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e Minimization problems involving : fx)
e a cost function f: RN — R;
e a subset D of RV,
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e Minimization problems involving :

e a cost function f: RN — R;
e a subset D of RV,

e Goal: We want to

Find X € D such that (Vx € D) f(X) < f(x)
< Findx e D suchthat f(X)= inil; f(x)
X€

< Find X € Argmin f(x).
xeD
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e Maximization problems involving :

f(x)

e a reward function f: RV — R;
e a subset D of RV,

3/15



e Maximization problems involving :

f(x)

e a reward function f: RV — R;
e a subset D of RV,

- X

e Goal: We want to

Find X € D such that (Vx € D) f(x) > f(x)
< Findxe D suchthat (Vxe D) —f(x) < —f(x)

< Find X € Argmin (—f(x)).
xeD

3/15



e Maximization problems involving :

e a reward function f: RV — R;
e a subset D of RV,

Without loss of generality, we
can focus on
minimization problems
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e D =RN: unconstrained problem

f(x)
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e D countable: discrete optimization problem

f(x)
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e D countable: discrete optimization problem

f(x)
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e D uncountable: continuous optimization problem

e Example: Optimization problem with P equality constraints
D={xeR"|(Vie{l,....,P}) g(x)=0}

where gi: RV — R.

e Particular case: linear (or affine) constraints F(x) = 102 +53)

gi(x) = (ai | x) + bi N
NN\

N
- § di,nXn + bi
n=1

where a; € R and b; € R. N
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e D uncountable: continuous optimization problem

e Example: Optimization problem with P inequality constraints

D={xeR"|(Vie{1,...,P}) g(x)<0}

where g;: RY — R.

e Particular case: linear (or affine) constraints
gi(x) = (ai [ x) + bj

N
S E di,nXn + bi
n=1

where a; € RY and b; € R.

X2

f(x) = 304 +x3)

N

Z



e Reformulation using indicator function

Find X € Argmin f(x) < Find X € Argmin f(x) + ¢p(x)
xeD x€RY

where
0 if xe D

+o00  otherwise.

(vx e RY) 1p(x) = {
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e Reformulation using indicator function

6/15

Find X € Argmin f(x)

where

e or equivalently

X

(vx e RY) 1p(x) = {

eb

Find X € Argmin f(x)

where

xeRV

(Vx eRY) f(x)= {

0
—+00

f(x)
+00

< Find X € Argmin f(x) + tp(x)

xeRN

if xe D

otherwise.

if xe D

otherwise.



e Reformulation using indicator function

Find X € Argmin f(x) < Find X € Argmin f(x) + ¢p(x)
xeD x€RY

where
0 if xe D

+o00  otherwise.

(vx e RY) 1p(x) = {

Allowing non finite valued functions leads to a unifying view of
constrained and unconstrained minimization problems.

6/15



1. Existence/uniqueness of a solution X ?
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2. Characterization of solutions: necessary/sufficient conditions for X to be a

solution.
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no closed form solution is available, i.e. building a sequence (x,)nen of RV

such that
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1. Existence/uniqueness of a solution X ?
2. Characterization of solutions: necessary/sufficient conditions for X to be a

solution.

3. Designing an algorithm to approximate a solution in the frequent case when
no closed form solution is available, i.e. building a sequence (x,)nen of RV
such that

lim x,=X.
n—-+o00

4. Evaluation of the performance of the optimization algorithm:

e Convergence rate
Example: If there exists p €]0,1[ and n* € N such that (Vn > n*)
[[%n+1 — X|| < pllxa — X||, then (Q-)linear convergence rate.
If limp— 100 % = 0, then superlinear convergence rate.
%41 — X|| < pllxa — X||?, then quadratic convergence rate.
e Robustness to numerical errors

e Amenability to parallel/distributed implementations.

7/15



8/15

Example: Supervised learning

e Database: S = {(u,z) e xG | L€ {l,...,L}}
e.g. uy € R image and z € {—1,1} classe (chameleon /stick insect)
H :
g
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Example: Supervised learning

e Database: S = {(u,z) e xG | L€ {l,...,L}}
e.g. uy € R image and z € {—1,1} classe (chameleon /stick insect)
H :
g

e Goal: Learn a prediction function d: H — G




e Database: S = {(up,z) e xG | Le{l,...,L}}
e Goal: Learn a prediction function d: H — G

o Typical choices for 7:

e 7 = R" for univariate signal with N samples;

o H =R"*M for multivariate signal with N samples and M components;

o #H = R" for image of size N = Ny x Ny;

o H =R"*M for graphs with N nodes and a multiv. information on each node.
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e Database: S = {(up,z) e xG | Le{l,...,L}}
e Goal: Learn a prediction function d: H — G

e Typical choices for G:
e G = {—1,+1} for binary classification;
e G={1,..., K} for multiclass classification;
e G = R for regression;
e G = RX for multivariate regression;
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e Database: S = {(up,z) e xG | Le{1,...,L}}

e Goal: Learn a prediction function d: H — G

e Typical choices for G:
e G = {—1,+1} for binary classification;
e G={1,..., K} for multiclass classification;
e G = R for regression;
e G = R¥ for multivariate regression;
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— P. Abry, J. Spilka, R. Leonarduzzi, V. Chudcek, N Pustelnlk M. Doret Sparse learning for
Intrapartum fetal heart rate analysis, Biomed. Phys. & Eng. Express, 4(3):034002, 2018. g[F'DF]



https://hal.archives-ouvertes.fr/hal-02349358/document
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e Database: S = {(up,z) e xG | Le{l,...,L}}

e Goal: Learn a prediction function d: H — G

e Typical choices for G:
G = {—1,+1} for binary classification;
e G={1,...,K} for multiclass classification;

e G = R for regression;
e G = R¥ for multivariate regression;

u, femis]

— J. Schmitt, E. Horne, N. Pustelnik, S. Joubaud, P. Odier An improved variational mode
decomposition method for internal waves separation, EUSIPCO, Nice, France, 2015. [ ]



https://arxiv.org/abs/2012.07158

e Database: S = {(us,z) e xG | L€ {1,...,L}}
e Goal: Learn a prediction function d: H — G

e Learning procedure relies on a minimization problem:

mlnlle

~l=
M~

1(ze, d(ug)) + A fa(d)
N

— Prior

Data-term
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e Database: S = {(us,z) e xG | L€ {1,...,L}}
e Goal: Learn a prediction function d: H — G

e Learning procedure relies on a minimization problem:

~l=
M~

mlmmlz 1(ze,d(w)) + AHh(d)
=1 M
Prior
Data-term
e Linear predictor: d(u) = x'u
©® Ridge regression: miilér,}l{ize % Zé:l (ze — x T up)? + Al|x||3

. . o . . . g
© Logistic classification: minimize 1 i log(l + ez Ue) + A[x|13
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e Database: S = {(u,z)) e xG | L€ {1,...,L}}
e Goal: Learn a prediction function d: H — G

e Learning procedure relies on a minimization problem:

L
1
mlmmlz — Z (ze,d(ue)) + Mh(d)
L ~——
(=1 .
~ Prior
Data-term
e Linear predictor: d(u) = x"u
© Ridge regression: minérqr_}ize % Zézl(ze — xTup)? + \||x|3
X

. . e . .. . il
©® Logistic classification: R %Zézl log(l 4 e~ ZeX uz) + Allx13

= Convex smooth problems
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e Database: S = {(us,z) e xG | L€ {1,...,L}}
e Goal: Learn a prediction function d: H — G

e Learning procedure relies on a minimization problem:

mlnlle

~l=
M~

Zg, UZ + )\fz(d)
N

— Prior

Data-term

e Linear predictor: d(u) = x'u
= can be extended to d(u) = x ' ¢(u) (e.g. ¢ scattering transform)
©® Ridge regression: minérqr_}ize % 2é=1(Ze — xTup)? + \||x|3

. . e . .. . il
©® Logistic classification: m1)r<1ér7r_1llze %Zéﬂ log(l + e~ 2ex uz) + Allx|13
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e Database: S = {(us,z) e xG | L€ {1,...,L}}
e Goal: Learn a prediction function d: H — G

e Learning procedure relies on a minimization problem:

~l=
M~

mlnlmlz 1(ze,d(w)) + AHh(d)
=1 x
Prior
Data-term
e Linear predictor: d(u) = x'u
© Sparse regression: minirqn_lize % 25:1 (ze — x T ug)? + A|x]1
S

©® Sparse logistic classification: mein i %Zézl log(l 4 e ZeX uz) + XIx]l1

® SVM classification: mi)r(%gl{ize % 25:1 max (0, 1—zxT uz) + Alx|13
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Database: S = {(u,z) e HxG | L {1,...,L}}
Goal: Learn a prediction function d: H — G

Learning procedure relies on a minimization problem:

L

1

mlmmlz I Z (ze,d(ue)) + Mh(d)
e_ v
_ Prior
Data-term
e Linear predictor: d(u) = x'u
©® Sparse regression: mi)r(lérqn_lize % 25:1 (ze — x T ug)? 4+ N|x]1

- . e . . . i
© Sparse logistic classification: miminze %2521 log(l + ez Ue) + AlIx]l1

© SVM classification: mi)r(lél;n_lize % Zé:l max (0, 1—zpxT ue) + M]3

= Convex non-smooth problems
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Database: S = {(u,z) e HxG | (e {1,...,L}}
Goal: Learn a prediction function d: H — G
Learning procedure relies on a minimization problem:

minimize Zfl zo,d(up)) + Afa(d)

~ Prior
Data-term
e Kernel-based predictor (parametrized):
L
mlnlmlze = Z f1 zy, Koz)z) + K3
acRt Z 1
©® Kernel: K(ue, uer) = {pue | oupr)
© Solution d*: d* =30, arp(xe)

® More details here: [/ Mairal course]
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http://members.cbio.mines-paristech.fr/~jvert/svn/kernelcourse/slides/master2017/master2017.pdf

e Database: S = {(us,z)) e xG | L€ {1,...,L}}
e Goal: Learn a prediction function d: H — G

e Learning procedure relies on a minimization problem:

Zg, Ug ) + )\fz(d)

Prlor

HllIllIIllZ

~l=
M~

=1

Data-term

e Neural network predictor (parametrized):
d(u) = 77[K](|/\/[K]7][K—1](W[K—1] o n[2](W[2]n[1](W[l]u)) )
® Linear operators: wtlowel ik

© Activation functions: it 2 5K
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Database: S = {(us,z;) e H xG | € {1,...,L}}
Goal: Learn a prediction function d: H — G

e Learning procedure relies on a minimization problem:

~ =
M~

minimize
d

fi(ze, d(ue)) + Afa(d)
~~

- Prior

Data-term

Neural network predictor (parametrized):
d(u) = pK(WKlyK=owik=1 Rl owRy Rty )

® Linear operators: wtl wil o wiK

© Activation functions: it 2 5K

= Non-convex problems
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e Data: We observe data z € RX being a degraded version of an original
image X € RN such that: z= Ax + ¢
o A:RF*N: denotes a linear degradation (e.g. a blur)

e ¢ : denotes a noise (e.g. Gaussian, Poisson noise)

e Goal: Restore the degraded image i.e., find X close to x:

minimize fA(Ax; z)+\  fH(x)
—_—— ~—~—

x€RM
Data-term Penalization
(a) Degraded (b) Inverse filtering Quadratic regularisation (e) Total variation
Uniform blur 9 x 9 (c)A=1d (d) A Laplacian

Gaussian noise

— N. Pustelnik, A. Benazza-Benhayia, Y. Zheng, J.-C. Pesquet, Wavelet-based Image Deconvolution
and Reconstruction, Wiley Encyclopedia of EEE, DOI: 10.1002/047134608X.W8294, Feb. 2016. IPDF]
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https://hal.archives-ouvertes.fr/hal-01164833v1

e Data: We observe data z € RX being a degraded version of an original
image X € RN such that: z= Ax + ¢
o A:RF*N: denotes a linear degradation (e.g. a blur)
e ¢ : denotes a noise (e.g. Gaussian, Poisson noise)

e Goal: Restore the degraded image i.e., find X close to x:

minimize f(Ax;z)+\  f(x)
x€RN —— ~—~—
Data-term Penalization

e Examples:
©® Poisson noise: Kullback-Leibler divergence
(Vy €R¥) fi(yiz) = iy o(%)
—ziIn(yk) + ayx if yx >0and z, >0
where ¢(yk) = < ayx ifyx >0and z, =0

400 otherwise

® Correlated Gaussian noise: square Mahanalobis distance fi(x;z) = ||x — z||3
10/15



e Data: We observe data z € RX being a degraded version of an original signal
x € RN such that: z=X +¢

e X : assumed piecewise constant/linear.
e ¢ : denotes a noise (e.g. Gaussian, Poisson noise).

e Goal: Restore the degraded image i.e., find X close to x:

1
minimize §||x—z||§—|—)\ [I1Dx||1
—_——

Data-term Penalization
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e Data: We observe data z € R¥ being a degraded version of an original signal
x € RN such that: z= X+ ¢

e X : assumed piecewise constant/linear.
€ s

. denotes a noise (e.g. Gaussian, Poisson noise).

e Goal: Restore the degraded image i.e., find X close to x:

1
minimize 3 x — z|I3+X ||Dx]l1
—_——

Penalizati
Data-term enalization
(@) 03 k=168 N/m @ 04 k =1002 N/m ® k = 2254 N/m

o 0.5

§ = o3 oa

g oz g g

I E E EO.J

= 02 02

0.2 0.1
70 72 74 76 78 80 70 72 74 76 78 80 70 72 74 76 78 80

— J. Colas, N. Pustelnik, C. Oliver, J.-C. Gminard, V. Vidal, Nonlinear denoising for solid friction
dynamics characterization, Physical Review E, 100, 032803, Sept. 2019.
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https://hal.archives-ouvertes.fr/hal-02271333/document

1980

— extracted from M. Morini, P. Flandrin, E. Fleury, T.

evolutions in dynamical networks,” 2018. [PDF]
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2005

Venturini, P. Jensen, “Revealing


https://hal.inria.fr/hal-01558219/document

Wa\yelets

XX

~ Data Hiding
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1995 2000 2005

— extracted from M. Morini, P. Flandrin, E. Fleury, T. Venturini, P. Jensen, “Revealing
evolutions in dynamical networks,” 2018. [PDF]
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https://hal.inria.fr/hal-01558219/document

Wavelet shrinkage (Donoho-Jonhstone, 1992)

<

Bs,

z a=Fz softy(Fz) X = F*softy(Fz)
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Wavelet shrinkage (Donoho-Jonhstone, 1992)

z a=Fz softy(Fz) X = F*soft(Fz)

= Identity
—Soft-thresholding
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Wavelet shrinkage (Donoho-Jonhstone, 1992)

z a=Fz softy(Fz) X = F*soft(Fz)

SOft)\(O‘) = (max{|a,-| —A O}Sign(ai)>1<,‘</\/ — Identity
- —Soft-thresholding

1
= arg myin §||1/ — a3+ /\Z |v]

——

lI~1lx
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Wavelet shrinkage (Donoho-Jonhstone, 1992)

z a=Fz softy(Fz) X = F*soft(Fz)

softy(a) = (max{|a;| — A, O}Sign(ai))l<i<N
1 o = Identity ‘
= arg min ,HI/ _ Oé”% + A Z ‘Vil —Soft-thresholding
v 2 .
i
N—— N
llv[lx ‘ .
> 1 5
X = argmin =[x — z|5+X || Fx]|1
x \2%...._ —_— N——
D . Penalization

13/15



(4+) Perform selection (4+) Avoid overfitting
. learning & regularization
e ©o

. Underfitting Overfitting Balanced

(extracted from towardsdatascience.com)

(=) Non-smooth optimization Vf = Of

f(y) u
F(x) + (v = x| u)
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(4+) Perform selection (4+) Avoid overfitting
. learning & regularization
®

. Underfitting Overfitting Balanced

(extracted from towardsdatascience.com)

(=) Non-smooth optimization Vf = Of

f(y) u
F(x) + (v = x| u)
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General objective function involving linear operators Ls from RN to RI™sl and

functions f; proper, convex, |.s.c functions from RI:l to ] = 00, +9]:
s
X € Argmin Z fs(Lsx)

xeRN 4

e Constraints:
® Handle large datasets;
® Possibly non-smooth functions;
© Flexibility in the design of objective functions;
© Parallel implementation;
e Framework: Proximal algorithms [Bauschke-Combettes, 2017]
® Forward-Backward
© Douglas-Rachford
©® ADMM, Primal-dual ...
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General objective function involving linear operators Ls from RN to RI™sl and

functions f; proper, convex, |.s.c functions from RI:l to ] = 00, +9]:
s
X € Argmin Z fs(Lsx)

xeRN 4

x10*
!

