvo5/zUQMJ4l7WhblGxCEwjG/6vT3es0qJhrO1TSIfqz4mMRcb0osB2Rgw75ndtIP5Xq6cYnjQyoZIUQfHRojCVFGM6MIu2hAaOsmeBcS3srZR3mGYcraUTW1B07/rWFe+3B3+hclD0LF8eFk7Pxv4skC2yTXaJR47JKbkgJVImnNyTR/JEnp0H58V5c95HrVPOeGaTTITz+QV4F6qJ</latexit><latexit sha1_base64="AYPUMz0l4JwNZpEsMbgY4VabGII=">AAACMHicbZBLSgNBEIZ7fBtfUZduGoOgCGFGRF2KblxGMA/IhNDTqUma9PSM3TViHHITT+ER3OoBdCXizlPYeQhGLWj46q8qqvoPEikMuu6rMzU9Mzs3v7CYW1peWV3Lr29UTJxqDmUey1jXAmZACgVlFCihlmhgUSChGnTPB/XqDWgjYnWFvQQaEWsrEQrO0ErN/JEvVNjM/FJH7N7u+Qqu6Yj3fUiMkLHa6/sV0Ei/82HWzBfcojsM+he8MRTIOErN/IffinkagUIumTF1z02wkTGNgkvo5/zUQMJ4l7WhblGxCEwjG/6vT3es0qJhrO1TSIfqz4mMRcb0osB2Rgw75ndtIP5Xq6cYnjQyoZIUQfHRojCVFGM6MIu2hAaOsmeBcS3srZR3mGYcraUTW1B07/rWFe+3B3+hclD0LF8eFk7Pxv4skC2yTXaJR47JKbkgJVImnNyTR/JEnp0H58V5c95HrVPOeGaTTITz+QV4F6qJ</latexit>

Or even for every class, there are

 algorithms with parameters         s.t.:

Ref.: Universal adversarial perturbations, 
Moosavi et al.

k�k  ✏
<latexit sha1_base64="UBaNq2JXU6q/Lg7y3T4vABrw8EY=">AAACGXicbZC7SgNBFIZnvcZ4i1paOBgEq7ArgpZBG8sI5gLZEGZnzyZDZi/OnBViSOlT+Ai2+gB2Ymtl7Ys4m2xhEn8Y+PjPOZwzv5dIodG2v62l5ZXVtfXCRnFza3tnt7S339BxqjjUeSxj1fKYBikiqKNACa1EAQs9CU1vcJ3Vmw+gtIijOxwm0AlZLxKB4AyN1S0duQ1QSF0fJLKcJdxTFxItZNZRtiv2RHQRnBzKJFetW/px/ZinIUTIJdO67dgJdkZMoeASxkU31ZAwPmA9aBuMWAi6M5p8ZExPjOPTIFbmRUgn7t+JEQu1Hoae6QwZ9vV8LTP/q7VTDC47IxElKULEp4uCVFKMaZYK9YUCjnJogHElzK2U95liHE12M1tQDB7HJhVnPoNFaJxVHMO35+XqVZ5PgRySY3JKHHJBquSG1EidcPJEXsgrebOerXfrw/qcti5Z+cwBmZH19QtUd6Eq</latexit><latexit sha1_base64="UBaNq2JXU6q/Lg7y3T4vABrw8EY=">AAACGXicbZC7SgNBFIZnvcZ4i1paOBgEq7ArgpZBG8sI5gLZEGZnzyZDZi/OnBViSOlT+Ai2+gB2Ymtl7Ys4m2xhEn8Y+PjPOZwzv5dIodG2v62l5ZXVtfXCRnFza3tnt7S339BxqjjUeSxj1fKYBikiqKNACa1EAQs9CU1vcJ3Vmw+gtIijOxwm0AlZLxKB4AyN1S0duQ1QSF0fJLKcJdxTFxItZNZRtiv2RHQRnBzKJFetW/px/ZinIUTIJdO67dgJdkZMoeASxkU31ZAwPmA9aBuMWAi6M5p8ZExPjOPTIFbmRUgn7t+JEQu1Hoae6QwZ9vV8LTP/q7VTDC47IxElKULEp4uCVFKMaZYK9YUCjnJogHElzK2U95liHE12M1tQDB7HJhVnPoNFaJxVHMO35+XqVZ5PgRySY3JKHHJBquSG1EidcPJEXsgrebOerXfrw/qcti5Z+cwBmZH19QtUd6Eq</latexit><latexit sha1_base64="UBaNq2JXU6q/Lg7y3T4vABrw8EY=">AAACGXicbZC7SgNBFIZnvcZ4i1paOBgEq7ArgpZBG8sI5gLZEGZnzyZDZi/OnBViSOlT+Ai2+gB2Ymtl7Ys4m2xhEn8Y+PjPOZwzv5dIodG2v62l5ZXVtfXCRnFza3tnt7S339BxqjjUeSxj1fKYBikiqKNACa1EAQs9CU1vcJ3Vmw+gtIijOxwm0AlZLxKB4AyN1S0duQ1QSF0fJLKcJdxTFxItZNZRtiv2RHQRnBzKJFetW/px/ZinIUTIJdO67dgJdkZMoeASxkU31ZAwPmA9aBuMWAi6M5p8ZExPjOPTIFbmRUgn7t+JEQu1Hoae6QwZ9vV8LTP/q7VTDC47IxElKULEp4uCVFKMaZYK9YUCjnJogHElzK2U95liHE12M1tQDB7HJhVnPoNFaJxVHMO35+XqVZ5PgRySY3JKHHJBquSG1EidcPJEXsgrebOerXfrw/qcti5Z+cwBmZH19QtUd6Eq</latexit><latexit sha1_base64="UBaNq2JXU6q/Lg7y3T4vABrw8EY=">AAACGXicbZC7SgNBFIZnvcZ4i1paOBgEq7ArgpZBG8sI5gLZEGZnzyZDZi/OnBViSOlT+Ai2+gB2Ymtl7Ys4m2xhEn8Y+PjPOZwzv5dIodG2v62l5ZXVtfXCRnFza3tnt7S339BxqjjUeSxj1fKYBikiqKNACa1EAQs9CU1vcJ3Vmw+gtIijOxwm0AlZLxKB4AyN1S0duQ1QSF0fJLKcJdxTFxItZNZRtiv2RHQRnBzKJFetW/px/ZinIUTIJdO67dgJdkZMoeASxkU31ZAwPmA9aBuMWAi6M5p8ZExPjOPTIFbmRUgn7t+JEQu1Hoae6QwZ9vV8LTP/q7VTDC47IxElKULEp4uCVFKMaZYK9YUCjnJogHElzK2U95liHE12M1tQDB7HJhVnPoNFaJxVHMO35+XqVZ5PgRySY3JKHHJBquSG1EidcPJEXsgrebOerXfrw/qcti5Z+cwBmZH19QtUd6Eq</latexit>

P
✓
�(X + �) 6= �(X)

◆
� 1� 

<latexit sha1_base64="57YiQwV78Etgx9iQ8n/qxKs3qJ4="></latexit><latexit sha1_base64="57YiQwV78Etgx9iQ8n/qxKs3qJ4="></latexit><latexit sha1_base64="57YiQwV78Etgx9iQ8n/qxKs3qJ4="></latexit><latexit sha1_base64="57YiQwV78Etgx9iQ8n/qxKs3qJ4="></latexit>{
<latexit sha1_base64="4EjEf2o+MXpKhVEWBafa1Bb2rQs=">AAAB+nicbZDPTsJAEMan+A/xH+rRy0Zi4om0xkSPRC8e0QiYQEO2yxY2bLfN7tQEK2/gVR/Am/Hqy3j2RVygBwG/ZJNfvpnJzH5BIoVB1/1 2Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjPVDQA2XQvEGCpT8IdGcRoHkrWB4Pam3Hrk2Ilb3OEq4H9G+EqFgFK1118m65Ypbdaciy+DlUIFc9W75p9OLWRpxhUxSY9qem6CfUY2CST4udVLDE8qGtM/bFhWNuPGz6aVjcmKdHgljbZ9CMnX/TmQ0MmYUBbYz ojgwi7WJ+V+tnWJ46WdCJSlyxWaLwlQSjMnk26QnNGcoRxYo08LeStiAasrQhjO3BcXwaWxT8RYzWIbmWdWzfHteqV3l+RThCI7hFDy4gBrcQB0awCCEF3iFN+fZeXc+nM9Za8HJZw5hTs7XL8iylPo=</latexit><latexit sha1_base64="4EjEf2o+MXpKhVEWBafa1Bb2rQs=">AAAB+nicbZDPTsJAEMan+A/xH+rRy0Zi4om0xkSPRC8e0QiYQEO2yxY2bLfN7tQEK2/gVR/Am/Hqy3j2RVygBwG/ZJNfvpnJzH5BIoVB1/1 2Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjPVDQA2XQvEGCpT8IdGcRoHkrWB4Pam3Hrk2Ilb3OEq4H9G+EqFgFK1118m65Ypbdaciy+DlUIFc9W75p9OLWRpxhUxSY9qem6CfUY2CST4udVLDE8qGtM/bFhWNuPGz6aVjcmKdHgljbZ9CMnX/TmQ0MmYUBbYz ojgwi7WJ+V+tnWJ46WdCJSlyxWaLwlQSjMnk26QnNGcoRxYo08LeStiAasrQhjO3BcXwaWxT8RYzWIbmWdWzfHteqV3l+RThCI7hFDy4gBrcQB0awCCEF3iFN+fZeXc+nM9Za8HJZw5hTs7XL8iylPo=</latexit><latexit sha1_base64="4EjEf2o+MXpKhVEWBafa1Bb2rQs=">AAAB+nicbZDPTsJAEMan+A/xH+rRy0Zi4om0xkSPRC8e0QiYQEO2yxY2bLfN7tQEK2/gVR/Am/Hqy3j2RVygBwG/ZJNfvpnJzH5BIoVB1/1 2Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjPVDQA2XQvEGCpT8IdGcRoHkrWB4Pam3Hrk2Ilb3OEq4H9G+EqFgFK1118m65Ypbdaciy+DlUIFc9W75p9OLWRpxhUxSY9qem6CfUY2CST4udVLDE8qGtM/bFhWNuPGz6aVjcmKdHgljbZ9CMnX/TmQ0MmYUBbYz ojgwi7WJ+V+tnWJ46WdCJSlyxWaLwlQSjMnk26QnNGcoRxYo08LeStiAasrQhjO3BcXwaWxT8RYzWIbmWdWzfHteqV3l+RThCI7hFDy4gBrcQB0awCCEF3iFN+fZeXc+nM9Za8HJZw5hTs7XL8iylPo=</latexit><latexit sha1_base64="4EjEf2o+MXpKhVEWBafa1Bb2rQs=">AAAB+nicbZDPTsJAEMan+A/xH+rRy0Zi4om0xkSPRC8e0QiYQEO2yxY2bLfN7tQEK2/gVR/Am/Hqy3j2RVygBwG/ZJNfvpnJzH5BIoVB1/1 2Ciura+sbxc3S1vbO7l55/6Bp4lQz3mCxjPVDQA2XQvEGCpT8IdGcRoHkrWB4Pam3Hrk2Ilb3OEq4H9G+EqFgFK1118m65Ypbdaciy+DlUIFc9W75p9OLWRpxhUxSY9qem6CfUY2CST4udVLDE8qGtM/bFhWNuPGz6aVjcmKdHgljbZ9CMnX/TmQ0MmYUBbYz ojgwi7WJ+V+tnWJ46WdCJSlyxWaLwlQSjMnk26QnNGcoRxYo08LeStiAasrQhjO3BcXwaWxT8RYzWIbmWdWzfHteqV3l+RThCI7hFDy4gBrcQB0awCCEF3iFN+fZeXc+nM9Za8HJZw5hTs7XL8iylPo=</latexit>

(✏,)
<latexit sha1_base64="cC64/3vtOwzrwHYrd2alFlHAv8w=">AAACC3icbZDNSgMxFIUz9a/Wv6ku3QSLUEHKjAi6LLpxWcG2QmcomTTThmaSkGSUOvQRfAS3+gDuxK0P4doXMW1nYVsPXPg4917u5USSUW0879sprKyurW8UN0tb2zu7e255v6VFqjBpYsGEuo+QJoxy0jTUMHIvFUFJxEg7Gl5P+u0HojQV/M6MJAkT1Oc0phgZa3XdcjUgUlMm+GkwRFKik65b8WreVHAZ/BwqIFej6/4EPYHThHCDGdK643vShBlShmJGxqUg1UQiPER90rHIUUJ0mE1fH8Nj6/RgLJQtbuDU/buRoUTrURLZyQSZgV7sTcz/ep3UxJdhRrlMDeF4dihOGTQCTnKAPaoINmxkAWFF7a8QD5BC2Ni05q4YOnwa21T8xQyWoXVW8y3fnlfqV3k+RXAIjkAV+OAC1MENaIAmwOARvIBX8OY8O+/Oh/M5Gy04+c4BmJPz9QspOJsm</latexit><latexit sha1_base64="cC64/3vtOwzrwHYrd2alFlHAv8w=">AAACC3icbZDNSgMxFIUz9a/Wv6ku3QSLUEHKjAi6LLpxWcG2QmcomTTThmaSkGSUOvQRfAS3+gDuxK0P4doXMW1nYVsPXPg4917u5USSUW0879sprKyurW8UN0tb2zu7e255v6VFqjBpYsGEuo+QJoxy0jTUMHIvFUFJxEg7Gl5P+u0HojQV/M6MJAkT1Oc0phgZa3XdcjUgUlMm+GkwRFKik65b8WreVHAZ/BwqIFej6/4EPYHThHCDGdK643vShBlShmJGxqUg1UQiPER90rHIUUJ0mE1fH8Nj6/RgLJQtbuDU/buRoUTrURLZyQSZgV7sTcz/ep3UxJdhRrlMDeF4dihOGTQCTnKAPaoINmxkAWFF7a8QD5BC2Ni05q4YOnwa21T8xQyWoXVW8y3fnlfqV3k+RXAIjkAV+OAC1MENaIAmwOARvIBX8OY8O+/Oh/M5Gy04+c4BmJPz9QspOJsm</latexit><latexit sha1_base64="cC64/3vtOwzrwHYrd2alFlHAv8w=">AAACC3icbZDNSgMxFIUz9a/Wv6ku3QSLUEHKjAi6LLpxWcG2QmcomTTThmaSkGSUOvQRfAS3+gDuxK0P4doXMW1nYVsPXPg4917u5USSUW0879sprKyurW8UN0tb2zu7e255v6VFqjBpYsGEuo+QJoxy0jTUMHIvFUFJxEg7Gl5P+u0HojQV/M6MJAkT1Oc0phgZa3XdcjUgUlMm+GkwRFKik65b8WreVHAZ/BwqIFej6/4EPYHThHCDGdK643vShBlShmJGxqUg1UQiPER90rHIUUJ0mE1fH8Nj6/RgLJQtbuDU/buRoUTrURLZyQSZgV7sTcz/ep3UxJdhRrlMDeF4dihOGTQCTnKAPaoINmxkAWFF7a8QD5BC2Ni05q4YOnwa21T8xQyWoXVW8y3fnlfqV3k+RXAIjkAV+OAC1MENaIAmwOARvIBX8OY8O+/Oh/M5Gy04+c4BmJPz9QspOJsm</latexit><latexit sha1_base64="cC64/3vtOwzrwHYrd2alFlHAv8w=">AAACC3icbZDNSgMxFIUz9a/Wv6ku3QSLUEHKjAi6LLpxWcG2QmcomTTThmaSkGSUOvQRfAS3+gDuxK0P4doXMW1nYVsPXPg4917u5USSUW0879sprKyurW8UN0tb2zu7e255v6VFqjBpYsGEuo+QJoxy0jTUMHIvFUFJxEg7Gl5P+u0HojQV/M6MJAkT1Oc0phgZa3XdcjUgUlMm+GkwRFKik65b8WreVHAZ/BwqIFej6/4EPYHThHCDGdK643vShBlShmJGxqUg1UQiPER90rHIUUJ0mE1fH8Nj6/RgLJQtbuDU/buRoUTrURLZyQSZgV7sTcz/ep3UxJdhRrlMDeF4dihOGTQCTnKAPaoINmxkAWFF7a8QD5BC2Ni05q4YOnwa21T8xQyWoXVW8y3fnlfqV3k+RXAIjkAV+OAC1MENaIAmwOARvIBX8OY8O+/Oh/M5Gy04+c4BmJPz9QspOJsm</latexit>

Ref.: Lipschitz Regularity of deep neural 
networks, Scaman and Virmaux

<latexit sha1_base64="m32vCH+kqLvmns2BCixEG4U5owk="></latexit>

kW1k...kWJk
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Reconstruction from a

 given layer?

48

W1
<latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit><latexit sha1_base64="yp1uTzuRiVyRpPbNUh016Ynh4J0=">AAAB+3icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZ0V6gDWUynbZDJ5MwcyLUkEdwqw/gTtz6MK59EadtFrb1h4GP/5zDOfMHsRQGXffbKaytb2xuFbdLO7t7+wflw6OmiRLNeINFMtLtgBouheINFCh5O9achoHkrWB8O623nrg2IlKPOIm5H9KhEgPBKFrrodXzeuWKW3VnIqvg5VCBXPVe+afbj1gScoVMUmM6nhujn1KNgkmelbqJ4TFlYzrkHYuKhtz46ezUjJxZp08GkbZPIZm5fydSGhozCQPbGVIcmeXa1Pyv1klwcO2nQsUJcsXmiwaJJBiR6b9JX2jOUE4sUKaFvZWwEdWUoU1nYQuK8XNmU/GWM1iF5kXVs3x/Wand5PkU4QRO4Rw8uIIa3EEdGsBgCC/wCm9O5rw7H87nvLXg5DPHsCDn6xcHuZUU</latexit>

W2
<latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit><latexit sha1_base64="qyS8LjtUbiJ/uxn5RABA6IXlWHo=">AAAB+3icbZDLSsNAFIZPvNZ6q7p0M1gEVyUpgi6LblxWtBdoQ5lMJ+3QySTMnAg19BHc6gO4E7c+jGtfxGmbhW39YeDjP+dwzvxBIoVB1/121tY3Nre2CzvF3b39g8PS0XHTxKlmvMFiGet2QA2XQvEGCpS8nWhOo0DyVjC6ndZbT1wbEatHHCfcj+hAiVAwitZ6aPWqvVLZrbgzkVXwcihDrnqv9NPtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHYuKRtz42ezUCTm3Tp+EsbZPIZm5fycyGhkzjgLbGVEcmuXa1Pyv1kkxvPYzoZIUuWLzRWEqCcZk+m/SF5ozlGMLlGlhbyVsSDVlaNNZ2IJi9DyxqXjLGaxCs1rxLN9flms3eT4FOIUzuAAPrqAGd1CHBjAYwAu8wpszcd6dD+dz3rrm5DMnsCDn6xcJTpUV</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

WJ
<latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit><latexit sha1_base64="U3uzkWI7ikZhtVeT6Txs72idISU=">AAAB/XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosuhFXFUwrtKFMppN26OTCzIlQQ/ER3OoDuBO3PotrX8RJm4Vt/WHg4z/ncM78fiKFRtv+tkorq2vrG+XNytb2zu5edf+gpeNUMe6yWMbqwaeaSxFxFwVK/pAoTkNf8rY/us7r7UeutIijexwn3AvpIBKBYBSN5bZ72e2kV63ZdXsqsgxOATUo1OxVf7r9mKUhj5BJqnXHsRP0MqpQMMknlW6qeULZiA54x2BEQ669bHrshJwYp0+CWJkXIZm6fycyGmo9Dn3TGVIc6sVabv5X66QYXHqZiJIUecRmi4JUEoxJ/nPSF4ozlGMDlClhbiVsSBVlaPKZ24Ji9JSn4ixmsAyts7pj+O681rgq8inDERzDKThwAQ24gSa4wEDAC7zCm/VsvVsf1uestWQVM4cwJ+vrFwRcljk=</latexit>

�(x)
<latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit><latexit sha1_base64="yPj1Gel0mVagsa/RhNrQlulMSgw=">AAAB/3icbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0W3bisYC/QhjKZTtohk0mYORFr6MJHcKsP4E7c+iiufRGnbRa29YeBj/+cwznz+4ngGh3n21pZXVvf2CxsFbd3dvf2SweHTR2nirIGjUWs2j7RTHDJGshRsHaiGIl8wVp+eDOptx6Y0jyW9zhKmBeRgeQBpwSN1erWh7zyeNYrlZ2qM5W9DG4OZchV75V+uv2YphGTSAXRuuM6CXoZUcipYONiN9UsITQkA9YxKEnEtJdNzx3bp8bp20GszJNoT92/ExmJtB5FvumMCA71Ym1i/lfrpBhceRmXSYpM0tmiIBU2xvbk73afK0ZRjAwQqri51aZDoghFk9DcFuTh09ik4i5msAzN86pr+O6iXLvO8ynAMZxABVy4hBrcQh0aQCGEF3iFN+vZerc+rM9Z64qVzxzBnKyvX81glps=</latexit>

X0
<latexit sha1_base64="ya2AvyItY7UiWaRCQY/ivG+ysw4=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4A2lMl00g6dmYSZiVBDtn6CW/0Ad+LW/3Dtjzhps7CtBy4czrmXezhBzJk2rvvtlNbWNza3ytuVnd29/YPq4VFbR4kitEUiHqlugDXlTNKWYYbTbqwoFgGnnWBym/udR6o0i+SDmcbUF3gkWcgINlbq9wU2YyXSbjZwB9WaW3dnQKvEK0gNCjQH1Z/+MCKJoNIQjrXueW5s/BQrwwinWaWfaBpjMsEj2rNUYkG1n84yZ+jMKkMURsqONGim/r1IsdB6KgK7mWfUy14u/uf1EhNe+ymTcWKoJPNHYcKRiVBeABoyRYnhU0swUcxmRWSMFSbG1rTwxbDJU2Zb8ZY7WCXti7pn+f1lrXFT9FOGEziFc/DgChpwB01oAYEYXuAV3pxn5935cD7nqyWnuDmGBThfv4vwmUs=</latexit><latexit sha1_base64="ya2AvyItY7UiWaRCQY/ivG+ysw4=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4A2lMl00g6dmYSZiVBDtn6CW/0Ad+LW/3Dtjzhps7CtBy4czrmXezhBzJk2rvvtlNbWNza3ytuVnd29/YPq4VFbR4kitEUiHqlugDXlTNKWYYbTbqwoFgGnnWBym/udR6o0i+SDmcbUF3gkWcgINlbq9wU2YyXSbjZwB9WaW3dnQKvEK0gNCjQH1Z/+MCKJoNIQjrXueW5s/BQrwwinWaWfaBpjMsEj2rNUYkG1n84yZ+jMKkMURsqONGim/r1IsdB6KgK7mWfUy14u/uf1EhNe+ymTcWKoJPNHYcKRiVBeABoyRYnhU0swUcxmRWSMFSbG1rTwxbDJU2Zb8ZY7WCXti7pn+f1lrXFT9FOGEziFc/DgChpwB01oAYEYXuAV3pxn5935cD7nqyWnuDmGBThfv4vwmUs=</latexit><latexit sha1_base64="ya2AvyItY7UiWaRCQY/ivG+ysw4=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4A2lMl00g6dmYSZiVBDtn6CW/0Ad+LW/3Dtjzhps7CtBy4czrmXezhBzJk2rvvtlNbWNza3ytuVnd29/YPq4VFbR4kitEUiHqlugDXlTNKWYYbTbqwoFgGnnWBym/udR6o0i+SDmcbUF3gkWcgINlbq9wU2YyXSbjZwB9WaW3dnQKvEK0gNCjQH1Z/+MCKJoNIQjrXueW5s/BQrwwinWaWfaBpjMsEj2rNUYkG1n84yZ+jMKkMURsqONGim/r1IsdB6KgK7mWfUy14u/uf1EhNe+ymTcWKoJPNHYcKRiVBeABoyRYnhU0swUcxmRWSMFSbG1rTwxbDJU2Zb8ZY7WCXti7pn+f1lrXFT9FOGEziFc/DgChpwB01oAYEYXuAV3pxn5935cD7nqyWnuDmGBThfv4vwmUs=</latexit><latexit sha1_base64="ya2AvyItY7UiWaRCQY/ivG+ysw4=">AAACBHicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUF+4A2lMl00g6dmYSZiVBDtn6CW/0Ad+LW/3Dtjzhps7CtBy4czrmXezhBzJk2rvvtlNbWNza3ytuVnd29/YPq4VFbR4kitEUiHqlugDXlTNKWYYbTbqwoFgGnnWBym/udR6o0i+SDmcbUF3gkWcgINlbq9wU2YyXSbjZwB9WaW3dnQKvEK0gNCjQH1Z/+MCKJoNIQjrXueW5s/BQrwwinWaWfaBpjMsEj2rNUYkG1n84yZ+jMKkMURsqONGim/r1IsdB6KgK7mWfUy14u/uf1EhNe+ymTcWKoJPNHYcKRiVBeABoyRYnhU0swUcxmRWSMFSbG1rTwxbDJU2Zb8ZY7WCXti7pn+f1lrXFT9FOGEziFc/DgChpwB01oAYEYXuAV3pxn5935cD7nqyWnuDmGBThfv4vwmUs=</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

… ⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

X('j)
<latexit sha1_base64="NFE1vJrDZFp1QMunPxCvF0o4HG0=">AAACBHicbZC7SgNBFIbPxluMt6ilzWAQYhN2RdAyaGMZwVwgWcLsZDYZMzs7zMwG4pLWR7DVB7ATW9/D2hdxkmxhEn848PGfcziHP5CcaeO6305ubX1jcyu/XdjZ3ds/KB4eNXScKELrJOaxagVYU84ErRtmOG1JRXEUcNoMhrfTfnNElWaxeDBjSf0I9wULGcHGWp1WuTPCSg5Y9/G8Wyy5FXcmtApeBiXIVOsWfzq9mCQRFYZwrHXbc6XxU6wMI5xOCp1EU4nJEPdp26LAEdV+Ovt5gs6s00NhrGwJg2bu340UR1qPo8BORtgM9HJvav7XaycmvPZTJmRiqCDzQ2HCkYnRNADUY4oSw8cWMFHM/orIACtMjI1p4Yphw6eJTcVbzmAVGhcVz/L9Zal6k+WThxM4hTJ4cAVVuIMa1IGAhBd4hTfn2Xl3PpzP+WjOyXaOYUHO1y/dnpjf</latexit><latexit sha1_base64="NFE1vJrDZFp1QMunPxCvF0o4HG0=">AAACBHicbZC7SgNBFIbPxluMt6ilzWAQYhN2RdAyaGMZwVwgWcLsZDYZMzs7zMwG4pLWR7DVB7ATW9/D2hdxkmxhEn848PGfcziHP5CcaeO6305ubX1jcyu/XdjZ3ds/KB4eNXScKELrJOaxagVYU84ErRtmOG1JRXEUcNoMhrfTfnNElWaxeDBjSf0I9wULGcHGWp1WuTPCSg5Y9/G8Wyy5FXcmtApeBiXIVOsWfzq9mCQRFYZwrHXbc6XxU6wMI5xOCp1EU4nJEPdp26LAEdV+Ovt5gs6s00NhrGwJg2bu340UR1qPo8BORtgM9HJvav7XaycmvPZTJmRiqCDzQ2HCkYnRNADUY4oSw8cWMFHM/orIACtMjI1p4Yphw6eJTcVbzmAVGhcVz/L9Zal6k+WThxM4hTJ4cAVVuIMa1IGAhBd4hTfn2Xl3PpzP+WjOyXaOYUHO1y/dnpjf</latexit><latexit sha1_base64="NFE1vJrDZFp1QMunPxCvF0o4HG0=">AAACBHicbZC7SgNBFIbPxluMt6ilzWAQYhN2RdAyaGMZwVwgWcLsZDYZMzs7zMwG4pLWR7DVB7ATW9/D2hdxkmxhEn848PGfcziHP5CcaeO6305ubX1jcyu/XdjZ3ds/KB4eNXScKELrJOaxagVYU84ErRtmOG1JRXEUcNoMhrfTfnNElWaxeDBjSf0I9wULGcHGWp1WuTPCSg5Y9/G8Wyy5FXcmtApeBiXIVOsWfzq9mCQRFYZwrHXbc6XxU6wMI5xOCp1EU4nJEPdp26LAEdV+Ovt5gs6s00NhrGwJg2bu340UR1qPo8BORtgM9HJvav7XaycmvPZTJmRiqCDzQ2HCkYnRNADUY4oSw8cWMFHM/orIACtMjI1p4Yphw6eJTcVbzmAVGhcVz/L9Zal6k+WThxM4hTJ4cAVVuIMa1IGAhBd4hTfn2Xl3PpzP+WjOyXaOYUHO1y/dnpjf</latexit><latexit sha1_base64="NFE1vJrDZFp1QMunPxCvF0o4HG0=">AAACBHicbZC7SgNBFIbPxluMt6ilzWAQYhN2RdAyaGMZwVwgWcLsZDYZMzs7zMwG4pLWR7DVB7ATW9/D2hdxkmxhEn848PGfcziHP5CcaeO6305ubX1jcyu/XdjZ3ds/KB4eNXScKELrJOaxagVYU84ErRtmOG1JRXEUcNoMhrfTfnNElWaxeDBjSf0I9wULGcHGWp1WuTPCSg5Y9/G8Wyy5FXcmtApeBiXIVOsWfzq9mCQRFYZwrHXbc6XxU6wMI5xOCp1EU4nJEPdp26LAEdV+Ovt5gs6s00NhrGwJg2bu340UR1qPo8BORtgM9HJvav7XaycmvPZTJmRiqCDzQ2HCkYnRNADUY4oSw8cWMFHM/orIACtMjI1p4Yphw6eJTcVbzmAVGhcVz/L9Zal6k+WThxM4hTJ4cAVVuIMa1IGAhBd4hTfn2Xl3PpzP+WjOyXaOYUHO1y/dnpjf</latexit>

Ref.: Inverting Visual Representations with 
Convolutional Networks, Dodovistky et al.

