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Motivation

@ In many areas (machine learning, inverse problems, computer
vision,...), iterative solutions are needed to solve variational
problems.

@ Sequence such that
(Vn € N) Tpi1 = Ty
where T denotes an operator from H to H, where H real Hilbert
space with norm || - |.

~» How can we build 7" so as to solve the problem of interest ?

~ Which properties are required by 7" in order to ensure the
convergence of (z,)penytoz € H ?
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Naive answer

Fixed point theorem (E. Picard, 1856-1941)
If

@ 7 is afixed pointof T, i.e. x =TZx
@ T is a strict contraction, i.e. there exists p € [0, 1] such that
(V(z,2") W) |Tw—Ta'|| < pllw — |

then (x, )nen cONverges (strongly) to z.

Proof: For all n € N,

i1 — &l = [T, — T3]

< pllen — ).

Consequently, ||z, — Z|| < p"||xzo — Z||. Hence, we have proved
that (x,,)nen converges linearly to .
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Why do we need to go further ?
Limitations:

@ It is difficult (even sometimes impossible) to build a strictly
contractive operator 7.

@ One may prefer iterations built as
(VneN)  zpp1 =Tz,

where T,, is an operator from H to H.

@ Itis often intricate to build 7},, while it may be easier to write 7, as
a composition of simpler operators (splitting techniques).
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A pioneer

Jean-Jacques Moreau

(1923-2014)
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Outline

@ Background on monotone operators
— Inversion, subdifferential, conjugate of a convex function

© Nonexpansive operators
— Taxonomy, resolvent, and proximity operator

© Fixed point algorithms
— Fejér monotonicity, Douglas-Rachford, Forward-Backward

© Duality
— Main theorems, ADMM, primal-dual methods, stochastic methods
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Part 1: Background

@ Monotone operators
» Definition
Properties
Basic operations
Inversion
Maximality
Usefulness for convex optimization (subdifferential)

vV vy vy VvYyy

© Maximally monotone operators
» Properties
» Basic operations
» Inversion
» Usefulness of inversion for convex optimization (conjugate)
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Hilbert spaces

A (real) Hilbert space H is a complete real vector space endowed with
an inner product (- | -) whose associated norm is

(Ve eH)  |zll = V(x| ).

@ Particular case: H = RY (Euclidean space with dimension N).
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Hilbert spaces

A (real) Hilbert space H is a complete real vector space endowed with
an inner product (- | -) whose associated norm is

(Ve eH)  |zll = V(x| ).

@ Particular case: H = RY (Euclidean space with dimension N).

2H is the power set of H, i.e. the family of all subsets of H.

JCP (UPE) Marseille April 2015 10/150



Hilbert spaces

Let H and G be two Hilbert spaces.
A linear operator L: H — G is bounded (or continuous) if

IL] = sup |[Lzflg < oo
llzlln<1
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Hilbert spaces

Let H and G be two Hilbert spaces.
A linear operator L: H — G is bounded (or continuous) if

Il = sup [[Lz] < +o0
Jeli<1

@ In finite dimension, every linear operator is bounded.
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Hilbert spaces

Let H and G be two Hilbert spaces.
A linear operator L: H — G is bounded (or continuous) if

Il = sup [[Lz] < +o0
Jeli<1

@ In finite dimension, every linear operator is bounded.

B(H, G): Banach space of bounded linear operators from H to G.
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Hilbert spaces

Let H and G be two Hilbert spaces.
Let L € B(H,G). Its adjoint L* is the operator in B(G, H) defined as

(V(z,y) eHxG)  (y|Lx)g=(Ly|z)y.
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Hilbert spaces

Let H and G be two Hilbert spaces.
Let L € B(H,G). Its adjoint L* is the operator in B(G, H) defined as

(V(z,y) € Hx G) (Lz |y) = (z | L™y).

Example:
If L:H—->H": 2z~ (z,...,2)
then L H S Hiy = (g1, ) HZyz
Proof:
(La ) = @y ) | e yn)) = (@ | 30) :<x|z%>
i=1 =1
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Hilbert spaces

Let H and G be two Hilbert spaces.
Let L € B(H,G). Its adjoint L* is the operator in B(G, H) defined as

(V(z,y) € H x G) (Lz |y) = (z | L™y).

@ We have ||L*|| = || L|.

@ If L is bijective (i.e. an isomorphism ) then L=! € B(G, H) and
(L—l)* — (L*)_l.

olfH=RVNandG=RM then*=L".
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Hilbert spaces

Let H be a Hilbert space and L € B(H,H).
@ Lis self-adjoint if L* = L.
@ Lis positive if (Vo € H) (x| Lz) > 0.
@ Lis strictly positive if L is positive and if
(VzeH) (z|Lz) =0<z=0.
@ Lis p-strongly positive with p € ]0, +o00|
if (Vo € H) (z | Lz) > p||z|>.
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Mappings versus multivalued operators

Let H be a real Hilbert space.
A'is an H-valued mapping defined on D C H if

A:D— H
x — A(z)

@ Example:

A: ]0,+00[ - R ‘ [ :

z—Inz
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Mappings versus multivalued operators

Let H be a real Hilbert space.
Ais a (multivalued) operator if

A:H— B
z— {Ai(z) | i€ I, CR}

@ Example: AC)
Z e
AR — 2R ) /
{z} fz>0 1
= 4[0,1] ifz=0 ’
%) ifz <0
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Graph

Let H be a real Hilbert space.
LetA:H— 27,
The graph of A is

grad = {(z,u) € H* | u € Az}.

@ Graph examples:
(7 (7 (A u
X x x

JCP (UPE) Marseille April 2015 15/150

T



Graph

Let H be a real Hilbert space.
LetA:H— 27,
The graph of A is

grad = {(z,u) € H* | u € Az}.

@ Graph examples:

N s

Single-valued Multivalued Multivalued Single-valued
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Monotone operator: definition

Let H be a real Hilbert space.
Let A:H — 2",
A'is monotone if

(V(xl,ul) IS graA) (V(xg,z@) € graA) (up —ug | 1 —x2) 20 .

@ Monotone operators ?
u u u u
T T T ‘
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Monotone operator: definition

Let H be a real Hilbert space.
Let A:H — 2",
A'is monotone if

(V(xl,ul) IS graA) (V(xg,z@) € graA) (up —ug | 1 —x2) 20 .

@ Monotone operators ?

J'I/ J'/(
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Monotone operator: example

Let H be a real Hilbert space.
Let A€ B(H,H) .
@ Ais monotone < A is positive
@ A monotone & A + A* monotone < A* monotone.
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Monotone operator: example

Let H be a real Hilbert space.
Let A€ B(H,H) .
@ Ais monotone < A is positive
@ A monotone & A + A* monotone < A* monotone.

Proof:

A monotone (V(a:l,xg) € H2) (r1 — o | Axy — Axo) >0
(Vx € H) 2(z | Az) > 0

(Vz € H) (x| Az) + (A*z | z) > 0

(Vz € H) (x| (A+A%)x) >0

A + A* monotone

to o
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Monotone operator: example

Let H be a real Hilbert space.
Let A€ B(H,H) .
@ Ais monotone < A is positive
@ A monotone & A + A* monotone < A* monotone.

@ For A € B(H, H) to be monotone, A is not required to be
self-adjoint.

Example : A € B(H,H) skewed (i.e. A* = —A) is monotone.

JCP (UPE) Marseille April 2015 17 /150



Domain

Let H be a real Hilbert space.
Let A: H — 2H.
The domain of A is

domA:{weH‘Aw;zé@}.

@ Which domain ?

|y
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Domain

Let H be a real Hilbert space.
Let A: H — 2H.
The domain of A is

domA:{er‘Ax;zé@}.

@ LetC C H. If dom A = C and for every z € C, Ax is a singleton,

we view A as a mapping from C'to H .
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Monotone operator: properties

Let H and G be two Hilbert spaces.
Let A: H— 2" and B: G — 2© be two monotone operators.
The following operators are monotone:

@z~ y+ypAlpz +2) = {y+ypu|uec Alpzr+2)}
where (y, z) € H?, v € [0,+oc[ and p € R.
@ AXxB :HxG—2Hx6
(w,y)»%AxxAy:{(u,v)|u€Ax,v€Bw}.
@ A+B :z— {u+tv|uecAz,ve Bz} if G=H.
@ L*BL :z+ {L*v|ve B(Lx)}if L € B(H,G).
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Monotone operator: inversion

Let H be a Hilbert space.
Let A: H — 2M.
A~ is the operator from H to 2/ the graph of which is

gra(A™") = {(u,z) | (z,u) € graA}.

Graph of A Graph of A=1 ?

u u ‘ ‘ u
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Monotone operator: inversion

Let H be a Hilbert space.
Let A: H — 2M.
A~ is the operator from H to 2/ the graph of which is

gra(A™") = {(u,z) | (z,u) € graA}.

Graph of A Graph of A=1 ?
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Monotone operator: inversion

Let H be a Hilbert space.
Let A: H — 2M.
A~ is the operator from H to 2/ the graph of which is

gra(A™") = {(u,z) | (z,u) € graA}.

Let H be a Hilbert space.
Let A: H — 2" be a monotone operator.

A~1is monotone .
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Maximally monotone operator: definition

Let H be a Hilbert space.

Let A: H — 2"

Ais maximally monotone if Ais monotone and if there exists no mono-
tone operator B: H — 2" (different from A) such that gra B properly
contains gra A.

Maximally monotone operator ?
u u u u
x x x x
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Maximally monotone operator: second definition

Let H be a Hilbert space.
A : H — 2" is maximally monotone if one if the following equivalent
conditions is satisfied:

(i) A is monotone and there exists no monotone operator B: H — 2"
such that gra B properly contains gra A.

(i) For every (x1,u1) € H?,
(:cl,ul) € graA = (V($Q,UQ) S graA) (:cl — T2 | U1 — ’U,2> > 0.
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Continuous functions

Let H be a Hilbert space.
Let A: H — H be monotone and continuous. Then A is maximally
monotone.
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Continuous functions

Let H be a Hilbert space.
Let A: H — H be monotone and continuous. Then A is maximally

monotone.

Proof :

Let (z1,u1) € H2.

Assume that, for every x5 € H, (x; — 22 | u1 — Axg) > 0.

Let 2§ = 21 + a(u1 — Az1) where a > 0.

We have (u; — Az | ug — Az§) = —a (21 — x§ | up — Az§) < 0.
As o — 0, 2§ — 71 and |lu; — Ax1]|? < 0. Then, u; = Az.
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Continuous functions

Let H be a Hilbert space.
Let A: H — H be monotone and continuous. Then A is maximally
monotone.

Example :
If L € B(H,H) is positive, then L is maximally monotone.
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Maximally
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operator
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Maximally Why, Usefulness in
monotone convex
operator optimization
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Convex analysis: definitions

Let f : H — ]—o0, +00] where H is a Hilbert space.

@ The domain of fisdom f = {z € H| f(z) < +o0}.
@ The function f is proper if dom f # @.

Domains of the functions ?

f(=

)

T
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Convex analysis: definitions

Let f : H — ]—o0, +00] where H is a Hilbert space.

@ The domain of fisdom f = {z € H| f(z) < +o0}.
@ The function f is proper if dom f # @.

Domains of the functions ?

f(=z ; f(z)4

L

T

7

dom f =R dom f =|0, ¢]
(proper) (proper)
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Convex analysis: definitions

C C His a convex set if

(V(z,y) € C?)(Va €]0,1[) ar+(1—a)yeC

Convex sets ?
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Convex analysis: definitions

f:H— ]—o0,+00] isa convex fonction if

(V(z,y) € H*) (Va €]0,1])
flaz+ (1 - a)y) < af(z) + (1 - a)f(y)
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Convex analysis: definitions

f:H— ]—o0,+00] isa convex fonction if

(V(z,y) € H*) (Va €]0,1])
flaz+ (1 - a)y) < af(x)+(1—-a)f(y)

Convex functions ?

2 f(z) = |z

s f(z) = 1s,5()

(Osiz € [—0,0]
400 sinon)

|
%]
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Ky

JCP (UPE) Marseille April 2015 27 /150



Convex analysis: definitions

f:H— ]—o0,+00] isa convex fonction if

(V(z,y) € H*) (Va €]0,1])
flaz+ (1 - a)y) < af(x)+(1—-a)f(y)

Convex functions ?