=3
o

) m...m.mmTTTTmmI‘ |

1975 1980 1985 1990 1995 2000 2005 2010 2015 2020

=)

’ Number of articles per year on Google scholar containing “proximal algorithm” since 1976.
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Reference books

Convex Analysis

and Monotone
Operator Theory
in Hilbert Spaces

@ springer

e D. Bertsekas, Nonlinear programming, Athena Scientic, Belmont, Massachussets, 1995.

e Y. Nesterov, Introductory Lectures on Convex Optimization: A Basic Course, Springer,
2004

e S. Boyd and L. Vandenberghe, Convex optimization, Cambridge University Press, 2004.

e H. H. Bauschke and P. L. Combettes, Convex Analysis and Monotone Operator Theory in
Hilbert Spaces, Springer, New York, 2011

e F. Bach, R. Jenatton, J. Mairal and G. Obozinski, Optimization with Sparsity-Inducing
Penalties. Foundations and Trends in Machine Learning, 4(1), pages 17106, 2012. [PDF]

e P.L. Combettes and J.-C. Pesquet, Proximal splitting methods in signal processing,” in:
Fixed-PointAlgorithms for Inverse Problems in Science and Engineering, (H. H. Bauschke,
R. S. Burachik, P. L. Combettes, V. Elser, D. R. Luke, and H. Wolkowicz, Editors),
Springer, pp. 185-212, 2011. [PDF]
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Optimization
Part 1l: Basics

Nelly Pustelnik
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(several slides in this part traced back Tutorial ICASSP 2014 written in collaboration with Jean-Christophe
Pesquet from Centre de Vision Numérique, CentraleSupelec, University Paris-Saclay, Inria, France. )



A (real) Hilbert space 7{ is a complete real vector space endowed with an inner

product (- | -). The associated norm is

(WxeH) Ixl=Vix]x)

e Particular case: H = RV (Euclidean space with dimension N).

1/29



Let H and G be two Hilbert spaces.
A linear operator L: H — G is bounded (or continuous) if

ILI = sup [[Lx]lg < +o0
Il <1
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Let H and G be two Hilbert spaces.
A linear operator L: H — G is bounded (or continuous) if
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Let H and G be two Hilbert spaces.
A linear operator L: H — G is bounded (or continuous) if

IL] = sup [[Lx|| < +o0
IxlI<1

e In finite dimension, every linear operator is bounded.
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Let H and G be two Hilbert spaces.
A linear operator L: H — G is bounded (or continuous) if

IL] = sup [[Lx|| < +o0
IxlI<1

e In finite dimension, every linear operator is bounded.

B(H,G): Banach space of bounded linear operators from H to G.

2/29



Let H and G be two Hilbert spaces.
Let L € B(#H,G). Its adjoint L* is the operator in B(G, H) defined as

(VOoy) eHxG) (v [Lx)g=(L"y | x)y

Example:
If LiH—H": x—(x,...,x)

then L*:H"—>'H:y:(yl,...,y,,)'—>2y,-

Proof: (Lx | y) = (%, -, x) | (v, s ym)) = D (x| 1) —<X|Zy,>

i=1
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Let H and G be two Hilbert spaces.
Let L € B(#H,G). Its adjoint L* is the operator in B(G, H) defined as

(Voy)eHxG) Lo =(LYy|x.

Example:
If LiH—H": x—(x,...,x)

then L*:H"—>'H:y:(yl,...,y,,)'—>2y,-

Proof: (Lx | y) = (%, -, x) | (v, s ym)) = D (x| 1) —<X|Zy,>

i=1
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e About L*:
©® Compute gradient and proximity operator operations (Parts Il and V)
© Dual formulation (cf. Part VI)
® Finite dimensions: If L € B(RN,RK) then L* = L".

© Check the correct implementation by using its definition

(V(xy) eRY xR)  (Lx]y) = (x| L")

e About ||L||:
® Required for gradient-based algorithms;
©® We have ||L*|| = |IL]|;

©® Normalized power method (or Von Mises iteration) to compute ||L]|
when L denotes a diagonalizable matrix.
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1 function beta=power_method(H, param)

2 -1% Normalized Power Method to estimate ||H]||
3 % Implementation N. Pustelnik

4 % 23-sept-2020

5

6 - rhon=1+1e-6;

7= rhon1(1)=1;

8 - xn = randn(param.nl,param.n2)’';

9 - xnl = xn;

10 - k=1;

11 - [ while abs(rhonl(k)-rhon)/rhonl(k) >= 1e-8
12 - xn = xnl/norm(xnl, 'fro');

13/ xnl = H.adj_op((H.dir_op(xn)));

14 - rhon=rhonl(k);

15i= k=k+1;

16|~ rhonl (k) = norm(xnl,'fro');

17 - end

18 - - beta=sqrt(rhonl(k));
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Find X € Argmin f(x)
XEH

Class of functions f € I'y(H):

e Proper function
e Lower semi-continuous function

e Convex function

6/29



Let f: H — ]|—o0, +00] where H is a Hilbert space.

e The domain of f is dom f = {x € H|f(x) < +o0}.
e The function f is proper if dom f # &.

Domains of the functions ?

L j

\| /

x

HOM

A\
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e The domain of f is dom f = {x € H|f(x) < +o0}.
e The function f is proper if dom f # &.

Domains of the functions ?

1 f(X) |

\| /

x

HOM
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Let f: H — ]|—o0, +00] where H is a Hilbert space.

e The domain of f is dom f = {x € H|f(x) < +o0}.
e The function f is proper if dom f # &.

Domains of the functions ?

O i (O

\ | /

x

A\

7

X

domf =R dom f =]0, J]
(proper) (proper)
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Let C C H.
The indicator function of C is

0 if xe C

+00 otherwise.

(Vx € H) te(x) = {

Example : C = [d1, 2]
F(x) = 11,61 ()

8/29



Let f : H — ]|—o00,+0o0]. The epigraph of f is

epif = {(x,{) €domf xR | f(x) < ¢}
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Let f : H — ]|—o00,+0o0]. The epigraph of f is

epif = {(x,{) €domf xR | f(x) < ¢}

I f(x) = || f(x) = t[—s,5(x)
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Let f : H — ]|—o00,+0o0]. The epigraph of f is

epif = {(x,{) €domf xR | f(x) < ¢}
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I f(x) = || f(x) = t[—s,5(x)

X -0

e Examples:
© Astrophysics: Epigraphical constraint on Stokes parameters

x=(1,Q,U): I,> /@ + U2

. _ [xn| < ¢n
© Projection onto /;-ball: Y |x,| <n <

chngn
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Let f: H — |—o0, +o0].
f is a lower semi-continuous function on # if and only if epif is closed

e Examples:
© Do not allow for strict constraints e.g. Ax < b or x > 0;

© Allow for inequality or equality constraints e.g. Ax = b, Ax < b or x > 0;
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Let f: H — |—o0, +o0].
f is a lower semi-continuous function on # if and only if epif is closed

e Examples:
® Do not allow for strict constraints e.g. Ax < b or x > 0;

® Allow for inequality or equality constraints e.g. Ax = b, Ax < bor x > 0;

e Properties:
® Every continuous function on H is l.s.c.
© Every finite sum of l.s.c. functions is l.s.c.

© Let (f;)ies be a family of I.s.c functions. Then, sup;, f; is |.s.c.
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C C H is a convex set if
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f:H — ]—00,+] is a convex function if

(V(x,y) € HA)(Va €]0,1])  flax + (1 —a)y) < af(x) + (1 — a)f(y)
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f:H — ]—o00,+0o0] is a convex function if

(V(x,y) € H?) (Ve €]0,1])  f(ax+ (1 —a)y) < af(x) + (1 — a)f(y)

Convex functions ?

f(x) = |x| f(x) = VIx| f(x) = t[-5,6(X)
(0 if x € [-46, 0]
+0o otherwise)

% 1 3 x
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f:H — ]—o00,+0o0] is convex < its epigraph is convex.
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I f(x) = Ix] T F(x) = /I () = 1s1(x)
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f:H — ]—o0,+00] is convex < its epigraph is convex.

e Properties :
® Composition of an increasing convex funct. and a convex funct. is convex.
O If f:H — ]—00,+0] is convex, then dom f is convex.
©® f: H — [—o00,400[ is concave if —f is convex.
©® Every finite sum of convex functions is convex.