W̃1
<latexit sha1_base64="yLmJwipaZOMX0sgFHYYTY6N72ZI=">AAACAnicbZC7SgNBFIZnvcZ4i1raDAbBKuyKoGXQxjKCuWCyhNnZs8mQ2dll5qwQQzofwVYfwE5sfRFrX8RJsoVJ/GHg4z/ncM78QSqFQdf9dlZW19Y3Ngtbxe2d3b390sFhwySZ5lDniUx0K2AGpFBQR4ESWqkGFgcSmsHgZlJvPoI2IlH3OEzBj1lPiUhwhtZ66KCQIdBm1+uWym7FnYoug5dDmeSqdUs/nTDhWQwKuWTGtD03RX/ENAouYVzsZAZSxgesB22LisVg/NH04jE9tU5Io0Tbp5BO3b8TIxYbM4wD2xkz7JvF2sT8r9bOMLryR0KlGYLis0VRJikmdPJ9GgoNHOXQAuNa2Fsp7zPNONqQ5ragGDyNbSreYgbL0DiveJbvLsrV6zyfAjkmJ+SMeOSSVMktqZE64USRF/JK3pxn5935cD5nrStOPnNE5uR8/QIlzpfo</latexit><latexit sha1_base64="yLmJwipaZOMX0sgFHYYTY6N72ZI=">AAACAnicbZC7SgNBFIZnvcZ4i1raDAbBKuyKoGXQxjKCuWCyhNnZs8mQ2dll5qwQQzofwVYfwE5sfRFrX8RJsoVJ/GHg4z/ncM78QSqFQdf9dlZW19Y3Ngtbxe2d3b390sFhwySZ5lDniUx0K2AGpFBQR4ESWqkGFgcSmsHgZlJvPoI2IlH3OEzBj1lPiUhwhtZ66KCQIdBm1+uWym7FnYoug5dDmeSqdUs/nTDhWQwKuWTGtD03RX/ENAouYVzsZAZSxgesB22LisVg/NH04jE9tU5Io0Tbp5BO3b8TIxYbM4wD2xkz7JvF2sT8r9bOMLryR0KlGYLis0VRJikmdPJ9GgoNHOXQAuNa2Fsp7zPNONqQ5ragGDyNbSreYgbL0DiveJbvLsrV6zyfAjkmJ+SMeOSSVMktqZE64USRF/JK3pxn5935cD5nrStOPnNE5uR8/QIlzpfo</latexit><latexit sha1_base64="yLmJwipaZOMX0sgFHYYTY6N72ZI=">AAACAnicbZC7SgNBFIZnvcZ4i1raDAbBKuyKoGXQxjKCuWCyhNnZs8mQ2dll5qwQQzofwVYfwE5sfRFrX8RJsoVJ/GHg4z/ncM78QSqFQdf9dlZW19Y3Ngtbxe2d3b390sFhwySZ5lDniUx0K2AGpFBQR4ESWqkGFgcSmsHgZlJvPoI2IlH3OEzBj1lPiUhwhtZ66KCQIdBm1+uWym7FnYoug5dDmeSqdUs/nTDhWQwKuWTGtD03RX/ENAouYVzsZAZSxgesB22LisVg/NH04jE9tU5Io0Tbp5BO3b8TIxYbM4wD2xkz7JvF2sT8r9bOMLryR0KlGYLis0VRJikmdPJ9GgoNHOXQAuNa2Fsp7zPNONqQ5ragGDyNbSreYgbL0DiveJbvLsrV6zyfAjkmJ+SMeOSSVMktqZE64USRF/JK3pxn5935cD5nrStOPnNE5uR8/QIlzpfo</latexit><latexit sha1_base64="yLmJwipaZOMX0sgFHYYTY6N72ZI=">AAACAnicbZC7SgNBFIZnvcZ4i1raDAbBKuyKoGXQxjKCuWCyhNnZs8mQ2dll5qwQQzofwVYfwE5sfRFrX8RJsoVJ/GHg4z/ncM78QSqFQdf9dlZW19Y3Ngtbxe2d3b390sFhwySZ5lDniUx0K2AGpFBQR4ESWqkGFgcSmsHgZlJvPoI2IlH3OEzBj1lPiUhwhtZ66KCQIdBm1+uWym7FnYoug5dDmeSqdUs/nTDhWQwKuWTGtD03RX/ENAouYVzsZAZSxgesB22LisVg/NH04jE9tU5Io0Tbp5BO3b8TIxYbM4wD2xkz7JvF2sT8r9bOMLryR0KlGYLis0VRJikmdPJ9GgoNHOXQAuNa2Fsp7zPNONqQ5ragGDyNbSreYgbL0DiveJbvLsrV6zyfAjkmJ+SMeOSSVMktqZE64USRF/JK3pxn5935cD5nrStOPnNE5uR8/QIlzpfo</latexit>

W̃j
<latexit sha1_base64="jPbPXk5oGuXzOVFDuvgIagW15RA=">AAACAnicbZC7SgNBFIZn4y3GW9TSZjAIVmFXBC2DNpYRzAWTJczOniRjZmeXmbNCDOl8BFt9ADux9UWsfREnyRYm8YeBj/+cwznzB4kUBl3328mtrK6tb+Q3C1vbO7t7xf2DuolTzaHGYxnrZsAMSKGghgIlNBMNLAokNILB9aTeeARtRKzucJiAH7GeEl3BGVrrvo1ChkAbnYdOseSW3anoMngZlEimaqf40w5jnkagkEtmTMtzE/RHTKPgEsaFdmogYXzAetCyqFgExh9NLx7TE+uEtBtr+xTSqft3YsQiY4ZRYDsjhn2zWJuY/9VaKXYv/ZFQSYqg+GxRN5UUYzr5Pg2FBo5yaIFxLeytlPeZZhxtSHNbUAyexjYVbzGDZaiflT3Lt+elylWWT54ckWNySjxyQSrkhlRJjXCiyAt5JW/Os/PufDifs9ack80ckjk5X79/+5gh</latexit><latexit sha1_base64="jPbPXk5oGuXzOVFDuvgIagW15RA=">AAACAnicbZC7SgNBFIZn4y3GW9TSZjAIVmFXBC2DNpYRzAWTJczOniRjZmeXmbNCDOl8BFt9ADux9UWsfREnyRYm8YeBj/+cwznzB4kUBl3328mtrK6tb+Q3C1vbO7t7xf2DuolTzaHGYxnrZsAMSKGghgIlNBMNLAokNILB9aTeeARtRKzucJiAH7GeEl3BGVrrvo1ChkAbnYdOseSW3anoMngZlEimaqf40w5jnkagkEtmTMtzE/RHTKPgEsaFdmogYXzAetCyqFgExh9NLx7TE+uEtBtr+xTSqft3YsQiY4ZRYDsjhn2zWJuY/9VaKXYv/ZFQSYqg+GxRN5UUYzr5Pg2FBo5yaIFxLeytlPeZZhxtSHNbUAyexjYVbzGDZaiflT3Lt+elylWWT54ckWNySjxyQSrkhlRJjXCiyAt5JW/Os/PufDifs9ack80ckjk5X79/+5gh</latexit><latexit sha1_base64="jPbPXk5oGuXzOVFDuvgIagW15RA=">AAACAnicbZC7SgNBFIZn4y3GW9TSZjAIVmFXBC2DNpYRzAWTJczOniRjZmeXmbNCDOl8BFt9ADux9UWsfREnyRYm8YeBj/+cwznzB4kUBl3328mtrK6tb+Q3C1vbO7t7xf2DuolTzaHGYxnrZsAMSKGghgIlNBMNLAokNILB9aTeeARtRKzucJiAH7GeEl3BGVrrvo1ChkAbnYdOseSW3anoMngZlEimaqf40w5jnkagkEtmTMtzE/RHTKPgEsaFdmogYXzAetCyqFgExh9NLx7TE+uEtBtr+xTSqft3YsQiY4ZRYDsjhn2zWJuY/9VaKXYv/ZFQSYqg+GxRN5UUYzr5Pg2FBo5yaIFxLeytlPeZZhxtSHNbUAyexjYVbzGDZaiflT3Lt+elylWWT54ckWNySjxyQSrkhlRJjXCiyAt5JW/Os/PufDifs9ack80ckjk5X79/+5gh</latexit><latexit sha1_base64="jPbPXk5oGuXzOVFDuvgIagW15RA=">AAACAnicbZC7SgNBFIZn4y3GW9TSZjAIVmFXBC2DNpYRzAWTJczOniRjZmeXmbNCDOl8BFt9ADux9UWsfREnyRYm8YeBj/+cwznzB4kUBl3328mtrK6tb+Q3C1vbO7t7xf2DuolTzaHGYxnrZsAMSKGghgIlNBMNLAokNILB9aTeeARtRKzucJiAH7GeEl3BGVrrvo1ChkAbnYdOseSW3anoMngZlEimaqf40w5jnkagkEtmTMtzE/RHTKPgEsaFdmogYXzAetCyqFgExh9NLx7TE+uEtBtr+xTSqft3YsQiY4ZRYDsjhn2zWJuY/9VaKXYv/ZFQSYqg+GxRN5UUYzr5Pg2FBo5yaIFxLeytlPeZZhxtSHNbUAyexjYVbzGDZaiflT3Lt+elylWWT54ckWNySjxyQSrkhlRJjXCiyAt5JW/Os/PufDifs9ack80ckjk5X79/+5gh</latexit>

W̃j�1
<latexit sha1_base64="Afl9uQ/NgV8vdSt+KL9Iaa4aLCk=">AAACBnicbZDLSgNBEEV7fMb4irp00xgEN4YZEXQZdOMygnlAEkNPT03SpudBd40Qh+z9BLf6Ae7Erb/h2h+xJ5mFSbxQcLhVRRXXjaXQaNvf1tLyyuraemGjuLm1vbNb2ttv6ChRHOo8kpFquUyDFCHUUaCEVqyABa6Epju8zvrNR1BaROEdjmLoBqwfCl9whsa676CQHtBmL304dca9Utmu2BPRRXByKJNctV7pp+NFPAkgRC6Z1m3HjrGbMoWCSxgXO4mGmPEh60PbYMgC0N108vWYHhvHo36kTIVIJ+7fjZQFWo8C10wGDAd6vpeZ//XaCfqX3VSEcYIQ8ukhP5EUI5pFQD2hgKMcGWBcCfMr5QOmGEcT1MwVFMOnLBVnPoNFaJxVHMO35+XqVZ5PgRySI3JCHHJBquSG1EidcKLIC3klb9az9W59WJ/T0SUr3zkgM7K+fgFCI5mf</latexit><latexit sha1_base64="Afl9uQ/NgV8vdSt+KL9Iaa4aLCk=">AAACBnicbZDLSgNBEEV7fMb4irp00xgEN4YZEXQZdOMygnlAEkNPT03SpudBd40Qh+z9BLf6Ae7Erb/h2h+xJ5mFSbxQcLhVRRXXjaXQaNvf1tLyyuraemGjuLm1vbNb2ttv6ChRHOo8kpFquUyDFCHUUaCEVqyABa6Epju8zvrNR1BaROEdjmLoBqwfCl9whsa676CQHtBmL304dca9Utmu2BPRRXByKJNctV7pp+NFPAkgRC6Z1m3HjrGbMoWCSxgXO4mGmPEh60PbYMgC0N108vWYHhvHo36kTIVIJ+7fjZQFWo8C10wGDAd6vpeZ//XaCfqX3VSEcYIQ8ukhP5EUI5pFQD2hgKMcGWBcCfMr5QOmGEcT1MwVFMOnLBVnPoNFaJxVHMO35+XqVZ5PgRySI3JCHHJBquSG1EidcKLIC3klb9az9W59WJ/T0SUr3zkgM7K+fgFCI5mf</latexit><latexit sha1_base64="Afl9uQ/NgV8vdSt+KL9Iaa4aLCk=">AAACBnicbZDLSgNBEEV7fMb4irp00xgEN4YZEXQZdOMygnlAEkNPT03SpudBd40Qh+z9BLf6Ae7Erb/h2h+xJ5mFSbxQcLhVRRXXjaXQaNvf1tLyyuraemGjuLm1vbNb2ttv6ChRHOo8kpFquUyDFCHUUaCEVqyABa6Epju8zvrNR1BaROEdjmLoBqwfCl9whsa676CQHtBmL304dca9Utmu2BPRRXByKJNctV7pp+NFPAkgRC6Z1m3HjrGbMoWCSxgXO4mGmPEh60PbYMgC0N108vWYHhvHo36kTIVIJ+7fjZQFWo8C10wGDAd6vpeZ//XaCfqX3VSEcYIQ8ukhP5EUI5pFQD2hgKMcGWBcCfMr5QOmGEcT1MwVFMOnLBVnPoNFaJxVHMO35+XqVZ5PgRySI3JCHHJBquSG1EidcKLIC3klb9az9W59WJ/T0SUr3zkgM7K+fgFCI5mf</latexit><latexit sha1_base64="Afl9uQ/NgV8vdSt+KL9Iaa4aLCk=">AAACBnicbZDLSgNBEEV7fMb4irp00xgEN4YZEXQZdOMygnlAEkNPT03SpudBd40Qh+z9BLf6Ae7Erb/h2h+xJ5mFSbxQcLhVRRXXjaXQaNvf1tLyyuraemGjuLm1vbNb2ttv6ChRHOo8kpFquUyDFCHUUaCEVqyABa6Epju8zvrNR1BaROEdjmLoBqwfCl9whsa676CQHtBmL304dca9Utmu2BPRRXByKJNctV7pp+NFPAkgRC6Z1m3HjrGbMoWCSxgXO4mGmPEh60PbYMgC0N108vWYHhvHo36kTIVIJ+7fjZQFWo8C10wGDAd6vpeZ//XaCfqX3VSEcYIQ8ukhP5EUI5pFQD2hgKMcGWBcCfMr5QOmGEcT1MwVFMOnLBVnPoNFaJxVHMO35+XqVZ5PgRySI3JCHHJBquSG1EidcKLIC3klb9az9W59WJ/T0SUr3zkgM7K+fgFCI5mf</latexit>

'j
<latexit sha1_base64="fznPPkuD3MiMSChW+RiumsnY0BM=">AAACAXicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWUEc5FkCbOTSTJmZneZORuISyofwVYfwE5sfRJrX8RJsoVJ/GHg4z/ncM78QSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhzUSJZrzKIhnpRkANlyLkVRQoeSPWnKpA8nowuJnU60OujYjCexzF3Fe0F4quYBSt9dAaUh33RfuxXSi6JXcqsgxeBkXIVGkXflqdiCWKh8gkNabpuTH6KdUomOTjfCsxPKZsQHu8aTGkihs/nR48JqfW6ZBupO0LkUzdvxMpVcaMVGA7FcW+WaxNzP9qzQS7V34qwjhBHrLZom4iCUZk8nvSEZozlCMLlGlhbyWsTzVlaDOa24Ji8DS2qXiLGSxD7bzkWb67KJavs3xycAwncAYeXEIZbqECVWCg4AVe4c15dt6dD+dz1rriZDNHMCfn6xdaFpgY</latexit><latexit sha1_base64="fznPPkuD3MiMSChW+RiumsnY0BM=">AAACAXicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWUEc5FkCbOTSTJmZneZORuISyofwVYfwE5sfRJrX8RJsoVJ/GHg4z/ncM78QSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhzUSJZrzKIhnpRkANlyLkVRQoeSPWnKpA8nowuJnU60OujYjCexzF3Fe0F4quYBSt9dAaUh33RfuxXSi6JXcqsgxeBkXIVGkXflqdiCWKh8gkNabpuTH6KdUomOTjfCsxPKZsQHu8aTGkihs/nR48JqfW6ZBupO0LkUzdvxMpVcaMVGA7FcW+WaxNzP9qzQS7V34qwjhBHrLZom4iCUZk8nvSEZozlCMLlGlhbyWsTzVlaDOa24Ji8DS2qXiLGSxD7bzkWb67KJavs3xycAwncAYeXEIZbqECVWCg4AVe4c15dt6dD+dz1rriZDNHMCfn6xdaFpgY</latexit><latexit sha1_base64="fznPPkuD3MiMSChW+RiumsnY0BM=">AAACAXicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWUEc5FkCbOTSTJmZneZORuISyofwVYfwE5sfRJrX8RJsoVJ/GHg4z/ncM78QSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhzUSJZrzKIhnpRkANlyLkVRQoeSPWnKpA8nowuJnU60OujYjCexzF3Fe0F4quYBSt9dAaUh33RfuxXSi6JXcqsgxeBkXIVGkXflqdiCWKh8gkNabpuTH6KdUomOTjfCsxPKZsQHu8aTGkihs/nR48JqfW6ZBupO0LkUzdvxMpVcaMVGA7FcW+WaxNzP9qzQS7V34qwjhBHrLZom4iCUZk8nvSEZozlCMLlGlhbyWsTzVlaDOa24Ji8DS2qXiLGSxD7bzkWb67KJavs3xycAwncAYeXEIZbqECVWCg4AVe4c15dt6dD+dz1rriZDNHMCfn6xdaFpgY</latexit><latexit sha1_base64="fznPPkuD3MiMSChW+RiumsnY0BM=">AAACAXicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWUEc5FkCbOTSTJmZneZORuISyofwVYfwE5sfRJrX8RJsoVJ/GHg4z/ncM78QSyFQdf9dlZW19Y3NnNb+e2d3b39wsFhzUSJZrzKIhnpRkANlyLkVRQoeSPWnKpA8nowuJnU60OujYjCexzF3Fe0F4quYBSt9dAaUh33RfuxXSi6JXcqsgxeBkXIVGkXflqdiCWKh8gkNabpuTH6KdUomOTjfCsxPKZsQHu8aTGkihs/nR48JqfW6ZBupO0LkUzdvxMpVcaMVGA7FcW+WaxNzP9qzQS7V34qwjhBHrLZom4iCUZk8nvSEZozlCMLlGlhbyWsTzVlaDOa24Ji8DS2qXiLGSxD7bzkWb67KJavs3xycAwncAYeXEIZbqECVWCg4AVe4c15dt6dD+dz1rriZDNHMCfn6xdaFpgY</latexit>

Learn the operators!



Reducing mutual information

(Information bottleneck)
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I(X;Y ) =

Z

R2

p(x, y) log
p(x, y)

p(x)p(y)
dxdy = H(X)�H(X|Y )

Measures the dependancy between variables



Reducing mutual information

(Information bottleneck)

49
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Reducing mutual information

(Information bottleneck)
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I(X;�1X) � I(X;�2X) � ... � I(X;�JX)

• Reducing the information sounds relevant: 
 
 
 

I(X;Y ) =

Z

R2

p(x, y) log
p(x, y)

p(x)p(y)
dxdy = H(X)�H(X|Y )

Measures the dependancy between variables

"Compress" X
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I(X;Y ) � I(�1X;Y ) � ... � I(�JX;Y )

I(X;�1X) � I(X;�2X) � ... � I(X;�JX)
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I(X;Y ) =

Z

R2

p(x, y) log
p(x, y)

p(x)p(y)
dxdy = H(X)�H(X|Y )

Measures the dependancy between variables

"Compress" X

…but "reveal" Y
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I(X;Y ) � I(�1X;Y ) � ... � I(�JX;Y )

I(X;�1X) � I(X;�2X) � ... � I(X;�JX)

• Reducing the information sounds relevant: 
 
 
 

I(X;Y ) =

Z

R2

p(x, y) log
p(x, y)

p(x)p(y)
dxdy = H(X)�H(X|Y )

Measures the dependancy between variables

"Compress" X

…but "reveal" Y

They propose to introduce:

�j,� = arg inf
�

I(�j�1X,�jX)� �I(�jX,Y )



Reducing mutual information

(Information bottleneck)

49

I(X;Y ) � I(�1X;Y ) � ... � I(�JX;Y )

I(X;�1X) � I(X;�2X) � ... � I(X;�JX)

• Reducing the information sounds relevant: 
 
 
 

• But one can easily build invertible CNNs…

I(X;Y ) =

Z

R2

p(x, y) log
p(x, y)

p(x)p(y)
dxdy = H(X)�H(X|Y )

Measures the dependancy between variables

"Compress" X

…but "reveal" Y

They propose to introduce:

�j,� = arg inf
�

I(�j�1X,�jX)� �I(�jX,Y )

Ref.: i-RevNet: Deep Invertible Networks, J Jacobsen et al.

Ref.:  Opening the Black Box of Deep Neural Networks via

Information, R Shwartz-Ziv and N Tishby



Invertible architectures 50

Ref.: i-Revnet, depp invertible 
networks Jacobsen, Smeulder and 

EO
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Invariant Representations

and Deep Learning



High dimensionality issues

52

x y kx� yk2 = 2

Averaging is the key

 to get invariants

x y

Translation

Rotation



A motivating example
• Translation invariance? Why not:

53

�x(!) = |x̂(!)|
<latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit><latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit><latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit><latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit>
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53

�x(!) = |x̂(!)|
<latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit><latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit><latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit><latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit>

Doesn’t work!



A motivating example
• Translation invariance? Why not:

53

�x(!) = |x̂(!)|
<latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit><latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit><latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit><latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit>

Deformations
L⌧x(u) = x(u� ⌧(u))

⌧(u) = su, s > 0
<latexit sha1_base64="FMboEDQCX88mTyHUnflhoN12LAI=">AAACCXicbZBLSgNBEIZ74ivGR0ZdumkMQgQJMyLoRgm6cRnBPCAZQk+nJ2nS86C7WohDTuAR3OoB3IlbT+Hai9hJZmESfyj4+KuKKn4/EVyB43xbuZXVtfWN/GZha3tnt2jv7TdUrCVldRqLWLZ8opjgEasDB8FaiWQk9AVr+sPbSb/5yKTicfQAo4R5IelHPOCUgLG6drEDRJf1yZXSp1hdO1275FScqfAyuBmUUKZa1/7p9GKqQxYBFUSptusk4KVEAqeCjQsdrVhC6JD0WdtgREKmvHT6+BgfG6eHg1iaigBP3b8bKQmVGoW+mQwJDNRib2L+12trCC69lEeJBhbR2aFACwwxnqSAe1wyCmJkgFDJza+YDogkFExWc1eAD5/GJhV3MYNlaJxVXMP356XqTZZPHh2iI1RGLrpAVXSHaqiOKNLoBb2iN+vZerc+rM/ZaM7Kdg7QnKyvX3SJmZQ=</latexit><latexit sha1_base64="FMboEDQCX88mTyHUnflhoN12LAI=">AAACCXicbZBLSgNBEIZ74ivGR0ZdumkMQgQJMyLoRgm6cRnBPCAZQk+nJ2nS86C7WohDTuAR3OoB3IlbT+Hai9hJZmESfyj4+KuKKn4/EVyB43xbuZXVtfWN/GZha3tnt2jv7TdUrCVldRqLWLZ8opjgEasDB8FaiWQk9AVr+sPbSb/5yKTicfQAo4R5IelHPOCUgLG6drEDRJf1yZXSp1hdO1275FScqfAyuBmUUKZa1/7p9GKqQxYBFUSptusk4KVEAqeCjQsdrVhC6JD0WdtgREKmvHT6+BgfG6eHg1iaigBP3b8bKQmVGoW+mQwJDNRib2L+12trCC69lEeJBhbR2aFACwwxnqSAe1wyCmJkgFDJza+YDogkFExWc1eAD5/GJhV3MYNlaJxVXMP356XqTZZPHh2iI1RGLrpAVXSHaqiOKNLoBb2iN+vZerc+rM/ZaM7Kdg7QnKyvX3SJmZQ=</latexit><latexit sha1_base64="FMboEDQCX88mTyHUnflhoN12LAI=">AAACCXicbZBLSgNBEIZ74ivGR0ZdumkMQgQJMyLoRgm6cRnBPCAZQk+nJ2nS86C7WohDTuAR3OoB3IlbT+Hai9hJZmESfyj4+KuKKn4/EVyB43xbuZXVtfWN/GZha3tnt2jv7TdUrCVldRqLWLZ8opjgEasDB8FaiWQk9AVr+sPbSb/5yKTicfQAo4R5IelHPOCUgLG6drEDRJf1yZXSp1hdO1275FScqfAyuBmUUKZa1/7p9GKqQxYBFUSptusk4KVEAqeCjQsdrVhC6JD0WdtgREKmvHT6+BgfG6eHg1iaigBP3b8bKQmVGoW+mQwJDNRib2L+12trCC69lEeJBhbR2aFACwwxnqSAe1wyCmJkgFDJza+YDogkFExWc1eAD5/GJhV3MYNlaJxVXMP356XqTZZPHh2iI1RGLrpAVXSHaqiOKNLoBb2iN+vZerc+rM/ZaM7Kdg7QnKyvX3SJmZQ=</latexit><latexit sha1_base64="FMboEDQCX88mTyHUnflhoN12LAI=">AAACCXicbZBLSgNBEIZ74ivGR0ZdumkMQgQJMyLoRgm6cRnBPCAZQk+nJ2nS86C7WohDTuAR3OoB3IlbT+Hai9hJZmESfyj4+KuKKn4/EVyB43xbuZXVtfWN/GZha3tnt2jv7TdUrCVldRqLWLZ8opjgEasDB8FaiWQk9AVr+sPbSb/5yKTicfQAo4R5IelHPOCUgLG6drEDRJf1yZXSp1hdO1275FScqfAyuBmUUKZa1/7p9GKqQxYBFUSptusk4KVEAqeCjQsdrVhC6JD0WdtgREKmvHT6+BgfG6eHg1iaigBP3b8bKQmVGoW+mQwJDNRib2L+12trCC69lEeJBhbR2aFACwwxnqSAe1wyCmJkgFDJza+YDogkFExWc1eAD5/GJhV3MYNlaJxVXMP356XqTZZPHh2iI1RGLrpAVXSHaqiOKNLoBb2iN+vZerc+rM/ZaM7Kdg7QnKyvX3SJmZQ=</latexit>

x(u) = ei!0u� 1
2u

2

<latexit sha1_base64="EEiuWa1Zt1O5DJBBiJwLNDCtzlg=">AAACG3icbZDJSgNBEIZ74hbjNurRS2sQ4sEwEwS9CEEvHiOYBbLR06lJmvQs9CLGIWefwkfwqg/gTbx68OyL2FkOJvGHhp+/qqjqz4s5k8pxvq3U0vLK6lp6PbOxubW9Y+/uVWSkBYUyjXgkah6RwFkIZcUUh1osgAQeh6rXvx7Vq/cgJIvCOzWIoRmQbsh8RokyUds+fMjpk0toJawRBdAlbUefNnxBKHZxAetWYdi2s07eGQsvGndqsmiqUtv+aXQiqgMIFeVEyrrrxKqZEKEY5TDMNLSEmNA+6ULd2JAEIJvJ+CtDfGySDvYjYV6o8Dj9O5GQQMpB4JnOgKienK+Nwv9qda38i2bCwlgrCOlkka85VhEeccEdJoAqPjCGUMHMrZj2iAGhDL2ZLYr1H0dU3HkGi6ZSyLvG355li1dTPml0gI5QDrnoHBXRDSqhMqLoCb2gV/RmPVvv1of1OWlNWdOZfTQj6+sXe7egfw==</latexit><latexit sha1_base64="EEiuWa1Zt1O5DJBBiJwLNDCtzlg=">AAACG3icbZDJSgNBEIZ74hbjNurRS2sQ4sEwEwS9CEEvHiOYBbLR06lJmvQs9CLGIWefwkfwqg/gTbx68OyL2FkOJvGHhp+/qqjqz4s5k8pxvq3U0vLK6lp6PbOxubW9Y+/uVWSkBYUyjXgkah6RwFkIZcUUh1osgAQeh6rXvx7Vq/cgJIvCOzWIoRmQbsh8RokyUds+fMjpk0toJawRBdAlbUefNnxBKHZxAetWYdi2s07eGQsvGndqsmiqUtv+aXQiqgMIFeVEyrrrxKqZEKEY5TDMNLSEmNA+6ULd2JAEIJvJ+CtDfGySDvYjYV6o8Dj9O5GQQMpB4JnOgKienK+Nwv9qda38i2bCwlgrCOlkka85VhEeccEdJoAqPjCGUMHMrZj2iAGhDL2ZLYr1H0dU3HkGi6ZSyLvG355li1dTPml0gI5QDrnoHBXRDSqhMqLoCb2gV/RmPVvv1of1OWlNWdOZfTQj6+sXe7egfw==</latexit><latexit sha1_base64="EEiuWa1Zt1O5DJBBiJwLNDCtzlg=">AAACG3icbZDJSgNBEIZ74hbjNurRS2sQ4sEwEwS9CEEvHiOYBbLR06lJmvQs9CLGIWefwkfwqg/gTbx68OyL2FkOJvGHhp+/qqjqz4s5k8pxvq3U0vLK6lp6PbOxubW9Y+/uVWSkBYUyjXgkah6RwFkIZcUUh1osgAQeh6rXvx7Vq/cgJIvCOzWIoRmQbsh8RokyUds+fMjpk0toJawRBdAlbUefNnxBKHZxAetWYdi2s07eGQsvGndqsmiqUtv+aXQiqgMIFeVEyrrrxKqZEKEY5TDMNLSEmNA+6ULd2JAEIJvJ+CtDfGySDvYjYV6o8Dj9O5GQQMpB4JnOgKienK+Nwv9qda38i2bCwlgrCOlkka85VhEeccEdJoAqPjCGUMHMrZj2iAGhDL2ZLYr1H0dU3HkGi6ZSyLvG355li1dTPml0gI5QDrnoHBXRDSqhMqLoCb2gV/RmPVvv1of1OWlNWdOZfTQj6+sXe7egfw==</latexit><latexit sha1_base64="EEiuWa1Zt1O5DJBBiJwLNDCtzlg=">AAACG3icbZDJSgNBEIZ74hbjNurRS2sQ4sEwEwS9CEEvHiOYBbLR06lJmvQs9CLGIWefwkfwqg/gTbx68OyL2FkOJvGHhp+/qqjqz4s5k8pxvq3U0vLK6lp6PbOxubW9Y+/uVWSkBYUyjXgkah6RwFkIZcUUh1osgAQeh6rXvx7Vq/cgJIvCOzWIoRmQbsh8RokyUds+fMjpk0toJawRBdAlbUefNnxBKHZxAetWYdi2s07eGQsvGndqsmiqUtv+aXQiqgMIFeVEyrrrxKqZEKEY5TDMNLSEmNA+6ULd2JAEIJvJ+CtDfGySDvYjYV6o8Dj9O5GQQMpB4JnOgKienK+Nwv9qda38i2bCwlgrCOlkka85VhEeccEdJoAqPjCGUMHMrZj2iAGhDL2ZLYr1H0dU3HkGi6ZSyLvG355li1dTPml0gI5QDrnoHBXRDSqhMqLoCb2gV/RmPVvv1of1OWlNWdOZfTQj6+sXe7egfw==</latexit>

Let and

Doesn’t work!