2 f(z) = |z

s f(z) = 1s,5()

(Osiz € [—0,0]
400 sinon)

|
%]
il
|y

Ky

JCP (UPE) Marseille April 2015 27 /150



Convex analysis: definitions

f:H —]—00,+00] is convex < the epigraph of f,i.e.

epifz{(:c,() edomfo‘f(cc) gg}

is convex.
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Convex analysis: definitions

f:H —]—00,+00] is convex < the epigraph of f,i.e.
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is convex.

f(x) = |z f(@) = /la] s f(z) = 1s,()
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Convex analysis: definitions

f:H —]—00,+00] is convex < the epigraph of f,i.e.

epifz{(a:,() edomfo‘f(x) gg}

is convex.
fla)=la| . T fa) = /]| s f(z) = 1s,()
S ; iepif ‘
epi f 1
o pl— 5 x
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Convex analysis: definitions

f:H —]—00,+00] is convex < the epigraph of f,i.e.

epif:{(a:,g“) edomfo‘f(x) S(}

is convex.
f(z) = || T flz)= V || s f(r) = 1—s,5()
‘ ’ iepif ‘
epi f 1
| e N 5

@ f:H— [—o0,+o0[ is concave if —f is convex.
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Convex analysis: definitions

Let f: H — |—o00, +00].
fis a lower semi-continuous (l.s.c.) function on H if epi f is closed

@ |.s.c. functions ?

/\r) /\(:/
SR N
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Convex analysis: definitions/properties

@ TI'y(H) : class of convex, |.s.c., and proper functions from H to

]—o00, +o0].
@ Every continuous function on H is I.s.c.
@ Every finite sum of |.s.c. (convex) functions is I.s.c. (convex).

@ Let (fi)ics be a family of I.s.c. (convex) functions. sup,c; f; is I.s.c.
(convex).
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Subdifferential of a convex function: definition

The (Moreau) subdifferential of f , denoted by of,
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Subdifferential of a convex function: definition

Let f: H — ]—o00, +00] be a proper function.
The (Moreau) subdifferential of f , denoted by of,

2+ f(y)
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Subdifferential of a convex function: definition

Let f: H — ]—o00, +00] be a proper function.
The (Moreau) subdifferential of f , denoted by 0f, is such that

of :H— 2"
r— {ueH|(Vy € H) (y —zfu) + f(z) < f(y)}

A fy) AU
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Subdifferential of a convex function: properties

Let f: H — ]—o00, +00] be a proper function.
The (Moreau) subdifferential of f, denoted by 0f, is such that

of :H— 2"
z = {ueH|(Vy e H) (y —zlu) + f(2) < f(y)}

I () U
f@) +y -z

z y
o Fermat's rule: 0cdf(x) e (YyeH){y—=z]0)+ f(x)< f(y)
< x € Argmin f
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Subdifferential of a convex function: properties

Let f: H — ]—o00, +00] be a proper function.
The (Moreau) subdifferential of f, denoted 9f, is such that

of :H— 2"
z = {ueH|(Vy e H) (y —zlu) + f(2) < f(y)}

@ u € 0f(x)is a subgradient of f at x.
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The (Moreau) subdifferential of f, denoted 9f, is such that

of :H— 2"
z = {ueH|(Vy e H) (y —zlu) + f(2) < f(y)}

@ u € 0f(x)is a subgradient of f at x.
@ If x ¢ dom f, then 0f(x) = @.
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Subdifferential of a convex function: properties

Let f: H — ]—o00, +00] be a proper function.
The (Moreau) subdifferential of f, denoted 9f, is such that

of :H— 2"
z = {ueH|(Vy e H) (y —zlu) + f(2) < f(y)}

® u € Jf(x)is a subgradient of f at «.
@ If x ¢ dom f, then 0f(x) = @.
@ Forevery x € dom f, 0f (z) is a closed and convex set.
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Subdifferential of a convex function: properties

Let f: H — ]—o00, +00] be a proper function.
The (Moreau) subdifferential of f, denoted 9f, is such that

of :H— 2"
z = {ueH|(Vy e H) (y —zlu) + f(2) < f(y)}

@ 9f is amonotone operator : \u

(VBX ]

- — U1
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Subdifferential of a convex function: properties

Let f: H — ]—o00, +00] be a proper function.
The (Moreau) subdifferential of f, denoted 9f, is such that

of :H— 2"
z = {ueH|(Vy e H) (y —zlu) + f(2) < f(y)}

@ 0f is a monotone operator :
Letuy € Of(xz1) and ug € Of (x3).

AU

(VBX ]

- — U1
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Subdifferential of a convex function: properties

of :H— 2"

Let f: H — ]—o00, +00] be a proper function.
The (Moreau) subdifferential of f, denoted 9f, is such that

z— {ueH|(Vy e H) (y —z|u) + f(z) < f(y)}

@ Jf is a monotone operator :
Letuy € Of(xz1) and ug € Of (x3).
By using the subdifferential definition:
(w2 — 1|ur) + f(z1) < f(22)
(21 — 2luz) + f(z2) < f(21)
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Subdifferential of a convex function: properties

3f:H—>2H

Let f: H — ]—o00, +00] be a proper function.
The (Moreau) subdifferential of f, denoted 9f, is such that

z— {ueH|(Vy e H) (y —z|u) + f(z) < f(y)}

@ 0f is a monotone operator :
Letuy € Of(xz1) and ug € Of (x3).

By using the subdifferential definition:
(w2 — 1|ur) + f(z1) < f(22)
(21 — 2luz) + f(22) < f(21)

and thus (.’El —332’111 —U2> >0.
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Subdifferential of a convex function: properties

@ The subdifferential of a convex and proper function is:

Monotone
If f is Gateaux differentiable at z, then df(z) = {Vf(z)}
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Subdifferential of a convex function: properties

@ The subdifferential of a convex and proper function is:

Monotone
If f is Gateaux differentiable at z, then df(z) = {Vf(z)}
Non necessarily maximally monotone

Counterexample: For every = € H,

1,
T ife>0 ’
fle) = {—i—oo otherwise ’ gle) =@ s
{1} ifz>0
0 = , 0 = {1}.
= 9@ {@ otherwise glw) = {1} u
Consequently, gradf =0, +oo[ x {1} C R x {1} -
C gradg ¢
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Subdifferential of a convex function: properties

@ The subdifferential of a convex, proper and I.s.c. function is
Maximally monotone
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Subdifferential of a convex function: properties

Maximally monotone

@ The subdifferential of a convex, proper and I.s.c. function is

Example: For every = € H,

T ifx >0
h P— 5 pr—
@) {+oo otherwise glx) =
{1} ifz >0
= Oh(z)=<]—o00,1] ifx=0 , Og(z)=
1%} otherwise

Consequently, gradh ¢ gradg.

JCP (UPE) Marseille
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Subdifferential of a convex function: properties

@ The subdifferential of a convex, proper and I.s.c. function is

Maximally monotone
If H = R, equivalence between both properties.
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Subdifferential of a convex function: example

Soit C c H.
The indicator function of C' is

+o0o otherwise.

@b Lc(x):{o ifzeC

Example : C = [41, d9]
f(@) = 50,5, ()

@ 1o € T'y(H) & C is a nonempty closed convex set.
Proof: epi,, = C' x [0, +o0[.
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Subdifferential of a convex function: example

For every x € H, 0uc(x) is the normal cone to C at x defined by

{ueH|(WeC) (u|ly—2z)<0} ifzeC
1) otherwise.

Ne(z) = {
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Subdifferential of a convex function: example

For every x € H, 0uc(x) is the normal cone to C at x defined by

{ueH|(WeC) (u|ly—2z)<0} ifzeC
1) otherwise.

Ne(z) = {

@ If x € intC then N¢(x) = {0}.

@ If C is a vector space then, for every z € C, N¢o(x) = C+.

JCP (UPE) Marseille April 2015 38/150



Maximally

monotone Properties

operator
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Maximally monotone operator: properties

Let H be a Hilbert space.
Let A: H — 2" be a maximally monotone operator.
For every x € H, Ax is a closed convex set.

Proof:

Ax = ﬂ {ueH|(z—2"|u—u) >0}
(z',u')egra A

Consequently, Az is an intersection of closed convex sets.

JCP (UPE) Marseille April 2015
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Maximally monotone operator: properties

Let H and G be two Hilbert spaces.
Let A: H— 2" and B: G — 2¢ be two maximally monotone operators.
The following operators are maximally monotone:

@ y+ypA(p- +z) where (y,z) € H?, v € [0, +oco[ and p € R,
@ Ax B,
o Al
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Inverse of a maximally

monotone operator
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Inverse of a maximally

Usefulness ?
monotone operator
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +-00].
The conjugate of f is the function f*: H — [—o0, +00] such that

(VueH)  f*(u) =sup ((z |u) — f(z)) .

zeH
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +-00].
The conjugate of f is the function f*: H — [—o0, +00] such that

(VueH)  f*(u) =sup ((z |u) — f(z)) .

zeH

f(@)
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +-00].
The conjugate of f is the function f*: H — [—o0, +00] such that

(VueH)  f*(u) =sup ((z |u) — f(z)) .

zeH
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +-00].
The conjugate of f is the function f*: H — [—o0, +00] such that

(VueH)  f*(u) =sup ((z |u) — f(z)) .

zeH

Example :

@ (Vz e RY) f(x) = %Hng with ¢ €]1, +o0]

)
= (Vu € RN) f*(u) = Llull& with 2 + L =1
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +-00].
The conjugate of f is the function f*: H — [—o0, +00] such that

(VueH)  f*(u) =sup ((z |u) — f(z)) .

zeH

@ f*isl.s.c. and convex.
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +-00].
The conjugate of f is the function f*: H — [—o0, +00] such that

(VueH)  f*(u) =sup ((z |u) — f(z)) .

zeH

Moreau-Fenchel theorem
Let H be a Hilbert space and f: H — ]—o0, +00] be a proper function.

fisls.c. and convex & f** = f.

@ Consequence: If f € T'o(H), then f* € T'y(H).
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +-00].
The conjugate of f is the function f*: H — [—o0, +00] such that

(VueH)  f*(u) =sup ((z |u) — f(z)) .

zeH

Let f € T'o(H).
@f)" =of*

Consequence: (V(z,u) € H?) u € 0f (x) < x € df*(u).
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Conjugate versus Fourier transform

conjugate 1T Fourier transform ]
[Property h(z) [ h*(w) [ h=) [ h(v) |
invariant function L=I” Tul® exp(—=|z|?) exp(—=|[v]?)
translation flz —c) (u) + (u|c) flz—c) exp(—j2m(v | ¢)) f(v)
ceH
dual translation f(x)+{z|c) f(u—c) exp(g2n(z | c)) f(z — c) flv—c)
ceH
scalar
multiplication af(z) af* (%) af(x) af(v)
€10, +oo[
scaling o € R* f (g) F* (au) f (g) la|F(av)
isomorphism
L € B(G,H) f(La) D) f(La) e/ (LD Ty)
reflection f( z) f*(—u) f( z) f( v)
N
separability Z en (™) > eh ) H en (=) H Zn (™)
17(9“ Dicnen u:(u( Dicnen x*(w( Nicnen V*(V( Nicnen
isotropy LIED D) ™ (llul) Pl $dlvID
identity element Loy (x) 0 6(x) 1
of convolution
identity element 0 tioy (u) 1 S5(v)
of addition/product
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Conjugate: example

Let H be a Hilbert space and C' C H.
oc is the support function of C' if

(Vu € H) oc(u) = sup (z | u)
zeC

=1 (u).

y voo(u)

Jc(u

A\

01
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Conjugate: example

Let H be a Hilbert space and C' C H.
oc is the support function of C' if

(Vu € H) oc(u) = sup (z | u)
zeC

=1 (u).

AOC (u)

\J
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Conjugate: example

Let H be a Hilbert space and C' C H.
oc is the support function of C' if

(Vu € H) oc(u) = sup (z | u)

zeC
= 1o ().
A L5, 550 (T) voo(u)
(z|u)
***** oc(u)
= =4 > >
51 (52 x u
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Conjugate: example

Let H be a Hilbert space.
f:H—]—00,+00] is positively homogeneous if

(Vz € H)(Va € ]0, 400]) flazx) = af(x).

f is positively homogeneous and belongs to I'g(H)

)

f = oc where C'is a nonempty closed convex subset of H.
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Conjugate: example

Let H be a Hilbert space.
f:H—]—00,+00] is positively homogeneous if

(Vz € H)(Va € ]0, 400]) flazx) = af(x).

f is positively homogeneous and belongs to I'g(H)

)

f = oc where C'is a nonempty closed convex subset of H.

nhx ifxz<O
@ Example 1:Let f: R — |—oc0,4o0]: x>0 ifz=0
oox ifx >0

with —oo < 81 < 09 < +00. Then, f = o where C is the closed
real interval such that inf C' = §; and sup C' = 5.
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Conjugate: example

Let H be a Hilbert space.
f:H—]—00,+00] is positively homogeneous if

(Vz € H)(Va € ]0, 400]) flazx) = af(x).

f is positively homogeneous and belongs to I'g(H)

)

f = oc where C'is a nonempty closed convex subset of H.