© Let (f;)ies be a family of convex functions. Then, sup;c, f; is convex.
e o(H): class of convex, |.s.c., and proper functions from H to |—oc, +o0].
o .c € Tg(H) < Cis a nonempty closed convex set.
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Let H be a Hilbert space. Let f: H — ]—o0, +0].
f is strictly convex if

(Vx € dom f)(Vy € dom f)(Va €]0, 1])
x#Zy = flax+(1-a)y)<af(x)+(1—-a)f(y).
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Let H be a Hilbert space. Let f: H — ]—o0, +0].
f is strictly convex if

(Vx € dom f)(Vy € dom f)(Va €]0, 1])
xZy = flax+(1-a)y)<af(x)+(1—a)f(y).

e Strictly convex functions ?
f(x) 4 f(x)

N
N
N 4

X
x
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Find X € Argmin f(x)
xeC

e Class of functions f € o(H):

o Minimizers
® Local versus global minimizers
© Coercivity and existence

® Convex function

16/29



Let C be a nonempty set of a Hilbert space H.
Let f: C — ]—o0,+00] be a proper function and let X € C.

e X € domf is a local minimizer of f if there exists an open neigborhood O
of X such that
(Vxe 0ONnC) f(x) < f(x).

e X is a (global) minimizer of f if

(Vxe C)  f(X) < f(x).
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Let C be a nonempty set of a Hilbert space H.
Let f: C — ]—o0,+00] be a proper function and let X € C.

e X is a strict local minimizer of f if there exists an open neigborhood O of
X such that
(Vx e (0N C)\ {x}) f(X) < f(x).

e X is a strict (global) minimizer of f if

(txe C\ (X)) fR) < fx).
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Theorem: Let H be a Hilbert space. Let f: H — ]|—o0, +00] be a proper convex

function such that p = inf f > —o0.

o {xe M | f(x)=p}is convex.
e Every local minimizer of f is a global minimizer.

e If f is strictly convex, then there exists at most one minimizer.
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Theorem: Let H be a Hilbert space. Let f: H — ]|—o0, +00] be a proper convex
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o {xeH | f(x)=p}is convex.
e Every local minimizer of f is a global minimizer.

e If f is strictly convex, then there exists at most one minimizer.
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Let H be a Hilbert space. Let f: H — ]—o0, +0].
f is coercive if lim,| ;.o f(x) = +o0.
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Let H be a Hilbert space. Let f: H — ]—o0, +0].
f is coercive if lim o0 F(x) = +o00.

Coercive functions ?
2 (%) L F(X) Af(x)

+00
-..______________E; ; ._______,,/”/,/,/=
X X
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f is coercive if lim o0 F(x) = +o00.
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Theorem: Let H be a Hilbert space and C a closed convex subset of . Let
f € l'o(H) such that dom f N C # @.
If f is coercive or C is bounded, then there exists X € C such that

(%) = inf ().

If, moreover, f is strictly convex, this minimizer X is unique.
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Find X € Argmin f(x)
xeC

e Class of functions f € o(H):

e Minimizers

o Differentiability and optimality condition

22/29



Let H be a Hilbert space and let f: H — ]—o0, +0o0] be a proper function.
f is Gateaux differentiable at x € dom f if there exists Vf(x) € H such that

(Yy € H) (VE(x) | y) = oléil,no f(x+ oz)(;) - f(x).

e Vf(x) € H the Riesz-Fréchet representant
e Example: Let x € RV, z € RX and A € R¥*N and f(x) = ||Ax — z||?, then

Vi(x) = A*(Ax — z)
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1st order necessary and sufficient condition (P. Fermat)
Let f € [o(RN) be continuously differentiable function on RV.

X € Argmin pnf(x) < Vi(x)=0

e More details about optimality conditions here :

[ ]
[ ]

e Limitations :
® Lead to a N equations - N unknown problem.
® Closed form expression for only few cases.
® If no closed form expression exists, an iterative procedure is required.

24/29


https://who.rocq.inria.fr/Jean-Charles.Gilbert/ensta/04-co.pdf

e Example: Solving mean squares

A e RVNXN £yl rank

Find X = Argmin,cgn|Ax — y|3 with
y € RM

— Optimality condition:

VAR)=0 & A(AR—y)=0

X=(ATATI(ATy)

— Closed form expression but sometimes difficult to invert AT A.
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e Example: Logistic based criterion:

Find X € Argmin, g log (1 + exp(—yx)) with  yeR

— Optimality condition:

—yexp(—yx) 0

MLl e o

— No closed form expression. An iterative procedure is required.
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Problem: Let f € To(RV), find X € Argmin f(x).
xERN

e If f is a-Lipschitz differentiable with a > 0, the (explicit) gradient method:
(Vn € N) Xn41 = Xn — Yn VT (xn)

— Convergence insured when 0 < inf,cn v, et sup,cyvn < 2a7 L
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e If f is a-Lipschitz differentiable with a > 0, the (explicit) gradient method:
(Vn e N) Xn41 = Xn — Yn VT (xn)

— Convergence insured when 0 < inf,cn v, et sup,cyvn < 2a7 L

e If f nonsmooth, the (explicit) subgradient method:

(Vn e N) Xnt1 = Xn — YnlUn Wwith wu, € Of(x,)

— Convergence insured when v, €]0, +oo[ such that °7% 42 < 400 and

>onZo T = oo, | J:
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e If f is a-Lipschitz differentiable with a > 0, the (explicit) gradient method:
(Vn e N) Xn41 = Xn — Yn VT (xn)

— Convergence insured when 0 < inf,cn v, et sup,cyvn < 2a7 L

e If f nonsmooth, the (explicit) subgradient method:
(Vn e N) Xnt1 = Xn — YnlUn Wwith wu, € Of(x,)

— Convergence insured when v, €]0, +oo[ such that °7% 42 < 400 and

>oalo¥n = F00. | ]
e If f nonsmooth, the implicit subgradient method is
(Vn eN) Xntl = Xn — YnlUn with 0, € Of (Xp11)

— Convergence insured when S27° 4 = 400 .
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xERN
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e If f is a-Lipschitz differentiable with a > 0, the (explicit) gradient method:
(Vn e N) Xn41 = Xn — Yn VT (xn)

— Convergence insured when 0 < inf,cn v, et sup,cyvn < 2071

e If f nonsmooth, the (explicit) subgradient method:
(Vn e N) Xnt1 = Xn — YnlUn Wwith wu, € Of(x,)
— Convergence insured when v, €]0, +oo[ such that °7% 42 < 400 and
Yol Yn = Fo0. | I
e If f nonsmooth, the implicit subgradient method is

(Vn eN) Xntl = Xn — YnlUn with 0, € Of (Xp11)

— Convergence insured when Zn 0 Yn = +00 = Proximity operator.
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Optimization
Part I1l: Subdifferential

Nelly Pustelnik

CNRS, Laboratoire de Physique de I'ENS de Lyon, France
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(several slides in this part traced back Tutorial ICASSP 2014 written in collaboration with Jean-Christophe
Pesquet from Centre de Vision Numérique, CentraleSupelec, University Paris-Saclay, Inria, France. )






Jean-Jacques Moreau
(1923-2014)
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The (Moreau) subdifferential of f, denoted by 0f,
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Let f: H — ]—o0, +0] be a proper function.
The (Moreau) subdifferential of f, denoted by Jf,
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Let f: H — ]—o0, +0] be a proper function.
The (Moreau) subdifferential of f, denoted by 0f, is such that

of : H — 2%
x > {ueH|(Vy e H){y —x|u) + f(x) < f(y)}

f(y) \ U
f(x) + <y - x|u)

E,
<y

Fermat's rule : 0 € 0f(X) < X € Argmin f(x)
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Let f: H — ]—o0, +0] be a proper function.
The (Moreau) subdifferential of f, denoted df, is such that

of : H — 2%
x> {ue M| (Vy e H){y —x|u) + f(x) < f(y)}

e ue df(x) isa_offatx.
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If f: H — ]—00, +0] is convex and it is Gateaux differentiable at x, then

of (x) = {VFf(x)}

6/12



Let C be a nonempty subset of .
For every x € H, dic(x) is the normal cone to C at x defined by

Ne () {ueH |(WyeC) uly—x)<0} ifxeC
X) =
‘ %) otherwise.

Ne(x)

7/12



Let H and G be two real Hilbert spaces.

o Let f: H — |—00, +00] be proper, then for every A € 10, +oo[ A(Af) = AOF.
o let f: H— |—0,4+], g: G — |—00,+0], and L € B(H,G).
If domg n L(domf) # &, then
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Let H and G be two real Hilbert spaces.
Let f € To(H), g€ To(G), and L € B(H,G).
If int (domg) N L(dom f) # & or domg r int (L(domf)) # @, then

Particular case:

o If felg(H), gelo(H), and domg = H (or domf = H), then
of +0g =0(f + g).

o If gel(G), Le B(G,H), and int (domg) n ranL # @, then
L*0g L =0(gol).
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Let (H)ies where | < N be Hilbert spaces and let H = @, Hi.
For every i € I, let f;: H; — ]—o0,+0] be a proper function. Let

f:H — ]—00, 0] : x = (%)ier = D, (%)
iel
Then,
(VX = (X,'),'E/ € 7‘[) (9f(X) = >< af,(X,)

i€l
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Let (H)je; where I © N be Hilbert spaces and let H = @, H,.
For every i € I, let f;: H; — ]—00, +0] be a proper function. Let

foH = J=o0, +00]  x = (x)ier > D, Fi(x)
i€l
Then,
(Vx = (x)ier €M) f(x) = X Ofi(x).

iel

Proof: Let x = (x;)je; € H. We have
t = (tj)ier € X 0fi(xi)
i€l
< (Vieh(Vy; e Hi) fi(yi) = filx) + {ti | yi —xi)
= (Vy = (Vi)ier EH) Z i (vi) >Z Xi +Z<t: | vi = xi)

iel i€l i€l

< (VyeH) f(y)=f(x)+{t]y—x).
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Let (#)jer where | = N be Hilbert spaces and let # = @,_, H,.
For every i € I, let fi: H; — ]—00,+00] be a proper function. Let

fi M — =00, +00] s x = (x)ier = Y, fi(x)
i€l
Then,
(Vx = (x)ier €M) F(x) = X Ofi(x).