A motivating example
• Translation invariance? Why not:
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�x(!) = |x̂(!)|
<latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit><latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit><latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit><latexit sha1_base64="FCyH0OrcYXBi6zSq32Dca/Hpnls=">AAACGXicbZDLSgMxFIYzXmu9jbp0YbAIdVNmRNCNUHTjsoK9QGcomTTThmYuJGfEOu3Sp/AR3OoDuBO3rlz7IqbtgLb1h8CX/5zDSX4vFlyBZX0ZC4tLyyurubX8+sbm1ra5s1tTUSIpq9JIRLLhEcUED1kVOAjWiCUjgSdY3etdjer1OyYVj8Jb6MfMDUgn5D6nBLTVMg+cSpfj+6ITBaxDji8GTpfA733QMgtWyRoLz4OdQQFlqrTMb6cd0SRgIVBBlGraVgxuSiRwKtgw7ySKxYT2SIc1NYYkYMpNxx8Z4iPttLEfSX1CwGP370RKAqX6gac7AwJdNVsbmf/Vmgn4527KwzgBFtLJIj8RGCI8SgW3uWQURF8DoZLrt2LaJZJQ0NlNbQHeexjqVOzZDOahdlKyNd+cFsqXWT45tI8OURHZ6AyV0TWqoCqi6BE9oxf0ajwZb8a78TFpXTCymT00JePzBwU4oF0=</latexit>

Deformations
L⌧x(u) = x(u� ⌧(u))

⌧(u) = su, s > 0
<latexit sha1_base64="FMboEDQCX88mTyHUnflhoN12LAI=">AAACCXicbZBLSgNBEIZ74ivGR0ZdumkMQgQJMyLoRgm6cRnBPCAZQk+nJ2nS86C7WohDTuAR3OoB3IlbT+Hai9hJZmESfyj4+KuKKn4/EVyB43xbuZXVtfWN/GZha3tnt2jv7TdUrCVldRqLWLZ8opjgEasDB8FaiWQk9AVr+sPbSb/5yKTicfQAo4R5IelHPOCUgLG6drEDRJf1yZXSp1hdO1275FScqfAyuBmUUKZa1/7p9GKqQxYBFUSptusk4KVEAqeCjQsdrVhC6JD0WdtgREKmvHT6+BgfG6eHg1iaigBP3b8bKQmVGoW+mQwJDNRib2L+12trCC69lEeJBhbR2aFACwwxnqSAe1wyCmJkgFDJza+YDogkFExWc1eAD5/GJhV3MYNlaJxVXMP356XqTZZPHh2iI1RGLrpAVXSHaqiOKNLoBb2iN+vZerc+rM/ZaM7Kdg7QnKyvX3SJmZQ=</latexit><latexit sha1_base64="FMboEDQCX88mTyHUnflhoN12LAI=">AAACCXicbZBLSgNBEIZ74ivGR0ZdumkMQgQJMyLoRgm6cRnBPCAZQk+nJ2nS86C7WohDTuAR3OoB3IlbT+Hai9hJZmESfyj4+KuKKn4/EVyB43xbuZXVtfWN/GZha3tnt2jv7TdUrCVldRqLWLZ8opjgEasDB8FaiWQk9AVr+sPbSb/5yKTicfQAo4R5IelHPOCUgLG6drEDRJf1yZXSp1hdO1275FScqfAyuBmUUKZa1/7p9GKqQxYBFUSptusk4KVEAqeCjQsdrVhC6JD0WdtgREKmvHT6+BgfG6eHg1iaigBP3b8bKQmVGoW+mQwJDNRib2L+12trCC69lEeJBhbR2aFACwwxnqSAe1wyCmJkgFDJza+YDogkFExWc1eAD5/GJhV3MYNlaJxVXMP356XqTZZPHh2iI1RGLrpAVXSHaqiOKNLoBb2iN+vZerc+rM/ZaM7Kdg7QnKyvX3SJmZQ=</latexit><latexit sha1_base64="FMboEDQCX88mTyHUnflhoN12LAI=">AAACCXicbZBLSgNBEIZ74ivGR0ZdumkMQgQJMyLoRgm6cRnBPCAZQk+nJ2nS86C7WohDTuAR3OoB3IlbT+Hai9hJZmESfyj4+KuKKn4/EVyB43xbuZXVtfWN/GZha3tnt2jv7TdUrCVldRqLWLZ8opjgEasDB8FaiWQk9AVr+sPbSb/5yKTicfQAo4R5IelHPOCUgLG6drEDRJf1yZXSp1hdO1275FScqfAyuBmUUKZa1/7p9GKqQxYBFUSptusk4KVEAqeCjQsdrVhC6JD0WdtgREKmvHT6+BgfG6eHg1iaigBP3b8bKQmVGoW+mQwJDNRib2L+12trCC69lEeJBhbR2aFACwwxnqSAe1wyCmJkgFDJza+YDogkFExWc1eAD5/GJhV3MYNlaJxVXMP356XqTZZPHh2iI1RGLrpAVXSHaqiOKNLoBb2iN+vZerc+rM/ZaM7Kdg7QnKyvX3SJmZQ=</latexit><latexit sha1_base64="FMboEDQCX88mTyHUnflhoN12LAI=">AAACCXicbZBLSgNBEIZ74ivGR0ZdumkMQgQJMyLoRgm6cRnBPCAZQk+nJ2nS86C7WohDTuAR3OoB3IlbT+Hai9hJZmESfyj4+KuKKn4/EVyB43xbuZXVtfWN/GZha3tnt2jv7TdUrCVldRqLWLZ8opjgEasDB8FaiWQk9AVr+sPbSb/5yKTicfQAo4R5IelHPOCUgLG6drEDRJf1yZXSp1hdO1275FScqfAyuBmUUKZa1/7p9GKqQxYBFUSptusk4KVEAqeCjQsdrVhC6JD0WdtgREKmvHT6+BgfG6eHg1iaigBP3b8bKQmVGoW+mQwJDNRib2L+12trCC69lEeJBhbR2aFACwwxnqSAe1wyCmJkgFDJza+YDogkFExWc1eAD5/GJhV3MYNlaJxVXMP356XqTZZPHh2iI1RGLrpAVXSHaqiOKNLoBb2iN+vZerc+rM/ZaM7Kdg7QnKyvX3SJmZQ=</latexit>

x(u) = ei!0u� 1
2u

2

<latexit sha1_base64="EEiuWa1Zt1O5DJBBiJwLNDCtzlg=">AAACG3icbZDJSgNBEIZ74hbjNurRS2sQ4sEwEwS9CEEvHiOYBbLR06lJmvQs9CLGIWefwkfwqg/gTbx68OyL2FkOJvGHhp+/qqjqz4s5k8pxvq3U0vLK6lp6PbOxubW9Y+/uVWSkBYUyjXgkah6RwFkIZcUUh1osgAQeh6rXvx7Vq/cgJIvCOzWIoRmQbsh8RokyUds+fMjpk0toJawRBdAlbUefNnxBKHZxAetWYdi2s07eGQsvGndqsmiqUtv+aXQiqgMIFeVEyrrrxKqZEKEY5TDMNLSEmNA+6ULd2JAEIJvJ+CtDfGySDvYjYV6o8Dj9O5GQQMpB4JnOgKienK+Nwv9qda38i2bCwlgrCOlkka85VhEeccEdJoAqPjCGUMHMrZj2iAGhDL2ZLYr1H0dU3HkGi6ZSyLvG355li1dTPml0gI5QDrnoHBXRDSqhMqLoCb2gV/RmPVvv1of1OWlNWdOZfTQj6+sXe7egfw==</latexit><latexit sha1_base64="EEiuWa1Zt1O5DJBBiJwLNDCtzlg=">AAACG3icbZDJSgNBEIZ74hbjNurRS2sQ4sEwEwS9CEEvHiOYBbLR06lJmvQs9CLGIWefwkfwqg/gTbx68OyL2FkOJvGHhp+/qqjqz4s5k8pxvq3U0vLK6lp6PbOxubW9Y+/uVWSkBYUyjXgkah6RwFkIZcUUh1osgAQeh6rXvx7Vq/cgJIvCOzWIoRmQbsh8RokyUds+fMjpk0toJawRBdAlbUefNnxBKHZxAetWYdi2s07eGQsvGndqsmiqUtv+aXQiqgMIFeVEyrrrxKqZEKEY5TDMNLSEmNA+6ULd2JAEIJvJ+CtDfGySDvYjYV6o8Dj9O5GQQMpB4JnOgKienK+Nwv9qda38i2bCwlgrCOlkka85VhEeccEdJoAqPjCGUMHMrZj2iAGhDL2ZLYr1H0dU3HkGi6ZSyLvG355li1dTPml0gI5QDrnoHBXRDSqhMqLoCb2gV/RmPVvv1of1OWlNWdOZfTQj6+sXe7egfw==</latexit><latexit sha1_base64="EEiuWa1Zt1O5DJBBiJwLNDCtzlg=">AAACG3icbZDJSgNBEIZ74hbjNurRS2sQ4sEwEwS9CEEvHiOYBbLR06lJmvQs9CLGIWefwkfwqg/gTbx68OyL2FkOJvGHhp+/qqjqz4s5k8pxvq3U0vLK6lp6PbOxubW9Y+/uVWSkBYUyjXgkah6RwFkIZcUUh1osgAQeh6rXvx7Vq/cgJIvCOzWIoRmQbsh8RokyUds+fMjpk0toJawRBdAlbUefNnxBKHZxAetWYdi2s07eGQsvGndqsmiqUtv+aXQiqgMIFeVEyrrrxKqZEKEY5TDMNLSEmNA+6ULd2JAEIJvJ+CtDfGySDvYjYV6o8Dj9O5GQQMpB4JnOgKienK+Nwv9qda38i2bCwlgrCOlkka85VhEeccEdJoAqPjCGUMHMrZj2iAGhDL2ZLYr1H0dU3HkGi6ZSyLvG355li1dTPml0gI5QDrnoHBXRDSqhMqLoCb2gV/RmPVvv1of1OWlNWdOZfTQj6+sXe7egfw==</latexit><latexit sha1_base64="EEiuWa1Zt1O5DJBBiJwLNDCtzlg=">AAACG3icbZDJSgNBEIZ74hbjNurRS2sQ4sEwEwS9CEEvHiOYBbLR06lJmvQs9CLGIWefwkfwqg/gTbx68OyL2FkOJvGHhp+/qqjqz4s5k8pxvq3U0vLK6lp6PbOxubW9Y+/uVWSkBYUyjXgkah6RwFkIZcUUh1osgAQeh6rXvx7Vq/cgJIvCOzWIoRmQbsh8RokyUds+fMjpk0toJawRBdAlbUefNnxBKHZxAetWYdi2s07eGQsvGndqsmiqUtv+aXQiqgMIFeVEyrrrxKqZEKEY5TDMNLSEmNA+6ULd2JAEIJvJ+CtDfGySDvYjYV6o8Dj9O5GQQMpB4JnOgKienK+Nwv9qda38i2bCwlgrCOlkka85VhEeccEdJoAqPjCGUMHMrZj2iAGhDL2ZLYr1H0dU3HkGi6ZSyLvG355li1dTPml0gI5QDrnoHBXRDSqhMqLoCb2gV/RmPVvv1of1OWlNWdOZfTQj6+sXe7egfw==</latexit>

Let and

Doesn’t work!

and:

then:

k�x⌧ � �xk & !0s = kr⌧k!0
<latexit sha1_base64="WSayG+kpDN8kG7OeerPeIX/taoQ="></latexit><latexit sha1_base64="WSayG+kpDN8kG7OeerPeIX/taoQ="></latexit><latexit sha1_base64="WSayG+kpDN8kG7OeerPeIX/taoQ="></latexit><latexit sha1_base64="WSayG+kpDN8kG7OeerPeIX/taoQ="></latexit>

<latexit sha1_base64="P0pP15cnaZqbt4A6gVFsaBmkFMY=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOJsmYeSwzs0JcAn6CV/0Ab+LVX/HsjzhJ9mASCxqKqm66u6KYM2N9/9vLrayurW/kNwtb2zu7e8X9g7pRiSa0RhRXuhlhQzmTtGaZ5bQZa4pFxGkjGt5M/MYj1YYpeW9HMQ0F7kvWYwRbJ9XbStA+7hRLftmfAi2TICMlyFDtFH/aXUUSQaUlHBvTCvzYhinWlhFOx4V2YmiMyRD3actRiQU1YTq9doxOnNJFPaVdSYum6t+JFAtjRiJynQLbgVn0JuJ/XiuxvaswZTJOLJVktqiXcGQVmryOukxTYvnIEUw0c7ciMsAaE+sCmtti2fBp7FIJFjNYJvWzcnBR9u/OS5XrLJ88HMExnEIAl1CBW6hCDQg8wAu8wpv37L17H97nrDXnZTOHMAfv6xfZYZa0</latexit>!<latexit sha1_base64="On8s6UTrsa0UVTo3AEqhJ0+xqWM=">AAACAHicbVDLSgNBEOz1GeMr6tHLYBA8hV1R9Bj04jGCeUCyhNnJbDJkHsvMrBCXXPwEr/oB3sSrf+LZH3GS7MEkFjQUVd10d0UJZ8b6/re3srq2vrFZ2Cpu7+zu7ZcODhtGpZrQOlFc6VaEDeVM0rplltNWoikWEafNaHg78ZuPVBum5IMdJTQUuC9ZzAi2Tmp1lKB93PW7pbJf8adAyyTISRly1Lqln05PkVRQaQnHxrQDP7FhhrVlhNNxsZMammAyxH3adlRiQU2YTe8do1On9FCstCtp0VT9O5FhYcxIRK5TYDswi95E/M9rpza+DjMmk9RSSWaL4pQjq9DkedRjmhLLR45gopm7FZEB1phYF9HcFsuGT2OXSrCYwTJpnFeCy4p/f1Gu3uT5FOAYTuAMAriCKtxBDepAgMMLvMKb9+y9ex/e56x1xctnjmAO3tcvCuOXVw==</latexit>!0
<latexit sha1_base64="Aw/LxuHK6O//CX52piLwwCVi8Zs="></latexit>

(1� s)!0

which for a fixed s diverges quickly…



Covariance via convolution 54



Covariance via convolution

• We say that L is covariant with W if

54

WL = LW
<latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit>



Covariance via convolution

• We say that L is covariant with W if

• We say that A is invariant to L if
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WL = LW
<latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit>

AL = A
<latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit><latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit><latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit><latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit>



Covariance via convolution

• We say that L is covariant with W if

• We say that A is invariant to L if

• If W (e.g., convolution),   (e.g., point-wise non-
linearity) are covariant and if A is invariant to L then  
 
is invariant. Indeed:
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WL = LW
<latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit>

AL = A
<latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit><latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit><latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit><latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

<latexit sha1_base64="AoTf6uoWWPDJCXgSQQ1Wdqb5LK4=">AAACKHicbZDLSgMxFIYzXmu9jbp0EyyCG4eZouhGqLqRrirYC3TKkEnTNjSTGZKMtA7zFj6Fj+BWH8CddKsvYtoOaFt/CHz5zzmc5PcjRqWy7ZGxtLyyurae28hvbm3v7Jp7+zUZxgKTKg5ZKBo+koRRTqqKKkYakSAo8Bmp+/3bcb3+SISkIX9Qw4i0AtTltEMxUtryTMut9CgcXMHruld2RS+EdS8pnzop/L0UU2hZlmZn4JkF27IngovgZFAAmSqe+e22QxwHhCvMkJRNx45UK0FCUcxImndjSSKE+6hLmho5CohsJZN/pfBYO23YCYU+XMGJ+3ciQYGUw8DXnQFSPTlfG5v/1Zqx6ly2EsqjWBGOp4s6MYMqhOOQYJsKghUbakBYUP1WiHtIIKx0lDNbFO0/pToVZz6DRagVLefcsu/PCqWbLJ8cOARH4AQ44AKUwB2ogCrA4Bm8gjfwbrwYH8anMZq2LhnZzAGYkfH1AxgvpEM=</latexit>

�x = AWJ⇢WJ�1⇢WJ�2...W1x

<latexit sha1_base64="CeaExgUwhpEvHN6kWpa5KPPT5Cs=">AAACHHicbVDLSsNAFJ3UV62vqEs3Q4vgKiSi6KZQdSPSRQXbFNoSJtNJM3TyYGYiraF7v8JPcKsf4E7cCq79EadpFrZ64MLhnHu59x43ZlRI0/zSCkvLK6trxfXSxubW9o6+u9cSUcIxaeKIRbztIkEYDUlTUslIO+YEBS4jtju8mvr2PeGCRuGdHMekF6BBSD2KkVSSo5e7DZ/C+qgKL+q2c9PlfgQNw4C2Y42qmTdy9IppmBngX2LlpAJyNBz9u9uPcBKQUGKGhOhYZix7KeKSYkYmpW4iSIzwEA1IR9EQBUT00uyXCTxUSh96EVcVSpipvydSFAgxDlzVGSDpi0VvKv7ndRLpnfdSGsaJJCGeLfISBmUEp8HAPuUESzZWBGFO1a0Q+4gjLFV8c1skHT5MVCrWYgZ/SevYsE4N8/akUrvM8ymCA1AGR8ACZ6AGrkEDNAEGj+AZvIBX7Ul70961j1lrQctn9sEctM8fvJ6gAw==</latexit>

�Lx = ALWJ⇢...W1x = �x



Covariance via convolution

• We say that L is covariant with W if

• We say that A is invariant to L if

• If W (e.g., convolution),   (e.g., point-wise non-
linearity) are covariant and if A is invariant to L then  
 
is invariant. Indeed:

• It is also possible to have only an approximate 
covariance and one measure it via the norm of:
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WL = LW
<latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit>

AL = A
<latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit><latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit><latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit><latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

<latexit sha1_base64="AoTf6uoWWPDJCXgSQQ1Wdqb5LK4=">AAACKHicbZDLSgMxFIYzXmu9jbp0EyyCG4eZouhGqLqRrirYC3TKkEnTNjSTGZKMtA7zFj6Fj+BWH8CddKsvYtoOaFt/CHz5zzmc5PcjRqWy7ZGxtLyyurae28hvbm3v7Jp7+zUZxgKTKg5ZKBo+koRRTqqKKkYakSAo8Bmp+/3bcb3+SISkIX9Qw4i0AtTltEMxUtryTMut9CgcXMHruld2RS+EdS8pnzop/L0UU2hZlmZn4JkF27IngovgZFAAmSqe+e22QxwHhCvMkJRNx45UK0FCUcxImndjSSKE+6hLmho5CohsJZN/pfBYO23YCYU+XMGJ+3ciQYGUw8DXnQFSPTlfG5v/1Zqx6ly2EsqjWBGOp4s6MYMqhOOQYJsKghUbakBYUP1WiHtIIKx0lDNbFO0/pToVZz6DRagVLefcsu/PCqWbLJ8cOARH4AQ44AKUwB2ogCrA4Bm8gjfwbrwYH8anMZq2LhnZzAGYkfH1AxgvpEM=</latexit>

�x = AWJ⇢WJ�1⇢WJ�2...W1x

<latexit sha1_base64="CeaExgUwhpEvHN6kWpa5KPPT5Cs=">AAACHHicbVDLSsNAFJ3UV62vqEs3Q4vgKiSi6KZQdSPSRQXbFNoSJtNJM3TyYGYiraF7v8JPcKsf4E7cCq79EadpFrZ64MLhnHu59x43ZlRI0/zSCkvLK6trxfXSxubW9o6+u9cSUcIxaeKIRbztIkEYDUlTUslIO+YEBS4jtju8mvr2PeGCRuGdHMekF6BBSD2KkVSSo5e7DZ/C+qgKL+q2c9PlfgQNw4C2Y42qmTdy9IppmBngX2LlpAJyNBz9u9uPcBKQUGKGhOhYZix7KeKSYkYmpW4iSIzwEA1IR9EQBUT00uyXCTxUSh96EVcVSpipvydSFAgxDlzVGSDpi0VvKv7ndRLpnfdSGsaJJCGeLfISBmUEp8HAPuUESzZWBGFO1a0Q+4gjLFV8c1skHT5MVCrWYgZ/SevYsE4N8/akUrvM8ymCA1AGR8ACZ6AGrkEDNAEGj+AZvIBX7Ul70961j1lrQctn9sEctM8fvJ6gAw==</latexit>

�Lx = ALWJ⇢...W1x = �x

<latexit sha1_base64="7dFiAQC4kBiHYzEt2Z9NnoSgi6A=">AAACA3icbVDLSsNAFJ3UV62vqks3g0VwoSURRTdC0Y2LLirYppCGMplO2qGTSZi5EWro0k9wqx/gTtz6Ia79EaePhW09cOFwzr3ce0+QCK7Btr+t3NLyyupafr2wsbm1vVPc3WvoOFWU1WksYtUMiGaCS1YHDoI1E8VIFAjmBv3bke8+MqV5LB9gkDA/Il3JQ04JGMnz3JOqf+1WT6tuu1iyy/YYeJE4U1JCU9TaxZ9WJ6ZpxCRQQbT2HDsBPyMKOBVsWGilmiWE9kmXeYZKEjHtZ+OTh/jIKB0cxsqUBDxW/05kJNJ6EAWmMyLQ0/PeSPzP81IIr/yMyyQFJulkUZgKDDEe/Y87XDEKYmAIoYqbWzHtEUUomJRmtgDvPw1NKs58BoukcVZ2Lsr2/XmpcjPNJ48O0CE6Rg66RBV0h2qojiiK0Qt6RW/Ws/VufVifk9acNZ3ZRzOwvn4B6R6XuA==</latexit>

[W,L] = WL� LW



Covariance via convolution

• We say that L is covariant with W if

• We say that A is invariant to L if

• If W (e.g., convolution),   (e.g., point-wise non-
linearity) are covariant and if A is invariant to L then  
 
is invariant. Indeed:

• It is also possible to have only an approximate 
covariance and one measure it via the norm of:
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WL = LW
<latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit><latexit sha1_base64="ZLYjBQ1Zog5kGLfEqZqxn6xijSQ=">AAAB/XicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQRshaGORIoKbDSRLmJ1MkiGzF2bOCnEJPoKtPoCd2Pos1r6Ik2QLk/jDwMd/zuGc+YNECo22/W2trK6tb2wWtorbO7t7+6WDw4aOU8W4y2IZq2ZANZci4i4KlLyZKE7DQHIvGN5O6t4jV1rE0QOOEu6HtB+JnmAUjeV6teua1ymV7Yo9FVkGJ4cy5Kp3Sj/tbszSkEfIJNW65dgJ+hlVKJjk42I71TyhbEj7vGUwoiHXfjY9dkxOjdMlvViZFyGZun8nMhpqPQoD0xlSHOjF2sT8r9ZKsXflZyJKUuQRmy3qpZJgTCY/J12hOEM5MkCZEuZWwgZUUYYmn7ktKIZPY5OKs5jBMjTOK47h+4ty9SbPpwDHcAJn4MAlVOEO6uACAwEv8Apv1rP1bn1Yn7PWFSufOYI5WV+/SoGVxA==</latexit>

AL = A
<latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit><latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit><latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit><latexit sha1_base64="wUWdL4g2sCLVou85BGpf4jgQHDw=">AAAB/HicbZC7SgNBFIbPxluMt6ilzWAQrMKuCNoIiTYWFhHMBZIlzE4myZDZCzNnhbjER7DVB7ATW9/F2hdxNtnCJP4w8PGfczhnfi+SQqNtf1u5ldW19Y38ZmFre2d3r7h/0NBhrBivs1CGquVRzaUIeB0FSt6KFKe+J3nTG92k9eYjV1qEwQOOI+76dBCIvmAUU6t6d1XtFkt22Z6KLIOTQQky1brFn04vZLHPA2SSat127AjdhCoUTPJJoRNrHlE2ogPeNhhQn2s3md46ISfG6ZF+qMwLkEzdvxMJ9bUe+57p9CkO9WItNf+rtWPsX7qJCKIYecBmi/qxJBiS9OOkJxRnKMcGKFPC3ErYkCrK0MQztwXF6GliUnEWM1iGxlnZMXx/XqpcZ/nk4QiO4RQcuIAK3EIN6sBgCC/wCm/Ws/VufVifs9aclc0cwpysr19mMZVC</latexit>

⇢
<latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit><latexit sha1_base64="0wUduP4kitges80AXIRlpYzIt44=">AAAB/HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6gHUomzXRCM8mQnBHqUB/BrT6AO3Hru7j2Rcy0s7CtPwQ+/nMO5+QPEsENuO63U1pb39jcKm9Xdnb39g+qh0dto1JNWYsqoXQ3IIYJLlkLOAjWTTQjcSBYJxjf5vXOI9OGK/kAk4T5MRlJHnJKILf6OlKDas2tuzPhVfAKqKFCzUH1pz9UNI2ZBCqIMT3PTcDPiAZOBZtW+qlhCaFjMmI9i5LEzPjZ7NYpPrPOEIdK2ycBz9y/ExmJjZnEge2MCURmuZab/9V6KYTXfsZlkgKTdL4oTAUGhfOP4yHXjIKYWCBUc3srphHRhIKNZ2EL8PHT1KbiLWewCu2Lumf5/rLWuCnyKaMTdIrOkYeuUAPdoSZqIYoi9IJe0Zvz7Lw7H87nvLXkFDPHaEHO1y9aqpXc</latexit>

<latexit sha1_base64="AoTf6uoWWPDJCXgSQQ1Wdqb5LK4=">AAACKHicbZDLSgMxFIYzXmu9jbp0EyyCG4eZouhGqLqRrirYC3TKkEnTNjSTGZKMtA7zFj6Fj+BWH8CddKsvYtoOaFt/CHz5zzmc5PcjRqWy7ZGxtLyyurae28hvbm3v7Jp7+zUZxgKTKg5ZKBo+koRRTqqKKkYakSAo8Bmp+/3bcb3+SISkIX9Qw4i0AtTltEMxUtryTMut9CgcXMHruld2RS+EdS8pnzop/L0UU2hZlmZn4JkF27IngovgZFAAmSqe+e22QxwHhCvMkJRNx45UK0FCUcxImndjSSKE+6hLmho5CohsJZN/pfBYO23YCYU+XMGJ+3ciQYGUw8DXnQFSPTlfG5v/1Zqx6ly2EsqjWBGOp4s6MYMqhOOQYJsKghUbakBYUP1WiHtIIKx0lDNbFO0/pToVZz6DRagVLefcsu/PCqWbLJ8cOARH4AQ44AKUwB2ogCrA4Bm8gjfwbrwYH8anMZq2LhnZzAGYkfH1AxgvpEM=</latexit>

�x = AWJ⇢WJ�1⇢WJ�2...W1x

<latexit sha1_base64="CeaExgUwhpEvHN6kWpa5KPPT5Cs=">AAACHHicbVDLSsNAFJ3UV62vqEs3Q4vgKiSi6KZQdSPSRQXbFNoSJtNJM3TyYGYiraF7v8JPcKsf4E7cCq79EadpFrZ64MLhnHu59x43ZlRI0/zSCkvLK6trxfXSxubW9o6+u9cSUcIxaeKIRbztIkEYDUlTUslIO+YEBS4jtju8mvr2PeGCRuGdHMekF6BBSD2KkVSSo5e7DZ/C+qgKL+q2c9PlfgQNw4C2Y42qmTdy9IppmBngX2LlpAJyNBz9u9uPcBKQUGKGhOhYZix7KeKSYkYmpW4iSIzwEA1IR9EQBUT00uyXCTxUSh96EVcVSpipvydSFAgxDlzVGSDpi0VvKv7ndRLpnfdSGsaJJCGeLfISBmUEp8HAPuUESzZWBGFO1a0Q+4gjLFV8c1skHT5MVCrWYgZ/SevYsE4N8/akUrvM8ymCA1AGR8ACZ6AGrkEDNAEGj+AZvIBX7Ul70961j1lrQctn9sEctM8fvJ6gAw==</latexit>

�Lx = ALWJ⇢...W1x = �x

<latexit sha1_base64="7dFiAQC4kBiHYzEt2Z9NnoSgi6A=">AAACA3icbVDLSsNAFJ3UV62vqks3g0VwoSURRTdC0Y2LLirYppCGMplO2qGTSZi5EWro0k9wqx/gTtz6Ia79EaePhW09cOFwzr3ce0+QCK7Btr+t3NLyyupafr2wsbm1vVPc3WvoOFWU1WksYtUMiGaCS1YHDoI1E8VIFAjmBv3bke8+MqV5LB9gkDA/Il3JQ04JGMnz3JOqf+1WT6tuu1iyy/YYeJE4U1JCU9TaxZ9WJ6ZpxCRQQbT2HDsBPyMKOBVsWGilmiWE9kmXeYZKEjHtZ+OTh/jIKB0cxsqUBDxW/05kJNJ6EAWmMyLQ0/PeSPzP81IIr/yMyyQFJulkUZgKDDEe/Y87XDEKYmAIoYqbWzHtEUUomJRmtgDvPw1NKs58BoukcVZ2Lsr2/XmpcjPNJ48O0CE6Rg66RBV0h2qojiiK0Qt6RW/Ws/VufVifk9acNZ3ZRzOwvn4B6R6XuA==</latexit>

[W,L] = WL� LW

example: deformation
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Progressive Invariances

• Interestingly, CNNs often incorporate some poolings   , 
which satisfy for                 :            .
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<latexit sha1_base64="flwGUH0jTDflOopzRqZKMlI6VH8=">AAACGHicbVDLSsNAFJ3UV62vqEtBBovgxpKIosuiGwUXFewDmlAm02k7dPJg5kaoITu/wk9wqx/gTty6c+2POGmzsK0HLhzOuZd77/EiwRVY1rdRWFhcWl4prpbW1jc2t8ztnYYKY0lZnYYilC2PKCZ4wOrAQbBWJBnxPcGa3vAq85sPTCoeBvcwipjrk37Ae5wS0FLH3HcaTAK+OXZ8AgNKRHKbTiRHCGx3zLJVscbA88TOSRnlqHXMH6cb0thnAVBBlGrbVgRuQiRwKlhacmLFIkKHpM/amgbEZ8pNxn+k+FArXdwLpa4A8Fj9O5EQX6mR7+nO7Fo162Xif147ht6Fm/AgioEFdLKoFwsMIc5CwV0uGQUx0oRQyfWtmA6IJBR0dFNbgA8fU52KPZvBPGmcVOyzinV3Wq5e5vkU0R46QEfIRueoiq5RDdURRU/oBb2iN+PZeDc+jM9Ja8HIZ3bRFIyvX4UmoB8=</latexit>

kI � Lk ⌧ 1

<latexit sha1_base64="sHlEmk7GsISkju9s/NpkyaJE9hs=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cVbCtMh5JJM21oJhmSjFCHLv0Et/oB7sStH+LaHzHTzsK2HggczrmXe3LChDNtXPfbKa2srq1vlDcrW9s7u3vV/YO2lqkitEUkl+ohxJpyJmjLMMPpQ6IojkNOO+HoJvc7j1RpJsW9GSc0iPFAsIgRbKzkd2NshgTzrDnpVWtu3Z0CLROvIDUo0OxVf7p9SdKYCkM41tr33MQEGVaGEU4nlW6qaYLJCA+ob6nAMdVBNo08QSdW6aNIKvuEQVP170aGY63HcWgn84h60cvF/zw/NdFVkDGRpIYKMjsUpRwZifL/oz5TlBg+tgQTxWxWRIZYYWJsS3NXDBs95a14ix0sk/ZZ3buou3fntcZ10U8ZjuAYTsGDS2jALTShBQQkvMArvDnPzrvz4XzORktOsXMIc3C+fgH0R5j/</latexit>P
<latexit sha1_base64="HPnfuz5gdd+TnmDvyHkdQ/Tcda0=">AAACI3icbZDLSgMxFIYzXmu9jbp0EyyCbsqMKLosunHhooK9QGcomTTThmYmIcmIdegz+BQ+glt9AHfixoUrX8RMO0gvHgh8/P85nJM/EIwq7Thf1sLi0vLKamGtuL6xubVt7+zWFU8kJjXMGZfNACnCaExqmmpGmkISFAWMNIL+VeY37olUlMd3eiCIH6FuTEOKkTZS2z72IqR7GLG0OvzDm6GHhJD8AU64bbvklJ1RwXlwcyiBvKpt+8frcJxEJNaYIaVariO0nyKpKWZkWPQSRQTCfdQlLYMxiojy09GXhvDQKB0YcmlerOFInZxIUaTUIApMZ3aimvUy8T+vlejwwk9pLBJNYjxeFCYMag6zfGCHSoI1GxhAWFJzK8Q9JBHWJsWpLZr2H7NU3NkM5qF+UnbPys7taalymedTAPvgABwBF5yDCrgGVVADGDyBF/AK3qxn6936sD7HrQtWPrMHpsr6/gUUk6Zq</latexit>

PL ⇡ P



Progressive Invariances

• Interestingly, CNNs often incorporate some poolings   , 
which satisfy for                 :            .

• It allows to progressively induce more invariance. (and 
it’s very similar to a Wavelet Transform)

55

<latexit sha1_base64="flwGUH0jTDflOopzRqZKMlI6VH8=">AAACGHicbVDLSsNAFJ3UV62vqEtBBovgxpKIosuiGwUXFewDmlAm02k7dPJg5kaoITu/wk9wqx/gTty6c+2POGmzsK0HLhzOuZd77/EiwRVY1rdRWFhcWl4prpbW1jc2t8ztnYYKY0lZnYYilC2PKCZ4wOrAQbBWJBnxPcGa3vAq85sPTCoeBvcwipjrk37Ae5wS0FLH3HcaTAK+OXZ8AgNKRHKbTiRHCGx3zLJVscbA88TOSRnlqHXMH6cb0thnAVBBlGrbVgRuQiRwKlhacmLFIkKHpM/amgbEZ8pNxn+k+FArXdwLpa4A8Fj9O5EQX6mR7+nO7Fo162Xif147ht6Fm/AgioEFdLKoFwsMIc5CwV0uGQUx0oRQyfWtmA6IJBR0dFNbgA8fU52KPZvBPGmcVOyzinV3Wq5e5vkU0R46QEfIRueoiq5RDdURRU/oBb2iN+PZeDc+jM9Ja8HIZ3bRFIyvX4UmoB8=</latexit>

kI � Lk ⌧ 1

<latexit sha1_base64="sHlEmk7GsISkju9s/NpkyaJE9hs=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cVbCtMh5JJM21oJhmSjFCHLv0Et/oB7sStH+LaHzHTzsK2HggczrmXe3LChDNtXPfbKa2srq1vlDcrW9s7u3vV/YO2lqkitEUkl+ohxJpyJmjLMMPpQ6IojkNOO+HoJvc7j1RpJsW9GSc0iPFAsIgRbKzkd2NshgTzrDnpVWtu3Z0CLROvIDUo0OxVf7p9SdKYCkM41tr33MQEGVaGEU4nlW6qaYLJCA+ob6nAMdVBNo08QSdW6aNIKvuEQVP170aGY63HcWgn84h60cvF/zw/NdFVkDGRpIYKMjsUpRwZifL/oz5TlBg+tgQTxWxWRIZYYWJsS3NXDBs95a14ix0sk/ZZ3buou3fntcZ10U8ZjuAYTsGDS2jALTShBQQkvMArvDnPzrvz4XzORktOsXMIc3C+fgH0R5j/</latexit>P
<latexit sha1_base64="HPnfuz5gdd+TnmDvyHkdQ/Tcda0=">AAACI3icbZDLSgMxFIYzXmu9jbp0EyyCbsqMKLosunHhooK9QGcomTTThmYmIcmIdegz+BQ+glt9AHfixoUrX8RMO0gvHgh8/P85nJM/EIwq7Thf1sLi0vLKamGtuL6xubVt7+zWFU8kJjXMGZfNACnCaExqmmpGmkISFAWMNIL+VeY37olUlMd3eiCIH6FuTEOKkTZS2z72IqR7GLG0OvzDm6GHhJD8AU64bbvklJ1RwXlwcyiBvKpt+8frcJxEJNaYIaVariO0nyKpKWZkWPQSRQTCfdQlLYMxiojy09GXhvDQKB0YcmlerOFInZxIUaTUIApMZ3aimvUy8T+vlejwwk9pLBJNYjxeFCYMag6zfGCHSoI1GxhAWFJzK8Q9JBHWJsWpLZr2H7NU3NkM5qF+UnbPys7taalymedTAPvgABwBF5yDCrgGVVADGDyBF/AK3qxn6936sD7HrQtWPrMHpsr6/gUUk6Zq</latexit>

PL ⇡ P



Progressive Invariances

• Interestingly, CNNs often incorporate some poolings   , 
which satisfy for                 :            .