@ Example 2: Let f be a £9 norm of RY with ¢ € [1, +oc].
We have f = o¢ where

C={yeR||ylly <1}  withl+ L =1

Particular case : ¢! norm of RN = C = [-1,1]V.
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Maximally

monotone Properties

operator
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Maximally monotone operator: sum

Let A and B be two maximally monotone operators.
A + B is monotone but may not be maximally monotone.
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Maximally monotone operator: sum

Let H be a Hilbert space.
Let A and B be two maximally monotone operators from H to 2H such

that one of the following assumptions is satisfied:
@ domB =H
@ dom A Nint(dom B) # @
® 0 € int(dom A — dom B)

then A + B is maximally monotone.
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Maximally monotone operator: sum

Let H be a Hilbert space.
Let A and B be two maximally monotone operators from H to 2" such

that one of the following assumptions is satisfied:
@ domB =H
@ dom A Nint(dom B) # @
® 0 € int(dom A — dom B)

then A + B is maximally monotone.

Consequence: Let a € [0, 400[. If A is maximally monotone, then
A+ ald is maximally monotone.
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Maximally monotone operator: linear transform

Let H and G two Hilbert spaces.
Let B: G — 2C be a maximally monotone operator and L € B(H,G)

such that one of the following assumptions is satisfied:
@ L surjective
® 0 € int(dom B —ran L)

then L*BL is maximally monotone.
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Maximally monotone operator: linear transform

Let H and G two Hilbert spaces.
Let B: G — 2C be a maximally monotone operator and L € B(H,G)
such that one of the following assumptions is satisfied:

@ L surjective
® 0 € int(dom B —ran L)
then L*BL is maximally monotone.

Consequence: Let p € ]0, +o0].
If B is maximally monotone and LL* = ulId, then L*BL is maximally
monotone.

Proof: LL* = puld = ran L = H.
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Part 2. Nonexpansive operators

@ Background on nonexpansive operators
Definition

Properties

Examples

Resolvent

vV vy VvYyy

© Proximal operator
» Definition
» Properties
» Examples
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Nonexpansive operator: definition

Let H be a Hilbert space and let C' be a nonempty subset of H.
Let A: C — H.
Ais nonexpansive if (V(z,y) € C?) |Az— Ayl < |lz—y] .
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Nonexpansive operator: definition

Let H be a Hilbert space and let C' be a nonempty subset of H.
Let A: C - Hand v € ]0,+o0]

v='A is nonexpansive if (¥(z,y) € C?) Az — Ay|| < v |z —y|.
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Nonexpansive operator: definition

Let H be a Hilbert space and let C' be a nonempty subset of H.
Let A: C - Hand v € ]0,+o0]

v='A is nonexpansive if (¥(z,y) € C?) Az — Ay|| < v |z —y|.

v~ A is nonexpansive < A is v-Lipschitzian .

Lipschitz

‘ Nonexpansive
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Nonexpansive operator: definition

Let H be a real Hilbert space.
Let A: H — 21
A'is firmly nonexpansive if

(V(z,u) € grad)(V(y,v) € grad) |lu—v[? <(u-v|z—y).
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C' be a nonempty subset of H.
LetA: C — H.

Ais firmly nonexpansive if

(Vz e C)(vy € C) || Az — Ay|? < (Az — Ay |z —y) .
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C' be a nonempty subset of H.
LetA: C — H.

Ais firmly nonexpansive if

(V(z,y) € C?)  [|Az — Ayll? + [|(1d — A)z — (Id — A)y|* < [l —y|* .
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C' be a nonempty subset of H.
LetA: C — H.

Ais firmly nonexpansive if

(V(z,y) € C?)  [|Az — Ayll? + [|(1d — A)z — (Id — A)y|* < [l —y|* .

@ Ais firmly nonexpansive < 1Id — A is firmly nonexpansive.

@ Ais firmly nonexpansive < 2A — Id is nonexpansive.
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C' be a nonempty subset of H.
LetA: C — H.

Ais firmly nonexpansive if

(V(z,y) € C?)  [|Az — Ayll? + [|(1d — A)z — (Id — A)y|* < [l —y|* .

@ Ais firmly nonexpansive < 1Id — A is firmly nonexpansive.

@ Ais firmly nonexpansive < 2A—1d is nonexpansive.
N——

Reflection of A
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C' be a nonempty subset of H.
LetA: C — H.

Ais firmly nonexpansive if

(V(z,y) € C?)  [|Az — Ayll? + [|(1d — A)z — (Id — A)y|* < [l —y|* .

A is firmly nonexpansive = A is nonexpansive.

Lipschitz

Nonexpansive

Firmly
nonexpansive
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C' be a nonempty subset of H.
Let A: C — Hand g €]0,+o00].
Ais p-cocoercive if SA is firmly nonexpansive, i.e.,

(Vz € C)(vy € C) BllAz — Ay|® < (z —y | Az — Ay) .
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C' be a nonempty subset of H.
Let A: C — Hand g €]0,+o00].
Ais p-cocoercive if SA is firmly nonexpansive, i.e.,

(Vz € C)(vy € C) BllAz — Ay|® < (z —y | Az — Ay) .

@ Let H and G be two real Hilbert spaces, L € B(G, H) nonzero, and
A:H— H. Ais B-cocoercive = L*AL is || L||~23-cocoercive.
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C' be a nonempty subset of H.
Let A: C — Hand g €]0,+o00].
Ais p-cocoercive if SA is firmly nonexpansive, i.e.,

(Vz € C)(vy € C) BllAz — Ay|® < (z —y | Az — Ay) .

@ Let H and G be two real Hilbert spaces, L € B(G, H) nonzero, and
A:H— H. Ais B-cocoercive = L*AL is || L||~23-cocoercive.

@ Ais B-cocoercive = A is 5~ !-Lipschitzian.
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C' be a nonempty subset of H.
Let A: C — Hand g €]0,+o00].
Ais p-cocoercive if SA is firmly nonexpansive, i.e.,

(Vz € C)(vy € C) BllAz — Ay|® < (z —y | Az — Ay) .

@ Let H and G be two real Hilbert spaces, L € B(G, H) nonzero, and
A:H— H. Ais B-cocoercive = L*AL is || L||~23-cocoercive.

@ Ais B-cocoercive = A is 5~ !-Lipschitzian.

@ A: H — His -cocoercive = A is maximally monotone.
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C' be a nonempty subset of H.
Let A: C — Hand g €]0,+o00].
Ais p-cocoercive if SA is firmly nonexpansive, i.e.,

(Vz € C)(vy € C) BllAz — Ay|® < (z —y | Az — Ay) .

Lipschitz )

Nonexpansive

Firmly
nonexpansive

Cocoercive
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C' be a nonempty subset of H.
Let A: C — Hand let a €]0,1].
A'is a-averaged if there exists a nonexpansive operator R: C — H

such that
A=(1—-a)ld +aR.
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C' be a nonempty subset of H.
Let A: C — Handlet « €]0, 1].

Ais «a-averaged if

1l —«o
(V(z,y) € C?) | Az—Ay|*+ |

(Id — A)z—(1d - A)y|* < [|lz—y|.

a

JCP (UPE) Marseille April 2015 55/150




Nonexpansive operator: definition

Let H be a real Hilbert space and let C' be a nonempty subset of H.
Let A: C — Handlet « €]0, 1].

Ais «a-averaged if

1l —«o
(V(z,y) € C?) || Az—Ay|*+ 1(1d — A)z—(1d — A)yl* < [lz—yll*.

a

@ Ais a-averaged = A is nonexpansive.

@ Ais %—averaged < Ais firmly nonexpansive.

@ Ais a-averaged = A is o/-averaged for every o € [o, 1].

@ Let A €]0,1/al. Ais a-averaged = (1 — A\)Id + \A is Aa-averaged.

JCP (UPE) Marseille April 2015 55/150




Nonexpansive operator: definition

Let H be a real Hilbert space and let C' be a nonempty subset of H.
Let A: C — Handlet « €]0, 1].
Ais «a-averaged if

1l —«o
|

(V(z,y) € C?) || Az—Ay|*+ (Id — A)z—(1d - A)y|* < [|lz—y|.

a

® Let (wi)i<i<n €]0,1]" be such that 7" |, w; = 1 and let
(vi)1<i<n €]0,1[™. If, foreveryi € {1,...,n}, A;: C — His
a;-averaged, then Y | w;A; is a-averaged with
= mMaxig<n G-

o Let (a;)1<i<n €]0,1]" . If, forevery i € {1,...,n}, A;: C — C'is
«;-averaged, then A;--- A, is a-averaged with
n
n—1+ "

<ig<n
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Nonexpansive operator: definition

Let H be a real Hilbert space and let C' be a nonempty subset of H.
Let A: C — Handlet « €]0, 1].
Ais «a-averaged if

11—«
1(1d — A)z—(1d — A)y|? < [l=—yl*

(Y(@,9) € C?) J|Ao—AylP+—

A :H — His a-averaged with « €]0,1/2] = A is maximally monotone.
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Nonexpansive operator: recap

Lipschitz ‘

Nonexpansive
a—averaged |

Firmly
nonexpansiv

Cocoercive
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Nonexpansive operator: recap
(if the domain C is equal to H)

Lipschitz
Nonexpansiv
a—averaged |
[ , )
I . 1 Maximally
I -
i ! Firmly , | monotone
. 1 1
;! nonexpansiv roo
J 1 1
I ! 1 1
A T U Re—— )
. L e v L 1
| |
: Cocoercive |
1
! .
l )
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Nonexpansive operator: properties

Let H be a real Hilbert space and let C' be a nonempty subset of H.
Let A: C — H.

Let 8 €]0,4o00[ and v €]0, 24].

If Ais g-cocoercive, thenld —~vA is v/(23)-averaged.

Proof :
A (-cocoercive < A firmly nonexpansive.
There exists a nonexpansive operator R: C' — H such that
BA=(Id + R)/2.
Thus
d —yA= (1 . %)Id + %(—R).

(—R) being nonexpansive, Id — vA is v/(2/)-averaged.
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Nonexpansive operato%
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{Nonexpansive operatoH What is their u%
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Nonexpansive operator: example

Descent lemma
Let H be a real Hilbert space, f: H— Rand v € |0, +o0].
If fis differentiable and its gradient is v-Lipschitzian, then

(V(w,y) € H?)  fy) < F@) +(y— | V@) + 2y —all”

Baillon-Haddad theorem
Let H be a real Hilbert space, f € T'y(H) and v € ]0, +-o0].
If fis differentiable, then V f v-Lipschitzian < V f v~!-cocoercive.
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Nonexpansive operator: example

Descent lemma
Let H be a real Hilbert space, f: H— Rand v € |0, +o0].
If fis differentiable and its gradient is v-Lipschitzian, then

(V(w,y) € H?)  fy) < F@) +(y— | V@) + 2y —all”

Baillon-Haddad theorem
Let H be a real Hilbert space, f € T'y(H) and v € ]0, +-o0].
If fis differentiable, then V f v-Lipschitzian < V f v~!-cocoercive.

Let H be a Hilbert space, f € T'o(H), v € ]0, +oo[ and v €]0,2v 1.
f differentiable and V f v-Lipschitzian = Id — vV f is v /2-averaged.
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Nonexpansive operator: example

Descent lemma
Let H be a real Hilbert space, f: H— Rand v € |0, +o0].
If fis differentiable and its gradient is v-Lipschitzian, then

(Vo) € W) f(y) < F@) + (y 2| VI@) + 5]y — 2>

Baillon-Haddad theorem
Let H be a real Hilbert space, f € T'y(H) and v € ]0, +-o0].
If fis differentiable, then V f v-Lipschitzian < V f v~!-cocoercive.

Let H be a Hilbert space, f € T'o(H), v € ]0, +oo[ and v €]0,2v 1.

——
gradient descent
operator
averaged.

f differentiable and Vf v-Lipschitzian = Id —yVf is yv/2-
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Nonexpansive operator: example

Descent lemma
Let H be a real Hilbert space, f: H— Rand v € |0, +o0].
If fis differentiable and its gradient is v-Lipschitzian, then

(V(w,y) € H?)  fy) < F@) +(y— | V@) + 2y —all”

Baillon-Haddad theorem
Let H be a real Hilbert space, f € T'y(H) and v € ]0, +-o0].
If fis differentiable, then V f v-Lipschitzian < V f v~!-cocoercive.