i€l

Proof: Conversely,

= (ti)iel (S af(X)
< (Vy = (Wi)ier € H) Z fi(yi) = Z fi(xi) + Z<ti lyi —xi).

iel iel iel

Let j € /. By setting (Vi e \{j}) yi = x; € dom f;, we get

(Vy; e ;) fi(y;) = 6i(x) + <t | yj — )
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— {1—norm

f:RVSR: (Xi)1<i<n — Z |xi]
i=1

Then
-1 if ( <0;
1 if ( >0;
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— Smooth approximation of the ¢;—norm parametrized by p > 0.
[Combettes-Glaudin,2019]

N
f: RN —R: (X;)1<;<N —> Z f,'(X,‘)
i=1
and
L f
from{ -8 K>
ﬂv if |C| < 1%

Note that, since
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http://export.arxiv.org/abs/1803.02919
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Problem: Let f € To(RV), find X € Argmin f(x).
xERN

e If f is a-Lipschitz differentiable with « > 0, the (explicit) gradient method:
(Vn e N) Xnt1 = Xn — Yn VI (xn)

— Convergence insured when 0 < inf,cn v, et sup,cyvn < 2071

e If f nonsmooth, the (explicit) subgradient method:
(Vn e N) Xn4l = Xn — YnlUn With u, € Of(x,)

— Convergence insured when 7y, €]0, +oo[ such that 3°/°5 42 < 400 and

E::n 0Vn = +00. [ ]'
e If f nonsmooth, the implicit subgradient method is
(Vn e N) Xntl = Xn — YnlUn with 0, € Of (Xp11)

— Convergence insured when Zn o Yn = +00 = Proximity operator.



Let H be a Hilbert space. Let f € [o(H).

e The Moreau envelope of f of parameter v € ]0, +o0[ is

1
TF: R: inf £ —ly — x|I*.
H = Rixio inf f(y) + 5o ly = ]
e The proximity operator of f is

. 1
proxs: H — H: x — argmin f(y) + = |ly — x||>.
yEH 2

f(x) Tf(x) prox¢(x)

Xy
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fly) =yl

gyix) =yl + 3(y — x)?
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f(x) = Ix|

Tf(x) = ying(y: x)

proxs(x) = argmin g(y; x)
YEH



f(y) =yl

g(yix) =yl + 3(y — x)?
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f(x) = Ix|

Tf(x) = ying(y: x)

proxs(x) = argmin g(y; x)
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Let H be a Hilbert space and f € ['o(#).

(Vx € H) p=proxs(x) < x—peaif(p).
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Let H be a Hilbert space and f € ['o(#).

(Vx € H) p = proxs(x)

=4

x —p € Of(p).

e Proof: By using Fermat's rule, for every x € H, p = prox,(x) if and only if

_ 1
p=argmin f(y)+ 3y — x|
yEH

o 0ed(r+ sl —2)e)

& 0edf(p)+p—x
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Let H be a Hilbert space and f € ['o(#).

(Vx € H) p = proxs(x)

=4

x —p € Of(p).

e Proof: By using Fermat's rule, for every x € H, p = prox,(x) if and only if

_ 1
p=argmin f(y)+ 3y — x|
yEH

o 0ed(r+ sl —2)e)

& 0edf(p)+p—x

e Proximal step :

Xkt1 = proxvf(xk) & Xk+1 = Xk — Uk where ux € yOf(Xk11)

4/20



Projection :

Let H be a Hilbert space. Let C be a nonempty closed convex subset of H.

1
(Wx e H)  prox, (x) = argm|n§||y — x> = Pc(x).
yeC
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Power g function with g > 1 :
Let x >0, g € [1,4+o00[ and p: R — |—00,+00] : 17— x[£]9.
Then, for every £ € R,

'sign(f) max{[¢| — x, 0} if g =
€+ 57375 (e = Y3 — (e +€)'7)
where e = /€2 + 256x3/729 ifq:%
prox € = { € + 9x2si8gn(£)< 1+ 16|£|) if g =2
ﬁ if g=
sign(&) 7”1—%2;:'5'_1 ifg=3
(57 = (59 where = VE+T/01) ifa=4
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Power g function with g > 1 and x = 2.

2 0 2
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Quadratic function :

[ J

Let H and G be two Hilbert spaces.
Let L€ B(G,H), v € ]0,+o0[ and z € G.

f=~|L-—z|?/2 = prox; = (Id +yL*L)" (- + yL*2).

8/20


https://www.ljll.math.upmc.fr/~plc/prox.pdf
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[

Let H be a Hilbert space, x € H and f € ['o(H).
]

Properties

&(x)

ProXgx

Translation

fix—2z),z€ H

7+ proxs(x — z)

Quadratic perturbation

)+ [l x 112 /24 (2 | %)+

zEH,a>0,vER

prox

x—z
r o)
a+l G

Scaling

f(px), p € R*

% prox o.(px)

Reflexion

f(=x)

—prox/(—x)

Moreau enveloppe

Yf(x) = gfﬂf
y
¥>0

1 2
W+ —lx=vl
2y

T (vt prox(uy)r()



https://www.ljll.math.upmc.fr/~plc/prox.pdf

For every i € {1,...,n}, let H; be a Hilbert space and let f; € [o(H;).
If

(Vx:(xl,...,x,,)e'Hl><--~><7-t,, f(x) = Zf(x,

then
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Let H be a separable Hilbert space (i.e. if it possesses a countable orthonormal
basis).

Let (b;)ic/ be an orthonormal basis of H.

For every i € I, let ¢; € I'o(R) such that ¢; > 0. For every x € H,

if

f(x) =Y willx] b))

iel

then

Remark: The assumption (Vi € ) ¢; > 0 can be relaxed if H is finite dimensional.

11/20



Let H be a separable Hilbert space (i.e. if it possesses a countable orthonormal
basis).

Let (b;)ic/ be an orthonormal basis of H.

For every i € I, let ¢; € I'o(R) such that ¢; > 0. For every x € H,

if

f(x) =Y willx] b))

iel

then

Example: H = RV, (b;)1<;<n canonical basis of RN, f = || - ||; with A € [0, +oo].

(Vx = (x)1<i<n) € RY) proxy ., (x) = (prox)‘|,|(x(i)))1§iSN
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Kullback-Leibler divergence

[ ]
(Vy € RX)  F(yi2) = X5, o)
—ziIn(yk) + ayx ifyxk >0and zx >0

where @(yk) = < ayx if yy >0and z =0
400 otherwise

The associated proximity operator is

Yk = o+ /Iy — ya? + 4yz
2

prox,y(i,(yk) =

12/20


https://pcombet.math.ncsu.edu/jstsp1.pdf

Huber loss

[ ]

K
h:RK 5 R (yi)i<i<k — Z hi(&i)
i=1

where

<l =5, ifI¢I>
h,CH |C|2 z 'f
ﬂv I |C|<l~‘t

The proximity operator of h can be computed explicitly via
prox p: (Gi<i<k + (Prox,4(ii<i<k
for some 7 > 0, where

(T K> T+m
e, il <THp

prox,q: ¢ — {

13/21



http://export.arxiv.org/abs/1803.02919

Let H and G be two Hilbert spaces. Let f € To(#) and L € B(G,H) such that
LL* = pId where p € 10, +o00[. Then

14/20



Proximity operator: properties

Particular case : L € B(H,H) unitary, proxs,; = L*proxsL.

e lllustration: denoising using an /1 penalty on the coefficients resulting from

an orthogonal wavelet transform L.

PTOXA |11,

15/20



® Drox,.y,: soft-thresholding with a fixed threshold A > 0.
e prox.;, ,[Peyré Fadili,2011].
o proxyz with p = {3, 3,2,3,4}[Chaux et al.,2005].
e proxp,, [Combettes,Pesquet,2007].
e prox, = P¢ projection onto the convex set C.
— range constraint hypercube projection,
— {1 p-ball constraint [Quattoni,2007] [VanDenBerg,2008]
® Proxss i, with overlapping groups [Jenatton et al., 2011]

e Composition with a linear operator: prox,,, closed form if LL* = vId
[Pustelnik et al., 2016]

16/20



prox = prox,, o prox_

p1+p2

[Combettes-Pesquet, 2007] N =1, 2 = tc of a non-empty closed convex
subset of C and ¢ is differentiable at 0 with h’(0) = 0.