• It allows to progressively induce more invariance. (and 
it’s very similar to a Wavelet Transform)

• Similarly, the non-linearity is point-wise. Interestingly, 
point-wise non-linearity are the only non-linearity that 
commutes with deformations, ie 

Ref.: Phd of Joan Bruna
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<latexit sha1_base64="flwGUH0jTDflOopzRqZKMlI6VH8=">AAACGHicbVDLSsNAFJ3UV62vqEtBBovgxpKIosuiGwUXFewDmlAm02k7dPJg5kaoITu/wk9wqx/gTty6c+2POGmzsK0HLhzOuZd77/EiwRVY1rdRWFhcWl4prpbW1jc2t8ztnYYKY0lZnYYilC2PKCZ4wOrAQbBWJBnxPcGa3vAq85sPTCoeBvcwipjrk37Ae5wS0FLH3HcaTAK+OXZ8AgNKRHKbTiRHCGx3zLJVscbA88TOSRnlqHXMH6cb0thnAVBBlGrbVgRuQiRwKlhacmLFIkKHpM/amgbEZ8pNxn+k+FArXdwLpa4A8Fj9O5EQX6mR7+nO7Fo162Xif147ht6Fm/AgioEFdLKoFwsMIc5CwV0uGQUx0oRQyfWtmA6IJBR0dFNbgA8fU52KPZvBPGmcVOyzinV3Wq5e5vkU0R46QEfIRueoiq5RDdURRU/oBb2iN+PZeDc+jM9Ja8HIZ3bRFIyvX4UmoB8=</latexit>

kI � Lk ⌧ 1

<latexit sha1_base64="sHlEmk7GsISkju9s/NpkyaJE9hs=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cVbCtMh5JJM21oJhmSjFCHLv0Et/oB7sStH+LaHzHTzsK2HggczrmXe3LChDNtXPfbKa2srq1vlDcrW9s7u3vV/YO2lqkitEUkl+ohxJpyJmjLMMPpQ6IojkNOO+HoJvc7j1RpJsW9GSc0iPFAsIgRbKzkd2NshgTzrDnpVWtu3Z0CLROvIDUo0OxVf7p9SdKYCkM41tr33MQEGVaGEU4nlW6qaYLJCA+ob6nAMdVBNo08QSdW6aNIKvuEQVP170aGY63HcWgn84h60cvF/zw/NdFVkDGRpIYKMjsUpRwZifL/oz5TlBg+tgQTxWxWRIZYYWJsS3NXDBs95a14ix0sk/ZZ3buou3fntcZ10U8ZjuAYTsGDS2jALTShBQQkvMArvDnPzrvz4XzORktOsXMIc3C+fgH0R5j/</latexit>P
<latexit sha1_base64="HPnfuz5gdd+TnmDvyHkdQ/Tcda0=">AAACI3icbZDLSgMxFIYzXmu9jbp0EyyCbsqMKLosunHhooK9QGcomTTThmYmIcmIdegz+BQ+glt9AHfixoUrX8RMO0gvHgh8/P85nJM/EIwq7Thf1sLi0vLKamGtuL6xubVt7+zWFU8kJjXMGZfNACnCaExqmmpGmkISFAWMNIL+VeY37olUlMd3eiCIH6FuTEOKkTZS2z72IqR7GLG0OvzDm6GHhJD8AU64bbvklJ1RwXlwcyiBvKpt+8frcJxEJNaYIaVariO0nyKpKWZkWPQSRQTCfdQlLYMxiojy09GXhvDQKB0YcmlerOFInZxIUaTUIApMZ3aimvUy8T+vlejwwk9pLBJNYjxeFCYMag6zfGCHSoI1GxhAWFJzK8Q9JBHWJsWpLZr2H7NU3NkM5qF+UnbPys7taalymedTAPvgABwBF5yDCrgGVVADGDyBF/AK3qxn6936sD7HrQtWPrMHpsr6/gUUk6Zq</latexit>

PL ⇡ P

<latexit sha1_base64="ugzKE2Np9XKsx8Zb8EG7e0MacS0=">AAACAnicbVC7SgNBFJ31GeMramkzGAQLCbuiaCMEbSwsIpgHbpYwO5lNhszOLDN3hRjS+Qm2+gF2YuuPWPsjTpItTOKBC4dz7uXee8JEcAOu++0sLC4tr6zm1vLrG5tb24Wd3ZpRqaasSpVQuhESwwSXrAocBGskmpE4FKwe9q5Hfv2RacOVvId+woKYdCSPOCVgpQe/qbvq+Da4dFuFoltyx8DzxMtIEWWotAo/zbaiacwkUEGM8T03gWBANHAq2DDfTA1LCO2RDvMtlSRmJhiMLx7iQ6u0caS0LQl4rP6dGJDYmH4c2s6YQNfMeiPxP89PIboIBlwmKTBJJ4uiVGBQePQ+bnPNKIi+JYRqbm/FtEs0oWBDmtoCvPc0tKl4sxnMk9pJyTsruXenxfJVlk8O7aMDdIQ8dI7K6AZVUBVRJNELekVvzrPz7nw4n5PWBSeb2UNTcL5+AdV/l7k=</latexit>

[⇢, L] = 0 if
<latexit sha1_base64="NxJFy9dLSkMWVfHNTQ6+CSiYMrg="></latexit>

8x = (x1, ..., xd), ⇢(x) = (⇢(x1), ..., ⇢(xd))



Wavelets

•      is a wavelet iff


• Typically localised in space and frequency.


• Rotation, dilation of a wavelets: 

• Design wavelets selective to rotation variabilities.

 
<latexit sha1_base64="vZM3p0oDK8G//ZjqteTWKP152iI=">AAAB6nicbZDLSgMxFIbPtF5qvY2XnZtgEVyVGRcqrgpuXFZwbKEdSibNtKFJZkgyQhkKPoEbFypufQ4fwp1vY6btQlt/CHz8/znknBOlnGnjed9OqbyyurZe2ahubm3v7Lp7+/c6yRShAUl4otoR1pQzSQPDDKftVFEsIk5b0ei6yFsPVGmWyDszTmko8ECymBFsCqubatZza17dmwotgz+HWuPws/wIAM2e+9XtJyQTVBrCsdYd30tNmGNlGOF0Uu1mmqaYjPCAdixKLKgO8+msE3RinT6KE2WfNGjq/u7IsdB6LCJbKbAZ6sWsMP/LOpmJL8OcyTQzVJLZR3HGkUlQsTjqM0WJ4WMLmChmZ0VkiBUmxp6nao/gL668DMFZ/bzu3fq1xhXMVIEjOIZT8OECGnADTQiAwBCe4AVeHeE8O2/O+6y05Mx7DuCPnI8frjmPpA==</latexit><latexit sha1_base64="MKReSqAJM21mHrPcc9EWVyc1loM=">AAAB6nicbZC7SgNBFIbPJl5ivMVLZzMYBKuwa6FiFbCxjOAaIVnC7GQ2GTIzO8zMCiHkFWwsVGx9DmsbGzvfxtkkhSb+MPDx/+cw55xYcWas7397heLS8spqaa28vrG5tV3Z2b01aaYJDUnKU30XY0M5kzS0zHJ6pzTFIua0GQ8u87x5T7VhqbyxQ0UjgXuSJYxgm1ttZVinUvVr/kRoEYIZVOv770X1+ZE1OpWvdjclmaDSEo6NaQW+stEIa8sIp+NyOzNUYTLAPdpyKLGgJhpNZh2jI+d0UZJq96RFE/d3xwgLY4YidpUC276Zz3Lzv6yV2eQ8GjGpMkslmX6UZBzZFOWLoy7TlFg+dICJZm5WRPpYY2LdecruCMH8yosQntROa/51UK1fwFQlOIBDOIYAzqAOV9CAEAj04QGe4NkT3qP34r1OSwverGcP/sh7+wFQoJGe</latexit>
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Z
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Group action!



The Gabor wavelet
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1

2⇡�
e�

kuk2
2� (ei⇠.u � )

(for sake of simplicity, formula 

are given in the isotropic case)



Invariances via wavelets 58

Ref.: Group Invariant Scattering, Mallat S


Deformations
L⌧x(u) = x(u� ⌧(u))



Invariances via wavelets

• Analytic wavelets permit to build stable invariants 
to: 
- small translations by a: 
 
 
 
 
 
 
 
 
- small deformations:
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How to address deformations?

• Weak differentiability property:


• A linear projection (to kill   ) build an invariant

59

sup
L

k�Lx� �xk
kLx� xk < 1 ) 9 ”weak” @x�

) �Lx ⇡ �x+ @x�L+ o(kLk)

�

A linear operatorDisplacement

+ projection

L

L



Wavelet Transform

• Wavelet transform: 


• Isometric and linear operator of   , with 

• Covariant with translation     :


• Nearly commutes with diffeomorphisms


• A good baseline to describe an image!

Ex.: 

60

Wx = {x ?  j,✓, x ? �J}✓,jJ

kWxk2 =
X

✓,jJ

Z
|x ?  j,✓|2 +

Z
x ? �2J !1

!2

Ref.: Group Invariant Scattering, Mallat S


L2

WLa = LaW
La

k[W,L⌧ ]k  Ckr⌧k



Scattering Transform

• Scattering transform at scale J is the cascading of 
complex WT with modulus non-linearity, followed 
by a low pass-filtering: 

• Mathematically well defined for a large class of 
wavelets.
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 j,✓



Feature map

• Several features map

Ref.: Xxxx, Machin et al.
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Filter bank implementation of

 a Fast WT

• Assume it is possible to find     and      such that


• Set:


• The WT  is then given by


• A WT can be interpreted as a deep cascade of 
linear operator, which is approximatively verified 
for the Gabor Wavelets.
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Ref.: Fast WT, Mallat S, 89


h g

and

xj(u, 0) = x ? �j(u) = h ? (x ? �j�1)(2u)

xj(u, ✓) = x ?  j,✓(u) = g✓ ? (x ? �j�1)(2u)

and

Wx = {xj(., ✓), xJ(., 0)}jJ,✓
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ĝ✓(

!

2
)�̂(

!

2
)

Scattering as a CNN

64



Scattering as a CNN 64

hg✓

hh

g✓ g✓

J = 3, ✓ 2 {0, ⇡
4
,
⇡

2
,
3⇡

4
}

x0

x1

x2

x3

g✓ h

h
g✓

Scattering coefficients

are only at the output

Ref.: Deep Roto-Translation Scattering 

for Object Classification. EO and S Mallat 

Recursive Interferometric Representations, S Mallat


�̂(!) =
1p
2
ĥ(
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and upper bounding this kernel leads to:

Studying:

It is slightly more challenging to obtain:

where

For order 1:

and we iterate…a tighter bound can be obtained by avoiding redundancy. 
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• Scattering is stable:

• Linearize small deformations:

• Invariant to local translation:

• For  ,  ,              is covariant with           : 

kSJx� SJyk  kx� yk

Deformations

SJx(u,�)� u SO2(R)

SJ(g.x)(u,�) = SJx(g
�1u, g�1�) , g.SJx(u,�)

L⌧x(u) = x(u� ⌧(u))

kSJL⌧x� SJxk  Ckr⌧kkxk

|a| ⌧ 2J ) SJLax ⇡ SJ

8u8g 2 SO2(R), g.x(u) , x(g�1
u)if then,

Ref.: Group Invariant Scattering, Mallat S
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• For a stationary process X (e.g., a texture)


• This leads to the Expected Scattering:

…

Modulus is important

because it can be 0!

Ref.: Invariant Convolutional Scattering Network, J. Bruna and S Mallat


Energy is preserved:

can be estimated via an unbiased estimator:
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A successful representation 
in image classification

• Successfully used in several applications:

• Digits

• Textures 
 
 

• The design of the scattering transform is guided by the euclidean 
group

• To which extent can we compete with other architectures on more 
complex problems (e.g. variabilities are more complex)?

68

Small deformations

+Translation

Ref.: Invariant Convolutional Scattering Network, J. Bruna and S Mallat


Ref.: Rotation, Scaling and Deformation Invariant Scattering

for texture discrimination, Sifre L and Mallat S.
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All variabilities

 are known
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• To each classification problem corresponds a 
canonic and unique symmetry group   :  

• We hypothesise there exists Lie groups and CNNs 
such that: 

• Examples are given by the euclidean group:

8gj 2 Gj ,�j(gj .x) = �j(x) where xj = �j(x)

8x, 8g 2 G,�x = �g.x

G

G0 ⇢ G1 ⇢ ... ⇢ GJ ⇢ G

High dimensional

G0 = R2, G1 = G0 n SL2(R)

Ref.: Understanding deep 

convolutional networks


S Mallat
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• For    , we refer to the variable    as an attribute 
that discriminates previously obtained layer.
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One generalization among 
many

73

• CNN that is convolutional along axis channel: 
 

• For    , we refer to the variable    as an attribute 
that discriminates previously obtained layer.

• Representation is finally averaged: invariant along 
translations by v.

vjxj
u

xj+1(v1, ..., vj , vj+1) = ⇢j(xj ?
v1,...,vj  vj+1)(v1, ..., vj)

x1 x2

x3

xJ(vJ) =
X

v1,...,vJ�1

xJ�1(v1, ..., vJ�1, vJ)

Very similar to equivariant CNNs

Ref.: Hiearchical CNNs, Jacobsen et al.
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An opaque black-box
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Risk decomposition

• For a fixed loss   , consider the expected and empirical risk:
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<latexit sha1_base64="qW/q4mJ3FKIAmnKSTW2A7fo5TaY="></latexit>

R(�) = E[`(�X,Y )]

<latexit sha1_base64="G+/xc4dsOuWFMY7sGRxlHSXmqQk="></latexit>

Rn(�) =
1

n

X

in

`(�Xi, Yi)
<latexit sha1_base64="PHTRiIybieoWiglMPt0s71lc1PM="></latexit>

E[Rn(�)] = R(�)

and
with:
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Risk decomposition

• For a fixed loss   , consider the expected and empirical risk:

• We might be interested in those 3 quantities
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<latexit sha1_base64="LAkeD8BCucA+R/sUWJzF4bkll5w=">AAACA3icdVDLSsNAFJ3UV31XXboZLIKrkMTY1l1REJcV7APSUCbTSTt0kgkzE6GGLv0Et/oB7sStH+LaH3HSVrCiBy4czrmXe+8JEkalsqwPo7C0vLK6Vlzf2Nza3tkt7e23JE8FJk3MGRedAEnCaEyaiipGOokgKAoYaQejy9xv3xEhKY9v1TghfoQGMQ0pRkpLXjdCaogRy64mvVLZMs9rFcetQMu0rKrt2Dlxqu6pC22t5CiDORq90me3z3EakVhhhqT0bCtRfoaEopiRyUY3lSRBeIQGxNM0RhGRfjY9eQKPtdKHIRe6YgWn6s+JDEVSjqNAd+Ynyt9eLv7leakKa35G4yRVJMazRWHKoOIw/x/2qSBYsbEmCAuqb4V4iATCSqe0sEXR0X2eyvfr8H/Sckz7zLRu3HL9Yp5PERyCI3ACbFAFdXANGqAJMODgETyBZ+PBeDFejbdZa8GYzxyABRjvX0jrmTc=</latexit>

F : set of functions of interest



You might be interested 
in…

• Several implicit biases results (e.g., double gradient 
descent) .. it was already discussed on Monday


• Discussions around the optimization landscape .. sort 
of discussed yesterday


• Best approximation results of very deep neural 
networks.
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Rademacher complexity
• The complexity measure allows to compare richness of 

classes of functions. Rademacher complexity can be defined 
as: 
 

78

<latexit sha1_base64="7+d3rcEZgj3nLUiEFTaBpfSeplI="></latexit>

Radn(F) = E(✏i,Xi)i [ sup
�2F

1

n

X

in

✏i�(Xi)]



Rademacher complexity
• The complexity measure allows to compare richness of 

classes of functions. Rademacher complexity can be defined 
as: 
 

• One can link Rademacher complexity to the generalization 
error, as (via symmetrisation+loss Lipschitz):

78

<latexit sha1_base64="7+d3rcEZgj3nLUiEFTaBpfSeplI="></latexit>

Radn(F) = E(✏i,Xi)i [ sup
�2F

1

n

X

in

✏i�(Xi)]

<latexit sha1_base64="WNh0/DJg+BbQRlfKdFn4jAPYmnM="></latexit>

R(�)  E[Rn(�)] + 2Radn(F) +O(
1
p
n
)



Rademacher complexity
• The complexity measure allows to compare richness of 

classes of functions. Rademacher complexity can be defined 
as: 
 

• One can link Rademacher complexity to the generalization 
error, as (via symmetrisation+loss Lipschitz):
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<latexit sha1_base64="7+d3rcEZgj3nLUiEFTaBpfSeplI="></latexit>

Radn(F) = E(✏i,Xi)i [ sup
�2F

1

n

X

in

✏i�(Xi)]

<latexit sha1_base64="WNh0/DJg+BbQRlfKdFn4jAPYmnM="></latexit>

R(�)  E[Rn(�)] + 2Radn(F) +O(
1
p
n
)



Rademacher complexity
• The complexity measure allows to compare richness of 

classes of functions. Rademacher complexity can be defined 
as: 
 

• One can link Rademacher complexity to the generalization 
error, as (via symmetrisation+loss Lipschitz):

• In practice, it can be difficult to estimate.

78

<latexit sha1_base64="7+d3rcEZgj3nLUiEFTaBpfSeplI="></latexit>

Radn(F) = E(✏i,Xi)i [ sup
�2F

1

n

X

in

✏i�(Xi)]

<latexit sha1_base64="WNh0/DJg+BbQRlfKdFn4jAPYmnM="></latexit>

R(�)  E[Rn(�)] + 2Radn(F) +O(
1
p
n
)
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VC dimension

• For n points                 let: 
 
 
If                    we say that     shatters the set . For a 
dataset   , the VC dimension is the largest m such that 

79

<latexit sha1_base64="RqjEuxcgbu0apXxiHX2v5/5D0aU=">AAACBXicdVDLSsNAFJ34rPVVdelmsAgVSkhibOuu6MZlBfuANoTJdNIOnTycmUhr6dpPcKsf4E7c+h2u/REnbQUreuDC4Zx7ufceL2ZUSMP40JaWV1bX1jMb2c2t7Z3d3N5+Q0QJx6SOIxbxlocEYTQkdUklI62YExR4jDS9wWXqN+8IFzQKb+QoJk6AeiH1KUZSSU5h6JpFXdeLQzc4cXN5Qz+vlCy7BA3dMMqmZabEKtunNjSVkiIP5qi5uc9ON8JJQEKJGRKibRqxdMaIS4oZmWQ7iSAxwgPUI21FQxQQ4YynR0/gsVK60I+4qlDCqfpzYowCIUaBpzoDJPvit5eKf3ntRPoVZ0zDOJEkxLNFfsKgjGCaAOxSTrBkI0UQ5lTdCnEfcYSlymlhi6SD+4lK5ft1+D9pWLp5phvXdr56Mc8nAw7BESgAE5RBFVyBGqgDDG7BI3gCz9qD9qK9am+z1iVtPnMAFqC9fwENqZhW</latexit>

(x1, ..., xm)
<latexit sha1_base64="J2hn5XQey8c0j8C1NXIQrTEkXdY="></latexit>

⇧F (m) = sup
x1,...,xm2X

#|{(�(x1), ...,�(xm)),� 2 F}|
<latexit sha1_base64="qROtsbRyQTYkO+k56f5CKSiD09s="></latexit>

⇧F (m) = 2m
<latexit sha1_base64="PEVZddYLYZ6y/QkhvwqVQlioXkI=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiIC4r2Ae0Q8mkmTY0kwxJRqhDl36CW/0Ad+LWD3Htj5hpZ2FbDwQO59zLPTlBzJk2rvvtFFZW19Y3ipulre2d3b3y/kFTy0QR2iCSS9UOsKacCdowzHDajhXFUcBpKxjdZH7rkSrNpHgw45j6ER4IFjKCjZU63QibIcE8vZ30yhW36k6BlomXkwrkqPfKP92+JElEhSEca93x3Nj4KVaGEU4npW6iaYzJCA9ox1KBI6r9dBp5gk6s0kehVPYJg6bq340UR1qPo8BOZhH1opeJ/3mdxIRXfspEnBgqyOxQmHBkJMr+j/pMUWL42BJMFLNZERlihYmxLc1dMWz0lLXiLXawTJpnVe+i6t6fV2rXeT9FOIJjOAUPLqEGd1CHBhCQ8AKv8OY8O+/Oh/M5Gy04+c4hzMH5+gXka5j1</latexit>

F
<latexit sha1_base64="x1RxfwvFQ0Puwolgc4qSUBLTo04=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclRlRdFl047KCfcB0KJk004ZmkiHJCHXo0k9wqx/gTtz6Ia79ETPtLGzrgcDhnHu5JydMONPGdb+dldW19Y3N0lZ5e2d3b79ycNjSMlWENonkUnVCrClngjYNM5x2EkVxHHLaDke3ud9+pEozKR7MOKFBjAeCRYxgYyW/G2MzJJhnnUmvUnVr7hRomXgFqUKBRq/y0+1LksZUGMKx1r7nJibIsDKMcDopd1NNE0xGeEB9SwWOqQ6yaeQJOrVKH0VS2ScMmqp/NzIcaz2OQzuZR9SLXi7+5/mpia6DjIkkNVSQ2aEo5chIlP8f9ZmixPCxJZgoZrMiMsQKE2Nbmrti2Ogpb8Vb7GCZtM5r3mXNvb+o1m+KfkpwDCdwBh5cQR3uoAFNICDhBV7hzXl23p0P53M2uuIUO0cwB+frFwEGmQc=</latexit>X

<latexit sha1_base64="A+c0P3c/vCTKp4Lwtb4PDHDK+d0=">AAACEnicbVDLSsNAFJ34rPUVdSO4CRahbkpSFN0IRUFcVrAPaGKYTCft0JlJmJkINcSv8BPc6ge4E7f+gGt/xEnbhW09cOFwzr3ce08QUyKVbX8bC4tLyyurhbXi+sbm1ra5s9uUUSIQbqCIRqIdQIkp4bihiKK4HQsMWUBxKxhc5X7rAQtJIn6nhjH2GOxxEhIElZZ8c9+tEz91GVR9BGl6nWVldnxRvWe+WbIr9gjWPHEmpAQmqPvmj9uNUMIwV4hCKTuOHSsvhUIRRHFWdBOJY4gGsIc7mnLIsPTS0QeZdaSVrhVGQhdX1kj9O5FCJuWQBbozP1XOern4n9dJVHjupYTHicIcjReFCbVUZOVxWF0iMFJ0qAlEguhbLdSHAiKlQ5vaosjgMdOpOLMZzJNmteKcVuzbk1LtcpJPARyAQ1AGDjgDNXAD6qABEHgCL+AVvBnPxrvxYXyOWxeMycwemILx9QuIqJ4M</latexit>

⇧F (m) = 2m



VC dimension

• For n points                 let: 
 
 
If                    we say that     shatters the set . For a 
dataset   , the VC dimension is the largest m such that 

• It can be linked to Rademacher complexity via: 

79

<latexit sha1_base64="RqjEuxcgbu0apXxiHX2v5/5D0aU=">AAACBXicdVDLSsNAFJ34rPVVdelmsAgVSkhibOuu6MZlBfuANoTJdNIOnTycmUhr6dpPcKsf4E7c+h2u/REnbQUreuDC4Zx7ufceL2ZUSMP40JaWV1bX1jMb2c2t7Z3d3N5+Q0QJx6SOIxbxlocEYTQkdUklI62YExR4jDS9wWXqN+8IFzQKb+QoJk6AeiH1KUZSSU5h6JpFXdeLQzc4cXN5Qz+vlCy7BA3dMMqmZabEKtunNjSVkiIP5qi5uc9ON8JJQEKJGRKibRqxdMaIS4oZmWQ7iSAxwgPUI21FQxQQ4YynR0/gsVK60I+4qlDCqfpzYowCIUaBpzoDJPvit5eKf3ntRPoVZ0zDOJEkxLNFfsKgjGCaAOxSTrBkI0UQ5lTdCnEfcYSlymlhi6SD+4lK5ft1+D9pWLp5phvXdr56Mc8nAw7BESgAE5RBFVyBGqgDDG7BI3gCz9qD9qK9am+z1iVtPnMAFqC9fwENqZhW</latexit>

(x1, ..., xm)
<latexit sha1_base64="J2hn5XQey8c0j8C1NXIQrTEkXdY="></latexit>

⇧F (m) = sup
x1,...,xm2X

#|{(�(x1), ...,�(xm)),� 2 F}|
<latexit sha1_base64="qROtsbRyQTYkO+k56f5CKSiD09s="></latexit>

⇧F (m) = 2m

<latexit sha1_base64="pHCEwJszVApzraqxwcnHUASROqE="></latexit>

Rm(F) 
r

2 log⇧F (m)

m

<latexit sha1_base64="PEVZddYLYZ6y/QkhvwqVQlioXkI=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiIC4r2Ae0Q8mkmTY0kwxJRqhDl36CW/0Ad+LWD3Htj5hpZ2FbDwQO59zLPTlBzJk2rvvtFFZW19Y3ipulre2d3b3y/kFTy0QR2iCSS9UOsKacCdowzHDajhXFUcBpKxjdZH7rkSrNpHgw45j6ER4IFjKCjZU63QibIcE8vZ30yhW36k6BlomXkwrkqPfKP92+JElEhSEca93x3Nj4KVaGEU4npW6iaYzJCA9ox1KBI6r9dBp5gk6s0kehVPYJg6bq340UR1qPo8BOZhH1opeJ/3mdxIRXfspEnBgqyOxQmHBkJMr+j/pMUWL42BJMFLNZERlihYmxLc1dMWz0lLXiLXawTJpnVe+i6t6fV2rXeT9FOIJjOAUPLqEGd1CHBhCQ8AKv8OY8O+/Oh/M5Gy04+c4hzMH5+gXka5j1</latexit>

F
<latexit sha1_base64="x1RxfwvFQ0Puwolgc4qSUBLTo04=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclRlRdFl047KCfcB0KJk004ZmkiHJCHXo0k9wqx/gTtz6Ia79ETPtLGzrgcDhnHu5JydMONPGdb+dldW19Y3N0lZ5e2d3b79ycNjSMlWENonkUnVCrClngjYNM5x2EkVxHHLaDke3ud9+pEozKR7MOKFBjAeCRYxgYyW/G2MzJJhnnUmvUnVr7hRomXgFqUKBRq/y0+1LksZUGMKx1r7nJibIsDKMcDopd1NNE0xGeEB9SwWOqQ6yaeQJOrVKH0VS2ScMmqp/NzIcaz2OQzuZR9SLXi7+5/mpia6DjIkkNVSQ2aEo5chIlP8f9ZmixPCxJZgoZrMiMsQKE2Nbmrti2Ogpb8Vb7GCZtM5r3mXNvb+o1m+KfkpwDCdwBh5cQR3uoAFNICDhBV7hzXl23p0P53M2uuIUO0cwB+frFwEGmQc=</latexit>X

<latexit sha1_base64="A+c0P3c/vCTKp4Lwtb4PDHDK+d0=">AAACEnicbVDLSsNAFJ34rPUVdSO4CRahbkpSFN0IRUFcVrAPaGKYTCft0JlJmJkINcSv8BPc6ge4E7f+gGt/xEnbhW09cOFwzr3ce08QUyKVbX8bC4tLyyurhbXi+sbm1ra5s9uUUSIQbqCIRqIdQIkp4bihiKK4HQsMWUBxKxhc5X7rAQtJIn6nhjH2GOxxEhIElZZ8c9+tEz91GVR9BGl6nWVldnxRvWe+WbIr9gjWPHEmpAQmqPvmj9uNUMIwV4hCKTuOHSsvhUIRRHFWdBOJY4gGsIc7mnLIsPTS0QeZdaSVrhVGQhdX1kj9O5FCJuWQBbozP1XOern4n9dJVHjupYTHicIcjReFCbVUZOVxWF0iMFJ0qAlEguhbLdSHAiKlQ5vaosjgMdOpOLMZzJNmteKcVuzbk1LtcpJPARyAQ1AGDjgDNXAD6qABEHgCL+AVvBnPxrvxYXyOWxeMycwemILx9QuIqJ4M</latexit>

⇧F (m) = 2m



VC dimension

• For n points                 let: 
 
 
If                    we say that     shatters the set . For a 
dataset   , the VC dimension is the largest m such that 

• It can be linked to Rademacher complexity via: 

• For a neural network of depth L and with W parameters, 
Bartlett et al showed that:

Ref.: Almost Linear VC Dimension Bounds for 
Piecewise Polynomial Network, Bartlett et al

79

<latexit sha1_base64="RqjEuxcgbu0apXxiHX2v5/5D0aU=">AAACBXicdVDLSsNAFJ34rPVVdelmsAgVSkhibOuu6MZlBfuANoTJdNIOnTycmUhr6dpPcKsf4E7c+h2u/REnbQUreuDC4Zx7ufceL2ZUSMP40JaWV1bX1jMb2c2t7Z3d3N5+Q0QJx6SOIxbxlocEYTQkdUklI62YExR4jDS9wWXqN+8IFzQKb+QoJk6AeiH1KUZSSU5h6JpFXdeLQzc4cXN5Qz+vlCy7BA3dMMqmZabEKtunNjSVkiIP5qi5uc9ON8JJQEKJGRKibRqxdMaIS4oZmWQ7iSAxwgPUI21FQxQQ4YynR0/gsVK60I+4qlDCqfpzYowCIUaBpzoDJPvit5eKf3ntRPoVZ0zDOJEkxLNFfsKgjGCaAOxSTrBkI0UQ5lTdCnEfcYSlymlhi6SD+4lK5ft1+D9pWLp5phvXdr56Mc8nAw7BESgAE5RBFVyBGqgDDG7BI3gCz9qD9qK9am+z1iVtPnMAFqC9fwENqZhW</latexit>

(x1, ..., xm)
<latexit sha1_base64="J2hn5XQey8c0j8C1NXIQrTEkXdY="></latexit>

⇧F (m) = sup
x1,...,xm2X

#|{(�(x1), ...,�(xm)),� 2 F}|
<latexit sha1_base64="qROtsbRyQTYkO+k56f5CKSiD09s="></latexit>

⇧F (m) = 2m

<latexit sha1_base64="pHCEwJszVApzraqxwcnHUASROqE="></latexit>

Rm(F) 
r

2 log⇧F (m)

m

<latexit sha1_base64="mp0MfMoY6ThETQxIlyNLBHXdpeM="></latexit>

V Cdim(F) = O(WL log(W ) +WL2)

<latexit sha1_base64="PEVZddYLYZ6y/QkhvwqVQlioXkI=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiIC4r2Ae0Q8mkmTY0kwxJRqhDl36CW/0Ad+LWD3Htj5hpZ2FbDwQO59zLPTlBzJk2rvvtFFZW19Y3ipulre2d3b3y/kFTy0QR2iCSS9UOsKacCdowzHDajhXFUcBpKxjdZH7rkSrNpHgw45j6ER4IFjKCjZU63QibIcE8vZ30yhW36k6BlomXkwrkqPfKP92+JElEhSEca93x3Nj4KVaGEU4npW6iaYzJCA9ox1KBI6r9dBp5gk6s0kehVPYJg6bq340UR1qPo8BOZhH1opeJ/3mdxIRXfspEnBgqyOxQmHBkJMr+j/pMUWL42BJMFLNZERlihYmxLc1dMWz0lLXiLXawTJpnVe+i6t6fV2rXeT9FOIJjOAUPLqEGd1CHBhCQ8AKv8OY8O+/Oh/M5Gy04+c4hzMH5+gXka5j1</latexit>

F
<latexit sha1_base64="x1RxfwvFQ0Puwolgc4qSUBLTo04=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclRlRdFl047KCfcB0KJk004ZmkiHJCHXo0k9wqx/gTtz6Ia79ETPtLGzrgcDhnHu5JydMONPGdb+dldW19Y3N0lZ5e2d3b79ycNjSMlWENonkUnVCrClngjYNM5x2EkVxHHLaDke3ud9+pEozKR7MOKFBjAeCRYxgYyW/G2MzJJhnnUmvUnVr7hRomXgFqUKBRq/y0+1LksZUGMKx1r7nJibIsDKMcDopd1NNE0xGeEB9SwWOqQ6yaeQJOrVKH0VS2ScMmqp/NzIcaz2OQzuZR9SLXi7+5/mpia6DjIkkNVSQ2aEo5chIlP8f9ZmixPCxJZgoZrMiMsQKE2Nbmrti2Ogpb8Vb7GCZtM5r3mXNvb+o1m+KfkpwDCdwBh5cQR3uoAFNICDhBV7hzXl23p0P53M2uuIUO0cwB+frFwEGmQc=</latexit>X

<latexit sha1_base64="A+c0P3c/vCTKp4Lwtb4PDHDK+d0=">AAACEnicbVDLSsNAFJ34rPUVdSO4CRahbkpSFN0IRUFcVrAPaGKYTCft0JlJmJkINcSv8BPc6ge4E7f+gGt/xEnbhW09cOFwzr3ce08QUyKVbX8bC4tLyyurhbXi+sbm1ra5s9uUUSIQbqCIRqIdQIkp4bihiKK4HQsMWUBxKxhc5X7rAQtJIn6nhjH2GOxxEhIElZZ8c9+tEz91GVR9BGl6nWVldnxRvWe+WbIr9gjWPHEmpAQmqPvmj9uNUMIwV4hCKTuOHSsvhUIRRHFWdBOJY4gGsIc7mnLIsPTS0QeZdaSVrhVGQhdX1kj9O5FCJuWQBbozP1XOern4n9dJVHjupYTHicIcjReFCbVUZOVxWF0iMFJ0qAlEguhbLdSHAiKlQ5vaosjgMdOpOLMZzJNmteKcVuzbk1LtcpJPARyAQ1AGDjgDNXAD6qABEHgCL+AVvBnPxrvxYXyOWxeMycwemILx9QuIqJ4M</latexit>

⇧F (m) = 2m
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Rethinking generalization 80

Empirical Rademacher complexity:
<latexit sha1_base64="keM15hEXCVYP8wCcvogvMvV5h5Q="></latexit>

Radn(F)((Xi)i) = E(✏i)i [ sup
�2F

1

n

X

in

✏i�(Xi)]



Rethinking generalization

• Typical decomposition of generalisation via 
concentration looks like: with high probability       , 
 
 

80

Empirical Rademacher complexity:
<latexit sha1_base64="keM15hEXCVYP8wCcvogvMvV5h5Q="></latexit>

Radn(F)((Xi)i) = E(✏i)i [ sup
�2F

1

n

X

in

✏i�(Xi)]

<latexit sha1_base64="jJEXebxePEVB1CxuEv5SAtzjPjs=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgxbArih6DXjxGMA9IljA7O5sMmX0w0yvEJRc/wat+gDfx6p949kecJHswiQUNRVU33V1eIoVG2/62Ciura+sbxc3S1vbO7l55/6Cp41Qx3mCxjFXbo5pLEfEGCpS8nShOQ0/ylje8nfitR660iKMHHCXcDWk/EoFgFI3Uds66PpdIe+WKXbWnIMvEyUkFctR75Z+uH7M05BEySbXuOHaCbkYVCib5uNRNNU8oG9I+7xga0ZBrN5veOyYnRvFJECtTEZKp+ncio6HWo9AznSHFgV70JuJ/XifF4NrNRJSkyCM2WxSkkmBMJs8TXyjOUI4MoUwJcythA6ooQxPR3BYUw6exScVZzGCZNM+rzmXVvr+o1G7yfIpwBMdwCg5cQQ3uoA4NYCDhBV7hzXq23q0P63PWWrDymUOYg/X1C7v3lyc=</latexit>

1� �
<latexit sha1_base64="7ubUl1WlAx4jKw1QcGy2TD5H5lQ="></latexit>

Generalization error  Radn(F)((Xi)i) +O(

s
log 1

�

n
)



Rethinking generalization

• Typical decomposition of generalisation via 
concentration looks like: with high probability       , 
 
 

• In fact, it is empirically shown that CNN can fit 
random labels… Thus:

80

Ref.: Understanding Deep Learning requires rethinking generalization, C Zhang et al.