Let H be a Hilbert space, f € T'y(H), and v € ]0, +o00[
f differentiable and V f v-Lipschitzian < f* is v~!-strongly convex .

Remark : f* is v~!-strongly convex if f* —v=1| - ||?/2 is convex.
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Resolvent: definition

Let H be a Hilbert space.
Let A:H — 2",
The revolvent of A is

Ja=(Id + A)~L
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Resolvent: definition

Let H be a Hilbert space.
Let A:H — 2",
The revolvent of A is

Ja=(Id + A)~L

@ Example :

AandId A+1d Ja
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Resolvent: definition

The range of an operator B: H — 2" is

ranB:{u€H|E|x€H,u€Bx}.

Minty theorem
Let H be a Hilbert space.
Let A: H — 2" be a monotone operator.

ran(Id + A)=H <« A is maximally monotone.
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Resolvent: properties

Let H be a real Hilbert space. Let A : H — 2",
A is monotone < J4 is firmly nonexpansive.

Proof : A is monotone if and only if

(V(z,u) € grad) (V(y,v) € grad) (z—y|u—v)>=0
& (V(z,u) € grad)(V(y,v) €grad) (z—y|z—y+u—2v)>|z—y|?
& (V(z,u) € gra(ld + A)) (V(y,v') € gra(ld + A))
(w—y | o) > oy
(V' z) € grada) (V' y) € grads) (' =0 |z —y) > [lz —y|?
< J 4 is firmly nonexpansive
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Resolvent: properties

Let H be a real Hilbert space. Let A : H — 2",
A is monotone < J4 is firmly nonexpansive.

Proof : A is monotone if and only if

(V(z,u) € grad) (V(y,v) € grad) (z—y|u—v)>=0
& (V(z,u) € grad)(V(y,v) €grad) (z—y|z—y+u—2v)>|z—y|?
& (V(z,u) € gra(ld + A)) (V(y,v') € gra(ld + A))
(w—y | — o) > o —y|?
(V' z) € grada) (V' y) € grads) (' =0 |z —y) > [lz —y|?
< J 4 is firmly nonexpansive

Remark : J4:ran (Id + A) — H.
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Resolvent: properties

Let H be a real Hilbert space. Let A : H — 2",
A is monotone < J4 is firmly nonexpansive.

Let H be a real Hilbert space. Let A : H — 2",
A is maximally monotone < J,: H — His firmly nonexpansive.
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Resolvent: properties

Let H be a real Hilbert space. Let A : H — 2",
A is monotone < J4 is firmly nonexpansive.

Let H be a real Hilbert space. Let A : H — 2",
A is maximally monotone < J,: H — His firmly nonexpansive.

Proof: A monotone < J4: ran (Id + A) — H firmly nonexpansive
+ Minty theorem.
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Resolvent: properties

Let H be a real Hilbert space. Let A : H — 2",
A is monotone < J4 is firmly nonexpansive.

Let H be a real Hilbert space. Let A : H — 2",
A is maximally monotone < J,: H — His firmly nonexpansive.

Let H be a Hilbert space. Let A : H — 2" maximally monotone and
v € ]0,+oc[. For every = € H, there exists a unique p € H such that
x —p € yAp and thus p = J, 4.

Proof: z € (Id +vA)(p) ©@ p€ (Id +yA) 'z & p= Jyaz
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Resolvent: properties

Let H be a real Hilbert space.
Let A : H — 2" be a maximally monotone and v € ]0, +oo|.

@ JysandId — J,4 are firmly nonexpansive.
@ The reflected resolvent R4 = 2.J,4 — Id is nonexpansive.
@ 7Ais ~v-cocoercive.

Let H be a Hilbert space.
Let A: H — 2" and vy €]0, +ool.
The Yosida approximation of A of index v is

1
TA==(ld — Jya).
> vA)
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Resolvent: properties

Let H be a Hilbert space.
Let A: H — 2" be a maximally monotone operator.

@ letzeHand B=A(-—=z). Then Jg = 2+ Ja(- — 2).
@ letzeHand B=z+ A. Then Jg = Ja(- — 2).

@ Leta € [0,+oc[and B = A+ ald. Then JB:J%(?)
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Resolvent: properties

Foreveryi € {1,...,n}, let H; be a Hilbert space and A;: H;, — 2Hi be
a maximally monotone operator.

Jayxoxa, =Ja; X xJa,: Hy x---xH, =2 Hy x--- xH,

(fEl, 500 ,wn) — (JAlwlv 50 .,JAnfEn).
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Resolvent: properties

Let H be a Hilbert space.

Ji

yA—L = Id — rYJ'y_lA(’y_l')

Let A : H — 2" be a maximally monotone operator and ~ € |0, +ocol.

Preuve: Pour tout z € H,

p= J,YA—IIL'

(I

JCP (UPE)

z e (Id +~vA7Y)(p)

vz —p)e ATNp

p €Ay H(a —p))

vl et A(YT (fc—p))

ylz e (1d +’y_1A)( Yz —p))
v Mo —p) = Ja(y )

p= x—7J7—1A('y_1w).

Marseille April 2015

67 /150




Resolvent: properties

Let H be a Hilbert space.
Let A : H — 2" be a maximally monotone operator and ~ € |0, +ocol.

J'yA_l =1Id — ")/J,y—lA(’)/_l')

Remarque: Jy + J4-1 =1d.
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Resolvent: properties

Let H and G be two Hilbert spaces.
Let A : H — 2" be a maximally monotone operator and L € B(G,H)
such that LL* = uId where p € ]0,+o00[. Then

JpiarL =1d —L*o*Ao L .
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Resolvent: properties

Let H and G be two Hilbert spaces.
Let A : H — 2" be a maximally monotone operator and L € B(G,H)
such that LL* = pId where p € 10, +o00[. Then

JpiarL =1d —L*o*Ao L .

Let H be a Hilbert space.
Let A : H — 2" be a maximally monotone operator and L € B(H, H) be
a unitary operator. Then

Jr=arp = L*J4L.
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Resolvent: properties

Let H be a Hilbert space.
Let A : H — 2" be a maximally monotone operator and B = pA(p-)
where p € R*. Then

Jp = p_ljpzA(p').

Preuve: Set L = pIld and apply formula

Jrprar =1d —L*o*Ao L.
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Resolvent: properties

Let H be a Hilbert space.
Let A : H — 2" be a maximally monotone operator and B = pA(p-)
where p € R*. Then

Jp = p_lJp2A(p').

Let H be a Hilbert space.
Let A : H — 2H be a maximally monotone operator and B = —A(—-).
Then

Jp = —Ja(—).

JCP (UPE) Marseille April 2015 69/150



Resolvent
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Proximity
Resolvent
operator
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Convex analysis

Let H be a Hilbert space. Let f: H — |—o0, +o0].
f is coercive if hm||z||—>+oo f(CC) = +o0.
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Convex analysis

Let H be a Hilbert space. Let f: H — |—o0, +o0].
f is coercive if hm||z||—>+oo f(a:) = +o0.

Coercive functions ?

1 f(@) W f(@) Af(x)
o E N | too oo  __
\ N ’
/
/
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Convex analysis

Let H be a Hilbert space. Let f: H — |—o0, +o0].
f is coercive if hm||z||—>+oo f(a:) = +o0.

Coercive functions ?
1 f(@) W f(@) Af(x)
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Convex analysis

Let H be a Hilbert space. Let f: H — |—o0, +o0].
f is strictly convex if

(Vo € dom f)(Vy € dom f)(Va €]0,1])
v#y = flaz+(1-a)y) <af(@)+1-a)f(y).
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Convex analysis

Let H be a Hilbert space. Let f: H — |—o0, +o0].
f is strictly convex if

(Vo € dom f)(Vy € dom f)(Va €]0,1])

e#y = flox+(1-a)y) <af(z)+(1-a)f(y)

Strictly convex functions ?
f(z) f(z) f(z)
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Convex analysis

Let H be a Hilbert space. Let f: H — |—o0, +o0].
f is strictly convex if

(Vz € dom f)(Vy € dom f)(Va €]0, 1)
c#y = flao+ (1 -a)y) <af(z)+1-a)f(y)

Strictly convex functions ?
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Convex analysis

Let H be a Hilbert space and C be a closed convex set of H.
Let f € T'o(H) such that dom f N C' # @.
If fis coercive or C'is bounded, then there exists p € C' such that

f(p) = inf f(z).

zeC

Moreover, if f is strictly convex, this minimizer p is unique.
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Proximity operator: definition

Let H be a Hilbert space. Let f € T'y(H) and v € ]0, +o0|.
For every = € H, there exists a unique p € H such that

1 2 _ . 1 2
—|lp — z||2 = inf Ay —z|? .
f(p) + 27”19 z|| Bl fly) + 27Hy |
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Proximity operator: definition

Let H be a Hilbert space. Let f € T'y(H) and v € ]0, +o0|.
For every = € H, there exists a unique p € H such that

1 2 _ . 1 2
—|lp — z||2 = inf Ay —z|? .
f(p) + 27”19 z|| Bl fly) + 27Hy |

Let H be a Hilbert space. Let f € T'o(H).
@ The Moreau envelope of f of parameter v € ]0, 40| is

1
vr. . g Moy — |2
s H = L a0 nf )+ 27||y x|
@ The proximity operator of f is

1
proxs: H— H: 2 — argmin f(y) + S|y — z|?.
yeH 2

JCP (UPE) Marseille April 2015

74 /150




Proximity operator: definition

Let H be a Hilbert space. Let f € T'y(H).
@ The Moreau envelope of f of parameter v € ]0, 40| is

1
Tf:HoR: z— inf —ly — =
frHoR:z ;ng(y)Jrszy |
@ The proximity operator of f is

1
prox;: H — H: 2+ argmin f(y) + S lly — z|?.
yeH 2

f(x)

\J

8y
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Proximity operator: definition

3 2 7
Il ‘
4
1.5F -
25k M 17 | ,
A% 4 4
\ ’ s ’ i
AY 4 4
2 A} 4 - ’
\ 1 0.5 4 4
\ ’ 4
\ ’ ,'
1.5k Bl o+ -
\ ’ ,
AN 4
4
A% 4 v
\ ’ 0.5 7 1
1t 4
\ ’ ,
\ ’ ,
1 b 4
AY 4 ’
osl \ ‘ il ’
\ ’ 15 b ’ i
\ ’ 4
A4 4
- _ ’
% 2 -1 o 1 2 3 = 2 -1 o 1 2 3

JCP (UPE) Marseille April 2015 75/150



Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition

Let H be a Hilbert space. Let f € T'y(H) and g € T'o(H).
If dom f Nint(dom g) # @ then O(f + g) = df + Jg.

Let H be a Hilbert space and f € I'y(H).

prox; = Jyy .
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Proximity operator: definition

Let H be a Hilbert space. Let f € T'y(H) and g € T'o(H).
If dom f Nint(dom g) # @ then O(f + g) = df + Jg.

Let H be a Hilbert space and f € I'y(H).

prox; = Jyy .

Proof: By using Fermat’s rule, for every = € H,

. 1 1
p=argmin f+ |- —al?e 0ed(f+5l-—<l?)(p)

& 0€df(p)+p—=x
< ze(Id+9f)(p)
& p=(d +9f) H(a).
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Proximity operator: definition

Let H be a Hilbert space. Let f € T'y(H) and g € T'o(H).
If dom f Nint(dom g) # @ then O(f + g) = df + Jg.

Let H be a Hilbert space and f € I'y(H).

prox; = Jyy .