[Chaux-Pesquet-Pustelnik,2009] C and ¢, are separable in the same basis.
[Yu, 2013][Shi et al., 2017] J¢pa(x) C dpa(proxeps(x)).

e Other recent results [Pustelnik, Condat, 2017][Yukawa, Kagami, 2017][del
Aguila Pla, Jaldén, 2017]

17/20



e Exhaustive list of proximity operators, Matlab and Python codes:
http://proximity-operator.net/

authors: Chierchia, Chouzenoux, Combettes, Pesquet

e On Github: https://github.com/cvxgrp/proximal
authors: Parikh, Chu, Boyd

e SPAMS: http://spams-devel.gforge.inria.fr/

authors: Mairal, Bach, Ponce, Sapiro, Jenatton, Obozinski

e Fast implementation:

https://www.gipsa-lab.grenoble-inp.fr/~laurent.condat/software.html

author: Condat

18/20
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Fixed point algorithm




Fixed point algorithm: zeros and fixed points

2™ is the power set of H, i.e. the family of all subsets of 7.

Let H be a Hilbert space. Let ®: H — 2%,
The set of fixed points of ® is : Fix® = {x € H|x € dx}.
The set of zeros of @ is : zer® = {x € H |0 € Ox}.




Fixed point algorithm: convergence

Let H be a Hilbert space.
Let (xx)ken be a sequence in H and X € H.

e (xx)ken converges strongly to X if

li —X|| =0.
im = %

It is denoted by xx — X.

e (xx)ken converges weakly to X if

(Vy € H) lim (y|xx—Xx)=0.

n—-o0o

It is denoted by x, — X.

Remark: In a finite dimensional Hilbert space, strong and weak
convergences are equivalent.



Banach-Picard theorem

An operator ®: H — H is w—Lipschitz continuous for some w € [0, +-o00[
if

(Vx € H)(Vy € H) [[®x — by|| Sw|x =y

® is nonexpansive if it is 1—Lipschitz continuous.

Banach-Picard theorem Let w € [0, 1], let ®: H — H be a w—Lipschitz
continuous operator, and let xp € H. Set

(Vk € N) Xk+1 = dx.
Then, Fix® = {x} for some x € H and we have

(Vk €N) lxi — %] < w¥lixo — %Il

Moreover, (xx)ken converges strongly to X with linear convergence rate w.
4




Gateaux differentiable + Lipschitz

An operator ®: H — H is w—Lipschitz continuous for some w € [0, +-o00[
if

(Vx € H)(Vy € H) [[®x — by|| Sw|x =y

For every ( > 0, we consider the class CHY(H) of functions f: H — R
¢
satisfying:
e f is Gateaux differentiable in H

e Vif:H — H is -Lipschitz continuous.




Averaged nonexpansive operator

An operator ®: H — H is u—averaged nonexpansive for some p € |0, 1]
if, for every x € H and y € H,

]_ _
J0x = 0y < fx = yIP — (222 ) 1014 - 0)x - (1 - @)y,

o is firmly nonexpansive if it is 1/2—averaged.

® is nonexpansive if and only if ® is 1—averaged.

Theorem Let p € ]0,1[, let ®: H — H be a pu—averaged nonexpansive
operator such that Fix® # &, and let xg € H. Set
(Vk € N) Xk+1 = dxp.

Then (xk)ken converges weakly to a point in Fix®.




Cocoercive and strongly monotone operators

For every n € [0, +00[, we define the class C, of 7—cocoercive operators
M : H — H satisfying, for every x and y in H,

(Mx — My | x —y) > n||Mx — My|%.

If M € C, for some n > 0, then M is n~!—Lipschitz continuous

Let ( > 0 and let f: H — R be a convex function. Then the following are
equivalent:

1. fe Cgl’l(H) (i.e. Gateaux differentiable + (-Lipschitz continuous).
2. f is Fréchet differentiable and Vf € Cy¢.




Strongly monotone operators

An operator M: H — H is p—strongly monotone for some p € ]0, +o0[

if, for every x and y in H,

(Mx — My | x —y) > pllx — y|*

A function h € Ccl’l(H) is p—strongly convex, for some p € ]0,+o0], if

— £|| 113 is convex or, equivalently, if Vh is p—strongly monotone.




Nonlinear operators

Lipschitzian operators

nonexpansive operators

averaged operators

firmly nonexpansive
operators/resolvents

proximity operators

projection operators

cocoercive
operators

— extracted from [

Fig. 3: Classes of nonlinear operators.



https://arxiv.org/pdf/2008.02260.pdf
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Gradient method

Let f € [o(#H) and f € Ccl’l(’H) (i.e. Gateaux differentiable + (-Lipschitz
continuous). We set, for some 7 > 0,

¢ :=1d - 7Vf

o lterations: (Vk € N) xip1 = xx — 7V (xx).

11



Gradient method

Let f € [o(#H) and f € Ccl’l(’H) (i.e. Gateaux differentiable + (-Lipschitz
continuous). We set, for some 7 > 0,

¢ :=1d - 7Vf

o lterations: (Vk € N) xip1 = xx — 7V (xx).
o For every T > 0, zer Vf = (Vf)71(0) = Fix®.
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Gradient method

Let f € [o(#H) and f € Ccl’l(’H) (i.e. Gateaux differentiable + (-Lipschitz
continuous). We set, for some 7 > 0,

¢ :=1d - 7Vf

o lterations: (Vk € N) xip1 = xx — 7V (xx).
o For every T > 0, zer Vf = (Vf)71(0) = Fix®.

e For every Vf € Cy/¢ (i.e. 1/{—cocoercive operator) and every 7 € ]0,2¢"'[, ® is
averaged nonexpansive.

— cf. Proposition 4.39 in [Bauschke-Combettes, 2017]
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Gradient method

Let f € [o(#H) and f € Ccl’l(’H) (i.e. Gateaux differentiable + (-Lipschitz
continuous). We set, for some 7 > 0,

¢ :=1d - 7Vf

o lterations: (Vk € N) xip1 = xx — 7V (xx).
o For every T > 0, zer Vf = (Vf)71(0) = Fix®.

e For every Vf € Cy/¢ (i.e. 1/{—cocoercive operator) and every 7 € ]0,2¢"'[, ® is
averaged nonexpansive.

— cf. Proposition 4.39 in [Bauschke-Combettes, 2017]
e The gradient method converges weakly to a point in zer Vf.

— cf. p.6
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Gradient method

Let f € [o(#H) and f € Ccl’l(’H) (i.e. Gateaux differentiable + (-Lipschitz
continuous). We set, for some 7 > 0,

¢ :=1d - 7Vf

o lterations: (Vk € N) x1 = xx — 7VF(xx).

o For every T > 0, zer Vf = (Vf)71(0) = Fix®.

e For every Vf € Cy/¢ (i.e. 1/{—cocoercive operator) and every 7 € ]0,2¢"'[, ® is
averaged nonexpansive.
— cf. Proposition 4.39 in [Bauschke-Combettes, 2017]

e The gradient method converges weakly to a point in zer Vf.
— cf. p.6

e If Vf is additionally strongly monotone and 7 € ]0,2¢ [, @ is Lipschitz
continuous with constant in ]0,1[ and EA achieves linear convergence.

— Fact 7 in [Yin et al., 2020] 11



Proximal Point Algorithm (PPA)

Let £ € I'p(#H). We set, for some 7 > 0,

® := prox, s = (Id + 70f) L.

e lterations: (Vk € N) xiy1 = prox, (xx).

12



Proximal Point Algorithm (PPA)

Let £ € I'p(#H). We set, for some 7 > 0,

® := prox, s = (Id + 70f) L.

e lterations: (Vk € N) xiy1 = prox, (xx).

e For every 7 > 0, Fix® = zer Of.
Proof:
X =prox, x < x € (I+79f)x

& x € x+ 10f(x)
& 0€0f
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Proximal Point Algorithm (PPA)

Let £ € I'p(#H). We set, for some 7 > 0,

® := prox, s = (Id + 70f) L.

e lterations: (Vk € N) xiy1 = prox, (xx).
e For every 7 > 0, Fix® = zer Of.
e For every 7 > 0 and any f € I'o(H), prox, ., is firmly nonexpansive.

— cf. Proposition 23.8 in [Bauschke-Combettes, 2017]
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Proximal Point Algorithm (PPA)

Let £ € I'p(#H). We set, for some 7 > 0,

® := prox, s = (Id + 70f) L.

Iterations: (Vk € N) k11 = prox (x).

e For every 7 > 0, Fix® = zer Of.

e For every 7 > 0 and any f € I'o(H), prox, ., is firmly nonexpansive.
— cf. Proposition 23.8 in [Bauschke-Combettes, 2017]

The PPA method converges weakly to a point in zer Of.