Empirical Rademacher complexity:
<latexit sha1_base64="keM15hEXCVYP8wCcvogvMvV5h5Q="></latexit>

Radn(F)((Xi)i) = E(✏i)i [ sup
�2F

1

n

X

in

✏i�(Xi)]

<latexit sha1_base64="jJEXebxePEVB1CxuEv5SAtzjPjs=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgxbArih6DXjxGMA9IljA7O5sMmX0w0yvEJRc/wat+gDfx6p949kecJHswiQUNRVU33V1eIoVG2/62Ciura+sbxc3S1vbO7l55/6Cp41Qx3mCxjFXbo5pLEfEGCpS8nShOQ0/ylje8nfitR660iKMHHCXcDWk/EoFgFI3Uds66PpdIe+WKXbWnIMvEyUkFctR75Z+uH7M05BEySbXuOHaCbkYVCib5uNRNNU8oG9I+7xga0ZBrN5veOyYnRvFJECtTEZKp+ncio6HWo9AznSHFgV70JuJ/XifF4NrNRJSkyCM2WxSkkmBMJs8TXyjOUI4MoUwJcythA6ooQxPR3BYUw6exScVZzGCZNM+rzmXVvr+o1G7yfIpwBMdwCg5cQQ3uoA4NYCDhBV7hzXq23q0P63PWWrDymUOYg/X1C7v3lyc=</latexit>
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<latexit sha1_base64="dYaddzMgsoDq9u2zgWPHWB1LWNI=">AAACJnicbVDLSgMxFM3UV62vqks3wSK0IGVGFF0WBXFZxT6gLcOdNG1DM5khyYh1mJ/wK/wEt/oB7kTcCf6I6QOxrQcC555zL/fmeCFnStv2p5VaWFxaXkmvZtbWNza3sts7VRVEktAKCXgg6x4oypmgFc00p/VQUvA9Tmte/2Lo1+6oVCwQt3oQ0pYPXcE6jIA2kps9bPqgewR4fJNA2xX53/oyKeTzdZcVCk0IQxncY8fN5uyiPQKeJ86E5NAEZTf73WwHJPKp0ISDUg3HDnUrBqkZ4TTJNCNFQyB96NKGoQJ8qlrx6FcJPjBKG3cCaZ7QeKT+nYjBV2rge6ZzeLOa9Ybif14j0p2zVsxEGGkqyHhRJ+JYB3gYEW4zSYnmA0OASGZuxaQHEog2QU5t0az/kJhUnNkM5kn1qOicFO3r41zpfJJPGu2hfZRHDjpFJXSFyqiCCHpEz+gFvVpP1pv1bn2MW1PWZGYXTcH6+gGP1KXc</latexit>

Radn(F)((Xi)) ⇡ 1

<latexit sha1_base64="7ubUl1WlAx4jKw1QcGy2TD5H5lQ="></latexit>

Generalization error  Radn(F)((Xi)i) +O(

s
log 1

�

n
)
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Spectral complexity bounds

• For a given trained neural network, it is possible to 
introduce a spectral complexity that can be no smaller 
than:

Ref.: Spectrally-normalized margin bounds for 
neural networks, Bartlet et al.
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Spectral complexity bounds

• For a given trained neural network, it is possible to 
introduce a spectral complexity that can be no smaller 
than:

• The main idea of the proof is to employ an  -covering of a 
cascade of Lipschitz functions parametrised by         .  

Ref.: Spectrally-normalized margin bounds for 
neural networks, Bartlet et al.

81

<latexit sha1_base64="rflpPaY6nhuqklRBswK/HJktvFA=">AAACAHicbVDLSgNBEJz1GeMr6tHLYhA8hV1R9Bj04jGCeUCyhNlJbzJkdmaZ6RXikouf4FU/wJt49U88+yNOkj2YxIKGoqqb7q4wEdyg5307K6tr6xubha3i9s7u3n7p4LBhVKoZ1JkSSrdCakBwCXXkKKCVaKBxKKAZDm8nfvMRtOFKPuAogSCmfckjzihaqdWBxHChZLdU9ireFO4y8XNSJjlq3dJPp6dYGoNEJqgxbd9LMMioRs4EjIud1EBC2ZD2oW2ppDGYIJveO3ZPrdJzI6VtSXSn6t+JjMbGjOLQdsYUB2bRm4j/ee0Uo+sg4zJJESSbLYpS4aJyJ8+7Pa6BoRhZQpnm9laXDaimDG1Ec1uQD5/GNhV/MYNl0jiv+JcV7/6iXL3J8ymQY3JCzohPrkiV3JEaqRNGBHkhr+TNeXbenQ/nc9a64uQzR2QOztcvpiSXuQ==</latexit>✏
<latexit sha1_base64="1MCqJPdXy6kknY5nBQ+nzHtxlNY=">AAACAXicbVDLSsNAFL2pr1pfVZdugkVwVRJRdFl047KCfUgTwmQ6aYfOTMLMRKghKz/BrX6AO3Hrl7j2R5y2WdjWAxcO59zLvfeECaNKO863VVpZXVvfKG9WtrZ3dveq+wdtFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRzcTvPBKpaCzu9TghPkcDQSOKkTbSg5d1AurlAQ2qNafuTGEvE7cgNSjQDKo/Xj/GKSdCY4aU6rlOov0MSU0xI3nFSxVJEB6hAekZKhAnys+mB+f2iVH6dhRLU0LbU/XvRIa4UmMemk6O9FAtehPxP6+X6ujKz6hIUk0Eni2KUmbr2J58b/epJFizsSEIS2putfEQSYS1yWhui6ajp9yk4i5msEzaZ3X3ou7cndca10U+ZTiCYzgFFy6hAbfQhBZg4PACr/BmPVvv1of1OWstWcXMIczB+voFNN6YBA==</latexit>
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Spectral complexity bounds

• For a given trained neural network, it is possible to 
introduce a spectral complexity that can be no smaller 
than:

• The main idea of the proof is to employ an  -covering of a 
cascade of Lipschitz functions parametrised by         .  

• Those bounds also imply for the Rademacher complexity 
that, with high probability                       . 
Yet they also be combined with margins.

Ref.: Spectrally-normalized margin bounds for 
neural networks, Bartlet et al.
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<latexit sha1_base64="rflpPaY6nhuqklRBswK/HJktvFA=">AAACAHicbVDLSgNBEJz1GeMr6tHLYhA8hV1R9Bj04jGCeUCyhNlJbzJkdmaZ6RXikouf4FU/wJt49U88+yNOkj2YxIKGoqqb7q4wEdyg5307K6tr6xubha3i9s7u3n7p4LBhVKoZ1JkSSrdCakBwCXXkKKCVaKBxKKAZDm8nfvMRtOFKPuAogSCmfckjzihaqdWBxHChZLdU9ireFO4y8XNSJjlq3dJPp6dYGoNEJqgxbd9LMMioRs4EjIud1EBC2ZD2oW2ppDGYIJveO3ZPrdJzI6VtSXSn6t+JjMbGjOLQdsYUB2bRm4j/ee0Uo+sg4zJJESSbLYpS4aJyJ8+7Pa6BoRhZQpnm9laXDaimDG1Ec1uQD5/GNhV/MYNl0jiv+JcV7/6iXL3J8ymQY3JCzohPrkiV3JEaqRNGBHkhr+TNeXbenQ/nc9a64uQzR2QOztcvpiSXuQ==</latexit>✏
<latexit sha1_base64="1MCqJPdXy6kknY5nBQ+nzHtxlNY=">AAACAXicbVDLSsNAFL2pr1pfVZdugkVwVRJRdFl047KCfUgTwmQ6aYfOTMLMRKghKz/BrX6AO3Hrl7j2R5y2WdjWAxcO59zLvfeECaNKO863VVpZXVvfKG9WtrZ3dveq+wdtFacSkxaOWSy7IVKEUUFammpGuokkiIeMdMLRzcTvPBKpaCzu9TghPkcDQSOKkTbSg5d1AurlAQ2qNafuTGEvE7cgNSjQDKo/Xj/GKSdCY4aU6rlOov0MSU0xI3nFSxVJEB6hAekZKhAnys+mB+f2iVH6dhRLU0LbU/XvRIa4UmMemk6O9FAtehPxP6+X6ujKz6hIUk0Eni2KUmbr2J58b/epJFizsSEIS2putfEQSYS1yWhui6ajp9yk4i5msEzaZ3X3ou7cndca10U+ZTiCYzgFFy6hAbfQhBZg4PACr/BmPVvv1of1OWstWcXMIczB+voFNN6YBA==</latexit>
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S(�) � Rad(F)



Margins (barlett) 82

Define a normalised margin: Ref.:Spectrally-normalized margin bounds for neural networks, P Barlett et al.

<latexit sha1_base64="5suEK2v4HoZFJNcMzfJjUHC+w4Y="></latexit>

(x, y) ! (�x)y �maxi 6=y(�x)i
R(�)kXk2

Interestingly, the margin distribution is sensitive to this spectral 
complexity. It allows to quantify the hardness of datasets:



Bounds comparisons

(with margins)

Ref.: Stronger generalization bounds for deep 
nets via a compression approach, Arora et al

83

Generalization error
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Optimization

• In the general case, it is difficult to do better than the best 
"non-convex bounds" (i.e., vacuous)
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Optimization

• In the general case, it is difficult to do better than the best 
"non-convex bounds" (i.e., vacuous)

• Example Gradient Descent (SGD is straightforward to 
extend): 
 
 
Fix                                       then assuming V is L-
smooth: 
 
one gets with assumptions on the step size:
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V (✓) = `(�(✓))� inf
!

`(�(✓))

<latexit sha1_base64="U1Oo7wLYk5GuKkZl5rwVfjPpI9M="></latexit>

✓t+1 = ✓t � ↵trV (✓t)

<latexit sha1_base64="FA9+1YePVdX0fKxIlX8Rxah107U="></latexit>

V (✓2)  V (✓1) +rV (✓1)
T (✓2 � ✓1) +

L

2
k✓2 � ✓1k2

<latexit sha1_base64="K3ali3OCW2xJoJnulQeMHhp8AFw="></latexit>

inf
tT

kV (✓t)k = o(1)
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Infinite width NN as GPs
• Consider the following NN (without bias), with "NTK" 

renormalisation: 
 
 
Assume that each entry is initialised as:
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Infinite width NN as GPs
• Consider the following NN (without bias), with "NTK" 

renormalisation: 
 
 
Assume that each entry is initialised as:

• Then, in the infinite width limit, each element of       is an 
i.i.d. centered Gaussian Process with covariance
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<latexit sha1_base64="fw6fv1zl4XOxqiUYkJlRPw6GqWU=">AAACGXicbVDLSgMxFM3UV62vUZcuDBahBSkzouiy6MaVVLAPaIchk2ba2CQzJBmhDrP0K/wEt/oB7sStK9f+iOljYasHLhzOuZd77wliRpV2nC8rt7C4tLySXy2srW9sbtnbOw0VJRKTOo5YJFsBUoRRQeqaakZasSSIB4w0g8HlyG/eE6loJG71MCYeRz1BQ4qRNpJv75ea/l3ZT7nIOopy2OFI9zFi6XVWco7csm8XnYozBvxL3Ckpgilqvv3d6UY44URozJBSbdeJtZciqSlmJCt0EkVihAeoR9qGCsSJ8tLxIxk8NEoXhpE0JTQcq78nUsSVGvLAdI7uVPPeSPzPayc6PPdSKuJEE4Eni8KEQR3BUSqwSyXBmg0NQVhScyvEfSQR1ia7mS2aDh4yk4o7n8Ff0jiuuKcV5+akWL2Y5pMHe+AAlIALzkAVXIEaqAMMHsEzeAGv1pP1Zr1bH5PWnDWd2QUzsD5/ANOioDw=</latexit>

(Wj)mn ⇠ N (0, 1)

<latexit sha1_base64="OvEP/etE+ZJHHFVp6VwLYBOYy/c=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF+wFtKJvtpl2y2YTdiVhDD/4Er/oDvIlXf4pn/4jbNgfb+mDg8d4MM/P8RHCNjvNtFVZW19Y3ipulre2d3b3y/kFTx6mirEFjEau2TzQTXLIGchSsnShGIl+wlh/eTPzWA1Oax/IeRwnzIjKQPOCUoJFa3fqQ95zHXrniVJ0p7GXi5qQCOeq98k+3H9M0YhKpIFp3XCdBLyMKORVsXOqmmiWEhmTAOoZKEjHtZdNzx/aJUfp2ECtTEu2p+nciI5HWo8g3nRHBoV70JuJ/XifF4MrLuExSZJLOFgWpsDG2J7/bfa4YRTEyhFDFza02HRJFKJqE5rYgD5/GJhV3MYNl0jyruhdV5+68UrvO8ynCERzDKbhwCTW4hTo0gEIIL/AKb9az9W59WJ+z1oKVzxzCHKyvXzD7lt0=</latexit>

�0x
<latexit sha1_base64="1e3X3SbVT/zGiUobWu/RbOgpEn4=">AAACG3icbZDLSsNAFIYn9VbrLerSTbRIK0hJRNGNUHTjsmJv0MQwmU7aoZMLMxNNDVn7FD6CW30Ad+LWhWtfxGmbha3+MPDzn3M4Zz4npIQLXf9ScnPzC4tL+eXCyura+oa6udXkQcQQbqCABqztQI4p8XFDEEFxO2QYeg7FLWdwOaq37jDjJPDrYhhiy4M9n7gEQSEjW901b0jPg7Zejg/j0sG56TKIEiNN7m09jW/rcclWi3pFH0v7a4zMFEGmmq1+m90ARR72BaKQ846hh8JKIBMEUZwWzIjjEKIB7OGOtD70MLeS8VdSbV8mXc0NmHy+0Mbp74kEepwPPUd2elD0+WxtFP5X60TCPbMS4oeRwD6aLHIjqolAG3HRuoRhJOhQGogYkbdqqA8lDCHpTW0RZPCQSirGLIO/pnlUMU4q+vVxsXqR8cmDHbAHysAAp6AKrkANNAACj+AZvIBX5Ul5U96Vj0lrTslmtsGUlM8feC2hIw==</latexit>
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Infinite width NN as GPs
• Consider the following NN (without bias), with "NTK" 

renormalisation: 
 
 
Assume that each entry is initialised as:

• Then, in the infinite width limit, each element of       is an 
i.i.d. centered Gaussian Process with covariance

• Similarly,                                 we get that          is a GP:
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<latexit sha1_base64="fw6fv1zl4XOxqiUYkJlRPw6GqWU=">AAACGXicbVDLSgMxFM3UV62vUZcuDBahBSkzouiy6MaVVLAPaIchk2ba2CQzJBmhDrP0K/wEt/oB7sStK9f+iOljYasHLhzOuZd77wliRpV2nC8rt7C4tLySXy2srW9sbtnbOw0VJRKTOo5YJFsBUoRRQeqaakZasSSIB4w0g8HlyG/eE6loJG71MCYeRz1BQ4qRNpJv75ea/l3ZT7nIOopy2OFI9zFi6XVWco7csm8XnYozBvxL3Ckpgilqvv3d6UY44URozJBSbdeJtZciqSlmJCt0EkVihAeoR9qGCsSJ8tLxIxk8NEoXhpE0JTQcq78nUsSVGvLAdI7uVPPeSPzPayc6PPdSKuJEE4Eni8KEQR3BUSqwSyXBmg0NQVhScyvEfSQR1ia7mS2aDh4yk4o7n8Ff0jiuuKcV5+akWL2Y5pMHe+AAlIALzkAVXIEaqAMMHsEzeAGv1pP1Zr1bH5PWnDWd2QUzsD5/ANOioDw=</latexit>
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<latexit sha1_base64="OvEP/etE+ZJHHFVp6VwLYBOYy/c=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF+wFtKJvtpl2y2YTdiVhDD/4Er/oDvIlXf4pn/4jbNgfb+mDg8d4MM/P8RHCNjvNtFVZW19Y3ipulre2d3b3y/kFTx6mirEFjEau2TzQTXLIGchSsnShGIl+wlh/eTPzWA1Oax/IeRwnzIjKQPOCUoJFa3fqQ95zHXrniVJ0p7GXi5qQCOeq98k+3H9M0YhKpIFp3XCdBLyMKORVsXOqmmiWEhmTAOoZKEjHtZdNzx/aJUfp2ECtTEu2p+nciI5HWo8g3nRHBoV70JuJ/XifF4MrLuExSZJLOFgWpsDG2J7/bfa4YRTEyhFDFza02HRJFKJqE5rYgD5/GJhV3MYNl0jyruhdV5+68UrvO8ynCERzDKbhwCTW4hTo0gEIIL/AKb9az9W59WJ+z1oKVzxzCHKyvXzD7lt0=</latexit>

�0x
<latexit sha1_base64="1e3X3SbVT/zGiUobWu/RbOgpEn4=">AAACG3icbZDLSsNAFIYn9VbrLerSTbRIK0hJRNGNUHTjsmJv0MQwmU7aoZMLMxNNDVn7FD6CW30Ad+LWhWtfxGmbha3+MPDzn3M4Zz4npIQLXf9ScnPzC4tL+eXCyura+oa6udXkQcQQbqCABqztQI4p8XFDEEFxO2QYeg7FLWdwOaq37jDjJPDrYhhiy4M9n7gEQSEjW901b0jPg7Zejg/j0sG56TKIEiNN7m09jW/rcclWi3pFH0v7a4zMFEGmmq1+m90ARR72BaKQ846hh8JKIBMEUZwWzIjjEKIB7OGOtD70MLeS8VdSbV8mXc0NmHy+0Mbp74kEepwPPUd2elD0+WxtFP5X60TCPbMS4oeRwD6aLHIjqolAG3HRuoRhJOhQGogYkbdqqA8lDCHpTW0RZPCQSirGLIO/pnlUMU4q+vVxsXqR8cmDHbAHysAAp6AKrkANNAACj+AZvIBX5Ul5U96Vj0lrTslmtsGUlM8feC2hIw==</latexit>
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<latexit sha1_base64="iHpSJ+o1J+ZR3XGQoLxRMdv/Rq8=">AAACA3icbVDLSsNAFJ3UV62vqks3wSIIQklE0WXRjcsK9gFpKJPppB07mQkzN2INWfoJbvUD3IlbP8S1P+K0zcK2HrhwOOde7r0niDnT4DjfVmFpeWV1rbhe2tjc2t4p7+41tUwUoQ0iuVTtAGvKmaANYMBpO1YURwGnrWB4PfZbD1RpJsUdjGLqR7gvWMgIBiN5nfqAddP7Ezd77JYrTtWZwF4kbk4qKEe9W/7p9CRJIiqAcKy15zox+ClWwAinWamTaBpjMsR96hkqcES1n05Ozuwjo/TsUCpTAuyJ+ncixZHWoygwnRGGgZ73xuJ/npdAeOmnTMQJUEGmi8KE2yDt8f92jylKgI8MwUQxc6tNBlhhAialmS3Ahk+ZScWdz2CRNE+r7nnVuT2r1K7yfIroAB2iY+SiC1RDN6iOGoggiV7QK3qznq1368P6nLYWrHxmH83A+voFR42Ykw==</latexit>

�j+1x<latexit sha1_base64="jzfcn6iXIVpbO8ojsO243jUIaq0=">AAACLXicbVDJSgNBEO1xjXGLevTSGATBMMy4oMegF48RzAJJGHo6PUmbnp6hu8YQh3yIX+EneNUP8CCIFw/+hp3lYBIfFDzeq6Kqnh8LrsFxPqyFxaXlldXMWnZ9Y3NrO7ezW9FRoigr00hEquYTzQSXrAwcBKvFipHQF6zqd6+HfvWBKc0jeQf9mDVD0pY84JSAkbzcac9zGoq3O0CUinq4wWUA/YJt24Wel94fu4N518vlHdsZAc8Td0LyaIKSl/tutCKahEwCFUTruuvE0EyJAk4FG2QbiWYxoV3SZnVDJQmZbqaj5wb40CgtHETKlAQ8Uv9OpCTUuh/6pjMk0NGz3lD8z6snEFw2Uy7jBJik40VBIjBEeJgUbnHFKIi+IYQqbm7FtEMUoWDynNoCvPs4MKm4sxnMk8qJ7Z7bzu1Zvng1ySeD9tEBOkIuukBFdINKqIwoekIv6BW9Wc/Wu/VpfY1bF6zJzB6agvXzCxVKqVQ=</latexit>w0 ! 1, ..., wj+1 ! 1



Infinite width NN as GPs
• Consider the following NN (without bias), with "NTK" 

renormalisation: 
 
 
Assume that each entry is initialised as:

• Then, in the infinite width limit, each element of       is an 
i.i.d. centered Gaussian Process with covariance

• Similarly,                                 we get that          is a GP:
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<latexit sha1_base64="fw6fv1zl4XOxqiUYkJlRPw6GqWU=">AAACGXicbVDLSgMxFM3UV62vUZcuDBahBSkzouiy6MaVVLAPaIchk2ba2CQzJBmhDrP0K/wEt/oB7sStK9f+iOljYasHLhzOuZd77wliRpV2nC8rt7C4tLySXy2srW9sbtnbOw0VJRKTOo5YJFsBUoRRQeqaakZasSSIB4w0g8HlyG/eE6loJG71MCYeRz1BQ4qRNpJv75ea/l3ZT7nIOopy2OFI9zFi6XVWco7csm8XnYozBvxL3Ckpgilqvv3d6UY44URozJBSbdeJtZciqSlmJCt0EkVihAeoR9qGCsSJ8tLxIxk8NEoXhpE0JTQcq78nUsSVGvLAdI7uVPPeSPzPayc6PPdSKuJEE4Eni8KEQR3BUSqwSyXBmg0NQVhScyvEfSQR1ia7mS2aDh4yk4o7n8Ff0jiuuKcV5+akWL2Y5pMHe+AAlIALzkAVXIEaqAMMHsEzeAGv1pP1Zr1bH5PWnDWd2QUzsD5/ANOioDw=</latexit>

(Wj)mn ⇠ N (0, 1)

<latexit sha1_base64="OvEP/etE+ZJHHFVp6VwLYBOYy/c=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSSi6LHoxWMF+wFtKJvtpl2y2YTdiVhDD/4Er/oDvIlXf4pn/4jbNgfb+mDg8d4MM/P8RHCNjvNtFVZW19Y3ipulre2d3b3y/kFTx6mirEFjEau2TzQTXLIGchSsnShGIl+wlh/eTPzWA1Oax/IeRwnzIjKQPOCUoJFa3fqQ95zHXrniVJ0p7GXi5qQCOeq98k+3H9M0YhKpIFp3XCdBLyMKORVsXOqmmiWEhmTAOoZKEjHtZdNzx/aJUfp2ECtTEu2p+nciI5HWo8g3nRHBoV70JuJ/XifF4MrLuExSZJLOFgWpsDG2J7/bfa4YRTEyhFDFza02HRJFKJqE5rYgD5/GJhV3MYNl0jyruhdV5+68UrvO8ynCERzDKbhwCTW4hTo0gEIIL/AKb9az9W59WJ+z1oKVzxzCHKyvXzD7lt0=</latexit>

�0x
<latexit sha1_base64="1e3X3SbVT/zGiUobWu/RbOgpEn4=">AAACG3icbZDLSsNAFIYn9VbrLerSTbRIK0hJRNGNUHTjsmJv0MQwmU7aoZMLMxNNDVn7FD6CW30Ad+LWhWtfxGmbha3+MPDzn3M4Zz4npIQLXf9ScnPzC4tL+eXCyura+oa6udXkQcQQbqCABqztQI4p8XFDEEFxO2QYeg7FLWdwOaq37jDjJPDrYhhiy4M9n7gEQSEjW901b0jPg7Zejg/j0sG56TKIEiNN7m09jW/rcclWi3pFH0v7a4zMFEGmmq1+m90ARR72BaKQ846hh8JKIBMEUZwWzIjjEKIB7OGOtD70MLeS8VdSbV8mXc0NmHy+0Mbp74kEepwPPUd2elD0+WxtFP5X60TCPbMS4oeRwD6aLHIjqolAG3HRuoRhJOhQGogYkbdqqA8lDCHpTW0RZPCQSirGLIO/pnlUMU4q+vVxsXqR8cmDHbAHysAAp6AKrkANNAACj+AZvIBX5Ul5U96Vj0lrTslmtsGUlM8feC2hIw==</latexit>

⌃0(x, x
0) =

1

w0
xTx0

<latexit sha1_base64="XOdzz/TQ2YqkGrn4uzPbDoonKSA="></latexit>

⌃j+1(x, x
0) = E

(u,v)⇠N (0,


⌃j(x, x) ⌃j(x

0, x)

⌃j(x, x0) ⌃j(x
0, x0)

�
)
[⇢(u)⇢(v)]

<latexit sha1_base64="iHpSJ+o1J+ZR3XGQoLxRMdv/Rq8=">AAACA3icbVDLSsNAFJ3UV62vqks3wSIIQklE0WXRjcsK9gFpKJPppB07mQkzN2INWfoJbvUD3IlbP8S1P+K0zcK2HrhwOOde7r0niDnT4DjfVmFpeWV1rbhe2tjc2t4p7+41tUwUoQ0iuVTtAGvKmaANYMBpO1YURwGnrWB4PfZbD1RpJsUdjGLqR7gvWMgIBiN5nfqAddP7Ezd77JYrTtWZwF4kbk4qKEe9W/7p9CRJIiqAcKy15zox+ClWwAinWamTaBpjMsR96hkqcES1n05Ozuwjo/TsUCpTAuyJ+ncixZHWoygwnRGGgZ73xuJ/npdAeOmnTMQJUEGmi8KE2yDt8f92jylKgI8MwUQxc6tNBlhhAialmS3Ahk+ZScWdz2CRNE+r7nnVuT2r1K7yfIroAB2iY+SiC1RDN6iOGoggiV7QK3qznq1368P6nLYWrHxmH83A+voFR42Ykw==</latexit>

�j+1x<latexit sha1_base64="jzfcn6iXIVpbO8ojsO243jUIaq0=">AAACLXicbVDJSgNBEO1xjXGLevTSGATBMMy4oMegF48RzAJJGHo6PUmbnp6hu8YQh3yIX+EneNUP8CCIFw/+hp3lYBIfFDzeq6Kqnh8LrsFxPqyFxaXlldXMWnZ9Y3NrO7ezW9FRoigr00hEquYTzQSXrAwcBKvFipHQF6zqd6+HfvWBKc0jeQf9mDVD0pY84JSAkbzcac9zGoq3O0CUinq4wWUA/YJt24Wel94fu4N518vlHdsZAc8Td0LyaIKSl/tutCKahEwCFUTruuvE0EyJAk4FG2QbiWYxoV3SZnVDJQmZbqaj5wb40CgtHETKlAQ8Uv9OpCTUuh/6pjMk0NGz3lD8z6snEFw2Uy7jBJik40VBIjBEeJgUbnHFKIi+IYQqbm7FtEMUoWDynNoCvPs4MKm4sxnMk8qJ7Z7bzu1Zvng1ySeD9tEBOkIuukBFdINKqIwoekIv6BW9Wc/Wu/VpfY1bF6zJzB6agvXzCxVKqVQ=</latexit>w0 ! 1, ..., wj+1 ! 1

proof:
<latexit sha1_base64="kBT4GQ8b1S4bOa+8TZYPPZ86aww="></latexit>

(�j+1x)k(�j+1x
0)k =

1

wj+1
(�jx)

T (Wj)
T
k (Wj)k�jx

<latexit sha1_base64="sz/71+mNrTPY7aBxNHmLraNkFaA=">AAACG3icbVDLSsNAFJ3UV62vqEs30SK0ICURRZdFN7qRCvYBTQiT6aSdZvJgZqLUkLVf4Se41Q9wJ25duPZHnLRZ2NYDFw7n3Mu99zgRJVzo+rdSWFhcWl4prpbW1jc2t9TtnRYPY4ZwE4U0ZB0HckxJgJuCCIo7EcPQdyhuO95l5rfvMeMkDO7EKMKWD/sBcQmCQkq2ul9p28Oq7Zmc+KYPxQBBmtykFf3o2k4e7GFatdWyXtPH0OaJkZMyyNGw1R+zF6LYx4FAFHLeNfRIWAlkgiCK05IZcxxB5ME+7koaQB9zKxm/kmqHUulpbshkBUIbq38nEuhzPvId2Zldy2e9TPzP68bCPbcSEkSxwAGaLHJjqolQy3LReoRhJOhIEogYkbdqaAAZREKmN7VFEO8xlakYsxnMk9ZxzTit6bcn5fpFnk8R7IEDUAEGOAN1cAUaoAkQeAIv4BW8Kc/Ku/KhfE5aC0o+swumoHz9AgWMoXc=</latexit>

(Wj)k ⇠ N (0, Iwj )
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Neural Tangent Kernel

• Assume     is real valued, define the NTK as:

86

<latexit sha1_base64="F5qBl52lmh6OVPymM1KzihVB4cs=">AAAB/nicdVDLSsNAFJ3UV62vqks3g0VwFZIY27oruhFXFewD2lAm00k7djIJMxOhhoKf4FY/wJ249Vdc+yNO2gpW9MCFwzn3cu89fsyoVJb1YeSWlldW1/LrhY3Nre2d4u5eU0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+6CLzW3dESBrxGzWOiReiAacBxUhpqdmtD2nvqlcsWeZZtey4ZWiZllWxHTsjTsU9caGtlQwlMEe9V/zs9iOchIQrzJCUHduKlZcioShmZFLoJpLECI/QgHQ05Sgk0kun107gkVb6MIiELq7gVP05kaJQynHo684QqaH87WXiX14nUUHVSymPE0U4ni0KEgZVBLPXYZ8KghUba4KwoPpWiIdIIKx0QAtbFB3dT3Qq36/D/0nTMe1T07p2S7XzeT55cAAOwTGwQQXUwCWogwbA4BY8gifwbDwYL8ar8TZrzRnzmX2wAOP9C9mclrc=</latexit>

�J



Neural Tangent Kernel

• Assume     is real valued, define the NTK as:

• Then the dynamic of a NN for a given loss is given by

86

where
<latexit sha1_base64="TbI4PNyYWuWxGgj6pth87+yN5vY="></latexit>

En =
1

n

X

i

�xi

<latexit sha1_base64="F5qBl52lmh6OVPymM1KzihVB4cs=">AAAB/nicdVDLSsNAFJ3UV62vqks3g0VwFZIY27oruhFXFewD2lAm00k7djIJMxOhhoKf4FY/wJ249Vdc+yNO2gpW9MCFwzn3cu89fsyoVJb1YeSWlldW1/LrhY3Nre2d4u5eU0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+6CLzW3dESBrxGzWOiReiAacBxUhpqdmtD2nvqlcsWeZZtey4ZWiZllWxHTsjTsU9caGtlQwlMEe9V/zs9iOchIQrzJCUHduKlZcioShmZFLoJpLECI/QgHQ05Sgk0kun107gkVb6MIiELq7gVP05kaJQynHo684QqaH87WXiX14nUUHVSymPE0U4ni0KEgZVBLPXYZ8KghUba4KwoPpWiIdIIKx0QAtbFB3dT3Qq36/D/0nTMe1T07p2S7XzeT55cAAOwTGwQQXUwCWogwbA4BY8gifwbDwYL8ar8TZrzRnzmX2wAOP9C9mclrc=</latexit>

�J
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Infinite width NTK

• Theorem (a): In the infinite width limit, we get:

87

Let:



Infinite width NTK

• Theorem (a): In the infinite width limit, we get:

• Therorem (b): In the infinite width limit, we also get: 

87

Let:



Infinite width NTK

• Theorem (a): In the infinite width limit, we get:

• Therorem (b): In the infinite width limit, we also get: 

• Consequence for a least square:

87

Let:



Infinite width NTK

• Theorem (a): In the infinite width limit, we get:

• Therorem (b): In the infinite width limit, we also get: 

• Consequence for a least square:

• For a ReLU this kernel is equal to and is semi definite 
positive, thus A>0.