Remark: As dom (prox ;) = H, this provides a proof that df is
maximally monotone !
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Proximity operator: properties

Let H be a Hilbert space, f € I'o(H) and (z,p) € H2.

p=prox sz < (YyeH) (y—plz—p)+ flp) < fy)
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Proximity operator: properties

Let H be a Hilbert space, f € I'o(H) and (z,p) € H>.

p=prox sz < (YyeH) (y—plz—p)+ flp) < fy)

Let H be a Hilbert space, f € I'y(H) and v € |0, +o0.
7 f is differentiable and V7 f is 4y~ !-Lipschitzian

(VxeH) V :z/ =~"11d — prox. ;) = l@ff/

Moreau Yosida .
envelope approximation
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Proximity operator: properties

Let H be a Hilbert space, f € I'y(H) and (z,p) € H>.

p=prox sz < (YyeH) (y—plz—p)+ flp) < fy)

Let H be a Hilbert space, f € I'y(H) and v € |0, +o0.
7 f is differentiable and V" f is v~ !-Lipschitzian

(VxeH) V i,fz =~"11d — prox. ;) = la;i

Moreau Yosida .
envelope approximation

Proof: Previous property + ... calculations.
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Proximity operator: properties

Let H be a Hilbert space, f € I'y(H) and (z,p) € H>.

p=prox sz < (YyeH) (y—plz—p)+ flp) < fy)

Let H be a Hilbert space, f € I'y(H) and v € |0, +o0.
7 f is differentiable and V" f is v~ !-Lipschitzian

(VxeH) V i,f/ =~"11d — prox. ;) = l@}i

Moreau Yosida .
envelope approximation

Interpretation: 7 f is a smooth approximation of f.
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Proximity operator: properties
Let H be a Hilbert space, z € Hand f € I'g(H).

[ Properties

g(x)

proxg @

Translation

f(zx —2),z€H

2 + prox ¢ (z — z)

Quadratic perturbation

f@+alal? /24 (=) +

prox ¢ (2—17)

aFT
z€H,a>0,vy€R

Scale change f(pz),p € R* %proprf(pz)

Reflection f(—=z) —prox  (—x)

Moreau envelope

V) = inf F) + |z — yl|?
yeH 2y
¥ >0

45 (vo +prox(1 ) 4 (0)

JCP (UPE)
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Proximity operator: properties

Foreveryi € {1,...,n}, let H; be a Hilbert space and f; € I'y(H;).
Forall (z1,...,2,) € Hy X -+ X Hy,

if
ffL'l’ - Zfzfl;z

then
ProxX (1, ..., &) = (proxy, (i), ;e -
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Proximity operator: properties

Let H be a separable Hilbert space.
Let (b;)icr be an orthonormal basis of H.
Forevery i € I, let ¢, € T'y(R) such that ¢; > 0. For every z € H,

if
f@) =" wi((x | b))

el

then

Pfoxf(l") = iel PTOX%(@" | bi))b;.

Remark: The assumption (Vi € I) ¢; > 0 can be relaxed if H is finite
dimensional.
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Proximity operator: properties

Let H be a separable Hilbert space.
Let (b;)icr be an orthonormal basis of H.
Forevery i € I, let ¢, € T'y(R) such that ¢; > 0. For every z € H,

if
f@) =" wi((x | b))

iel
then
Pfoxf(w) = iel PTOX%(@? | bi))b;.

Example: H = RY, (b;)1<i<n canonical basis of RY, f = A|| - ||; with
A € [0, 400l

(Va = (@D)1cien) € RY) proxy, (2) = (proxy (#7)) .y
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Proximity operator: properties

Moreau decomposition formula
Let H be a Hilbert space, f € T'y(H) and v € ]0, +o0].

(VzeH)  Jyaprt =2z —vJy195(y 1) .
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Proximity operator: properties

Moreau decomposition formula
Let H be a Hilbert space, f € T'y(H) and v € ]0, +o0].

(Vx € H) PrOX. g = & — YProx,—1 (Y~ ') .
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Proximity operator: properties

Moreau decomposition formula
Let H be a Hilbert space, f € T'y(H) and v € ]0, +o0].

(Vx € H) PrOX. g = & — YProx,—1 (Y~ ') .

Example: If H=R"Y, f = 1] - || with ¢ €]1, -0, then f* = || - HZ:
with 1/¢ 4+ 1/¢* =1, and

(Vz € RY) prox - *T =1 — ’yproxL”,”q(’y_lx).
aF ” ”q* Yq q
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Proximity operator: properties

2
1.5F [—p=1
p=4/3
1 |—p=3/2
p=2
057 | _p=3
of L—P=4 |
05
_1—
157
2 2 1 0 1 2 3
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Proximity operator: properties

Let H and G be two Hilbert spaces. Let f € I'y(H) and L € B(G, H) such
that ran L = H. Then
(folL)=L*0f L.
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Proximity operator: properties

Let H and G be two Hilbert spaces. Let f € I'y(H) and L € B(G, H) such
that ran L = H. Then
(folL)=L*0f L.

Let H and G be two Hilbert spaces. Let f € I'y(H) and L € B(G, H) such
that LL* = puId where p € 10, +o00[. Then

prox s, =1d — piL*o(1d — prox ) o L.
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Proximity operator: properties

Let H and G be two Hilbert spaces. Let f € T'y(H) and L € B(G, H) such
that ran L = H. Then
d(foL)=L"Of L.

Let H and G be two Hilbert spaces. Let f € I'y(H) and L € B(G, H) such
that LL* = puId where p € 10, +o00[. Then

prox s, =1d — piL*o(1d — prox ) o L.

Remark :

Useful property for data fidelity terms involving a
neg-log-likelihood f and a synthesis tight frame operator L.
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Proximity operator: properties

Particular case : L € B(H, H) unitary, prox s, = L*prox L.

@ lllustration: denoising using an ¢; penalty on the coefficients
resulting from an orthogonal wavelet transform L.

PrOXyj.|;
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Proximity operator: examples

Projection :
Let H be a Hilbert space. Let C' be a nonempty closed convex subset
of H.

1
(Vz € H) prox, . (z) = argmlniuy — x||? = Po(x).
yeC
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Proximity operator: examples

Projection :
Let H be a Hilbert space. Let C' be a nonempty closed convex subset
of H.

1
(Ve € H)  prox, (z) = argmlniuy — x||? = Po(x).
yeC

Remark :
® p=Po(z) & x—p€ dc(p) = Nc(p)
& (Wel){y—plz—p) <0.
x—peCt

Particular case: if C' is a vector space: p = Pc(z) < { co
p .

® Yo = (2v)~'dZ% where dc distance to the convex set C' is
defined by d¢:  — infycc ||y — z|| = ||z — Pcz||. We have then
Vd2 = V(2uc) = 2(1d — Pg).
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Proximity operator: examples

Quaderatic function :
Let H and G be two Hilbert spaces.
Let L € B(G,H), v €]0,+oc] and z € G.

f=~I|L- —2:||2 /2 = prox, = (Id +yL*L)7 (- 4+ yL*2).
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Proximity operator: examples

Support function :
Let H be a Hilbert space and C' ¢ H be nonempty closed convex.

(Vx € H) prox, . =1d — Fc.

Soft-thresholding : H =R, §; = inf C and §, = sup C. For every = € R,

nhr ifz<O z—06 ifx<d;
oc(x) =140 ifz=0 = prox, (z) =softc(z) = ¢ 0 ifxeC
oox ifx >0 T — 0y if x> do.

Pg(z) prox, ., (%)
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Proximity operator: Bayesian interpretation

o IfH=R" and
rT=y+w
where 7 is a realization of a random vector with probability density
function exp(—f) and w is a realization of a A/(0,I) noise, then
prox () is @ Maximum A Posteriori estimate of 3.
@ Explicit form for objective functions associated with usual
log-concave probability densities [Chaux et al. - 2007].

» Laplace » Gaussian

» Generalized Gaussian » Huber

» maximum entropy » Smoothed Laplace
» gamma » chi

» uniform » triangular

» Weibull » Pearson type |

» Generalized inverse Gaussian

@ And many other functions !
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Part 3: Fixed point algorithms

@ Convergence
» Definition
» Fejér monotonicity
» Demiclosedness principle

© Algorithms

» Krasnosel’skii Mann
» Douglas-Rachford
» PPXA

» Forward-Backward
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Fixed point algorithms
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Fixed point algorithms: convergence

Let H be a Hilbert space.
Let (zy,)nen be a sequence in Hand z € H.

@ (z,)nen converges strongly to 7 if

im_ o — 7] = 0.

It is denoted by z,, — Z.
® (z,,)nen converges weakly to 7 if
(Vy € H) ngr—ir-loo (y|zn —2)=0.

It is denoted by z,, — Z.

Remark: In a finite dimensional Hilbert space, strong and weak
convergences are equivalent.
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Fixed point algorithms: convergence

Let (z,)nen be a sequence of H.
(zn)nen converges weakly if and only if
® (z,)nen is bounded
and

® (z,)nen pOsSsesses at most one sequential cluster point in the
weak topology.

@ 7 is a sequential cluster point of (z,),en in the weak topology if
there exists a subsequence (z,, )ren Of (z,)nen that converges
weakly to 7.
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Fixed point algorithms: convergence

Let (z,)nen be a sequence of H.
(zn)nen converges weakly if and only if
® (z,)nen is bounded
and

® (z,)nen pOsSsesses at most one sequential cluster point in the
weak topology.

Illustration:

o | 1 | X2 | 3 | T4 | 5
BEIEREEEEE

— (zn)nen is bounded but it has 2 sequential cluster points: —1
and 1.

— (xn)nen does not converge.
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Fixed point algorithms: convergence

Lemma 1
Let D be a nonempty subset of H.
Let (z,)nen be a sequence in H.
(zn)nen Weakly converges to a pointin D if
o forevery z € D, (||, — z||)nen converges
and
@ every weak sequential cluster point of (z,),en lies in D.
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Fixed point algorithms: Fejér-monotone sequence

Let D be a nonempty subset of a Hilbert space H.
Let (z,)nen be a sequence in H.
(xn)nen is Fejér-monotone with respect to D if

(Vx € D)(Vn € N) |Tnt1s — z|| < ||lzn — ||

Let D C H.
Let (z,,)nen be Fejér-monotone with respect to D then

o forevery z € D, (||z,, — z||)nen converges,
@ (xn)nen is bounded .
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Fixed point algorithms: Fejér-monotone sequence

Fejér-monotone convergence

Let D be a nonempty subset of a Hilbert space H.
Let (z,)nen be a sequence in H.
(zn)nen converges weakly to a point in D if

® (x,)nen is Fejér-monotone with respect to D
and
@ every weak sequential cluster point of (z,,)nen lies in D.
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Fixed point algorithms: Fejér-monotone sequence

Lemma 2

Let C be a nonempty closed convex subset of H.

If (z,)nen denotes a sequence in C' that weakly converges to = then
zeC.
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Fixed point algorithms: Fejér-monotone sequence

Lemma 2

Let C be a nonempty closed convex subset of H.

If (x,)nen denotes a sequence in C that weakly converges to z then
zeC.

Let C be a nonempty set of a Hilbert space H. Let T: C — H.
The set of fixed points of 7" is
FixT={z e C | x =Tx}.

Let S: C — 2", The set of zeros of S is
zerS={zxeC|0¢€ Sz}
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Nonexpansive operator: fixed point algorithm

Demiclosedness principle

Let C be a nonempty closed convex subset of a Hilbert space H.
Let T: C' — H be a nonexpansive operator .

If (z,)nen is @ sequence in C that converges weakly to = and if
Tz, —x, — 0,then z € FixT.
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Nonexpansive operator: fixed point algorithm

Let C' be a nonempty closed convex subset of a Hilbert space H.
Let T: C — C be a nonexpansive operator

(Vn eN) zp41 =Tx,.
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Nonexpansive operator: fixed point algorithm

Let C' be a nonempty closed convex subset of a Hilbert space H.
Let T: C — C be a nonexpansive operator

(Vn eN) zp41 =Tx,.

If 2, —Txp, — 0,
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Nonexpansive operator: fixed point algorithm

Let C' be a nonempty closed convex subset of a Hilbert space H.
Let T: C — C be a nonexpansive operator such that FixT # &.

Let xg € C,
(Vn eN) zp41=Tx,.

If @, — Tz, — 0, then (z,),en converges weakly to a point in FixT'.

Proof : Forevery n € Nand y € Fix T,

|01 = yll < NTxn — Ty < lJzn — yll.

(zn)nen is Fejér-monotone with respect to Fix 7.

Let (z,, )ren be a subsequence of (x,,),en Such that z,, —
where z € H.

By assumption «,,, — T'z,,, — 0 and thus, according to the
demiclosedness principle, = € Fix T

This shows the weak convergence of (x,,)nen-
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Fixed point algorithms: Fejér-monotone sequence

Krasnosel'skii-Mann algorithm

Let T: C — C be a nonexpansive operator such that FixT" # @.
Let (\,)nen be a sequence in [0, 1] such that

D A1 = Ap) = +oo.
neN
Letzp € C and (Vn € N) 2,41 = 2, + \y (T2, — ). Then,
® (x,)nen is Fejér-monotone with respect to Fix 7.
@ (T'x, — z,)nen CcONverges strongly to 0.
® (x,,)nen converges weakly to a point in Fix 7.

Let C be a nonempty closed convex subset of a Hilbert space H.