— cf. p.6
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Proximal Point Algorithm (PPA)

Let £ € I'p(#H). We set, for some 7 > 0,

® := prox, s = (Id + 70f) L.

e lterations: (Vk € N) xiy1 = prox, (xx).

e For every 7 > 0, Fix® = zer Of.

e For every 7 > 0 and any f € I'o(H), prox,, is firmly nonexpansive.
— cf. Proposition 23.8 in [Bauschke-Combettes, 2017]

e The PPA method converges weakly to a point in zer Of.
— cf. p.6

e If Of is additionally strongly monotone we obtain that prox_, is Lipschitz
continuous with constant in ]0,1[ and PPA achieves linear convergence.

— Proposition 23.13 in [Bauschke-Combettes, 2017] ”



a-averaged operator: example

Let H be a Hilbert space, f € ['o(H).
proxs is a 1/2-averaged operator.
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a-averaged operator: example

Let H be a Hilbert space, f € ['o(H).
proxs is a 1/2-averaged operator.

Proof:

e We recall that : Of(x) ={ue H|(Vy e H) (y — x|u) + f(x) < f(y)}

AU

\

| X2

- —
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a-averaged operator: example

Let H be a Hilbert space, f € ['o(H).
proxs is a 1/2-averaged operator.

Proof:

e We recall that : Of(x) ={ue H|(Vy e H) (y — x|u) + f(x) < f(y)}

o Let vy € Of(x1) and up € Of (x2). pu
By definition:
ue
<X2 — X1|U1> + f(Xl) § f(X2) X‘l » >
| 2
(x1 = x2|u2) + F(x2) < F(x1) Yl *

it results that ‘ (x1 —=x0|up — ) >0 ‘
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a-averaged operator: example

Let H be a Hilbert space, f € ['o(H).
proxs is a 1/2-averaged operator.

Proof:

e We recall that : Of(x) ={ue H|(Vy e H) (y — x|u) + f(x) < f(y)}

o Let vy € Of(x1) and up € Of (x2). pu
By definition:
ue
<X2 — X1|U1> + f(Xl) § f(X2) X‘l » >
| 2
(x1 = x2|u2) + F(x2) < F(x1) Yl *

it results that ‘ (x1 —=x0|up — ) >0 ‘
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a-averaged operator: example

Proof :
Let u3 € Of(x1) and up € Of(x2)

(x1i—x|ui—w) >0 (xg—xo|x1— x4+ up —up) > |]x1—x2H2
We consider uj € (Id + 9f)x; et ub € (Id 4 Of )x, it results that
pa—xlup — ) > a —x|?
Then, from the definition of the proximity operator,
(proxsuy — proxeup | uy — uh) > ||proxeus — proxeu) ||
We can deduce that prox, is a 1/2-averaged operator, i.e,

lug — w3l > [[proxeuy — proxeus ||+ |(Id — prox,)uj — (Id — prox)uj ||

14



Forward-backward splitting

Let f € To(H) and g € Fo(H). Additionally, f € C}''(H) (ie. Gateaux
differentiable + (-Lipschitz continuous). We set, for some 7 > 0,

® := prox,,(Id — 7Vf) = (Id + 70g)'(Id — 7V¥)

e lterations:(Vk € N) xi1 = prox, ,(xx — 7VF(x)).
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Forward-backward splitting

Let f € To(H) and g € Fo(H). Additionally, f € C}''(H) (ie. Gateaux
differentiable + (-Lipschitz continuous). We set, for some 7 > 0,

® := prox,,(Id — 7Vf) = (Id + 70g)'(Id — 7V¥)

e lterations:(Vk € N) xi11 = prox,(xx — 7VF(xk))-

TE
e Roots in projected gradient method [Levitin 1966] when g = ¢c for some closed
convex set C
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Forward-backward splitting

Let f € To(H) and g € Fo(H). Additionally, f € C}''(H) (ie. Gateaux
differentiable + (-Lipschitz continuous). We set, for some 7 > 0,

® := prox,,(Id — 7Vf) = (Id + 70g)'(Id — 7V¥)

e lterations:(Vk € N) xi11 = prox,(xx — 7VF(xk))-

e For every 7 > 0, zer (Vf + dg) = Fix®.
Proof:

Tg(

x € Fix® < (Id —yVf)x € (Id + v0g)x
< 0 € VF(x) + dg(x).
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Forward-backward splitting

Let f € To(H) and g € Fo(H). Additionally, f € C}''(H) (ie. Gateaux
differentiable + (-Lipschitz continuous). We set, for some 7 > 0,

® := prox,,(Id — 7Vf) = (Id + 70g)'(Id — 7V¥)

e lterations:(Vk € N) xi1 = prox, ,(xx — 7VF(x)).
e For every 7 > 0, zer (Vf + dg) = Fix®.

e f €To(H), Vfis( '—cocoercive and 7 € 0,2¢ [, prox, (Id — 7Vf) is
averaged nonexpansive.

— cf. Theorem 26.14, Proposition 26.1(iv)(d) [Bauschke-Combettes, 2017]
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Forward-backward splitting

Let f € To(H) and g € Fo(H). Additionally, f € C}''(H) (ie. Gateaux
differentiable + (-Lipschitz continuous). We set, for some 7 > 0,
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e lterations:(Vk € N) xi1 = prox, ,(xx — 7VF(x)).
e For every 7 > 0, zer (Vf + dg) = Fix®.

e f €To(H), Vfis( '—cocoercive and 7 € 0,2¢ [, prox, (Id — 7Vf) is
averaged nonexpansive.

— cf. Theorem 26.14, Proposition 26.1(iv)(d) [Bauschke-Combettes, 2017]
e The FBS method converges weakly to a point in zer (Vf + 9g).

— consequence of the averaged nonexpansiveness
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Forward-backward splitting

Let f € To(H) and g € Fo(H). Additionally, f € C}''(H) (ie. Gateaux
differentiable + (-Lipschitz continuous). We set, for some 7 > 0,

® := prox,,(Id — 7Vf) = (Id + 70g)'(Id — 7V¥)

o lterations:(Vk € N) xi1 = prox, ,(xk — 7VF(xx)).
e For every 7 > 0, zer (Vf + dg) = Fix®.
o f €To(H), Vfis( '—cocoercive and 7 € 0,2¢ [, prox, (Id — 7Vf) is
averaged nonexpansive.
— cf. Theorem 26.14, Proposition 26.1(iv)(d) [Bauschke-Combettes, 2017]
e The FBS method converges weakly to a point in zer (Vf + 9g).
— consequence of the averaged nonexpansiveness

e If Og or VT is additionally strongly monotone we obtain that ® is Lipschitz
continuous with constant in ]0,1[ and FBS achieves linear convergence.

— Theorem 26.16 in [Bauschke-Combettes, 2017] 15



Peaceman-Rachford splitting

Let f € [o(#) and g € To(H). We set, for some 7 > 0,

¢ = (2prox,, — Id) o (2prox,f — Id)

e lterations: (Vk € N) x1 = 2pI‘()XTg(2pl“()XTka — Xk) — 2ProX, ;Xk + Xk-
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Peaceman-Rachford splitting

Let f € [o(#) and g € To(H). We set, for some 7 > 0,

¢ = (2prox,, — Id) o (2prox,f — Id)

e lterations: (Vk € N) x1 = 2proXTg(2pr()foxk — Xk) — 2ProX, ;Xk + Xk-
e For every 7 > 0, zer (Vf + 0g) = prox_(Fix®).
— cf. Proposition 26.1(jii)(b)[Bauschke-Combettes, 2017]
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Peaceman-Rachford splitting

Let f € [o(#) and g € To(H). We set, for some 7 > 0,

¢ = (2prox,, — Id) o (2prox,f — Id)

Iterations: (Vk € N) xp.1 = 2proxrg(2pr0x7ka — Xk) — 2ProX, ;Xk + Xk-
e For every 7 > 0, zer (Vf + 0g) = prox_(Fix®).

— cf. Proposition 26.1(jii)(b)[Bauschke-Combettes, 2017]
o Weak

Weak convergence guaranteed if f € CCII(H)

— cf. Corollary 1& Remark 2(2) [Lions-Mercier, 1979]
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Peaceman-Rachford splitting

Let f € [o(#) and g € To(H). We set, for some 7 > 0,

¢ = (2prox,, — Id) o (2prox,f — Id)

e lterations: (Vk € N) xki1 = 2prox, ,(2prox, cxk — Xx) — 2prox, Xk + X.
e For every 7 > 0, zer (Vf + 0g) = prox_(Fix®).
— cf. Proposition 26.1(jii)(b)[Bauschke-Combettes, 2017]
o Weak
e Weak convergence guaranteed if f € Ccl’l(’H,).
— cf. Corollary 1& Remark 2(2) [Lions-Mercier, 1979]

o If f e CCI’I(H) and Vf is additionally strongly monotone we obtain that
2prox,; — Id is Lipschitz continuous with constant in |0, 1[ and ® achieves linear
convergence.