87

Let:
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Infinite width NNs

• Consider any neural network    and let: 

88

<latexit sha1_base64="/CPYMK6yJQ5UX98J00dxrQm/Thg=">AAAB/HicdVDLSsNAFJ3UV62vqks3g0VwFZIY27orunFZwT6gDWUynTRDJ5MwMxFqqJ/gVj/Anbj1X1z7I07aClb0wIXDOfdy7z1+wqhUlvVhFFZW19Y3ipulre2d3b3y/kFbxqnApIVjFouujyRhlJOWooqRbiIIinxGOv74Kvc7d0RIGvNbNUmIF6ERpwHFSOVSvxnSQblimRf1quNWoWVaVs127Jw4NffMhbZWclTAAs1B+bM/jHEaEa4wQ1L2bCtRXoaEopiRaamfSpIgPEYj0tOUo4hIL5vdOoUnWhnCIBa6uIIz9edEhiIpJ5GvOyOkQvnby8W/vF6qgrqXUZ6kinA8XxSkDKoY5o/DIRUEKzbRBGFB9a0Qh0ggrHQ8S1sUHd9PdSrfr8P/Sdsx7XPTunErjctFPkVwBI7BKbBBDTTANWiCFsAgBI/gCTwbD8aL8Wq8zVsLxmLmECzBeP8CgN+V+g==</latexit>

�



Infinite width NNs

• Consider any neural network    and let: 

• The dynamic of this parametrisation is given by:

88

<latexit sha1_base64="/CPYMK6yJQ5UX98J00dxrQm/Thg=">AAAB/HicdVDLSsNAFJ3UV62vqks3g0VwFZIY27orunFZwT6gDWUynTRDJ5MwMxFqqJ/gVj/Anbj1X1z7I07aClb0wIXDOfdy7z1+wqhUlvVhFFZW19Y3ipulre2d3b3y/kFbxqnApIVjFouujyRhlJOWooqRbiIIinxGOv74Kvc7d0RIGvNbNUmIF6ERpwHFSOVSvxnSQblimRf1quNWoWVaVs127Jw4NffMhbZWclTAAs1B+bM/jHEaEa4wQ1L2bCtRXoaEopiRaamfSpIgPEYj0tOUo4hIL5vdOoUnWhnCIBa6uIIz9edEhiIpJ5GvOyOkQvnby8W/vF6qgrqXUZ6kinA8XxSkDKoY5o/DIRUEKzbRBGFB9a0Qh0ggrHQ8S1sUHd9PdSrfr8P/Sdsx7XPTunErjctFPkVwBI7BKbBBDTTANWiCFsAgBI/gCTwbD8aL8Wq8zVsLxmLmECzBeP8CgN+V+g==</latexit>

�



Infinite width NNs

• Consider any neural network    and let: 

• The dynamic of this parametrisation is given by:

88

<latexit sha1_base64="/CPYMK6yJQ5UX98J00dxrQm/Thg=">AAAB/HicdVDLSsNAFJ3UV62vqks3g0VwFZIY27orunFZwT6gDWUynTRDJ5MwMxFqqJ/gVj/Anbj1X1z7I07aClb0wIXDOfdy7z1+wqhUlvVhFFZW19Y3ipulre2d3b3y/kFbxqnApIVjFouujyRhlJOWooqRbiIIinxGOv74Kvc7d0RIGvNbNUmIF6ERpwHFSOVSvxnSQblimRf1quNWoWVaVs127Jw4NffMhbZWclTAAs1B+bM/jHEaEa4wQ1L2bCtRXoaEopiRaamfSpIgPEYj0tOUo4hIL5vdOoUnWhnCIBa6uIIz9edEhiIpJ5GvOyOkQvnby8W/vF6qgrqXUZ6kinA8XxSkDKoY5o/DIRUEKzbRBGFB9a0Qh0ggrHQ8S1sUHd9PdSrfr8P/Sdsx7XPTunErjctFPkVwBI7BKbBBDTTANWiCFsAgBI/gCTwbD8aL8Wq8zVsLxmLmECzBeP8CgN+V+g==</latexit>

�



Infinite width NNs

• Consider any neural network    and let: 

• The dynamic of this parametrisation is given by:

• Then, without having the previous NTK parametrisation, 
we have:

88

<latexit sha1_base64="/CPYMK6yJQ5UX98J00dxrQm/Thg=">AAAB/HicdVDLSsNAFJ3UV62vqks3g0VwFZIY27orunFZwT6gDWUynTRDJ5MwMxFqqJ/gVj/Anbj1X1z7I07aClb0wIXDOfdy7z1+wqhUlvVhFFZW19Y3ipulre2d3b3y/kFbxqnApIVjFouujyRhlJOWooqRbiIIinxGOv74Kvc7d0RIGvNbNUmIF6ERpwHFSOVSvxnSQblimRf1quNWoWVaVs127Jw4NffMhbZWclTAAs1B+bM/jHEaEa4wQ1L2bCtRXoaEopiRaamfSpIgPEYj0tOUo4hIL5vdOoUnWhnCIBa6uIIz9edEhiIpJ5GvOyOkQvnby8W/vF6qgrqXUZ6kinA8XxSkDKoY5o/DIRUEKzbRBGFB9a0Qh0ggrHQ8S1sUHd9PdSrfr8P/Sdsx7XPTunErjctFPkVwBI7BKbBBDTTANWiCFsAgBI/gCTwbD8aL8Wq8zVsLxmLmECzBeP8CgN+V+g==</latexit>

�
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Lazy training principle 89

Consider: �̄(⇥) , �(⇥0) +D�(⇥0).(⇥�⇥0)
<latexit sha1_base64="bb6ND3Qmf/Qj2cpSxWCoVLLIWDY="></latexit><latexit sha1_base64="bb6ND3Qmf/Qj2cpSxWCoVLLIWDY="></latexit><latexit sha1_base64="bb6ND3Qmf/Qj2cpSxWCoVLLIWDY="></latexit><latexit sha1_base64="bb6ND3Qmf/Qj2cpSxWCoVLLIWDY="></latexit>

.

.



Lazy training principle 89

L(⇥) , R̂(�(⇥))
<latexit sha1_base64="U19mR7+yw3eZcyYEa8l6LQiUbcc="></latexit><latexit sha1_base64="U19mR7+yw3eZcyYEa8l6LQiUbcc="></latexit><latexit sha1_base64="U19mR7+yw3eZcyYEa8l6LQiUbcc="></latexit><latexit sha1_base64="U19mR7+yw3eZcyYEa8l6LQiUbcc="></latexit>

L̄(⇥) , R̂(�̄(⇥))
<latexit sha1_base64="TDMpnQCPxv5UlOpWiZsSw9ayzJc="></latexit><latexit sha1_base64="TDMpnQCPxv5UlOpWiZsSw9ayzJc="></latexit><latexit sha1_base64="TDMpnQCPxv5UlOpWiZsSw9ayzJc="></latexit><latexit sha1_base64="TDMpnQCPxv5UlOpWiZsSw9ayzJc="></latexit>

Consider: �̄(⇥) , �(⇥0) +D�(⇥0).(⇥�⇥0)
<latexit sha1_base64="bb6ND3Qmf/Qj2cpSxWCoVLLIWDY="></latexit><latexit sha1_base64="bb6ND3Qmf/Qj2cpSxWCoVLLIWDY="></latexit><latexit sha1_base64="bb6ND3Qmf/Qj2cpSxWCoVLLIWDY="></latexit><latexit sha1_base64="bb6ND3Qmf/Qj2cpSxWCoVLLIWDY="></latexit>

as well as: and .

.



Lazy training principle

• Definition (informal): A lazy regime occurs if the 
optimization paths of     and     remain close.

89

L(⇥) , R̂(�(⇥))
<latexit sha1_base64="U19mR7+yw3eZcyYEa8l6LQiUbcc="></latexit><latexit sha1_base64="U19mR7+yw3eZcyYEa8l6LQiUbcc="></latexit><latexit sha1_base64="U19mR7+yw3eZcyYEa8l6LQiUbcc="></latexit><latexit sha1_base64="U19mR7+yw3eZcyYEa8l6LQiUbcc="></latexit>

L̄(⇥) , R̂(�̄(⇥))
<latexit sha1_base64="TDMpnQCPxv5UlOpWiZsSw9ayzJc="></latexit><latexit sha1_base64="TDMpnQCPxv5UlOpWiZsSw9ayzJc="></latexit><latexit sha1_base64="TDMpnQCPxv5UlOpWiZsSw9ayzJc="></latexit><latexit sha1_base64="TDMpnQCPxv5UlOpWiZsSw9ayzJc="></latexit>

Consider: �̄(⇥) , �(⇥0) +D�(⇥0).(⇥�⇥0)
<latexit sha1_base64="bb6ND3Qmf/Qj2cpSxWCoVLLIWDY="></latexit><latexit sha1_base64="bb6ND3Qmf/Qj2cpSxWCoVLLIWDY="></latexit><latexit sha1_base64="bb6ND3Qmf/Qj2cpSxWCoVLLIWDY="></latexit><latexit sha1_base64="bb6ND3Qmf/Qj2cpSxWCoVLLIWDY="></latexit>

as well as: and .

.

L
<latexit sha1_base64="HDLqmfCHXWQ0WkU5IAhkdh5SknI=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxoWLCrYVpkPJpJk2NJMMyR2hDl36CW71A9yJWz/EtT9ipp2FbT0QOJxzL/fkhIngBlz32ymtrK6tb5Q3K1vbO7t71f2DtlGppqxFlVD6ISSGCS5ZCzgI9pBoRuJQsE44us79ziPThit5D+OEBTEZSB5xSsBKfjcmMKREZLeTXrXm1t0p8DLxClJDBZq96k+3r2gaMwlUEGN8z00gyIgGTgWbVLqpYQmhIzJgvqWSxMwE2TTyBJ9YpY8jpe2TgKfq342MxMaM49BO5hHNopeL/3l+CtFlkHGZpMAknR2KUoFB4fz/uM81oyDGlhCquc2K6ZBoQsG2NHcF+Ogpb8Vb7GCZtM/qnuV357XGVdFPGR2hY3SKPHSBGugGNVELUaTQC3pFb86z8+58OJ+z0ZJT7ByiOThfv+yfmPc=</latexit><latexit sha1_base64="HDLqmfCHXWQ0WkU5IAhkdh5SknI=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxoWLCrYVpkPJpJk2NJMMyR2hDl36CW71A9yJWz/EtT9ipp2FbT0QOJxzL/fkhIngBlz32ymtrK6tb5Q3K1vbO7t71f2DtlGppqxFlVD6ISSGCS5ZCzgI9pBoRuJQsE44us79ziPThit5D+OEBTEZSB5xSsBKfjcmMKREZLeTXrXm1t0p8DLxClJDBZq96k+3r2gaMwlUEGN8z00gyIgGTgWbVLqpYQmhIzJgvqWSxMwE2TTyBJ9YpY8jpe2TgKfq342MxMaM49BO5hHNopeL/3l+CtFlkHGZpMAknR2KUoFB4fz/uM81oyDGlhCquc2K6ZBoQsG2NHcF+Ogpb8Vb7GCZtM/qnuV357XGVdFPGR2hY3SKPHSBGugGNVELUaTQC3pFb86z8+58OJ+z0ZJT7ByiOThfv+yfmPc=</latexit><latexit sha1_base64="HDLqmfCHXWQ0WkU5IAhkdh5SknI=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxoWLCrYVpkPJpJk2NJMMyR2hDl36CW71A9yJWz/EtT9ipp2FbT0QOJxzL/fkhIngBlz32ymtrK6tb5Q3K1vbO7t71f2DtlGppqxFlVD6ISSGCS5ZCzgI9pBoRuJQsE44us79ziPThit5D+OEBTEZSB5xSsBKfjcmMKREZLeTXrXm1t0p8DLxClJDBZq96k+3r2gaMwlUEGN8z00gyIgGTgWbVLqpYQmhIzJgvqWSxMwE2TTyBJ9YpY8jpe2TgKfq342MxMaM49BO5hHNopeL/3l+CtFlkHGZpMAknR2KUoFB4fz/uM81oyDGlhCquc2K6ZBoQsG2NHcF+Ogpb8Vb7GCZtM/qnuV357XGVdFPGR2hY3SKPHSBGugGNVELUaTQC3pFb86z8+58OJ+z0ZJT7ByiOThfv+yfmPc=</latexit><latexit sha1_base64="HDLqmfCHXWQ0WkU5IAhkdh5SknI=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4KjMi6LLoxoWLCrYVpkPJpJk2NJMMyR2hDl36CW71A9yJWz/EtT9ipp2FbT0QOJxzL/fkhIngBlz32ymtrK6tb5Q3K1vbO7t71f2DtlGppqxFlVD6ISSGCS5ZCzgI9pBoRuJQsE44us79ziPThit5D+OEBTEZSB5xSsBKfjcmMKREZLeTXrXm1t0p8DLxClJDBZq96k+3r2gaMwlUEGN8z00gyIgGTgWbVLqpYQmhIzJgvqWSxMwE2TTyBJ9YpY8jpe2TgKfq342MxMaM49BO5hHNopeL/3l+CtFlkHGZpMAknR2KUoFB4fz/uM81oyDGlhCquc2K6ZBoQsG2NHcF+Ogpb8Vb7GCZtM/qnuV357XGVdFPGR2hY3SKPHSBGugGNVELUaTQC3pFb86z8+58OJ+z0ZJT7ByiOThfv+yfmPc=</latexit>
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Lazy training principle

• Definition (informal): A lazy regime occurs if the 
optimization paths of     and     remain close.

• This is in particular true if:

• For a squared loss:
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• Introduce the rescaled loss: 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An implicit scaling factor…


• Introduce the rescaled loss: 

• For a MSE loss, the corresponding laziness is:
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An implicit scaling factor…


• Introduce the rescaled loss: 

• For a MSE loss, the corresponding laziness is:

• Other losses do not require specific theoretical 
adaptations  (for finite horizons) to our measure of 
laziness and numerically we observed almost no 
differences: no lack in generality.
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…used in Neural Networks
• The case of 1-hidden layer models (simpler to 

analyze): 
 
 
 
 
 
 

• Generic case of deep CNNs (NTK-like):
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<latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit><latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit><latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit><latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit>

If                    in a neighbourhood of       and                              .D�(⇥) 6= 0
<latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit><latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit><latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit><latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit>

⇥0
<latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit><latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit><latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit><latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit>

⇥0 ⇠ N (0,�2I2m)
<latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit><latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit><latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit><latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit>

E[↵(m)(⇥0)] . m� 1
2 +

�
m↵(m)

��1

<latexit sha1_base64="cdcXNAHPZcVxxb3OstSyghA/04s="></latexit><latexit sha1_base64="cdcXNAHPZcVxxb3OstSyghA/04s="></latexit><latexit sha1_base64="cdcXNAHPZcVxxb3OstSyghA/04s="></latexit><latexit sha1_base64="cdcXNAHPZcVxxb3OstSyghA/04s="></latexit>



…used in Neural Networks
• The case of 1-hidden layer models (simpler to 

analyze): 
 
 
 
 
 
 

• Generic case of deep CNNs (NTK-like):
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�(⇥0;x) = ↵(m)
mX

i=1

bi⇢(w
T
i x), ⇥0 = {bi, wi}im

<latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit><latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit><latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit><latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit>

This holds for several aforementioned references, with                 .

If                    in a neighbourhood of       and                              .D�(⇥) 6= 0
<latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit><latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit><latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit><latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit>

⇥0
<latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit><latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit><latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit><latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit>

⇥0 ⇠ N (0,�2I2m)
<latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit><latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit><latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit><latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit>

E[↵(m)(⇥0)] . m� 1
2 +

�
m↵(m)

��1

<latexit sha1_base64="cdcXNAHPZcVxxb3OstSyghA/04s="></latexit><latexit sha1_base64="cdcXNAHPZcVxxb3OstSyghA/04s="></latexit><latexit sha1_base64="cdcXNAHPZcVxxb3OstSyghA/04s="></latexit><latexit sha1_base64="cdcXNAHPZcVxxb3OstSyghA/04s="></latexit>

↵(m) =
1p
m

<latexit sha1_base64="tcESnbT7Vh0R6ikEWYFi89wEhAU=">AAACFnicbZDLSsNAFIYn9VbrLepSF8Ei1E1JRNCNUHTjsoK9QFPKZDpph84kceZEqCEbn8JHcKsP4E7cunXtizhps7CtPwz8/OcczpnPizhTYNvfRmFpeWV1rbhe2tjc2t4xd/eaKowloQ0S8lC2PawoZwFtAANO25GkWHictrzRdVZvPVCpWBjcwTiiXYEHAfMZwaCjnnnoYh4NcUWcXLq+xCRx0sRV9xISkaY9s2xX7YmsRePkpoxy1Xvmj9sPSSxoAIRjpTqOHUE3wRIY4TQtubGiESYjPKAdbQMsqOomk1+k1rFO+pYfSv0CsCbp34kEC6XGwtOdAsNQzdey8L9aJwb/opuwIIqBBmS6yI+5BaGVIbH6TFICfKwNJpLpWy0yxBoGaHAzW4CNHjMqzjyDRdM8rTra356Va1c5nyI6QEeoghx0jmroBtVRAxH0hF7QK3ozno1348P4nLYWjHxmH83I+PoFqHOgWQ==</latexit><latexit sha1_base64="tcESnbT7Vh0R6ikEWYFi89wEhAU=">AAACFnicbZDLSsNAFIYn9VbrLepSF8Ei1E1JRNCNUHTjsoK9QFPKZDpph84kceZEqCEbn8JHcKsP4E7cunXtizhps7CtPwz8/OcczpnPizhTYNvfRmFpeWV1rbhe2tjc2t4xd/eaKowloQ0S8lC2PawoZwFtAANO25GkWHictrzRdVZvPVCpWBjcwTiiXYEHAfMZwaCjnnnoYh4NcUWcXLq+xCRx0sRV9xISkaY9s2xX7YmsRePkpoxy1Xvmj9sPSSxoAIRjpTqOHUE3wRIY4TQtubGiESYjPKAdbQMsqOomk1+k1rFO+pYfSv0CsCbp34kEC6XGwtOdAsNQzdey8L9aJwb/opuwIIqBBmS6yI+5BaGVIbH6TFICfKwNJpLpWy0yxBoGaHAzW4CNHjMqzjyDRdM8rTra356Va1c5nyI6QEeoghx0jmroBtVRAxH0hF7QK3ozno1348P4nLYWjHxmH83I+PoFqHOgWQ==</latexit><latexit sha1_base64="tcESnbT7Vh0R6ikEWYFi89wEhAU=">AAACFnicbZDLSsNAFIYn9VbrLepSF8Ei1E1JRNCNUHTjsoK9QFPKZDpph84kceZEqCEbn8JHcKsP4E7cunXtizhps7CtPwz8/OcczpnPizhTYNvfRmFpeWV1rbhe2tjc2t4xd/eaKowloQ0S8lC2PawoZwFtAANO25GkWHictrzRdVZvPVCpWBjcwTiiXYEHAfMZwaCjnnnoYh4NcUWcXLq+xCRx0sRV9xISkaY9s2xX7YmsRePkpoxy1Xvmj9sPSSxoAIRjpTqOHUE3wRIY4TQtubGiESYjPKAdbQMsqOomk1+k1rFO+pYfSv0CsCbp34kEC6XGwtOdAsNQzdey8L9aJwb/opuwIIqBBmS6yI+5BaGVIbH6TFICfKwNJpLpWy0yxBoGaHAzW4CNHjMqzjyDRdM8rTra356Va1c5nyI6QEeoghx0jmroBtVRAxH0hF7QK3ozno1348P4nLYWjHxmH83I+PoFqHOgWQ==</latexit><latexit sha1_base64="tcESnbT7Vh0R6ikEWYFi89wEhAU=">AAACFnicbZDLSsNAFIYn9VbrLepSF8Ei1E1JRNCNUHTjsoK9QFPKZDpph84kceZEqCEbn8JHcKsP4E7cunXtizhps7CtPwz8/OcczpnPizhTYNvfRmFpeWV1rbhe2tjc2t4xd/eaKowloQ0S8lC2PawoZwFtAANO25GkWHictrzRdVZvPVCpWBjcwTiiXYEHAfMZwaCjnnnoYh4NcUWcXLq+xCRx0sRV9xISkaY9s2xX7YmsRePkpoxy1Xvmj9sPSSxoAIRjpTqOHUE3wRIY4TQtubGiESYjPKAdbQMsqOomk1+k1rFO+pYfSv0CsCbp34kEC6XGwtOdAsNQzdey8L9aJwb/opuwIIqBBmS6yI+5BaGVIbH6TFICfKwNJpLpWy0yxBoGaHAzW4CNHjMqzjyDRdM8rTra356Va1c5nyI6QEeoghx0jmroBtVRAxH0hF7QK3ozno1348P4nLYWjHxmH83I+PoFqHOgWQ==</latexit>



…used in Neural Networks
• The case of 1-hidden layer models (simpler to 

analyze): 
 
 
 
 
 
 

• Generic case of deep CNNs (NTK-like):

91

�(⇥0;x) = ↵(m)
mX

i=1

bi⇢(w
T
i x), ⇥0 = {bi, wi}im

<latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit><latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit><latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit><latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit>

This holds for several aforementioned references, with                 .

If                    in a neighbourhood of       and                              .D�(⇥) 6= 0
<latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit><latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit><latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit><latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit>

⇥0
<latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit><latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit><latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit><latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit>

⇥0 ⇠ N (0,�2I2m)
<latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit><latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit><latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit><latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit>

Chizat and Bach have studied the setting                 .↵(m) =
1

m
<latexit sha1_base64="0VvsWMjV0uXSqydxUGZ0bsTZBuQ=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoJuhKIblxXsBZpQJtNJO3RmEmYmQg15CB/BrT6AO3HrI7j2RZy0WdjWHw78/OcczuELYkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFSUSkxaOWCS7AVKEUUFammpGurEkiAeMdILxbd7vPBKpaCQe9CQmPkdDQUOKkTZR3z7yEItHqMbPrr1QIpy6Wcqzvl116s5UcNm4hamCQs2+/eMNIpxwIjRmSKme68TaT5HUFDOSVbxEkRjhMRqSnrECcaL8dPp+Bk9NMoBhJE0JDafp340UcaUmPDCTHOmRWuzl4X+9XqLDKz+lIk40EXh2KEwY1BHMWcABlQRrNjEGYUnNrxCPkKGgDbG5K5qOn3Iq7iKDZdM+r7vG319UGzcFnzI4BiegBlxwCRrgDjRBC2CQghfwCt6sZ+vd+rA+Z6Mlq9g5BHOyvn4BdPac9Q==</latexit><latexit sha1_base64="0VvsWMjV0uXSqydxUGZ0bsTZBuQ=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoJuhKIblxXsBZpQJtNJO3RmEmYmQg15CB/BrT6AO3HrI7j2RZy0WdjWHw78/OcczuELYkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFSUSkxaOWCS7AVKEUUFammpGurEkiAeMdILxbd7vPBKpaCQe9CQmPkdDQUOKkTZR3z7yEItHqMbPrr1QIpy6Wcqzvl116s5UcNm4hamCQs2+/eMNIpxwIjRmSKme68TaT5HUFDOSVbxEkRjhMRqSnrECcaL8dPp+Bk9NMoBhJE0JDafp340UcaUmPDCTHOmRWuzl4X+9XqLDKz+lIk40EXh2KEwY1BHMWcABlQRrNjEGYUnNrxCPkKGgDbG5K5qOn3Iq7iKDZdM+r7vG319UGzcFnzI4BiegBlxwCRrgDjRBC2CQghfwCt6sZ+vd+rA+Z6Mlq9g5BHOyvn4BdPac9Q==</latexit><latexit sha1_base64="0VvsWMjV0uXSqydxUGZ0bsTZBuQ=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoJuhKIblxXsBZpQJtNJO3RmEmYmQg15CB/BrT6AO3HrI7j2RZy0WdjWHw78/OcczuELYkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFSUSkxaOWCS7AVKEUUFammpGurEkiAeMdILxbd7vPBKpaCQe9CQmPkdDQUOKkTZR3z7yEItHqMbPrr1QIpy6Wcqzvl116s5UcNm4hamCQs2+/eMNIpxwIjRmSKme68TaT5HUFDOSVbxEkRjhMRqSnrECcaL8dPp+Bk9NMoBhJE0JDafp340UcaUmPDCTHOmRWuzl4X+9XqLDKz+lIk40EXh2KEwY1BHMWcABlQRrNjEGYUnNrxCPkKGgDbG5K5qOn3Iq7iKDZdM+r7vG319UGzcFnzI4BiegBlxwCRrgDjRBC2CQghfwCt6sZ+vd+rA+Z6Mlq9g5BHOyvn4BdPac9Q==</latexit><latexit sha1_base64="0VvsWMjV0uXSqydxUGZ0bsTZBuQ=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoJuhKIblxXsBZpQJtNJO3RmEmYmQg15CB/BrT6AO3HrI7j2RZy0WdjWHw78/OcczuELYkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFSUSkxaOWCS7AVKEUUFammpGurEkiAeMdILxbd7vPBKpaCQe9CQmPkdDQUOKkTZR3z7yEItHqMbPrr1QIpy6Wcqzvl116s5UcNm4hamCQs2+/eMNIpxwIjRmSKme68TaT5HUFDOSVbxEkRjhMRqSnrECcaL8dPp+Bk9NMoBhJE0JDafp340UcaUmPDCTHOmRWuzl4X+9XqLDKz+lIk40EXh2KEwY1BHMWcABlQRrNjEGYUnNrxCPkKGgDbG5K5qOn3Iq7iKDZdM+r7vG319UGzcFnzI4BiegBlxwCRrgDjRBC2CQghfwCt6sZ+vd+rA+Z6Mlq9g5BHOyvn4BdPac9Q==</latexit>

Ref.: On the global convergence of gradient descent for over-parameterized models using optimal transport, Chizat and Bach

E[↵(m)(⇥0)] . m� 1
2 +

�
m↵(m)

��1

<latexit sha1_base64="cdcXNAHPZcVxxb3OstSyghA/04s="></latexit><latexit sha1_base64="cdcXNAHPZcVxxb3OstSyghA/04s="></latexit><latexit sha1_base64="cdcXNAHPZcVxxb3OstSyghA/04s="></latexit><latexit sha1_base64="cdcXNAHPZcVxxb3OstSyghA/04s="></latexit>

↵(m) =
1p
m

<latexit sha1_base64="tcESnbT7Vh0R6ikEWYFi89wEhAU=">AAACFnicbZDLSsNAFIYn9VbrLepSF8Ei1E1JRNCNUHTjsoK9QFPKZDpph84kceZEqCEbn8JHcKsP4E7cunXtizhps7CtPwz8/OcczpnPizhTYNvfRmFpeWV1rbhe2tjc2t4xd/eaKowloQ0S8lC2PawoZwFtAANO25GkWHictrzRdVZvPVCpWBjcwTiiXYEHAfMZwaCjnnnoYh4NcUWcXLq+xCRx0sRV9xISkaY9s2xX7YmsRePkpoxy1Xvmj9sPSSxoAIRjpTqOHUE3wRIY4TQtubGiESYjPKAdbQMsqOomk1+k1rFO+pYfSv0CsCbp34kEC6XGwtOdAsNQzdey8L9aJwb/opuwIIqBBmS6yI+5BaGVIbH6TFICfKwNJpLpWy0yxBoGaHAzW4CNHjMqzjyDRdM8rTra356Va1c5nyI6QEeoghx0jmroBtVRAxH0hF7QK3ozno1348P4nLYWjHxmH83I+PoFqHOgWQ==</latexit><latexit sha1_base64="tcESnbT7Vh0R6ikEWYFi89wEhAU=">AAACFnicbZDLSsNAFIYn9VbrLepSF8Ei1E1JRNCNUHTjsoK9QFPKZDpph84kceZEqCEbn8JHcKsP4E7cunXtizhps7CtPwz8/OcczpnPizhTYNvfRmFpeWV1rbhe2tjc2t4xd/eaKowloQ0S8lC2PawoZwFtAANO25GkWHictrzRdVZvPVCpWBjcwTiiXYEHAfMZwaCjnnnoYh4NcUWcXLq+xCRx0sRV9xISkaY9s2xX7YmsRePkpoxy1Xvmj9sPSSxoAIRjpTqOHUE3wRIY4TQtubGiESYjPKAdbQMsqOomk1+k1rFO+pYfSv0CsCbp34kEC6XGwtOdAsNQzdey8L9aJwb/opuwIIqBBmS6yI+5BaGVIbH6TFICfKwNJpLpWy0yxBoGaHAzW4CNHjMqzjyDRdM8rTra356Va1c5nyI6QEeoghx0jmroBtVRAxH0hF7QK3ozno1348P4nLYWjHxmH83I+PoFqHOgWQ==</latexit><latexit sha1_base64="tcESnbT7Vh0R6ikEWYFi89wEhAU=">AAACFnicbZDLSsNAFIYn9VbrLepSF8Ei1E1JRNCNUHTjsoK9QFPKZDpph84kceZEqCEbn8JHcKsP4E7cunXtizhps7CtPwz8/OcczpnPizhTYNvfRmFpeWV1rbhe2tjc2t4xd/eaKowloQ0S8lC2PawoZwFtAANO25GkWHictrzRdVZvPVCpWBjcwTiiXYEHAfMZwaCjnnnoYh4NcUWcXLq+xCRx0sRV9xISkaY9s2xX7YmsRePkpoxy1Xvmj9sPSSxoAIRjpTqOHUE3wRIY4TQtubGiESYjPKAdbQMsqOomk1+k1rFO+pYfSv0CsCbp34kEC6XGwtOdAsNQzdey8L9aJwb/opuwIIqBBmS6yI+5BaGVIbH6TFICfKwNJpLpWy0yxBoGaHAzW4CNHjMqzjyDRdM8rTra356Va1c5nyI6QEeoghx0jmroBtVRAxH0hF7QK3ozno1348P4nLYWjHxmH83I+PoFqHOgWQ==</latexit><latexit sha1_base64="tcESnbT7Vh0R6ikEWYFi89wEhAU=">AAACFnicbZDLSsNAFIYn9VbrLepSF8Ei1E1JRNCNUHTjsoK9QFPKZDpph84kceZEqCEbn8JHcKsP4E7cunXtizhps7CtPwz8/OcczpnPizhTYNvfRmFpeWV1rbhe2tjc2t4xd/eaKowloQ0S8lC2PawoZwFtAANO25GkWHictrzRdVZvPVCpWBjcwTiiXYEHAfMZwaCjnnnoYh4NcUWcXLq+xCRx0sRV9xISkaY9s2xX7YmsRePkpoxy1Xvmj9sPSSxoAIRjpTqOHUE3wRIY4TQtubGiESYjPKAdbQMsqOomk1+k1rFO+pYfSv0CsCbp34kEC6XGwtOdAsNQzdey8L9aJwb/opuwIIqBBmS6yI+5BaGVIbH6TFICfKwNJpLpWy0yxBoGaHAzW4CNHjMqzjyDRdM8rTra356Va1c5nyI6QEeoghx0jmroBtVRAxH0hF7QK3ozno1348P4nLYWjHxmH83I+PoFqHOgWQ==</latexit>



…used in Neural Networks
• The case of 1-hidden layer models (simpler to 

analyze): 
 
 
 
 
 
 

• Generic case of deep CNNs (NTK-like):
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↵(⇥0) =
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<latexit sha1_base64="tG0tVN410gMMI/CPloGNQhcDf+g="></latexit><latexit sha1_base64="tG0tVN410gMMI/CPloGNQhcDf+g="></latexit><latexit sha1_base64="tG0tVN410gMMI/CPloGNQhcDf+g="></latexit><latexit sha1_base64="tG0tVN410gMMI/CPloGNQhcDf+g="></latexit>

�(⇥0;x) = ↵(m)
mX

i=1

bi⇢(w
T
i x), ⇥0 = {bi, wi}im

<latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit><latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit><latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit><latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit>

This holds for several aforementioned references, with                 .