Typical choice: (Vn € N) A\, = X €]0,1].
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a-averaged operator: recall

Let C' € H be a nonempty set of a Hilbert space H.
Let A: C — Handlet « €]0, 1].
Ais an «-averaged operator if there exists a nonexpansive operator

R: C — H such that
A=(1-a)ld + aR.

Remark : When oo = 1/2, Ais firmly nonexpansive .
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Fixed point algorithms: «-averaged operator

Let 7: H — H be an a-averaged operator with « €]0, 1] such that
FixT + @.
Let (\,)nen be a sequence in [0, 1/a] such that

Z An(1 — ady) = 400.

neN
Let zp € H and (Vn € N) z,,11 = z, + \y(Tz, — z,,). The following
properties are satisfied

@ (x,)nen is Fejér-monotone with respect to Fix 7.

@ (T'x, — z,)nen CcONverges strongly to 0.

® (x,,)nen converges weakly to a point in Fix 7.
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Fixed point algorithms: «-averaged operator

Proof :

Since T is a-averaged, there exists a non expansive operator R
suchthat 7 = (1 — a)ld + aR.

Let (Vn € N) pp, = aX, € [0, 1].

The iterations can be written as

(Vn € N) Tyl = Tn + ATy — )
=z + pn(Rzy — x4).

Moreover, Fix R = Fix T'.
+ Krasnosel'skii-Mann algorithm.
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Optimization algorithms: Forward-Backward

Let f € T'o(H).

Let g € T'g(H) be differentiable with a v-Lipschitzian gradient where

v €10, +o0].

Let v €]0,2/v[and 6 =2 —yv/2 €]1,2].

Let (A\n)nen be a sequence in [0,6] such that > - An(6 — Ay) = +o0.
We assume that Argmin(f + g) # . Let 2o € H and

n = 4n — \Y n
(v € N) Yn = Tn — YVg(Zn)
Tpt1 = Tn + An(ProX., sYn — Tn).

Then, (z,,)nen converges weakly to a minimizer of f + g.
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Optimization algorithms: Forward-Backward
Proof: Let T' = prox. ; o (Id —~Vg). For every x € H,

z €FixT < (Id —yVg)z € (Id +~v0f)x < 0 € Vg(z) + 0f (z).

Consequently, Fix T = zer (Vg + 0f) = zer (0(g + [)) # @.
Moreover, for every n € N,

Tnt1 = Tp + ATy — ).

prox, ; is 1/2-averaged and Id — Vg is yv/2-averaged.
It follows that T" is a-averaged with
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Optimization algorithms: Forward-Backward with
varying stepsize

Let f € I'y(H).

Let g € I'y(H) be differentiable with a v-Lipschitzian gradient where
€10, +ool.

Let (Yn)nen in [v,75] where 0 < v <% < 2/v and

let (\,)nen be a sequence in [)\ 1Jwith0 < A < 1.

We assume that Argmin(f + g) # @. Let 2o € H and

Yn = Tp — 'an.g(xn)
Tpil = Ty + )\n(prox%fyn — Zn).

(Vn € N) {

Then, (z,,)nen converges weakly to a minimizer of f + g.
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Optimization algorithms: projected gradient

Let C' be a nonempty closed convex subset of H.

Let g € T'y(H) be differentiable with a v-Lipschitzian gradient
where v € ]0, 4+o0[.

Lety €]0,2/v[and 6 =2 —yv/2 €]1,2].

Let (An)nen be a sequence in [0, 6] such that >° . A\n(d — An) = 4-00.
We assume that Argmin g(z) # @. Let o € H and
zeC
(v € N) Yn = Tn — YVg(2n)
Tp+1 = Tn + )‘n(PCyn - xn)
Then, (z,,)nen converges weakly to a minimizer of g over C.
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Optimization algorithms: gradient descent

Let g € T'o(H) be a differentiable function with a v-Lipschitzian gradient
where v € ]0, 4+o0[.

Let (Yn)nen in [v,7] where 0 < v <7 < 2/v.

We assume that Argmin g # @. Let g € H and

(Vn € N) Tnt1 = Tn — ¥ Vg(Tn)

Then, (z,,)nen converges weakly to a minimizer of g.
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Optimization algorithms: proximal point algorithm

Let f € I'y(H).
Let (v»)nen be a sequence in ]0, +oo[ such that 3~ v, = +oo. We
assume that Argminf # @. Let o € H and

(Vn € N) Tp+1 = ProxX,, (Tn.

Then, (z,)nen converges weakly to a minimizer of f.
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Optimization algorithms: Douglas-Rachford

Motivation
Let f € I'o(H) and g € I'o(H). We want to

minimize f(z)+ g(z).

zeH

Possible solutions :
@ gradient descent algorithm = f + g needs to be smooth

@ proximal point algorithm = f + g needs to be “proximable”

@ Forward-Backward algorithm = g needs to be smooth

‘Can we find a splitting algorithm when both f and g are nonsmooth?
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Optimization algorithms: Douglas-Rachford

Lety € ]0,4o00[ and let f € To(H).
The reflection of the proximal operator defined as

Iprox. ; = 2prox. , — Id

iS nonexpansive.

Lety € ]0,+o0[ and let f € T'y(H) and g € T'y(H).
We have
zer (Of + 0g) = prox,,(Fix T)

where T' = rprox. ¢ 0 Iprox.,,.
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Optimization algorithms: Douglas-Rachford

Let H be a Hilbert space.
Let feTy(H)andge T'y(H) .

Yn = ProX,g(zn)
(Vn € N) Zn, = Prox, ¢(2yn — Tn)

Tpyl = Tp + )\n(zn - yn)'
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Optimization algorithms: Douglas-Rachford

Let H be a Hilbert space.
Let feTy(H)and g e T'y(H) .
Let v € ]0,+o0[ and let (A\,)nen be a sequence in [0,2] such that

YoneN An(2 — Ap) = +o0.
We assume that zer (0f + 0g) # @. Let 2y € H and

yn = prox’yg (:E'I'L)
(Vn € N) Zn, = Prox, ;(2yn — Tn)
Tpyl = Tp + )\n(zn - yn)

The following properties are satisfied:

@z, ~ 7T

® 2z, —yn — 0,yn — ¥, 2z, — yWherey = prox, .z € Argmin(f +g).
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Optimization algorithms: Douglas-Rachford

Proof: For simplicity, assume that H is finite dimensional.

Let T' = rprox, s o rprox,,. 1" is nonexpansive and

@ # zer (Of + 0g) = prox.,,(Fix T') = FixT' # @. Moreover, for
every n € N,

Tni1 = Tn + A (prox, ;(2prox. , (zn) — xn) — prox. ,(z,))
An

5 (2prox., ;(2prox.,, (xn) — 5) — 2prox.,, (xn) + Ty — p)

:xn+

A
=xn+ ?" (2pr0x7f(rproxvg (zn)) — rprox,,(v,) — :Un)
A

:xn+7n(Txn—xn).

= Krasnosel'skii-Mann algorithm with relaxation factors (\,,/2)nen.
We deduce that T'z,, — z,, - 0and z, - = € Fix T..
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Optimization algorithms: Douglas-Rachford
Proof: For every n € N,
Zn —Yn = ProX., ¢(2prox.  (Tn) —Tn) —prox,,(z,) = %(Ta:n —zp) — 0.
Moreover, prox., being continuous (since nonexpansive), we have
Yn — Prox, 7 € zer (Of + Jg).
Because 2, — y, — 0, we have: z,, — prox, 7 € zer (f + Jg).

In addition,

@ #0f+09Co(f+yg)
= J=prox,,(7) € zer (0(f +9)) = Argmin(f + g).
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Optimization algorithms: Douglas-Rachford
Proof: For every n € N,
1
Zn = Yn = ProX., ¢(2prox.  (Tn) —Tn) — prox, (z,) = §(Txn —zp) — 0.
Moreover, prox.,, being continuous (since nonexpansive), we have
Yn — Prox.,,x € zer (0f + 9g).
Because z, — y,, — 0, we have: z, — prox, 7 € zer (0f + 0g).

In addition,

@ #0f +09 CI(f +yg)
= J=prox,,(7) € zer (0(f +g)) = Argmin(f + g).

Remark: generalization of FB and DR [Raguet et al. - 2013].
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Optimization algorithms: Parallel form of
Douglas-Rachford

Let H and G be two Hilbert spaces.

Let g € I'y(H) and L € B(G, H) be such that ran L is closed and

L*L is an isomorphism.

Let v € )0, +oo[ and let (A\,,),en @ sequence in [0, 2] such that

Y nen A2 = Ap) = Fo0.

We assume that zer (L* 0 dg o L) # @. Let zg € H, vg = (L*L) ™' L*x
and

yn = prox'\/g(‘xn)
cn = (L*L)1L*y,
Tpil = Tn + Ay (L(QCn —Up) — yn)

Unt1 = Up + An(Cn — Un).

(Vn € N)

We have then
v, — U Wwherev € Argmin(go L).
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Optimization algorithms: Parallel form of
Douglas-Rachford

Sketch of proof:

minimize ¢g(Lv) < minimize (g(z) + g(z)
veG x€eH

where E = ran L.

We apply Douglas-Rachford algorithm with
f =g = prox.; = Pg by setting

(Vn € N) Pgy, = L¢, and Pgx, = Lv,

where ¢, = argmin |y, — Le|? = (L*L) ' L*y,.
ceH

JCP (UPE) Marseille April 2015
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Optimization algorithms: Parallel form of DR

Particular case of Douglas-Rachford algorithm:
H=H; x--- x H,, where Hy, ..., H,, Hilbert spaces
where (Vi € {1,...,m}) g; € To(H,)

L:vw (Lyv,...,Lyv) where (Vi € {1,...,m}) L; € B(G,H;).

PPXA+ algorithm

Let (z0,i)1<i<cm € H, vo = (ZZ 1 LiL;)~ ZZ 1 Lo, and
Yn,i = Prox,, (Tni), 1€ {l,...,m}
e = (01 1L* i) Zz 1L*ynz

JCP (UPE) Marseille

(Vn € N) .
Tn41i = Tnyi + )\n (Lz(2cn - 'Un) yn,i)7 (S {17 v 7m}
Unt1 = Up + Ap(Cn — Un).
We have then v, — v € Argmin) ;" g; o L;.
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Part 4: Duality

@ General duality concepts

» Inf-convolution
» Primal and dual problems
» Duality theorems

© Augmented Lagrangian algorithms

© Primal-dual algorithms

» FB-based PD algorithm
» Random block coordinate algorithms
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Inf-convolution

Let H be a Hilbert space.
Let f: H— ]—o00,+o0]and g: H — |—o0, +0).
The inf-convolution of f and g is

fOg: H— [—o0,+0]: z +— inf,ch fly)+g(x—y)
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Inf-convolution

Let H be a Hilbert space.
Let f: H— ]—o00,+o0]and g: H — |—o0, +0).
The inf-convolution of f and g is

fOg: H— [—o00,+00]: z +— inf,, )en? Fu) +g(v)

Uu+v=x
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Inf-convolution

Let H be a Hilbert space.
Let f: H— ]—o00,+o0]and g: H — |—o0, +0).
The inf-convolution of f and g is

fOg: H— [—o00,+00]: z +— inf,, )en? Fu) +g(v)

Uu+v=x

o fDL{O} :f
® fOg=g0Ff
® dom (fOg) = dom f 4 dom g

o Tf=f0gll % €0, +ool.
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Inf-convolution

Let H be a Hilbert space.
Let f: H— ]—o00,+o0]and g: H — |—o0, +0).
The inf-convolution of f and g is

fOg: H— [—o0,+0]: z +— inf,ch fly)+g(x—y)

If f: H—]—00,4+00]and g: H — ]—o0, +00] are convex,
then fOg is convex.
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Inf-convolution

conjugate Fourier fransform
(H finite dimensional)

[ Property h(x) h*(u) h(zx) [ h(v)
inf-convolution (fOg)(x) F*(u) + g*(u) (f *g)(x) F)aw)
Jconvolution = infyep f(y) + 9(z —y) = JufWa(z —y)dy
sum/product f(@) + g(x) (f*0g")(w) f(=)g(x) (F*a)w)

f € To(H)
g € To(H)
dom f Ndomg # @
JCP (UPE) Marseille April 2015
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Proximity operator in an arbitrary metric

Let f € Ty(H). Let U : H — H be a strongly positive self-adjoint linear

operator.
The proximity operator prox}J(:c) of f at z € H relative to the metric

induced by U is the unique vector y € H such that

£@ + 17— ol = int £(0) + 5 (v~ | Uy — ).
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Proximity operator in an arbitrary metric

Let f € T'o(H). Let U : H — H be a strongly positive self-adjoint linear
operator.