= ]
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https://link.springer.com/article/10.1007/s11784-017-0417-1

Douglas-Rachford splitting

Let f € [o(#) and g € To(H). We set, for some 7 > 0,

® = prox,, o (2prox, ¢ — Id) + Id — prox,¢

o lterations: (Vk € N) xii1 = prox, . (2prox, (Xx — Xk) + Xk — Prox, cX.
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Douglas-Rachford splitting

Let f € [o(#) and g € To(H). We set, for some 7 > 0,

® = prox,, o (2prox, ¢ — Id) + Id — prox,¢

e lterations: (Vk € N) x1 = pr()xrg(2pr()foxk — Xk) + Xk — PrOX, (Xk-
e For every 7 > 0, zer (Vf + 0g) = prox_(Fix®).
— cf. Proposition 26.1(jii)(b)[Bauschke-Combettes, 2017]
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Douglas-Rachford splitting

Let f € [o(#) and g € To(H). We set, for some 7 > 0,

® = prox,, o (2prox, ¢ — Id) + Id — prox,¢

e lterations: (Vk € N) x1 = pr()xrg(2pr()foxk — Xk) + Xk — PrOX, (Xk-
e For every 7 > 0, zer (Vf + 0g) = prox_(Fix®).

— cf. Proposition 26.1(jii)(b)[Bauschke-Combettes, 2017]
e Weak convergence insured as

— cf. Corollary 1& Remark 2(2) [Lions-Mercier, 1979]
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Douglas-Rachford splitting

Let f € [o(#) and g € To(H). We set, for some 7 > 0,

® = prox,, o (2prox, ¢ — Id) + Id — prox,¢

e lterations: (Vk € N) xki1 = prox, . (2prox, (xk — xk) + Xk — Prox, ¢Xx.
e For every 7 > 0, zer (Vf + 0g) = prox_(Fix®).

— cf. Proposition 26.1(jii)(b)[Bauschke-Combettes, 2017]
e Weak convergence insured as

— cf. Corollary 1& Remark 2(2) [Lions-Mercier, 1979]

o If f e CCI’I(H) and Vf is additionally strongly monotone we obtain that
2prox,; — Id is Lipschitz continuous with constant in |0, 1[ and ® achieves linear
convergence.

= ]
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https://link.springer.com/article/10.1007/s11784-017-0417-1

Comparisons

Let f € C (’H) and g € Cl/ﬁ(H), for some a > 0 and 8 > 0.
The problem is to

imize f
minimize (x) + g(x),

under the assumption that solutions exist.

Example: Smooth TV denoising

1
minimize =||x — z||3 + xhu(Lx),
xeRN 2

o L e RV"1XN denotes the first order discrete difference operator
(Vne{l,...,N—1}) (Lx)n=1(xn — xn-1)
e h,: Huber loss, the smooth approximation of the {;—norm parametrized by p > 0.

h, € CII/L(RN .

Closed form expression of prox,, .
' 18



Comparisons

Proposition (see [ ] for detailed references)

In the context of Problem p.16, suppose that f is p—strongly convex, for some
p €]0,a71], and let 7 > 0. Then, the following holds:

1. Gradient descent Suppose that 7 €]0,28a/(8 + «)[. Then,
Id — 7(Vg + V) is rg(7)—Lipschitz continuous, where
re(t) = max{|1 —7p|, |1 = 7(87' +a71)|} €]0,1[. (1)
In particular, the minimum in (1) is achieved at
N 2
T = e
p+a t+p71

and
al+ Bt —p

rg(t) = ——.
s(7") a1+ 871+p



https://arxiv.org/abs/2101.06152

Comparisons

Proposition (see [ ] for detailed references)
In the context of Problem p.16, suppose that f is p—strongly convex, for some
p €]0,a71], and let 7 > 0. Then, the following holds:

1. FBS Suppose that 7 € ]0,2a[. Then prox,,(Id — 7Vf) is rr, (1) —Lipschitz
continuous, where

rr,(7) = max {|1 — 7p|, |1 — T~ |} €]0,1]. (1)
In particular, the minimum in (1) is achieved at

2 at—p
P an rr (7") aTip

*

T
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Comparisons

Proposition (see [ ] for detailed references)

In the context of Problem p.16, suppose that f is p—strongly convex, for some
p €]0,a71], and let 7 > 0. Then, the following holds:

1. FBS Suppose that 7 € ]0,20]. Then prox,((Id — 7Vg) is rr,(7)—Lipschitz

continuous, where rr,(7) :=

€10, 1[.In particular, the minimum in
1+7p

(1) is achieved at
1

7% =28 and rTz(T*):1+2ﬁp.
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Comparisons

Proposition (see [ ] for detailed references)
In the context of Problem p.16, suppose that f is p—strongly convex, for some
p €]0,a71], and let 7 > 0. Then, the following holds:

1. PRS (2prox,, —Id) o (2prox,; —Id) and (2prox,; — Id) o (2prox, , — Id)
are rg(7)—Lipschitz continuous, where

l-71p 7071 -1
1+7p a7l +1

A p— elo,1[. (1)
{ |

In particular, the minimum in (1) is achieved at

1—./
7=, /< and rr(7") = o
p 1+ /ap

19
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Comparisons

Proposition (see [ ] for detailed references)

In the context of Problem p.16, suppose that f is p—strongly convex, for some
p €]0,a71], and let 7 > 0. Then, the following holds:

1. DRS S,vg,-vr and S.vr rvg are rs(7)—Lipschitz continuous, where

.1 Z
s =mn{ 2O P ey

and rg is defined in p.16. In particular, the optimal step-size and the

minimum in (1) are

L ), if g <4a;

@

_ o
(\/E ) otherwise
p’24+/Bp )’ .
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Theoretical comparisons

—1-EA r¢
- - 2-FBS wr,
041 —2-FBS r;
3-FBS rp, = wnp,
- - 4-PRS wg i
02| —4-PRS rp
- - 5-DRS ws
ot ——5-DRS rg

0 L L L L L L L L I 0 L L L L L L L L L
[ 1 2 3 4 5 6 7 8 9 0 o1 02 03 04 05 06 07 08 09 1

Comparison of the convergence rates of EA, FBS, PRS, DRS for two choices of a,

5, and p. Note that optimization rates are better than cocoercive rates in general.
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Example: Smooth TV denoising

1
e First formulation: minimize =||x — z||3 + xh(Lx)
xeRN 2 ———

N——ro
00 g(x)
— fis p =1 strongly convex, a =1, and 5 = xlllez'

1- EA: Use Gr(vgivr)
2- FBS: Use Tq—vfﬂ—vg

1
e Second formulation: min,cy =[x — z||3 + xhr, (Lt,x) + x h, (L1, x)
2 —_——

p &(x)

()
__n
and f = s e

fis p = 1 strongl nvex, ¢« = —H*
—f1sp strongly convex, « X P

3- FBS 2: Use TTV
4- FBS 3: Use T

E,TV?

TV?,TVg
5- PRS: Use Rrvf,rvg i
6- DRS: Use S

CNTF AU



Numerical and theoretical comparisons

Piecewise constant de-

10 iterations 100 iterations 10000 iterations

T Nowsy | " " noising estimates after
+L|——OCriginal | B
~2Fes I 10, 100, and 10000 it-
S ] ” . : . .
o :EEEE e i o erations with y =
TRl " 0.7 and p = 0.002
) . . when considering gra-
e B R ] dient descent, FBS,
PRS or DRS. Asso-
’ —oo 1A | ciated theoretical and
xp. 2-FBS
102 — Exp. 3-FBS2| | i
= numerical convergence
ke
Th. 2-FBS rates.
N —Th.3-FBS2 ||
10 —-—-Th. 4-FBS3
--—-Th. 5-PRS
WL ~-=-Th. 6-DRS ]
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Numerical and theoretical comparisons

Piecewise constant de-

T Nasy N e o noising estimates after
) 10, 100, and 10000

o iterations with x =

" 0.7 and p = 0.0001

‘ when considering gra-

i dient descent, FBS,

PRS or DRS. Asso-

—— ] ciated theoretical and

numerical convergence

e ses rates.

L L
3000 4000 5000 5000
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Optimization algorithms

Forward-Backward | i +f | fi € CCI"I(H) [Combettes,Wajs,2005]
prox,,
ISTA A+h | hE CS’I(H) [Daubechies et al, 2003]
fo=Al-Ih
Projected gradient | i+ | fi € C;''(H)
fh=uc
Gradient descent | A+ | fi € CCI"I(H)
=0
Douglas-Rachford | i + f proxy [Combettes, Pesquet, 2007]
prox;,
PPXA > fi proxg [Combettes,Pesquet, 2008]
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https://pcombet.math.ncsu.edu/mms1.pdf
https://arxiv.org/abs/math/0307152
https://pcombet.math.ncsu.edu/jstsp1.pdf
https://pcombet.math.ncsu.edu/inv2.pdf