If                    in a neighbourhood of       and                              .D�(⇥) 6= 0
<latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit><latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit><latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit><latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit>

⇥0
<latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit><latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit><latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit><latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit>

⇥0 ⇠ N (0,�2I2m)
<latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit><latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit><latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit><latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit>

Chizat and Bach have studied the setting                 .↵(m) =
1

m
<latexit sha1_base64="0VvsWMjV0uXSqydxUGZ0bsTZBuQ=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoJuhKIblxXsBZpQJtNJO3RmEmYmQg15CB/BrT6AO3HrI7j2RZy0WdjWHw78/OcczuELYkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFSUSkxaOWCS7AVKEUUFammpGurEkiAeMdILxbd7vPBKpaCQe9CQmPkdDQUOKkTZR3z7yEItHqMbPrr1QIpy6Wcqzvl116s5UcNm4hamCQs2+/eMNIpxwIjRmSKme68TaT5HUFDOSVbxEkRjhMRqSnrECcaL8dPp+Bk9NMoBhJE0JDafp340UcaUmPDCTHOmRWuzl4X+9XqLDKz+lIk40EXh2KEwY1BHMWcABlQRrNjEGYUnNrxCPkKGgDbG5K5qOn3Iq7iKDZdM+r7vG319UGzcFnzI4BiegBlxwCRrgDjRBC2CQghfwCt6sZ+vd+rA+Z6Mlq9g5BHOyvn4BdPac9Q==</latexit><latexit sha1_base64="0VvsWMjV0uXSqydxUGZ0bsTZBuQ=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoJuhKIblxXsBZpQJtNJO3RmEmYmQg15CB/BrT6AO3HrI7j2RZy0WdjWHw78/OcczuELYkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFSUSkxaOWCS7AVKEUUFammpGurEkiAeMdILxbd7vPBKpaCQe9CQmPkdDQUOKkTZR3z7yEItHqMbPrr1QIpy6Wcqzvl116s5UcNm4hamCQs2+/eMNIpxwIjRmSKme68TaT5HUFDOSVbxEkRjhMRqSnrECcaL8dPp+Bk9NMoBhJE0JDafp340UcaUmPDCTHOmRWuzl4X+9XqLDKz+lIk40EXh2KEwY1BHMWcABlQRrNjEGYUnNrxCPkKGgDbG5K5qOn3Iq7iKDZdM+r7vG319UGzcFnzI4BiegBlxwCRrgDjRBC2CQghfwCt6sZ+vd+rA+Z6Mlq9g5BHOyvn4BdPac9Q==</latexit><latexit sha1_base64="0VvsWMjV0uXSqydxUGZ0bsTZBuQ=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoJuhKIblxXsBZpQJtNJO3RmEmYmQg15CB/BrT6AO3HrI7j2RZy0WdjWHw78/OcczuELYkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFSUSkxaOWCS7AVKEUUFammpGurEkiAeMdILxbd7vPBKpaCQe9CQmPkdDQUOKkTZR3z7yEItHqMbPrr1QIpy6Wcqzvl116s5UcNm4hamCQs2+/eMNIpxwIjRmSKme68TaT5HUFDOSVbxEkRjhMRqSnrECcaL8dPp+Bk9NMoBhJE0JDafp340UcaUmPDCTHOmRWuzl4X+9XqLDKz+lIk40EXh2KEwY1BHMWcABlQRrNjEGYUnNrxCPkKGgDbG5K5qOn3Iq7iKDZdM+r7vG319UGzcFnzI4BiegBlxwCRrgDjRBC2CQghfwCt6sZ+vd+rA+Z6Mlq9g5BHOyvn4BdPac9Q==</latexit><latexit sha1_base64="0VvsWMjV0uXSqydxUGZ0bsTZBuQ=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoJuhKIblxXsBZpQJtNJO3RmEmYmQg15CB/BrT6AO3HrI7j2RZy0WdjWHw78/OcczuELYkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFSUSkxaOWCS7AVKEUUFammpGurEkiAeMdILxbd7vPBKpaCQe9CQmPkdDQUOKkTZR3z7yEItHqMbPrr1QIpy6Wcqzvl116s5UcNm4hamCQs2+/eMNIpxwIjRmSKme68TaT5HUFDOSVbxEkRjhMRqSnrECcaL8dPp+Bk9NMoBhJE0JDafp340UcaUmPDCTHOmRWuzl4X+9XqLDKz+lIk40EXh2KEwY1BHMWcABlQRrNjEGYUnNrxCPkKGgDbG5K5qOn3Iq7iKDZdM+r7vG319UGzcFnzI4BiegBlxwCRrgDjRBC2CQghfwCt6sZ+vd+rA+Z6Mlq9g5BHOyvn4BdPac9Q==</latexit>

Ref.: On the global convergence of gradient descent for over-parameterized models using optimal transport, Chizat and Bach

E[↵(m)(⇥0)] . m� 1
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m↵(m)

��1

<latexit sha1_base64="cdcXNAHPZcVxxb3OstSyghA/04s="></latexit><latexit sha1_base64="cdcXNAHPZcVxxb3OstSyghA/04s="></latexit><latexit sha1_base64="cdcXNAHPZcVxxb3OstSyghA/04s="></latexit><latexit sha1_base64="cdcXNAHPZcVxxb3OstSyghA/04s="></latexit>

↵(m) =
1p
m

<latexit sha1_base64="tcESnbT7Vh0R6ikEWYFi89wEhAU=">AAACFnicbZDLSsNAFIYn9VbrLepSF8Ei1E1JRNCNUHTjsoK9QFPKZDpph84kceZEqCEbn8JHcKsP4E7cunXtizhps7CtPwz8/OcczpnPizhTYNvfRmFpeWV1rbhe2tjc2t4xd/eaKowloQ0S8lC2PawoZwFtAANO25GkWHictrzRdVZvPVCpWBjcwTiiXYEHAfMZwaCjnnnoYh4NcUWcXLq+xCRx0sRV9xISkaY9s2xX7YmsRePkpoxy1Xvmj9sPSSxoAIRjpTqOHUE3wRIY4TQtubGiESYjPKAdbQMsqOomk1+k1rFO+pYfSv0CsCbp34kEC6XGwtOdAsNQzdey8L9aJwb/opuwIIqBBmS6yI+5BaGVIbH6TFICfKwNJpLpWy0yxBoGaHAzW4CNHjMqzjyDRdM8rTra356Va1c5nyI6QEeoghx0jmroBtVRAxH0hF7QK3ozno1348P4nLYWjHxmH83I+PoFqHOgWQ==</latexit><latexit sha1_base64="tcESnbT7Vh0R6ikEWYFi89wEhAU=">AAACFnicbZDLSsNAFIYn9VbrLepSF8Ei1E1JRNCNUHTjsoK9QFPKZDpph84kceZEqCEbn8JHcKsP4E7cunXtizhps7CtPwz8/OcczpnPizhTYNvfRmFpeWV1rbhe2tjc2t4xd/eaKowloQ0S8lC2PawoZwFtAANO25GkWHictrzRdVZvPVCpWBjcwTiiXYEHAfMZwaCjnnnoYh4NcUWcXLq+xCRx0sRV9xISkaY9s2xX7YmsRePkpoxy1Xvmj9sPSSxoAIRjpTqOHUE3wRIY4TQtubGiESYjPKAdbQMsqOomk1+k1rFO+pYfSv0CsCbp34kEC6XGwtOdAsNQzdey8L9aJwb/opuwIIqBBmS6yI+5BaGVIbH6TFICfKwNJpLpWy0yxBoGaHAzW4CNHjMqzjyDRdM8rTra356Va1c5nyI6QEeoghx0jmroBtVRAxH0hF7QK3ozno1348P4nLYWjHxmH83I+PoFqHOgWQ==</latexit><latexit sha1_base64="tcESnbT7Vh0R6ikEWYFi89wEhAU=">AAACFnicbZDLSsNAFIYn9VbrLepSF8Ei1E1JRNCNUHTjsoK9QFPKZDpph84kceZEqCEbn8JHcKsP4E7cunXtizhps7CtPwz8/OcczpnPizhTYNvfRmFpeWV1rbhe2tjc2t4xd/eaKowloQ0S8lC2PawoZwFtAANO25GkWHictrzRdVZvPVCpWBjcwTiiXYEHAfMZwaCjnnnoYh4NcUWcXLq+xCRx0sRV9xISkaY9s2xX7YmsRePkpoxy1Xvmj9sPSSxoAIRjpTqOHUE3wRIY4TQtubGiESYjPKAdbQMsqOomk1+k1rFO+pYfSv0CsCbp34kEC6XGwtOdAsNQzdey8L9aJwb/opuwIIqBBmS6yI+5BaGVIbH6TFICfKwNJpLpWy0yxBoGaHAzW4CNHjMqzjyDRdM8rTra356Va1c5nyI6QEeoghx0jmroBtVRAxH0hF7QK3ozno1348P4nLYWjHxmH83I+PoFqHOgWQ==</latexit><latexit sha1_base64="tcESnbT7Vh0R6ikEWYFi89wEhAU=">AAACFnicbZDLSsNAFIYn9VbrLepSF8Ei1E1JRNCNUHTjsoK9QFPKZDpph84kceZEqCEbn8JHcKsP4E7cunXtizhps7CtPwz8/OcczpnPizhTYNvfRmFpeWV1rbhe2tjc2t4xd/eaKowloQ0S8lC2PawoZwFtAANO25GkWHictrzRdVZvPVCpWBjcwTiiXYEHAfMZwaCjnnnoYh4NcUWcXLq+xCRx0sRV9xISkaY9s2xX7YmsRePkpoxy1Xvmj9sPSSxoAIRjpTqOHUE3wRIY4TQtubGiESYjPKAdbQMsqOomk1+k1rFO+pYfSv0CsCbp34kEC6XGwtOdAsNQzdey8L9aJwb/opuwIIqBBmS6yI+5BaGVIbH6TFICfKwNJpLpWy0yxBoGaHAzW4CNHjMqzjyDRdM8rTra356Va1c5nyI6QEeoghx0jmroBtVRAxH0hF7QK3ozno1348P4nLYWjHxmH83I+PoFqHOgWQ==</latexit>



…used in Neural Networks
• The case of 1-hidden layer models (simpler to 

analyze): 
 
 
 
 
 
 

• Generic case of deep CNNs (NTK-like):
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<latexit sha1_base64="tG0tVN410gMMI/CPloGNQhcDf+g="></latexit><latexit sha1_base64="tG0tVN410gMMI/CPloGNQhcDf+g="></latexit><latexit sha1_base64="tG0tVN410gMMI/CPloGNQhcDf+g="></latexit><latexit sha1_base64="tG0tVN410gMMI/CPloGNQhcDf+g="></latexit>

�(⇥0;x) = ↵(m)
mX

i=1

bi⇢(w
T
i x), ⇥0 = {bi, wi}im

<latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit><latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit><latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit><latexit sha1_base64="8ruLHCu89eUPG5AFddfs62mrgfI="></latexit>

This holds for several aforementioned references, with                 .

If                    in a neighbourhood of       and                              .D�(⇥) 6= 0
<latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit><latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit><latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit><latexit sha1_base64="MXD8hxQbDeAhAimy3ShP/9r5c6k=">AAACDXicbZBLSgNBEIZ74ivGVzRLN41BiJswI4Iug7pwGSEvyITQ06kkTXp6xu4aIYacwSO41QO4E7eewbUXsfNYmMQfCj7+qqKKP4ilMOi6305qbX1jcyu9ndnZ3ds/yB4e1UyUaA5VHslINwJmQAoFVRQooRFrYGEgoR4Mbib9+iNoIyJVwWEMrZD1lOgKztBa7Wzu1i/3RcGv9AHZma/ggbrtbN4tulPRVfDmkCdzldvZH78T8SQEhVwyY5qeG2NrxDQKLmGc8RMDMeMD1oOmRcVCMK3R9PkxPbVOh3YjbUshnbp/N0YsNGYYBnYyZNg3y72J+V+vmWD3qjUSKk4QFJ8d6iaSYkQnSdCO0MBRDi0wroX9lfI+04yjzWvhCorB09im4i1nsAq186Jn+f4iX7qe55Mmx+SEFIhHLkmJ3JEyqRJOhuSFvJI359l5dz6cz9loypnv5MiCnK9fob+bUg==</latexit>

⇥0
<latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit><latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit><latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit><latexit sha1_base64="pOVTSmS5EWcfnQbAMuQIYtxc39I=">AAACAHicbZC7SgNBFIbPeo3xFrW0GQyCVdgVQcugjWWE3CBZwuxkNhkyO7vMnBXiksZHsNUHsBNb38TaF3GSbGESfxj4+M85nDN/kEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7qb11iPXRsSqjuOE+xEdKBEKRtFa7W59yJH23F6p7FbcmcgqeDmUIVetV/rp9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I5FRSNu/Gx274ScW6dPwljbp5DM3L8TGY2MGUeB7YwoDs1ybWr+V+ukGN74mVBJilyx+aIwlQRjMv086QvNGcqxBcq0sLcSNqSaMrQRLWxBMXqa2FS85QxWoXlZ8Sw/XJWrt3k+BTiFM7gAD66hCvdQgwYwkPACr/DmPDvvzofzOW9dc/KZE1iQ8/UL6uGXQA==</latexit>

⇥0 ⇠ N (0,�2I2m)
<latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit><latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit><latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit><latexit sha1_base64="lseHca584WnraNUYSK2xDDff6/c=">AAACJHicbZDPSsNAEMY3/rf+q3r0slgEFZGkCHosetGLKNhaaGqYbLft0t0k7E6EGvIOPoWP4FUfwJt48OLFF3Fbe7DqBws/vplhZr8wkcKg6747E5NT0zOzc/OFhcWl5ZXi6lrNxKlmvMpiGet6CIZLEfEqCpS8nmgOKpT8OuydDOrXt1wbEUdX2E94U0EnEm3BAK0VFHf9qy5HCFzfCOUrwC4DmZ3n2+6edToKbsr0LMjKKt8JiiV33x2K/gVvBCUy0kVQ/PRbMUsVj5BJMKbhuQk2M9AomOR5wU8NT4D1oMMbFiNQ3DSz4Z9yumWdFm3H2r4I6dD9OZGBMqavQts5uNr8rg3M/2qNFNtHzUxESYo8Yt+L2qmkGNNBQLQlNGco+xaAaWFvpawLGhjaGMe2oOjd5TYV73cGf6FW3vcsXx6UKsejfObIBtkk28Qjh6RCTskFqRJG7skjeSLPzoPz4rw6b9+tE85oZp2Myfn4Asu9pO8=</latexit>

Chizat and Bach have studied the setting                 .↵(m) =
1

m
<latexit sha1_base64="0VvsWMjV0uXSqydxUGZ0bsTZBuQ=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoJuhKIblxXsBZpQJtNJO3RmEmYmQg15CB/BrT6AO3HrI7j2RZy0WdjWHw78/OcczuELYkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFSUSkxaOWCS7AVKEUUFammpGurEkiAeMdILxbd7vPBKpaCQe9CQmPkdDQUOKkTZR3z7yEItHqMbPrr1QIpy6Wcqzvl116s5UcNm4hamCQs2+/eMNIpxwIjRmSKme68TaT5HUFDOSVbxEkRjhMRqSnrECcaL8dPp+Bk9NMoBhJE0JDafp340UcaUmPDCTHOmRWuzl4X+9XqLDKz+lIk40EXh2KEwY1BHMWcABlQRrNjEGYUnNrxCPkKGgDbG5K5qOn3Iq7iKDZdM+r7vG319UGzcFnzI4BiegBlxwCRrgDjRBC2CQghfwCt6sZ+vd+rA+Z6Mlq9g5BHOyvn4BdPac9Q==</latexit><latexit sha1_base64="0VvsWMjV0uXSqydxUGZ0bsTZBuQ=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoJuhKIblxXsBZpQJtNJO3RmEmYmQg15CB/BrT6AO3HrI7j2RZy0WdjWHw78/OcczuELYkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFSUSkxaOWCS7AVKEUUFammpGurEkiAeMdILxbd7vPBKpaCQe9CQmPkdDQUOKkTZR3z7yEItHqMbPrr1QIpy6Wcqzvl116s5UcNm4hamCQs2+/eMNIpxwIjRmSKme68TaT5HUFDOSVbxEkRjhMRqSnrECcaL8dPp+Bk9NMoBhJE0JDafp340UcaUmPDCTHOmRWuzl4X+9XqLDKz+lIk40EXh2KEwY1BHMWcABlQRrNjEGYUnNrxCPkKGgDbG5K5qOn3Iq7iKDZdM+r7vG319UGzcFnzI4BiegBlxwCRrgDjRBC2CQghfwCt6sZ+vd+rA+Z6Mlq9g5BHOyvn4BdPac9Q==</latexit><latexit sha1_base64="0VvsWMjV0uXSqydxUGZ0bsTZBuQ=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoJuhKIblxXsBZpQJtNJO3RmEmYmQg15CB/BrT6AO3HrI7j2RZy0WdjWHw78/OcczuELYkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFSUSkxaOWCS7AVKEUUFammpGurEkiAeMdILxbd7vPBKpaCQe9CQmPkdDQUOKkTZR3z7yEItHqMbPrr1QIpy6Wcqzvl116s5UcNm4hamCQs2+/eMNIpxwIjRmSKme68TaT5HUFDOSVbxEkRjhMRqSnrECcaL8dPp+Bk9NMoBhJE0JDafp340UcaUmPDCTHOmRWuzl4X+9XqLDKz+lIk40EXh2KEwY1BHMWcABlQRrNjEGYUnNrxCPkKGgDbG5K5qOn3Iq7iKDZdM+r7vG319UGzcFnzI4BiegBlxwCRrgDjRBC2CQghfwCt6sZ+vd+rA+Z6Mlq9g5BHOyvn4BdPac9Q==</latexit><latexit sha1_base64="0VvsWMjV0uXSqydxUGZ0bsTZBuQ=">AAACD3icbZDLSsNAFIYn9VbrLSqu3AwWoW5KIoJuhKIblxXsBZpQJtNJO3RmEmYmQg15CB/BrT6AO3HrI7j2RZy0WdjWHw78/OcczuELYkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFSUSkxaOWCS7AVKEUUFammpGurEkiAeMdILxbd7vPBKpaCQe9CQmPkdDQUOKkTZR3z7yEItHqMbPrr1QIpy6Wcqzvl116s5UcNm4hamCQs2+/eMNIpxwIjRmSKme68TaT5HUFDOSVbxEkRjhMRqSnrECcaL8dPp+Bk9NMoBhJE0JDafp340UcaUmPDCTHOmRWuzl4X+9XqLDKz+lIk40EXh2KEwY1BHMWcABlQRrNjEGYUnNrxCPkKGgDbG5K5qOn3Iq7iKDZdM+r7vG319UGzcFnzI4BiegBlxwCRrgDjRBC2CQghfwCt6sZ+vd+rA+Z6Mlq9g5BHOyvn4BdPac9Q==</latexit>

�(⇥0) = 0
<latexit sha1_base64="BGzDl82JRHnsXMXmN7jmrpLKyfI=">AAACCnicbZDLSsNAFIYnXmu9RV26GSxC3ZREBN0IRTcuK/QGTQiT6aQZOrkwc1KooW/gI7jVB3Anbn0J176I0zYL2/rDgY//nMM5/H4quALL+jbW1jc2t7ZLO+Xdvf2DQ/PouK2STFLWoolIZNcnigkesxZwEKybSkYiX7COP7yf9jsjJhVP4iaMU+ZGZBDzgFMC2vJM02mEvOo0QwbEsy5uLc+sWDVrJrwKdgEVVKjhmT9OP6FZxGKggijVs60U3JxI4FSwSdnJFEsJHZIB62mMScSUm88+n+Bz7fRxkEhdMeCZ+3cjJ5FS48jXkxGBUC33puZ/vV4GwY2b8zjNgMV0fijIBIYET2PAfS4ZBTHWQKjk+ldMQyIJBR3WwhXgw6eJTsVezmAV2pc1W/PjVaV+V+RTQqfoDFWRja5RHT2gBmohikboBb2iN+PZeDc+jM/56JpR7JygBRlfvzOnmfw=</latexit><latexit sha1_base64="BGzDl82JRHnsXMXmN7jmrpLKyfI=">AAACCnicbZDLSsNAFIYnXmu9RV26GSxC3ZREBN0IRTcuK/QGTQiT6aQZOrkwc1KooW/gI7jVB3Anbn0J176I0zYL2/rDgY//nMM5/H4quALL+jbW1jc2t7ZLO+Xdvf2DQ/PouK2STFLWoolIZNcnigkesxZwEKybSkYiX7COP7yf9jsjJhVP4iaMU+ZGZBDzgFMC2vJM02mEvOo0QwbEsy5uLc+sWDVrJrwKdgEVVKjhmT9OP6FZxGKggijVs60U3JxI4FSwSdnJFEsJHZIB62mMScSUm88+n+Bz7fRxkEhdMeCZ+3cjJ5FS48jXkxGBUC33puZ/vV4GwY2b8zjNgMV0fijIBIYET2PAfS4ZBTHWQKjk+ldMQyIJBR3WwhXgw6eJTsVezmAV2pc1W/PjVaV+V+RTQqfoDFWRja5RHT2gBmohikboBb2iN+PZeDc+jM/56JpR7JygBRlfvzOnmfw=</latexit><latexit sha1_base64="BGzDl82JRHnsXMXmN7jmrpLKyfI=">AAACCnicbZDLSsNAFIYnXmu9RV26GSxC3ZREBN0IRTcuK/QGTQiT6aQZOrkwc1KooW/gI7jVB3Anbn0J176I0zYL2/rDgY//nMM5/H4quALL+jbW1jc2t7ZLO+Xdvf2DQ/PouK2STFLWoolIZNcnigkesxZwEKybSkYiX7COP7yf9jsjJhVP4iaMU+ZGZBDzgFMC2vJM02mEvOo0QwbEsy5uLc+sWDVrJrwKdgEVVKjhmT9OP6FZxGKggijVs60U3JxI4FSwSdnJFEsJHZIB62mMScSUm88+n+Bz7fRxkEhdMeCZ+3cjJ5FS48jXkxGBUC33puZ/vV4GwY2b8zjNgMV0fijIBIYET2PAfS4ZBTHWQKjk+ldMQyIJBR3WwhXgw6eJTsVezmAV2pc1W/PjVaV+V+RTQqfoDFWRja5RHT2gBmohikboBb2iN+PZeDc+jM/56JpR7JygBRlfvzOnmfw=</latexit><latexit sha1_base64="BGzDl82JRHnsXMXmN7jmrpLKyfI=">AAACCnicbZDLSsNAFIYnXmu9RV26GSxC3ZREBN0IRTcuK/QGTQiT6aQZOrkwc1KooW/gI7jVB3Anbn0J176I0zYL2/rDgY//nMM5/H4quALL+jbW1jc2t7ZLO+Xdvf2DQ/PouK2STFLWoolIZNcnigkesxZwEKybSkYiX7COP7yf9jsjJhVP4iaMU+ZGZBDzgFMC2vJM02mEvOo0QwbEsy5uLc+sWDVrJrwKdgEVVKjhmT9OP6FZxGKggijVs60U3JxI4FSwSdnJFEsJHZIB62mMScSUm88+n+Bz7fRxkEhdMeCZ+3cjJ5FS48jXkxGBUC33puZ/vV4GwY2b8zjNgMV0fijIBIYET2PAfS4ZBTHWQKjk+ldMQyIJBR3WwhXgw6eJTsVezmAV2pc1W/PjVaV+V+RTQqfoDFWRja5RHT2gBmohikboBb2iN+PZeDc+jM/56JpR7JygBRlfvzOnmfw=</latexit>

If and ↵ � 1
<latexit sha1_base64="FlS6nPdq2dtc6pvq1RTp+SrwtQU=">AAACA3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV5gOpRMmpmGZpIhOSPUoUsfwa0+gDtx64O49kVM21nY1h8CH/85h3Pyh6ngBlz32ymtrW9sbpW3Kzu7e/sH1cOjtlGZpqxFlVC6GxLDBJesBRwE66aakSQUrBOObqf1ziPThiv5AOOUBQmJJY84JWAtv0dEOiS9OMZev1pz6+5MeBW8AmqoULNf/ekNFM0SJoEKYozvuSkEOdHAqWCTSi8zLCV0RGLmW5QkYSbIZydP8Jl1BjhS2j4JeOb+nchJYsw4CW1nQmBolmtT87+an0F0HeRcphkwSeeLokxgUHj6fzzgmlEQYwuEam5vxXRINKFgU1rYAnz0NLGpeMsZrEL7ou5Zvr+sNW6KfMroBJ2ic+ShK9RAd6iJWogihV7QK3pznp1358P5nLeWnGLmGC3I+foF836YWg==</latexit><latexit sha1_base64="FlS6nPdq2dtc6pvq1RTp+SrwtQU=">AAACA3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV5gOpRMmpmGZpIhOSPUoUsfwa0+gDtx64O49kVM21nY1h8CH/85h3Pyh6ngBlz32ymtrW9sbpW3Kzu7e/sH1cOjtlGZpqxFlVC6GxLDBJesBRwE66aakSQUrBOObqf1ziPThiv5AOOUBQmJJY84JWAtv0dEOiS9OMZev1pz6+5MeBW8AmqoULNf/ekNFM0SJoEKYozvuSkEOdHAqWCTSi8zLCV0RGLmW5QkYSbIZydP8Jl1BjhS2j4JeOb+nchJYsw4CW1nQmBolmtT87+an0F0HeRcphkwSeeLokxgUHj6fzzgmlEQYwuEam5vxXRINKFgU1rYAnz0NLGpeMsZrEL7ou5Zvr+sNW6KfMroBJ2ic+ShK9RAd6iJWogihV7QK3pznp1358P5nLeWnGLmGC3I+foF836YWg==</latexit><latexit sha1_base64="FlS6nPdq2dtc6pvq1RTp+SrwtQU=">AAACA3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV5gOpRMmpmGZpIhOSPUoUsfwa0+gDtx64O49kVM21nY1h8CH/85h3Pyh6ngBlz32ymtrW9sbpW3Kzu7e/sH1cOjtlGZpqxFlVC6GxLDBJesBRwE66aakSQUrBOObqf1ziPThiv5AOOUBQmJJY84JWAtv0dEOiS9OMZev1pz6+5MeBW8AmqoULNf/ekNFM0SJoEKYozvuSkEOdHAqWCTSi8zLCV0RGLmW5QkYSbIZydP8Jl1BjhS2j4JeOb+nchJYsw4CW1nQmBolmtT87+an0F0HeRcphkwSeeLokxgUHj6fzzgmlEQYwuEam5vxXRINKFgU1rYAnz0NLGpeMsZrEL7ou5Zvr+sNW6KfMroBJ2ic+ShK9RAd6iJWogihV7QK3pznp1358P5nLeWnGLmGC3I+foF836YWg==</latexit><latexit sha1_base64="FlS6nPdq2dtc6pvq1RTp+SrwtQU=">AAACA3icbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV5gOpRMmpmGZpIhOSPUoUsfwa0+gDtx64O49kVM21nY1h8CH/85h3Pyh6ngBlz32ymtrW9sbpW3Kzu7e/sH1cOjtlGZpqxFlVC6GxLDBJesBRwE66aakSQUrBOObqf1ziPThiv5AOOUBQmJJY84JWAtv0dEOiS9OMZev1pz6+5MeBW8AmqoULNf/ekNFM0SJoEKYozvuSkEOdHAqWCTSi8zLCV0RGLmW5QkYSbIZydP8Jl1BjhS2j4JeOb+nchJYsw4CW1nQmBolmtT87+an0F0HeRcphkwSeeLokxgUHj6fzzgmlEQYwuEam5vxXRINKFgU1rYAnz0NLGpeMsZrEL7ou5Zvr+sNW6KfMroBJ2ic+ShK9RAd6iJWogihV7QK3pznp1358P5nLeWnGLmGC3I+foF836YWg==</latexit>