The proximity operator prox;ﬂ (z) of f at = € H relative to the metric
induced by U is the unique vector y € H such that

N L .
£@ + 57— o} = int £0) + 5 (v~ | Uly - ).

Remark:

@ Moreau’s decomposition formula:

(Vz € H) prox}J*( )=x—U" proxf (Ux)
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Principles of primal-dual methods

=] 5 = = £ DA
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Fenchel-Rockafellar duality
Let H and G be two Hilbert spaces and let
o fe Fo(H), g € Fo(G)
@ h: H — R convex, u-Lipschitz differentiable function with
p €10, 400]
@ [ € I'y(G) v-strongly convex with v € ]0, +o0|
& " € T'g(G) v-Lipschitz differentiable
@ L: H — Glinear and bounded.

Primal problem

We want to
mininHlize f(z)+ h(z) + (¢O0)(Lx).
e
Dual problem
We want to

miniergize (f*OR*)(—L*v) + g*(v) + I* (v).
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Fenchel-Rockafellar duality
Primal problem

We want to
mininHlize f(x) + h(z) + (¢O0)(Lx).
TE
Dual problem
We want to

minimize (f*Oh*)(~L*) +¢*(v) + I (v).

Strong duality

If int(dom g + dom /) N L(dom f) # @ or
(dom g + dom () Nint(L(dom f)) # &, then

inf f(2)+h(@) +(g01)(Lx) = —min(f* OF)(=L70) + 9"(0) +1°(0)
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Fenchel-Rockafellar duality
Primal problem

We want to
minirlr_ilize f(z)+ h(z) + (¢O1)(Lz).
S

Dual problem
We want to

mininGlize (f*OR*)(—L*v) + g*(v) + I*(v).
ve
If (z,v) € H x G is such that

—~L*% — Vh(Z) € 8f(z) and Lz — VI*(9) € dg* (D),

then (z,v) is called a Kuhn-Tucker point .

9 If (z,v) is a Kuhn-Tucker point then z (resp. ) is a solution to the
primal (resp. dual) problem.
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Augmented Lagrangian method

@ Augmented Lagrange function
Let v € ]0, +-oc[, define, for every (z,y,z) € H x G2,
Lz, y,2) =f(x) + h(x) + (¢OD(y) +v(z | Lz — y)

The Lagrange multiplier is v = vz.
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Augmented Lagrangian method

@ Augmented Lagrange function
Let v € ]0, +-oc[, define, for every (z,y,z) € H x G2,
L(z,y,z) =f(x) +h(z) + (¢O)(y) +v(z | Lz —y)
+ 2llLz —yl?
The Lagrange multiplier is v = ~z.

Let (z,7,2) € H x G2
Assume that int(dom g + dom () N L(dom f) # &
or (dom g + dom ) Nint(L(dom f)) # @.

(z,y,2) is a saddle point of the augmented Lagrange function
)

(z,vz) is a Kuhn-Tucker point and y = LZ.
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Augmented Lagrangian method

ADMM (Alternating-direction method of multipliers)

Let L be such that L* L is an isomorphism and let y € ]0, +oo].
Assume that int(dom g + dom?) N L(dom f) # &

or (dom g + dom!) Nint(L(dom f)) # &, and that Argmin(f +h+ (¢01)o L) # @.

Let (yo, 20) € G and
@n = argmin 3 || Lz — yn + zn® + %(f(x) + h(z))
z€eH

(Vn € N) S
Yn+1 = prOX;Dl (zn + Sn)
We have: Zn+1 = Zn + Sn — Yn+t1-

@ z, — 7 where 7 is a solution to the primal problem
@ vz, — v where v is a solution to the dual problem.

Limitations:
@ Computation of z,, at iteration n € N may be complicated.
@ Convergence requires L* L to be invertible.
@ The smoothness of h and [* is not exploited.
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Primal-dual approach

@ The optimization problem is reformulated as finding

inlf_I sup f(x) + h(z) + (v | Lz) — g*(v) — " (v).
z€M veG

@ Arrow-Hurwitz method : Let (7;,)nen and (o,,)nen be sequences in
10, 4-00].

tn € Of (zy)
Tpt1 = Ty, — Tn(tn + Vh(zy) + L*vy)
Sn € 0g*(vy)

Unt1 = Up — 0p(8n + VI*(v) — Lay 1)

(Vn € N)

~ requires stringent conditions on the choice of the step-sizes (e.g.
decaying to zero)
... but it can be modified.
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Primal-dual approach

@ First modification: Use implicit updates

tn € 0f (Tn1)
Tpi1 = Tp — Tn(tn + Vh(z,) + L*vy,)
Sp € 09 (Vn+1)
Unt1 = U — 0p(sn + VI*(vy,) — Lay41)
- {:vn+1 = prox?/T” (zn — Tn(L*vn + Vh(zy)))

Upyl = proxgi/an (vn +on(Lrps1 — Vl*(vn)))

(Vn € N)

~ still does not converge for constant values of the step-size.
@ Second modification: Use the approximation z,; ~ 22,41 —

Tpi1 = proxId /T (.’En — Tn(L*’Un + Vh(a:n)))

vn € N 4
( ! ) {UnJrl = proxzi/gn (Un + on (L(2xn+1 - xn) - VZ*(vn)))
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Primal-dual optimization algorithm

Modified PD algorithm
Let 7 €]0,4+o0[ and o € ]0, +o0[ be such that

1 — /70| L|| > max{ur,vo}/2.

Assume that zer (9f + Vh + L*0(gO1)L) # @.
Let zp € H, vo € G, and

(vn € N) {:z:n+1 = proxl}i/T (zn — T(L*vn + VR(zn)))

We have:
@ 1, — =z where 7 is a solution to the primal problem

® v, — v where v is a solution to the dual problem.
Remark: If [ = {0y, @ more general convergence condition is
T~ o|L|? > p/2
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Primal-dual optimization algorithm

Modified PD algorithm (symmetric form)
Let 7 €]0,4+o0[ and o € ]0, +o0[ be such that

1 — /70| L|| > max{ur,vo}/2.

Assume that zer (9f + Vh + L*0(gO1)L) # @.
Let zp € H, vo € G, and

We have:
@ 1, — =z where 7 is a solution to the primal problem

® v, — v where v is a solution to the dual problem.
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Proximal primal-dual algorithm

Advantages:

@ No linear operator inversion.

@ Use of proximable or/and differentiable functions.

@ Special cases: Forward-Backward and Douglas-Rachford
algorithms.
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Proximal primal-dual algorithm
Advantages:

@ No linear operator inversion.

@ Use of proximable or/and differentiable functions.

@ Special cases: Forward-Backward and Douglas-Rachford
algorithms.

Bibliographical remarks:

@ Methods based on Forward-Backward iteration

» type |: [Vu - 2013][Condat - 2013]

(extensions of [Esser et al. - 2010][Chambolle and Pock - 2011])
» type Il: [Combettes et al. - 2014]

(extensions of [Loris and Verhoeven - 2011][Chen et al. - 2014])

@ Methods based on Forward-Backward-Forward iteration
[Combettes and Pesquet - 2012] [Bot and Hendrich,2014]
@ Projection based methods
[Alotaibi et al. - 2013]
o ..
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Random block-coordinate strategy

F = E £ DA
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Acceleration via block alternation

» Assumption: f and h are additively block separable functions.

JCP (UPE)

Marseille

A



Acceleration via block alternation
» Assumption: f and h are additively block separable functions.

7 1| € Hy
T2| € Hy
r| €H - x?_H; = H
. 1= J
where Hy, ..., Hp
. separable real
Hilbert spaces.
| Tp| € Hp,
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Acceleration via block alternation

» Assumption: f and h are additively block separable functions

X2
ARE: = f = L Ji®)
J=
where, forevery j € {1,..., o},
. fi € To(Hy)
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Acceleration via block alternation

4]

1T

|1

JCP (UPE)

Marseille

» Assumption: f and h are additively block separable functions

D
-21 hj(z;)
J=

where, for every j € {1

,,,,, r},
h; convex p;-Lipschitz
differentiable with ; € |0, +o0|.
Lp



Block-coordinate strategy

= At each iteration n, update only a subset of components
(~ Gauss-Seidel).

JCP (UPE) Marseille April 2015 131/150



Block-coordinate strategy

= At each iteration n, update only a subset of components
(~ Gauss-Seidel).

Advantages:

@ Reduced complexity
@ Less memory requirements per iteration
@ More flexibility

= Useful for large-scale optimization
(see e.g. [Richtarik andTakag, 2014])

JCP (UPE) Marseille April 2015 131/150



Difficulty of block-coordinate fixed point algorithms

T: (x1,x2) — (—x2,x1) IS nonexpansive

but
T1: (Xl,Xg) — (Xl,Xl)
T2: (Xl,Xg) — (—XQ,XQ)
Tl OTQ
T2 OT1

are not nonexpansive

~ introduce stochasticity
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Optimization problem: Minimization of

(Vx € H)

Parallel proximal primal-dual algorithm

O(x)

q
+ Z nglk Lkaj
k=1
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Parallel proximal primal-dual algorithm
Optimization problem: Minimization of

q
(Ve eH)  ®(x) = f(2) +hx)+ (9 Dl)(Lyx)
k=1
where

o (Vke{l,...,q}) g € To(Gg), Gi separable real Hilbert space
@ [, € I'o(Gy) vi-strongly convex with vy, € |0, 00|
® (Vx eH) Lyx = Z?:l Ly, jx;, where

(Vje{1,...,p}) Ly ;: Hj — G;, bounded linear operator

such that

Le={je{l,....p} | Li; #0} # @
Li={ke{l,....q} | Li; #0} # 2.
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Block parallel proximal primal-dual problem
Primal problem : Find an element of the set F of solutions to

p q p
gz, (5o +hta) + 3 o) (3 s

j=1 k=1 j=1

Dual problem : Find an element of the set F* of solutions to
p
inimi Oh3) Li v ) + i) + (v
ez, 3205005 -3 e) + 32 it + )

We assume that there exists (zi,...,7,) € H; x --- x H, such that

(Vj € {17 7p}) 0¢€ af](fj) +th(fj)

q p
< Z L;ja(gk (I lk) ( Z LkJ/fj/) .
k=1 j'=1
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Random block-coordinate primal-dual algorithm: Type |

forn=0,1,...
fork=1,...,q

U71
Uk,n = Eptk,n (Prong (ki + Ur( D Lk j%im — Vi (vk,n) + din)) + bk,n)
JELg
L Vk,nt+1 = Vk,n + )‘nsp+k,n(uk,n - Uk,n)v

forj=1,...,p
-1

W
Yin = Ejn (Proxfj (jn = W5( D Li ;Qukn —vkn) + Vhj(jn) +cjn) + aj,n)
kelLx
J

L L Zjnt1 = Tjn + Ancjin(¥jn — Tjn)
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Random block-coordinate primal-dual algorithm: Type |

forn=0,1,...
fork=1,..., q
U;l *
Uisp = Cpiiige (proxgz (Uk,n + Upg( Z kajxj,n — Vlk(vk,n) + dk,n)) + bk,n)
JELE
L Vknt1 = Ukt AnEpiton(Uk,n — V,n),
forj=1,..., P
W?l
Yin = Ejn (proxfj] B Z L i Qug,n — vk,n) + Vhj(2jn) +¢jn) + a]‘,n)
kE]L*
L L Zjn+1 =Tjn+ Anfl.u (yj,n - zj,n)

where

@ (en)nen identically distributed D-valued random variables with
D = {0,1}?*2 < {0}
~- binary variables signaling the blocks to be activated
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Random block-coordinate primal-dual algorithm: Type |

forn=0,1,...
fork=1,...,q

—1
Uk,n = Eptk,n (PYOX:,J}: (Vk,m + Us( Z Ly, jjn — Vi (ven) +di ) + ”/".n)
JELg
| Vkndl = Vkn + Anpikn(Uk,n — Vkn)s
forj=1,...,p

W?l
Wim = Cam (proxfjJ e Z L i Qug,n — vk,n) + Vhj(jn) +¢0) + u},,,)
kE]L*

L L Zjnt+1 =250 + Ancin(¥sn — Tjn)

where
@ (en)nen ~ binary variables signaling the blocks to be activated

@ 120, (an)nen, and (¢, )nen H-valued random variables, vo, (bn)nen, and (dn)nen
G-valued random variables with G = G x - - - X G4
~ (@n)nen, (bn)nen, (¢n)nen, @and (dy)nen: error terms
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Random block-coordinate primal-dual algorithm: Type |

forn=0,1,...
fork=1,...,q

1
Uk,n = Ep+k,n (proxsl,‘;‘ (vieyn + Un( Z Ly j%jm — VI (Vkn) + din)) + bk,n)
JELg
| Ykl = Vkn + An€pikon (Ukn — Vkon)s
forj=1,...,p

w*‘
Yjn = Ejn (proxfj/ :lt]’ Z Ly p (2up,n — Vi,n) + Vhj(xjn) + cjn) + a]‘,n>
kEIL*

L L @jnt1 =250 + Ancin(¥sn — Tjn)

where
@ (en)nen ~ binary variables signaling the blocks to be activated
@ (an)nens (bn)nen, (€n)nen, and (dn)nen: error terms
o (Vj S {1,...,p}) W;:H; = H; and (VkE {1,...,(]}) Ui: G — Gy,
strongly positive self-adjoint preconditioning linear operators such that

L (02 LW 1) 5 Lana (W, s s (010 )

j=1k=1
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Random block-coordinate primal-dual algorithm: Type |

forn=0,1,...
fork=1,...,q

U71
Uk,n = Eptk,n (Prong (kyn + Uk( D Lk j%jn — Vig(wk,n) + di,n)) + bk,n)
JELE
L Vk,nt+1 = Vk,n + /\/r5p+k,n(uk,n - Uk,n)v

forj=1,...,p
-1

W
Yiom = Ein (Proxg? (25,m = W3( D L ; Qum = Vh,n) + Vhy(25,0) + 5,n) + 5im)
kel
J

L L Zjnt1 =jn + Nighn(¥jn — Tjn)

where
@ (en)nen ~ binary variables signaling the blocks to be activated
@ (an)nen (bn)nen, (¢n)nen, and (dn)nen: error terms

@ (Vje{l,....p}) W: Hj - Hjand (Vk € {1,...,q}) Ux: G — Gi
strongly positive self-adjoint preconditioning linear operators

@ (Vn € N) A, €10, 1] such that inf,,cxy Ay > 0.
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Random block-coordinate primal-dual algorithm: Type |
Theorem

Let (2, F,P) be the underlying probability space.

Set (Vn € N) X,, = o(p, Un )o<n/<n- ASSUMe that

Q > v VE(anl?1X5) < +00, 3-,en VE(16a]2[X5) < +oo,
S nen VE(IealZ1Xs) < +00, and 3, e VE(alP[X,) < +00
P-a.s.

@ The variables (¢,,),en are identically distributed such that
(Vje{l,...,p}) Plgjo=1] > 0.

@ Foreveryn c N, ¢, and X,, are independent.

©Q Foreveryk < {1,. ..,q} andn €N,

U{wEQ|€jm —1}C{w€Q|€p+kn —1}

JELg

Then, (x,)nen converges weakly P-a.s. to an F-valued random variable,

and (v, )nen converges weakly P-a.s. to an F*-valued random variable.

based on properties of quasi-Fejér stochastic
sequences [Combettes and Pesquet, 2014].
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Random block-coordinate primal-dual algorithm: Type |
Theorem

Let (2, F, P) be the underlying probability space.
Set (Vn € N) X, = o(x, v o< <n- ASSUMe that
Q > on VE(lanlP1Xn) < +00, X pen VE(I0a]?[Xn) < 400,
> nen VE(llen]?[X5) < to0, and 3, oy VE(lldn[?[Xn) < +o0

P-a.s.

© The variables (¢,,),en are identically distributed such that
(VJ E {1, ce ,p}) P[ej,O = 1] > 0.

© Foreveryn €N, ¢, and X,, are independent.

O Foreveryk e {1,...,q} andn € N,

Eptkn = 1I£1Ja<xp {Ej’n | j e I[,k} L

Then, (x,,)nen cOnverges weakly P-a.s. to an F-valued random variable,
and (v, )nen converges weakly P-a.s. to an F*-valued random variable.

based on properties of quasi-Fejér stochastic
sequences [Combettes and Pesquet, 2014].
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Stochastic quasi-Fejér sequences

F: a nonempty closed subset of H

@ Deterministic definition: A sequence (z,,),en Of H is Fejér
monotone w.r.t. F if for every z € F,

(Vn € N) [lzns1 — 2zl < [lzn — 2]

JCP (UPE) Marseille April 2015

137/150



Stochastic quasi-Fejér sequences

F: a nonempty closed subset of H
¢: [0,4+00[ — [0, +o0[: strictly increasing with lim;_, ;o ¢(t) = +oc.
@ Deterministic definition: A sequence (z,,),en Of H is Fejér
monotone w.r.t. F if for every z € F,

(vn €N) ¢([|zn1 —2[) < (llzn — 2]).
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Stochastic quasi-Fejér sequences
F: a nonempty closed subset of H
@ Stochastic definition: A sequence (z,),en Of H-valued random

variables is Fejér monotone w.r.t. F if for every z € F, the following
is satisfied P-a.s.:

(Vn € N) E(¢([|lznt1 — 2| Xn) < ¢(llzn —2])

where X,, = o(zg, ..., xy).
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Stochastic quasi-Fejér sequences
F: a nonempty closed subset of H

@ Stochastic definition: A sequence (x,),en Of H-valued random
variables is quasi-Fejér monotone w.r.t. F if for every z € F, there
exist (xn(2))nen € L4(2), (In(2))nen € £+(27), and
(M (2))nen € €(2°) such that the following is satisfied P-a.s.:

(Vn € N) E(¢([|ent1—2])) [ Xn)+0n(2) < (I4xn(2)) @[ 2n—2])+71n(2)

where X,, = o(zo,...,z,) and Z" = (X, )nen.
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Stochastic quasi-Fejér sequences
F: a nonempty closed subset of H

@ Stochastic definition: A sequence (x,),en Of H-valued random
variables is quasi-Fejér monotone w.r.t. F if for every z € F, there
exist (xn(2))nen € L1(Z), (V0(2))nen € £4+(27), and
(1(2))nen € €1.(27) such that the following is satisfied P-a.s.:

(Vn € N) E(¢([|[znt+1—2[) | Xn)+0n(z) < A4xn(2)d(lzn—2)+10(2)
where X,, = o(zo,...,z,) and Z" = (X, )nen.
Theorem

If (x,,)nen is quasi-Fejér monotone w.r.t. F, then
Q (VzeF) [ X,enPn(z) < +oo P-as.]

Q [W(x,)nen C F P-as.] = [(z,)nen converges weakly P-a.s. to an
F-valued random variable).

W(x,)nen: set of weak sequential cluster points of (z,,)nen.
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An abstract iterative scheme
Theorem

LetF be a nonempty closed subset of H. Suppose that (x,)nen, (tn)nen,
and (e, )nen are sequences of H-valued random variables such that:
Q@ VneN)z,1 =20+ Mt +en—Tn), Ay €]0,1].
Q > v M VE(len]?|Xn) < +oo P-as.
© Foreveryz c F, there exist (0,,(z))nen € L+ (Z),
(1n(2))nen € LX(X), and (v, (z))nen € L (X7) such that
Anttn (2))nen € LL(Z), nvn(2))nen € £2(2), and the following
is satisfied P-a.s.:

(Vn e N)  E(||tn — Z||2|xn) +0n(2) < (1 + pn(2)) |70 — Z”2 + vn(2).

Then (Vz € F) [ Y nen Anbn(z) < 00 P—a.s.] and

[0(xp)neny C F P-as.] = (zy,)nen converges weakly P-a.s. to an
F-valued random variable.

v
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Random block-coordinate primal-dual algorithm: Type Il
~ When (Vj e {1,...,p}) f;=0

forn=0,1,...
forj=1,....,p
Mjn = max {eppn | k € Lj}
330 = Mion(Tim — Wy (Vhs(w10) + ajn) )
Yim = Mim (S50 = W5 D Lf, jVkn)
L keL?
fork=1,...,q
u-t
Uk = Eptkn (Proxyf (vk,n + Uk Z L jyin — Uk (Vi (0r,0) + Ck,n)) + bk,n)
JELg
L Vk,n+1 = Vkn + )\n5p+k,n(uk,n - Uk,n)
forj=1,....,p
Pjn = €jn (Sj,n -W; > LZ,juk,n)
keL:
| Zint1 = i+ An€jin(Pin = Tjn)-

@ Less restrictive conditions on (W;)1<j<p, and (Ux)1<r<q:

P q
. 1 1
mm{ W7 05 e (1= D02 IV LWy 2 12) (Ul ~1o) gkgq}>5.

j=1k=1
@ Similar convergence results as for type I.
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Application to 3D mesh denoising

F = E £ DA
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Mesh denoising problem

Initial mesh = Observed mesh z

Undirected nonreflexive graph

OBJECTIVE:

Estimate 7 = (z()),<;<)s from noisy observations z = ()<<
where, forevery i € {1,..., M}, T e R? is the vector of 3D
coordinates of the i-th vertex of a mesh

— H=(R}M
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Mesh denoising problem
OBJECTIVE:
Estimate T = (Z("),<;<s from noisy observations z = (2(9),<;< s

where, for every i € {1,..., M}, ) € R3 is the vector of 3D
coordinates of the i-th vertex of a mesh

CosT FUNCTION:
Zw] D —20) + 16, @) + gl (@) — 2 Dien I

where, for every j € {1,..., M},
@ ¢;: R3 — R: ¢y — ¢, Huber function
» robust data fidelity measure
@ C;: nonempty convex subset of R3
» box constraint
@ N;: neighborhood of j-th vertex
@ (n;)1<j<Mm: nonnegative regularization constants.
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Mesh denoising problem

OBJECTIVE:

Estimate T = (z'*))1<i<as from noisy observations z = (2()1<;<a where, for every
ie{l,...,M}, 79  R® is the vector of 3D coordinates of the i-th vertex of a mesh

COST FUNCTION: ,,

o) = (@ = 2) +10,@D) + [ (2D = 2D)ien; |12
=1

IMPLEMENTATION DETAILS:
ablock=avertex = p=M

Algorithm type I: Algorithm type II:
(Vi € {L,..., M}) (Vj € {L,...,M})
@ hy = (- —2) @ hj =1(-—2)
%] fj = Lcj q = 2M
k 1,...,.M H
g= M (Vke{l,..., })(\f(:z)e )(‘)
(Vk e {1,..., M})(Vz € H) 9 gr(Lew) = (@™ — 2*)ien; 1.2
@ gi(Liz) = [|(&™) — 2 )ieny [ 2 O gurr(Ln+rz) = ey (®))
@ I =10 9 Ik =10y
JCP (UPE)
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Simulation results (algorithm type I)

5 {1,...7M} =) UV, with |V1| > |V2|
@ additive independent noise with distribution
V] ~ N(O, O’%),
Vo~ N(0,03) + (1 — ) N(0, (04)?), 7 € (0,1).
@ probability of variable activation
‘ p ifjeW
Vje{l,...,.M})(¥neN) P(egj,=1)= {1 otherwise.

Original mesh, Noisy mesh,
M = 22998, |V1| = 18492 and |V| = 4506. MSE = 1.08 x 1076,
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Simulation results (algorithm type I)

Proposed reconstruction, Laplacian smoothing,
MSE =2.19 x 10~7. MSE =2.95 x 1077
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Complexity (algorithm type I)

w

_OU'I
[

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Simulation results (algorithm type )

@ positions of the original mesh are corrupted through an i.i.d
zero-mean Gaussian mixture noise model.
@ a limited number r of variables can be handled at each iteration,

where
p
> ejn=r<p
j=1

@ mesh decomposed into p/r non-overlapping sets.

Original mesh, Noisy mesh,
M = 100250. MSE = 2.89 x 1076.
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Simulation results (algorithm type )

Proposed reconstruction, Laplacian smoothing,
MSE =8.09 x 1078. MSE = 5.23 x 10~7.
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Complexity (algorithm type Il)

2400 ©

Time (s

12001 N
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3001 B o
150
g o
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@ dashed line: required memory
@ continuous line: reconstruction time
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Available extensions

Asynchronous distributed algorithms

(stochastic, primal-dual, proximal, defined on a hypergraph)
[Pesquet and Repetti - 2014]
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Conclusion

@ No linear operator inversion.

@ Existing deterministic parallel proximal primal-dual algorithms
recovered whenp =1and ey = (1,...,1).

@ Flexibility in the random activation of primal/dual components.
~- arbitrary sampling

@ Possibility to address other graph processing problems than
denoising
[Couprie et al.,2013]
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