↵ ⌧ 1
<latexit sha1_base64="Fm7jQkSJLoi+i0XsZn7uxu0Yg6w=">AAACC3icbZDLSsNAFIYn9VbrLdWlm2ARXJVEBF0W3bisYC/QhHAynbRDJ5NhZqLU0EfwEdzqA7gTtz6Ea1/EaZuFbf3hwMd/zuEc/kgwqrTrflultfWNza3ydmVnd2//wK4etlWaSUxaOGWp7EagCKOctDTVjHSFJJBEjHSi0c2033kgUtGU3+uxIEECA05jikEbK7Sr/giEgNAHJobgM+aFds2tuzM5q+AVUEOFmqH94/dTnCWEa8xAqZ7nCh3kIDXFjEwqfqaIADyCAekZ5JAQFeSz1yfOqXH6TpxKU1w7M/fvRg6JUuMkMpMJ6KFa7k3N/3q9TMdXQU65yDTheH4ozpijU2eag9OnkmDNxgYAS2p+dfAQJGBt0lq4ounoaWJS8ZYzWIX2ed0zfHdRa1wX+ZTRMTpBZ8hDl6iBblETtRBGj+gFvaI369l6tz6sz/loySp2jtCCrK9fsE+beQ==</latexit><latexit sha1_base64="Fm7jQkSJLoi+i0XsZn7uxu0Yg6w=">AAACC3icbZDLSsNAFIYn9VbrLdWlm2ARXJVEBF0W3bisYC/QhHAynbRDJ5NhZqLU0EfwEdzqA7gTtz6Ea1/EaZuFbf3hwMd/zuEc/kgwqrTrflultfWNza3ydmVnd2//wK4etlWaSUxaOGWp7EagCKOctDTVjHSFJJBEjHSi0c2033kgUtGU3+uxIEECA05jikEbK7Sr/giEgNAHJobgM+aFds2tuzM5q+AVUEOFmqH94/dTnCWEa8xAqZ7nCh3kIDXFjEwqfqaIADyCAekZ5JAQFeSz1yfOqXH6TpxKU1w7M/fvRg6JUuMkMpMJ6KFa7k3N/3q9TMdXQU65yDTheH4ozpijU2eag9OnkmDNxgYAS2p+dfAQJGBt0lq4ounoaWJS8ZYzWIX2ed0zfHdRa1wX+ZTRMTpBZ8hDl6iBblETtRBGj+gFvaI369l6tz6sz/loySp2jtCCrK9fsE+beQ==</latexit><latexit sha1_base64="Fm7jQkSJLoi+i0XsZn7uxu0Yg6w=">AAACC3icbZDLSsNAFIYn9VbrLdWlm2ARXJVEBF0W3bisYC/QhHAynbRDJ5NhZqLU0EfwEdzqA7gTtz6Ea1/EaZuFbf3hwMd/zuEc/kgwqrTrflultfWNza3ydmVnd2//wK4etlWaSUxaOGWp7EagCKOctDTVjHSFJJBEjHSi0c2033kgUtGU3+uxIEECA05jikEbK7Sr/giEgNAHJobgM+aFds2tuzM5q+AVUEOFmqH94/dTnCWEa8xAqZ7nCh3kIDXFjEwqfqaIADyCAekZ5JAQFeSz1yfOqXH6TpxKU1w7M/fvRg6JUuMkMpMJ6KFa7k3N/3q9TMdXQU65yDTheH4ozpijU2eag9OnkmDNxgYAS2p+dfAQJGBt0lq4ounoaWJS8ZYzWIX2ed0zfHdRa1wX+ZTRMTpBZ8hDl6iBblETtRBGj+gFvaI369l6tz6sz/loySp2jtCCrK9fsE+beQ==</latexit><latexit sha1_base64="Fm7jQkSJLoi+i0XsZn7uxu0Yg6w=">AAACC3icbZDLSsNAFIYn9VbrLdWlm2ARXJVEBF0W3bisYC/QhHAynbRDJ5NhZqLU0EfwEdzqA7gTtz6Ea1/EaZuFbf3hwMd/zuEc/kgwqrTrflultfWNza3ydmVnd2//wK4etlWaSUxaOGWp7EagCKOctDTVjHSFJJBEjHSi0c2033kgUtGU3+uxIEECA05jikEbK7Sr/giEgNAHJobgM+aFds2tuzM5q+AVUEOFmqH94/dTnCWEa8xAqZ7nCh3kIDXFjEwqfqaIADyCAekZ5JAQFeSz1yfOqXH6TpxKU1w7M/fvRg6JUuMkMpMJ6KFa7k3N/3q9TMdXQU65yDTheH4ozpijU2eag9OnkmDNxgYAS2p+dfAQJGBt0lq4ounoaWJS8ZYzWIX2ed0zfHdRa1wX+ZTRMTpBZ8hDl6iBblETtRBGj+gFvaI369l6tz6sz/loySp2jtCCrK9fsE+beQ==</latexit>
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In other words, as alpha is large, the dynamic is close to the linearized dynamic
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In other words, as alpha is large, the dynamic is close to the linearized dynamic

In other word, lazy regime allows to reach a local minimum.
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<latexit sha1_base64="oWr5gpLo1mc21yIk96CzEishXzY=">AAACC3icbVDLSsNAFJ34rPWV6tLNYBFclUQEXRbduKxiH9CGMplO2qGTSZi5UWrIJ/gJbvUD3IlbP8K1P+KkzcK2HrhwOOde7uH4seAaHOfbWlldW9/YLG2Vt3d29/btykFLR4mirEkjEamOTzQTXLImcBCsEytGQl+wtj++zv32A1OaR/IeJjHzQjKUPOCUgJH6dqU3IpD2QgIjSkR6l2V9u+rUnCnwMnELUkUFGn37pzeIaBIyCVQQrbuuE4OXEgWcCpaVe4lmMaFjMmRdQyUJmfbSafQMnxhlgINImZGAp+rfi5SEWk9C32zmGfWil4v/ed0Egksv5TJOgEk6exQkAkOE8x7wgCtGQUwMIVRxkxXTEVGEgmlr7gvw8VPeirvYwTJpndVcw2/Pq/Wrop8SOkLH6BS56ALV0Q1qoCai6BG9oFf0Zj1b79aH9TlbXbGKm0M0B+vrF3+Gm/s=</latexit><latexit sha1_base64="oWr5gpLo1mc21yIk96CzEishXzY=">AAACC3icbVDLSsNAFJ34rPWV6tLNYBFclUQEXRbduKxiH9CGMplO2qGTSZi5UWrIJ/gJbvUD3IlbP8K1P+KkzcK2HrhwOOde7uH4seAaHOfbWlldW9/YLG2Vt3d29/btykFLR4mirEkjEamOTzQTXLImcBCsEytGQl+wtj++zv32A1OaR/IeJjHzQjKUPOCUgJH6dqU3IpD2QgIjSkR6l2V9u+rUnCnwMnELUkUFGn37pzeIaBIyCVQQrbuuE4OXEgWcCpaVe4lmMaFjMmRdQyUJmfbSafQMnxhlgINImZGAp+rfi5SEWk9C32zmGfWil4v/ed0Egksv5TJOgEk6exQkAkOE8x7wgCtGQUwMIVRxkxXTEVGEgmlr7gvw8VPeirvYwTJpndVcw2/Pq/Wrop8SOkLH6BS56ALV0Q1qoCai6BG9oFf0Zj1b79aH9TlbXbGKm0M0B+vrF3+Gm/s=</latexit><latexit sha1_base64="oWr5gpLo1mc21yIk96CzEishXzY=">AAACC3icbVDLSsNAFJ34rPWV6tLNYBFclUQEXRbduKxiH9CGMplO2qGTSZi5UWrIJ/gJbvUD3IlbP8K1P+KkzcK2HrhwOOde7uH4seAaHOfbWlldW9/YLG2Vt3d29/btykFLR4mirEkjEamOTzQTXLImcBCsEytGQl+wtj++zv32A1OaR/IeJjHzQjKUPOCUgJH6dqU3IpD2QgIjSkR6l2V9u+rUnCnwMnELUkUFGn37pzeIaBIyCVQQrbuuE4OXEgWcCpaVe4lmMaFjMmRdQyUJmfbSafQMnxhlgINImZGAp+rfi5SEWk9C32zmGfWil4v/ed0Egksv5TJOgEk6exQkAkOE8x7wgCtGQUwMIVRxkxXTEVGEgmlr7gvw8VPeirvYwTJpndVcw2/Pq/Wrop8SOkLH6BS56ALV0Q1qoCai6BG9oFf0Zj1b79aH9TlbXbGKm0M0B+vrF3+Gm/s=</latexit><latexit sha1_base64="oWr5gpLo1mc21yIk96CzEishXzY=">AAACC3icbVDLSsNAFJ34rPWV6tLNYBFclUQEXRbduKxiH9CGMplO2qGTSZi5UWrIJ/gJbvUD3IlbP8K1P+KkzcK2HrhwOOde7uH4seAaHOfbWlldW9/YLG2Vt3d29/btykFLR4mirEkjEamOTzQTXLImcBCsEytGQl+wtj++zv32A1OaR/IeJjHzQjKUPOCUgJH6dqU3IpD2QgIjSkR6l2V9u+rUnCnwMnELUkUFGn37pzeIaBIyCVQQrbuuE4OXEgWcCpaVe4lmMaFjMmRdQyUJmfbSafQMnxhlgINImZGAp+rfi5SEWk9C32zmGfWil4v/ed0Egksv5TJOgEk6exQkAkOE8x7wgCtGQUwMIVRxkxXTEVGEgmlr7gvw8VPeirvYwTJpndVcw2/Pq/Wrop8SOkLH6BS56ALV0Q1qoCai6BG9oFf0Zj1b79aH9TlbXbGKm0M0B+vrF3+Gm/s=</latexit> �(⇥0) = 0

<latexit sha1_base64="BGzDl82JRHnsXMXmN7jmrpLKyfI=">AAACCnicbZDLSsNAFIYnXmu9RV26GSxC3ZREBN0IRTcuK/QGTQiT6aQZOrkwc1KooW/gI7jVB3Anbn0J176I0zYL2/rDgY//nMM5/H4quALL+jbW1jc2t7ZLO+Xdvf2DQ/PouK2STFLWoolIZNcnigkesxZwEKybSkYiX7COP7yf9jsjJhVP4iaMU+ZGZBDzgFMC2vJM02mEvOo0QwbEsy5uLc+sWDVrJrwKdgEVVKjhmT9OP6FZxGKggijVs60U3JxI4FSwSdnJFEsJHZIB62mMScSUm88+n+Bz7fRxkEhdMeCZ+3cjJ5FS48jXkxGBUC33puZ/vV4GwY2b8zjNgMV0fijIBIYET2PAfS4ZBTHWQKjk+ldMQyIJBR3WwhXgw6eJTsVezmAV2pc1W/PjVaV+V+RTQqfoDFWRja5RHT2gBmohikboBb2iN+PZeDc+jM/56JpR7JygBRlfvzOnmfw=</latexit><latexit sha1_base64="BGzDl82JRHnsXMXmN7jmrpLKyfI=">AAACCnicbZDLSsNAFIYnXmu9RV26GSxC3ZREBN0IRTcuK/QGTQiT6aQZOrkwc1KooW/gI7jVB3Anbn0J176I0zYL2/rDgY//nMM5/H4quALL+jbW1jc2t7ZLO+Xdvf2DQ/PouK2STFLWoolIZNcnigkesxZwEKybSkYiX7COP7yf9jsjJhVP4iaMU+ZGZBDzgFMC2vJM02mEvOo0QwbEsy5uLc+sWDVrJrwKdgEVVKjhmT9OP6FZxGKggijVs60U3JxI4FSwSdnJFEsJHZIB62mMScSUm88+n+Bz7fRxkEhdMeCZ+3cjJ5FS48jXkxGBUC33puZ/vV4GwY2b8zjNgMV0fijIBIYET2PAfS4ZBTHWQKjk+ldMQyIJBR3WwhXgw6eJTsVezmAV2pc1W/PjVaV+V+RTQqfoDFWRja5RHT2gBmohikboBb2iN+PZeDc+jM/56JpR7JygBRlfvzOnmfw=</latexit><latexit sha1_base64="BGzDl82JRHnsXMXmN7jmrpLKyfI=">AAACCnicbZDLSsNAFIYnXmu9RV26GSxC3ZREBN0IRTcuK/QGTQiT6aQZOrkwc1KooW/gI7jVB3Anbn0J176I0zYL2/rDgY//nMM5/H4quALL+jbW1jc2t7ZLO+Xdvf2DQ/PouK2STFLWoolIZNcnigkesxZwEKybSkYiX7COP7yf9jsjJhVP4iaMU+ZGZBDzgFMC2vJM02mEvOo0QwbEsy5uLc+sWDVrJrwKdgEVVKjhmT9OP6FZxGKggijVs60U3JxI4FSwSdnJFEsJHZIB62mMScSUm88+n+Bz7fRxkEhdMeCZ+3cjJ5FS48jXkxGBUC33puZ/vV4GwY2b8zjNgMV0fijIBIYET2PAfS4ZBTHWQKjk+ldMQyIJBR3WwhXgw6eJTsVezmAV2pc1W/PjVaV+V+RTQqfoDFWRja5RHT2gBmohikboBb2iN+PZeDc+jM/56JpR7JygBRlfvzOnmfw=</latexit><latexit sha1_base64="BGzDl82JRHnsXMXmN7jmrpLKyfI=">AAACCnicbZDLSsNAFIYnXmu9RV26GSxC3ZREBN0IRTcuK/QGTQiT6aQZOrkwc1KooW/gI7jVB3Anbn0J176I0zYL2/rDgY//nMM5/H4quALL+jbW1jc2t7ZLO+Xdvf2DQ/PouK2STFLWoolIZNcnigkesxZwEKybSkYiX7COP7yf9jsjJhVP4iaMU+ZGZBDzgFMC2vJM02mEvOo0QwbEsy5uLc+sWDVrJrwKdgEVVKjhmT9OP6FZxGKggijVs60U3JxI4FSwSdnJFEsJHZIB62mMScSUm88+n+Bz7fRxkEhdMeCZ+3cjJ5FS48jXkxGBUC33puZ/vV4GwY2b8zjNgMV0fijIBIYET2PAfS4ZBTHWQKjk+ldMQyIJBR3WwhXgw6eJTsVezmAV2pc1W/PjVaV+V+RTQqfoDFWRja5RHT2gBmohikboBb2iN+PZeDc+jM/56JpR7JygBRlfvzOnmfw=</latexit>

rk(D�(⇥))
<latexit sha1_base64="DyRN4tuvvlPOjd29Lc3Me1Kk8Rc=">AAACEnicbZDJSgNBEIZ74hbjFvUieBkMQnIJMyLoMagHjxGyQWYIPZ2apEnPQneNGIf4FD6CV30Ab+LVF/Dsi9hZDibxh4aPv6qo6t+LBVdoWd9GZmV1bX0ju5nb2t7Z3cvvHzRUlEgGdRaJSLY8qkDwEOrIUUArlkADT0DTG1yP6817kIpHYQ2HMbgB7YXc54yitjr5IwfhAVM5GBVvnGqfF51aH5CWSp18wSpbE5nLYM+gQG aqdvI/TjdiSQAhMkGVattWjG5KJXImYJRzEgUxZQPag7bGkAag3HTyg5F5qp2u6UdSvxDNift3IqWBUsPA050Bxb5arI3N/2rtBP1LN+VhnCCEbLrIT4SJkTmOw+xyCQzFUANlkutbTdankjLUoc1tQT54HOlU7MUMlqFxVrY1350XKlezfLLkmJyQIrHJBamQW1IldcLIE3khr+TNeDbejQ/jc9qaMWYzh2ROxtcvQRyd2w==</latexit><latexit sha1_base64="DyRN4tuvvlPOjd29Lc3Me1Kk8Rc=">AAACEnicbZDJSgNBEIZ74hbjFvUieBkMQnIJMyLoMagHjxGyQWYIPZ2apEnPQneNGIf4FD6CV30Ab+LVF/Dsi9hZDibxh4aPv6qo6t+LBVdoWd9GZmV1bX0ju5nb2t7Z3cvvHzRUlEgGdRaJSLY8qkDwEOrIUUArlkADT0DTG1yP6817kIpHYQ2HMbgB7YXc54yitjr5IwfhAVM5GBVvnGqfF51aH5CWSp18wSpbE5nLYM+gQG aqdvI/TjdiSQAhMkGVattWjG5KJXImYJRzEgUxZQPag7bGkAag3HTyg5F5qp2u6UdSvxDNift3IqWBUsPA050Bxb5arI3N/2rtBP1LN+VhnCCEbLrIT4SJkTmOw+xyCQzFUANlkutbTdankjLUoc1tQT54HOlU7MUMlqFxVrY1350XKlezfLLkmJyQIrHJBamQW1IldcLIE3khr+TNeDbejQ/jc9qaMWYzh2ROxtcvQRyd2w==</latexit><latexit sha1_base64="DyRN4tuvvlPOjd29Lc3Me1Kk8Rc=">AAACEnicbZDJSgNBEIZ74hbjFvUieBkMQnIJMyLoMagHjxGyQWYIPZ2apEnPQneNGIf4FD6CV30Ab+LVF/Dsi9hZDibxh4aPv6qo6t+LBVdoWd9GZmV1bX0ju5nb2t7Z3cvvHzRUlEgGdRaJSLY8qkDwEOrIUUArlkADT0DTG1yP6817kIpHYQ2HMbgB7YXc54yitjr5IwfhAVM5GBVvnGqfF51aH5CWSp18wSpbE5nLYM+gQG aqdvI/TjdiSQAhMkGVattWjG5KJXImYJRzEgUxZQPag7bGkAag3HTyg5F5qp2u6UdSvxDNift3IqWBUsPA050Bxb5arI3N/2rtBP1LN+VhnCCEbLrIT4SJkTmOw+xyCQzFUANlkutbTdankjLUoc1tQT54HOlU7MUMlqFxVrY1350XKlezfLLkmJyQIrHJBamQW1IldcLIE3khr+TNeDbejQ/jc9qaMWYzh2ROxtcvQRyd2w==</latexit><latexit sha1_base64="DyRN4tuvvlPOjd29Lc3Me1Kk8Rc=">AAACEnicbZDJSgNBEIZ74hbjFvUieBkMQnIJMyLoMagHjxGyQWYIPZ2apEnPQneNGIf4FD6CV30Ab+LVF/Dsi9hZDibxh4aPv6qo6t+LBVdoWd9GZmV1bX0ju5nb2t7Z3cvvHzRUlEgGdRaJSLY8qkDwEOrIUUArlkADT0DTG1yP6817kIpHYQ2HMbgB7YXc54yitjr5IwfhAVM5GBVvnGqfF51aH5CWSp18wSpbE5nLYM+gQG aqdvI/TjdiSQAhMkGVattWjG5KJXImYJRzEgUxZQPag7bGkAag3HTyg5F5qp2u6UdSvxDNift3IqWBUsPA050Bxb5arI3N/2rtBP1LN+VhnCCEbLrIT4SJkTmOw+xyCQzFUANlkutbTdankjLUoc1tQT54HOlU7MUMlqFxVrY1350XKlezfLLkmJyQIrHJBamQW1IldcLIE3khr+TNeDbejQ/jc9qaMWYzh2ROxtcvQRyd2w==</latexit>

8↵ > ↵0
<latexit sha1_base64="erxELdSZs4T8HtuUoh6sLae9INc=">AAACEXicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuhKim5cVrAPaEK4mU7aoZNJmJkIteQr/AS3+gHuxK1f4NofcdpmYVsPDHM4517uvSdMOVPacb6t0srq2vpGebOytb2zu2fvH7RUkklCmyThieyEoChngjY105x2UkkhDjlth8Pbid9+pFKxRDzoUUr9GPqCRYyANlJgH3lRIoFz7AFPB3A9+wInsKtOzZkCLxO3IFVUoBHYP1 4vIVlMhSYclOq6Tqr9MUjNCKd5xcsUTYEMoU+7hgqIqfLH0wNyfGqUHjabmCc0nqp/O8YQKzWKQ1MZgx6oRW8i/ud1Mx1d+WMm0kxTQWaDooxjneBJGrjHJCWajwwBIpnZFZMBSCDaZDY3RbPhU25ScRczWCat85pr+P1FtX5T5FNGx+gEnSEXXaI6ukMN1EQE5egFvaI369l6tz6sz1lpySp6DtEcrK9f4Rqdsw==</latexit><latexit sha1_base64="erxELdSZs4T8HtuUoh6sLae9INc=">AAACEXicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuhKim5cVrAPaEK4mU7aoZNJmJkIteQr/AS3+gHuxK1f4NofcdpmYVsPDHM4517uvSdMOVPacb6t0srq2vpGebOytb2zu2fvH7RUkklCmyThieyEoChngjY105x2UkkhDjlth8Pbid9+pFKxRDzoUUr9GPqCRYyANlJgH3lRIoFz7AFPB3A9+wInsKtOzZkCLxO3IFVUoBHYP1 4vIVlMhSYclOq6Tqr9MUjNCKd5xcsUTYEMoU+7hgqIqfLH0wNyfGqUHjabmCc0nqp/O8YQKzWKQ1MZgx6oRW8i/ud1Mx1d+WMm0kxTQWaDooxjneBJGrjHJCWajwwBIpnZFZMBSCDaZDY3RbPhU25ScRczWCat85pr+P1FtX5T5FNGx+gEnSEXXaI6ukMN1EQE5egFvaI369l6tz6sz1lpySp6DtEcrK9f4Rqdsw==</latexit><latexit sha1_base64="erxELdSZs4T8HtuUoh6sLae9INc=">AAACEXicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuhKim5cVrAPaEK4mU7aoZNJmJkIteQr/AS3+gHuxK1f4NofcdpmYVsPDHM4517uvSdMOVPacb6t0srq2vpGebOytb2zu2fvH7RUkklCmyThieyEoChngjY105x2UkkhDjlth8Pbid9+pFKxRDzoUUr9GPqCRYyANlJgH3lRIoFz7AFPB3A9+wInsKtOzZkCLxO3IFVUoBHYP1 4vIVlMhSYclOq6Tqr9MUjNCKd5xcsUTYEMoU+7hgqIqfLH0wNyfGqUHjabmCc0nqp/O8YQKzWKQ1MZgx6oRW8i/ud1Mx1d+WMm0kxTQWaDooxjneBJGrjHJCWajwwBIpnZFZMBSCDaZDY3RbPhU25ScRczWCat85pr+P1FtX5T5FNGx+gEnSEXXaI6ukMN1EQE5egFvaI369l6tz6sz1lpySp6DtEcrK9f4Rqdsw==</latexit><latexit sha1_base64="erxELdSZs4T8HtuUoh6sLae9INc=">AAACEXicbVDLSsNAFJ3UV62vqAsXbgaL4KokIuhKim5cVrAPaEK4mU7aoZNJmJkIteQr/AS3+gHuxK1f4NofcdpmYVsPDHM4517uvSdMOVPacb6t0srq2vpGebOytb2zu2fvH7RUkklCmyThieyEoChngjY105x2UkkhDjlth8Pbid9+pFKxRDzoUUr9GPqCRYyANlJgH3lRIoFz7AFPB3A9+wInsKtOzZkCLxO3IFVUoBHYP1 4vIVlMhSYclOq6Tqr9MUjNCKd5xcsUTYEMoU+7hgqIqfLH0wNyfGqUHjabmCc0nqp/O8YQKzWKQ1MZgx6oRW8i/ud1Mx1d+WMm0kxTQWaDooxjneBJGrjHJCWajwwBIpnZFZMBSCDaZDY3RbPhU25ScRczWCat85pr+P1FtX5T5FNGx+gEnSEXXaI6ukMN1EQE5egFvaI369l6tz6sz1lpySp6DtEcrK9f4Rqdsw==</latexit>

,
rL↵(⇥

↵
1) = 0

<latexit sha1_base64="GcIsI1rCuh5CwJdcg6dLuEFWOEo=">AAACKnicbZDLSsNAFIYnXmu9VV26CRZBNyURQTdC0Y0LFxXaWmhqOJlO2qGTSZg5EWroa/gUPoJbfQB3xaU+iNPLwrb+MPDxn3M4c/4gEVyj4wytpeWV1bX13EZ+c2t7Z7ewt1/Xcaooq9FYxKoRgGaCS1ZDjoI1EsUgCgR7CHo3o/rDE1Oax7KK/YS1IuhIHnIKaCy/4HgSAgFeBNilILK7ge+BSLpw4lW7DMH3uAyx/zgxT68cv1B0Ss5Y9iK4UyiSqSp+4dtrxzSNmEQqQOum6yTYykAhp4IN8l6qWQK0Bx3WNCghYrqVjS8b2MfGadthrMyTaI/dvxMZRFr3o8B0ji7Q87WR+V+tmWJ42cq4TFJkkk4WhamwMbZHMdltrhhF0TcAVHHzV5t2QQFFE+bMFuS954FJxZ3PYBHqZyXX8P15sXw9zSdHDskROSEuuSBlcksqpEYoeSFv5J18WK/WpzW0viatS9Z05oDMyPr5BUnlqGo=</latexit><latexit sha1_base64="GcIsI1rCuh5CwJdcg6dLuEFWOEo=">AAACKnicbZDLSsNAFIYnXmu9VV26CRZBNyURQTdC0Y0LFxXaWmhqOJlO2qGTSZg5EWroa/gUPoJbfQB3xaU+iNPLwrb+MPDxn3M4c/4gEVyj4wytpeWV1bX13EZ+c2t7Z7ewt1/Xcaooq9FYxKoRgGaCS1ZDjoI1EsUgCgR7CHo3o/rDE1Oax7KK/YS1IuhIHnIKaCy/4HgSAgFeBNilILK7ge+BSLpw4lW7DMH3uAyx/zgxT68cv1B0Ss5Y9iK4UyiSqSp+4dtrxzSNmEQqQOum6yTYykAhp4IN8l6qWQK0Bx3WNCghYrqVjS8b2MfGadthrMyTaI/dvxMZRFr3o8B0ji7Q87WR+V+tmWJ42cq4TFJkkk4WhamwMbZHMdltrhhF0TcAVHHzV5t2QQFFE+bMFuS954FJxZ3PYBHqZyXX8P15sXw9zSdHDskROSEuuSBlcksqpEYoeSFv5J18WK/WpzW0viatS9Z05oDMyPr5BUnlqGo=</latexit><latexit sha1_base64="GcIsI1rCuh5CwJdcg6dLuEFWOEo=">AAACKnicbZDLSsNAFIYnXmu9VV26CRZBNyURQTdC0Y0LFxXaWmhqOJlO2qGTSZg5EWroa/gUPoJbfQB3xaU+iNPLwrb+MPDxn3M4c/4gEVyj4wytpeWV1bX13EZ+c2t7Z7ewt1/Xcaooq9FYxKoRgGaCS1ZDjoI1EsUgCgR7CHo3o/rDE1Oax7KK/YS1IuhIHnIKaCy/4HgSAgFeBNilILK7ge+BSLpw4lW7DMH3uAyx/zgxT68cv1B0Ss5Y9iK4UyiSqSp+4dtrxzSNmEQqQOum6yTYykAhp4IN8l6qWQK0Bx3WNCghYrqVjS8b2MfGadthrMyTaI/dvxMZRFr3o8B0ji7Q87WR+V+tmWJ42cq4TFJkkk4WhamwMbZHMdltrhhF0TcAVHHzV5t2QQFFE+bMFuS954FJxZ3PYBHqZyXX8P15sXw9zSdHDskROSEuuSBlcksqpEYoeSFv5J18WK/WpzW0viatS9Z05oDMyPr5BUnlqGo=</latexit><latexit sha1_base64="GcIsI1rCuh5CwJdcg6dLuEFWOEo=">AAACKnicbZDLSsNAFIYnXmu9VV26CRZBNyURQTdC0Y0LFxXaWmhqOJlO2qGTSZg5EWroa/gUPoJbfQB3xaU+iNPLwrb+MPDxn3M4c/4gEVyj4wytpeWV1bX13EZ+c2t7Z7ewt1/Xcaooq9FYxKoRgGaCS1ZDjoI1EsUgCgR7CHo3o/rDE1Oax7KK/YS1IuhIHnIKaCy/4HgSAgFeBNilILK7ge+BSLpw4lW7DMH3uAyx/zgxT68cv1B0Ss5Y9iK4UyiSqSp+4dtrxzSNmEQqQOum6yTYykAhp4IN8l6qWQK0Bx3WNCghYrqVjS8b2MfGadthrMyTaI/dvxMZRFr3o8B0ji7Q87WR+V+tmWJ42cq4TFJkkk4WhamwMbZHMdltrhhF0TcAVHHzV5t2QQFFE+bMFuS954FJxZ3PYBHqZyXX8P15sXw9zSdHDskROSEuuSBlcksqpEYoeSFv5J18WK/WpzW0viatS9Z05oDMyPr5BUnlqGo=</latexit>

and
9⇥↵

1 :
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When             there is a clear 

convergence. 

↵ ! 1
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For ReLU, if linearized:

Thus, if linearized, the activations are stable.

When             there is a clear 

convergence. 
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T (w � w0)

<latexit sha1_base64="oP0+5JmMKJiVrTCKSONtP8i7Pv8="></latexit><latexit sha1_base64="oP0+5JmMKJiVrTCKSONtP8i7Pv8="></latexit><latexit sha1_base64="oP0+5JmMKJiVrTCKSONtP8i7Pv8="></latexit><latexit sha1_base64="oP0+5JmMKJiVrTCKSONtP8i7Pv8="></latexit>



Approximation results

• Generic idea: for a given function space, find a 
good approximation bound of a generator.


• Infinite depth + a single neuron is an universal 
approximator in     .


• Deep NNs lead to better approximations than linear 
methods for Besov, Sobolev, Hölder space…


• What about infinite width 1-hidden layer?

Ref.: ResNet with one-neuron hidden layers is a 
Universal Approximator, Lin and Jegelka

Ex.: 

94

Ref.: Adaptivity of deep ReLU network for 
learning in Besov and mixed smooth Besov 

spaces: optimal rate and curse of 
dimensionality, T Suzuki

approximation
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Theoretical results for 

1-hidden layer Neural Networks
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Universal approximation? 96

• Let f be a compactly smooth supported function: 
 
 
and   a non-linearity, bounded, strictly monotically 
increasing and continuous(e.g. tanh) 

• Theorem: Universal approximation (Cybenko, 1991) 

• Theorem: Approximation and estimation bounds (Barron, 
1994)

f : RD ! R Cf =

Z

RD

k!k1 |f̂(!)| d!and a smoothness measure:

⇢

FP : {ai, wi}iP and FP (x) =
X

iP

ai⇢(w
T
i x+ bi)Let’s note:

Then: 8✏, 9FP : kFP � fk1 < ✏

FN,P = arg inf
FP

NX

j=1

kFP (Xj)� f(Xj)k2If:
EkFN,P

� fk2  O(
C2

f

N
) +O(

DN

P
log(P ))then:
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Ref.: Breaking the curse of dimensionality with 
convex neural networks, F Bach

,



Reproducing Hilbert Space
• We will explain (one of) the strategy from (Bach, 

2014), only in the RKHS setting (more refined 
bound can be obtained outside the rkhs)
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Ref.: Breaking the curse of dimensionality with 
convex neural networks, F Bach

,



Reproducing Hilbert Space
• We will explain (one of) the strategy from (Bach, 

2014), only in the RKHS setting (more refined 
bound can be obtained outside the rkhs)

• Fix a measure       compact and introduce: 
 
 
e.g., for a finite number of neurons:

97
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F = {f, f(x) =
Z

(v,b)2⌦
p(v)⇢(vTx+ b)d⌧(v, b), p 2 L2(⌧)}
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f(x) =
X

i

pi⇢(v
T
i x+ bi)

Ref.: Breaking the curse of dimensionality with 
convex neural networks, F Bach
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Reproducing Hilbert Space
• We will explain (one of) the strategy from (Bach, 

2014), only in the RKHS setting (more refined 
bound can be obtained outside the rkhs)

• Fix a measure       compact and introduce: 
 
 
e.g., for a finite number of neurons:

• Then,     is a RKHS with kernel 
 
 
and norm
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• Lipschitz functions are in this RKHS. 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d = 1

• Let’s focus on functions defined over the 2D sphere:

• Lipschitz functions are in this RKHS. 
(proof via a Poisson kernel)

• Approximation results are easier with this type of results

Ref.: Breaking the curse of dimensionality with 
convex neural networks, F Bach
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Optimization of 1-hidden 
layer NN

Ref.: On the global convergence of gradient 
descent for over-parameterized models using 

optimal transport

Chizat and Bach
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Optimization of 1-hidden 
layer NN

• In the mean field limit, one can get convergence 
guarantees on the flow of an infinite width NN. 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Optimization of 1-hidden 
layer NN

• In the mean field limit, one can get convergence 
guarantees on the flow of an infinite width NN. 
 
 

• Those guarantees are purely asymptotic and seem 
difficult to extend to deeper NNs.
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Chizat and Bach
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• Under non-restrictive assumptions (e.g., satisfied by ReLU) 
on   , there exists constant c,C > 0, such that for any 
dimension d, there exists a measure    and               :

• g is bounded, with support in                and can be 
approximate by a 3 layers NN with a polynomial width. 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Limit: the Power of depth

• Under non-restrictive assumptions (e.g., satisfied by ReLU) 
on   , there exists constant c,C > 0, such that for any 
dimension d, there exists a measure    and               :

• g is bounded, with support in                and can be 
approximate by a 3 layers NN with a polynomial width. 

• BUT any 2 layers NN g such that  
has an exponential width.                       

Ref.: The Power of Depth for Feedforward 
Neural Networks, R Eldan and O Shamir
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Tomorrow’s lab

• Please try the first tutorial (classifying CIFAR10) 
on your own.


• https://edouardoyallon.github.io/cirm2021/
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• Deep neural networks are difficult tools to analyse…
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Conclusion

• Deep neural networks are difficult tools to analyse…

• …that can lead to super exciting new results.
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